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Bayesian statistics
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@ The likelihood is the noise model.
@ The prior encodes constraints (if any) on the parameters ©.

@ Structure is added to the model through latent variables Z: p(X,Z|®)



Bayesian statistics

likelihood prior
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evidence

@ The likelihood is the noise model.
@ The prior encodes constraints (if any) on the parameters ©.

@ Structure is added to the model through latent variables Z: p(X,Z|®)

@ Predictions are averaged over 2l possible models: p(x.|X) = [p(X.|®) p(©O[X) dO.

The goal is to maximise the marginal likelihood or evidence p(X|m).



What is great about the Bayesian paradigm?
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What is not so great with Bayesian paradigm?

Posterior inference: Model averaging:

p(®|X, m) /p(X,Z, ®|m) dZ. p(x«|X, m) = /p(x*|®, m) p(®|X, m) d®.

Evidence maximisation:

p(X|m) = / p(X, ©|m) dO.



Variational lower bound or evidence lower bound (ELBO)

inp(X|m) > In p(X|m) — KL (qu(Z. ©)[[p(Z, ©[X, m)) = —F(w).



Variational lower bound or evidence lower bound (ELBO)

inp(X|m) > In p(X|m) — KL (qu(Z. ©)[[p(Z, ©[X, m)) = —F(w).

@ The lower bound to the log marginal likelihood is obtained by applying Jensen's inequality:
In p(X|m) = In // p(X,Z,0©|m) dZ d©

p(X,Z,©|m)
Z
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Variational lower bound or evidence lower bound (ELBO)

inp(X|m) > In p(X|m) — KL (qu(Z. ©)[[p(Z, ©[X, m)) = —F(w).

@ The lower bound to the log marginal likelihood is obtained by applying Jensen's inequality:
In p(X|m) = In // p(X,Z,0©|m) dZ d©

In//qWZG PXZ,8Im) 17 e

Cqu(Z.0)
// aw(Z,©) p(: (ZZ%';") dZ d®
= In p(X|m //qWZ®)| Z((?é_);") dZ d®.

@ The analytically intractable integration problem is replaced by an optimisation problem!



Other forms of the ELBO
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Other forms of the ELBO

o Free energy interpretation:

+F(w) =

XZ@|m)
w(Z,0)1
//q qu@)

~E(Inp(X,Z, (~)|m)2—

dZ dO®.

H(qw(Z,0)).

energy

entropy



Other forms of the ELBO

p(X,Z G)|m)
w(Z,0)1 dZ d®O.
//q qw(z ®)

@ Free energy interpretation:

+F(w) = -E(Inp(X,Z,0|m)) — H(quw(Z,®)).

energy entropy

@ Penalized model fit interpretation:

—F(w) = E(Inp(X|Z,0, m)) — KL (qu(Z, ©)||p(Z, ©|m)) .

model fit penalty



The differential measures the randomness of a random variable:

H(p) =~ [ p(x)Inp(x) .

The or relative entropy measures how to probability densities differ:
KL (qlp) = - [ a2 ax >0
q(x)

The KL is asymmetric (thus not a distance) and only zero if g(x) = p(x) for all x.



Variational Inference



Mean field variational inference [Bea03|

@ A tractable solution is found by assuming g, factorises given the data:

qW(27 6) = H q(z,,; Wn) X H q(om; Wm)-



Mean field variational inference [Bea03]
@ A tractable solution is found by assuming g, factorises given the data:

Q)= H q(zn; wp,) x H q(Om; w,).

@ The ELBO is given by
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@ Variational inference (or variational Bayes or variational EM) alternates between the
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Mean field variational inference [Bea03]
@ A tractable solution is found by assuming g, factorises given the data:

Q)= H q(zn; wp,) x H q(Om; w,).

@ The ELBO is given by

= 3B llz0, ©0) ~ 3 KL (a2 wn)[p(zn)) = 2 KL (a(6i ) [9(0m)-

@ Variational inference (or variational Bayes or variational EM) alternates between the
following two steps:

(2 W) ox €E 20 (InPxn.20]©)) q(Om; W) ox e 0n(INPXZIO)) g .

@ The algorithm iteratively and monotonically maximises the ELBO, converging to a local
maximum of the bound (not the evidence!)



Variational inference in action
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(Image credit [Bis06])



What is lost?

Gaussian-Gamma

(Image credit [Bis06])



How to make predictions?

@ The predictive distribution is approximated by plugging in the approximate posterior q,:

pcc) = [[ ploclze @) alziw) (1 (w,).) dz. d®.

@ When analytically intractable, one can use Monte Carlo integration or heuristics based on
statistics under the approximate posterior:

p(x«[X) = p (%|E (z.) , E(©)) .



Relation to expectation-maximisation (EM) [NH93]

—F(w) =Inp(X|®) — KL (q(2)[[p(Z]X. ©)),
—F(w) =E(Inp(X.2]©)) +H(q(2))-



Relation to expectation-maximisation (EM) [NHO3]

~F(w) = Inp(X|®) — KL (4(7)] p(Z)X. ©)),
—F(w) = E(In p(X. 2/©)) + H(q(2)).

@ Expectation step: q(Z) + p(Z|X, ®°).
e Maximisation step: ®"¢" = argmaxg E (Inp(X, Z|®)).



Relation to expectation-maximisation (EM) [NHO3]

~F(w) = Inp(X|®) — KL (4(2)p(Z/X. ©)),
—F(w) = (In p(X. 2|©)) + H(q(2)).

Expectation step: q(Z) + p(Z|X, ®°/).
e Maximisation step: ®"¢" = argmaxe E (In p(X, Z|®)).

EM guarantees monotonic increase of the bound by construction.

EM converges to local optimum of the log likelihood [Wu83].

Approximate EM if g approximates the posterior [HZWO03].
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Image credit: [Bis06].



Structured variational inference [SJ95, Wie00|

argmin KL (g, (Z.©)||p(Z,0|X, m))

@ Mean field considers a fully factorised form to find a tractable solution.

@ Structured variational inference avoids factorising when possible or imposes an
approximate posterior of a predefined specific form.



Example: mixture of Student-t distributions [AV07]

p(x|®) = ZW"’ Student (X|ttm, Am, Vm)
m

—+o00
Student (X|ttm, A, V) = Gaussian (x|, Auy,) Gamma (U, |, /2. 10, /2) dug,.
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Example: mixture of Student-t distributions [AV07]

p(x|®) = 277,,, Student (X|ttm, Am, Vm)
m

—+o00
Student (X|ttm, A, vpm) = Gaussian (x| e, Auy,) Gamma (u,]00,/2,04,/2) dug,.
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Robustness against outliers. Old Faithful Geyser data — model selection with ELBO.



Stochastic Variational Inference and Other Variants



Mean field variational inference (MVI)

~F(w) =Y E(Inp(xalzn, ©)) = > " KL (q(z0; wa)[|P(z0)) = D KL (q(6m: win)[|p(6m)) -

=Ln(w)



Mean field variational inference (MVI)

w) = ZE (In p(xn|zp, © ZKL (zns wi)|lp(zn)) — ZKL (q(Om; wim)||p(0m)) -

=Ln(w)
MVI can be rewritten as batch gradient ascent:
Wp <— arg n\1Nax f,,(W) — KL (q(zn; Wn)Hp(Zn)) ) (VE - Sth)
Wi ¢ arg max Zén(w) — KL (q(0m; wm)||p(0m)) - (VM — step)
@ Monotonic increase of the bound; converges to local maximum of ELBO

@ Priors are conjugate to the likelihood; updates are similar to Gibbs sampling.

@ Not suitable for large data sets!



Noisy, but unbiased estimates of the gradient wrt w,,

—F(w) = Zen(w) - Z KL (quw(zn)llp(zn))) — ZKL (qw(Om)|P(Om)) -



Noisy, but unbiased estimates of the gradient wrt w,,

—F(w) = Zen(w) - Z KL (quw(zn)llp(zn))) — ZKL (qw(Om)|P(Om)) -

S (Z a(w) - KL(qw(em)up(om))>



Noisy, but unbiased estimates of the gradient wrt w,,

= Zen(w) - Z KL (quw(zn)llp(zn))) — ZKL (qw(Om)|P(Om)) -

%(ZMW) KL (qu(0m)llp(0 )))

0 , KL
ZEMQ”(W) (Gw (N)p( ))>_




Stochastic variational inference (SVI) [HBB10]

We use stochastic gradient descent in the variational M-step:

L(q(em;wm)HP(em))>
N )

Wm<—Wm+/)tN7 < n( )

m

where Y, pr = 00 and >, p? < .



Stochastic variational inference (SVI) [HBB10]

We use stochastic gradient descent in the variational M-step:

Wi <= Wy + /)tN—m < A(w) — L(q(ﬁm;xm)np(em))) |

where Y, pr = 00 and >, p? < .
@ Stochastic approximation of the gradient [RM51]:

» Small memory footprint; sequential method.
» Requires adjusting the learning rate p;.
» Monotonic increase of bound is lost (no sanity check)



Stochastic variational inference (SVI) [HBB10]

We use stochastic gradient descent in the variational M-step:

Wi ¢ W +/)tN7m < A(w) — L(q(ﬁm;xm)np(em))) |

where Y, pr = 00 and >, p? < .
@ Stochastic approximation of the gradient [RM51]:

» Small memory footprint; sequential method.
» Requires adjusting the learning rate p;.
» Monotonic increase of bound is lost (no sanity check)

@ SVI corresponds to stochastic natural gradients wrt gy, for exponential family
distributions [HBWP13].



Incremental variational inference (IVI) [AE15]

—F(w) = ZE,,(W) - Z KL (q(zn; wa)llp(z5)) — Z KL (q(0m; wm)[[p(0m)) -
niz ( ) n m



Incremental variational inference (I1VI) [AEL5]

w) = an ZKL (zn; wWa)llP(z5)) — ZKL (9(8m; wim)[[p(0m)) -
n m
=ln(w)
Let s(X,Z) = >, sn(x,,z,) be the vector of sufficient statistics:
W <— argmax {y(s,w)—(,(s,,w) + (s, w) — KL (q(@m; wm)||p(Om)) -

where s} (xp, zp) is the new vector of sufficient statistics.



Incremental variational inference (I1VI) [AEL5]

) = 3 o) = 3 K (o ) lan)) = 2 KL (a(0i ) (00)-
nﬁ[ ( ) m

Let s(X,Z) =), sn(x,.2,) be the vector of sufficient statistics:
Wm < argmax Cy(s,w)—/ (s, w) + Ca(s,,w) — KL (q(0m; wm)|lp(0m)) -

where s} (xp, zp) is the new vector of sufficient statistics.
@ Sequential like SVI, but maintains a batch estimate of s(X, Z).
@ Needs to store the sufficient statistics.

@ No parameters to tune.

Monotonic increase of bound is recovered!

@ Can be interpreted as stochastic average gradient descent [SLB13].



Relation to incremental EM

@ MVI updates can be re-written in terms of the sufficient statistics:

q(zn, Wn) o< eE“Zn(Inp(S"|®))’ q(em, Wm) o< e]E‘vem(In p(sle))p(em)‘



Relation to incremental EM

@ MVI updates can be re-written in terms of the sufficient statistics:

o201 wy) ox (10 P(E0l©)) G(Om: Wrm) o Eom(MP(E1©)) g )

@ VI updates can be re-written in a similar fashion as in incremental EM [NH93]:

Q(Zn;Wn) x eIEﬁzn(In p(Sn‘e))’ q(em, Wm) o< e]E—\Gm(In p(575”+51177e))p(0m)'



Topic models

“Budgets’ “Children” “Education”
MILLION CHILDREN
AX WOMEN
PROGRAM PEOPLE SCHOOLS
CHILD EDUCATION
BILLION YEARS TEACHERS
FEDERAL FAMILIES 3|
YEAR WORK PUBLIC
SPENDING PARENTS TEACHER
NEW SAYS BENNETT
STATE FAMILY MANIGAT
PLAN WELFARE  NAMPHY
NEY 5

PROGRAMS  PERCENT  PRESIDENT
GOVERNMENT  CARE CLEMEN TARY
CONGRESS  LIFE 1A

“The William Randolph Hearst Foundation will @ive 5125 nillion (o Lincol Center, Metropoli-
tan Opera Co.. New York Philharmonic and Juilliard School. “Our bourd felt that we had a
teal opportunity to make a mark on the future of the performing arts with these souts an act
every bit as important as our traditional areas of <upport in health. medical re<c:ch. education
and the social services” Hearst Foundaion President Randolph A. Hearst said Monday in
annowncing the g Lincoln Center's share will be $200.000 for ts new building. which
will house young artists and provide new public ficilities. The Metropolitan Opera Co. and
New York Philharmonic will receive $400.000 each. The Juilliard School. where music and
the perforniing arts are taught, will get $250.000. The Hearst Foundation. a leading supporter
of the Lincoln Center Consolidated Corporate Fund. will make  its usual auswial $100.000
donation, too.

@ Organise and browse large document collections.
@ Capture underlying semantic structure in an unsupervised way.

@ Extremely popular (e.g., more than 22k citations in Google Scholar)



Latent Dirichlet allocation (LDA) [DMBO03]
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ment. LDA assumes an admixture model:

X € NV*D,
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document index

LDA infers a low-rank approximation of the matrix of counts:

EX)~ ®0", x4 ~ Multinomial(®64, Ny)

where ® ¢ RKXK, ®c REXK and K is small.



Graphical model

—eto—-H-tot

Ny K

04 ~ Dirichlet(alk), z,|04 ~ Categorical(6y),
¢« ~ Dirichlet(S1v), Wn|Zn, {@k} oy ~ Categorical(¢s, ).



Log-predictive probability for LDA as a function of the number of

processed documents
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IVI converges faster and to a higher value on all considered datasets.
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Yet another form of the ELBO based on the score function

—F(w) =E(Inp(X,Z,0|m)) + H(qw(Z, ®)).



Yet another form of the ELBO based on the score function

—F(w) = E (In p(X, Z, ®|m)) + H(qu(Z, ©)).

Write the gradient in terms of the score function:

OF(w) _E (Oln q(zn;wp)
ow,

(In p(xn,zn|®) — In g(zp; wn)))
ow,

K (k).
~ ) (—‘9 ndlEn 100) (1 i, 241©) ~ Ina(zh

(k)

where z,, " ~ q(z, ", w,).

);Wn)>)a



Black-box variational inference [RGB14]
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Figure 1: Comparison between Metropolis-Hastings
within Gibbs and Black Box Variational Inference. In
the x axis is time and in the y axis is the predictive
likelihood of the test set. Black Box Variational Infer-
ence reaches better predictive likelihoods faster than
Gibbs sampling. The Gibbs sampler’s progress slows
considerably after 5 hours.



Black-box variational inference [RGB14]

K (k).
At dIng(zn’;wp) (k) (k).
Wp <= W, + K 2 8—Wn (In p(xm Zp |®) In q(zn ,Wn)> )

where Y, A\t = 00 and Y, A2 < oo.
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@ Remove conjugacy requirement
@ Variance reduction techniques:

» Rao-Blackwellization
» Control variates
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Figure 1: Comparison between Metropolis-Hastings
b Ca n be scaled u p with SVI within Gibbs and Black Box Variational Inference. In
the x axis is time and in the y axis is the predictive
likelihood of the test set. Black Box Variational Infer-
ence reaches better predictive likelihoods faster than
Gibbs sampling. The Gibbs sampler’s progress slows

considerably after 5 hours.



Other approximate inference methods
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Laplace approximation. KL (q||p) vs. KL (pllq). [Min01]

(Image credit: [Bis06].



Further reading

Christopher Bishop (2006): Pattern Recognition and Machine Learning. [Bis06]
Kevin Murphy (2012): Machine Learning: a Probabilistic Perspective. [Murl2]

David Blei, et al. (2017): Variational Inference: a Review for Statisticians. [BKM17]



Case Studies



Gaussian variational approximation (GVA) [OAQ9]

N 1
q(z) = Gaussian (p, =Y, —F(p.X)=-E(np(x,2)) - <2 In2me + 5 In |Z|) .

entropy



Gaussian variational approximation (GVA) [OAQ9]

q(z) = Gaussian (p, =Y, —F(p.X)=-E(np(x,2)) - </;I In2me + % In |E|> .

entropy

Interpretation of GVA:

0=V, E(Inp(x,2)) =E(Vx Inp(x,2)),
¥ 1= 2Vs E(Inp(x,2)) = —E(V.Vy Inp(x,2)).



Application to Gaussian process (GP) models

Let's consider a factorized likelihood and assume a GP prior:

TK1z

px,2) o e~ TnVlmzn) =32



Application to Gaussian process (GP) models
Let's consider a factorized likelihood and assume a GP prior:
TKfl

z

p(x,z) x e~ > V(xn,zn)— 32

The ELBO is given by

1 1 1
—F(p,X2)=— ZE(V(X,,,Zn)) + Etr {K’lE} + EuTKflu ~3 In |3] 4 const.



Application to Gaussian process (GP) models

Let's consider a factorized likelihood and assume a GP prior:

TK-1z

p(x,z) x e~ > V(xn,zn)— 32

The ELBO is given by

1 1 1
—F(p,X2)=— ZIE(V(X,,,Z,,)) + Etr {K’lE} + EuTKflu ~3 In |3] 4 const.

Applying GVA only requires O(N) variational parameters:
EV ny4n
n =Ky, V(...—a (X’Z)...),
On

_ - . OEV (xn, zp)
1 o 1 o n»
1= (K + diag{}) A= <"'282nn )



Sparse Gaussian processes [Tit09]

Let us introduce inducing points u:

GP prior

(x[2) p(z|u)p(u)
p(x|z) p(z|u)p(u
Inp(x)}//q(z,u)ln (2 0)q () dz du.

:q(z,u)




Sparse Gaussian processes [Tit09]

Let us introduce inducing points u:

GP prior

—
In p(x) > // q(z,u)In p(x[|)z) p(zlu)p(u) dz du.

The ELBO is given by

—F(u) = —g In27 —

where Q.. — K_, K TK ..

uu

(z]u)q(u)
N——

=q(z,u)

1 1 -1 1
In|Qz + U2I,,\ — x' (sz + 0’2|n) X — ?tr{Kzz — Qz},

2 2

/

-~

~
complexity data fit approx quality



Tit09

A A H At +

Figure 1: The first row corresponds to 200 training points and the second row to 20 training points. The first column
shows the prediction (blue solid lines) obtained by maximizing Fy over the 15 pseudo-inputs and the hyperparameters.
The full GP prediction is shown with red dashed lines. Initial locations of the pseudo-inputs are shown on the top as
crosses, while final positions are given on the bottom as crosses. The second column shows the predictive distributions
found by PP and similarly the third column for SPGP.






Variational auto-encoders (VAE)

1 neural network
- encoder

X sampling
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(Image credit: Joseph Rocca)
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Variational auto-encoders (VAE) [KW14]

n

decoder

—F(v,w) = ;E (lnp(xnzn)) - ZKL (q(znxn) p(Zn)) :

encoder

where

p(xn|zn) = Gaussian (f,(z,), o),
q(zn|xn) = Gaussian (gw(xn), Hw(xn)) , p(zn) = Gaussian (0,1).



Variational auto-encoders (VAE) [KW14]

n

decoder

—F(v,w) = ;E (lnp(xnzn)) - ZKL (q(Zan) p(Zn)) :

encoder

where

p(xn|zn) = Gaussian (f,(z,), o),
q(zn|xn) = Gaussian (gw(xn), Hw(xn)) , p(zn) = Gaussian (0,1).

@ What choice for f,, g, and Hy?

@ Can we train de neural networks by back-propagation?



VAE architecture and reparametrization trick

N(0, I) —

LITTTTT]

AE L
N

B =9(x)
c,=h(x) z=0 {+p

(Image credit: Joseph Rocca)
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