
Agenda	  

1.  Exploi0ng	  overhearing	  
–  ExOR,	  Biswas	  et	  al.	  

2.  The	  physical	  layer	  and	  the	  MIMO	  physical	  layer	  
–  Next	  0me:	  Interference	  alignment	  and	  cancella/on,	  and	  

Taking	  the	  s/ng	  out	  of	  carrier	  sense	  (successive	  
interference	  cancella0on)	  
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ExOR:	  Opportunis0c	  Mul0-‐hop	  Rou0ng	  
for	  Wireless	  Networks	  

•  Dense	  802.11-‐based	  mesh	  
•  Goal	  is	  high-‐throughput	  and	  capacity	  

1	  kilometer	  

[Aadapted	  from	  Biswas,	  SIGCOMM	  ‘05]	  



GZ06:	  The	  big	  wireless	  picture	  

•  Today:	  ExOR	  
–  Influence	  on	  later	  work	  
–  Real	  implementa0on	  
–  Evalua0on	  methodology	  

Diversity	  
MRD	  
SOFT	  

Opportunism	  
ExOR	  
ZigZag	  decoding	  

Adapta8on	  
SampleRate	  
SampleWidth	  
RRAA,	  So\Rate	  
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packet	  

packet	  

packet	  

Ini0al	  approach:	  Tradi0onal	  rou0ng	  

•  Iden0fy	  a	  route,	  forward	  over	  links	  
•  Abstract	  radio	  to	  look	  like	  a	  wired	  link	  

src	  

A	   B	  

dst	  

C	  
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Radios	  aren’t	  wires	  

•  Every	  packet	  is	  broadcast	  
•  Recep0on	  is	  probabilis0c	  

1	  2	  3	  4	  5	  6	  1	  2	  3	   6	  3	   5	  1	   4	  2	  3	  4	  5	  6	  1	  2	   4	  5	  6	   src	  

A	   B	  

dst	  

C	  

5	  



packet	  

packet	  packet	  packet	  packet	  packet	  

ExOR:	  exploi0ng	  probabilis0c	  broadcast	  

src	  

A	   B	  

dst	  

C	  

packet	  packet	  packet	  

•  Decide	  who	  forwards	  a\er	  recep0on	  
•  Goal:	  only	  closest	  receiver	  should	  forward	  
•  Challenge:	  agree	  efficiently	  and	  avoid	  duplicate	  xmits	  
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Outline	  

•  Introduc0on	  
• Why	  ExOR	  might	  increase	  throughput	  
•  ExOR	  protocol	  
• Measurements	  
•  Related	  Work	  
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Why	  ExOR	  might	  increase	  throughput	  (1)	  

•  Best	  tradi0onal	  route	  over	  50%	  hops:	  3(1/0.5)	  =	  6	  tx	  
•  Throughput	  ≅	  1/#	  transmissions	  

•  ExOR	  exploits	  lucky	  long	  recep0ons	  
•  ExOR	  recovers	  unlucky	  short	  recep0ons	  

src	   dst	  N1	   N2	   N3	   N4	  

75%	  
50%	  

N5	  

25%	  
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Why	  ExOR	  might	  increase	  throughput	  (2)	  

•  Tradi0onal	  rou0ng:	  1/0.25	  +	  1	  =	  5	  tx	  
•  ExOR:	  1/(1	  –	  (1	  –	  0.25)4)	  +	  1	  ≈	  2.5	  transmissions	  

•  Assumes	  independent	  losses	  

N1	  

src	   dst	  

N2	  

N3	  

N4	  

25%	  

25%	   100%	  

100%	  
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Outline	  

•  Introduc0on	  
• Why	  ExOR	  might	  increase	  throughput	  	  
•  ExOR	  protocol	  
• Measurements	  
•  Related	  Work	  
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ExOR	  batching	  

•  Challenge:	  finding	  the	  closest	  node	  to	  have	  rx’d	  	  
•  Send	  batches	  of	  packets	  for	  efficiency	  
•  Node	  closest	  to	  the	  dst	  sends	  first	  

–  Other	  nodes	  listen,	  send	  remaining	  packets	  in	  turn	  

•  Repeat	  schedule	  un0l	  dst	  has	  whole	  batch	  

src	  

N3	  

dst	  
N4	  

tx:	  23	  

tx:	  57	  -‐23	  
	  	  	  	  	  	  ≅	  24	  

tx:	  ≅	  8	  

tx:	  100	  

rx:	  23	  

rx:	  57	  

rx:	  88	  

rx:	  0	  

rx:	  0	  
tx:	  0	  

tx:	  ≅	  9	  

rx:	  53	  

rx:	  85	  

rx:	  99	  

rx:	  40	  

rx:	  22	  

N1	  

N2	  
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Batch	  maps	  summarize	  recep0ons	  

•  Repeat	  summaries	  (batch	  maps)	  in	  every	  data	  packet	  
–  Cumula0ve:	  what	  all	  previous	  nodes	  rx’d	  
–  Allows	  src	  to	  receive	  acknowledgement	  

src	  

N1	  

N2	  

N3	  

dst	  
N4	  

tx:	  {1,	  6}	  

tx:	  {2,	  4}	  
batch	  map:	  {1àN3,	  2àN2,	  4àN2,	  6àN3}	  

batch	  map:	  {1àN3,	  6àN3}	  
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batch	  map:	  {1àN2,	  2àN2,	  4àN2}	  



Priority	  ordering	  

•  Goal:	  nodes	  “closest”	  to	  the	  des0na0on	  send	  first	  
•  Sort	  by	  ETX	  metric	  to	  dst	  

–  Nodes	  periodically	  flood	  ETX	  “link	  state”	  measurements	  
–  Path	  ETX	  is	  weighted	  shortest	  path	  (Dijkstra’s	  algorithm)	  

•  Source	  sorts,	  includes	  forwarder	  list	  in	  ExOR	  header	  

src	  

N1	  

N2	  

N3	  

dst	  
N4	  
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Scheduling	  transmissions	  
•  Goal:	  Schedule	  transmissions	  such	  that	  only	  

one	  node	  is	  sending	  at	  a	  0me	  

•  Can’t	  rely	  on	  receiving	  last	  transmission	  of	  
node	  just	  before	  you	  in	  transmission	  order	  

•  So	  can’t	  trigger	  your	  transmission	  on	  previous	  
node’s	  final	  transmission	  

•  ExOR’s	  approach:	  Es0mate	  when	  the	  previous	  
fragment	  will	  finish	  
–  Overhear	  fragment	  number	  and	  fragment	  size	  

of	  previous	  node’s	  transmissions	  
–  Es0mate	  transmission	  rate	  and	  pass	  through	  

EWMA	  filter	  
–  Set	  forwarding	  0mer	  =	  current	  0me	  +	  

(es0mated	  send	  rate	  ×	  num.	  pkts.	  remaining)	  
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Finally, ExOR must avoid simultaneous transmissions by
different nodes, to minimize collisions.

ExOR operates on batches of packets. The source node
includes a list of candidate forwarders in each packet, pri-
oritized by the estimated cost to the destination. Receiving
nodes buffer successfully received packets and await the end
of the batch. The highest priority forwarder then broadcasts
the packets in its buffer: these transmissions are called the
node’s fragment of the batch. Each packet includes a copy
of the sender’s batch map, containing the sender’s best guess
of the highest priority node to have received each packet in
the batch. The remaining forwarders then transmit in or-
der, sending only packets which were not acknowledged in
the batch maps of higher priority nodes. The forwarders
continue to cycle through the priority list until the desti-
nation has 90% of the packets. The remaining packets are
transferred with traditional routing.

3.1 Node State
Each ExOR node maintains state for each batch of pack-

ets in which it is participating, as indicated by the node’s
presence in the batch’s forwarder list. Nodes begin keeping
state after receiving a single packet.

The packet buffer stores the successfully received packets
in the current batch.

The local forwarder list contains a copy of the prioritized
list of nodes, copied from one of the packets in the packet
buffer. For a given batch, all nodes use the same forwarder
list, originally generated by the source.

The forwarding timer indicates the time at which the node
predicts that it should start forwarding packets from its
packet buffer. The node sets the timer far enough ahead to
give higher-priority nodes enough time to send. The node
adjusts the timer when it hears other nodes’ packets.

The transmission tracker records the measured rate at
which the currently sending node is sending, along with the
expected number of packets it has left to send. The node
uses this information to adjust the forwarding timer.

The batch map indicates, for each packet in a batch, the
highest-priority node known to have received a copy of that
packet.

3.2 Packet Format
Figure 3 outlines ExOR’s packet header format. The

ExOR header follows the Ethernet header, and is followed
by the packet’s data. All ExOR packets are broadcasts. The
Ver field indicates the current ExOR version, in case of fu-
ture protocol changes. The HdrLen and PayloadLen fields
indicate the size of the ExOR header and payload respec-
tively. The BatchID field indicates which batch the packet
belongs to. The PktNum is the current packet’s offset in the
batch. This offset corresponds to the batch map entry for
the packet. The BatchSz indicates the total number of pack-
ets in the batch. FragSz indicates the size of the currently
sending node’s fragment (in packets), and FragNum is the
current packet’s offset within the fragment. The FwdList-
Size field specifies the number of forwarders in the list, and
the ForwarderNum is the current sender’s offset within the
list. The Forwarder List is a copy of the sender’s local for-
warder list. The source and destination are specified in the
forwarder list. The Batch Map is a copy of the sending
node’s batch map; in order to save space, each entry is an
index into the Forwarder List rather than a full IP address.

Ver HdrLen PayloadLen

ForwarderNum

Batch ID

FragNum FragSzPktNum BatchSz

FwdListSize

Forwarder List

Batch Map

Checksum

Payload

Ethernet Header

Figure 3: ExOR packet header format.
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Figure 4: Example five node network with link deliv-
ery probabilities shown along the edges of the graph.

3.3 Batch Preparation
The source begins by collecting a batch of packets all des-

tined to the same host. The source chooses a unique batch
ID and selects a forwarder list (Section 3.4). The source
prepends an ExOR header to each packet of the batch, con-
taining the batch ID and forwarder list. The batch map in
each header indicates that the only source has received each
packet. The source indicates how many packets it will send
in both the BatchSz and FragSz fields. Finally the source
broadcasts each packet in the batch.

3.4 Forwarder List
The source specifies the forwarder list in priority order

based on the expected cost of delivering a packet from each
node in the list to the destination. The cost metric is the
number of transmissions required to move a packet along
the best traditional route from the node to the destination,
counting both hops and retransmissions. This metric is sim-
ilar to ETX [4], differing in that ExOR uses only the forward
delivery probability. ExOR uses knowledge of the complete
set of inter-node loss rates to calculate these ETX values.

Figure 5 shows the ETX values to node E from each node
in the network of Figure 4. Each node’s ETX value is the
sum of the link ETX values along the lowest-ETX path to



Transmission	  0meline	  
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Figure 6: Transmission time-line for an ExOR transfer from N5 to N24. Nodes higher on the Y axis have
lower ETX metrics to N24. The light gray bars show the transmissions in the first batch. The darker gray
bars show part of the second batch.
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Figure 7: Physical layout of the 38 Roofnet nodes
which participated in the performance evaluation.

to measure the time required to transfer 1.1 megabytes us-
ing ExOR. The evaluation does not use the combination of
ExOR and traditional routing, so the extra 0.1 megabyte is
to compensate for the 10% of packets which may not have
been delivered ordinarily. The reported throughput is one
megabyte divided by the total time required to transfer the
data. Every twenty minutes, the central server suspends the
experimental runs to recollect the link loss measurements.
During the experiment, existing Roofnet routing and user
traffic are present.

The ExOR batch size is 100 packets, except for the exper-
iments in Section 5.5 which consider batch sizes of 10 and
250 packets. Each packet contains 1024 byte of payload data
and either a traditional routing header or an ExOR header.
Traditional headers vary between 24 and 48 bytes, depend-
ing on the number of hops. ExOR headers vary between 44
and 114 bytes, depending on the forwarder list size. All the

packets are sent with the 802.11b one megabit/second bit-
rate. It’s likely that a higher bit-rate would provide higher
throughput, but selection of the best rate remains as future
work.

The traditional route is chosen using the ETX metric,
which has been shown to find the best routes [4, 5] when the
link loss measurements are accurate. The traditional routing
traffic is sent along pre-computed source-routed paths. Each
node in the route sends the entire file to the next node before
the next node starts sending, so that only one node sends
at a time. This is done to make a fair comparison of the
two protocols, since traditional multi-hop traffic tends to
suffer losses due to collisions between successive hops. Each
traditional routing data packet is sent using 802.11 unicast,
so that 802.11 keeps re-sending a lost packet until the sender
gets an 802.11 acknowledgment from the next hop.

To reduce the effect of interference from Roofnet user traf-
fic and other sources, the reported values are the median of
nine experimental runs. The exception is Section 5.7, which
studies the variations between experimental iterations.

In addition to throughput measurements, the nodes col-
lect the received headers and arrival times of all packets of a
single iteration of the experiment. These traces are centrally
processed to reconstruct the state of the wireless channel,
providing the trace data for the case studies in Sections 3.8
and 5.4.

5.3 End-to-End Performance

Figure 8 compares the throughput CDFs of ExOR and
traditional routing for the 65 node pairs. ExOR’s through-
put is 33 KBytes/sec for the median pair, whereas tradi-
tional routing achieved 11 KBytes/sec for the median pair.

5.3.1 The 25 Highest Throughput Pairs

ExOR’s throughput advantage varies with the number of
nodes between the source and destination. Figure 9 com-
pares the 25 highest throughput pairs. The top five pairs and
the pair N13-N7, near the center of the figure, correspond to
single hop traditional routes. For these pairs ExOR provides
higher throughput even though it too sends most packets di-
rectly from source to destination. Traditional routing relies

dest	  

src	  

high	  
	  
	  
	  
	  
	  
	  
	  
	  

low	  

N5	  
N8	   N11	  
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N24	  N20	  

low 	   	   	  medium 	   	   	  high	  

N17	  
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Implementa0on	  

•  Click	  userlevel,	  libpcap	  
http://read.cs.ucla.edu/click/!
!
!
!
!

•  ExOR:	  unreliable	  delivery	  
•  TCP/ExOR	  window	  size	  issue	  
•  Prism	  2.5	  802.11b,	  Atheros	  AR5212	  
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FromDevice(eth0) Counter Discard

elements

connections

Figure 2.1—A simple Click router configuration.

2.1 elements
The element is the most important user-visible abstraction in Click. Every
property of a router configuration is specified either through the choice of ele-
ments or through their arrangement. Device handling, routing table lookups,
queueing, counting, and so forth are all implemented by elements. Inside a
running router, each element is a C++ object that may maintain private state.

Elements have five important properties: element class, ports, configuration
strings, method interfaces, and handlers.

– Element class. An element’s class specifies that element’s data layout and
behavior. For example, the code in an element class determines how many
ports elements of that class will have, what handlers they will support, and
how they will process packets. In C++, each element class corresponds to
a subclass of Element.

– Ports. Each element can have any number of input and output ports. Every
connection links an output port on one element to an input port on another.

Different ports may have different roles; for example, many elements emit
normal packets on their first output port and erroneous packets on their
second. The number of ports provided by an element may be fixed, or it
may depend on the element’s configuration string or how many ports were
used by the configuration. Every port that is provided must be used by at
least one connection, or the configuration is in error. Ports may be push,
pull, or agnostic; these terms are defined in Section 2.4.

– Configuration string. The optional configuration string contains additional
arguments passed to the element at router initialization time. For many
element classes, configuration strings define per-element state and fine-tune
element behavior, much as constructor arguments do for objects.

Lexically, a configuration string is a list of arguments separated by commas.
Most configuration arguments fit into one of a small set of data types: IP
addresses, for example, or integers, or lists of IP addresses.
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Using	  ExOR	  with	  TCP	  

Node	  
Proxy	  

ExOR	  

Gateway	  

Web	  	  
Proxy	  

Client	  PC	   Web	  Server	  TCP	   TCP	  

ExOR	  Batches	  (not	  TCP)	  

•  Batching	  requires	  more	  packets	  than	  typical	  
TCP	  window	  
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Outline	  

•  Introduc0on	  
• Why	  ExOR	  might	  increase	  throughput	  	  
•  ExOR	  protocol	  
• Measurements	  
•  Related	  Work	  
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ExOR	  Evalua0on	  

Ques0ons	  to	  answer	  experimentally:	  

1.  Does	  ExOR	  increase	  throughput?	  
2.  When/why	  does	  it	  work	  well?	  
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65	  Roofnet	  node	  pairs	  

1	  kilometer	  
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Evalua0on	  Details	  
•  65	  Node	  pairs	  
•  1.0	  Mbyte	  file	  transfer	  
•  1	  Mbit/s	  802.11	  bit	  rate	  fixed	  
•  1	  Kbyte	  packets	  

Tradi0onal	  Rou0ng	   ExOR	  
802.11	  unicast	  with	  link-‐level	  
retransmissions,	  
Hop-‐by-‐hop	  batching,	  
UDP	  sending	  as	  MAC	  allows	  
	  

802.11	  broadcasts,	  
	  
100-‐packet	  batch	  size	  
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ExOR:	  2x	  overall	  improvement	  	  

•  Median	  throughputs:	  	  240	  Kbits/sec	  for	  ExOR,	  	  
	   	   	   	  	  	  	  	  	  	  121	  Kbits/sec	  for	  Tradi0onal	  

Throughput	  (Kbits/sec)	  
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25	  Highest	  throughput	  pairs	  
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25	  Lowest	  throughput	  pairs	  
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ExOR	  uses	  links	  in	  parallel	  

Tradi0onal	  Rou0ng	  
3	  forwarders	  

4	  links	  

ExOR	  
7	  forwarders	  

18	  links	  
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ExOR	  moves	  packets	  farther	  

•  ExOR	  average:	  422	  meters/transmission	  
•  Tradi0onal	  Rou0ng	  average:	  205	  meters/tx	  
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Tradi0onal	  approach	  constrains	  who	  routes	  
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Figure 11: The number of transmissions made by each node during a 1000-packet transfer from N5 to
N24. The X axis indicates the sender’s ETX metric to N24. The Y axis indicates the number of packet
transmissions that node performs. Bars higher than 1000 indicate nodes that had to re-send packets due to
losses.
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Figure 12: Distance traveled towards N24 in ETX space by each transmission. The X axis indicates the
difference in ETX metric between the sending and receiving nodes; the receiver is the next hop for traditional
routing, and the highest-priority receiving node for ExOR. The Y axis indicates the number of transmissions
that travel the corresponding distance. Packets with zero progress are not received by the next hop (for
traditional routing) or by any higher-priority node (for ExOR).

sured link loss rates as input. When a packet is broadcast
with independent loss, the simulator models each link (each
receiver) with a separate random variable. For dependent
loss, all the links are conditioned on the same random vari-
able. For example, given two links with a 50% and a 75%
loss rate, the first receiver will receive a strict superset of the
packets received by the second receiver. The simulator does
not model contention or any other MAC-related delays, so
it produces an optimistic result.

Figure 14 illustrates the simulation results. For single
hop routes, there is no difference between dependent and
independent losses, as there is only a single link. As the
pairs become distant, a performance gap develops, in which
the dependent curve lags the independent curve by 20% for
the median pair.

ExOR forwarder lists contain nodes at various distances
between the source and destination, producing a wide range
of inter-node loss rates. Even if all losses were correlated,
some transmissions would deliver packets farther than oth-

ers, allowing ExOR to exploit the lucky transmissions. Thus,
ExOR does not require independent losses, but does take
advantage of them when available.

5.7 Throughput Variation
A side-effect of ExOR’s use of multiple forwarding nodes

is a reduction in variation between per-transfer through-
puts. Table 1 shows the variation among the nine exper-
imental iterations for 20 randomly selected node pairs. The
throughput columns are the median of the nine runs and the
range column is the difference between the highest and low-
est throughputs, expressed as a percentage of the median.
Traditional routing throughput tends to vary by eight to ten
times as much as ExOR.

It might seem surprising that the throughputs of succes-
sive transfers should vary substantially, since each transfer
effectively averages thousands of individual packet transmis-
sions. The variation is caused by changes in link delivery
rates at time scales comparable to a single transfer. Changes



Building	  further	  from	  ExOR	  

•  Choosing	  the	  best	  802.11	  bit-‐rate	  
–  An	  important	  unsolved	  problem	  in	  ExOR	  
–  Mesh	  network	  bit	  rate	  adapta0on	  problem	  

•  Coopera0on	  between	  simultaneous	  flows	  
•  Coding	  and	  combining	  packets	  
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Related	  work	  

•  Network	  Coding	  (from	  informa0on	  theory)	  
	   	  [Ahlswede	  et	  al.][Katabi+Kaz]	  [GZ06:	  Chachulski	  et	  al.	  paper]	  

•  Relay	  channels	  
	   	  [Van	  der	  Meulen][Laneman+Wornell]	  

•  Flooding	  (dissemina0on)	  in	  meshes/sensor	  networks	  	  
	   	  [Peng][Levis]	  

•  Mul0-‐path	  rou0ng	  	  
	   	  [Ganesan][Haas]	  

•  Selec0on	  Diversity	  
	   	  [Miu][Roy	  Chowdhury][Knightly][GZ06:	  Woo	  et	  al.	  paper]	  
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Summary	  

•  ExOR	  achieves	  2x	  throughput	  improvement	  
•  ExOR	  implemented	  on	  Roofnet	  
•  Exploits	  radio	  proper0es,	  instead	  of	  hiding	  them	  

•  Key	  open	  ques0on:	  adap0ng	  bit	  rate	  in	  a	  mesh	  
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Agenda	  

1.  Exploi0ng	  overhearing	  
–  ExOR,	  Biswas	  et	  al.	  

2.   The	  physical	  layer	  and	  the	  MIMO	  physical	  layer	  
–  Next	  0me:	  Interference	  alignment	  and	  cancella/on,	  and	  

Taking	  the	  s/ng	  out	  of	  carrier	  sense	  (successive	  
interference	  cancella0on)	  
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Mul0ple-‐input,	  Mul0ple-‐output	  (MIMO)	  

•  MIMO:	  Term	  abused	  to	  stand	  for	  many	  different	  mul0-‐
antenna	  wireless	  systems	  

•  Applica0ons	  of	  MIMO:	  
–  Spa0al	  division	  mul0ple	  access	  (SDMA;	  Tan	  et	  al.)	  
–  Build	  a	  faster	  link:	  Stripe	  data	  across	  mul0ple	  antennas	  	  
–  Mutually	  “align”	  many	  sources	  of	  interference,	  reducing	  
their	  impact	  on	  transmissions	  of	  interest	  (Gollakota	  et	  al.)	  

• When	  do	  MIMO	  techniques	  improve	  capacity?	  
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Introduc0on:	  the	  wireless	  channel	  

•  Under	  certain	  condi0ons,	  can	  represent	  channel	  with	  a	  
single	  complex	  number,	  h	  

•  This	  is	  called	  a	  single-‐input,	  single-‐output	  (SISO)	  channel	  
•  w:	  everything	  not	  accounted	  for	  in	  our	  model	  

–  Background	  noise	  
–  Noise	  introduced	  by	  the	  radio’s	  RF	  “front	  end”	  
–  Interference	  from	  transmissions	  not	  in	  the	  model	  

! 

y = hx + wh	  
x	   y	  

Transmit	  
antenna	  

Receive	  
antenna	  
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A	  simplified	  model	  of	  the	  wireless	  channel	  

•  Represent	  complex	  number	  h	  in	  magnitude-‐phase	  form:	  
	  

(a,	  θ	  real)	  

	  

•  Channel	  impacts	  sent	  symbol	  in	  two	  ways:	  
1.  Rotates	  x	  by	  angle	  θ	  
2.  Scales	  x	  by	  scalar	  quan0ty	  a	  

! 

h = a " e j#! 

y = hx + wh	  
x	   y	  

Transmit	  
antenna	  

Receive	  
antenna	  

ℑ 
θ	  

x	  
y	  

ℜ 
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Agenda	  

1.  Exploi0ng	  overhearing	  
–  ExOR,	  Biswas	  et	  al.	  

2.   The	  physical	  layer	  and	  the	  MIMO	  physical	  layer	  
–  Next	  0me:	  Interference	  alignment	  and	  cancella/on,	  and	  

Taking	  the	  s/ng	  out	  of	  carrier	  sense	  (successive	  
interference	  cancella0on)	  

–  The	  MIMO	  channel	  
–  The	  singular	  value	  decomposi0on	  (SVD)	  
–  Capacity	  of	  the	  MIMO	  channel	  

35	  



•  Antennas	  could	  be	  co-‐located	  
or	  not	  

•  Simultaneously,	  transmit	  
antenna	  j	  sends	  xj	  

•  What	  will	  receive	  antenna	  i	  
receive?	  	  call	  it	  yi	  

•  hij	  =	  complex	  number	  
represen0ng	  channel	  from	  
transmit	  antenna	  j	  to	  receive	  
antenna	  i	  

The	  MIMO	  channel	  

Problem:	  Transmissions	  interfere	  with	  each	  other	  

h11	  

nt	  transmit	  
antennas	  

nr	  receive	  
antennas	  

h21	  h12	  …
	  

…
	  

…
	  

…
	  

x1	  

x2	  

x3	  

x4	  

y3	  

y4	  

y2	  

y1	  
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h11	  

nt	  transmit	  
antennas	  

nr	  receive	  
antennas	  

h21	  h12	  …
	  

…
	  

…
	  

…
	  

x1	  

x2	  

x3	  

x4	  

y3	  

y4	  

y2	  

y1	  

  

! 

H =

h11 h12 ! h1 j ! h1nt
h21 h22 ! h2 j ! h2nt
" # " "
hi1 hi2 ! hij ! hint
" " " # "
hnr 1 hnr 2 ! hnr j ! hnrnt

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

Represen0ng	  the	  channel	  as	  a	  matrix	  
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! 

x =

x1
x2
!
x j

!
xnt

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

  

! 

y =

y1
y2
!
yi
!
ynr

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

h11	  

nt	  transmit	  
antennas	  

nr	  receive	  
antennas	  

h21	  h12	  …
	  

…
	  

…
	  

…
	  

x1	  

x2	  

x3	  

x4	  

y3	  

y4	  

y2	  

y1	  

Represen0ng	  the	  data	  as	  vectors	  

  

! 

y1 = h11x1 + h12x2 +!+ h1nt xnt
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The	  vector	  MIMO	  channel:	  

! 

y =Hx +w

  

! 

y1
y2
!
yi
!
ynr

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

=

h11 h12 " h1 j " h1nt
h21 h22 " h2 j " h2nt
! # ! !
hi1 hi2 " hij " hint
! ! ! # !
hnr1 hnr 2 " hnr j " hnr nt

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

(

x1
x2
!
x j

!
xnt

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

+

w1
w2

!
wi

!
wnr

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
' 
' 

Output	   Channel	   Input	  

  

! 

yi = hi1x1 + hi2x2 +!+ hint xnt

Noise	  

  

! 

y1 = h11x1 + h12x2 +!+ h1nt xnt
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The	  vector	  MIMO	  channel:	  

•  Problem:	  Each	  output	  is	  a	  mixture	  of	  all	  inputs;	  we	  say	  that	  
the	  outputs	  are	  coupled	  together:	  

•  How	  can	  we	  decouple	  the	  inputs?	  
–  What	  we	  get	  out	  at	  each	  output	  only	  depends	  on	  one	  
input:	  parallel,	  independent	  channels	  

–  The	  answer	  lies	  in	  a	  special	  way	  of	  “factoring”	  the	  channel	  
matrix	  H	  

x H +

w

y
nt nr

  

! 

yi = hi1x1 + hi2x2 +!+ hint xnt
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The	  singular	  value	  decomposi0on	  (SVD)	  

•  Fact:	  Every	  matrix	  H	  has	  a	  singular	  value	  decomposi/on	  
H	  =	  UΛV*	  
–  Λ	  (nr	  ×	  nt)	  contains	  zeroes	  off-‐diagonal	  
–  U	  (nr	  ×	  nr)	  and	  V	  (nt	  ×	  nt)	  are	  unitary:	  UU*	  =	  U*U	  =	  VV*	  
=	  V*V	  =	  I	  

H =	  

nt	  

nr	   Λ 

nt	  

nr	  
V* ×	  

nt	  

nt	  
U ×	  

nr	  

nr	  
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Singular	  value	  decomposi0on:	  Proper0es	  

•  Λ	  matrix	  contains	  the	  m	  =	  min(nt,	  nr)	  singular	  values	  of	  H:	  λi	  
•  Number	  of	  non-‐zero	  singular	  values	  =	  rank(H)	  
•  V	  translates	  to	  a	  new	  coordinate	  system	  where	  the	  channels	  

are	  decoupled	  (U	  translates	  back)	  
–  Matrix	  mul0plica0on	  by	  a	  diagonal	  matrix	  is	  simple!	  

  

! 

"1 0
"2
!

"nt

0

# 

$ 

% 
% 
% 
% 
% 
% 
% 

& 

' 

( 
( 
( 
( 
( 
( 
( 

Λ 

nt	  

nr	   =	  

nt	  

nr	  

  

! 

˜ x 1
˜ x 2
!

˜ x nt

" 

# 

$ 
$ 
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$ 

% 

& 

' 
' 
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=

(1 ˜ x 1
(2 ˜ x 2
!

(nt
˜ x nt

0
!
0

" 

# 

$ 
$ 
$ 
$ 
$ 
$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
' 
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' 
' 
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x ×	  
nt	  

~	   ×	  

nr	  
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SVD:	  moving	  to	  a	  new	  coordinate	  system	  

•  Singular	  value	  decomposi0on	  of	  H	  represents:	  
1.  Transla0on	  to	  new	  coordinate	  system	  (V*)	  
2.   Decoupled	  scaling	  (λi)	  
3.  Transla0on	  back	  to	  original	  coordinate	  system	  (U)	  

x V* +

w

y

×

×

×

λ1

λ2

λm...
U

H

x ̃
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SVD	  of	  the	  channel	  matrix	  

1.  Move	  noise	  addi0on	  into	  H	  
2.  Define	  the	  following	  variables:	  
•  Now	  we	  have	  independent	  channels	  from	  x	  to	  y	  
	   	   	  How	  do	  we	  use	  this	  for	  useful	  communica7on?	  

x V* y

×

×

×

λ1

λ2

λm...
U

̃

+

+

+

w1

w2

wm̃
̃

x ̃ y ̃

H
! 

˜ x = V*x ˜ y = U*y ˜ w = U*w
~	  ~	  
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Applying	  SVD	  to	  communica0on	  

x V*
y

×

×

×

λ1

λ2

λm...
U

̃

+

+

+

w1

w2

wm̃
̃

x ̃ y ̃

H

Vx ̃ U* y ̃

–  Pre-‐process	  with	  V,	  post-‐process	  with	  U*;	  V*V	  =	  U*U	  =	  I	  
–  Each	  nonzero	  singular	  value	  λi	  	  supports	  a	  data	  stream	  
–  Fact:	  The	  number	  of	  nonzero	  λi	  is:	  k	  =	  rank(H)	  
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Capacity	  of	  the	  MIMO	  channel	  	  

x V*
y

×

×

×

λ1

λ2

λm...
U

̃

+

+

+

w1

w2

wm̃
̃

x ̃ y ̃

H

Vx ̃ U* y ̃

•  Fact	  (Shannon):	  At	  high	  SNR	  (the	  common	  case	  in	  
wireless	  LANs),	  with	  transmit	  power	  P:	  

! 

C " log 1+
P#i

2

kN0

$ 

% 
& 

' 

( 
) 

i=1

k

* " k log SNR( ) + o(SNR)
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Physical	  modeling	  of	  MIMO	  channels	  

•  Key	  ques0on:	  when	  is	  k	  close	  to	  min(nr,	  nt)?	  

•  Next:	  
–  Gain	  intui0on	  as	  to	  how	  the	  RF	  channel	  (ambient	  
environment)	  impacts	  the	  SVD	  and	  thus	  capacity	  

– We	  will	  restrict	  scope	  in	  GZ06	  to	  linear	  antenna	  arrays	  
–  Details	  vary	  with	  more	  sophis0cated	  antenna	  
arrangements,	  but	  concepts	  do	  not	  
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d1

!

!1

Transmitter

Receiver

Antenna 1

Antenna 2

Antenna 3

Antenna 4

Line-‐of-‐sight	  SIMO	  channel	  

•  Single	  input,	  mul0ple	  input	  (SIMO)	  channel	  
•  Free	  space:	  no	  reflectors,	  sca�erers;	  one	  path	  length	  d1	  
•  Receiver	  equipped	  with	  a	  linear	  antenna	  array	  

–  Array	  antenna	  separa0on	  Δ	  <<	  d1	  
–  Line-‐of-‐sight	  transmi�er	  at	  bearing	  θ1	  with	  array	  
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Line-‐of-‐sight	  SIMO	  channel:	  Detail	  

•  Greater	  (or	  less)	  distance	  
Δ	  cos	  θ1	  to	  each	  antenna	  
than	  to	  antenna	  1	  

•  Fact	  1:	  There	  is	  a	  distance	  
difference	  of	  
	  (n	  −	  1)	  Δ	  cos	  θ1	  	  
	  for	  the	  nth	  antenna	   !

! " #1

Receiver

Antenna 1

Antenna 2

Antenna 3

Antenna 4

! cos #1

49	  



Distance	  rotates	  constella0on	  

•  Fact	  2:	  Distance	  d1	  rotates	  received	  signal	  by	  ∡	  2π/λ·∙d1	  
•  Compared	  to	  first	  antenna,	  channel	  to	  nth	  antenna	  

rotates	  received	  constella0on	  point	  	  

RF wavelength λ 

Path from sender 
to receiver 

ℑ 

ℜ 

! 

2" /#$ (n %1)& cos'1
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Line-‐of-‐sight	  SIMO	  channel	  

•  Facts	  1	  and	  2	  together:	  
•  Distance	  difference	  of	  	  
	  (n	  −	  1)	  Δ	  cos	  θ1	  for	  the	  nth	  
antenna	  

•  Distance	  rotates	  constella0on	  
	    

! 

h1 = ae j2"d1 /#

1
e j 2" $% cos&1 /#

e j 2" $2% cos&1 /#

!
e j 2" $nr% cos&1 /#

' 

( 

) 
) 
) 
) 
) 
) 

* 

+ 

, 
, 
, 
, 
, 
, 

d1

!

!1

Transmitter

Receiver

Antenna 1

Antenna 2

Antenna 3

Antenna 4
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•  SIMO	  channel	  capacity:	  

•  ↑	  SNR,	  but	  no	  concurrency	  
•  MIMO	  channel	  capacity:	  

Capacity	  of	  line-‐of-‐sight	  SIMO	  channel	  

•  Channel	  adds	  increasing	  phase	  shi\s	  
•  Receiver	  subtracts	  phase	  shi\s	  

–  Signals	  combine	  construc0vely	  
–  This	  is	  called	  maximal	  ra8o	  
	  combining	  (MRC)	  

  

! 

h1 = ae j2"d1 /#

1
e j 2" $% cos&1 /#

e j 2" $2% cos&1 /#

!
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•  Only	  one	  direct	  line-‐of-‐sight	  
path,	  no	  reflec0ons	  

•  Recall:	  H	  =	  [	  hij	  ]	  
•  Recall	  the	  capacity	  formula	  for	  

the	  MIMO	  channel:	  

The	  line-‐of-‐sight	  MIMO	  channel	  

h11	  

nt	  transmit	  
antennas	  

nr	  receive	  
antennas	  

h21	  h12	  …
	  

…
	  

…
	  

…
	  

x1	  

x2	  

x3	  

x4	  

y3	  

y4	  

y2	  

y1	  
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The	  line-‐of-‐sight	  MIMO	  channel	  

•  Distance	  between	  transmit	  antenna	  i	  and	  receive	  antenna	  k:	  
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The	  line-‐of-‐sight	  MIMO	  channel	  
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•  Every	  column	  (row)	  in	  H	  is	  a	  mul0ple	  of	  the	  other	  
columns	  (rows),	  so	  rank(H)	  =	  k	  =	  1	  

•  One	  singular	  value	  

•  Capacity:	  

•  Increased	  SNR,	  but	  no	  concurrent	  data	  streams	  

! 

C " log 1+
Pa2nrnt
N0

# 

$ 
% 

& 

' 
( 

i=1

k

)
! 

"1 = a nrnt
! 

H = a1e
" j 2#d1 /$

1 e" j 2#% cos&1 /$

e" j 2#% cos'1 /$ e" j2#%(cos'1 +cos&1 ) /$

( 

) 
* 

+ 

, 
- 
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56	  

d1

!

!1

Transmitter 2

Receiver

Antenna 1

Antenna 2

!2

Transmitter 1

d2

≫!

! 

H =
a1e

" j2#d1 /$ a2e
" j2#d 2 /$

a1e
" j2# d1 +% cos&1( ) /$ a2e

" j2# d2 +% cos& 2( ) /$

' 

( 
) 

* 

+ 
, 

If	  cos	  θ1	  ≠	  cos	  θ2	  then	  k	  =	  rank(H)	  =	  2,	  concurrent	  streams	  possible.	  	  
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d1Transmitter
Receiver 1

Receiver 2

!2

Antenna 1

Antenna 2
!1

d2
≫!

! 

H =
a1e

" j2#d1 /$ a1e
" j2# d1 +% cos&1( ) /$

a2e
" j2#d2 /$ a2e

" j2# d2 +% cos& 2( ) /$

' 

( 
) 

* 

+ 
, 

If	  cos	  ϕ1	  ≠	  cos	  ϕ2	  then	  k	  =	  rank(H)	  =	  2,	  concurrent	  streams	  possible.	  	  
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d1

!1 Antenna 1

Antenna 2

"1
Antenna 1

Antenna 2 "2

!2

d2

Receiver
Transmitter

If	  cos	  ϕ1	  ≠	  cos	  ϕ2	  and	  cos	  θ1	  ≠	  cos	  θ2	  then	  k	  =	  rank(H)	  =	  2,	  	  
and	  concurrent	  streams	  are	  possible.	  	  ! 

H =
a1e

" j2#d1 /$ + a2e
" j2#d 2 /$ a1e

" j2# d1 +% cos&1( ) /$ + a2e
" j2# d2 +% cos& 2( ) /$

a1e
" j2# d1 +% cos'1( ) /$ + a2e

" j2# d2 +% cos' 2( ) a1e
" j 2# d1 +% cos&1 +% cos'1( ) + a2e

" j2# d2 +% cos& 2 +% cos' 2( ) /$

( 

) 
* 

+ 

, 
- 



Vector	  representa0on	  
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d1

!1 Antenna 1

Antenna 2

"1
Antenna 1

Antenna 2 "2

!2

d2

Receiver
Transmitter

When	  mul0path	  is	  present,	  vectors	  are	  independent.	  ! 

H = h1 h2[ ]

h1 

h2 



“Poorly-‐condi0oned”	  MIMO	  channels	  
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!1 Antenna 1

Antenna 2

"1

Antenna 1

Antenna 2 "2

!2

Receiver

Transmitter
Only reflectors
near receiver: ϕ1 ≈ ϕ2 

!1 Antenna 1

Antenna 2

"1
Antenna 1

Antenna 2
"2

!2

Receiver
Transmitter Only reflectors near

transmitter: θ1 ≈ θ2 

h1 

h2 

When	  channel	  is	  poorly	  condi0oned,	  vectors	  are	  ``closer.’’	  
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