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Abstract. Ads on the Internet are increasingly sold via ad exchanges
such as RightMedia, AdECN and Doubleclick Ad Exchange. These ex-
changes allow real-time bidding, that is, each time the publisher contacts
the exchange, the exchange “calls out” to solicit bids from ad networks.
This solicitation introduces a novel aspect, in contrast to existing lit-
erature. This suggests developing a joint optimization framework which
optimizes over the allocation and well as solicitation.

We model this selective call out as an online recurrent Bayesian de-
cision framework with bandwidth type constraints. We obtain natural
algorithms with bounded performance guarantees for several natural op-
timization criteria. We show that these results hold under different call
out constraint models, and different arrival processes. Interestingly, the
paper shows that under MHR assumptions, the expected revenue of gen-
eralized second price auction with reserve is constant factor of the ex-
pected welfare. Also the analysis herein allow us prove adaptivity gap
type results for the adwords problem.

1 Introduction

A dominant form of advertising on the Internet involves display ads; these are
images, videos and other ad forms that are shown on a web page when viewers
navigate to it. Each such showing is called an impression. Increasingly, display
ads are being sold through exchanges such as RightMedia, AdECN and Dou-
bleClick Ad Exchange. On the arrival of an impression, the exchange solicits
bids and runs an auction on that particular impression. This allows real time
bidding where ad networks can determine their bids for each impression indi-
vidually in real time (for an example, see [24]), and more importantly where
the creative (advertisement) can be potentially produced on-the-fly to achieve
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better targeting [22]. This potential targeting comes hand in hand with several
challenges. The Exchange and the networks face a mismatch in infrastructure
and capacities and objectives. From an infrastructure standpoint, the volume
of impressions that come to the exchange is very large comparison to a smaller
ad network limited in servers, bandwidths, geographic location preferences. This
implies a bound on the number of auctions the network can participate in ef-
fectively. A network would prefer to be solicited only on impressions which are
of interest to it, and in practice use a descriptive languages to specify features
of impressions (say, only impressions from NY). However this is an offline fea-
ture and runs counter to the attractiveness of real time bidding. Therefore the
exchange has to “call out” to the networks selectively, simultaneously trying to
balance the objective of soliciting as many networks as possible and increasing
total value, as well as not creating congestion. This leads to a host of interesting
questions in developing a joint optimization framework that optimizes over the
allocation objective as well as the decisions to solicit the bids.

1.1 Selective Call Out: The Model

Let n be the number of ad networks 1, 2 . . . n. We assume that impressions arrive
from a fixed (unknown) distribution over a finite set UI , and that there exists
a finite set of bid values UB, where L = max{u| u ∈ UB}. In the following, ad
networks will be indexed by i ∈ {1, 2 . . . n}, impressions by j ∈ UI and bid values
by k ∈ UB. The problem setting involves several steps:
1. An impression (or keyword) j, assumed drawn from a distribution D, comes

to the exchange. There may be multiple slots associated with a single impres-
sion, corresponds to text ads being blocked together, different locations in
the page, which are often characterized by different discount rate. Let there
be M slots, with discount rates 1 ≥ �1 ≥ �2 . . . ≥ �M ≥ 0. If a bidder bids
v, then it is assumed that the bid for the �th slot is v��. The case of M = 1
is common and correspond to a basic pay-per-impression mechanism with
discount rate 1.

2. Given an impression j, the bid of ad network i for impression j is drawn
from a fixed distribution Vij such that the bid is v with probability pijv .
Note that the bids of different networks are likely to be correlated based
on the perceived value of the impression, however, conditioned on j, the
specific dynamics of different bidders can be construed to be independent.
We assume that the exchange has learned or can predict these pijv given the
impression j. This is an assumption similar to estimation processes used by
search engines to predict click through rates.

3. The exchange decides on the subset Sj of networks to call out, subject to the
Call-Out constraints, which roughly bounds the rate at which the exchange
can send impressions to solicit bid from an ad network. This decision is
executed before seeing the next impression.

To define a specific problem in the above framework, we need to specify (i) an
objective function (ii) a model for call out constraints, and (iii) the comparison
class. The goal is to design a call-out policy that satisfies (ii) and is near optimal



Selective Call Out and Real Time Bidding 147

in the objective function (i), when compared to other algorithms in class (iii).
We discuss the instantiations of (i),(ii), and (iii) in the following.

(i) Objective Functions. We consider three different objective functions. (a)
Total Value: The sum of the maximum bids in Sj over the arriving impressions j.
(b) GSP-Reserve (defined above) and (c) Revenue under posted price mechanism
(take-it-or-leave-it prices). All the quantities are in expectation. Total value cor-
responds to the welfare. The GSP with an uniform reserve price is a common
mechanism used in these settings. Posted Prices (different networks may get dif-
ferent prices) are also used in this context. Note, unlike [8,4], the mechanism is
parallel posted price because all the prices are posted first.

(ii) Call Out Constraint Models. The simplest model for the call out con-
straints is a model where one impression arrives at the exchange at each time
step and if the total number of arrivals is m, ad network i can be solicited at most
times for some known ρi ≤ 1. We will refer to this as time average model under
uniform arrival – which describes the constraints at the outgoing and incoming
sides of the exchange respectively. Most of the paper will focus on this model –
primarily because we can show that other common models reduce to this variant.
The non-initiated reader can skip the description of these models and proceed
to (iii). On the incoming side of the exchange, standard practice is to assume
bursty (Poisson) arrivals. We consider this generalization. On the outgoing side,
the simple model allow the possibility that the call-outs to a network are made
on contiguous subset of impressions. This misses the original goal that the ad
network would receive the impressions at a “smooth” rate. A common model
used for behavior is the token bucket model [26]. A token bucket has two param-
eters, bucket size σ and token generation rate ρ. The tokens represent sending
rights, and the bucket size is the maximum number of tokes we can store. The
tokens are generated at a rate of ρ per unit time, but the number of tokens never
exceeds σ. In order to send, one needs to use a token, and if there are no tokens,
one can not send. The output stream of a (σ, ρ) token bucket can be handled
by a buffer of size σ and a time average rate of ρ – the buffer is initially full.
Unlimited buffer size corresponds to the time average model.

(iii) Comparison Class. Given the call out constraints, we define the class of
admissible policies. An admissible call out policy specifies (possibly with random-
ization), for each arriving impression j, the subset Sj of ad networks to call out,
while satisfying all call out constraints over the entire sequence of impressions.
The policy bases its decision on the prior information about the bid distribu-
tions, and has no knowledge of the actual bid values. In the case of GSP-Reserve
mechanism, the call out policy also decides the reserve price for each impression
(and likewise for the case of a posted price mechanism). Our comparison class
is the set of all admissible call out policies which know the bid distributions for
every impression, but do not know the actual realization of the bids. The per-
formance of a policy is measured as the expected (over the bid distributions and
the impression arrivals) objective value obtained per arriving impression, when
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impressions are drawn from D. A policy is α-approximate if it achieves at least
α times the performance of the optimal policy for the corresponding objective.

1.2 Our Results, Roadmap and Related Work

We provide three algorithms LP-Val, LP-GSP, and LP-Post for the objectives
discussed for the time average uniform arrival model. We then prove that the
results translate naturally to other constraint models. Recall, L is the largest
possible bid. The algorithms will have a natural two-phase approach where we use
the t initial impressions as a sample as exploration and subsequently use/exploit
this algorithm (see Section 2 for more discussion). We show that:

Theorem 1. Suppose the optimal policy has expected total value at least δ >

0. For any ε > 0, LP-Val with a sample of t = Õ(n2L
δε ) impressions gives a

(1 − 1
e − ε)-approximate policy.

Theorem 2. Suppose the optimal GSP-Reserve policy has expected revenue at
least δ > 0. For any ε > 0, LP-GSP with a sample of t = Õ(n2L

δε ) impressions
gives a O(1)-approximate policy, if all bid distributions satisfy the monotone
hazard rate (MHR) property. Moreover, the call outs of the policy derived from
LP-GSP are identical to those of the policy derived from LP-Val.

Theorem 3. Suppose the optimal posted price policy has expected revenue at
least δ > 0. For any ε > 0, LP-Post with a sample of t = Õ(n2L

δε ) impressions
gives a (1 − 1

e − ε)-approximate policy.

In particular, we show that when every bidder is solicited – GSP-Reserve achieves
a revenue that is O(1) factor of optimal welfare, when all bid distributions satisfy
the MHR property. This is a common distributional assumption in economic
theory, and is satisfied by many distributions [3]. This result is in the same
spirit as (but immediately incomparable to) the result in [4], which relates the
optimum sequential posted price revenue to the optimal welfare under the same
assumptions. We are unaware of such results about GSP-Reserve. We do not
need the MHR assumption unlike the result in [4] for sequential posted prices,
since the comparison classes are different (the prices are posted in parallel). We
discuss the realization of the above algorithms for different network models next.

Theorem 4. For a given distribution on impressions D, suppose we have an
α-approximate policy for an objective which is additive given the allocations and
the realizations (and is at least δ > 0) in the time average uniform arrival call out
model. Let σi > σ ∀i. Then we can convert the policy to a (α− 1

σ−1 )-approximate
policy in the token bucket model. The result extends to Poisson arrivals.

Comparison with the Adwords Model: The call out optimization frame-
work is similar to the online ad allocation framework for search ads, or the
Adwords problem [19,5,7], and its stochastic variants [9,27]. However there are
significant differences which we discuss below. The Adwords problem is posed
in the deterministic setting where the expected revenue is treated as a known
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deterministic reward of allocating an impression j to an advertiser i. The call
out framework has no deterministic analogue; the rationale of the exchange is
that the bids and the participation are not known. In this regard, the call-out
framework is similar to the Bayesian mechanism design [21].

This unknown participation has broad conceptual implications, first of which
is the notion of “adaptivity gap”. An ad-allocation policy may choose to react to
realization of the random variables. This aspect is central in the exchange setting.
Interestingly, the analysis in this paper also allows us to consider adaptivity gap
for in the Adwords setting, if the allocation policy is allowed to adapt to the
occurence or absence of a click (instead of using a deterministic quantity which is
the product of the click-through-rate and the cost of a click). This is a significant
issue for low click through rates and large bids, such that a payout affects the
budget substantially. To the best of our knowledge, no analysis of adaptivity gap
existed for the adwords problem previously,

Second, many objective functions such as generalized second price with reserve
(henceforth GSP-Reserve), for one or multiple slots, have very different behav-
iors in the Bayesian and deterministic settings. Consider running Myerson’s (or
similar) mechanism on the expected bids instead of the distributions. For known
deterministic bids, reserve prices can be made equal to the bid, and are not useful.
Strong lower bounds hold for GSP without reserves [1]. Note that in GSP-Reserve
we announce an uniform reserve price, before the bids are solicited.

Third, the notion of a comparison class in case of call out optimization frame-
work requires more care than the Adwords framework. In the setting of these
large exchanges, a comparison class with full foreknowledge of all information
(in particular, the realization of the bids) is unrealistic. Moreover, the realiza-
tions of the bids depends on the networks which are called out, and two different
strategies that call out to two different subsets will have completely different in-
formation. Thus to compare two algorithms, we should compare their expected
outcome – but each algorithm is allowed to be adaptive.

We use Lagrangian decoupling techniques for separable convex optimization
pioneered by Rockafellar [25]. This has been used in the stochastic variants of
the Adwords problem in [9,27]. But the similarity ends there. The different pos-
sible objectives of the call-out framework are not convex. In fact, in the case of
optimizing revenue in GSP (with reserve) or in posted price mechanisms, the ob-
jective is not submodular for all prices (as in welfare maximization). Submodular
maximization with linear constraints has been studied, and while good approx-
imation algorithms exist [6,17], they are inherently offline – the key aspect of
call out optimization is that the decision has to be made in an online fashion.
The same is true for sequential posted price mechanisms analyzed in [8,4] (albeit
with more general matroid setting), the posted prices in the call out setting need
to be announced in parallel (and the eventual allocation is sequential).

Other Related Work: A combination of stochastic and online components ap-
pear in many different settings [14,15,2,13] which are not immediately relevant
to the call-out problem. We note that the bandwidth-like constraints (where the
constraint is on a parameter different than the obtained value, as is the case for
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call-outs) has not been studied in the bandit setting (see [16,23]). Finally, bidding
and inventory optimization problems [11,10,20], are not immediately relevant.

Roadmap: We summarize the results on online stochastic convex optimization
in Section 2. We subsequently discuss the the total value problem in Section 3.
We discuss the GSP-Reserve problem in Section 4. The posted price problem is
discussed in the full version. The token bucket model and other arrival assump-
tions are also discussed in the full version.

2 Preliminaries

Consider a maximizing a “separable” linear program (LP) L defined on Q global
constraints with right hand side bi, such that the Lagrangian relaxation produced
by the transferring these constraints to the objective function decouples into a
collection of independent non-negative smaller LPs Lj over n′ variables and local
constraints. This implies that the objective function of L is a weighted linear
combination of Lj . The uniqueness of the optimum solutions for Lj implies that
L reduces to finding the Lagrangian multipliers. The unique solution is achieved
by adding “small perturbations”, see Rockafellar [25]. However, this approach
only provides a certificate of optimality and a solution, once we are given the
Lagrangians. The approach does not give us an algorithm to find the Lagrangian
multipliers themselves. Devanur and Hayes [9] showed that if the smaller LPs
could be sampled with the same probability as their contribution to the objective
of L, and the derivatives of the Lagrangian can be bounded, then the Lagrangians
derived from a small number of samples (suitably scaled) can be used to solve the
overall LP. The weighted sampling reduces to the prefix of the input if the Ljs
arrive in random order (see [12]). This was extended to convex programs in [27].
The number of sample bound requires several (easy) Lipschitz type properties:

1. The optimum value of L is at least δ > 0 and the optimum solution of Lj is
at most R.

2. For each setting of the Lagrangians, every Lj has a unique optimum solution.
3. Reducing bi by a factor of 1 − ε reduces L by at most (1 − ε).
4. L does not change by more than a constant times 1 + ε if we alter the value

of the optimum Lagrangian multipliers by a factor of 1 + ε.

Theorem 5. Sample t = Õ(n′QR
δε ) of the smaller linear programs and consider

the linear program L′ which corresponds to the union of these smaller linear pro-
grams and suitably scaled global constraints. If we use the optimum Lagrangian
multipliers corresponding to the global constraints of L′ to solve the decoupled
instances of Lj as they are available (in an online fashion) then we produce a
1 + ε approximation to the optimum solution of L.

In the setting of Adwords, the smaller LPs correspond to the arrival of an im-
pression, and the associated assignment. Thus the stochastic framework of the
Adwords problem is obviously of relevance to the call out optimization frame-
work. However the focus shifts on solving the smaller LPs which encode the call
out decision. A nice outcome of the approach is a simple two phase algorithm;
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an Exploration phase where the samples are drawn, and an Exploitation phase
where the Lagrangian multipliers are used. If Q, n′, R are small, then the ex-
ploration phase can be (relatively) short and this yields a natural algorithm.
Thus the goal of the rest of the paper would be to formulate separable convex
relaxations and achieve the mentioned properties.

3 The Total Value Problem

In this section, we prove Theorem 1, and describe LP-Val. Let qj denote the
probability that impression j arrives. We shall add infinitesimal random pertur-
bations to pijv which shall not affect the performance of any policy but ensure
pijv are in general positions, that is, any combination of them will almost surely
create a non-singular matrix.

The LP Relaxation: Let xij be the (conditional) probability that advertiser i
was called out on impression j. Let yijv� be the probability that advertiser i bid
the value t and was assigned the slot � (also conditioned on j). The constraints
are named as A(x, y) and B(x, y) as shown.

LP1 = max
∑

j

qj

∑

v

∑

i

∑

�

v��yijv� s.t.

∑
j qjxij ≤ ρi∑

i

∑
v yijv� ≤ 1

xij ≤ 1∑
� yijv� ≤ pijvxij

xij , yijv� ≥ 0

⎫
⎬

⎭B(x, y)

⎫
⎪⎪⎬

⎪⎪⎭
A(x, y)

Decoupling: Let λ∗
i be the optimum Lagrangian variable for the constraint∑

j qjxij ≤ ρi. LP1 then decouples to smaller LPs, LP2(j, λ∗
i ) subject to the

constraints A(x, y), that is, LP1 = LP1(λ∗
i ) =

∑
i λ∗

i ρi+
∑

j qjLP2(j, λ∗
i ) where

LP2(j, λ∗
i ) = max (

∑
v

∑
i

∑
� v��yijv� −

∑
i λ∗

i xij)

Solving LP2(j, λ∗
i ). We begin by considering the dual. Let τj� be the dual of

the constraint
∑

i

∑
v yijv� ≤ 1. Let ξijv correspond to the dual of the constraint∑

� yijv� ≤ pijvxij . Let ζij correspond to the dual of xij ≤ 1.

DualLP2(j, λ∗
i ) = min

∑

i

ζij +
∑

�

τj� s.t.
τj� + ξijv ≥ v��

ζij −
∑

v ξijvpijv ≥ −λ∗
i

τj�, ξijv, ζij ≥ 0

Lemma 1. Let τ∗
j� be the optimum dual variables for LP2. Then (i) For all �

there exists i and v ≥ τ∗
j�/�� s.t. ξ∗ijv = v�� − τ∗

j� (ii) τ∗
j�/�� is non-increasing.

Proof. For every � there must be some i, v such that we have τ∗
j� + ξ∗ijv = v��.

Otherwise we can keep decreasing τ∗
j�, keeping all other variables the same and

contradict the optimality of the dual solution. Now ξ∗ijv ≥ 0 and the condition
on t follows. The condition corresponds to the set of points (v, ξ∗ijv) in the two
dimensional (x, y) plane being above the lines {y = ��x − τ∗

j�}. For the second
part, consider τ∗

j� and the i, v such that we have τ∗
j� + ξ∗ijv = v��. Define t to

be the support of �. Let v ≥ τ∗
j�/�� be the largest such support of �. Consider

τ∗
j(�−1). We have (τ∗

j(�−1) + ξ∗ijv)/��−1 ≥ v = (τ∗
j� + ξ∗ijv)/��. But ��−1 ≥ �� and

thus τ∗
j�/�� are non-increasing in �. Moreover, if �� = ��−1 then τ∗

j� = τ∗
j(�−1).
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Decoupling LP2(j, λ∗
i ) itself. Consider LP2(j, λ∗

i ) with the Lagrangians
τ∗
j�. The problem decomposes under the constraints B(x, y), to

LP2(j, λ∗
i ) =

∑
� τ∗

j� +
∑

i LP3(j, λ∗
i , τ∗

j�, i) where LP3(j, λ∗
i , τ∗

j�, i) =

max
(∑

�

∑
v

[
v�� − τ∗

j�

]
yijv� − λ∗

i xij

)
.

Lemma 2. Define �(v) = argmax�′
{
��′v − τ∗

j�′ |��′v > τ∗
j�′

}
and �(t) = M+1 if

the set is empty. Set y∗
ijv� = pijv if � = �(v) and 0 otherwise. If

∑
v

∑
� v��y

∗
ijv� ≥

λ∗
i we set xij = 1 and yijv� = y∗

ijv�. Otherwise we set xij = yijv� = 0.

Proof. LP3(j, λ∗
i , τ∗

j�, i) is optimized at xij = 1 or xij = 0. This is because if

0 < xij < 1 and
∑

�

∑
v

[
v�� − τ∗

j�

]
yijv� − λ∗

i xij > 0 then we can multiply all
the variables by 1/xij and have a better solution. If the latter condition is not
true then xij = 0 is an equivalent solution. If xij = 1 the optimal setting for
yijv� is y∗

ijv�. (Note that y∗
ijv� is uniquely determined for a fixed t.) Thus the

overall optimization follows from comparing the xij = 1 and xij = 0 case.

Interpretation and the Call Out Algorithm: Given {τ∗
j�}M

�=1, the distribu-
tion {pijv} for i, is divided into at most M + 1 pieces (some of the pieces can
be a single point) given by the upper envelope (the constraint max) of the lines
{��x−τ∗

j�}M
�=1 and the line y = 0, in the x–y coordinate plane. Intuitively, seeing

the value x = t, if the upper envelope corresponds to the equation ��x− τ∗
j� then

we are “interested” in the slot �. If the weighted (by ��) sum of interests, given
by
∑

v v��y
∗
ijv� exceeds λ∗

i , then it is beneficial to call out i. We call out based
on this condition and allocate the slots in decreasing order of bids.

Analysis: The LP2 solution satisfies: LP1 =
∑

i,v vpijv��(v) and∑
i,v:�(v)=� pijv = 1. For each slot �, let wi(�) =

∑
v:�(v)=� vpijv and ui(�) =∑

v:�(v)=� pijv . Order the i in non-increasing order of wi(�)/ui(�) inside the slot.
If we call out to i and get t, then for the sake of analysis we will consider its
contribution to slot �(t) only. Moreover, we stop the contribution to a slot � if
any any of the i return a value t with �(t) = �. The best M ordered bids outper-
form the analyzed contribution in every scenario. Therefore it suffices to bound
the contribution.

Lemma 3. Suppose we are given a set of independent variables Yi such that
Pr[Yi �= 0] = ui and E[Yi] = wi. Consider the random variable Y corresponding
to the process which orders the variables {Yi} in non-increasing order of wi/ui,
and stops as soon as the first non-zero value is seen. Then E[Y ] =

∑
i

∏
i′<i(1−

ui′)wi ≥
∑

i wi

(
1 − e−1

)
.

Proof. Let F ({(wi, ui)}) =
∑

i

∏
i′<i(1 − ui′)wi. Let λ =

∑
i wi/

∑
i ui. Given

the sequence {(wi, ui)} where wi/ui are non-increasing, if there exists an i such
that wi/ui �= wi+1/ui+1, then define a new sequence {(w′

i, ui)} as follows:

w′
i′ =

⎧
⎨

⎩

wi′ if i′ �= i, i + 1
wi − Δ if i′ = i
wi+1 + Δ if i′ = i + 1

where Δ =

wi
ui

− wi+1
ui+1

1
ui

+ 1
ui+1
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Note that
∑

i wi =
∑

i w′
i and w′

i/ui remains non-increasing. Now
F ({(wi, ui)})−F ({(w′

i, ui)}) =
∏

i′<i(1−ui′)Δ−∏i′<i+1(1−ui′)Δ =
∏

i′<i(1−
ui′)uiΔ > 0. Thus, we can repeatedly perform the above steps till we get a se-
quence such that w′

i/ui remains the same for all i and
∑

i wi =
∑

i w′
i. Clearly

w′
i = λui in this case. The function F continues to decrease, F ({(wi, ui)}) ≥

F ({(w′
i, ui)}) and

F ({(w′
i, ui)}) =

∑

i

∏

i′<i

(1 − ui′)λui = λ

(
1 −

∏

i

(1 − ui)

)
≥ λ

(
1 − e−

∑
i ui

)

But 1
x(1 − e−x) is decreasing over [0, 1] and the worst case is x = 1.

In slot � (renumbering the advertisers in the order of wi(�)/ui(�)) we get an
expected reward of wi(�) if we reach i. But the events are independent in a
particular slot. Thus the expected reward in a slot is bounded by (using inde-
pendence and Claim 3) to be (1 − e−1) times

∑
i wi(�). We now apply linearity

of expectation across the slots – observe that the events across the slots are quite
correlated. The expected reward is at least (1− e−1) times

∑
�

∑
i wi(�) = LP1.

Theorem 1 follows from Lemmas 2 and 3 and the application of Theorem 5.

4 Generalized Second Price with Reserve (GSP-Reserve)

The call outs for this problem would be exactly the same as the algorithm in
Section 3. We will however adjust the reserve prices. The reserve price will be
the same for all the advertisers being called out on that impression. In fact
either we will run a single slot auction with a reserve price, or simply GSP for
the M slots. The decision will depend on the LP solution found for this specific
impression (and the contributions of different parts of the LP). Recall that the
bid distribution Vij of advertiser i on impression j is assumed to satisfy the
MHR property. We use the following:

Lemma 4. (Lemma 3.3 in [4]) For any random variable V following an MHR
distribution, let v∗ = argminv{v|v Pr[V ≥ v] ≥ 1

2

∑
v′≥v v′ Pr[V = v′]}. Then

Pr[V ≥ v∗] ≥ e−2.

The next lemma is a restatement of Lemma 2 and the subsequent analysis.

Lemma 5. Given an impression j(t), and define v1(t) = max�:�1 �=��
(τ∗

j1 −
τ∗
j�)/(�1 − ��). The call out to a set S(t) �= ∅, ensures that

∑
i

∑
v≥v1(t) pijv ≥ 1.

Definition 1. Given an impression j(t), and the call out decision to a set S(t) �=
∅ at time t, let v∗m(i, t) = min{v|2v Pr[Vij ≥ v] ≥ ∑

v′≥v v′pijv′} and Ψ(t) =
{i|i ∈ S(t) and v1(t) ≤ v∗m(i, t)}. Note that using Lemmas 4, and 5, we have
|Ψ(t)| ≤ �e2	 = 7 since i ∈ Ψ(t) contributes a probability mass of at least e−2.

Lemma 6. Given an impression j(t), and the call out decision to a set S(t) �= ∅
at time t, we can set a single threshold v∗(t) ≥ v1(t) such that if we set a reserve
price v∗(t) for a single slot then the revenue (ignoring the multiplicative discount
factor �1) is at least 1

4(7e2+1)

∑
i∈S(t)

∑
v≥v1(t) vpijv .



154 T. Chakraborty et al.

Proof. Let
∑

i∈S(t)

∑
v≥v1(t)

vpijv = Z. We have two cases, (i)∑
i∈Ψ(t)

∑
v≥v1(t)

vpijv ≥ 7e2Z/(7e2 + 1) or (ii) otherwise. In case (i), pick the
i ∈ Ψ(t) such that

∑
v≥v1(t) vpijv is maximized, which is at least e2Z/(7e2 + 1)

since |Ψ(t)| ≤ 7. Let Vij be the random variable that corresponds to the bid of
advertiser i on impression j. Now since v∗m(i, t) ≥ v1(t) we have that

∑

v≥v∗
m(i,t)

vpijv ≥ Pr [Vij ≥ v∗
m(i, t)|Vij ≥ v1(t)]

∑

v≥v1(t)

vpijv

≥ Pr [Vij ≥ v∗
m(i, t)]

∑

v≥v1(t)

vpijv ≤ 1

e2

∑

v≥v1(t)

vpijv

which is at least Z/(7e2 + 1). Now, if we set v∗(t) = v∗m(i, t) then just from i we
have

∑
i∈S(t)

∑
v≥v∗(t) pijv ≥ 1

2

∑
v≥v∗

m(i,t) vpijv and therefore in this case the
lemma is true.

In case (ii), we have
∑

i∈S(t)\Ψ(t)

∑
v≥v1(t) vpijv ≥ Z/(7e2+1). But for each i ∈

S(t) \ Ψ(t) we have v1(t)
∑

v≥v1(t) pijv ≥ 1
2

∑
v≥v1(t)

vpijv and as a consequence,
v1(t)

∑
i∈S(t)\Ψ(t)

∑
v≥v1(t) pijv is at least Z/(2(7e2+1)). Consider setting v∗(t) =

v1(t). Let p =
∑

i∈S(t)\Ψ(t)

∑
v≥v1(t) pijv. Since p ≤ 1 (from definition of v1(t),

see Lemma 5) the probability of sale is at least (1− 1
e )p which is bounded below

by p/2. The Lemma follows in this case as well.

Lemma 7. Given an impression j(t), and the call out decision to a set S(t) �= ∅
at time t, consider (i) If

∑
i∈S(t)

∑
v v��(v)y

∗
ijv�(v) ≥ 3

∑
i∈S(t)

∑
v≥v1(t) v�1y

∗
ijv1

then call-out to S(t) and run regular GSP. (ii) Otherwise call-out to S(t) and run
a single slot auction with the threshold v∗(t) given by Lemma 6. This algorithm
gives a revenue which is Ω(1) factor of the LP bound on efficiency which is
given by

∑
v

∑
i∈S(t)

∑
v v��y

∗
ijv�(v). Note that the call out decisions are based on

optimizing the total value/ efficiency of the slots, and thus are feasible.

Proof. Let the non-increasing ordered list of values that are returned for a time
step be a1(t). Suppose we are in case (i). Then the revenue of GSP is at least∑M

r=1 �rar+1(t). Now since �r are decreasing, and ar(t) are non-increasing, we
have

∑M
r=1 �rar+1(t) ≥

∑M
r=1 �rar(t) − �1a1(t), which implies that

E

[
M∑

r=1

�rar+1(t)

]
≥ E

[
M∑

r=1

�rar(t)

]
− �1E [a1(t)] (1)

We know from Section 3 that E
[∑M

r=1 �rar(t)
]
≥ (1 − 1

e

)∑
i∈S(t)

∑
v v��y

∗
ijv�(v).

We observe that E [a1(t)] ≤
∑

i∈S(t)

∑
v≥v1(t) vy∗

ijv1. This is easily seen if we write
an LP for the maximum value seen (this LP is for analysis only). Let xiv be the
probability that i ∈ S(t) is the maximum with value v. Then (we drop the index
j for convenience):

E [a1(t)] ≤ LPMAX = max
∑

i

∑

v

vxiv s.t.

∑
i

∑
v xiv ≤ 1

xiv ≤ piv

xiv ≥ 0
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The optimum solution of LPMAX is x∗
iv = piv for v > τ and x∗

iv ≤ piv

for one i and v = τ . Here τ is the optimum dual variable for the constraint∑
i∈S(t)

∑
v xiv ≤ 1. Note that

∑
i∈S(t)

∑
v x∗

iv = 1. For v > v1(t) we have
y∗

ijv1 = pijv and v < v1(t) we have y∗
ijv1 = 0. Moreover

∑
i∈S(t)

∑
v≥v1(t) y∗

ijv1 =
1. Likewise for v > τ we have x∗

iv = piv and v < τ we have x∗
iv = 0 and∑

i∈S(t)

∑
v≥τ x∗

iv = 1.
Suppose that τ < v1(t). We arrive at a contradiction because

∑
i∈S(t)

∑
v≥τ

x∗
iv >

∑
i∈S(t)

∑
v≥v1(t) y∗

ijv1 = 1 which implies that we are exceeding the proba-
bility mass of 1 for the maximum. On the other hand if τ > v1(t), then we again
have a contradiction that

∑
i∈S(t)

∑
v≥v1(t) y∗

ijv1 >
∑

i∈S(t)

∑
v≥τ x∗

iv = 1 which
implies {y∗

ijv1} were not feasible.
As a consequence, τ = v1(t) and for v > τ = v1(t) we have x∗

iv = y∗
ijv1 = pijv =

piv. For v < τ = v1(t) we have x∗
iv = y∗

ijv1 = 0. Therefore E [a1(t)] ≤ LPMAX =∑
i∈S(t)

∑
v vx∗

iv =
∑

i∈S(t)

∑
v vy∗

ijv1 as claimed. Applying this claim to Equa-
tion 1, and the fact that

∑
i∈S(t)

∑
v vy∗

ijv1 ≤ 1
3

∑
i∈S(t)

∑
v v��y

∗
ijv�(v), we get

E

[
M∑

r=1

�rar+1(t)

]
≥
(

1 − 1

e
− 1

3

) ∑

i∈S(t)

∑

v

v��y
∗
ijv�(v)

Thus in this case the expected revenue is Ω(1) of the LP bound on the efficiency.
Suppose we are in case (ii). By Lemma 6 we are guaranteed an expected

revenue of Ω(1) times �1

∑
i∈S(t)

∑
v≥v1(t) vpijv ≥ ∑

i∈S(t)

∑
v≥v1(t) v�1y

∗
ijv1 ≥

1
3

∑
i∈S(t)

∑
v v��(v)y

∗
ijv�(v). In this case also the expected revenue is Ω(1) of the

LP bound; the lemma follows.

Proof. (Of Theorem 2). Let App be the policy that approximately maximizes
the efficiency. Let OPTG be the optimum GSP-Reserve policy. Let OPTB

be the optimum policy which maximizes the total value. Given a policy P
let Gsp(P ) denote the expected revenue of the policy if the charged as GSP,
BestKW(P ) denote the expected (weighted) efficiency. Then for any policy
Gsp(P ) ≤ BestKW(P ). Let R(App) be the revenue of the policy in Lemma 7.
Therefore, for some absolute constant α ≥ 1,

Gsp(OPTG) ≤ BestKW(OPTG) ≤ BestKW(OPTB) ≤ LP1 ≤ α R(App)

The theorem follows (again appealing to Theorem 5).
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function subject to a matroid constraint (extended abstract). In: Fischetti, M.,
Williamson, D.P. (eds.) IPCO 2007. LNCS, vol. 4513, pp. 182–196. Springer, Hei-
delberg (2007)

7. Chakrabarty, D., Goel, G.: On the approximability of budgeted allocations and
improved lower bounds for submodular welfare maximization and gap. In: Pro-
ceedings of FOCS, pp. 687–696 (2008)

8. Chawla, S., Hartline, J., Malec, D., Sivan, B.: Sequential posted pricing and multi-
parameter mechanism design. In: STOC (2010),
http://arxiv.org/abs/0907.2435

9. Devanur, N., Hayes, T.: The adwords problem: Online keyword matching with bud-
geted bidders under random permutations. In: Proc. 10th Annual ACM Conference
on Electronic Commerge, EC (2009)

10. Ghosh, A., McAfee, P., Papineni, K., Vassilvitskii, S.: Bidding for representa-
tive allocations for display advertising. In: Leonardi, S. (ed.) WINE 2009. LNCS,
vol. 5929, pp. 208–219. Springer, Heidelberg (2009)

11. Ghosh, A., Rubinstein, B.I.P., Vassilvitskii, S., Zinkevich, M.: Adaptive bidding
for display advertising. In: WWW, pp. 251–260 (2009)

12. Guha, S., McGregor, A.: Approximate quantiles and the order of the stream. In:
Proc. of PODS, pp. 273–279 (2006)

13. Guha, S., Munagala, K.: Adaptive uncertainty resolution in bayesian combinatorial
optimization problems. ACM Transactions of Algorithms (to appear)

14. Kleinberg, J., Rabani, Y., Tardos, E.: Allocating bandwidth for bursty connections.
SIAM J. Of Computing 30(1), 171–217 (2001)

15. Kleinberg, R.: A multiple-choice secretary problem with applications to online
auctions. In: Proceedings of SODA, pp. 630–631 (2005)

16. Kleinberg, R., Slivkins, A., Upfal, E.: Multi-armed bandits in metric spaces. In:
STOC, pp. 681–690 (2008)

17. Kulik, A., Shachnai, H., Tamir, T.: Maximizing submodular set functions subject
to multiple linear constraints. In: SODA, pp. 545–554 (2009)

18. Marchetti-Spaccamela, A., Vercellis, C.: Stochastic on-line knapsack problems.
Mathematical Programming 68, 73–104 (1995)

19. Mehta, A., Saberi, A., Vazirani, U., Vazirani, V.: Adwords and generalized on-line
matching. In: FOCS, pp. 264–273 (2005)

20. Muthukrishnan, S.: Adexchanges: Research issues. In: Leonardi, S. (ed.) WINE
2009. LNCS, vol. 5929, pp. 1–12. Springer, Heidelberg (2009)

21. Myerson, R.B.: Optimal auction design. Math. of OR 6(1), 58–73 (1981)

22. Nolet, M.: http://www.mikeonads.com/2009/08/30/rtb-part-i-what-is-it/

23. Pandey, S., Olston, C.: Handling advertisements of unknown quality in search
advertising. In: Proceedings of NIPS, pp. 1065–1072 (2006)

http://arxiv.org/abs/0907.4166
http://arxiv.org/abs/0907.2435
http://www.mikeonads.com/2009/08/30/rtb-part-i-what-is-it/


Selective Call Out and Real Time Bidding 157

24. P. release, http://www.doubleclick.com/insight/blog/archives/doubleclick-
advertising-exchange/announcing-the-new-doubleclick-adexchange.html

25. Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton
(1970)

26. Tanenbaum, A.S.: Computer Networks, 3rd edn. Prentice-Hall, Englewood Cliffs
(1996)

27. Vee, E., Vassilvitskii, S., Shanmugasundaram, J.: Optimal online assignment with
forecasts. In: EC (2010)

http://www.doubleclick.com/insight/blog/archives/doubleclick-advertising-exchange/announcing-the-new-doubleclick-adexchange.html
http://www.doubleclick.com/insight/blog/archives/doubleclick-advertising-exchange/announcing-the-new-doubleclick-adexchange.html

	Selective Call Out and Real Time Bidding
	Introduction
	Selective Call Out: The Model
	Our Results, Roadmap and Related Work

	Preliminaries
	The Total Value Problem
	Generalized Second Price with Reserve (GSP-Reserve)
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




