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Abstract
We describe a simple, but novel, class of space-filling polyhedron that we call Bowties. Bowties may be 
constructed from a cube, but will be equal to 1/3 of the volume of that cube. Bowties belong to an 
infinite series of families that can be derived from several base shapes. Starting with the Rhombic 
Bowtie which is based on the rhombus, we describe a generalised method of construction of bowties 
based on more general shapes. We then make a variety of observations of the class of shape, including 
their potential as weight bearing structures, and some types of puzzle that use the shapes. 

1 Introduction
The  space-filling  properties  of  polyhedra  have  been  investigated  for  almost  as  long  as  polyhedra 
themselves (Coxeter, 1973, Wells, 1991). Of the platonic solids, only the cube tiles space on its own. 
There are five other regular convex polyhedral space-fillers, and many other known irregular convex 
polyhedral space-fillers; an overview is given in Weisstein (2009). There is still, no doubt, plenty to 
discover with this class of shape: for example Conway discovered a bi-prism that fill space in a non-
periodic manner (Conway, 1993). The space of concave polyhedral space-fillers is much larger, but 
there are still shapes with certain elegant properties, such as having multiple degrees of symmetry, or 
tiling in interesting manners. 

With  the  availability  of  advanced  CAD  software  and  relatively  cheap  3D  rapid-prototyping 
machines, it a good time to be exploring such shapes. Whilst the Bowties described in this paper were  
discovered using pen, paper and thought and then realised using cardboard models, it was when 3D 
print versions were made that they caught the imagination of colleagues and friends. Having a handful  
of space-filling shapes to assemble, gives a satisfyingly tactile feel to an otherwise abstract problem.

In this paper, we discuss the Bowtie concept, starting with a construction based on rhombi. We 
then we show generalisations into curvilinear .

2 Bowties
Bowties are solid three dimensional shapes that may be constructed from a cube, but are equal to 1/3 of 
the total volume of said cube. They belong to a family of shapes that are space filling, or more correctly  
an infinite series of families. Bowties can be classified according to the base 2D shape that is used in  
their construction. In this section we focus on Rhombic Bowties, which are based upon the rhombus. 
Section 3 then describes other base shapes. 

2.1 Construction of Rhombic Bowties
Rhombic Bowties are made up of 16 congruent triangles, and 2 rhombi, making them octadecahedral.  
They have 12 vertices and 28 edges. Two of the vertices are saddle points.

A Rhombic Bowtie can be constructed in the following steps:
1. Lay 4 identical rhombi, any rhombus will do, on the surface of an imaginary cube, in such a 

way that their long axes of symmetry form a chain around four faces of the cube. 
2. Rotate 2 opposing rhombi through 90 degrees about their long axes of symmetry.
3. Now erase the lines that fall outside the original imaginary cube.
4. From a point central to the faces of the cube that originally had no rhombus on them, draw lines 

to the points that lie in the same half of the cube as each face.
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To make this more explicit, we construct the 3D coordinates of a Rhombic Bowtie based on a cube 
with edge length 2, using a rhombus that has a short axis of length 1 and a long axis of length 2. We’ll 
call this specific Rhombic Bowtie the Rhombic 2-1 Bowtie. A rhombus (ABCD) is inscribed on the 
plane Z=1, with the long axis (AC) oriented along X and the short axis (BD) oriented along Y. A similar 
rhombus (IJKL) is inscribed on the plane Z=-1. The vertices E & G are on the plane Z=0 at X=±0.5 
respectively. The vertices F&H are on the plane Z=0 at Y=±1. Note that AEI is a rotation of the curve 
ABC, that is the angle AEI is the same as the angle ABC. Edges are constructed between vertex F and 
each of vertices A, B, C, I, J and K, and between vertex H and each of the vertices A, C, D, I, K and L. 
The full list of vertex positions is given in Table 1.

Table 1: The 12 vertex positions for the Rhombic 2-1 Bowtie.         

Vertex X Y Z

G -0.5 0 0
H 0 -1 0

I 1 0 -1

J 0 0.5 -1

K -1 0 -1

L 0 -0.5 -1

Vertex X Y Z

A 1 0 1
B 0 0.5 1

C -1 0 1

D 0 -0.5 1

E 0.5 0 0

F 0 1 0

a) Step 1: four rhombi on faces of cube b) Step 2: rotate two rhombi along long axes c) Step 3: delete edges outside of cube

d) Step 4: join vertices
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e) Vertex labels and positions
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Figure 1 Construction and representation of the Rhombic Bowties. See text for description.



2.2 Net
A net of the Rhombic 2-1 Bowtie is shown in Figure 2. Larger copies for printing are available online, 
see end of paper.

2.3 3D Tiling with the Rhombic 2-1 Bowtie
Constructions of the tiling with 1, 2, 3 12, 24 and 192 pieces are show in Figure 3.

Figure 3 Tiling space with the Rhombic 2-1 Bowtie.

We can note that at the at the tip of the “horns” of the Rhombic 2-1 Bowtie (vertices A,C, I & K in 
Figure 1e), 12 pieces meet together. 

The Rhombic 2-1 Bowtie lends itself to an alternative tiling that only works for this specific piece. 
If the pieces are handed to someone, this is typically how they start assembling the shapes so we leave 
this tiling for the reader to discover. Only the Rhombic 2-1 Bowtie tiles in this way, other rhombic 
bowties do not.

2.4 The Rhombic 5H Bowtie
We now want to introduce another specific Rhombic Bowtie, the Rhombic 5H Bowtie. This is the 
“original” Rhombic Bowtie (see next section), and has an intriguing property. Recall that twelve pieces 

Figure 2 Net for the Rhombic 2-1 Bowtie.



meet at the tip of each horn. Each horn can have a regular pentagonal cross-section if the short axis of  
the rhombus is chosen precisely. Consider a plane through points B, D & E, forming the horn with 
vertex A. This is a pentagonal cone. Lines AB, AD and AE are all radii of the external sphere of a 
dodecahedron. BD is thus one edge of one the pentagons forming the dodecahedron. If  BD is  the 
correct length, this will be a regular dodecahedron, and the horns will have a regular pentagonal base.

To find the length of BD, we note that if the radius of the external sphere of a dodecahedron is  
1, then the length of each edge in the pentagonal faces is (√5–1)/√3. Thus, if the long axis of the  
rhombus has length 1, then we can calculate the short axis length as (√5–1)/ (√5+1).

I (Robert) labelled this the 5H. The 5 refers to the pentagonal horns, and the H to its shape 
viewed along its 4 way axis of symmetry. The was re-baptised the Bowtie by Martin Watson as soon as 
he saw it, and this is the term we adopted for the general class of such shapes.

2.5 History of Design
I (Robert) would like to give a bit of history, so that you may understand the ludicrous, back to front  
way the Bowtie has developed.

As is  usual  with late  20th  century  mathematical  discoveries,  this  one  starts  with an article  in 
Scientific America, by Martin Gardner, or rather two articles. In the first he introduces us to the concept  
of quasi-crystals (QC). In the other he divides a tetrahedron into two congruent parts, which tempted 
me to look for tri-sections of the cube.

The quasi-crystal problem is to obtain a pentagonal distribution of points of light from a laser ray 
passed through a crystal. The way I looked at this problem was to try and find a crystal shape full of  
regular pentagons that filled space by itself,  without  requiring another  shape.  Based on the twelve 
pentagonal pyramids that form a regular dodecahdron I found my first bowtie, the 5H. 

Going back to the eighties and the Martin Gardner problems; I was living in Peru, and had two 
brothers - Tomas and Felix Minaya -working for me. Tomas was a magnificent draughtsman, and he 
was drawing my tesselations, whilst Felix made the models of my 3d space-fillers, trisections of the 
cube and other solid geometrical dissections. So once Felix had made me a dozen models of the 5-
H/bowties I had confirmation of the way they filled space. I was on a creativity binge; then Greg  
Frederickson hooked me onto his book - Geometric Dissections, Plane and Fancy, so I shelved the 
bowties as another space filler to take back to Blighty, and possibly a solution to the quasi crystal  
problem. I did not know exactly what a quasi-crystal was, I still don't – Is the 5H one?

Unfortunately the crate containing the templates to the nets for the 3d shapes, 3 paintings, and 200 
draughtsman's  drawing of tesselations, along with some valuable furniture and over 250 cardboard 
models disappeared from the shipping agents' yard. As a result it was many years before I was able to  
send George Miller a decent cardboard model from which he made the puzzle pieces for the bowtie. A 
photograph of the sets George Miller returned is shown in Figure 8.

2.6 3D Print Example
The shape is readily printable on current 3D rapid prototyping machines. A set of STL files suitable for 
printing is available online, see end of paper. Both solid and thin-shell variants are available: the latter 
is much cheaper to print.

3 Generalisation of the Bowtie Shape
3.1 Construction
We can construct a far larger class of space filling bowtie shapes, by generalising from the rhombus-
based construction. If we consider the plane of the original rhombus and define the x axis to be the long  
axis of the rhombus (AC in Figure 1), then any single valued function y= f(x), defined on -1 <= x <= 1,  
where f(-1) = f (1) = 0 and for which the range of the function 0 < f(x) <=1 for  -1 < x < 1, then the  



curve can be used to create a space filling shape by replacing the curve ABC in the rhombus. A three 
other such curve can be used to replace CDA,  IJK & KLI. The curves need not be the same, but certain 
types of symmetry in the curves give rise to pleasing 3D shapes.  In the rest of this document, we will  
use the labels A, B, etc. to mean the points on the major axes where the curves cross.  

For now, let us consider constructing curves that are symmetric about both X and Y axes, and 
where the shape is the same at each end.  For example, using an oval as the construction, as shown in 
Figure 4 (Top Row), gives an hourglass shape. The ‘M’ shape  gives a more complicated shape  as 
shown in Figure 4 (Bottom Row).

a) b) c) d)

e) f) g) h)

Figure 4 Shapes generated by different supporting curves. Oval shape-based solid: a) top view b) side view c) & d) 
two renderings of the resulting hourglass shape. ‘M’ shape-based solid: e) top view f) side view g) & h) two 

renderings of the resulting shape.

3.2 Asymmetric Supporting Curves
The reader can note that with symmetrical supporting edges, a piece can added to an existing place in 
the tiling in four ways. That is, considering, edge ABC in Figure 1e again, this could be adjacent to 
edge KGC in another shape, with  point F meeting point  F in the other shape F, or it could meet edge 
CGK with F meeting  H in the other shape, or similarly it could meet AEI in two ways.

However, the four curves ABC, ADC, IJK and ILK, can be different. If they are all different and 
show no symmetries, then the pieces will tile in only one orientation along each of the three assembly 
axes.  If curves are repeated, or mirrored in certain ways, then each piece might be oriented in a couple 
of ways.

We illustrate this by considering a shape with one axis of rotational symmetry. The shape is shown 
in Figure 5a, which contains elliptical arcs. What way should the arc be oriented on the opposite face? 
If it is oriented the same way, then the cross-section view is shown in Figure 5b. Note that ABC, and 
ILK are congruent when rotated to lie along AEI. The solid shown in the renderings in Figure 5c,d.  
This is a smooth shape with the only flat parts being the top and bottom. However, if the shape is 
mirrored on the bottom face, then there are flat vertical surfaces  because the curves CGK and KGC, 
and/or AEI and IEA may no longer be the same. Figure 5e, shows a top view, with the top and bottom 
of the shape. This is two copies of Figure 5a, one mirrored. The cross-section view in Figure 5f is again  
two copies of Figure 5b, one reflected. The renderings in Figure 5g,h show the vertical shapes. 



a) b) c) d)

e) f) g) h)

Figure 5 A supporting curve on one face might be reflected or just copied on the opposite face.  Copied curves: a) 
top view b) side view c) & d) two renderings of the resulting shape. Reflected curves: e) top view f) side view g) & 

h) two renderings of the resulting shape.

3.3 3D Print Examples
Examples of some of the solids from the previous section have been printed on a ZCorp Z310, see 
Figure 6.  The geometry was modelled in Rhinoceros 4 then exported to STL. Both sets of files are 
available online.

Figure 6 3D printouts of three of the space filling shapes.



4 Observations and Questions
4.1 Handedness
One property of these space filling shapes is  that depending on the symmetry of the construction 
curves, solids with different handedness can be generated depending on the configuration of the four 
curves. As already mentioned, once the four supporting curves are all different and non-symmetric, the 
pieces tile in only one way, but from any four such curves there are six different solids that may be 
constructed. 

4.2 Fitting and Coordinate Motion
An interesting question which we have puzzled over for a while is what constraints on the shapes are 
required in order that the shape can be assembled. For what shapes can a tiling be constructed piece by 
piece, and for which does it require sets of three pieces to be assembled in coordination? What about 
larger sets of tilings?

As example, the Rhombic 2-1 Bowtie tiling can be assembled piece by piece,  but each of the 
tilings of the bowties in Figure 6 can only be done three pieces at a time: if two pieces are abutted then 
the orthogonal piece cannot be inserted.

4.3 Strings of Bowties
Next,  we consider  strings  of  bowties.  If  a  string  or  column of  pieces  is  made can  these  still  be 
assembled to fill space? A column of the Rhombic 2-1 Bowtie as shown in Figure 6a can still  be 
assembled, the start of the assembly is shown in Figure 6b. Can columns or strings of other shapes be 
assembled?

a) b)

Figure 7 Can columns of pieces still be assembled?

We also hypothesize that strings of the Rhombic 2-1 Bowtie might have interesting weight-bearing 
properties in each of the axes of an assembled solid. Each piece is 1/3 of the volume of the cube 
surrounding it, but each piece has a minimum cross section of ¼ of the face of the cube.

4.4 Other Puzzles
There are no doubt many other puzzles that could be made from the pieces. If we had a small set of 
generating curves used in combinations on pieces, we could easily make a 3D space filling challenge 
based on matching edges.

Indeed simply putting the Rhombic Bowtie pieces in to a box is a bit of a dexterity challenge.  
George  Miller,  who was  the  first  to  fabricate  these  pieces  discovered  that  14  fit  in  to  a  cube  of  
dimension twice the length of the Rhombic Bowtie. This is shown in Figure 8. Is there another packing 
of 14 identical pieces that fills more of the volume of a cube? Larger packings can be made: if the cube  
is N times the length of the piece, then (N × N) + (N ×  N-1) + (N-1 × N-1) pieces are required. 



Figure 8 Rhombic 2-1 Bowties made by George Miller.

With  connected  pieces,  perhaps  columns,  or  other  shapes,  we  are  sure  that  there  are  interesting 
coordinated-motion puzzle to be invented.

5 Conclusions
We have presented a new family of space-filling shapes. The “base” piece is the Rhombic Bowtie, a 
concave octadecahedron with 16 congruent triangles, and 2 rhombi. From this we can then generate a 
host of shapes by varying the curves that generate the basic rhombus. We have generated a set of  
interesting shape and have started to investigate the properties that they have, both mathematical and 
puzzling.

All the files mentioned in the paper can be downloaded from the second author’s web page:
http://www.cs.ucl.ac.uk/staff/A.Steed/Bowties/
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