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Abstract

This paper describes the use of a multi-objective
evolutionary algorithm to solve an engineering
design problem - determining the geometry and
operating settings for a crusher in a
comminution circuit for ore processing. The
outcome is a tool for consulting engineers that
can be used to create and explore candidate
designs for various scenarios. The tool has
proved capable of deriving designs that are
clearly superior to existing designs, promising
significant financial benefits. The approach is
flexible enough to be applied to a variety of
similar problems.

1

INTRODUCTION

Evolutionary algorithms are increasingly finding
applications in engineering design tasks. In this paper we
describe a study, supported by Rio Tinto Ltd, which uses
evolutionary algorithms to optimise the performance of a
comminution circuit for iron ore processing. In work
reported earlier, (Hingston, 2002), a simple evolution
strategy algorithm was used to solve this problem. We
have restated the details of the problem description here
for completeness. In the present study, we report on a
further development - a multi-objective algorithm - and
compare the two approaches.
The performance of a processing plant has a large impact
on the profitability of a mining operation, and yet plant
design decisions are often guided more by engineering
intuition and previous experience than by analysis. This is
because plants are extremely complex to model, so
engineers often must rely on simulation tools to evaluate
and compare alternative hand-crafted designs. This is a
time-consuming process and the lack of an analytical
model means that there is little theoretical guidance to
narrow the search for better solutions. Evolutionary
algorithms can be of great benefit here, providing a
means to search large design spaces and present the
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engineer with superior designs optimised for different
operating scenarios.
In order to test the applicability of evolutionary
algorithms in this setting, a representative problem was
chosen by Rio Tinto. The task was to find combinations
of design variables (including geometric shapes and
machine settings) to maximise the capacity of a simple
comminution circuit, whilst also minimising the size of
the product. Earlier work in (Hingston, 2002) showed the
effectiveness of a single-objective evolution strategy
algorithm for this task. However, the multi-objective
approach described in this paper offers clear advantages
over the single-objective algorithm.
We begin the paper with a description of the problem,
including a brief background on crushers and
comminution circuits. Section 3 describes our mapping of
the problem to an evolutionary algorithm, including the
genetic representation, genetic operators and selection
methods. Section 4 presents some illustrative results.
Finally, we discuss future enhancements to the system
and plans to extend the work to include greater
complexity in the simulation model, including circuits.

2

BACKGROUND

Crushing and grinding of rocks and other particles has
many important applications, including coarse crushing
mined ore and quarry rock, fine grinding of coal for
power station boilers, and for production of paint,
ceramics, cement and other materials. It has been
estimated that several billion tons of material is crushed
and ground annually (Hiorns, 1971). Thus optimisation of
crushing operations offers large potential economic
benefits. For example, in the area of energy savings,
Napier-Munn et al ((Napier-Munn, 1996), p1) quote a
report of the U.S. National Materials Advisory Board in
1981, which estimated that realistic improvements in
crushing-related activities could result in energy savings
of more than 20 billion kWh per annum. Other benefits of
optimisation of crushing and grinding in mineral
processing operations include reduced operating costs,
increased throughput and thus value production, and
improved downstream performance.
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Figure 1 - The simple circuit used in this study

2.1

CRUSHERS AND CIRCUITS

In this section, we provide a brief background on crushers
and how they are used in comminution circuits. The
interested reader could consult, for example, (NapierMunn, 1996) for more detailed information.
“Comminution” refers to the collection of physical
processes that can be applied to a stream of ore to change
the size of the particles in the stream. Examples include
crushing and grinding (which break ore particles into
smaller particles), and screening (which separates ore into
several streams of different particle sizes). The purpose of
comminution is to transform raw ore into a more usable
or more saleable product or to prepare it for further
processing. A “comminution circuit” consists of a
collection of processing units (crushers, screens etc)
connected together (by conveyor belts, for example),
possibly containing loops (hence the use of the word
“circuit”). One or more streams of ore (the “feed”) enter
the circuit and one or more streams of transformed
material (the “product”) exit the circuit.
Figure 1 shows the simple circuit that was used in this
study. The feed comes in on a conveyor from the top left
and enters the crusher. The crushed ore is then passed
through a screen that allows particles less than 32 mm to
pass through and report to product. Particles larger than
this (the “oversize”) are recycled back to the crusher.
Thus the input to the crusher is a combination of feed and
recirculating oversize.
The type of crusher used here is a “cone” crusher. Figure
2 is a schematic diagram of a typical cone crusher.
Material is introduced into the crusher from above, and is
crushed as it flows downwards through the machine. The
inner crushing surface, or “mantle”, is mounted on the

conical crushing head and is driven in an eccentric
motion swivelling around the axis of the machine. The
outer crushing surface, or “bowl”, is held stationary.
Material flows into the crushing chamber from above,
and is crushed between the two surfaces by compressive
forces due to the eccentric motion. After compression, the
chamber widens and allows material to flow to lower
parts of the crushing chamber, and eventually to fall
through and exit the machine.
The gap between the bowl and the crushing head at the
closest point in the cycle is called the “closed-side
setting”. This can be reduced to obtain a narrower
chamber and finer crushing. The two crushing surfaces
are covered by replaceable steel liners (shaded in Figure
2), which can be manufactured with different crosssectional shapes. The eccentric angle and speed of
revolution of the head can also be adjusted. These
variables contribute to the performance characteristics of
the crusher.
2.2

SIMULATING CRUSHERS

Fitness is evaluated using a simulation of a single cone
crusher. The inputs to the simulation are the:
•

Physical properties of the feed (composition,
hardness etc);

•

Size distribution of the feed (the proportion of
particles in different size fractions);

•

Geometry of the mantle and bowl liners;

•

Closed-side setting;

•

Rotational speed of the head; and

•

Eccentric angle of the head.
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Figure 2 - Schematic diagram of a cone crusher (after (Napier-Munn, 1996) Figure 6.3)
The final four of these were selected as the design
variables for the chosen problem. The outputs of the
simulation are the:
•

Size distribution of the product;

•

Power needed to crush the feed; and

•

Maximum amount of material that can flow through
the crusher without overloading the crusher (its
“capacity”).

From these outputs it is possible to calculate the steadystate size distribution of the product and capacity of a
circuit that includes the crusher. These data are used to
evaluate the fitness of proposed designs. Each evaluation
takes approx 300 ms on a 700MHz Pentium III.

3

ALGORITHM

The problem described above is well suited to an
evolutionary algorithm approach. The problem cannot
easily be described analytically, but a simulation is
available that can be used to evaluate candidate solutions.
The search space is large - too large for an exhaustive
search - and there is little to guide an engineer in
determining good designs for a given scenario. We chose
an evolution strategy (ES) approach to tackle this
problem, as it has similarities with other problems that
have previously been successfully handled by ES. In
particular, candidate designs can be described using a
vector of real values, and the problem involves
determining geometric shapes. Previously reported
successful applications of this type include the design of a
jet nozzle (Klockgether, 1970) and a flywheel (Eby,
1999).
The basic evolution strategy algorithm has the following
steps:
1.

Create an initial population of designs.

2.

Evaluate the fitness of these designs.

3.

Create a population of children by mutating the
members of the current population.

4.

Evaluate the fitness of these children.

5.

Select the fittest designs from the parents and
children together.

6.

Repeat steps 3 to 5 until done.

To implement a specific instantiation of the algorithm, we
must specify the representation scheme to be used, the
method of fitness evaluation, the nature of the mutation
operators, the selection mechanism, and the termination
condition. It may be possible for infeasible designs to be
generated by mutation, in which case we must also
specify how to deal with these infeasible designs.
These specifications are detailed in the remainder of this
section.
3.1

FITNESS

The principal objective that we are trying to maximise is
the capacity of a circuit containing a given crusher. The
placement of the crusher in a circuit is important because
a crusher that itself has a high capacity may not be
suitable if it generates a lot of oversize material: the
presence of this recirculating material reduces the rate at
which feed can be introduced into the circuit. We define
“capacity ratio” to be the ratio of the amount of material
entering the crusher to the amount of feed entering the
circuit (at steady-state operation). A higher capacity ratio
corresponds to more recirculating material.
The capacity of a circuit may be limited by one of three
factors.
1.

The capacity of the crusher. If a crusher has capacity
CAP tons/hour and capacity ratio CR, the capacity of
the circuit will be limited by
CAP / CR

2.

The power requirements of the crusher. A high
rotational speed in particular delivers a lot of
crushing but requires a lot of power. If a crusher with
maximum power output MP kWh requires P kWh to
process a circuit feed of F tons/hour, the capacity of
the circuit will be limited by
F × (MP / P)
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The capacity of the recirculation conveyor in the
circuit. If a crusher has capacity ratio CR and the
conveyor has a capacity of MR tons/hour, the
capacity of the circuit will be limited by
MR / (CR – 1)

Each of these factors potentially limits the capacity of the
circuit, therefore the actual capacity will be the minimum
of these values.
Notice the potential trade-offs for the various design
variables. For example, a large closed-side setting will
increase the capacity of the crusher, but will also increase
the amount of recirculating material, raising the capacity
ratio. Similarly, a high rotational speed will lead to more
crushing in each pass through the chamber, but will also
increase the power requirements of the crusher, possibly
reducing the overall capacity.
Alongside maximising the capacity of the circuit, we also
want to minimise the size of the product. Specifically, we
define P80 to be a measure of the size of the 80th
percentile in the product (i.e. the size k mm such that 80%
of the product is smaller than k mm). For technical
reasons, a higher value of P80 corresponds to a smaller
product, so we want to maximise P80.
For the purpose of the experiments reported in this paper,
we normalise both capacity and size figures by dividing
by the figures for a standard design and settings.
In an earlier study, (Hingston, 2002), we combined the
two objectives by defining the fitness of a design as a
linear combination of them. The fitness function used in
the earlier study was:
0.05 × CAP + 0.95 × P80
where CAP is the circuit capacity, P80 is the size
measure, and the constants are chosen to equalise the
variability of the two components. Thus the fitness of the
standard design is 1.0, and higher fitness is better.
In the present study, we use both objectives to define the
Pareto ranking of a design relative to a set of potential
designs. We use the ranking scheme proposed by Fonseca
and Fleming (Fonseca, 1998), as described in
(Veldhuizen, 2000). We define Pareto dominance for
designs as follows:
A design u is said to dominate a design v iff
CAP(u) > CAP(v) and P80(u) > P80(v)
A design x is Pareto optimal with respect to a set
of designs Ω iff there is no design in Ω that
dominates x. Thus a design that is Pareto optimal
cannot be improved in any objective without
degrading other objectives.
Finally, the Pareto rank of a design x, with
respect to a set of designs Ω , is the number of
designs in Ω which dominate x.
Thus x is Pareto optimal iff x has a Pareto rank of 0. In
this multi-objective approach, Pareto rank, rather than a
combined fitness value, is used as the basis for selection.

3.2

INITIALISATION

The population is initialised with copies of the existing
standard design and settings. These copies are quickly
eliminated in the first few generations of a typical
execution.
3.3

REPRESENTATION

The representation of the machine settings - closed-side
setting, eccentric angle and rotational speed - is
straightforward, these being real values within given
ranges. The best way to represent the geometric shapes of
the two liners is less clear. The shape of each liner is
defined by its vertical cross-section. The shape of the
machine structure dictates the shape of the “back” of each
liner, so it is only the “front” of each liner (the actual
crushing surface) that is represented.
We chose to describe each shape as a series of line
segments, using a variable-length list of points, each
represented by a pair of coordinates. The first coordinate
pair for the first segment and the last coordinate pair for
the last segment are fixed, but each other coordinate is
another real-valued object variable. Thus, if there are n
line segments on the mantle and m line segments on the
bowl liner, then the genotype consists of a vector of
3 + 2(n − 1) + 2(m − 1)

real-valued object variables.
Figure 3 shows a series of liner pairs evolved during a
typical run.
3.4

MUTATION

When a parent is mutated to produce a child, each object
variable is mutated independently using self-adaptive
mutation rates as described in (Back, 1997). Specifically,
each object variable is mutated using the formula
X i' = X i + σ i' ⋅ N i (0,1)

where N i (0,1) is a normally distributed random value
with mean 0 and standard deviation 1, and each strategy
parameter σ i is mutated using the formula

(

σ i' = σ i ⋅ exp τ ' ⋅ N (0,1) + τ ⋅ N i (0,1)

)

'

where τ and τ are constants set to 0.25 and 0.1
respectively, and N (0,1) is sampled once for each
individual.
In addition, we provided mutation operators to increase or
reduce the number of segments in a liner. Whether to
apply these operators is determined randomly with a fixed
probability. The mutation to reduce the number of
segments randomly selects two adjacent segments to
merge and discards the common end point. The operator
to increase the number of segments randomly selects a
segment to split into two, using the segment midpoint as
the common end point. This was done to allow the
algorithm to generate more complex or simpler liner
shapes as required.
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Figure 3 - A sample of evolved liner pairs
3.5

CONSTRAINTS

There are a variety of feasibility constraints upon
potential designs. These can be categorised as follows:
Physical constraints The sequences of coordinate pairs
must describe shapes that make sense operationally. In
particular, the liners must have at least a certain thickness
to be practical. We found that this constraint was violated
so rarely that it is not worth the computational expense to
do the checking. If the final solution returned violates this
constraint, the algorithm can simply be re-run.

Setting constraints Each machine setting must be
confined to a given range. This is done by repair — any
value that is too low is set to the minimum value for that
setting, and any that is too high is set to the maximum
value.
Modeling constraints The crusher simulation is very
complex and assumes (sometimes implicitly) that liners
have “sensible” shapes. To keep our designs in the
“sensible” region, we imposed a heuristic constraint that
the sequence of x-coordinates and the sequence of ycoordinates for each liner always change monotonically.
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Figure 4 - Final Pareto fronts from five runs of the system
This constraint is enforced by repairing any coordinate
that violates the constraint, at the time of creation. Even
so, the simulation occasionally fails. In these cases, the
design is assumed to be nonsensical and both capacity
and P80 are assigned an abysmal value of 0.
3.6

SELECTION

Selection is done using the standard (λ + µ)-selection
mechanism of evolution strategies, with λ = µ = 1. Each
member of the current generation becomes the parent of
one child, and those with lowest rank are selected from
the parents and children combined become the next
generation. That is, each member of the current
generation becomes the parent of one child, and the best
individuals selected from the combined parents and
children become the next generation.

4

RESULTS AND DISCUSSION

In this section, we describe an example set of runs of the
system that is indicative of the performance on test
problems. We ran the system five times with a population
size of 50 for 200 generations on each run.
Figure 4 shows the final Pareto fronts for the sample runs.
In all cases a good range of designs is found, showing
different tradeoffs of the two objectives.
Figure 5 shows the movement of the Pareto front during
Run 5 from Figure 4. Note that while the fronts for
Generations 100 and 200 appear to cross, no design in
Generation 200 is actually dominated by one in

Generation 100. Some designs in Generation 100 are still
present in Generation 200 (indeed one design in
Generation 20 is still present), and the use of lines to
interpolate between the population members creates the
illusion of a cross-over. The situation is exacerbated by
the difficulty in improving P80 values beyond a certain
level: this has been confirmed by experiments where
maximising P80 was the sole objective.
Figure 3 shows a sample of evolved liner pairs and
settings from another run. The first row shows liners from
Generation 0, a selection of random mutations on the
standard design. The middle rows show liners from part
way through the run, and the final row shows liners from
the final Pareto front. The first column shows the design
with the best P80, while the last column shows the design
with the best capacity. The second column shows the
design with the highest fitness according to the composite
measure used in (Hingston, 2002).
Figure 6 shows the user interface during the execution of
a typical run. The top right corner shows a scatter plot of
the current generation in objective-space. The user can
select a particular design in the plot to view its details
elsewhere on the screen. The top left corner depicts the
selected crusher in a circuit: it shows the liner shape and
the material flows through each part of the circuit. The
user can click on one of these flows to view a graph of
the size distribution of the corresponding ore stream. The
bottom left corner shows the settings and fitness for the
selected design. The bottom right corner has various
controls for the parameters of the system.
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Figure 5 - Progressive Pareto fronts from Run 5 in Figure 4
The true multi-objective approach used in this study
offers clear benefits in this application over the simpler
approach of using a combined fitness function as in
(Hingston, 2002). It removes the need for arbitrary
weightings, which engineers have trouble specifying in
advance. There is no need to separately apply capacity
constraints, as non-dominated solutions inevitably satisfy
the constraints anyway. The user interface provides an
intuitive visualisation for engineers, enabling them to see
the effects of trading off the different objectives on the
evolved designs.

5

FUTURE WORK

The work reported here is still in the early stages of its
development. While the results obtained so far are
excellent, many enhancements and extensions are
envisaged.
Planned enhancements to the crusher simulation are
likely to make it run an order of magnitude slower. We
may then need to develop special strategies to speed up
the evolutionary algorithm. One possibility is to use
faster, more approximate models early in the search,
using a scheme similar to the injection island genetic
algorithm described in (Eby, 1999).
Another aim is to include, as part of the task, the design
of the circuit itself - that is, to co-evolve crushers, screens
and other processing units and their settings, as well as
the pattern of conveyors connecting them together. This

brings in elements of network design, another application
area in which evolutionary algorithms have been
successful (see e.g. (Gross, 1996)). The concurrent design
of this network and the machines within it will be
challenging, but the potential rewards are huge.

6

CONCLUSIONS

In this paper we have described a study in the application
of multi-objective evolutionary algorithms to a difficult
practical engineering design problem.
Our system
determines the liner profiles and operating settings for a
crusher in a comminution circuit. Initial results promise
significant financial benefits.
In many ways, this problem is an ideal application for
evolutionary algorithms - the pay-off is high; the problem
is too complex to solve analytically; the search space is
too large to explore unaided; we have a well defined
evaluation function and a straightforward representation
scheme, suitable for manipulation by genetic operators.
Many challenges remain in incorporating more realism in
the problem definition (for example, including variety in
feed properties, interactions with other plant etc) and
validating the predicted performance with field trials.
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Figure 6 - The user interface of the system
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Abstract

In this paper, we learn to discover composite
operators and features that are evolved from
combinations of primitive image processing
operations to extract regions-of-interest (ROIs) in
images. Our approach is based on genetic
programming (GP). The motivation for using GP
is that there are a great many ways of combining
these primitive operations and the human expert,
limited by experience, knowledge and time, can
only try a very small number of conventional
ways of combination. Genetic programming, on
the other hand, attempts many unconventional
ways of combination that may never be imagined
by human experts. In some cases, these
unconventional combinations yield exceptionally
good results. Our experimental results show that
GP can find good composite operators, that
consist of primitive operators designed in this
paper, to effectively extract the regions of
interest in images and the learned composite
operators can be applied to extract ROIs in other
similar images.

1

INTRODUCTION

Object detection is an important intermediate step to
object recognition. The task of object detection is to
locate and extract regions from an image that may contain
potential objects. These regions are called regions of
interest (ROIs) or object chips. The quality of object
detection is dependent on the kind and quality of features
extracted from an image. There are many kinds of
features that can be extracted. The question is what are
the appropriate features or how to synthesize features,
particularly useful for detection, from the primitive
features extracted from an image. The answer to these
questions is largely dependent on the intuitive instinct,
knowledge, previous experience and even the bias of
human image experts.
In this paper, we use genetic programming (GP) to synthesize composite features, which are the output of com-

posite operators, to perform object detection. A composite
operator consists of primitive operators and it can be
viewed as a combination of primitive operations on images. The basic approach is to apply a composite operator
on the original image or primitive feature images generated from the original one, then the output image of the
composite operator (called composite feature) is segmented to obtain a binary image or mask to extract the region containing the object from the original image. The
individuals in our GP based learning are composite operators represented by binary trees whose internal nodes
represent the pre-specified primitive operators and the
leaf nodes represent the original image or the primitive
feature images. The primitive feature images are predetermined, and they are not the output of the prespecified primitive operators.

2
2.1

MOTIVATION AND RELATED
RESEARCH
MOTIVATION

In most imaging applications, an expert designs an approach to extract ROIs from images. The approach can often be dissected into some primitive operations on the
original image or a set of related feature images obtained
from the original one. It is the expert who, relying on
his/her rich experience, figures out a smart way to combine these primitive operations to achieve good results.
The task of finding a good approach is equivalent to finding a good point in the search space of composite operators formed by the combination of primitive operators.
The number of ways of combining primitive operators
is almost infinite. The human expert can only try a very
limited number of combinations and typically only the
conventional ways of combination are tried. However, a
GP may try many unconventional ways of combining
primitive operations that may never be imagined by human experts. In some cases, it is the unconventional ways
of combination that yield exceptionally good results. The
inherent parallelism of GP and the speed of computers allow the portion of the search space explored by GP to be
much larger than that by human experts. Although only a
very small portion of the space is tried by GP, the search

1004

REAL WORLD APPLICATIONS

performed by GP is not a random search. It is guided by
the goodness of composite operators in the population.
As the search goes on, GP will gradually shift the population to the portion of the space containing good operators.
2.2

RELATED RESEARCH AND OUR
CONTRIBUTION

Genetic programming, an extension of genetic
algorithm, was first proposed by Koza in [1]. In GP, the
individuals can be binary trees, graphs or some other
complicated structures of dynamically varying size. Poli
[2] used GP to develop effective image filters to enhance
and detect features of interest or to build pixelclassification-based segmentation algorithms. Stanhope
and Daida [3] used GP paradigms for the generation of
rules for target/clutter classification and rules for the
identification of objects. To perform these tasks,
previously defined feature sets are generated on various
images and GP is used to select relevant features and
methods for analyzing these features. Howard et al. [4]
applied GP to automatic detection of ships in lowresolution SAR imagery using an approach that evolves
detectors. Roberts and Howard [5] used GP to develop
automatic object detectors in infrared images.
Unlike the work of Stanhope and Daida [3], Howard et
al. [4] and Roberts and Howard [5], the input and output
of each node of the tree in our system are images, not real
numbers. Also, the primitive features defined in this paper
are more general and easier to compute than those used in
[5]. In summary, the primitive operators and primitive
features designed by us are very basic and domainindependent, not specific to a kind of imagery. Thus, our
system can be applied to a wide variety of images.

3

TECHNICAL APPROACH

In our GP based approach, individuals are composite
operators, which are represented by binary trees. The
search space of GP is the space of all possible composite
operators. The space is very large. In order to illustrate
this, consider only a special kind of binary tree, where
each tree has exactly 30 internal nodes and one leaf node
and each internal node has only one child. For 17 primitive operators and only one primitive feature image, the
total number of such trees is 1730. It is extremely difficult
to find good operators from this vast space unless one has
a smart search strategy.
3.1

DESIGN CONSIDERATIONS

There are five major design considerations, which
involve determining the set of terminals, the set of
primitive operators, the fitness measure, the parameters
for controlling the run, and the criterion for terminating a
run.
· The Set of Terminals: The set of terminals used in
this paper are seven primitive feature images generated

from the original image: the first one is the original
image; the others are mean and standard deviation images
obtained by applying templates of sizes 3´3, 5´5 and 7´7.
These images are the input to the composite operators. GP
determines which operations are applied on them and how
to combine the results. To get the mean image, we
translate the template across the original image and use
the average pixel value of the pixels covered by the
template to replace the pixel value of the pixel covered by
the central cell of the template. To get the standard
deviation image, we just compute the square root of the
pixel value difference between the pixel in the original
image and its corresponding pixel in the mean image.
· The Set of Primitive Operators: A primitive
operator takes one or two input images, performs a
primitive operation on them and stores the result in a
resultant image. Currently, 17 primitive operators are
used by GP to compose composite operators.
In the following, A and B are images of the same size
and c is a constant. For operators such as ADD_OP,
SUB_OP, MUL_OP, etc that take two images as input,
the operations are performed on the pixel-by-pixel basis.
1. ADD_OP: A + B. Add two images pixel by pixel.
2. SUB_OP: A – B. Subtract image B from image A.
3. MUL_OP: A * B. Multiply images A and B.
4. DIV_OP: A / B. Divide image A by image B (If the
pixel in B has value 0, the corresponding pixel in the
resultant image takes the maximum pixel value in A).
5. MAX2_OP: A max B. The pixel in the resultant
image takes the larger pixel value of images A and B.
6. MIN2_OP: A min B. The pixel in the resultant image
takes the smaller value of pixels in images A and B.
7. ADD_CONST_OP: A + c. Increase pixel value by c.
8. SUB_CONST_OP: A - c. Decrease pixel value by c.
9. MUL_CONST_OP: A * c. Multiply pixel value by c.
10. DIV_CONST_OP: A / c. Divide pixel value by c.
11. SQRT_OP: sqrt(A). For each pixel p with value v, if
v ³ 0, change its value to v . Otherwise, to
- -v .
12. LOG_OP: log(A). For each pixel p with value v, if v
³ 0, change its value to log(v). Otherwise, to –log(-v).
13. MAX_OP: max(A). Replace the pixel value by the
maximum pixel value in a 3´3, 5´5 or 7´7 neighborhood.
14. MIN_OP: min(A). Replace the pixel value by the
minimum pixel value in a 3´3, 5´5 or 7´7 neighborhood.
15. MED_OP: med(A). Replace the pixel value by the
median pixel value in a 3´3, 5´5 or 7´7 neighborhood.
16. REVERSE_OP: rev(A). Reverse the pixel value.
Suppose the maximum and minimum pixel values of
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image A are Vmax and Vmin respectively. If a pixel
has value v, change its value to Vmax – v + Vmin.
17. STDV_OP: stdv(A). Obtain standard deviation image
of image A by applying a template of size 3´3, 5´5
or 7´7.
· The Fitness Measure: The fitness value of a
composite operator is computed in the following way.
Suppose G and G’ are foregrounds in the ground truth
image and the resultant image of the composite operator
respectively. Let n(X) denote the number of pixels within
region X, then Fitness = n(GÇG’) / n(G È G’). The
fitness value is between 0 and 1. If G and G’ are
completely separated, the value is 0; if G and G’ are
completely overlapped, the value is 1.
· Parameters and Termination: The key parameters
are the population size M, the number of generations N,
the crossover rate and the mutation rate.
The GP stops whenever it finishes the pre-specified
number of generations or whenever the best operator in
the population has fitness value greater than the fitness
threshold.
3.2

REPRODUCTION, CROSSOVER AND
MUTATION

The GP searches through the space of composite operators to generate new operators, which may be better than
the previous ones. By searching through the composite
operator space, GP gradually adapts the population of
composite operators from generation to generation and
improves the overall fitness of the whole population.
More importantly, GP may find an exceptionally good
operator during the search. The search is done by performing reproduction, crossover and mutation operations.
The initial population is randomly generated and the fitness of each individual is evaluated.
The reproduction operation involves selecting a composite operator from the current population. In this research, we use tournament selection, where a number of
individuals are randomly selected from the current population and the one with the highest fitness value is copied
into the new population.
To perform crossover, two composite operators are selected on the basis of their fitness values. These two composite operators are called parents. One internal node in
each of these two parents is randomly selected, and the
two subtrees with these two nodes as root are exchanged
between the parents. In this way, two new composite operators, called offspring, are created.
In order to avoid premature convergence, mutation is
introduced to randomly change the structure of some of
the individuals to help maintain the diversity of the population. Once a composite operator is selected to perform
mutation operation; an internal node of the binary tree
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representing this operator is randomly selected, then the
subtree rooted at this node is deleted, including the node
selected. Another binary tree is randomly generated and
this tree replaces the previously deleted subtree. The resulting new binary tree represents a new composite operator. This new composite operator replaces the old one in
the population.
3.3

STEADY_STATE AND GENERATIONAL
GENETIC PROGRAMMING

In steady-state GP, two parental composite operators are
selected on the basis of their fitness for crossover. The
children of this crossover, perhaps mutated, replace a pair
of composite operators with the smallest fitness values.
The two children are executed immediately and their fitness values are recorded. Then another two parental composite operators are selected for crossover. This process is
repeated until crossover rate is satisfied. In generational
GP, two composite operators are selected on the basis of
their fitness values for crossover. Then, two composite
operators with the smallest fitness values, among those
that have not been selected for replacement, are selected.
They will be replaced by the children of the crossover. At
this time, the replacement has not occurred. The above
process is repeated until crossover rate is satisfied. A
composite operator may be repeatedly selected for crossover, but it cannot be repeatedly selected for replacement.
After crossover operations are finished, all the children
resulted from the crossover operations replace all the
composite operators selected for replacement at once. In
addition, we adopt an elitism replacement method that
copies the best composite operator from generation to
generation. The steady state and generational genetic
programming algorithms are given in the following.
·
0.

Steady-state Genetic Programming:

randomly generate population P and evaluate each
composite operator in P.
1. for gen = 1 to generation_num do
2.
keep the best composite operator in P.
3.
perform reproduction to generate population P’
from P.
4.
number_of_crossover = population_size * cross
over_rate / 2.
5.
for i = 1 to number_of_crossover do
6.
select 2 composite operators from P’ based on
their fitness values for crossover.
7.
select 2 composite operators with the lowest
fitness values in P’ for replacement.
8.
perform crossover operation and let the 2
offspring composite operators replace the 2
composite operators selected for replacement.
9.
if mutation is performed on the composite
operators from the crossover then
10.
perform mutation on the 2 offspring
operators with probability mutation_rate.
end.
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11.

execute the 2 offspring composite operators and
evaluate their fitness values.
end // loop 5
12.
if
mutation is performed on the composite
operators from the whole population P’
then
13.
perform mutation on each composite operator
with probability mutation_rate.
14.
execute and evaluate mutated composite
operators.
end
15.
let the best composite operator from population P
replace the worst composite operator in P’.
16. let P = P’
17. if the fitness value of the best composite operator
in P is above fitness threshold value then
18.
stop.
end
end // loop 1
·

Generational Genetic Programming:

0.

randomly generate population P and evaluate each
composite operator in P.
1. for gen = 1 to generation_num do
2.
keep the best composite operator in P.
3.
perform reproduction to generate population P’
from P. (crossover and mutation are performed on
population P’)
4.
number_of_crossover = population_size *
crossover_rate / 2.
5.
perform crossover number_of_crossover times and
record 2 * number_of_crossover composite
operators to be replaced.
6.
perform mutation on the composite operators
generated from crossover or on the composite
operators from the whole population. If a
composite operator is mutated, recorded it for later
execution.
7.
execute offspring composite operators from crossover and the mutated composite operators and
evaluate their fitness values.
8.
put offspring composite operators from crossover
in P’ and remove the composite operators selected
for replacement from P’.
9
let the best composite operator from population
replace the worst composite operator in P’.
10. let P = P’
11. if the fitness value of the best composite operator
in P is above fitness threshold value then
12.
stop.
end
end // loop 1

4

EXPERIMENTS

Various experiments were performed to test the efficacy of genetic programming in extracting regions of in-
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terest from real SAR (synthetic aperture radar) images
and color images. In this paper, we show some selected
examples. It is to be noted that the training and testing
images are different and the ground truth is used only during training. In all the experiments, the maximum size of
composite operator is 30 and the threshold value used in
segmentation is 0.
4.1

REAL SAR IMAGES

In the four experiments with real SAR images, the
population size is 100, the number of generations is 100,
the crossover rate is 0.6, the mutation rate is 0.1 and the
selection type is tournament selection. In each experiment, GP is invoked ten times with the same parameters
and the experimental results from one run and the average
performance of ten runs are reported in Table 1. We select
the run in which GP finds the best composite operator
among the composite operators found in all ten runs to report. The first two rows show the fitness value of the best
composite operator and population fitness value (average
fitness value of all composite operators in the population)
in the initial and final generations in the selected run. The
numbers in the parenthesis in the “Best fitness” columns
are the fitness values of the best composite operators on
the testing SAR images. The last two rows show the average values of the above fitness values over all ten runs.
The regions extracted during the training and testing by
the best composite operator from the selected run are
shown in the following examples.
· Example 1. Road Extraction: Three images contain road. The first one contains horizontal paved road and
field; the second one contains vertical paved road and
grass; the third one contains unpaved road and field.
Training is done using the image shown in Figure 1(a)
and testing is performed on images shown in Figure 3(a)
and 3(c). Figure 1(b) show the ground truth provided by
the user, and the white region corresponds to the road.
The generational GP was used to generate a composite
operator to extract the road. The fitness threshold value is
0.90. Figure 1(c) shows the output image (corresponding
to training image 1(a)) of the best composite operator in
the initial population, and Figure 1(d) shows the binary
image after segmentation. The output image has both
positive pixels in lighter shade and negative pixels in
darker shade. Positive pixels belong to the region to be
extracted. The fitness value of the best composite operator
in the initial population is 0.47 and the population fitness
value is 0.19. Figure 1(e) shows the output image of the
best composite operator after 100 generations and Figure
1(f) shows the binary image after segmentation. The fitness value of the best composite operator in the final
population is 0.92 and the population fitness value is 0.89.
The best composite operator has 30 internal nodes and its
depth is 21. It has eight leaf nodes, two contains the original image and the other six contain 5´5 mean images,
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Table 1. The Performance of Genetic Programming on Various Examples of SAR Images.
Road

Lake

River

Field

Best fitness

Population
fitness

Best
fitness

Population
fitness

Best
fitness

Population
fitness

Best
fitness

Population
fitness

Initial
fitness

0.47

0.19

0.65

0.42

0.43

0.21

0.62

0.44

Final
fitness

0.92
(0.92, 0.89)

0.89

0.93
( 0.92 )

0.92

0.74
( 0.84 )

0.68

0.87
( 0.68 )

0.86

Ave. Inital
fitness

0.47

0.18

0.73

0.39

0.37

0.11

0.65

0.41

Ave. Final
fitness

0.81

0.76

0.92

0.87

0.68

0.58

0.84

0.77

(a) paved road vs. field

(b) ground truth

(c) best initial image

(d) segmented image

which are very useful in the noise reduction. It is shown
in Figure 2, where PM_IM0 is original image and
PF_IM3 is 5´5 mean image. It is possible to have a more
compact tree representation of this composite operator.
We applied the composite operator obtained in the
above training to the other two real SAR images shown in
Figure 3(a) and 3(c). Figure 3(b) shows the region extracted by the composite operator from Figure 3(a) and
the fitness value of the region, which is 0.92. Figure 3(d)
shows the region extracted by the composite operator
from Figure 3(c) and the fitness value of the region,
which is 0.89.

(a) paved road vs.
grass
(e) best final image

(b) road detection
(fitness 0.92)

(f) segmented image

Figure 1. Training real SAR image containing road.
(LOG_OP (MIN2_OP (MED_OP (MAX_OP (MAX_OP
(MAX_OP
(MAX_OP
(MUL_CONST_OP
(DIV_CONST_OP
(MAX_OP
(MAX_OP
(DIV_CONST_OP
(MAX_OP
(MAX_OP
(MUL_CONST_OP (MAX_OP (MUL_CONST_OP
(ADD_OP (SUB_CONST_OP (MAX2_OP PF_IM3
PF_IM3)) (LOG_OP (MIN2_OP PF_IM3 (STDV_OP
PF_IM0))))))))))))))))))) (DIV_CONST_OP (ADD_OP
(SUB_CONST_OP (MAX2_OP PF_IM3 PF_IM3))
(LOG_OP
(MIN2_OP
PF_IM3
(STDV_OP
PF_IM0)))))))
Figure 2. Learned composite operator tree in
LISP notation.

(c) unpaved road vs.
field

(d) road detection
(fitness 0.89)
Figure 3. Testing real SAR images and corresponding
road detection results.

·

Example 2. Lake Extraction: Two SAR images
contain lake. The first one contains a lake and field, and
the second one contains a lake and grass. Figure 4(a)
shows the original image containing lake and field. Figure
4(b) shows the ground truth provided by the user, and the
white region corresponds to the lake to be extracted. Figure 5(a) shows the image containing lake and grass.
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We used the SAR image containing the lake and field
as the training image and applied the composite operator
generated by GP to the SAR image containing the lake
and grass. The steady-state GP was used to generate the
composite operator and the fitness threshold value is 0.95.
Figure 4(c) shows the region extracted by the best composite operator in the initial population after segmentation. The fitness value of the best composite operator in
the initial population is 0.65 and the population fitness
value is 0.42. Figure 4(d) shows the region extracted by
the best composite operator in the final population (it is
found after 65 generations) after segmentation. The fitness value of the best composite operator in the final
population is 0.93 and the population fitness value is 0.92.

ite operator was applied to the SAR image shown in Figure 7(a) to test its efficacy in extracting the river.

(a) river vs. field

(b) ground truth

(c) best initial
segmentation

(d) best final
segmentation

We then applied the composite operator to the image
containing a lake and grass. Figure 5(b) shows region extracted and its fitness value 0.92.

Figure 6. Training real SAR images containing
river.

(a) lake vs. field

(c) initial segmented
image

(b) ground truth

(a) river vs. field

(b) ground truth

(c) composite
operator output

(d) segmented image
(fitnesss 0.84)

(d) final segmented
image

Figure 4. Real SAR image containing lake and field.

Figure 7. Testing real SAR images containing river.

(a) lake vs. grass

(b) segmented image
(fitness 0.92)
Figure 5. Testing Real SAR image containing lake and
grass.
· Example 3. River Extraction: We have two SAR
images containing river and field. Figure 6(a) and 7(a)
show the original images and Figure 6(b) and 7(b) show
the ground truth provided by the user. The white region in
Figure 6(b) and 7(b) corresponds to the river to be extracted. The SAR image shown in Figure 6(a) was used as
the training image by GP. GP generated a composite operator to extract the river in the image. Then the compos-

The steady-state GP was used to generate the composite operator and the fitness threshold value is 0.85. Figure
6(c) shows the region extracted by the best composite operator in the initial population after segmentation. The fitness value of the best composite operator in the initial
population is 0.43 and the population fitness value is 0.21.
Figure 6(d) shows the region extracted by the best composite operator in the final population (it was found after
40 generations) after segmentation. The fitness value of
the best composite operator in the final population is 0.74
and the population fitness value is 0.68. The fitness value
of the best composite operator in the final population is
not very good. Two reasons account for this. First, the
river in Figure 6(a) accounts for only a small percentage
of the total area in the image. Second, there are some islands in the river. These islands are similar to the field,
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i.e., pixels belong to the islands have similar pixel values
to those belong to the field, but they are not excluded
from the ground truth.
We applied the composite operator to the image shown
in Figure 7(a). Figure 7(c) shows the output image of the
composite operator. Figure 7(d) shows the region extracted after segmentation and its fitness value 0.84. This
number is larger than the fitness value in the training. The
main reason is that the river in Figure 7(a) accounts for a
much larger percentage of the total area of the image than
that in Figure 6(a).
· Example 4. Field Extraction: Two SAR images
contain field and grass. Figure 8(a) and 9(a) show the
original images and Figure 8(b) and 9(b) show the ground
truth. The white region in Figure 8(b) and 9(b) corresponds to the field to be extracted. We consider extracting
field from a SAR image containing field and grass as the
most difficult task among the four experiments with the
SAR images, since the grass and field are similar to each
other. We used the SAR image in Figure 8(a) as the training image and applied the composite operator generated
by GP to the SAR image in Figure 9(a).

(a) field vs. grass

ness value of the best composite operator in the initial
population is 0.62 and the population fitness value is 0.44.
Figure 8(d) shows the region extracted after segmentation.
Figure 8(e) shows the output image of the best composite
operator in the final population and Figure 8(f) shows the
region extracted after segmentation. The fitness value of
the best composite operator in the final population is 0.87
and the population fitness value is 0.86. Figure 8(c) is
very dark. One may not see anything meaningful in this
image. The reason is that almost all the pixels in this image have very low pixel values. Some pixels have positive
pixel values, but the pixel values are close to 0.
We applied the composite operator to the image in Figure 9(a). Figure 9(c) shows the output image of the composite operator. Figure 9(d) shows the region extracted after segmentation and its fitness value 0.68.

(b) ground truth

(a) field vs. grass

(b) ground truth

(c) composite operator
output

(d) final segmentation
(fitness 0.68)

Figure 9. Testing real SAR image containing field and
grass.
4.2
(c) composite operator
output (initial)

(e) composite operator
output (final)

(d) best initial
segmentation

(f) best final
segmentation

Figure 8. Training real SAR image containing field
and grass.
The generational genetic programming was used to
generate the composite operator and the fitness threshold
value is 0.85. Figure 8(c) shows the output image of the
best composite operator in the initial population. The fit-

COLOR IMAGES

In this subsection, we attempt to generate a composite
operator to extract the shadow of a person from an RGB
color image. The generated composite operator was then
tested on two other similar images.
Figure 10 shows the image used for training and the
ground truth provided by the user. We don’t show a color
image, rather the RED, GREEN and BLUE planes of the
color image in Figure 10(a), 10(b), 10(c) respectively.
The RED, GREEN and BLUE planes of the color image
are gray scale intensity images and they are used as primitive feature images in this experiment.
The generational genetic programming was used to
generate the composite operator. The population size is
200, the number of generation is 200, the fitness threshold
value is 0.80, the crossover rate is 0.1 and the mutation
rate is 0.05.
Figure 10(e) shows the region extracted by the best
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(a) RED plane

(b) GREEN plane

(c) BLUE plane

(d) ground truth

the best composite operator in the final population after
segmentation. The fitness value of the best composite operator in the final population is 0.80 and the population
fitness value is 0.76. GP found a good composite operator
to extract the shadow.
The composite operator generated by GP was then applied to another two similar color images to test its efficacy in extracting the shadow. The GREEN planes of
these two color images are shown in Figures 11(a) and
11(b). When the composite operator is applied to extract
shadow regions in these two color images, the RED,
GREEN and BLUE planes of the color images are the
primitive feature images used by the composite operator.
The testing results are shown in Figure 11(c) and Figure
11(d). The fitness values for these two results were 0.76
and 0.54 respectively. It can be seen from these images
that the composite operator generated by GP is capable of
extracting shadows in the color images similar to the
color image used in training.

5

(e) initial segmentation

(f) final segmentation

Figure 10. RED, GREEN and BLUE planes of RGB
color image used in training.

CONCLUSIONS

Our experimental results show that the primitive operators selected by us are effective. GP can find good composite operators to extract the regions of interest in an image and the composite operators can be applied to extract
ROIs in other similar images. In our experiments, we did
not find any significant difference between the steadystate and generational genetic programming algorithms.
In the future, we plan to extend this work by designing
smart crossover and mutation operators and discovering
new features within the regions of interest for automated
object recognition.
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Abstract
This study examines the potential of Grammatical
Evolution to uncover a series of useful rules which
can assist in predicting corporate failure using information drawn from financial statements. A sample of 178 publically quoted, failed and non-failed
US firms, drawn from the period 1991 to 2000 are
used to train and test the model. The preliminary
findings indicate that the methodology has much
potential.

1 Introduction
The objective of this study is to determine whether an evolutionary automatic programming methodology, Grammatical
Evolution, is capable of uncovering useful structure in financial ratio information which can be used to predict corporate
failure.
Corporate failure is an essential component of an efficient
market economy, allowing the recycling of financial, human
and physical resources into more productive organisations
[10] [32]. However, many parties including shareholders,
providers of debt finance, employees, suppliers, customers,
managers and auditors have an interest in the financial health
of organisations as corporate failure can impose significant
private costs on all these groups. Even where total failure can
be averted by firm reorganization, the costs of major restructuring can be as high as 12% to 19% of firm value [41]. If a
trajectory leading to corporate failure can be identified sufficiently early to allow successful intervention, these costs can
be reduced. [14] suggest that indicators of corporate failure
can be present up to ten years prior to final failure, providing an opportunity for construction of models which predict
corporate failure.
Corporate failure can arise for many reasons. It may occur
due to a single catastrophic event or it may be the end result
of a lengthy process of decline. Under the second perspective,
corporate failure is a process which starts with management

defects, leading to poor decisions, leading to financial deterioration and finally resulting in corporate collapse [3] [20].
Most attempts to predict corporate failure implicitly assume
that management decisions critically impact on firm performance [5] [20]. The premise of this paper is that a series of
poor decisions lead to a deterioration in the financial health of
the firm and finally to its demise. Although the decisions are
not directly observable, their consequent affect on the financial health of the firm can be observed.
Previous studies have utilised a wide variety of explanatory
variables in the construction of corporate distress models 1 ,
including variables drawn from the financial statements of
firms, from financial markets, general macro-economic variables [29], and non-financial, firm-specific information, including director turnover [27]. In this study, we limit our attention to information drawn from the financial statements of
firms.
1.1 Potential for application of evolutionary automatic
programming
There are a number of reasons to suppose that the use of an
evolutionary automatic programming (EAP) approach such as
Genetic Programming (GP) or GE can prove fruitful in the
prediction of corporate failure. The problem domain is characterised by a lack of a strong theoretical framework, with
many plausible, competing explanatory variables. The selection of quality explanatory variables and model form represents a high-dimensional combinatorial problem, giving rise
to potential for an EAP methodology. Use of EAP also facilitates the development of complex fitness functions including
discontinuous, non-differentiable functions. This is of particular importance in a prediction domain as fitness criteria may
be complex. Generally, the cost of misclassifications of failing / non-failing firms will be asymmetric. Another useful
feature of an EAP approach is that it can produce humanreadable rules that have the potential to enhance understanding of the problem domain.
1
[3] and [22] provide good reviews of the development of empirical research in bankruptcy prediction.
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1.2 Motivation for study
This study was motivated by a number of factors. Although a
substantial volume of research utilising traditional statistical
modelling techniques has been undertaken in the corporate
failure domain, to date only a limited number of studies have
applied GA / GP methodologies [39] [19] [6]. This study
builds on these initial studies and adopts a novel evolutionary
automatic programming approach.
1.3 Structure of paper
This contribution is organised as follows. Section 2 provides a
short discussion of prior literature in the corporate failure domain and outlines the definition of corporate failure employed
in this study. Section 3 provides an introduction to Grammatical Evolution. Section 4 describes both the data utilised, and
the model development process adopted in this paper. Section
5 provides the results of the constructed model. Finally, conclusions and a discussion of the limitations of the contribution
are provided in Section 6.

2 Background
Formal research into the prediction of corporate failure has
a long history [12] [35] [16]. Early statistical studies such
as [7], adopted a univariate methodology, identifying which
accounting ratios had greatest classification accuracy when
identifying failing and non-failing firms. Although this approach did demonstrate classification power, it suffers from
the shortcoming that a single weak financial ratio may be offset (or exacerbated) by the strength (or weakness) of other
financial ratios. [1] addressed this issue by employing a linear discriminant analysis (LDA) model, which utilised both
financial and market data concerning a firm, and this was
found to improve the classification accuracy of the developed
models. The discriminant function which produced the best
classification performance in Altman’s 1968 study was:
Z

= 012 1 + 014 2 + 033 3 + 006 4 + 999
:

X

:

X

:

X

:

X

:

X5

where:

X1 = working capital to total assets
X2 = retained earnings to total assets
X3 = earnings before interest and taxes to total assets
X4 = market value of equity to book value of total debt
X5 = sales to total assets
LDA assumes both multi-variate normality and the equality
of the covariance matrices of each classification group. Generally, these assumptions do not hold for financial ratio data.
Other statistical methodologies which have been applied include logit and probit regression models [13] [42] [24]. In
recent times, methodologies applied to this problem domain

have included neural networks [34] [33] [40], genetic algorithms [39] [19] and hybrid neural network / genetic algorithm
models [6].
2.1 Definition of Corporate Failure
No unique definition of corporate failure exists [3]. Possible definitions range from failure to earn an economic rate of
return on invested capital given the risk of the business, to
legal bankruptcy followed by liquidation of the firm’s assets.
Any attempt to uniquely define corporate failure is likely to
prove problematic. While few publicly quoted companies fail
in any given year2 , poorer performers are liable to acquisition
by more successful firms. Thus, two firms may show a similar financial trajectory towards failure, but one firm may be
acquired and ‘turned-around’ whilst the other may fail.
The definition of corporate failure adopted in this study is
the entry of a firm into Chapter 7 or Chapter 11 of the US
Bankruptcy code. The selection of this definition provides
an objective benchmark as the occurrence, and date of occurrence, of either of these events can be determined through
examination of regulatory filings. Chapter 7 covers corporate liquidations and Chapter 11 covers corporate reorganizations, which usually follow a period of financial distress.
Under Chapter 11, management is required to file a reorganisation plan in bankruptcy court and seek approval for this
plan. When the court grants approval for the plan the firm is
released from Chapter 11 bankruptcy and continues to trade.
In most cases, Chapter 11 reorganisations involve significant
financial losses for both shareholders [30] and creditors [11]
of the distressed firm. [23], in a study of the outcomes of
Chapter 11 filings, found that ‘there were few sucessful reorganisations’ (p. 125), despite a perception that some management teams were using Chapter 11 filings as a deliberate
strategy for dealing with certain firm specific events such as
onerous labor contracts or produce liability claims 3 .
2.2 Explanatory variables utilised in prior literature
Five groupings of explanatory variables, drawn from financial
statements, are given prominence in prior literature [4]:
i. Liquidity
ii. Debt
iii. Profitability
iv. Activity / Efficiency
v. Size
2
[42] reports that this rate is less than 0.75% in the US and [22]
suggests that the rate is below 2% in the UK.
3
[23] report that out of a sample of 73 firms entering Chapter 11
between 1980 and 1986, only 44 were sucessfully reorganized with
only 15 of these firms emerging from Chapter 11 with more than
50% of their prebankruptcy assets.
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Liquidity refers to the availability of cash resources to meet
short-term cash requirements. Debt measures focus on the
relative mix of funding provided by shareholders and lenders.
Profitability considers the rate of return generated by a firm, in
relation to its size, as measured by sales revenue and/or asset
base. Activity measures consider the operational efficiency of
the firm in collecting cash, managing stocks and controlling
its production or service process. Firm size provides information on both the sales revenue and asset scale of the firm
and also provides a proxy metric on firm history. The groupings of potential explanatory variables can be represented by
a wide range of individual financial ratios, each with slightly
differing information content. The groupings themselves are
interconnected, as weak (or strong) financial performance in
one area will impact on another. For example, a firm with a
high level of debt, may have lower profitability due to high interest costs. Whatever modelling methodology is applied, the
initial problem is to select a quality set of model inputs from
a wide array of possible financial ratios, and then to combine
these ratios using suitable weightings in order to construct a
high quality classifier. Given the large search space, an evolutionary automatic programming methodology has promise.

2.3 Results of Prior Literature
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3

Grammatical Evolution

Grammatical Evolution (GE) is an evolutionary algorithm
that can evolve computer programs in any language. Rather
than representing the programs as syntax trees, as in traditional GP [18], a linear genome representation is adopted. A
genotype-phenotype mapping process is used to generate the
output program for each individual in the population. Each individual, a variable length binary string, contains in its codons
(groups of n-bits, where n equals 8 here) the information to select production rules from a Backus Naur Form (BNF) grammar. The BNF is a plug-in component to the mapping process,
that represents the output language in the form of production
rules. It is comprised of a set of non-terminals that can be
mapped to elements of the set of terminals, according to the
production rules.
An example excerpt from a BNF grammar is given below.
These productions state that S can be replaced with either one
of the non-terminals expr, if-stmt, or loop.
S ::= expr
| if-stmt
| loop

(0)
(1)
(2)

The grammar is used in a generative process to construct
a program by applying production rules, selected by the
genome, beginning from the start symbol of the grammar.
In order to select a rule in GE, the next codon value on the
genome is read and placed in the following formula:

Earlier studies [1] [2] [3] [4] [9] [6] have suggested that the
classification accuracy of failure models increases rapidly as
the date of final failure approaches. Generally, results indicate that the most significant deterioration in financial ratios
occurs in the third year prior to eventual failure. Although
sample sizes, dates and methodologies differ between studies,
these findings have been replicated in a broad series of studies. In Altman’s 1968 study [1], the developed LDA model
correctly identified (in-sample) 95% of failing firms one year
prior to failure. The classification accuracy fell to 72% and
48% in the second and third year prior to failure. [2] demonstrated a classification accuracy (in-sample) of approximately
93% in the year prior to failure declining to 68% four years
prior to failure. [40] report in-sample classifications of 98.7%
for a neural network model, one-year prior to failure, and 95%
for a logit model on the same data. [39] reports in-sample
classification accuracy for a GA based model of approximately 97%, one year prior to failure. In-sample classification
accuracies provide a limited assessment of model generalisability. Enhanced in-sample classification accuracies could
result from data-mining. Hence, in this study, developed models are solely assessed based on classification performance on
out-of-sample data.
A description of the evolutionary automatic programming
system used to evolve rules for prediction of corporate failure is provided in the next section.

Rule

=

C odon V alue M OD

#

Rules

If the next codon integer value was 4, given that we have
3 rules to select from as in the above example, we get
M OD
. S will therefore be replaced with the
non-terminal if-stmt.

4

3 = 1

Beginning from the left hand side of the genome codon integer values are generated and used to select rules from the
BNF grammar, until one of the following situations arise:
i. A complete program is generated. This occurs when all
the non-terminals in the expression being mapped, are
transformed into elements from the terminal set of the
BNF grammar.
ii. The end of the genome is reached, in which case the
wrapping operator is invoked. This results in the return of the genome reading frame to the left hand side
of the genome once again. The reading of codons will
then continue unless an upper threshold representing the
maximum number of wrapping events has occurred during this individual’s mapping process. This threshold is
currently set to ten events.
iii. In the event that a threshold on the number of wrapping events is exceeded and the individual is still incom-
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pletely mapped, the mapping process is halted, and the
individual assigned the lowest possible fitness value.
GE uses a steady state replacement mechanism, such that,
two parents produce two children the best child replacing the
worst individual in the current population if the child has a
greater fitness. In the case where both children have the same
fitness and are better than the current population worst, a child
is chosen at random. The standard genetic operators of point
mutation, and crossover (one point) are adopted. It also employs a duplication operator that duplicates a random number
of codons and inserts these into the penultimate codon position on the genome. A full description of GE can be found in
[26] [25] [31].
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The choice of explanatory variables is hindered by the lack of
a clear theoretical framework which explains corporate failure [5] [38] [40]. Most empirical work on corporate failure
adopts an ad-hoc approach to variable selection. Prior to the
selection of the potential explanatory variables for inclusion
in this study, a total of ten previous studies were examined
[7] [1] [2] [9] [24] [33] [17] [6] [37] [21]. These studies employed a total of 58 distinct ratios divided amongst the five
classifications noted by [4]. A subset of 22 of the most commonly used financial ratios was selected for this study. The
selected ratios were:
i. EBIT / Sales
ii. EBITDA / Sales
iii. EBIT / Total Assets

4 Problem Domain & Experimental Approach

iv. Gross Profit / Sales
v. Net Income / Total Assets

This section describes both the data utilised by, and the model
development process adopted in, this study.

vi. Net Income / Sales
vii. Return on Assets

4.1 Sample Definition and Model Data

viii. Return on Equity

A total of 178 firms were selected judgementally (89 failed,
89 non-failed), from the Compustat Database [8] 4 . The criteria for selection of the failed firms were:
i. Inclusion in the Compustat database in the period 19912000
ii. Existence of required data for a period of three years
prior to entry into Chapter 7 or Chapter 11
iii. Sales revenues must exceed $1M

ix. Return on Investment
x. Cash / Sales
xi. Sales / Total Assets
xii. Inventory / Cost of Goods Sold
xiii. Inventory / Working Capital
xiv. Fixed Assets / Total Assets
xv. Retained Earnings / Total Assets
xvi. Cash from Operators / Sales
xvii. Cash from Operations / Total Liabilities

The first criterion limits the study to publicly quoted, US corporations. The second criterion injects an element of bias into
the sample in that companies without a three year financial
history prior to entering Chapter 7 or Chapter 11 are omitted.
Twenty-two potential explanatory variables, are collected for
each firm for the three years prior to entry into Chapter 7 or
Chapter 115 . For every failing firm, a matched non-failing
firm is selected. They are matched both by industry sector
and size (sales revenue three years prior to failure) 6 . The set
of 178 matched firms are randomly divided into model building (128 firms) and out-of-sample (50 firms) datasets. The
dependant variable is binary (0,1), representing either a nonfailed or a failed firm.
4

Firms from the financial sector were excluded on grounds of
lack of comparability of their financial ratios with other firms in the
sample.
5
The date of entry into Chapter 7 or Chapter 11 was determined
by examining regulatory filings for each firm.
6
It is recognised that the use of an equalised, matched sample
entails sampling bias and eliminates firm size and industry nature as
potential explanatory variables (see [22] for a detailed discussion of
these points). It is noted that utilising an unmatched sample imposes
its own bias.

xviii. Working Capital / Total Assets
xix. Quick Assets / Total Assets
xx. Total Liabilities / Total Assets
xxi. Leverage
xxii. EBIT / Interest

5

Results

Accuracy of the developed models is assessed based on the
overall classification accuracy arising in both the modelbuilding and out-of-sample datasets. For simplicity, the cost
of each type of classification error is assumed to be symmetric in this study. The fitness function could be easily altered
to bias the model development process to minimise a specific
type of classification error if required, and later studies will
address this issue.
The classification problem which plays an important role in
decision-making, consists of assigning observations to disjoint groups [28]. The decision scenario faced in this study
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comprises a binary classification. In general, the construction of classifier systems such as linear discriminant analysis,
logit or ANN models consists of two components, the determination of a valuation rule which is applied to each observation, and the determination of a ‘cut-off’ value. The grammar
adopted in this study is given below and its output is interpreted using a fixed 0.5 cut-off value to produce a classification.
lc : output = expr ;
expr : ( expr ) + ( expr )
| coeff * var
var : var1[index] | var2[index] | var3[index]
| var4[index] | var5[index] | var6[index]
| var7[index] | var8[index] | var9[index]
| var10[index] | var11[index] | var12[index]
| var13[index] | var14[index] | var15[index]
| var16[index] | var17[index] | var18[index]
| var19[index] | var20[index] | var21[index]
| var22[index]
coeff : ( coeff ) op ( coeff )
| float
op : + | - | *
float : 20 | -20 | 10 | -10 | 5 | -5 | 4 | -4
| 3 | -3 | 2 | -2 | 1 | -1 | .1 | -.1

The above grammar generates classifiers of the form:
output

=(
+(

< some expression >

< some expression >

)+
)

varX
varY

::

Any combination of the twenty two explanatory variables can
be exploited by an evolved classifier, including zero or more
occurrences of any one variable. This is in contrast to an LDA
approach where classifiers would generally utilise all the explanatory variables within the expression. In the LDA case,
of course some of those variables could be switched off by
multiplying their value by zero.
Three series of models were constructed using explanatory
variables drawn from one, two and three years (T1, T2 and
T3) prior to failure. For each set of models, 30 runs were
conducted using population sizes of 500, running for 100 generations, adopting one-point crossover at a probability of 0.9,
and bit mutation at 0.01, along with a steady state replacement
strategy.
A plot of the mean average and mean best fitness values over
the 30 runs for each time period can be seen in Figure 1.
Years Prior to Failure
1
2
3

In Sample
85.9%
82.8%
75.8%

Out Of Sample
80%
80%
70%

models generated falls off gracefully as we move out each
year. It is interesting to note that out-of-sample there is no
performance difference between the evolved models in periods T1 and T2, both giving 80% correct classifications.
The best classifiers evolved for each period are given in Table
2.
5.1 Discussion
The classification results of the evolved models show
promise. Despite drawing a sample from a wide variety of
industrial sectors, the models demonstrate a high classification accuracy in and out-of-sample, which degrades gracefully rather than suddenly in the third year prior to failure.
Although the evolved models were free to select from twentytwo potential explanatory variables, it is notable that each
model only employed a small subset of these. This lends support to the proposition that many financial ratios have similar
information content and that classification accuracy is not enhanced through the construction of models with a large number of these ratios. It is also notable that each model has (approximately) included one variable drawn from the four main
categories of explanatory variables suggested in the corporate failure literature (Liquidity, Debt, Profitability, and Activity/Efficiency), lending empirical support to earlier work 8 .
The risk factors suggested by each model differ somewhat and
contain some less-intuitive but nonetheless plausible findings.
Examining the best classifer evolved for T1 suggests that risk
factors include low return on assets, low retained earnings
and a high ratio of total liabilities to total assets, which concords with financial intuition. Less obviously, a high ratio
of inventory to net liquid assets (inventory+receivables+cashpayables) is also a risk factor, possibly resulting from depletion of cash or build-up of inventories as failure approaches.
Risk factors for firms at T2 include low return on assets and
a low ratio of earnings to interest costs. Less intuitive risk
factors indicated are a low ratio of fixed assets to total assets
and a high ratio of sales to total assets. The former could indicate firms with a lower safety cushion of saleable resources
which could be sold to stave-off collapse, the latter could be
serving as a proxy variable for firms with rapid sales growth.
Over-rapid sales growth can be a danger signal, indicating that
management resources are being spread too-thinly.
Finally, risk factors indicated for firms at T3 include low return on assets, a low ratio of profit to interest charge, a low
level of cash generated from operations and as for T2, a high
ratio of sales to total assets.

Table 1: The best classification accuracies reported for each
of the three years prior to failure.

Although each model is evolved seperately, the general form
of each model appears consistent with the hypothesis that

The best individuals evolved for each period are reported in
Table7 1. In-sample it can be seen that the performance of the

els rejects a null hypothesis, at the 5% level, that the out-of-sample
classification accuracies are not significantly better than chance.
8
Size, the fifth category, is not considered in this study due to the
matching process utilized.

7

Calculation of Press’s Q statistic [15] for each of these mod-

1016

REAL WORLD APPLICATIONS

Grammatical Evolution - Corporate Failure
0.9

0.8

0.8

0.7

0.7

0.6

T1
T2
T3

Average Fitness

Best Fitness

Grammatical Evolution - Corporate Failure
0.9

0.5

0.6

0.5

0.4

0.4

0.3

0.3

0.2

T1
T2
T3

0.2
0

5

10

15

20
25
30
Generation

35

40

45

50

0

5

10

15

20
25
30
Generation

35

40

45

50

Figure 1: A comparison of the mean best fitness between T1, T2, and T3 (left), and of the mean average fitness values (right)
for the same time periods.
Years Prior to Failure
1
2
3

Best Classifier
output = -3*var7-5*var8+3*var17-20*var19+4*var24
output = -2*var8+10*var15-10*var18-2*var25
output = -4*var8+20*var15-72.9*var20-10*var25

Table 2: The best classifiers evolved for each of the years analysed.
there is a financial trajectory towards failure. Low profits
and high interest payments as a percentage of profits in periods T3 and T2 indicate a firm in financial difficulties, with
an erosion of the safety cushion provided by high levels of
(saleable) fixed assets indicated in the risk factors at T2. The
final year prior to failure sees additional risk factors indicated
by high levels of debt and reducing cash balances / inventory
build-up.

6 Conclusions & Future Work
GE was shown to successfully evolve useful rules for prediction of corporate failure with a performance equivalent to
that reported in prior studies. In assessing the performance of
the developed models, a number of caveats must be borne in
mind. The premise underlying this paper (and all empirical
work on corporate failure prediction) is that corporate failure
is a process, commencing with poor management decisions,
and that the trajectory of this process can be tracked using accounting ratios. This approach does have inherent limitations.
It will not forecast corporate failure which results from a sudden environmental event. It is also likely that the explanatory
variables utilised contain noise. Commentators [5] [36] have
noted that managers may attempt to utilise creative accounting practices to manage earnings and / or disguise signs of
distress. Additionally, financial data is produced on a timelagged basis. Although not undertaken in this preliminary
study, the incorporation of non-financial qualitative explanatory variables or variables related to the firm’s share price per-

formance could further improve classification accuracy. Another limitation of all models of corporate distress is that the
underlying relationships may not be stationary [4] [17]. Accounting standards and economic environment faced by firms
will vary over time. Finally, the firms sampled in this study
are relatively large and are publically quoted. Thus, the findings of this study may not extend to small businesses.
Despite these limitations, the high economic and social costs
of corporate failure imply that models which can indicate declining financial health will have utility. Given the lack of a
clear theory underlying corporate failure, empirical modelling
usually adopts a combinatorial approach, a task for which GE
is well suited. The results of this preliminary study indicate
that GE has useful potential for the construction of corporate
failure models.
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Abstract

are approximately 90 radio-emitting galaxies, or radio
sources, in a typical square degree.

The FIRST survey (Faint Images of the Radio Sky at Twenty-cm) is scheduled to cover
10,000 square degrees of the northern and
southern galactic caps. Until recently, astronomers classified radio-emitting galaxies
through a visual inspection of FIRST images. Besides being subjective, prone to error and tedious, this manual approach is becoming infeasible: upon completion, FIRST
will include almost a million galaxies. This
paper describes the application of six methods of evolving neural networks (NNs) with
genetic algorithms (GAs) to identify bentdouble galaxies. The objective is to demonstrate that GAs can successfully address
some common problems in the application of
NNs to classification problems, such as training the networks, choosing appropriate network topologies, and selecting relevant features. The results indicate that most of the
methods we tried performed equally well on
our data, but using a GA to select features
produced the best results.

Radio sources exhibit a wide range of morphological
types that provide clues to the source’s class, emission mechanism, and properties of the surrounding
medium. Sources with a bent-double morphology are
of particular interest as they indicate the presence of
clusters of galaxies, a key project within the FIRST
survey. FIRST scientists currently identify the bentdouble galaxies by visual inspection, which—besides
being subjective, prone to error and tedious—is becoming increasingly infeasible as the survey grows.

INTRODUCTION

The Faint Images of the Radio Sky at Twenty-cm
(FIRST) survey (Becker et al., 1995) started in 1993
with the goal of producing the radio equivalent of the
Palomar Observatory Sky Survey. Using the Very
Large Array at the National Radio Astronomy Observatory, FIRST is scheduled to cover more than
10,000 square degrees of the northern and southern
galactic caps. At present, FIRST has covered about
8,000 square degrees, producing more than 32,000 twomillion pixel images. At a threshold of 1 mJy, there

Our goal is to bring automation to the classification
of galaxies using techniques from data mining, such as
neural networks. Neural networks (NNs) have been
used successfully to classify objects in many astronomical applications (Odewahn et al., 1992; StorrieLombardi et al., 1992; Adams & Woolley, 1994). However, the success of NNs largely depends on their architecture, their training algorithm, and the choice of
features used in training. Unfortunately, determining
the architecture of a neural network is a trial-anderror process; the learning algorithms must be carefully tuned to the data; and the relevance of features
to the classification problem may not be known a priori. Our objective is to demonstrate that genetic algorithms (GAs) can successfully address the topology
selection, training, and feature selection problems, resulting in accurate networks with good generalization
abilities. This paper describes the application of six
combinations of genetic algorithms and neural networks to the identification of bent-double galaxies.
This study is one of a handful that compares different
methods to evolve neural nets on the same domain
(Roberts & Turenga, 1995; Siddiqi & Lucas, 1998;
Grönross, 1998). In contrast with other studies that
limit their scope to two or three methods, we compare six combinations of GAs and NNs against hand-

1020

REAL WORLD APPLICATIONS

designed networks. Most of the methods we tried performed equally well on our data, but using a GA to select features yielded the best results. The experiments
also show that most of the GA and NN combinations
produced significantly more accurate classifiers than
we could obtain by designing the networks by hand.
The next section outlines the problem of detecting
bent-double galaxies in the FIRST data. Section 3 describes several existing combinations of GAs and NNs.
Section 4 presents our experiments and reports the results. The paper concludes with our observations and
plans for future work.

2

FIRST SURVEY DATA

Figure 1 has several examples of radio sources from
the FIRST survey. While some bent-double galaxies
are relatively simple in shape (examples (a) and (b)),
others, such as the ones in examples (e) and (f), can
be rather complex. Note the similarity between the
bent-double in example (a) and the non-bent-double
in example (c).
Data from FIRST are available on the FIRST web site
(sundog.stsci.edu). There are two forms of data available: image maps and a catalog. The images in figure 1
are close-ups of galaxies. The catalog (White et al.,
1997) is obtained by fitting two-dimensional Gaussians
to each radio source on an image map. Each entry in
the catalog corresponds to a single Gaussian.
We decided that, initially, we would identify the radio
sources and extract the features using only the catalog. The astronomers expected that the catalog was
a good approximation to all but the most complex of
radio sources, and several of the features they thought
were important in identifying bent-doubles were easily
calculated from the catalog.
We identified the features for the bent-double problem through extensive conversations with FIRST astronomers. When they justified their decisions of identifying a radio source as a bent-double, they placed
great importance on spatial features such as distances
and angles. Frequently, the astronomers would characterize a bent-double as a radio-emitting “core” with
one or more additional components at various angles.
In the past, we have concentrated our work on instances described by three catalog entries, because we
have more labeled examples of this type. Our previous
experience with this data suggested that the best accuracies are usually achieved using features extracted
considering triplets of catalog entries (as opposed to
pairs or single entries). Therefore, in the remainder

of this paper we focus on the 20 triplet features that
we extracted. A full list of features is described elsewhere (Fodor et al., 2000).
Unfortunately, our training set is relatively small,
containing 195 examples for the three-catalog entry
sources. Since the bent- and non-bent-doubles must
be manually labeled by FIRST scientists, putting together an adequate training set is non-trivial. Moreover, scientists are usually subjective in their labeling
of galaxies, and the astronomers often disagree in the
hard-to-classify cases. There is also no ground truth
we can use to verify our results. These issues imply
that the training set itself is not very accurate, and
there is a limit to the accuracy we can obtain.
Among the 195 labeled examples of 3-entry sources, 28
are non-bent and 167 are bent-double galaxies. This
unbalanced distribution in the training set presents
problems in estimating the accuracy of the NNs, which
are discussed in section 4.

3

GENETIC NEURAL NETWORKS

Genetic algorithms and neural networks have been
used together in several ways, and this section presents
a brief review of previous work. In particular, GAs
have been used to search for the weights of the network
and to select the most relevant features of the training
data. GAs have also been used to design the structure
of the network. It is well known that to solve nonlinearly separable problems, the network must have
at least one hidden layer between the inputs and outputs; but determining the number and the size of the
hidden layers is mostly a matter of trial and error.
GAs have been used to search for these parameters,
as well as for the pattern of connections and for developmental instructions to generate a network. The
interested reader may consult the reviews by Branke
(1995), Schaffer (1994) and Yao (1999).
3.1

TRAINING NETWORKS WITH GAs

Training a NN is an optimization task with the goal of
finding a set of weights that minimizes an error measure. The search space is high dimensional and, depending on the error measure, it may contain numerous local optima. Some network training algorithms,
such as backpropagation (BP), use some form of gradient search, and may get trapped in local optima.
A straightforward combination of genetic algorithms
and neural networks is to use the GA to search for
weights that make the network perform as desired.
The architecture of the network is fixed by the user
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Figure 1: Example radio sources: (a)-(b) Bent-doubles, (c)-(d) Non-bent doubles, (e)-(f) Complex Sources
prior to the experiment. In this method, each individual in the GA represents a vector with all the weights
of the network. There are two popular variations:
• Use the weights found by the GA without any further refinement (Caudell & Dolan, 1989; Montana
& Davis, 1988; Whitley & Hanson, 1989).
• Use the GA to find a promising set of weights from
which a gradient-based method can quickly reach
an optimum (Skinner & Broughton, 1995). The
motivation is that GAs quickly identify promising
regions of the search space, but they may not finetune parameters very fast.
These approaches are straightforward and numerous
studies report good results. However, since adjacent
layers in a network are usually fully connected, the total number of weights is O(n2 ), where n is the number
of units. Longer individuals usually require larger populations, which in turn result in higher computational
costs. Therefore, the GA may be efficient for small networks, but this method may not scale up well. Another
drawback is the so-called permutations problem (Radcliffe, 1990). The problem is that by permuting the
hidden nodes of a network, the representation of the
weights in the chromosome would change, but the network is functionally the same. Some permutations may
not be suitable for GAs because crossover might easily
disrupt favorable combinations of weights. To ameliorate this problem, Thierens et al. (1991) suggested to

place incoming and outgoing weights of a hidden node
next to each other, which was the encoding we used.
3.2

FEATURE SELECTION

Besides searching for weights, GAs may be used to
select the features that are input to the NNs. The
training examples may contain irrelevant or redundant
features, but it is generally unknown a priori which
features are relevant. Avoiding irrelevant or redundant
features is desirable not only because they increase the
size of the network and the training time, but also
because they may reduce the accuracy of the network.
Applying GAs to select features is straightforward
using what is referred to as the wrapper approach:
the chromosome of the individuals contains one bit
for each feature, and the value of the bit determines whether the feature will be used in the classification (Brill, Brown, & Martin, 1990; Brotherton
& Simpson, 1995). The individuals are evaluated
by training the networks (that have a predetermined
structure) with the subset of features indicated by the
chromosome. The resulting accuracy estimate is used
to calculate the fitness.
3.3

DESIGNING NETWORKS WITH GAs

As mentioned before, the topology of a network is crucial to its performance. If a network has too few nodes
and connections, it may not be able to learn the re-
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quired concept. On the other hand, if a network has
too many nodes and connections, it may overfit the
training data and have poor generalization. GAs have
been used successfully to design the topology of NNs.
There are two basic approaches for applying GAs to
the design of NNs: use a direct encoding to specify
every connection of the network or evolve an indirect
specification of the connectivity.
The key idea behind direct encodings is that a neural network can be regarded as a directed graph where
each node represents a neuron and each edge is a connection. A common method of representing directed
graphs is with a binary connectivity matrix: the i, jth element of the matrix is one if there is an edge
between nodes i and j, and zero otherwise. The connectivity matrix can be represented in a GA simply
by concatenating its rows or columns (Miller et al.,
1989; Belew et al., 1990). Using this method, Whitley
et al. (1990) showed that the GA can find topologies
that learn faster than the typical fully-connected feedforward network. The GA can be explicitly biased to
favor smaller networks, which can be trained faster.
A simple method to avoid specifying all the connections is to commit to a particular topology and learning algorithm, and then use the GA to find the parameter values that complete the network specification. For
example, with a fully-connected feedforward topology,
the GA may search for the number of layers and the
number of neurons per layer. Another example would
be to code the parameters of a particular learning algorithm, such as the momentum and the learning rate
of BP (Belew et al., 1990; Marshall & Harrison, 1991).
Of course, this method is constrained by the initial
choice of topology and learning algorithm.
Another approach is to use a grammar to encode
rules that govern the development of a network. Kitano (1990) introduced the earliest grammar-based approach. He used a connectivity matrix to represent the
network, but instead of encoding the matrix directly in
the chromosome, the matrix is generated by a graphrewriting grammar. The chromosomes contain rules
that rewrite scalar elements into 2 × 2 matrices.
In this grammar, there are 16 terminal symbols that
are 2 × 2 binary matrices. There are 16 non-terminal
symbols, and the rules have the form n → m, where
n is one of the scalar non-terminals, and m is a 2 × 2
matrix of non-terminals. There is an arbitrarily designated start symbol, and the number of rewriting steps
is fixed by the user.
To evaluate the fitness, the rules are decoded and the
connectivity matrix is developed by applying all the
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rules that match non-terminal symbols. Then, the
connectivity matrix is interpreted and the network is
constructed and trained with BP.
Other examples of grammar-based developmental systems are the work of Boers and Kuiper (1992) with
Lindenmayer systems, Gruau’s “cellular encoding”
method (Gruau, 1992), and the system of Nolfi, Elman, and Parisi (1994) that simulates cell growth, migration, and differentiation.

4

EXPERIMENTS

This section details the experimental methods and the
results that we obtained with six combinations of neural networks and genetic algorithms.
The programs were written in C++ and compiled with
g++ version 2.96. The experiments were executed on
a single processor of a Linux (Red Hat 7.1) workstation
with dual 1.5 GHz Intel Xeon processors and 512 Mb
of memory. The programs used a Mersenne Twister
random number generator.
All the GAs used a population of 50 individuals. We
used a simple GA with binary encoding, pairwise
tournament selection, and multi-point crossover. The
number of crossover points was varied in each experiment according to the length of the chromosomes, l.
In all cases, the probability of crossover was 1, and
the probability of mutation was set to 1/l. The initial
population was initialized uniformly at random.
The experiments used feedforward networks with one
hidden layer. All neurons are connected to a “bias”
unit with constant output of 1.0. Unless specified otherwise, the output units are connected to all the hidden
units, which in turn are connected to all the inputs. In
feedforward operation, the units compute their net activation as
d
X
net =
x i wi + w 0 ,
i=1

where d is the number of inputs to the neuron, xi
is an input and wi is the corresponding weight, w0
is the weight corresponding to the “bias” unit. Each
unit emits an output according to f (net) = tanh(β ∗
net), where β is a user-specified coefficient. Simple
backpropagation was used in some of the experiments.
The weights from the hidden to the output layer were
updated using ∆wkj = ηδk yj = η(tk − zk )f 0 (netk )yj ,
where η denotes the learning rate, k indexes the output
units, tk the desired output, zk the actual output, f 0
is the derivative of f , and yj is the output of the j-th
hidden unit. The weights from the i-th input to the
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hidden layer were updated using
#
" c
X
∆wji = η
wkj δk f 0 (netj )xi .
k=1

In all experiments, each feature in the data was linearly normalized to the interval [−1, 1]. The type of
galaxy was encoded in one output value (-1 for bent
and 1 for non-bent). When backpropagation was used,
the examples were presented in random order for 20
epochs. All the results reported are averages over 10
runs of the algorithms. Comparisons were made using
standard t-tests with 95% confidence.
4.1

FITNESS CALCULATION

One of the crucial design decisions for the application
of GAs is the calculation of fitness values for each member of the population. Since we are interested in networks that predict accurately the type of galaxies not
used in training, the fitness calculation must include an
estimate of the generalization ability of the networks.
There are multiple ways to estimate generalization.
Since we do not have much training data, hold-out
methods (dividing the data into training and testing
sets and perhaps an additional validation set) are not
practical. To calculate the fitness, we used the accuracy estimate of five-fold crossvalidation trials. In
this method, the data D is divided into five nonoverlapping sets, D1 , ..., D5 . At each iteration i (from
1 to 5), the network is trained with D\Di and tested
on Di . The average of the five tests was used as the fitness. A better estimate of accuracy would be to use an
average of multiple crossvalidation experiments, but
we found the cost excessive.
To correct for the unbalanced distribution of bent and
non-bent examples in our training data, we calculate
the accuracy as the geometric mean of the accuracies
of each class of galaxy (bent and non-bent) (Kubat &
Matwin, 1997). Using the geometric mean gives equal
weight to the accuracies on both types of galaxies in
the overall performance.
4.2

TRAINING NETWORKS WITH GAs

We implemented the first of the methods described in
section 3.1: the GA was used to find the network’s
weights. The network had 20 inputs that correspond
to each of the features in the data, 25 hidden nodes,
and one output. Each weight was represented with 10
bits, and the range of possible weights was [−10, 10].
For this experiment, the GA used a population of 50
individuals, each with a length of l = 5510 bits (there
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are 551 total weights). The number of crossover points
was set at 25, and the mutation rate was 0.00018
(≈ 1/l). As in all experiments, pairwise tournament
selection without replacement was used.
The second training method described in section 3.1 is
to run BP using the weights represented by the individuals in the GA to initialize the network. We implemented this method and used the same network architecture and GA parameters as in the first experiment.
Each network was trained using 20 epochs of BP with
a learning rate η of 0.1 and β of 0.4.
The entries Weights and Weights+BP in table 1
present the average accuracy of the best networks
found in each run of the GA for these two sets of experiments. The results highlighted in bold in the table are
the best results and those not significantly worse than
the best (according to the t-test, which may detect
more differences than there actually exist). The addition of BP produces a significant improvement in the
bent-double accuracy rate, which is of primary importance to the astronomers. However, the improvement
in the overall accuracy is not significant.
4.3

FEATURE SELECTION

The next combination of GAs and NNs is to use the
GA to select the features that will be used to train the
networks, as described in section 3.2. As in the previous experiment, we set the number of hidden units
to 25, the learning rate η to 0.1 and β to 0.4. The
networks were trained with 20 epochs of BP.
Our data has 20 features, and therefore the chromosomes in the GA are 20 bits long. The GA used onepoint crossover and the same parameters as in previous
experiments. The accuracy results are labeled Feature Sel and are significantly better than the other
results in table 1.
The GAs consistently selected about half of the features, and frequently selected features that appear to
be relevant to the identification of bent-double galaxies, such as symmetry measures and angles.
4.4

DESIGNING NETWORKS WITH GAs

For our first application of GAs to network design, the
GA was used to find the number of hidden units, the
parameters for BP, and the range of initial weights as
described in section 3.3. The learning rate was encoded with four bits and the range of possible values
was [0, 1]. The coefficient β for the activation function
was also encoded with four bits and its range was [0, 1].
The upper and lower ranges for the initial weights were
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encoded with five bits each and were allowed to vary in
[−10, 0] and [0, 10], respectively. Finally, the number
of hidden units was represented with seven bits and
could take values in [0, 127].

pear to be significantly less accurate. In terms of the
accuracy on the non-bents and the overall accuracy, it
is clear that the feature selection method obtained the
best results.

After extracting the parameters from a chromosome, a
network was built and initialized according to the parameters and trained with 20 epochs of BP. There is no
explicit bias to prefer smaller networks, but there is an
implicit bias toward networks that can learn quickly,
since we are using only 20 epochs of BP. It is probable
that small networks learn faster than larger ones, and
so it is likely that the GA favors small networks.

We also performed numerous experiments with networks designed by hand. The best parameters that
we could find for 20 epochs of backpropagation were
those used in the experiments with the GAs: β = 0.1,
the learning rate was 0.4, and the number of hidden
was 25. The average of ten 10-fold crossvalidation experiments resulted in an accuracy on the non-bents of
only 16.4% (with std. error of 1.7) and on the bents
of 99.69% (0.16). The overall accuracy estimated with
the geometric mean is a disappointing 23.41% (2.02).

The GA used two-point crossover and the same parameters as in previous experiments. The accuracy results
are labeled Parameters in table 1. On average, the
best learning rate found by the GA was 0.82 (with
0.06 std. error), which is higher than the usual recommendation of 0.1–0.2 (Duda, Hart, & Stork, 2001).
Perhaps the learning rate is high because of the implicit bias for learning quickly. This bias may also
explain the average number of hidden units being relatively small at 15.6 (std. error 2.8). The average β
was 0.16 (0.01), and the range of initial weights was
[−3.51, 3.45] (both with std. errors of 0.4).
The next experiment used the GA to search for a connectivity matrix as described in section 3.3. We fixed
the number of hidden units to 25, the learning rate to
0.1 and β to 0.4. The neurons are numbered consecutively starting with the inputs and followed by the hidden units and outputs. The connectivity matrix is encoded by concatenating its rows. Since we allow direct
connections between the inputs and the outputs, the
string length is (hidden + outputs) ∗ inputs + hidden ∗
outputs = (26∗20)+(25∗1) = 545 bits. For this longer
string, we use 10 crossover points, and the same GA
parameters as before. The results corresponding to
this method are labeled Matrix in table 1.
We also implemented Kitano’s graph rewriting grammar method. We limited the number of rewriting steps
to 6, resulting in networks with at most 64 units. Since
the chromosomes encode four 2 × 2 binary matrices for
each of the 16 rules, the string length is 256 bits. The
GAs used five crossover points. The results obtained
with this method are labeled Grammar in table 1.
4.5

COMPARISON AND DISCUSSION

Table 1 summarizes the results obtained with each
method. The results show few differences among the
various methods in the accuracy rate for bent-doubles.
While the direct encoding of connections (Matrix)
has the best accuracy, four other methods do not ap-

Increasing the number of training epochs to 100 raised
the standard the geometric mean accuracy to 72.69%
(0.32). The accuracy on the non-bents also improved
to 56.7%, while the accuracy on the bents decreased
slightly to 94.38%.

5

CONCLUSIONS

This paper presented a comparison of six combinations
of GAs and NNs for the identification of bent-double
galaxies in the FIRST survey. Our experiments suggest that, for this application, some combinations of
GAs and NNs can produce accurate classifiers that are
competitive with networks designed by hand. For our
application, we found few differences among the GA
and NN combinations that we tried. The only consistently best method was to use the GA to select the features used to train the networks, which suggests that
some of the features in the training set are irrelevant
or redundant.
There are several avenues to extend this work. The
highly unbalanced training set presents some difficulties that could be avoided or ameliorated by including
more examples of the minority class. However, extending the training set is non-trivial, because the labeling
is subjective and disagreements among the experts are
common.
Other optimization techniques, evolutionary and traditional, can be used to train NNs. In this paper we
used a simple genetic algorithm with a binary encoding, but other evolutionary algorithms operate on vectors of real numbers that can be directly mapped to
the network’s weights or the BP parameters (but not
to a connectivity matrix, a grammar, or a feature selection application). There are other combinations of
GAs and NNs that we did not include in this study,
but appear promising. For instance, since evolutionary algorithms use a population of networks, a natural
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Method
Weights
Weights+BP
Feature Sel
Parameters
Matrix
Grammar
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Bent-Doubles
86.34 (2.83)
91.89 (0.67)
92.99 (0.55)
92.35 (0.89)
93.58 (0.46)
92.84 (0.69)

Non-Bent
78.01 (4.13)
75.23 (0.87)
83.65 (1.41)
69.13 (1.56)
70.77 (1.34)
73.73 (1.40)

Overall
80.98 (2.41)
81.68 (0.53)
87.51 (0.77)
78.76 (0.57)
80.22 (0.69)
81.78 (0.72)

Table 1: Mean accuracies on the bent and non-bent doubles and overall accuracy for different combinations of
GAs and NNs using the geometric mean of class-wise accuracies as fitness. The numbers in parenthesis are the
standard errors, and the results in bold are the best and those not significantly worse than the best.
extension of this work would be to use evolutionary
algorithms to create ensembles that combine several
NNs to improve the accuracy of classifications.
A disadvantage of using genetic algorithms in combination with neural networks is the long computation
time required. This can be an obstacle to applying
these techniques to larger data sets, but there are numerous alternatives to improve the performance of genetic algorithms. For instance, we could approximate
the fitness evaluation using sampling or we can exploit
the inherently parallel nature of GAs using multiple
processors.
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Abstract

1

Structural comparison of proteins is a core
problem in modern biomedical research.
Identifying structural similarities is essential
for the assessment of the relationship between
structure and function in proteins, and structural comparison techniques play a key role
in applications like rational drug design. In
this paper we consider a technique for protein
structure comparison known as the maximum
contact map overlap problem. In this problem, the similarity between two protein structures is computed by aligning the proteins to
maximize the number of shared contacts in
their corresponding contact maps.

One of the emerging approaches for solving this problem is to evaluate the alignment (or overlap) of contact
maps between proteins [6, 8, 11]. In its simplest form,
a contact map is a matrix of all pairwise distances
within a protein's components [12, 7]; these components can be atoms, residues, etc, depending on the
resolution of the model employed. The distances in
a contact map typically are computed by considering
either the distance between the C atoms in a pair
of residues, or the minimum distance between any two
atoms belonging to those residues. Thus a contact map
provides a simple representation of a protein's native
three dimensional structure.1

We present a new approach to this problem
that uses a Multimeme evolutionary algorithm. The best solution found by our algorithm provides a lower bound on the value of
the optimal structural alignment between the
proteins. We have evaluated the Multimeme
algorithm on a range of benchmark problems
and compared with previous heuristics. We
apply a linear programming method, which
provides an upper bound, to assess the accuracy of our solutions. Our experiments show
that the Multimeme evolutionary algorithm
represents a signi cant improvement on the
current state of the art in metaheuristics for
this problem.
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fnatalio.krasnogor,jhirstg@nottingham.ac.uk
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Introduction

Structural comparison of proteins is a central task in
biomedical research. Identifying structural similarities can provide signi cant insights into the relation
between structure and function in proteins. Reliable
and eÆcient structural matching plays a key role in
rational drug design and in assessing the quality of
structure prediction methods. A variety of structure
comparison methods have been developed, such as
SCOP [14], DALI [6], and LGA [17, 18]. However, no
one technique has proven robust across a wide range
of applications.

CATEGORY: Real-World Applications


y

z

J. Smith

In this paper we reconsider the use of metaheuristics for the Contact Map Overlap (Max CMO) problem [11]. For this problem, the distances in the contact map are discretized to zero or one, depending
on whether the pairwise distances between residues
are within a speci ed threshold. Although this discretization would seem to be easier than aligning matrices with real values, the problem is in fact NPcomplete [4, 5, 9]. We have previously proposed a
,

1

A protein's native state is associated with its minimal
free energy con guration. The biological function of a protein is achieved in this state.
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rigorous approach to Max CMO [11]. This approach
employs an integer programming (IP) formulation for
Max CMO, which is solved using a branch-and-cut algorithm. The branch-and-cut algorithm uses a Linear
Programming (LP) relaxation of the IP to produce the
upper bounds, and a Genetic Algorithm (GA) is used
to provide lower bounds at the branch nodes.
The aim of the present research is to investigate the use
of more sophisticated evolutionary algorithms: Multimeme memetic evolutionary algorithms [9], which integrate multiple local search strategies with a standard
evolutionary search. We employ the LP relaxation of
the Max CMO IP to provide upper bounds on the
quality of the alignment of two proteins' structures,
and thus we can empirically evaluate the quality of the
solutions that we generate. Further, we compare the
results of the Multimeme algorithm with a standard
GA as well as the LGA protein structure comparison
algorithm.

2
2.1

The Maximum Contact Map
Overlap Problem
0-1 Contact Maps

Although contact maps are generally represented as
distance matrices, one way of simplifying this representation of a protein's structure is to de ne a contact
as a pair of residues that are closer than a given threshold, . Typically,  ranges between 2 and 9 Angstroms.
This gives a 0-1 contact map, where the matrix has the
form

Si;j =



1 if residue i and j are within distance 
:
0 otherwise

The advantage of this representation is that structural
properties of proteins can be more easily visualized
and compared [16, 15]. Figure 1 is the graphic representation of the 0-1 contact map for protein 1C7W
shown in Figure 2(a).2 In this gure, the -helices are
represented by wide bands along the main diagonal,
while -sheets manifest themselves as bands parallel
or perpendicular to the diagonal.3
A 0-1 contact map can also be represented as an undirected graph. In this graph, each residue is a node and
there exists an edge between nodes i and j if these
residues are in contact (i.e. if Si;j = 1). Figure 2
2
The proteins used in this paper are taken from the
Protein Data Bank [1], and the labels we use are the labels
provided by the PDB.
3
helices and
sheets are elements of a protein's
secondary structure. See [2] for a description of protein
secondary structure.

Figure 1: A 0-1 contact map comparing protein 1C7W
with itself.
shows the native structures of two proteins, and Figure 3 shows the graphs corresponding to their contact
maps. Note the long range interactions of residues that
are far away in the sequence but close in the three dimensional structure adopted by the native state.
2.2

Problem Formulation

The alignment between two contact maps is an assignment of residues in the rst contact map to residues
on the second contact map. Residues that are thus
aligned are considered equivalent. Further, consider
a pair of contacts, one from each protein. We say
that such a pair of contacts is equivalent if the pairs
of residues that de ne the end-points of these contacts
are equivalent. In the Max CMO problem, the value of
an alignment between a pair of proteins is the number
of equivalent contacts between these proteins. This
number is called the overlap of the contact maps and
the goal is to maximize this value. The Max CMO
problem was rst discussed by Godzik et al. [3], and it
has been proven NP-complete [5, 9].
Lancia et al. [11] describe an IP approach for the MAX
CMO problem, which builds upon a polynomial reduction from Max CMO to Maximum Independent Set
(MIS). The size of the converted instances is the product of the number of contacts of the two maps (around
10000 nodes for a pair of proteins of 100 residues each).
To solve MIS instances of this size, the authors exploit
speci c characteristics of the MIS instances.
Let G1 = (E1 ; V1 ) and G2 (E2 ; V2 ) be the two graphs
that correspond to two 0-1 contact maps, where Ei are
the edges in these graphs and Vi the vertices. The IP
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(a)

(a)

(b)
Figure 3: Graphical representation of the contact maps
of proteins (a) 1C7W and (b) 1NMG.

(b)
Figure 2: Ribbon representation of structures for
proteins (a) 1C7W and (b) 1NMG. Arrow shows
strand and spiral depicts helix.
formulation proposed by Lancia et al. is:
max

X

e2E1 ;f 2E2

ye;f

subject to the constraints

xPi;u + xj;v  1
Pi<j y(i;j)(u;v)  xi;u
Pi>j yy(j;i)(u;v) xxi;v
Pu<v (i;j)(u;v) i;u
u>v y(i;j )(v;u)  xj;u
x; y 2 f0; 1g

8(i; u); (j; v) crossed
8i 2 V ; (u; v) 2 E
8i 2 V ; (u; v) 2 E
8u 2 V ; (i; j ) 2 E
8u 2 V ; (i; j ) 2 E
1

2

1

2

2

1

2

1

The binary variable xi;u for i 2 V1 and u 2 V2 has
a value of 1 if i is aligned with u and 0 otherwise.
The binary variable ye;f has a value of 1 if the edges
e; f are shared in a feasible solution and 0 otherwise.

Hence the rst equation is the statement of the goal
of maximizing the shared edges (contacts). We say
that (i; u) and (j; v ) are crossed if both of these assignments are not feasible within a single alignment;
these form crossed assignment lines in the alignment
graphs below.
Lancia et al. [11] discuss the solution of this IP with
a branch-and-cut algorithm. Note that if the last constraint in the IP is removed then this problem is an LP,
so it can be solved in polynomial time. Further, the
solution to this relaxation of the IP provides an upper
bound on the globally optimal solution of the IP. These
LP solutions are a critical element of the branch-andcut algorithm described by Lancia et al. Further, they
can be used to benchmark heuristic solvers like the EA
we describe in the next section.

3 Multimeme Algorithms
Memetic algorithms [13] are evolutionary algorithms
that include, as part of the \standard" evolutionary
cycle of crossover-mutation-selection, a local search
stage. They have been extensively used and studied
on a wide range of problems. Multimeme evolutionary
algorithms are introduced in Krasnogor et al. [10, 9].
The distinction between memetic and Multimeme al-

1030

REAL WORLD APPLICATIONS

gorithms is the use of a family of local searchers.
A memetic algorithm employs a single local search
heuristic, while a Multimeme algorithm relies on a set
of simple local searchers. Multimeme algorithms selfadaptively select which heuristic to use for di erent
instances, stages of the search or individuals in the
population.
In a Multimeme algorithm an individual is composed
of its genetic material (that represents the solution to
the problem being solved) and its memetic material
(that de nes the kind of local searcher to use). The
mechanisms of genetic exchange and variation are the
usual crossover and mutation operators but tailored
for the speci c problem one wants to solve. Memetic
transmission is done during crossover as follows. If the
two parents use the same local searcher then the o spring will inherit that local searcher. However, if the
local searchers are di erent then the o spring inherits
the one associated with the ttest parent. Otherwise
(the heuristics used by both parents are di erent but
the tnesses are the same) a random choice between
both local searchers is made.
The rational behind this criterion is to propagate local
searchers that are associated with t individuals (as it
is hoped that those individuals were improved by their
respective local searchers). Also, during mutation, the
meme of an individual can be overridden and a local
searcher assigned at random (uniformly from the set
of all available local searchers) with the probability
speci ed by the innovation rate parameter.

4

A Multimeme Algorithm for

CMO

Max

We extend here the work on the Max CMO initiated
by Lancia et.al. [11], who employed a standard GA
with specially tailored genetic operators. We brie y
describe those operators and explain how we enlarged
that set for use in our Multimeme approach.
In a GA for Max CMO a chromosome is represented
by a vector c of dimension n, for which each position
can take values in the [ 1; : : : ; m 1] domain. Here,
m is the length of the longer protein and n the length
of the shorter. A position j in c, c[j ], speci es that
the j th residue in the longer protein is aligned to the
c[j ]th residue in the shorter. A value of -1 in that position will signify that residue j is not aligned to any of
the residues in the other protein. Unfeasible con gurations are not allowed, that is, if i < j and v [i] > v [j ] or
i > j and v[i] < v[j ] ( e.g. a crossing alignment) then
the chromosome is discarded. That is, our algorithms
work only with feasible solutions. It is simple to de ne

genetic operators that preserve feasibilities based on
this representation. Two-point crossover with boundary checks was used to mate individuals and create
one o spring. Although both parents are feasible valid
alignments, the newly created o spring can result in
invalid (crossed) alignments. After constructing the
o spring, feasibility is restored by deleting any alignment that crosses other alignments. Figure 4 shows
a two point crossing over with an unfeasible intermediate o spring. At the later stage it is repaired and
completed, i.e. all unassigned vertices are randomly
assign to a vertex on the other protein if no new violations are produced (not shown in the picture).
The mutation move employed in the experiments is
called a sliding mutation. It selects a consecutive region of the chromosome vector and adds, slides right,
or subtracts, slides left, a small number. The phenotypic e ect produced is the tilting of the alignments.
In Figure 5 an example is shown. Again, alignments
that violate the feasibility of the solution are discarded. Lancia et al. [11] describes a few variations
on the sliding mutation.
P2

+2

P2

Figure 5: Sliding mutation under the vector represen-

tation for Max CMO. In this example a window size of
9 residues was chosen together with a right sliding by 2
residues.

In this paper we employ a Multimeme algorithm that,
besides using the same mutation and crossover as the
mentioned GA, has a set of 6 local search operators.
Four of the local searchers implemented are parameterized variations of the sliding operator. The direction
of movement, left or right sliding, and the tilting factor, i.e. the number added or subtracted, were chosen
at random in each local search stage. The size of the
window was taken from the set f2; 4; 8; 16g. Two new
operators were also de ned: a \wiper" move and a
\split" move. The wiper move is depicted in Figure 6.
At every iteration of the operator two alignments, represented by x and y in the lower protein of the picture,
are chosen. The feasible regions of alignment for x
and y are determined (marked with dotted line rectangles R1 and R2 in the graph). Subsequently all the
residues within those regions are tested as candidate
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P1

P2

Intermediate offspring

Final offspring

Figure 4: Two-point crossover with boundary checks for a vector representation of Max CMO.
alignments for x and y . The best alignment is chosen.
In the graph this is represented by the vertices that
are end points of the upper contact edge.
R1

P1

P1

R2

A1

x

A2
y

P1

Figure 6: Wiper move under the vector representation

Figure 7: Split operator under the vector representation

During our investigations, it became evident that some
sort of redistribution of consecutive alignments might
be bene cial. We implemented a split operator to accomplish this. The split move, depicted in Figure 7,
tries to rearrange regions of consecutive alignments. In
the example, the rst section of six consecutive alignments is broken into two regions of three alignments
each. Note that the end points of the alignments are
not changed in contrast with the sliding and wiper
moves.

The GA used a population of size 300. The mutation
rate was 0.15 per individual and crossover probability was set to 0.75. Fitness proportional selection was
used to select the mating pool. An elitist (elite set
size of 1) (300; 300) selection strategy was employed.
These parameters were selected after an initial assessment of parameter values with a few pairs of proteins.
The Multimeme algorithm used the same basic GA
setting and parameters, but also employed as memes
the four variations of the sliding move, a split move
and a wiper move as described in the previous section.
The probability of local search was set to one, i.e., local
search was applied to every individual in every generation. Each meme was iterated two times (short local
searches). The values of mutation and crossover probabilities were not optimized for the Multimeme code
but as mentioned before, taken from the GA setting.
The innovation rate for the Multimeme algorithm was
1.0 and 0.15 (see below).

for Max CMO. Two alignments of the lower protein are
selected and tested exhaustively against all the possible
feasible and compatible con gurations around them.

5

Experiments and Results

In order to evaluate our Multimeme algorithm we rst
implemented a GA, following as closely as possible the
GA described by Lancia et al. [11].4 We were able
to reproduce Lancia et al.'s results and, although we
found a small improvement of the nal-values in our
implementation, they were minor and we consider both
GA's implementations to be very similar.
4

Some extra experimental details were kindly given to
us in private communications with the authors.

for Max CMO. This operator splits regions of consecutive
alignments.

We performed two experiments on a set of 18 pairs
of protein structures from the Protein Data Bank [1].
For these 18 pairs we had the upper bound values ob-
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Instance

1a8o-1f22
1avy-1bct
1b6w-1bw5
1bct-1bw5
1bct-1f22
1bct-1ilp
1c7v-1c7w
1c9o-1kdf
1df5-1f22
1hlh-1hrf
1hlh-1nmf
1kst-2new
1nmf-2new
1nmg-1wdc
1pfn-1svf
1utr-1wdc
1vnb-1bhb
2new-3mef
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GA

25
19
23
20
20
18
62
29
21
19
22
20
23
18
16
16
17
21

Multimeme IR=1.0

23
22
23
17
18
18
62
29
22
21
22
22
23
19
16
24
21
19

LP

28
25
24
20
22
23
62
40
27
24
27
26
27
23
16
28
27
26

Instance

1a8o-1f22
1avy-1bct
1b6w-1bw5
1bct-1bw5
1bct-1f22
1bct-1ilp
1c7v-1c7w
1c9o-1kdf
1df5-1f22
1hlh-1hrf
1hlh-1nmf
1kst-2new
1nmf-2new
1nmg-1wdc
1pfn-1svf
1utr-1wdc
1vnb-1bhb
2new-3mef

GA

25
22
23
17
16
18
62
31
24
20
22
22
23
18
16
26
19
23

Multimeme IR=0.15

25
22
24
20
21
19
62
34
24
22
23
23
25
19
16
26
23
22

LP

28
25
24
20
22
23
62
40
27
24
27
26
27
23
16
28
27
26

Table 1: Maximum Contact Map Overlap values for sev-

Table 2: Maximum Contact Map Overlap values for sev-

tained by the LP formulation described earlier. It is
important to remark that, the LP gives estimations
(i.e. upper bounds) on the possible maximum objective value for a particular instance of the problem. It
does not produce (explicit) solutions to the problem
instances.

tness evaluations, 5  106 in this case. Also the innovation rate was reduced to 0:15. The alignment values
obtained are presented in Table 2.

eral protein pairs. A GA, a Multimeme algorithm with
innovation rate 1.0 are compared. The value of the LP
results are also displayed to the right.

The metric used in the experiments was the value of
best alignment obtained out of 5 runs for each pair of
proteins.
In the rst experiment we assessed the performance of
a Multimeme algorithm with an innovation rate set to
1 in a relatively fast experiment. For both the Multimeme and the GA the maximum number of function
evaluations was 3  106 . The results are presented in
Table 1.
From the table we can see that the two algorithms produce the same results in 7 cases, the GA outperforms
the Multimeme in four cases and the Multimeme outperforms the GA in 7 cases. We can thus say that
the Multimeme algorithm with innovation rate of 1.0
generates similar or better results than the GA (both
algorithms using the same number of tness evaluations) in 14 out of 18 cases.
The second experiment was meant to test the behavior
of both the GA and the Multimeme algorithms in the
same set of 18 pairs of proteins but employing more

eral protein pairs. A GA, a Multimeme algorithm with
innovation rate = 0.15 compared. The value of the LP
results are also displayed to the right.

From inspection of the table, and comparing it with
the previous one, we can see that both algorithms
pro t from longer runs. However, the di erence between the two approaches is more noticeable in this
case. Out of 18 protein pairs the GA outperformed
the Multimeme in just one case, instance 2new-3mef,
as opposed to four in Table 1. The Multimeme produced better results in 11 cases while for the remaining
pairs, 6 instances, the values obtained with both algorithms were equivalent.
The Multimeme algorithm was able to match 4 of the
optimum bounds produced by the LP. In the 4 instances where the GA and the Multimeme achieve similar results, i.e. pairs 1a8o-1f22, 1avy-1bct, 1df5-1f22
and 1utr-1wdc, the values obtained are below the LP
bounds. However, we speculate that actually those
alignments, i.e. the ones produced with the metaheuristics, are indeed optimal and that the LP program is able to obtain higher values by using fractional
solutions that cannot possibly have physical meaning.
Also, it is important to note that the gap between the
Multimeme results and the LP bounds is in all cases
smaller than 4 except in the case of the pair 1c9o-1kdf
for which the gap is 6.
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Other experiments were performed with di erent genetic operators, like DPX crossover and di erent mutation moves, but the results were not particularly better than the ones discussed here; hence they are omitted.

Comparison with LGA

In the previous section we veri ed that the Multimeme algorithm introduced in this paper produces optimal and almost optimal, i.e. with respect to the LP
bounds, results. In this section we assess whether the
alignments generated for CMO are qualitatively similar to other well known methods of structural alignment. To accomplish this aim, we will compare our
alignments with those obtained with LGA [18, 17].
The later is a state of the art, publicly available program for the comparative analysis of protein structures.
LGA can be run in two modes, protein sequence aware
mode and sequence independent mode. The former is
suitable when the two proteins to be compared have
the same number of residues and the later for the case
when the two proteins are not necessarily of the same
length. We use LGA in the sequence independent
mode as the illustrative comparison we run was made
with proteins of di erent size. The parameters used to
run the LGA program were 4 sia o1 d 6:5.
Please refer to Zemla [17] for details. The pair of proteins studied was 1c9o and 1kdf (from the Protein Data
Bank). This pair is the one that produces the biggest
gap between the solutions returned by the Multimeme
algorithm and the LP upper bound5 . Protein 1c9o is
a cold shock protein from the genome of Bacillus Caldolyticus and 1kdf is an antifreeze protein from Macrozoarses Americanus. Because the functions are similar,
it is expected that the structures of the two will have
some resemblance and that either algorithm (LGA or
the Multimeme) will be able to capture it.
Figure 8 plots the alignments obtained by our method
and the LGA program. Axis X and Y are indexed by
residues id, where X represents the residues of protein
1c9o and Y that of 1kdf. A mark, circle or square, in
coordinates (x; y ) should be interpreted as the alignment of residue number x in 1c9o with residue y in
1kdf. The closer to the diagonal the full alignment is
the more similar are the structures. As it is possible
to see from the graph there is only one mismatched
region between the two alignments, the area between
residue 14 and 20. In that window the di erence be5
It is a worst case comparison as it represents our poorest result.

LGA and Multimeme algorithm

Residue id

6

Comparison of Alignments ( 1c9o-1kdf pdb proteins)
60
58
56
54
52
50
48
46
44
42
40
38
36
34
32
30
28
26
24
22
20
18
16
14
12
10
8
6
4
2
0

LGA
Multimeme algorithm

0

2

4

6

8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60

Residue id

Figure 8: Comparison of the structural alignments ob-

tained by LGA and the Multimeme algorithm for proteins
1c9o and 1kdf

tween the two alignment is considerable. In the rest of
the protein the two algorithms produce strikingly similar alignments where some perfect matching regions
are visible. The overall shape of both alignments is
also similar. To elucidate which of the two algorithms
calculates the best alignment in the region of discrepancy (i.e better preserves secondary structure features
like beta sheets, alpha helices, etc ), we carried out a
secondary structure analysis in this region. The analysis performed allows us to conclude that both algorithms produced results of similar quality as the proteins di er substantially on their secondary structure
contents for the region studied.

7 Conclusion and Future Work
In this paper we reproduced the results of Lancia et
al. for the Max CMO problem [11]. Their results provide the rst application of a GA for this problem.
We used a Multimeme algorithm with an architecture
similar to that used in Krasnogor et al. [9, 10] to obtain results that improve over those produced by the
standard GA. No exhaustive testing of parameters for
the Multimeme algorithm was carried out, but rather
the same setting as those produced for the GA were
employed. Furthermore, our method gives results that
are compatible with those obtained with a state of the
art structure comparison algorithm [17, 18]. One immediate advantage of our method over, e.g., LGA is
that being a population based approach it can potentially return not only one \best alignment" but a variety of alternative alignments. Moreover, these set
of candidate alignments can be analyzed for biological
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relevance at a later stage by a human expert.
As an immediate follow up of this work a much larger
set of protein pairs is being analyzed and the biological signi cance of the alignments obtained with our
method will be assessed on those pairs. A MasterWorker parallel version of the LP-Multimeme integrated approach is under development. That platform
will enable one to perform genome scale structures
comparisons.
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Abstract
This
work
addresses
the
well-known
classification task of data mining. In this context,
small disjuncts are classification rules covering a
small number of examples. One approach for
coping with small disjuncts, proposed in our
previous work, consists of using a decisiontree/genetic algorithm method. The basic idea is
that examples belonging to large disjuncts are
classified by rules produced by a decision-tree
algorithm (C4.5), while examples belonging to
small disjuncts are classified by a genetic
algorithm (GA) designed for discovering smalldisjunct rules. In this paper we follow this basic
idea, but we propose a new GA which consists of
several major modifications to the original GA
used for coping with small disjuncts. The
performance of the new GA is extensively
evaluated by comparing it with two versions of
C4.5, across several data sets, and with several
different sizes of small disjuncts.

a disjunct and each rule condition represents a conjunct. A
small disjunct can be defined as a rule which covers a
small number of training examples (Holte et al., 1989).
In general rule induction algorithms have a bias that
favors the discovery of large disjuncts, rather than small
disjuncts. This preference is due to the belief that it is
better to capture generalizations rather than
specializations in the training set, since the latter are
unlikely to be valid in the test set (Danyluk & Provost,
1993).
Hence, at first glance, small disjuncts are not important,
since they tend to be error prone. However, small
disjuncts are actually quite important in data mining. The
main reason is that, even though each small disjunct
covers a small number of examples, the set of all small
disjuncts can cover a large number of examples. For
instance (Danyluk & Provost, 1993) report a real-world
application where small disjuncts cover roughly 50% of
the training examples. In such cases we need to discover
accurate small-disjunct rules in order to achieve a good
classification accuracy rate.

This paper addresses the well-known classification task of
data mining (Hand, 1997). In this task, the discovered
knowledge is often expressed as a set of rules of the form:
IF <conditions> THEN <prediction (class)>.

One approach for coping with small disjuncts, proposed
in our previou work (Carvalho & Freitas 2000a, 2000b),
consists of using a decision-tree/genetic algorithm
method. The basic idea is that examples belonging to
large disjuncts are classified by rules produced by a
decision-tree algorithm (C4.5), while examples belonging
to small disjuncts are classified by a genetic algorithm
(GA) designed for discovering small-disjunct rules.

This knowledge representation has the advantage of being
intuitively comprehensible for the user, and it is the kind
of knowledge representation used in this paper.

In this paper we follow this basic idea, but we propose a
new GA which consists of several major modifications to
the original GA proposed for coping with small disjuncts.

From a logical viewpoint, typically the discovered rules
are in disjunctive normal form, where each rule represents

The rest of this paper is organized as follows. Section 2
describes the hybrid decision tree/genetic algorithm
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method proposed in our previous work. This section
assumes that the reader is familiar with decision trees, a
well-known kind of data mining algorithm. Section 3
describes the new GA proposed in this paper for
discovering small-disjunct rules. In that section we
explain the motivation for the design of this new GA and
describe in detail the major modifications that it
introduces, by comparison with original GA used in our
hybrid method. Section 4 reports the results of extensive
experiments evaluating the performance of the proposed
method. Finally, section 5 concludes the paper.

2

THE BASIC HYBRID DECISIONTREE / GENETIC-ALGORITHM
METHOD FOR RULE DISCOVERY

We have previously proposed a hybrid method for rule
discovery that combines decision trees and genetic
algorithms (GAs) (Carvalho & Freitas, 2000a; 2000b).
The basic idea is to use a decision-tree algorithm to
classify examples belonging to large disjuncts and use a
GA to discover rules classifying examples belonging to
small disjuncts. Decision-tree algorithms have a bias
towards generality that is well suited for large disjuncts,
but not for small disjuncts. On the other hand, GAs are
robust, flexible algorithms which tend to cope well with
attribute interactions (Dhar et al, 2000), (Freitas, 2001;
2002), and can be more easily tailored for coping with
small disjuncts.
The method discovers rules in two training phases. In the
first phase it runs C4.5, a well-known decision tree
induction algorithm (Quinlan, 1993). The induced, pruned
tree is transformed into a set of rules (or disjuncts). Each
of these rules is considered either as a small disjunct or as
a “large” (non-small) disjunct, depending on whether or
not its coverage (the number of examples covered by the
rule) is smaller than or equal to a given threshold.
The second phase consists of using a GA to discover rules
covering the examples belonging to small disjuncts. In the
previous version of our method, each run of the GA
discovers rules classifying examples belonging to a
separated small disjunct. In this paper we introduce a
major modification of this phase: all small disjuncts are
grouped together into a single training set and given to the
GA, so that a single run of the GA discovers rules
classifying examples belonging to the total set of smalldisjunct examples. This new approach (as well as the
motivation for it) will be described in the next section.
Before we move to the next section, however, we review
in the following the main characteristics of our previous
GA (Carvalho & Freitas 2000a), hereafter called GASmall (standing for GA with Small training set), in order
to make this paper self-contained. Hereafter the new GA
introduced in this paper will be called GA-Large-SN
(standing for GA with Large training set and with
Sequential Niching), since it not only uses a larger
training set but also uses a sequential niching method, as
will be described later.

In GA-Small each individual represents the antecedent (IF
part) of a small-disjunct rule. The consequent (THEN
part) of the rule, which specifies the predicted class, is not
represented in the genome. Rather, it is fixed for a given
GA-Small run, so that all individuals have the same rule
consequent during all that run.
Each run of GA-Small discovers a single rule (the best
individual of the last generation) predicting a given class
for examples belonging to a given small disjunct. Since it
is necessary to discover several rules to cover examples of
several classes in several different small disjuncts, GASmall is run several times for a given dataset. More
precisely, one needs to run GA-Small d * c times, where d
is the number of small disjuncts and c is the number of
classes to be predicted. For a given small disjunct, the k-th
run of GA-Small, k = 1,...,c, discovers a rule predicting
the k-th class.
The genome of an individual consists of a conjunction of
conditions composing a given rule antecedent. Each
condition is an attribute-value pair, as shown in Figure 1.
In this figure Ai denotes the i-th attribute and Opi denotes
a logical/relational operator comparing Ai with one or
more values Vij belonging to the domain of Ai, as follows.
If attribute Ai is categorical (nominal), the operator Opi is
“in”, which will produce rule conditions such as “Ai in
{Vi1,...,Vik}”, where {Vi1,...,Vik} is a subset of the values of
the domain of Ai. By contrast, if Ai is continuous (realvalued), the operator Opi is either “≤“ or “>“, which will
produce rule conditions such as “Ai ≤ Vij”, where Vij is a
value belonging to the domain of Ai. Each condition in the
genome is associated with a flag, called the active bit Bi,
which takes on the value 1 or 0 to indicate whether or not,
respectively, the i-th condition is present in the rule
antecedent (phenotype). This allows GA-Small to use a
fixed-length genome (for the sake of simplicity) to
represent a variable-length rule antecedent (phenotype).
A1 Op1{V1j..} B1 . . . Ai Opi{Vij..} Bi

. . . An Opn{Vnj..} Bn

Figure 1: Structure of the genome of an individual.
For a given GA-Small run, the genome of an individual
consists of n genes (conditions), where n = m - k, m is the
total number of predictor attributes in the dataset and k is
the number of ancestor nodes of the decision tree leaf
node identifying the small disjunct in question. Hence, the
genome of a GA-Small individual contains only the
attributes that were not used to label any ancestor of the
leaf node defining that small disjunct.
To evaluate the quality of an individual GA-Small uses
the fitness function:
Fitness = (TP / (TP + FN)) * (TN / (FP + TN))

(1)

where TP, FN, TN and FP – standing for the number of
true positives, false negatives, true negatives and false
positives – are well-known variables often used to
evaluate the performance of classification rules – see e.g.
(Hand, 1997). In formula (1) the term (TP / (TP + FN)) is
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usually called sensitivity (Se) or true positive rate,
whereas the term (TN / (FP + TN)) is usually called
specificity (Sp) or true negative rate. These two terms are
multiplied to foster the GA to discover rules having both
high Se and high Sp.
GA-Small uses tournament selection, with tournament
size of 2 (Michalewicz, 1996). It also uses standard onepoint crossover with crossover probability of 80%, and
mutation probability of 1%. Furthermore, it uses elitism
with an elitist factor of 1 – i.e., the best individual of each
generation is passed unaltered into the next generation.
GA-Small also includes an operator especially designed
for simplifying candidate rules. The basic idea of this
rule-pruning operator is to remove several conditions
from a rule to make it shorter. This operator is applied to
every individual of the population, right after the
individual is formed.
Unlike the usually simple operators of GA, GASmall’s rule-pruning operator is an elaborate procedure
based on information theory (Cover & Thomas, 1992).
Hence, it can be regarded as a way of incorporating a
classification-related heuristic into a GA for rule
discovery. The heuristics in question is to favor the
removal of rule conditions with low information gain,
while keeping the rule conditions with high information
gain. In other words, the larger information gain of a rule
condition has the smaller probability of removing that
condition from the rule – see (Carvalho & Freitas, 2000a;
2000b) for details.
Once all the d * c runs of GA-Small are completed,
examples in the test set are classified. For each test
example, the system pushes the example down the
decision tree until it reaches a leaf node. If that node is a
large disjunct, the example is classified by the decision
tree algorithm. Otherwise the system tries to classify the
example by using one of the c rules discovered by the GA
for the corresponding small disjunct. If there is no smalldisjunct rule covering the test example it is classified by a
default rule, which predicts the majority class among the
examples belonging to the current small disjunct. If there
are two or more rules discovered by the GA covering the
test example, the conflict is solved ty using the rule with
the largest fitness (on the training set) to classify that
example.

3

THE EXTEND HYBRID DECISIONTREE / GENETIC-ALGORITHM
METHOD FOR RULE DISCOVERY

In the previous section we have reviewed GA-Small, the
GA algorithm for discovering small disjunct rules
previously proposed as part of our hybrid decisiontree/GA method. The two main limitations of that GA are:
(a) Each run of GA-Small has access to a very small
training set, consisting of just a few examples belonging
to a single leaf node of a decision tree. Intuitively, this
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makes it difficult to induce reliable classification rules in
some cases.
(b) Although each run of the GA is relatively fast (since it
uses a small training set), the hybrid method as a whole
has to run the GA many times (since the number of GASmall runs is proportional to the number of small
disjuncts and the number of classes). Hence, the hybrid
C4.5/GA-Small method turns out to be considerably
slower than the use of C4.5 alone.
These two limitations were our motivation to develop a
new GA for discovering small disjunct rules. We stress
that in this paper we propose just a new GA, without
modifying the decision-tree algorithm of the abovementioned hybrid method.
By comparison with GA-Small, the new GA proposed in
this paper – denoted GA-Large-SN, as mentioned above
– involves five major modifications. These modifications
are described in the detail in the next subsections.
3.1

INCREASING THE CARDINALITY OF THE
TRAINING SET

In our new GA-Large-SN, all the examples belonging to
all the leaf nodes considered small disjuncts are grouped
in a single training set, called the “second training set” (to
distinguish it from the original training set used by C4.5
to build the decision tree). This second training set is
provided as input data for the GA. This is the most
important characteristic of GA-Large-SN, and it is the
basis for the other characteristics discussed below.

(a) GA-Small

(b)GA-Large-SN

Figure 2: Differences in the training sets of the GAs
This characteristic of GA-Large-SN is illustrated in
Figure 2(b), where one can clearly see that all small
disjuncts are grouped into a single, relatively large
training set. This is in sharp contrast with the approach
used by GA-Small (described in section 2), illustrated in
Figure 2(a), where one can clearly see that each small
disjunct is used as a small training set.
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USING A NICHING METHOD TO FOSTER
THE DISCOVERY OF MULTIPLE RULES

As a result of the above-discussed increase in the
cardinality of the training set, one needs to discover
several rules to cover the examples of each class. (Recall
that this was not the case with the approach described in
section 2, since in that approach it was assumed that a
GA-Small run had to discover a single rule for each
class.) Therefore, in our new GA-Large-SN it is essential
to use some kind of niching method, in order to foster
population diversity and avoid its convergence to a single
rule. In this work we use a sequential niching method
(Beasley et al., 1993). We chose this kind of method for
two reasons. First, its simplicity. Second, and most
important, it does not require the specification of
additional parameters for its execution, unlike wellknown niching methods such as fitness sharing (Goldberg
& Richardson, 1987) and crowding (Mahfoud, 1995).
BEGIN
/* TrainingSet-2 contains all examples belonging to all small disjuncts */
RuleSet = ∅;
build TrainingSet-2;
WHILE cardinality(TrainingSet-2) > 5
run the GA;
add the best rule found by the GA to RuleSet;
remove from TrainingSet-2 the examples
correctly covered by that best rule;
END-WHILE
END-BEGIN

Figure 3: GA with sequential niching for discovering
small disjunct rules
The pseudo-code of our GA with sequential niching is
shown, at a high level of abstraction, in Figure 3. It starts
by initializing the set of discovered rules (denoted
RuleSet) with the empty set and building the second
training set (denoted TrainingSet-2), as explained above.
Then it iteratively performs the following loop. First, it
runs the GA, using TrainingSet-2 as the training data for
the GA. The best rule found by the GA (i.e., the best
individual of the last generation) is added to RuleSet.
Then the examples correctly covered by that rule are
removed from TrainingSet-2, so that in the next iteration
of the WHILE loop TrainingSet-2 will have a smaller
cardinality. An example is “correctly covered” by a rule if
the example’s attribute values satisfy all the conditions in
the rule antecedent and the example belongs to the same
class as predicted by the rule. This process is iteratively
performed while the number of examples in TrainingSet-2
is greater than 5. (It is assumed that when the cardinality
of TrainingSet-2 is smaller than 5 there are too few
examples to allow the discovery of a reliable
classification rule.)
It should be noted that the sequential niching method used
in this work is a variation of the one proposed by (Beasley
et al., 1993). The latter actually requires the specification
of a parameter, associated with a distance metric, for
modifying the fitness landscape according to the location
of solutions found in previous iteractions. In order to

implement this parameter, the author uses an Euclidian
distance.
By contrast, there is no need for this kind of parameter in
our version of sequential niching. In order to avoid that
the same search spaced be explored several times, the
examples that are correctly covered by the discovered
rules are removed from the training set. Hence, the nature
of the fitness landscape is automatically updated as rules
are discovered along different iterations of the sequential
niching method.
3.3

MODIFICATION OF THE METHOD USED
TO DETERMINE A RULE’S CONSEQUENT

Each run of GA-Large-SN still discovers a single rule,
and a rule’s consequent (the class predicted by the rule) is
not encoded into the genome, like in the GA-Small
described in section 2. However, unlike GA-Small, in
GA-Large-SN the consequent of each rule is not fixed
upfront for all rules (individuals) in the population.
Rather, the consequent of each rule is dynamically chosen
as a function of the rule’s antecedent. More precisely, a
rule’s consequent is chosen as the most frequent class in
the set of examples covered by that rule’s antecedent.
3.4

A NEW HEURISTICS FOR RULE PRUNING

The GA-Large-SN proposed in this paper uses a new
heuristic measure for rule pruning. This measure is based
on the idea of using the decision tree built by C4.5 to
compute a classification accuracy rate for each attribute,
according to how accurate were the classifications
performed by the decision tree paths in which that
attribute occurs. That is, the more accurate were the
classifications performed by the decision tree paths in
which a given attribute occurs, the higher the accuracy
rate associated with that attribute, and the smaller the
probability of removing that a condition with attr ibute
from a rule. The computation of an accuracy rate for each
attribute is performed by the procedure shown in Figure 4.

The computation of the accuracy rate associated with

each attribute is performed as follows. For each attribute
Ai, the algorithm checks each path of the decision tree
built by C4.5 in order to determine whether or not Ai
occurs in that path. (The term path is used here to refer to
each complete path from the root node to a leaf node of
the tree.) For each path p in which Ai occurs, the
algorithm computes two counts, namely the number of
examples classified by the rule associated with path p,
denoted #Classif(Ai,p), and the number of examples
correctly classified by the rule associated with path p,
denoted #CorrClassif(Ai,p).
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BEGIN
Count_of_Unused_Attr = 0;
FOR each attribute Ai, i=1,...,m
IF attribute Ai occurs in at least one path in the tree
THEN compute the accuracy rate of Ai, denoted Acc(Ai) (see text);
ELSE increment Count_of_Unused_Attr by 1;
END-IF
END-FOR
Min_Acc = the smallest accuracy rate among all attributes
that occur in at least one path in the tree;
FOR each of the attributes Ai, i=1,...,m, such that Ai
does not occur in any path in the tree
Acc(Ai) = Min_Acc / Count_of_Unused_Attr;
END-FOR
m

Total_Acc = Σ Acc(Ai) ;
i=1

FOR each attribute Ai, i=1,...,m
Compute the normalized accuracy rate of Ai,
denoted Norm_Acc(Ai), as:
Norm_Acc(Ai) = Acc(Ai) / Total_Acc ;
END-FOR
END-BEGIN

Figure 4: Computation of each attribute’s accuracy rate,
for rule pruning purposes
where Zi is the number of decision tree paths where
attribute Ai occurs. Note that formula (2) is used only for
attributes that occur in at least one path of the tree. All the
attributes that do not occur in any path of the tree are
assigned the same value of Acc(Ai), and this value is
determined by the formula:
Acc(Ai) = Min_Acc / Count_of_Unused_Attr ,

(3)

where Min_Acc and Count_of_Unused_Attr
determined as shown in Figure 4.

are

Finally, the value of Acc(Ai) for every attribute Ai,
i=1,...,m, is normalized by dividing its current value by
Total_Acc, which is determined as shown in Figure 3.
Once the normalized value of accuracy rate for each
attribute Ai, denoted Norm_Acc(Ai), has been computed
by the procedure of Figure 4, it is directly used as a
heuristic measure for rule pruning. The basic idea here is
the same as the basic idea of the rule pruning procedure
mentioned in section 2. In that section, where the heuristic
measure was the information gain, it was mentioned that
the larger the information gain of a rule condition, the
smaller the probability of removing that condition from
the rule. In GA-Large-SN, we replace the information
gain of a rule condition with Norm_Acc(Ai), the
normalized value of the accuracy rate of the attribute
included in the rule condition. Hence, the larger the value
of Norm_Acc(Ai), the smaller the probability of removing
the i-th condition from the rule. The remainder of the rule
pruning procedure proposed in (Carvalho & Freitas
2000a) remains essentially unaltered.
Note that the accuracy rate-based heuristic measure for
rule pruning proposed here effectively exploits
information from the decision tree built by C4.5. Hence, it

can be considered as a kind of hypothesis-driven measure,
since it is based on a hypothesis (in our case, a decision
tree) previously constructed by a data mining algorithm.
By contrast, the previously-mentioned information gainbased heuristic measure does not exploit such
information. Rather, it is a measure whose value is
computed directly from the training data, independent of
any data mining algorithm. Hence, it can be considered as
a kind of data-driven measure.
3.5

INCREASING THE GENOME LENGTH

Recall that in GA-Small (reviewed in section 2) the
genome contained only the attributes which were not used
to label any ancestor of the leaf node defining the small
disjunct being processed by the GA. That approach made
sense because GA-Small was using as the training set
only the examples belonging to a single leaf node.
Clearly, the attributes in the ancestor nodes of that leaf
node were not useful to distinguish between classes of
examples in the leaf node, since all those examples had
the same values for those attributes.
However, the situation is different in the case of the new
GA-Large-SN proposed in this paper. Now the training
set of the GA consists of all the examples belonging to all
the leaf nodes that are considered small disjuncts – i.e., all
those examples are effectively mixed into a single training
set. Hence, the above notion of “attributes in the ancestor
nodes of a single leaf node” is not meaningful any more.
Therefore, in GA-Large-SN the genome contains m
genes, where m is the number of attributes of the data
being mined. I.e., all attributes can occur in the rule
represented by an individual, so that in theory a rule can
contain at most m conditions in its antecedent. Of course,
in practice the number of conditions in a rule will be
much smaller than m, due to the use of the abovediscussed rule pruning operator.

4

COMPUTATIONAL RESULTS

We have evaluated the performance of GA-Large-SN
across eight public-domain data sets of the the wellknown data repository of the UCI (University of
California at Irvine), available at:
http://www.ics.uci.edu/~mlearn/MLRepository.html.
The examples that had some missing value were removed from
these data sets. In the Adult data set we have used the

predefined division of the data set into a training and a
test set. In the Connect data set we have randomly
partitioned the data into a training and a test set with
47290 and 20267 examples, respectively. In the other
datasets we have run a well-known 10-fold crossvalidation procedure, which essentially works as follows.
The data set is randomly partitioned into 10 mutuallyexclusive and exhaustive partitions. Then the
classification algorithm is run 10 times. In the i-th run, i =
1,...,10, the i-th partition is used as the test set, and the
remaining nine partitions are grouped and used as the

1040

training set. After the 10 runs are over, the reported
accuracy rate is the average accuracy rate over all those
10 runs.
In our experiments we have used a commonplace
definition of small disjunct, based on a fixed threshold of
the number of examples covered by the disjunct. The
definition is: “A decision-tree leaf is considered a small
disjunct if and only if the number of examples belonging
to that leaf is smaller than or equal to a fixed size S.”
In order to better evaluate the performance of GA-LargeSN, it is important to compare it against other
classification method(s). In particular, we wanted to
compare the hybrid system against another method that
induces rules or trees (which can be straightforwardly
converted to rules). In this case the kind of knowledge
representation used by the systems being compared is the
same, and the difference in the results will reflect mainly
differences in search strategies. Hence, we can compare
the evolutionary search strategy of GA-Large-SN against
the local, greedy search strategy of a rule induction or
decision tree algorithm.
Within this spirit we report the results of experiments
comparing our hybrid C4.5/GA-Large-SN system with
two other classification methods. The first is C4.5 alone,
which is used to classify all examples – i.e., both largedisjunct examples and small-disjunct examples. The
second is a “double run” of C4.5, hereafter called “double
C4.5“ for short. The later is a new way of using C4.5 to
cope with small disjuncts, as follows.
The main idea of our “double C4.5” is to build a classifier
running twice the algorithm C4.5. The first run considers
all examples in the original training set, producing a first
decision-tree. Once all the examples belonging to small
disjuncts have been identified by this decision tree, the
system groups all those examples into a single example
subset, creating the “second training set”, as described
above for GA-Large-SN (see Figure 2(b)). Then C4.5 is
run again on this second, reduced training set, producing a
second decision tree. In other words, the second run of
C4.5 uses as training set exactly the same “second
training set” used by GA-Large-SN. This makes the
comparison between GA-Large-SN and “double C4.5”
very fair.
In order to classify a new example, the rules discovered
by both runs of C4.5 are used as follows. First, the system
checks whether the new example belongs to a large
disjunct of the first decision tree. If so, the class predicted
by the corresponding leaf node is assigned to the new
example. Otherwise (i.e., the example belongs to one of
the small disjuncts of the first decision tree), the new
examples are classified by the second decision tree.
The motivation for this more elaborated use of C4.5 was
an attempt to create a simple algorithm that was more
effective in coping with small disjuncts.
Recall that the hybrid C4.5/GA-Large-SN method has an
important parameter, namely the small-disjunct size
threshold (S). In order to evaluate how robust the method

(
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is with respect to this parameter, we have done
experiments with four different values of S, namely 3, 5,
10 and 15. For each of these four S values, we have done
ten different experiments, varying the random seed used
to generate the initial population of individuals. The
results reported below, for each value of S, are an
arithmetic average of the results over these ten different
experiments. Therefore, the total number of experiments
is 40 (4 values of S * 10 different random seeds). In
addition, recall that each of these 40 experiments actually
consists of a 10-fold cross-validation run for most data
sets (with the exception of the Adult and Connect data
sets, where a single division of the data into training and
test sets was used).
Each run of GA-Large-SN is relatively fast, so that each
of these 40 experiments took a processing time on the
order of six minutes for the biggest data set, Connect, and
for the largest value of S (15), on a Pentium III with
192Mb of RAM.
We now report results comparing the classification
accuracy rate (on the test set) of the proposed hybrid
C4.5/GA-Large-SN with C4.5 alone (Quinlan, 1993) and
with the above-described “double C4.5“. We have used
C4.5’s default parameters. In each GA-Large-SN run the
population has 200 individuals, and the GA is run for 50
generations.
Table 1: Accuracy Rate (%) of C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 3
Data set

C4.5

C4.5(2)

C4.5/GA

Connect

72.60 (0.3)

78.06 (0.3) 77.86 (0.1) + -

Adult

78.62 (0.3)

81.19 (0.3) 85.45 (0.1) + +

Crx

91.79 (2.1)

92.57 (1.2) 93.69 (1.2)

Hepatitis

80.78(13.3)

78.95 (6.9) 89.25 (9.5)

House-votes

93.62 (3.2)

97.32 (2.4) 97.18 (2.5)

Segmentation 96.86 (1.1)

76.62 (2.8) 81.46 (1.1) - +

Wave

75.78 (1.9)

68.18 (3.7) 83.86 (2.0) + +

Splice

65.68 (1.3)

55.65 (6.0) 70.62 (8.6)

+

The results are shown in Tables 1, 2, 3 and 4 referring to
S values of 3, 5, 10 and 15, respectively. In these tables
the first column indicates the data sets. The second
column shows the accuracy rate on the test set achieved
by C4.5 alone, classifying both large-disjunct and smalldisjunct examples. The third column reports the accuracy
rate for C4.5(2). The fourth column reports the accuracy
rate achieved by our hybrid C4.5/GA-Large-SN system,
using C4.5 to classify large-disjunct examples and our
GA classify small-disjunct examples. The values between
brackets are standard deviations. For each data set, the
highest accuracy rate among the three classifiers is shown
in bold.
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In addition, in the fourth column we indicate, for each
data set, whether or not the accuracy rate of C4.5/GALarge-SN is significantly different from the accuracy
rates of the other two methods. More precisely, the cases
where the accuracy rate of C4.5/GA-Large-SN is
significantly better (worse) than the accuracy rate of each
of the other two methods is indicated by the “+” (“-“)
symbol. A difference between two methods is deemed
significant when the corresponding accuracy rate intervals
(taking into account the standard deviations) do not
overlap.
Let us now analyze the results of Tables 1, 2, 3 and 4
starting with Table 1 (where S = 3). In this table
C4.5/GA-Large-SN outperforms both C4.5 alone and
C4.5(2) in 5 of the 8 data sets. C4.5/GA-Large-SN is
significantly better than C4.5 alone in 3 data sets, and the
reverse is true in only 1 data set. In addition, C4.5/GALarge-SN is significantly better than C4.5(2) in 4 data
sets, and the reverse is true in only 1 data set.

In Table 3 (where S = 10) C4.5/GA-Large-SN
outperforms both C4.5 alone and C4.5(2) in 6 of the 8
data sets. C4.5/GA-Large-SN is significantly better than
C4.5 alone in 3 data sets, and the reverse is true in only 1
data set. C4.5/GA-Large-SN is significantly better than
C4.5(2) in 3 data sets, and the reverse is not true in any
data set.
In Table 4 (where S = 15) C4.5/GA-Large-SN
outperforms both C4.5 alone and C4.5(2) in 6 of the 8
data sets. C4.5/GA-Large-SN is significantly better than
C4.5 alone in 3 data sets, and the reverse is true in only 1
data set. C4.5/GA-Large-SN is significantly better than
C4.5(2) in 3 data sets and the reverse is not true in any
data set.
Table 4: Accuracy Rate (%) of C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 15
Data set

Table 2: Accuracy Rate (%) of C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 5
Data set

C4.5

C4.5(2)

C4.5/GA

Connect

72.60 (0.3)

77.09 (0.3)

77.85 (0.2) + +

Adult

78.62 (0.3)

79.27 (0.3)

85.50 (0.2) + +

Crx

91.79 (2.1)

92.03 (1.0)

93.06 (1.6)

Hepatitis

80.78(13.3)

75.67 (17.1) 89.48 (9.7)

House-votes

93.62 (3.2)

93.54 (3.9)

97.44 (2.9)

Segmentation 96.86 (1.1)

74.49 (3.4)

80.41 (1.0) - +

Wave

75.78 (1.9)

65.59 (4.4)

85.31 (2.4) + +

Splice

65.68 (1.3)

57.45 (8.7)

70.44 (7.8)

In Table 2 (where S = 5) C4.5/GA-Large-SN outperforms
both C4.5 alone and C4.5(2) in 7 of the 8 data sets.
C4.5/GA-Large-SN is significantly better than C4.5 alone
in 3 data sets, and the reverse is true in only 1 data set.
C4.5/GA-Large-SN is significantly better than C4.5(2) in
4 data sets, and the reverse is not true in any data set.
Table 3: Accuracy Rate (%) of C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 10
Data set

C4.5

C4.5(2)

C4.5/GA

Connect

72.60 (0.3)

76.19 (0.3)

76.95 (0.1) + +

Adult

78.62 (0.3)

76.06 (0.3)

80.04 (0.1) + +

Crx

91.79 (2.1)

90.78 (1.2)

91.66 (1.8)

Hepatitis

80.78(13.3)

82.36 (18.7) 95.05 (7.2)

House-votes

93.62 (3.2)

89.16 (8.0)

97.65 (2.0)

Segmentation 96.86 (1.1)

72.93 (5.5)

78.68 (1.1) -

Wave

75.78 (1.9)

64.93 (3.9)

83.95 (3.0) + +

Splice

65.68 (1.3)

61.51 (6.6)

70.70 (6.3)

C4.5

C4.5(2)

C4.5/GA

Connect

72.60 (0.3)

74.95 (0.3)

76.01 (0.3) + +

Adult

78.62 (0.3)

74.29 (0.3)

79.32 (0.2) + +

Crx

91.79 (2.1)

90.02 (0.8)

90.40 (2.4)

Hepatitis

80.78(13.3)

66.16 (19.1) 82.52 (7.0)

House-votes

93.62 (3.2)

88.53 (8.4)

95.91 (2.3)

Segmentation 96.86 (1.1)

73.82 (5.8)

77.11 (1.9) –

Wave

75.78 (1.9)

65.53 (4.0)

82.65 (3.7) + +

Splice

65.68 (1.3)

64.35 (4.7)

70.62 (5.5)

We can summarize the results of the above four tables as
follows.
•

C4.5/GA-Large-SN outperformed C4.5 alone in
87.50% of the data sets for S = 3 and S =5, and in
75% for S = 10 and S = 15.

•

C4.5/GA-Large-SN outperformed C4.5(2) in 75% of
the data sets for S = 3, and in 100% for S = 5, S = 10
and S = 15.

•

Considering the results of the three methods for every
data set and every value of S, the best accuracy rate
was obtained by C4.5/GA in 78.2% of the cases, by
C4.5 alone in 15.6% of the cases, and by C4.5(2) in
only 6,2% of the cases.

Finally, a brief comment on computational time is
appropriate here. We have mentioned, at the beginning of
section 3, that one of our motivations for designing GALarge-SN was to reduce processing time, by comparison
with GA-Small. We have done an experiment comparing
the processing time of both GA-Large-SN and GA-Small,
on the same machine, in the same data set, namely the
Connect data set – which is the largest data used in the
above-reported experiments with GA-Large-SN. We
observed that GA-Large-SN takes about only 12% of the
processing time of GA-Small in the Connect data set.
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CONCLUSIONS AND FUTURE
RESEARCH

In this paper we have described a new hybrid decisiontree/GA (C4.5/GA-Large-SN) method. The GA
component of this method, called GA-Large-SN, consists
of major modifications of the original GA (here called
GA-Small) proposed by (Carvalho & Freitas 2000a), as
discussed throughout section 3.
We have compared the new hybrid C4.5/GA-Large-SN
system with 2 algorithms based on the use of C4.5 alone,
namely: (a) the default version of C4.5; (b) a “double run
of C4.5”, which uses the same training set as GA-LargeSN. This comparison was performed across four different
values for a parameter defining the size of a small
disjunct.
Overall, the hybrid C4.5/GA-Large-SN obtained
considerably better accuracy rates than both abovementioned versions of C4.5 alone, in all the four
definitions of small-disjunct size used in this paper.
In this paper we have focused on comparing the
performance of the hybrid C4.5/GA-Large-SN with the
performance of C4.5 alone, since C4.5 is a very wellknown algorithm that is often used in comparison with
other algorithms in the literature. In future research we
also intend to compare the predictive accuracy of the rules
discovered by C4.5/GA-Large-SN with the predictive
accuracy of the rules discovered by the GA alone.
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Abstract
The paper presents the potential of genetic
programming (GP)-generated symbolic regression
for linearizing the response in statistical design of
experiments when significant Lack of Fit is detected
and no additional experimental runs are
economically or technically feasible because of
extreme experimental conditions. An application of
this approach is presented with a case study in an
industrial setting at The Dow Chemical Company.

1

INTRODUCTION

The complexity of some industrial chemical processes
requires that first-principle or mechanistic model be
considered in connection with empirical models. At the
basis of empirical models is that underlying any system
there is a fundamental relationship between the inputs and
the outputs that can be locally approximated over a
limited range of experimental conditions by a polynomial
or a linear regression model.
Suitable statistical techniques such as design of
experiments (DOE) are available to assist in this process
(Box et al, 1978). The capability of the linear model to
represent the data can be assessed through a formal Lack
of Fit (LOF) test when experimental replicates are
available (Montgomery, 1999). Significant LOF in the
model indicates a regression function that is not linear;
i.e. the polynomial initially considered is not appropriate.
A more adequate model may be found by fitting a
polynomial of higher order by augmenting the original
design with additional experimental runs. Specialized
designs such as the Central Composite Design are
available for this purpose (Box et al., 1978).
However, there are many practical cases where runs are
very expensive or technically unfeasible because of
extreme experimental conditions, thus making the fit of a
higher order polynomial impractical. This problem can
be handled if appropriate input transformations are used,
provided that the basic assumption of least-square
estimation regarding the probability distributions of errors
is not affected. These assumptions require that errors be

uncorrelated and normally distributed with mean zero and
constant variance.
Some useful transformations are discussed in Box and
Draper.(1987). Unfortunately, transformations that
linearize the response without affecting the error structure
are not always obvious and are often developed based on
experience or theoretical insight. Genetic programming
(GP)- generated symbolic regression provides a unique
opportunity to rapidly develop and test these
transformations.
Symbolic regression includes the
finding of a functional mathematical expression that fits a
given set of data (Koza, 1992).
GP-generated symbolic regression is an evolution-based
algorithm for automatically generating nonlinear inputoutput models. Several possible models of the response
as a function of the input variables are obtained by
combining basic functions, inputs, and numerical
constants. This multiplicity of solutions offers a rich set
of possible transformations of the inputs. At the same
time, the most significant challenge of GP-generated
transforms is that most models are not parsimonious and
include chunks of inactive code or terms that do not
contribute to the overall fitness (Banzhaf et al, 1998) and
that may prove inefficient in producing a linearizing
transformation. This problem can be managed to some
degree at the expense of extra-computation time by
appropriate algorithms that quickly test the ability of
transforms to linearize the response without altering error
structure.
The application of GP in DOE and the potential of
combining them offer a unique set of opportunities that is
beginning to grab the attention of researchers and
industry. Experimental design techniques have already
been used to evaluate the effects of GP parameters
(Spoonger, 2000). An excellent discussion of algorithmdriven regression based on genetic programming for
solving supersaturated designs is presented in Cela et.al
(2001).

In this paper, a novel approach of integrating GP
with DOE is presented. This approach has the
potential to improve the effectiveness of empirical
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Table 1: 24 factorial design with three center points

model building by saving time and resources in situations
where experimental runs are quite expensive or
technically unfeasible because of extreme experimental
conditions. GP is applied to the development of variable
transforms that linearize the response in statistically
designed experiments for a chemical process in The Dow
Chemical Company.

2

METHODOLOGY

A series of experimental runs were performed in a lab
scale reactor in four variables. The response variable was
the selectivity of one of the products. These experiments
were statistically analyzed and the effect of the variables
as well as a prediction of the response within the area of
experimentation was well understood. LOF was induced
by removing one experimental run to simulate a common
situation in which LOF is significant and additional
experimental runs are impractical due to the extreme cost
of experimentation or because it is technically unfeasible
due to extreme experimental conditions. In this system
the potential of GP-generated transforms was studied
allowing the comparison of results with a well-known
system.
The appropriateness of GP-generated transforms to
linearize the response without affecting error structure
was assessed by performing the transformations presented
in the functional form of the GP model. Then a linear
regression model was fit in the transformed inputs. This
model, referred to as the transformed linear model, was
examined for Lack of Fit and appropriate error structure.
Both models, the transformed linear model and the GP
model, were tested considering 9 additional experiments
in the region of the design. The validity of the results was
determined by comparing model predictions with the
previously analyzed experiments and with a fundamental
kinetic model (FKM) that was earlier developed. The
results indicate that GP-generated transformations have
the potential of linearizing the response in those cases
where additional experimental runs are not possible.

3

RUNS
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
15
17
18
19

THE EXPERIMENTAL DESIGN

x1
1
0
0
-1
-1
1
-1
1
-1
-1
-1
1
1
-1
-1
1
1
1
0

x2
-1
0
0
1
1
1
1
1
-1
1
-1
-1
1
-1
-1
1
-1
-1
0

x3
1
0
0
1
-1
-1
1
1
-1
-1
-1
-1
-1
1
1
1
-1
1
0

x4
1
0
0
1
1
1
-1
-1
1
-1
-1
1
-1
-1
1
1
-1
-1
0

Sk
1.598
1.419
1.433
1.281
1.147
1.607
1.195
2.027
1.111
1.159
1.186
1.453
1.772
1.047
1.175
1.923
1.595
1.811
1.412

considering only terms that are significant at the 95%
confidence level.

S k = βo +

k

∑ β x + ∑∑ β
i i

i =1

i< j

i j xi x j

(1)

Table 2 shows the corresponding Analysis of Variance
showing evidence of Lack of Fit (p = 0.0476). Therefore,
the hypothesis that a first-order model can adequately
describe this system is rejected.
Table 2 - Analysis of variance for the linear model
Source

DF

Model

8

1.5091186

0.188640

107.6350

Error

9

0.0157733

0.001753

Prob > F

17

1.5248919

C. Total

Sum of Squares

Mean Square

F Ratio

<.0001

Lack Of Fit
Source

DF

Sum of Squares

Mean Square

F Ratio

Lack Of Fit

7

0.01555519

0.002222

20.3775

Pure Error

2

0.00021810

0.000109

Prob > F

0.01577329
0.0476
The experiments conducted in lab-scale thermal Total Error 9
chlorination reactor system consisted of a complete 24
Max RSq
factorial design in the factors x1, x2, x3, x4, with three
0.99
center points. A total of 19 experiments were performed.
The response variable, Sk, was the yield or selectivity of
one of the products. The factors were coded to a value of
–1 at the low level, +1 at the high level, and 0 at the
The corresponding residual plot, presented in Figure 1,
center point. The complete design in the coded variables
suggested non-constant variance, which is one of the
is shown in Table 1
necessary conditions of the error structure for least-square
To develop a base case and test for variable
estimation.
transformations, LOF was induced by removing run
number 1 of the experimental design. The response Sk,
was fit to the following first-order linear regression
equation
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and power. Function generation takes 20 runs with 500
population size, 100 number of generations, 4
reproductions per generation, 0.6 probability for function
as next node, 0.01 parsimony pressure, and correlation
coefficient as optimization criteria. A snapshot of the
input/output sensitivity is shown in Figure 2, which shows
x1 as the most important input.

0.075

Residual

0.050
0.025
0.000
-0.025
-0.050
1.0

1.2

1.4

1.6

1.8

2.0

2.2

Predicted Response

Figure 1 - Residual plot for first-order linear model
suggesting non-constant variance
Under these circumstances, a variance-stabilizing power
transformation of the response (y) was performed (Box
and Cox, 1964). The response was transformed to yλ
where the parameter λ varies from –2 to 2 and the choice
of λ that results in the minimum residual sum of squares
of the transformed model is the maximum likelihood
estimation of λ and the best transformation of the
response. In the present case, however, the power
transformation resulted in a λ value of 1 indicating that no
transformation of the response was helpful. Cases like
this are quite common in industrial processes. The next
alternative to be investigated is the transformation of the
input variables by means of GP-generated symbolic
regression.
3.1

Figure 2 GP-based Input/output sensitivity of the four
input variables
The selection of the best candidates is based on a trade-off
between the fitness of the function and the ability to
linearize the response while producing an acceptable error
distribution.
From the set of potential non-linear
equations the best fit between model prediction and
empirical response was found for the following analytical
function:

THE GP-GENERATED
TRANSFORMATIONS

The GP approach will be used to search for potential
transforms of the input variables. The GP algorithm was
applied to the original data set, considering the response
variable as the output and the four variables, x1, x2, x3, x4,
in uncoded form as inputs. This resulted in a series of
non-linear equations that satisfied the data.
The
functional form of these equations produced a rich set of
possible transforms that were tested for the ability to
linearize the response without altering error structure. An
advantage of this approach is that experience or physical
interpretation may be used to identify promising
transforms, which were previously unavailable to the
experimenter. An additional advantage is that GP
generates a sensitivity analysis ranking all the input
variables in order of importance to the fitness of the
equations ( Kordon and Smits, 2001) allowing to verify
significant factors in the linearized models.
The GP algorithm is implemented as a toolbox in
MATLAB. The initial functions for GP included:
addition, subtraction, multiplication, division, square,
change sign, square root, natural logarithm, exponential,

Where x1, x2, x3, x4 are the input variables and Sk is the
output.
The correlation coefficient between the analytical
function and the empirical data was 0.95. This nonlinear
equation indicates an exponential relationship with x1, a
logarithmic relationship with x3, a linear relationship with
x2, and an inverse relationship with x4, as shown in Table
3. To test the capability of these transforms to linearize
the response, the following transformations were applied
to the input variables as supplied by the GP function (2).
Table 3 - Variable transformations suggested by GP
model
Original Variable

Transformed Variable

x1

Z1 = exp 2 x1

x2

Z2 = x2

x3

Z3 = ln[(x3)2]

x4

Z4 = x4-1

(

)
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Then a first-order linear regression model (i.e., the
transformed linear model) was fit to the transformed
variables. Table 4 shows the corresponding parameter
estimates. The analysis of variance, presented in Table
5,shows no evidence of LOF indicating that the GPgenerated transformations were succesful in linearizing
the response.
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The transformed linear model and the nonlinear GP model
were used to predict the selectivity to the output at the
conditions of experiment 1 (the experiment removed from
the original data set in order to induce Lack of Fit).

0.025

Table 4 - Parameter estimates for transformed linear
model

0.020
Residual

0.015
0.010
0.005
0.000
-0.005
-0.010
1.0

1.2

1.4

1.6

1.8

2.0

2.2

Predicted Response

Figure 3 - Residual plot for the transformed linear model
Figure 4 shows the plot of predicted versus actual values
for the two models.
Table 5 - Analysis of variance for transformed linear
model

The transformed linear model itself is less parsimonious
than the nonlinear GP model including even third order
iterations. However, the model is very significant.
The corresponding residual plot for the transformed linear
model is presented in Figure 3. This plot indicates no
violation regarding basic assumptions for the probability
distribution of errors required by least squares, indicating
that the GP-generated transformations linearized the
response without altering the error structure of the model
produced. One observation is that the residual of one
center point is larger than the residuals of the other two
center points. However, in the original analysis, this data
point had also been excluded due to problems with
experimental conditions during the run.

Figure 4 - Predicted versus actual values for the
transformed linear and the nonlinear GP model

REAL WORLD APPLICATIONS

The point corresponding to experiment 1 is indicated in
the figure by an asterisk. The performance of both
models was very good. The correlation coefficient was
0.99 for the transformed linear model, and 0.978 for the
GP model.
The nonlinear GP model gives a more accurate prediction
for the value of the removed point. But both models
predict an increase response by operating at conditions of
high x1, x2, x3, and low x4. These results were consistent
with the results obtained previously by analyzing the full
design and by a fundamental kinetic model.
3.2

1047

Genetic programming was used to generate a nonlinear
model for the output as a function of four experimental
variables. The form of the nonlinear model was used to
suggest input variable transformations for a linear model.
The resulting transformed linear model showed no
evidence of Lack of Fit. No additional experimental data
had to be used in the analysis to achieve this result. The
success of this industrial application illustrates the great
potential of using GP to address Lack of Fit in linear
regression problems. This approach can improve the
effectiveness of empirical model building by saving time

THE TESTING DATA SET

The prediction capabilities of the transformed linear
model and the GP model were tested with nine additional
experimental points within the range of experimentation.
This is a relative small data set because of the cost and
difficulty of experimentation. Plots of the predicted
response for the transformed linear and the GP model
versus the actual values, presented in Figure 5, indicate
good performance of both models indicating that the
models are comparable in terms of prediction with
additional data inside the region of the design. The
correlation coefficient was 0.99 for the transformed linear
model, and 0.98 for the GP model. The selection of one
of these models over the other would be driven by the
requirements of a particular application. For example, in
the case of process control, the more parsimonious model
would generally be preferred.

4

CONCLUSIONS

In the course of conducting designed experiments, Lack
of Fit is often encountered, indicating that the proposed
linear regression model fails to adequately describe the
data. One traditional approach to address this problem is
to introduce higher order terms to the linear model. This
is accomplished by adding experiments to the original
design, which can be time-consuming, costly, or may be
technically unfeasible because of extreme experimental
conditions.
A second approach is to use transformations to avoid
additional experimentation.
One technique is
transformation of the responses, but this is not always
effective. In those cases, transformation of the input
variables may be the only alternative to remove Lack of
Fit and provide an appropriate model. Unfortunately
these transformations are not always obvious and are
often developed based on experience or theoretical
insight. GP provides a way to rapidly develop and test
these transformations so that those appropriate linear
models are developed.
The genetic programming (GP) algorithm was
successfully applied to the results of DOE in a chemical
process in Dow Chemical Company. Experimentation in
this system is difficult and time-consuming due to the
severe conditions of the experiments. Data for the
interested output were manipulated to induce Lack of Fit.

Figure 5 - Predicted versus actual values for additional
data
and resources when experiments are expensive or
difficult. However, more systematic research in the area
of defining a methodology for robust nonlinear response
surface generated by GP is recommended..
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The Yard Allocation Problem (YAP) is a real-life
resource allocation problem faced by the Port of
Singapore Authority (PSA). We first show that
YAP is NP-Hard. As the problem is NP-Hard,
we propose a Genetic Algorithm approach. For
benchmarking purposes, Tabu Search and Simulated Annealing are applied to this problem as
well. Extensive experiments show very favorable
results for the Genetic Algorithm approach.

...

Time T

1

INTRODUCTION

Singapore has one of the world’s busiest ports in terms of
shipping tonnage with more than one hundred thousand
ship arrivals every year. One of the major logistical problems encountered is to use the minimum container yard
necessary to accommodate all different requests. Each request consists of a single time interval and a series of yard
space requirements during the interval. An interesting constraint applying to every request is that the length of the
required space can either increase or remain unchanged as
time progresses, and once yard space is allocated to a certain request, that portion of the yard space cannot be freed
until the completion of the request. The current allocation
is made manually, hence it requires a considerable amount
of manpower.
This paper is organized in the following way. Section 2
gives a formal problem definition. This geometrical problem is then transformed into a graph problem in Section 3.
For benchmarking purpose, we briefly discuss two heuristics, namely Tabu Search and Simulated Annealing, applied
on YAP in Section 4 and 5 respectively. Section 6 illustrates
our application of Genetic Algorithms on YAP in details,
and various genetic operators are presented in this section.
Section 7 compares the different experimental results obtained by those three heuristics. In Section 8, we present

Figure 1: A valid request R3 .
our conclusion.

2

PROBLEM DEFINITION

The main objective of the Yard Allocation Problem (YAP)
is to minimize the container yard used while satisfying
all the space requirements. The formal definition of the
problem can be described as follows:
Instance: A set R of n yard space requests and an
infinite container yard E . 8Ri 2 R; Ri has series
of (continuous) space requirements Yij with length
Lij ; j 2 [Tistart ; Tiend ].
Output: A mapping function F , such that F (Yij ) = ek ,
where ek 2 E is some position on E .
Constraint: 8p; q 2 [Tistart ; Tiend ] such that p = q 1,
F (Yip )  F (Yiq ) and F (Yip ) + Lip  F (Yiq ) + Liq .
Objective: To minimize:
max
(
ij 2Ri

8R 2R;8Y

i

F (Yij ) + Lij )

In other words, the objective is to accommodate all requests
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Figure 4: Graph Transformation of Figure 2
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Figure 2: Five valid requests on yard
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The Ship Berthing Problem (SBP) was first introduced in
[Lim98]. The SBP has a similar configuration except all the
requests are of rectangular shape instead of SLS. [Lim99]
has provided an NP-Hard proof for SBP by reducing the
Set Partitioning Problem to SBP. As SBP is special case of
YAP and YAP is in the class NP, YAP is NP-Hard.

3
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...

Time
Figure 3: Five invalid requests on yard

with the minimum amount of yard space used.
We use an example to illustrate the definition. Figure 1
shows a layout with only one valid requests R3 . The yard
E is treated as an infinite straight line. Time T becomes
a discrete variable with a minimum unit of 1. R3 has
six space requirements within interval [6; 11] (T3start =
6; T3end = 11). The final position for Y38 and Y39 are
F (Y38 ) = 4 and F (Y39 ) = 3 respectively. The corresponding output for R3 will then be (5; 5; 4; 3; 3; 3). Note
all our pre-defined constraints hold as F (Y38 )  F (Y39 )
and F (Y38 ) + L38  F (Y39 ) + L39 . The max comes from
Y311 with the value of F (Y311 ) + L311 = 12.
We simply call each request a Stair Like Shapes (SLS)
throughout this paper. Figure 2 shows five valid requests
with the minimum yard required of 13. Though the packing in Figure 3 looks more compact, in fact, all allocations
are invalid as the containment constraint is violated.
Theorem 1 The Yard Allocation Problem (YAP) is NP-

GRAPH TRANSFORMATION

Figure 2 illustrates the problem geometrically. However,
the direct model may not be efficiently manipulated. We
first transform the geometrical layout into a graph. Figure 4
is the corresponding graph transformation of the configuration in Figure 2. Each request Ri is represented by a vertex
and there exists an edge Eij connecting Ri and Rj iff Ri
and Rj have an overlap at some time. The direction of the
edge determines the relative position of the two requests in
the physical yard. Take Figure 2 again as an example, both
R1 and R2 require some space at time 3,4,5 and 6, therefore in Figure 4 there is an edge between R1 and R2 . Since
R1 is located above R2 , the direction of edge is from R1
to R2 . We name this edge E12 . Clearly, the transformed
graph is a Direct Acyclic Graph (DAG). In a DAG, each
vertex Ri can be assigned an Acyclic Label (AL) Li and
the edge Eij implies AL(Ri ) < AL(Rj ). Note that each
AL(Ri )(1  i  n) is unique.
Lemma 1 For each feasible layout of the yard, there exists
at least one corresponding AL assignment of the vertices in
the graph representation.
A simple constructive proof can be obtained by the wellknown Topological Sort algorithm. An AL assignment can
also be interpreted as a permutation of 1; 2; : : : ; n.
A “free” SLS is the one with no other SLS above it, i.e.
there is no obstacle blocking it from being popped out from
the top of the layout. Again, use Figure 2 as example. At
the first iteration of the loop, R3 and R4 are the only two
“free” SLSs. If we assign AL(R3 ) = 0, in the second
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We can avoid such confusion by normalizing the AL assignment. When there are more than one SLSs to be
popped out, we break the tie by selecting the SLS with
the smallest label. Each un-normalized AL assignment is
used to construct the corresponding DAG. Then a Topological Sort with above-mentioned tie-breaker will give the
unique AL assignment. From this point onwards, all our
solutions are represented by their normalized unique AL
assignments.
Each physical layout now has a unique AL assignment.
Naturally, the optimal layout has an optimal AL assignment. Our goal is to find out such an optimal AL assignment. One of the major operations, the evaluation of a
given AL assignment, turns out to be non-trivial. In SBP
[Lim98] [FL00], a longest path algorithm on a DAG was
used to find the minimum berth length needed. However,
YAP deals with SLS, whose relative position and distance
cannot be calculated in a straight-forward way, unlike rectangles. We have to use a recursive procedure to find the
minimum yard needed for a given AL assignment A.
Evaluate-Solution (A)
1 while exists unallocated SLS
2 pick SLS S with largest AL
3 Drop(S; Send ; 0)
4 foreach time Ti
5 if Ti > L
6 L := Ti
7 return L
Drop (S; t; l)
1 L :=lowest position to drop all stairs (time t0 )
2 if L < l
3 L=l
4 forall stair s after t0 1
5 drop s to position L
6 Drop(S; t0 1; L)

Ri
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2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

...

Time
Figure 5: Before dropping:
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Ri is ceiling aligned
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15
16

This one-to-many relationship between physical layout and
AL assignments in the graph representation will incur a
huge amount of confusion in heuristic searches, including
Genetic Algorithms, etc. Heuristic methods tend to identify certain good patterns which may potentially lead to a
better solution while exploring the search space. Two very
different looking solutions, which may actually correspond
to the same physical layout, will make it very difficult for
the heuristic to indentify the correct patterns.

12
11
10
9
8
7
6
5
4
3
2
1
0

Yard

The AL assignment only has the partial order property.
Each physical layout may correspond to more than one
AL assignments due to the lack of total order property.
[R1 : 2; R2 : 3; R3 : 0; R4 : 1; R5 : 4] and [R1 : 2; R2 :
4; R3 : 1; R4 : 0; R5 : 3] are two possible AL assignments.

Yard

iteration, R1 will become a new “free” SLS. The process
continues until no more SLS is left in L.
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...

Time
Figure 6: Each stair of Ri drop by 1. Stairs at time 10 and
11 are in their final positions. Those stairs which can drop
further are in dark color surrounded by a rectangle

The recursive function Drop uses a greedy approach to
drop a given SLS to a position as low as possible. We illustrate the details through Figures 5, 6 and 7: Ri has seven
space requirements starting from time 5 till 11. Ri is first
aligned to the ceiling before the process starts (Figure 5).
Then from time 5 to 11, we find the maximum distance that
each “stair” can drop, without exceeding a lower bound of
0. The minimum amongst all the maximum possible drop
is used. In this case, the minimum distance of 1 is given
at time 10 and hence every stair is shifted down by 1 (Figure 6). Because of the initial ceiling alignment, no further
shifting down is needed for all stairs at time 10 (inclusive)
onwards. Note that the surface was touched at time 10.
Stairs from time 5 to 9, which are surrounded by a rectangle in Figure 6, can still be dropped further but this time
with a lower bound of 3, which is the height of the pre-
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Up to now, we have built a one-to-one relationship between
physical layout and the AL assignment (0; 1; : : : ; n 1).
The problem is to find the optimal AL assignment.
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Time

TABU SEARCH

Tabu Search [GL97] [Ham93] is a local search metaheuristic. According to the different usage of memory, conventionally, Tabu Search has been classified into two categories: Tabu Search with Short Term Memory (TSSTM)
and Tabu Search with Long Term Memory (TSLTM)
[GL97] [SY99]. Tabu Search can also be hybridized
with other heuristics, like Squeaky Wheel Optimization
[CFL02].

Figure 7: Final layout
vious touching surface at time 10. The dropping process
completes after a few more recursions at time 8,7,6 and 5.
The final layout is shown by Figure 7. Note the worst case
time complexity for Drop is n  T , where n is the number
of requests and T is the average time span for all requests.
Lemma 2 For a given AL assignment, the greedy dropping
approach always returns the layout with minimum yard
used.
Proof. The proof of the correctness of a greedy algorithm
consists of two parts: First, the greedy choice always leads
to an optimal solution, or any optimal solution can be transformed into a solution obtained by the greedy choice. Second, the problem has an optimal sub-structure, i.e. the
global optimal implies local optimal. The optimal substructure property is obvious for YAP. To show the greedy
choice property, we compare the solution G obtained by
greedy dropping approach with any arbitrary optimal solution O . Consider the following algorithm:
Compact (A; G; O )
1 let L := set of SLSs;
2 while L is not empty
3 pick SLS S with largest AL
4 for (i = Sbegin ; i  Send ; i + +)
5 let Gsi := position of Si in G
6 let Osi := position of Si in O
7 if Osi > Gsi
8
Osi := Gsi
The algorithm Compact will transform any optimal solution into a corresponding solution that can be obtained by
the greedy approach without increase the amount of the
yard used. Note line 7 is based on the fact that no optimal solution can allocate Si in a lower position than greedy
approach.

4.1 TABU SEARCH WITH SHORT TERM
MEMORY
Our TSSTM implementation consists of two major components: neighborhood search and the tabu list. The neighborhood solution can be obtained by swapping any two ALs in
the AL assignment. For example:
(2 3 0 1 4)

! (1 3 0 2 4)

by interchanging the positions of 1 and 2. However, certain
swaps, after normalization, may be identical to the original AL assignment. Such solutions are excluded from the
neighborhood for efficiency.
Our solution is represented in an AL assignment, which is
just a series of numbers. Due to this simplicity, our Tabu
List is implemented to record the whole AL assignment for
a certain number of solutions recently visited. To be more
efficient, string matching algorithms are used to identify
the tabu active solutions.
4.2 TABU SEARCH WITH LONG TERM
MEMORY
We implemented TSLTM in two phases: Diversification
and Intensification. We used two kinds of diversification
techniques, one is a random re-start and the other is to randomly pick a sub-sequence and insert it into a random position. For example:

j

j

(0 1 2 3 4)

! (0 3 4 j 2 1 j)

if (j 1 2 j) is chosen as the sub-sequence and its inverse (or
original, if random) is inserted at the back. Intensification
is similar to TSSTM. TSLTM uses a frequency based memory by recording both residence frequency and transition
frequency of the visited solutions. In our implementation,
residence frequency is taken as the number of times that the
AL(Ri ) < AL(Rj ); 1  i; j  n in the selected solution
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in each iteration. The transition frequency is taken as the
summation of the improvements when AL(Ri ) is swapped
with AL(Rj ). The sum can be either positive or negative.
Diversification and Intensification are interleaved and during either phase, the residence frequency and transition frequency are updated according to the current selected solution. The objective function has three contributors. Besides the length of the yard space required, both residence
frequency and transition frequency are used to evaluate the
solution.

5

SIMULATED ANNEALING

6.1 CROSSOVER OPERATOR

Simulated annealing [Haj88], [KGV83], [OG89] is a very
general optimization method which stochastically simulates the slow cooling of a physical system.
We used the following Simulated Annealing algorithm on
our problem:
Step 1. Choose some initial temperature T0 and a random initial starting configuration 0 . Set T = T0 . Define the
Objective function (Energy function) to be En() and
the cooling schedule  .
Step 2. Propose a new configuration, 0 of the parameter
space, within a neighborhood of the current state  ,
by setting  0 =  +  for some random vector .
Step 3. Let Æ = En( 0 )
probability

;  ) =

(

0

En(). Accept the move to 



1

exp(

Æ
T)

0

with

if Æ < 0
otherwise

Step 4. Repeat Step 2 and 3 for K of iterations, until it is
deemed to have reached the equilibrium.
Step 5. Lower the temperature by T = T   and repeat Steps
2-4 until certain stopping criterion, for our case T < ,
is met.
Due to the logarithmic decrement of T , we set T0 = 1000.
The Energy function is simply defined as the length of the
yard required. The probability exp( TÆ ) is known as the
Boltzmann factor. The number of iterations K is proportional to the input size n. The neighborhood is defined similarly as the one in Tabu Search, which are swapping of any
two AL and re-positioning of a random AL subsequence.

6

It is clear that the classical binary representation is not
a suitable in YAP, in which a list of Acyclic Labels
(0; 1; : : : ; n 1) is used as the solution representation. The
solution space is a permutation of (0; 1; : : : ; n 1). The
binary codes of these AL do not provide any advantage.
Sometimes the situation is even worse: the change of a
single bit may not result in a valid solution. We adopt a
vector representation, i.e. use the AL assignment directly
as the chromosome in the genetic process. We will illustrate the two major genetic operators used in our approach,
crossover and mutation.

GENETIC ALGORITHM

Genetic Algorithms [Hol75] are search procedures that use
the mechanics of natural selection and natural genetics.

Using AL assignment as chromosome, we have implemented three crossover operators:





Classical crossover with repair.
Partially-mapped crossover.
Cycle crossover.

All these operators are be tailored to suit our problem domain. A tiny change in the crossover operator may act in
totally different manners.
6.1.1 Classical Crossover with Repair
The Classical Crossover operator is the simplest among the
three methods mentioned above. It builds the offspring by
appending the head from one parent with the tail from the
other parent, where the head and tail come from random
cut of the parents’ chromosomes. A repair procedure may
be necessary after the crossover [Mic96]. For example, the
two parents (with random cut point marked by ‘j’):

p1
p2

=
=

j
and
(3 1 2 5 7 4 j 0 9 6 8):
(0 1 2 3 4 5 6 7 8 9)

will produce the following two offsprings:

o1
o2

=
=

j 0 9 6 8) and
(3 1 2 5 7 4 j 6 7 8 9):
(0 1 2 3 4 5

However, the two offsprings are not valid AL assignments
after the crossover. A repair routine replaces the repeated
ALs with the missing ones randomly. The repaired offsprings will be:

o1
o2

=

(7 1 2 3 4 5

=

(3 1 2 5 7 4

j 0 9 6 8) and
j 6 0 8 9):

The classical crossover operator tries to maintain the absolute AL positions in the parents.
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6.1.2 Partially Mapped Crossover
Partially Mapped Crossover (PMX) was first used in
[GL85] to solve the Traveling Salesman Problem (TSP).
We have made several adjustments to accommodate our
chromosome (AL assignment) representation. The modified PMX builds an offspring by choosing a subsequence
of an AL assignment from one parent and preserving the
order and position of as many ALs as possible from the
other parent. The subsequence is determined by choosing
two random cut points. For example, the two parents:

p1
p2

=
=

j
j
and
(3 1 2 j 5 7 4 0 j 9 6 8):
(0 1 2 3 4 5 6 7 8 9)

would produce offspring as follows. First, two segments
between cutting points are swapped (symbol ‘u’ represents
‘unknown’ for this moment):

o1
o2

=
=

u u u j 5 7 4 0 j u u u) and
(u u u j 3 4 5 6 j u u u):
(

The swap defines a series of mappings implicitly at the
same time:
3

will produce the first offspring by taking the first AL from
the first parent:

o1

o1
o2

=
=

u 1 2 j 5 7 4 0 j u 8 9) and
(u 1 2 j 3 4 5 6 j 9 u 8):

=
=

o1

=

(0

u u 3 u u u u u u):

which, in turn, implies AL 5, as the AL from
the selected 3:

o1

=

(0

p2 “below”

u u 3 u 5 u u u u):

Following the rule, the next AL to be inserted is 4. However, selection of 4 requires the selection of 0, which is
already in the list. Hence the cycle is formed as expected.

o1

=

(0

u u 3 4 5 u u u u):

The remaining ‘u’s are filled from p2 :

o1

=

(0 1 2 3 4 5 7 9 6 8)

:

o2

=

(3 1 2 5 0 4 6 7 8 9)

:

Similarly,

j
j
and
(7 1 2 j 3 4 5 6 j 9 0 8):

The CX preserves the absolute position of the elements in
the parent sequence [Mic96].
Our experiments shows Classical crossover and CX have a
stable but slow improvement rate according to time while
PMX demonstrates an oscillating but fast convergence
trend. In our later experiments, majority of the crossover
is done by PMX. Classical crossover and CX are applied at
a much lower probabilities.

(6 1 2 5 7 4 0 3 8 9)

The PMX crossover exploits important similarities in the
value and ordering simultaneously when used with an appropriate reproductive plan [GL85].
6.1.3 Cycle Crossover
Original Cycle Crossover (CX) was proposed in [OSH87],
again for the TSP problem. Our CX builds offspring in
such a way that each AL (and its position) comes from one
of the parents. We explain the mechanism of the CX with
following example. Two parents:

p1
p2

u u u u u u u u u):

(

Finally, the first u in o1 (which should be 0, who will cause
a conflict) is replaced by 6 because of the mapping 0 $
6. Note such replacement is transitive, for example, the
second u in o1 should follow the mapping 7 $ 4; 4 $
5; 5 $ 3 and is hence replaced by 3. The final offspring
are:

o1
o2

(0

Since every AL in the offspring should come from one of
its parents (for the same position), the only choice we have
at this moment is to pick AL 3, as the AL from parent p2
just “below” the selected 0. In p1 , it is in position 3, hence:

$ 5; 4 $ 7; 5 $ 4 and 6 $ 0:

The ‘unknown’s are then filled in with AL from original
parents, for which there is no conflict:

=

=

(0 1 2 3 4 5 6 7 8 9)

=

(3 1 2 5 0 4 7 9 6 8)

and

:

6.2 MUTATION OPERATOR
Mutation is another classical genetic operator, which alters one or more genes (portion of the chromosome) with
a probability equal to the mutation rate. There are several
known mutation algorithms which work well on different
problems:






Inversion: invert a subsequence.
Insertion: select an AL and insert it back in a random
position.
Displacement: select a subsequence and insert it back
in a random position.
Reciprocal Exchange: swap two ALs.
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In fact the Inversion, Displacement and Reciprocal Exchange are quite similar to our neighborhood solution and
diversification techniques used in Tabu Search and Simulated Annealing in previous sessions. We adopt a relatively
low mutation rate at 1%.
The population size P = 1000 is set for most cases. The
evolution process starts with a random population. The
population is sorted according to the objective function, the
best the quality, the higher the probability it will be selected
for reproduction. At each iteration, a new generation with
population size 2P is produced and the better half, which
is of size P , survive for the next iteration. The evolution
process continues until certain stop criterion are met.

7

Table 2: Experiment running time (seconds) for Table 1.
Data Set
R126
R117
R145
R178
R188
R173
R250
R236
R213

TSSTM
594
753
1215
2568
2523
3432
4578
5027
4891

TSLTM
3423
2521
3693
5362
7822
6743
10239
11053
10476

SA
2023
1873
2233
2576
3529
3431
5031
5892
6342

GA
302
442
784
1023
1321
1675
3632
2453
4322

EXPERIMENTAL RESULTS

Table 1: Experimental results (Entries in the table shows
the minimum length of the yard required. Name of Data Set
shows the number of SLSs in the file; LB:Lower Bound)
Data Set
R126
R117
R145
R178
R188
R173
R250
R236
R213

LB
21
34
39
50
74
77
83
97
164

TSSTM
28
39
50
69
105
98
141
139
245

TSLTM
26
37
45
69
98
91
119
130
246

SA
25
34
42
66
102
98
117
114
245

GA
24
34
39
55
79
79
89
101
187

We conducted extensive experiments on randomly generated data1 The graph for each test case contains one connected components, in other words, the test cases cannot
be partitioned into more than one independent sub-case.
Due to the difficulties of finding any optimal solution in
the experiments, a trivial lower bound is taken to be the
sum of the space requirements at each time slot and used
for benchmarking purpose.
Table 1 illustrates the results. It is not surprising to see
that GA outperforms all other heuristics in all test cases
by a considerable margin. TSSTM has the simplest implementation with the worst results. TSLTM has an obvious
improvement from TSSTM, though the improvement is not
very stable. We believe one of the major difficulties with
Long Term Memory is the assignment of relative weights to
yard length, residence frequency and transition frequency
in the objective function. SA is relatively easy to implement with comparable results to TSLTM. The most successful approach, using Genetic Algorithm, gives the best
1

All test data are available on the WWW with URL:
http://www.comp.nus.edu.sg/~fuzh/YAP.

Figure 8: Physical layout of 117 SLSs (requests). Data Set:
R117

results, which are within 8% of the trivial lower bound at
most of the time.
Table 2 shows the running time for each of the test performed in Table 1 on a Dual-CPU (Pentium III 800MHz
each) Linux machine. It is clear that GA is also the most
cost-effective approach.
Another interesting discovery from the experiments is that
the normalization routine does not improve the results of
GA as much as our expectation. Besides the slowing down
factor, it sometimes even degenerates the results. We believe that normalization should make the search process
more stable and focus by removing the confusing factors. But its side effects, for example reducing the solution
space, sometimes overwhelm its merits.
Figure 8 and Figure 9 provide the graphic results obtained
by GA for input file R117 and R145. The heavily-shaded
SLSs contain the region that is the densest (lower bound)
in both figures. Due to the stair-like shapes, the packing
layout looks sub-optimal. A closer look reveals further improvements to be very unlikely.
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CONCLUSION

In this paper, we have shown the Yard Allocation Problem
(YAP) is NP-Hard by reducing the Ship Berthing Problem
(SBP) to it. The geometrical representation of YAP is then
transformed into a Direct Acyclic Graph (DAG) for efficient manipulation. A normalization procedure is proposed
to guarantee a one-to-one relationship between geometric
layout and Acyclic Label Assignment of the DAG. Finding the optimal layout is transformed to the search for the
optimal Acyclic Label Assignment. Two heuristic methods, Tabu Search and Simulated Annealing are first applied.
The results obtained are not very attractive.
A Genetic Algorithm approach is applied after TS and SA’s
failing to achieve good results against the lower bound.
Various genetic operators are proposed and applied. Extensive experiments showed our GA approach, outperformed
both the original Tabu Search and Simulate Annealing by a
margin of more than 10%.
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Abstract
Gaphyl is an application of genetic algorithms (GA's) to phylogenetics, an approach used by biologists to investigate the
evolutionary relationships among organisms.
Typical phylogenetic software packages use
heuristic search methods to navigate through
a space of possible trees in an attempt to
nd the most plausible evolutionary hypotheses, as exhaustive search is not practical in
this domain. Gaphyl substitutes an evolutionary search mechanism, with the result
that on a complex problem from the literature (the major clades of the angiosperms),
Gaphyl is able to nd a more complete solution (more equally plausible hypotheses) in
less time than the standard approach. Contributions of GA operators are investigated,
as are some possibilities for hybrid systems.

1

INTRODUCTION

The human genome project and similar projects in biology have led to a wealth of data and the rapid growth
of the emerging eld of bioinformatics, a hybrid discipline between biology and computer science that uses
the tools and techniques of computer science to help
manage, visualize, and nd patterns in this data. The
work reported here is an application to biology, and
indicates gains from using genetic algorithms (GA's)
as the search mechanism for the task.
Phylogenetics [6] is a method widely used by biologists
to reconstruct hypothesized evolutionary pathways followed by species currently or previously inhabiting the
Earth. Given a dataset that contains a number of different species, each with a number of attribute-values,
phylogenetics software constructs phylogenies, which

Data
species features
000
A
001
B
101
C
111
D

Tree

Network
A

C

B

D

A
B
C

D

Figure 1: A toy example data set, sample phylogeny, and

sample network. In this example, there are four species
and three features. The tree formed shows the hypothesis
that species B is related to species A, gaining the third
feature. Similarly, C and D are more closely related to B
than to A, also acquiring new features.

are representations of the possible evolutionary relationships among the given species. A typical phylogeny is a tree structure: The species nearest the
root of a tree can be viewed as the common ancestor, the leaves of a tree are the species, and subtrees
are subsets of species that share a common ancestor.
Each branching of a parent node into o spring represents a divergence in one or more attribute-values of
the species within the two subtrees. In an alternate
approach, sometimes called \unrooted trees" or \networks", the root of the tree is not assumed to be an
ancestral species, although these hypotheses are often
drawn as trees as a convenience. Unrooted trees represent hypothetical relationships between species, but
do not attempt to model ancestral relationships.
An example phylogeny for a toy data set is shown in
Figure 1. In this example, species A is the common
ancestor in the tree, and B is the common ancestor
of the subtree below A (assuming the tree is rooted).
The relationships between species is also shown in the
network representation, to better understand the unrooted tree.
Phylogenies are evaluated using metrics such as parsimony: A tree with fewer evolutionary changes is
considered better than one with more evolutionary
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changes. The work reported here used Wagner parsimony. Wagner parsimony is straightforward to compute (requiring only a single pass through the tree)
and incorporates few constraints on the evolutionary
changes that will be considered. For example, some
parsimony approaches require the assumption that
species will only grow more complex via evolution |
that features will be gained, but not lost in the process.
The typical phylogenetics approach uses a deterministic hillclimbing methodology to nd a phylogeny for a
given dataset, saving one or more \most parsimonious"
trees as the result of the process. The most parsimonious trees are the ones with a minimum number
of evolutionary changes connecting the species in the
tree. Multiple \bests" correspond to equally plausible evolutionary hypotheses, and nding more of these
competing hypotheses is an important part of the task.
The tree-building approach adds each species into the
tree in sequence, searching for the best place to add
the new species. The search process is deterministic,
but multiple trees may be found in the process of the
search, and di erent trees may be found by running
the algorithm with di erent random \jumbles" of the
order of the species in the dataset.
This research is an investigation into the utility of using evolutionary algorithms on the problem of nding
parsimonious phylogenies.

2

DESIGN DECISIONS

To hasten the development of our system, we used
parts of two existing software packages. Phylip [5]
is a phylogenetics system widely used by biologists.
In particular, this system contains code for evaluating the parsimony of the phylogenies (as well as some
helpful utilities for working with the trees). Using the
Phylip source code rather than writing our own treeevaluation modules also helps to ensure that our trees
are properly comparable to the Phylip trees. Genesis
[7] is a genetic algorithms (GA) package intended to
aid the development and experimentation with variations on the GA. In particular, the basic mechanisms
for managing populations of solutions and the modular
design of the code facilitate implementing a GA for a
speci c problem. We named our new system Gaphyl, a
re ection of the combination of GA and Phylip source
code.
The research described here was conducted using published datasets available over the internet [4]. The
rst dataset used is the families of the superorder of
Lamii orae dataset [1], consisting of 23 species and
29 attributes. This dataset was chosen as being large
enough to be interesting, but small enough to be man-

ageable. A second dataset, the major clades of the
angiosperms [3], consisting of 49 species and 61 attributes, was used for further experimentation. These
datasets were selected because the attributes are binary, which simpli ed the development of the system.
As a preliminary step in evaluating the GA as a search
mechanism for phylogenetics, \unknown" values for
the attributes were replaced with 1's to make the data
fully binary. This minor alteration to the data does
impact the meaningfulness of the resulting phylogenies as evolutionary hypotheses, but does not a ect
the comparison of Gaphyl and Phylip as search mechanisms.
The typical GA approach to doing \crossover" with
two parent solutions with a tree representation is to
pick a subtree (an interior or root node) in both parents at random and then swap the subtrees to form
the o spring solution. The typical mutation operator
would select a point in the tree and mutate it to any
one of the possible legal values (here, any one of the
species). However, these approaches do not work with
the phylogenies because each species must be represented in the tree exactly once.
Operators designed speci cally for this task are described in the following sections and in more detail in
[2].
2.1

CROSSOVER OPERATOR

The needs for our crossover operator bear some similarity to traveling salesperson problems (TSP's), where
each city is to be visited exactly once on a tour. There
are several approaches in the literature for working on
this type of problem with a GA, however, the TSP
naturally calls for a string representation, not a tree.
In designing our own operator, we studied TSP approaches for inspiration, but ultimately devised our
own. We wanted our operator to attempt to preserve
some of the species relationships from the parents. In
other words, a given tree contains species in a particular relationship to each other, and we would like to
retain a large degree of this structure via the crossover
process.
Our crossover operator proceeds as follows:
1. Choose a species at random from one of the parent trees. Select a subtree at random that includes
this node, excluding the subtree that is only the
leaf node and the subtree that is the entire tree.
(The exclusions prevent crossovers where no information is gained from the operation.)
2. In the second parent tree, nd the smallest subtree containing all the species from the rst parent's subtree.
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Figure 2: Two example parent trees for a phylogenetics
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view tree above
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problem with seven species. A subtree for crossover has
been identi ed for each tree.
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Figure 4: An illustration of putting a tree into canonical
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Figure 3: At the left, the o spring initially formed by

replacing the subtree from parent1 with the subtree from
parent2; on the right, the o spring tree has been pruned
to remove the duplicate species F.

3. To form an o spring tree, replace the subtree from
the rst parent with the subtree from the second parent. The o spring must then be pruned
(from the \older" branches) to remove any duplicate species.
4. Repeat the process using the other parent as the
starting point, so that this process results in two
o spring trees from two parent trees.
This process results in o spring trees that retain some
of the species relationships from the two parents, and
combine them in new ways.
An example crossover is illustrated in Figures 2 and
3. (Note that in the phylogenies, swapping the left
and right children does not a ect the meaning of the
phylogeny.)
2.2

CANONICAL FORM

Trees are put into a canonical form when saving the
best trees found in each generation, to ensure that
no equivalent trees are saved among the best ones.
Canonical form is illustrated in Figure 4.
2.3

MUTATION OPERATORS

One of our mutation operators selects two leaf nodes
(species) at random, and swaps their positions in the
tree. This operator allows the GA to investigate slight
variations on a parent tree.

form. The tree starts as in the top left; an alternate representation of the tree as a \network" is shown at the bottom
left. First, the tree is rotated, so that the rst species in
the dataset is an o spring of the root. Second, subtrees
are rearranged so that smaller trees are on the left and
alphabetically lower species are on the left.

A second mutation operator picks a random subtree
and a random species within the subtree. The subtree
is rotated to have the species as the left child of the
root and reconnected to the parent. The idea behind
this operator is that within a subtree, the species might
be connected to each other in a promising manner, but
not well connected to the rest of the tree.
2.4

IMMIGRATION

The population is subdivided into a speci ed number
of subpopulations which, in most generations, are distinct from each other (crossovers happen only within a
given subpopulation). After a number of generations
have passed, each population migrates a number of
its individuals into other populations; each emigrant
determines at random which population it will move
to and which tree within that population it will uproot. The uprooted tree replaces the emigrant in the
emigrant's original population. The number of populations, the number of generations to pass between
migrations, and the number of individuals from each
population to migrate at each migration event are determined by parameters to the system. Immigration
was added due to problems with premature convergence identi ed in early stages of development.

3

EXPERIMENTAL RESULTS

Recall that both Gaphyl and Phylip have a stochastic
component, which means that evaluating each system
requires doing a number of runs. In Phylip, each distinct run rst \jumbles" the species list into a di erent
random order. In Gaphyl, there are many di erent ef-
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fects of random number generation: the construction
of the initial population, parent selection, and the selection of crossover and mutation points. For both
systems, a number of di erent runs must be done to
evaluate the approach.

number of trees at this tness, nor a more concise estimate of how long Phylip would have to run to nd
250 distinct trees, nor whether 279 is even the best
possible parsimony for this dataset.
3.2

3.1

COMPARISON OF GAPHYL AND
PHYLIP

1. With the Lamii orae data set, the performance of
Gaphyl and Phylip is comparable. Phylip is more
expedient in nding a single tree with the best
parsimony (72), but both Gaphyl and Phylip nd
45 most parsimonious phylogenies in about twenty
minutes of run time.
2. With the angiosperm dataset, a similar pattern
emerges: Phylip is able to nd one tree with
the best tness (279) quite quickly, while Gaphyl
needs more run time to rst discover a tree of tness 279. However, in a comparable amount of
runtime, Gaphyl is able to nd 250 di erent most
parsimonious trees of length 279 (approximately
24 hours of runtime). Phylip runs for comparable periods of time have not found more than 75
distinct trees with a parsimony of 279, and runs
of nearly 3 days have not turned up more than
95 distinct trees. Furthermore, the trees found by
Phylip are a proper subset of the trees found by
Gaphyl.
In other words, Gaphyl is more successful than Phylip
in nding more trees (more equally plausible evolutionary hypotheses) in the same time period. This
represents a more complete solution to the problem.
The Lamii orae task is considerably easier to solve
than the angiosperm task. Example parameter settings are a single population of 500, 500 generations,
50% elitism (the 250 best trees are preserved into the
next generation), 100% crossover, 10% rst mutation,
and 100% second mutation. Empirically, it appears
that 72 is the best possible parsimony for this dataset,
and that there are not more than 45 di erent trees of
length 72.
The angiosperm task seems to bene t from immigration in order for Gaphyl to nd the best known trees
( tness 279). Successful parameter settings are 5 populations, population size of 500 (in each subpopulation), 2000 generations, immigration of 5% (25 trees)
after every 500 generations, 50% elitism (the 250 best
trees are preserved into the next generation), 100%
crossover, 10% rst mutation, and 100% second mutation. (Immigration does not happen following the
nal generation.) We have not yet done enough runs
with either Phylip or Gaphyl to estimate the maximum

BIG PICTURE: THE ROLE OF THE
GA IN THIS TASK

In constructing Gaphyl, we used the code from
Phylip's evaluation metric, but the search mechanisms
are those of the GA described in this section. In other
words, we are investigating the use of the GA as an
alternate search method for this already established
task. There is an immediate gain to our approach: Our
search for trees increases in complexity with the number of species in the dataset. The number of attributes,
however, does not a ect the search. Conversely, the
complexity of the search in Phylip increases relative
to the number of attributes as well as the number of
species in the dataset. Biologists frequently run phylogeny software for weeks at a time, so a savings in
speed has a measurable impact.
Both systems are far from optimized, so strong conclusions cannot be drawn from runtime alone. However, the pattern that is emerging is that as the problems get more complex, Gaphyl is able to nd a more
complete set of trees with less work than what Phylip
is able to nd. The work done to date illustrates
that Gaphyl is a promising approach for phylogenetics work, as Gaphyl nds a wider variety of trees on
this problem than Phylip does. This further suggests
that Gaphyl may be able to nd solutions better than
those Phylip is able to nd on datasets with a larger
number of species and attributes, because it appears
to be searching more successful regions of the search
space.
While it is true that one cannot compare software
on runtime alone, recall that Gaphyl was constructed
from existing systems, neither one of which was optimized for speed. In particular, Genesis was designed to
simplify GA experimentation and modi cations (much
like the project here). It is possible to make some comparisons of operations done by the two systems in their
search, but these are apples and oranges, since the
work done to get from one tree to the next varies between the systems. In Phylip, each jumble corresponds
to a hillclimbing search, which (with the Angiosperms
dataset) investigates on the order of 10,000 trees for
each random ordering of the species list, and 40,000
jumbles in the 24 hours, or on the order of 400 million trees. In Gaphyl, 10 experiments (using di erent
seeds to the random number generator) with 2500 total trees and 2000 generations investigates on the order
of 50 million trees in 24 hours, although the number
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should be halved due to the 50% elitism.
Varying crossover and second mutation
CONTRIBUTION OF OPERATORS

In the rst set of experiments, the rst mutation rate
was set to be 0%. First, the crossover rate was varied
from 0% to 100% at increments of 10% while the second mutation rate was held constant at 100%. Second,
the second mutation rate was varied from 0% to 100%
at increments of 10% while the crossover rate was held
constant at 100%. 20 experiments were run at each
parameter setting; 500 generations were run.
Figure 5 illustrates the e ects of varying the crossover
rate (solid line) and second mutation rate (dashed line)
on the average number of generations taken to nd at
least one tree of the known best tness (72). Experiments that did not discover a tree of tness 72 are
averaged in as taking 500 generations. For example,
0% crossover was unable to nd any trees of the best
tness in all 20 experiments, and so its average is 500
generations. This rst experiment illustrates that in
general, higher crossover rates are better. There is
not a clear preference, however, for high rates of the
second form of mutation. To look at this operator
more closely, the nal populations of the 20 experiments were looked at to determine how many of the
best trees were found in each run.
Figure 6 illustrates the e ects of varying the crossover
rate (solid line) and second mutation rate (dashed line)
on the average number of best trees found. Experiments that did not discover a tree of tness 72 are averaged in as nding 0 trees. For example, 0% crossover
was unable to nd any trees of the best tness in all 20
experiments, and so its average is 0 of the best trees.
As Figure 6 illustrates, runs with a higher second mutation rate tend to nd more of the best trees than
runs with a lower second mutation rate.
The impact of the rst mutation operator had seemed
to be low based on empirical evidence. So another set
of experiments was done to assess the contribution of
this operator. In both, the crossover rate was set at
100%; in one, the second mutation rate was set at 0%
and in the other, the second mutation rate was set
at 100%. The results of this experiment clearly indicate that higher rates of this form of mutation are not
bene cial. Furthermore, this operator is not clearly

average generation till best found

To evaluate the contributions of the GA operators
to the search, additional runs were done with the
rst data set (and a single population). Empirically, crossover and the second mutation operator had
been found to be the largest contributors to successful
search, so attention was focused on the contributions
of these operators.
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Figure 5: The e ect of varying crossover rate while hold-

ing second mutation constant and of varying the second
mutation rate while holding the crossover rate constant.
The average generation at which the best tness (72) was
found is illustrated.
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Figure 6: The e ects of varying crossover rate while hold-

ing second mutation constant and of varying the second
mutation rate while holding the crossover rate constant.
The average number of best trees (45 max) found by each
parameter setting is illustrated.

contributing to the search. The results are illustrated
in Figure 7.
In the nal set of experiments, the rst experiments of
varying crossover rate while holding second mutation
rate constant and vice versa were repeated, but this
time with a rst mutation rate of 10%. The results
are illustrated in Figure 8.
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400

Population sizes for each experiment
Gens Number of Populations
1
2
4
8 16
1600 1024 512 256 128 64
800 2048 1024 512 256 128
400 4096 2048 1024 512 256

300

Table 1: The population size for each experiment de-

Varying first mutation rate

average generation till best found

500

scribed in Section 3.4. When there are multiple populations, the number shown refers to the number of trees in
each distinct population.
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Figure 7: The e ect of varying the rst mutation rate

while holding crossover and second mutation constant. The
crossover rate is 100% for both graphs; second mutation
rates of 100% and 0% are shown. The average generation
at which the best tness (72) was found is illustrated.

Varying crossover and second mutation -- 10% first mutation
2nd mutation
crossover

average generation till best found

500

The base case may be thought of as 1 population of
1024 individuals, and 1600 generations. Then, along
one dimension, the population is divided across 2,
4, 8, and 16 populations, a total of ve variations.
Along the other dimension the number of generations
is halved as the population size is doubled, for a total
of three variations. This creates an array of 15 parameter settings, illustrated in Table 1. The horizontal
axis shows the number of populations, the vertical axis
shows the number of generations, and each interior cell
shows the population size.
Twenty experiments, with di erent seeds to the random number generator, were done for each setting.
When multiple populations are used, ve percent of
the population immigrates after 25%, 50%, and 75%
of the generations have completed.
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Figure 8: The e ect of varying crossover rate while holding second mutation constant and of varying the second
mutation rate while holding the crossover rate constant,
this time with a rst mutation rate of 10%. The average
generation at which the best tness (72) was found is illustrated.

3.4

larger population sizes or doing more generations, for
a xed number of evaluations in all cases. These experiments were done using the angiosperms dataset.

CONTRIBUTION OF OTHER
PARAMETERS

An additional set of experiments was designed to assess tradeo s in terms of putting a xed number of
trees in one population or distributing them across a
number of populations and tradeo s between having

The results of these experiments, illustrated in Table 2,
show the best results with 2 populations of 1024 trees
run for 800 generations, with a total of 7 out of the
20 runs nding trees of the best known tness of 279.
In general, it appears that two populations are better
than one, but that there might not be great gains from
more than two populations. Further, it appears that
the system bene ts from a balance between a large
population size and a large number of generations.
3.5

EXPLORATION OF HYBRID
POSSIBILITIES

We have noted that Phylip is relatively quick to nd
at least one of the best solutions, but that over a span
of time, does not nd as many of the best solutions
as Gaphyl does. Therefore, it seems that investigating
the possibility of a hybrid system would be bene cial.
The hybrid variation explored here is to use Phylip
runs to seed the initial population of the GA run.
In these experiments, the point of comparison is the
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Average tness of nal populations
Number of Populations
1
2
4
8
16
1600 281.70 281.55 281.10 280.85 280.95
800 280.60 279.95 280.25 279.95 280.15
400 280.45 280.15 280.45 281.15 281.95

Gens

Trajectories for different initial populations
Average fitness in population, across all runs

Number of runs that found a \best"
Gens Number of Populations
1 2 4 8 16 sum
1600 1 2 1 2 1
7
800 5 7 2 5 2
21
400 3 3 4 0 0
10
sum 9 12 7 7 3
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300

400

20 Phylip Seeds
Random Start
All Phylip Seeds
Half Phylip Seeds

500

0

10

20

and the average best solution found across 20 runs, varying
the number of populations and number of generations, with
a constant 1024 trees (split across the speci ed number of
populations).

25 experiments were run for each variation. One population was used, so as not to confound the e ects of
multiple populations. The population size was 2000
trees, run for 1000 generations. Other parameters are
as reported previously.
Of these runs, the 4th variation fared the best, nding
at least one tree with the 279 tness in 14 of the 25
runs. Secondly, the rst variation found at least one
tree with 279 tness in 5 of the 25 runs. The second
and third variations did not nd any trees of 279 tness
in the 25 runs. Trajectories of average tnesses across
all runs are shown in Figure 9.
These experiments suggest that while seeding from
Phylip runs may help the progress of the GA, the initial seeds must be suÆciently diverse for this \jump

50

60

70

80

90

100

Trajectories for different initial populations -- Detail
287
Average fitness in population, across all runs

1. Starting with an entirely random initial population.
2. Starting with an initial population comprised of
a random selection of trees found by running one
Phylip jumble.
3. Starting with an initial population comprised of
half Phylip trees from one jumble and half random
trees.
4. Starting with an initial population comprised of
20 Phylip trees, one of the best from each of 20 different jumbles, and the remainder random trees.

40

Generation Number

Table 2: The number of runs that found the best solution

starting point for the system. Four variations were
explored, using the angiosperms dataset:
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Figure 9: Trajectories for the four experiments with seed-

ing the initial population. The second graph shows more
detail of the lower tness values.

start" to be helpful. It appears that choosing the seed
trees from a single Phylip jumble is comparable to
starting the GA with a population that has already
converged. (Note: This experiment was repeated with
ve distinct Phylip jumbles, always with similar results.)

4 CONCLUSIONS AND FUTURE
WORK
The GA search process as implemented in Gaphyl represents a gain for phylogenetics in its ability to nd
more equally plausible trees than Phylip in the same
runtime. Furthermore, as the datasets get larger in
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the number of species and attributes, the e ectiveness
of Gaphyl over Phylip appears to increase. One possible facet of this success is that the Gaphyl search
process is independent of the number of attributes
(and attribute-values); the complexity of the search
varies with the number of species (which determines
the number of leaf nodes in the tree). Phylip uses
attribute information in its search process.

dall Downer for sharing their knowledge of phylogenetic theory and software. Thanks to Randolph M.
Jones, Joshua R. Ladieu, and the anonymous reviewers for comments on previous versions of this paper.
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The rst mutation operator is perhaps the \obvious"
form of mutation to implement for this problem, and
yet, its use (at high levels) appears to detract from the
success of the search. While multiple populations appear to help the system avoid premature convergence,
too many populations are not helpful.

[1] L. An-Ming. A preliminary cladistic study of the
families of the superorder lamii orae. Biol. J.
Linn. Soc., 103:39{57, 1990.

The creation of a hybrid system that uses Phylip's
relatively fast but limited search strategy to seed the
initial population is a promising approach, as long as
care is taken that the seeds are diverse.
There is obviously a wealth of possible extensions to
the work reported here. First, more extensive evaluations of the capabilities of the two systems must be
done on the angiosperms data set, including an estimate of the maximum number of trees of tness 279
(and, indeed, whether 279 is the most parsimonious
tree possible). This would entail more extensive runs
with both approaches.
Second, more work must be done with a wider range
of datasets to evaluate whether Gaphyl is consistently
able to nd a broader variety of trees than Phylip, and
perhaps able to nd trees better than Phylip is able to
nd.
Third, Gaphyl should be extended to work with nonbinary attributes. This is particularly important in
that phylogenetic trees are increasingly used by biologists primarily with the A, C, G, T markers of genetic
data.
Finally, we need to compare the work reported here to
other projects that use GA approaches with di erent
forms of phylogenetics, including [8] and [9]. Both of
these projects use maximum likelihood for constructing and evaluating the phylogenies. The maximum
likelihood approach (which is known as a \distancebased method") is not directly comparable to the Wagner parsimony approach (which is known as a \maximum parsimony" approach).
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^apyigM`cobc|_dÝb|_^Ob uw\kD\õ^af_¿-yiopi\ 3¿l\ b^ioÅgah1obO^a`oÆ
^iklbcgMfzgidegikD:^ayi\fb:n ^ifeÃD\^ªhÄgM`cdeoÅ¿z^aÃ_\ n8|_^iÇÆ
i
g
kDn4gMde]DgMfz\ fbÈ_\ ]U\n op^ipb|z\yM\ fz\ bcoÅn`\ ]z`\c\ fb^abcopgif
p\ fzyM\iÈÉcgbc|z\oÅ¿l\ ^3gihk_copfzy de^Mn8|zopfz\e\ ^a`fzof_y
L
Ë
l
m
\nðbogMfö®_Ï ¯MÌ^afD¿Wbc|_\Ôïzbfz\3hÄkzf_n4bcopgifrËÜms\n4bcopgif®zÏ ®MÌ4Ï
b\n8|zfzoÅÊkz\ËLkDn8|3^iw\igipklbogMf_^a`^apyigi`obc|zd8Ì
s
m
\
nðbcopgifõ÷½¿l\ cn `copÃU\gMkz`~\4äl]U\ `ode\fMb8~^afD¿`\ckzbÈT^if_¿
bgÍ]_`cgl¿lk_n \Îk_n8|n4gsgM`¿lopf_^abcopgif-oÅ ^Obcbc`8^in4bcopi\iÏ
s
m
\
nðbcopgifD øe^af_¿en4gifDn4pk_¿l\ªbc|z\]D^a]U\ ` Ï
Ð\1]_`c\ \fMbÑ^Òbck_¿z k_opfzy3\ igMkzbcopgif_^i`c ^apyigiÆ
`oÇb|zdbgb`^iofÓ^iklbcgMfzgidegikD^ayM\ fbbcgÁ]_p^
ù èúöûürý½þÿ
ý wæ  ì µ èÔæzêÁç
b|z\Ôy^ade\½gah/ÕMÖ8Ö¥×_ØOÙQØaÚ Û ^k_ÃlÆÜ]_`cgMÃz\dÝgih
b|z\ÒÞßMàßzá*â ×Ô`cgMÃDgibcoÅn/cgln n \ `p\^ayMkz\iÏÒã"kz``\4Æ
~û µ ìWû
ckzbw\4äzn4\\¿bc|zg\"]z`c\sogMk_pe]z`gs¿zk_n4\ ¿k_cofzy
gibc|z\`$d/\ bc|zgl¿zÏ
{J|z\ÒÞ"ßià8ßlá*â ×ÔopfzoÇbop^abcopi\½Ë ÑoÇb8^afzg \4b^iLÏpÈ« i°iÌ^iodªbg
n4`\^abc\^ `giÃUgab~glnn4\ `Ñb\^idbc|D^Obn ^ifõÃD\ ^Obbc|_\|k_de^if
uwgi`p¿În8|_^ide]zogMfõbc\ ^ad Ãsb|z\ÒM\^i`/¯aøa_Ï ñ¥b1oÅ|zgM]D\ ¿
å æMç¾èÔéGêÁëÓìíÐèÔæzêÁç
bc|D^Ob½b|zop^ad1ÃzoÇbogMk_ yMgM^au$opp]z`gidegab\Î`c\ \ ^a`8n8|ö^if_¿
n4gMÅ^aÃUgi`8^ObogMf½opfõ^3O^a`o\ bv½gahï_\ Å¿zÏ/{J|_\ `\e^i`c\ec\ i\`^i
¼ kzbcoÆî^ayi\fb:clvb\ d:oÅ:^af^in4bcopi\$^a`\^"gah^a`cbcoïDn op^ilofbc\ÇÆ ÞßMà8ßlá*â ×3p\^ayMkz\whÄgM` ]z|sloÅn ^i`cgMÃDgibJgih*¿loÂ@\ `\ fb"co \È
poyM\ f_n \`\c\^a`8n8|bc|_^ab"hÄgln k_\ gMf bc|_\1opfbc\ `8^in4bcopgif gihQ^a`cÆ ^afD¿Òb|z\ `\oÅ$^aÅg^cod1kzp^abcgM`$\ ^ayik_\ªopf u$|zoÅn8| cgahtbvuJ^a`\
bcoïDn op^ipeofbc\popyi\ fbJ^ayi\fbÏC¼½^ifsk_^apen4gsgM`¿lopf_^abcopfzybc|_\ ^ayM\ fbn4gif_fz\n4bsop^½^½fz\4bvuwgi` ó bg bc|z\ ÞßMàßzá*â ×õcgsnn4\`
\4Â@gi`cbÉgahld^afsÑ^aklbgifzgMd/gMk_R^iyi\ fb8Én ^ifÃD\w^JhÄgi`deop¿_^aÃzp\ c\ `i\ `$^if_¿Ò]_p^opf ^/op`cbck_^i\ fsso`gifzde\fMb Ï
n8|_^ip\ fzyM\iÈOcgb|z\Jop¿l\ ^gih_k_cof_y"d^in8|_ofz\wp\^a`fzopfzy bg"]_`cgiÆ {J|z\ªgln n \ `Qc\ `i\`]z`gOsop¿l\ ^sop`bk_^aUgln n \ `Qï_\ Å¿ÈlopdkzÆ
¿lk_n \~kDn8|n ggM`¿zof_^abcopgif3op ^abb`^Mnðbcopi\MÏ
Å^Obc\ $b|z\~]z|sloÅn  gah*bc|z\Ã_^apT^if_¿ ]zÅ^i\ `8Èz^af_¿ \flhÄgi`8n4\ 
{T\^adc]Ugi`cbÈRk_n8|Ð^iªglnn4\ ` ÈopfMgipi\^iklbcgMfzgidegMk_|sklÆ bc|_\`kzp\/gah"bc|z\ y^ade\iÏÍ{J|z\ÒïD\ Å¿È]_|lcopn È^af_¿À`ck_\ 
d^af_n gipp^iÃDgM`^abcopfzybcg^in8|_o\i\ ^Ðn gidedegifÍyig^aÜÏG{J|_\ k_c\¿õÃs½b|z\Òc\ `i\`~^a`\/ÃD^ic\¿Ðgifõb|zgMc\gahJ`c\ ^aQcgln n \ ` È
ÞßMà8ßlá*â ×ÑopfzobcoÅ^OboM\n8|_^ip\ fzyM\Rñ`c\ \ ^a`8n8|z\ `8@bg^in8|zop\ M\ Ãzklbªbc|_\ `\/^i`c\copyifzoïDn ^ifbª¿loÂU\`c\f_n4\  ¨ hÄgi`ª\4äz^ade]zp\iÈUbc|_\
bc|_op^ade\ n4gMÅ^aÃUgi`8^ObogMfÁ^adegif_yÐ^iklbcgMfzgidegikD/cgahtbvuJ^a`\ yig^au$op¿lbc|oÅ*¿lgik_Ãz\ ¿^if_¿b|z\uwgi`Å¿opÉbvuwgª¿lopde\ f_copgif_^i
^ayM\ fbwopf ^/n gide]zp\4äÈzfzgMopciÈl`\^iÇÆÜbcopde\Ñ\ fsso`gifzde\fMb Ï
Û ^if_¿bc|z\3`c\ hÄ\ `\ \^apuJ^sÑd^ ó \~]D\`hÄ\ nðb vk_¿zyi\ de\fMb8 
xMgipklbcopgifD^a`-^apyigM`cobc|zd½^i`c\À^W`cgMÃzk_b½bc\ n8|zfzoÅÊkz\hÄgM` {J^½|zn \op\ cfgsb nan4\\`~`cM\\`Ñ`cM]z\ ``Ñgan4bgigsden gid1ÜÈCkz^ifzoÅpngO^Ou$bop\fzÑyu$bco|zbc\|d7bc|zb\g ]_`cp\ ^n4M\\ oM`8"\sofloÅ^ Æ
p\^a`fzopfzy~opfkDn8|\ fsso`gif_d/\fbÏTÓ]Ugi]_kzp^abcopgifgihÉn ^if_¿loÆ hÄgi`d^ObogMfÐ^iÃDgMklbÑbc|z\y^ade\vb8^Obc\^if_¿c\ fD¿Ðn gided^af_¿_
¿z^abc\CoÅ*yi\fz\ `8^Ob\¿u$obc|e^af1ofzobcoÅ^azcgipklbogMf\ fDn4gl¿l\¿ofbg
\^Mn8|/n^af_¿zop¿z^abc\MÈM^afD¿~b|z\ ]Ugi]zkzÅ^ObogMfe\ igMM\TbcgÑ]z`gl¿lk_n \ bc]zgÅ^]Di\\``/hÄgMoÅ`cd ofD^in4n4gibcdeopgi]zf_p\4Ï½b\i{J¨½|z^Ð\3]zyMÅ^a^dei\\Ò`/`b\^an bc\ \opi^\ e^iogiÅ^afzÃ_pÎ\ebcb|_g½\ bco|_fl\ Æ
ÃU\4bb\ `cgipklbogMf_ Ï
hÄgi`d^ObogMfÔb|_^Ob~uwgikzÅ¿ÃD\^O^aopÅ^aÃzp\bg ^3`\^i:]zÅ^i\ `Ñopf
{J|zoÅR]_^i]D\`T¿l\ cn `copÃU\R^ bckD¿l"u$|_\ `\^aklbgifzgMd/gMk_R^iyi\ fb8 bc|_\ op`]UgMcoÇbogMfRÏ zkz`cbc|_\ `d/gM`c\MÈ*\^in8|În op\ fb1d^Ðn4gifb`cgM
p\^a`f3bcg]zÅ^b|z\~yM^ide\ªgihÕMÖ8Ö¥×_ØOÙQØaÚÒËZ^ckzÃlÆ¥]z`giÃzp\ dògah gif_gMfz\ ]zÅ^i\ ` ÈQ^if_¿Í]zp^M\ `81^i`c\ ^appgOu\ ¿Îbcgn gidedkzÆ
bc|_\"ÞßMàßzá*â ×`cgMÃDgibcoÅn$gln n \ `:p\^iyikz\ÌÉkDopfzy\ MgipklbcopgifD^a` fzoÅn ^abc\gMfzpu$obc|ÔopdeoÇb\¿½sop`bk_^a*c]D\\n8|½soÅ^bc|_\1cgsnn4\`
^apyigM`cobc|_deÈM^if_¿n4gMde]_^a`\Qgikz`w^a]z]z`gM^Mn8|bggibc|z\`bc|_^ab c\ `i\ ` È_cgn4gsgi`8¿lopf_^ObogMf ^adegifzy^iyi\fMb8$oÅ¿lo n4kzbÏ{J|_\
|_^M\"ÃU\ \fkD\ ¿3]_`c\opgikDpiÏ
cgsnn4\`Jc\ `i\`Jde^ifsk_^aË¥j|z\ f \4b^iLÏpÈ_¯aMz«ÌQb^abc\È
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"ã fz\Ígah b|z\]_kz`c]UgMc\gah £iz¢s¢i§U£a§z§ op
bc|z\\ O^apk_^ObogMfÿgahd1kzÇboÇÆî^ayM\ fbÐclvb\ dÈopf
u$|zoÅn8|¾\ n4op\ f_n Wgahen4gided1kzfzoÅn ^ObogMf-ÃU\4bvuw\ \f
^iyi\ fb8"oÅªgifz\egihbc|z\n `cobc\`coÅ^zÏ1}c\ `8"d1k_bÑ`\4Æ
^io  \½n gifbc`giJgahd1kzÇbo]_\½n op\ fbÃÍkDn8|Í`\4Æ
bc`opn4bc\ ¿n gidedk_fzopn^ObogMfRÏ
{J|z\cgsnn4\`wc\ `i\`w^ipcg1opf_n gi`]DgM`^abc\wn4gMde]z\ äyM^id/\ª]_^aÆ
8` ^ade\4b\ `8wËLkDn8|/^MCb^ideof_^ª^afD¿opfz\ `cbcoÅ^MÌ4Èi^afD¿1^M¿z¿z*fzgMopc\
bcgbc|z\ªdegOi\d/\fbgahRgMÃ v\n4bw^af_¿bcg~b|z\ª]zp^M\ `8\f_c\Ï
ÞßMà8ßlá*â ×3bgikz`f_^ade\fMb8^i`c\~|_\ Å¿ `c\yikzÅ^a`MÈD^ipgOu$of_y`c\ Æ
c\^a`8n8|z\`Dbcg ¿z\ degif_bc`8^Ob\*bc|z\Q\4Â@\nðboM\ fz\ cRgahbc|z\o`b\n8|lÆ
fzoÅÊkz\TÃs~n4gide]U\4bofzyª^ay^aopf_vbCgab|z\ `Tbc\ ^adÉopf1^"n4gMd/]_\ ä@È
fzgMopciÈl`\^iÇÆÜbcopde\ª\fsop`gifzde\ fb Ï
  IQ=$V= ³I ³/P !
 |zop\òbc|z\ ÞßMàßzá*â ×n gide]D\ bcobcopgif obc\ hÓ]z`\c\ fbô^
W
O^apop¿ö^a]z]_oÅn ^abcopgifÓhÄgM` de^Mn8|zopfz\p\^i`cf_ofzyDÈ ob n4gMde]z\ äsÆ
obv-d^ ó \ d^afs-d^Mn8|zof_\Î\ ^a`fzof_yÍ\ äl]D\`copde\ fb ]_`cgiÆ
|zopÃzobcopi\ pbode\ Æ¥n gif_ckzdeof_y#"zÃU\4bcbc\ `  hZ^Mvb\ ` \ äl]D\`copde\ fb^i
`\ckzÇb8$n ^if3ÃU\\4äl]U\nðb\¿3hÄgi` copd/]_\` ]z`giÃzp\ dÏ
ã"fz\JkDn8|1ckzÃlÆ¥]z`cgMÃzp\ dÿopfeÞ"ßià8ßlá*â ×~opTb|z\JyM^ade\wgahRÕiÖ8Öî×%$
ØOÙQØaÚOÏ*ñîf ó \ \]_^uw^MÈgMfz\wbc\ ^adòËÄbc|z\"ÕMÖ8Ö¥×_Ö&('Cgi`*)4ß+&ðÙQØ,&.-/'Ì
b^a`cb u$oÇb| ]Dgcc\opgifgah*b|z\~Ã_^iÜÈD^if_¿3bc|z\~gibc|z\`$bc\ ^ad
Ëtb|z\0¥Ø ÕiÖ&('Rgi`1-iÖ2)4Ö34-iÖ&('ÌÉd1k_bÉb^ ó \Qbc|z\wÃ_^apMhÄ`cgMdöb|z\ d Ï
{J|z\ y^ade\ \ f_¿_u$|z\ fÓ^Ðb8^ ó \ `yi\ b]UgMc\opgifÍgahÑbc|_\
Ã_^iÜÈ$gi`u$|_\ fGbc|_\½Ã_^app\^M\/b|z\Ô^a`\^õgih]zp^MÏ¾{J|_\
ó \\ ]U\ `8@gMÃ v\n4bcopi\eopªbg d^OälodeoÅ\/b|z\¿lkz`8^ObogMfÔgahwbc|_\
yM^ide\iÈlu$|zop\Ñb|z\Ñb^ ó \`5sgiÃ v\ nðbcopi\ÑoÅwbc|z\gM]z]UgMcoÇb\iÏ
CoyMkz`\/«c|zgOu $^ ó \\ ]_^uJ^eyM^ade\Ñopf3]z`giyM`c\ cÏ

Forwards

Defenders
Boundary

CoyMkz`\«i¨ô®l ÏD¯ Ñ\ \ ]D^uw^76Ñ^id/\ñîf98`giyi`\ÑËZ["oÇÆ
^ayM`^id z`gid msbcgif_\\4b^aÜÏRËL¯ii_« ÌÌ4Ï

: ! <= ; => P  =? >=>A@B=>
 IQ=$V=
{J|sk_ChZ^a` ÈOb|z\$ÃD\ vbÞ"ßià8ßlá*â ×~b\^ad*|_^M\ÃU\ \fede^ifsk_^ap
]z`giyM`^id/de\ ¿^ayM\ fbËC$\op^if_¿EDT^akRÈ¯iiz«"*msbcgif_\^if_¿
¼½n p\ vb\ ` Èi¯ai_« Ì4ÏT{J|z\ \wbc\ ^ad*uw\ `\wn `c\ ^Obc\ ¿ÃD^ic\¿~gMf
bc|_\~^ikzde]lbogMfbc|_^ab ÃD\ n ^akD\Þ"ßià8ßlá*â ×ÒoÅ ^opdk_p^abcopgif
gahC`c\ ^acgsnn4\`Èode]zp\ de\fMbof_yebc`8^Ob\ yMo\  ó fzgOu$fÒbcgeuwgi` ó
opf`\^iRglnn4\ `Ju$opÉ`c\ kzb$of ^/yigsgl¿ Þßià8ßzáCâ ×b\^idÏ
F gOuw\ M\ ` ÈObc|_opQhZ^aoppQbcg1^in n gikzfbhÄgM`b|z\ hÄkzfD¿z^ade\ fb8^a@¿loÇhtÆ
hÄ\ `\ fDn4\ÃU\4bvuw\ \f¾ÞßMà8ßlá*â ×W^if_¿Ó`\^iªcgln n \ ` È"^afD¿Wbc|_\
|zopyi|lÆ¥p\ i\Ò¿loÂU\`c\f_n4\ Îb|_^Obb|z\c\-n `c\ ^Obc\MÏ( ÅgDÈbc|_\
ÞßMà8ßlá*â ×/`kzp\^if_¿glnn4\ `c\ `i\`^a`\ n4gMf_vb8^afbcp1n8|D^afzyiÆ
opfzy_Èg d^iofb^iof_ofzy ^ de^ifsk_^apr]z`giyi`8^adede\¿ôbc\ ^ad
n ^ifÃU\Ò¿lo n4kzbÏ?F \ fDn4\ebc|_\op¿l\ ^ gahJ^a]z]zpsof_y de^Mn8|zopfz\
p\^a`fzopfzyrbc\n8|_fzopÊkz\ Íbcg ÞßMà8ßlá*â × opGy^aopfzof_yryM`cgMkzf_¿
ËÄ\MÏ yDÏRËDÉk ó \\ b^aÜÏÈ« ii¬#"l f_¿l`\^af_¿ {T\ p\`È« iMMÌÌHG Ï
mbgifz\\4b:^aÜÏËÜ¯ai_« Ì@kD\ ¿~`\ opflhÄgi`8n4\d/\fbÉ\ ^a`fzopfzy$bcg"bc`8^aopf
ó \\ ]U\ `8ChÄgi`®ÑlÏM¯ ó \ \]_^uJ^ËÄoÜÏ \MÏÉb|z`c\\ ó \\ ]U\ `8*sÏObvuwg
b^ ó \`8ÌÑgif^Ð¯aidJIô¯iad ]zp^sopfzy ï_\p¿RÏ{J|z\ÐkD\ ¿Î^
cgahtbvuJ^a`\"n4g^in8|Òbcg\ bwk_]y^ade\Ès\ flhÄgM`n \b|z\Ñ`ck_\  Èsb\ `cÆ
deofD^Obc\Qbc|z\wyM^ide\È^if_¿]z`gOsop¿z\:hÄ\ \ ¿lÃ_^in ó bcgbc|z\w]zÅ^i\`Ï
{J|z\ ¿z\4ï_fz\ ¿ bc|_\hÄgMpgOu$of_y|zopyi|lÆ¥\i\ÉÃU\ |_^sopgikz`hÄkzf_nðÆ
bcopgifDwhÄgi` ó \\ ]U\ `8wbcgk_c\iÏ
 BUYZSC³1´_YZY.KHL/M C$\ d^aopf vb8^ObcopgifD^a`u$|zop\ ó \\ ]lÆ
opfzy]UgM\ ccopgifgah*bc|z\Ã_^apÉ^afD¿Òbkz`fzof_yoÇb
ck_n8| b|_^ObÑobªoÅÑ^ihZ^a`Ñ^uw^ÒhÄ`cgMd bc|z\/gi]lÆ
]Ugif_\ fb ^MJ]DgccopÃz\MÏ
I"´ON5N ³/´zYZYHKP/L/M Ñopn ó bc|z\ ÃD^apD¿lop`c\ nðb1bcgÑb\^ad/Æ
d^abc\Q)8Ï
@ B  BU³/´zYZYHK.L/M ñîfbc\`n \ ]lbr^ degOopfzyXÃ_^iÍgi`
degOM\Ñ¿zo`\n4bcpbcg^b^ObogMf_^a`Ã_^iÜÏ
@ K?/<RQKs>SKHL/M ¼ gOi\bcge^]UgMcobcopgifb|_^ObJoÅQhÄ`\ \
hÄ`gid gi]z]Ugifz\fbG^af_¿ gi]U\ f hÄgM`G^%]_^Mc
hÄ`gid b|z\õÃ_^apT  n4k_`c`\ fb3]UgMcobcopgifrËZk_cofzy
mO8UC ËWV:\gge\4b^iLÏpÈ«Mi¬ÌÌðÏ
{J|z\ ó \ \]D\`5Q¿l\ n4oÅopgifzÆÜd^ ó opfzyÎ]z`gln4\uJ^i3opde]zpoÇï_\ ¿
Ãsek_opfzybc|z\ª]DgMoÅn4c]_^in \"c|zgOu$fopf Copyikz`\"¯lÏ:{J|z\"b^ ó Æ
\ `8ª^apuw^ln^ap\ ¿AX Yz,Z_ls\[] ËZgi`_^ liZ_ls`[5] ohQb|z\ 
^ap`\^i¿z/|D^i¿Òbc|z\ÑÃ_^itÌðÏ{J|zoÅJde\^ifMbJb|_^Ob ¿l\ n4oÅopgif_wuw\ `\
`\Êkzop`c\ ¿ gifzphÄgi`"bc|z\ ó \ \]D\`"opf½]UgM\ ccopgif gahQbc|z\1Ã_^apLÈ
^afD¿b|_^Ob*b|z\¿l\ n4oÅopgif/uw^M*^n8|zgioÅn4\wgahUbc|z`\ \$]UgMcoÃzp\$^in4Æ
bcopgifD ¨a^ lMbZ_ls\[] È,c _£s£/Zzls\[/db] ^af_¿ec _£s£fZ_ls\[Hgh] Ï
mbgifz\½Ö0"Ø+ikj^aÅg3ode]zp\ de\ fb\¿bc|z`\ \/ÃU\ f_n8|zd^i` ó ]UgipoÇÆ
n4op\¨Ód^ ó opfzyG`^if_¿lgMd ¿l\n opcopgif_5"^apuw^l|zgiÅ¿lopfzyGbc|_\
Ã_^iT"^af_¿½^de^ifsk_^apÆîn4gl¿l\ ¿ ]DgMoÅn43bc|_^ab"|zgMp¿_ b|z\Ã_^i
kzfzp\^3b^ ó \ `ÑoÅÑu$oÇb|zopfÍ« ad Ø,3%-e^ c^ahÄ\e]_^iªop^O^aopÆ
^aÃ_\MÏr{J|z\`c\oflhÄgM`n \ de\ fbÒp\^i`cf_ofzyÁyi\ f_\ `8^Obc\ ¿G]DgMoÅn4op\
lnmeoapoHqsrHtvuxwyoaz{oHtvo}|5~{5{xur(vux|f~q|O5rz{ux~{o`xotv~u~
v|_/oHo((a(+
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Teammate with ball
or can get there
faster
GetOpen()

Ball not
kickable

GoToBall()

Ball
kickable

{HoldBall(),PassBall(f)}
(f is 1 of 2 teammates)

CoyMkz`\X¯z¨ {J|z\ Ñ\ \]D\`5 8*gipopn Ýms]_^Mn4\ËZ["oÅ^ayi`8^ad
z`gid mbcgMfz\\4b^iLÏRËÜ¯ai_« ÌcÌðÏ

bc|D^Ob^in8|_o\i\¿ÔyM^id/\e¿lkz`8^ObogMf_ªgahª« ÷ \ n4gMf_¿zÈu$|z\ `\^M
^apUgahbc|_\ÃU\ f_n8|zd^i` ó ]Ugipopn o\ ËÄopf_n k_¿zofzy1bc|_\d^afsk_^ipÆ
n4gl¿l\ ¿gMfz\ Ìwn4gMkzÅ¿d^af_^iyi\ª¿lkz`8^ObcopgifDgihÉgif_Òø1\ n4gMf_¿zÏ
6ªk_b^ahZgMf ËÜ¯aMz« ÌÒk_c\¿¾yi\fz\4bopnõ]_`cgMyi`8^adedeofzyË Ñg ^_È
«MM¯O"4DÉk ó \\ b^aÜÏÈ:« iM¬MÌbcg \igipi\ ó \\ ]U\ `8ªhÄgi`~® lÏ:«
ó \\ ]_^uJ^iÈÀk_cofzy b|z
\ DÖ8Ø ß,0' Ë w\pn8|DÌcopdkzÅ^Obgi` Ï
6Ñ^ade\ Ñu\`c\egah$^ïzäl\¿õ¿lk_`^abcopgifõ^af_¿bc|_\ ó \ \]D\`5giÃzÆ
v\n4bcopi\uJ^ibcg½deopfzodeoÅ\Òbc|z\Òfk_dÃU\ `gihJbckz`fzgOi\`Ñ]U\ `
yM^ide\iÏF \^aÅg k_c\¿ÁgMd/\u$|_^Ob¿zoÇÂ@\ `\ fb1]_|lcopn ¨1bc|_\
Ã_^iwdegOi\¿Ðbvu$oÅn4\^i~hZ^ib/^i~bc|z\3b^ ó \`ÈTu$|_opn8|degOM\¿
bvu$oÅn4\^iwhZ^Mvb^Mwbc|z\ ó \ \ ]U\ `8Ï
}copfzy½|zoÅ~ÃU\b1Å^i\`c\ ¿p\^i`cf_ofzy yM\ fz\ bcoÅn]z`giyM`^id/deopfzy
]_^i`^id/\ bc\`È 6ªkDvb8^OhZcgifô]_`cgl¿lk_n \¿r^-ïDf_^ae]Ugi]zkzÅ^ObogMf
u$obc|3^1de\^ifïzbfz\wgah*°abck_`cfzgOM\ `8 È^af_¿3^ÃU\bwïzbcfz\ c
gahwbck_`cfzgOM\ `8 Ïª{J|z\c\`\ckzbª^a`\fzgib"\ ^icop n4gide]_^i`^aÆ
Ãzp\$bcg/mbcgMfz\b ÃU\n^ak_c\$bc|_\ ]z`giÃzp\ d ¿lgid^iof^afD¿/ïzbcfz\ c
\ O^ik_^abcopgif ^a`\ªhÄkzf_¿z^id/\fb^appÒ¿loÂU\`c\fMb Ï
 ?  I=$V=  HI
zgMpgOu$opfzy~mbcgMfz\~Ö0:Ø+ikjpÈuw\wyM\ fz\`^abc\ ¿ ó \ \ ]U\ `8ChÄgi`®ªlÏi¯
ó \\ ]_^uJ^$gif~^ ¯iad I ¯iadö]zp^sopfzyJï_\p¿ÑopfÑbc|z\wÞßià8ßzáCâ ×
cgsnn4\`\`cM\ ` ÏÉÐ\$`c\ n4gifzï_yikz`\¿~bc|z\"gln n \ `c\ `i\`Tbgk_c\
øaid$n4ln4p\ÈloLÏ \iÏbcge`ck_f ^ab ¿lgikzÃ_\~c]D\\¿È_u$oÇb|zgiklb gibc|lÆ
\ `u$oÅ\n8|D^afzyMofzy~bc|z\"d/\ n8|_^af_opnQgihbc|z\"yM^ade\MÏTÐ\"ÃD^ic\¿
bc|_\b8^ ó \`Qgifb|z\"hÄ`c\\ pMÆî^O^aopp^iÃzp\á \3 0îÖH-,$ eËLmsbcgif_\
\4bC^aÜÏÈ¯iiMMÌUgMkz`8n4\:n4gl¿l\*b|_^ObT^iuJ^l@n ^app\¿_X bYzbZ_l\[5]
ËÄgM`1^ sMZ_l\[5] oÇh*oÇb^i`\^M¿l|_^M¿b|z\Ã_^aptÌðÏ
Ð\3¿l\i\ pgi]U\¿Î^Ôgihtbvuw^i`c\n gM^in8|Ðbgc\4bkz]ÁyM^ade\  ÈC\ flÆ
hÄgi`8n4\wb|z\J`ckzp\ÈOb\ `d/opf_^abc\JyM^id/\  Èa^if_¿/]z`gOoÅ¿l\hÄ\ \ ¿lÃ_^in ó
bcgeb|z\~]zÅ^i\`ÏyM^ide\\ f_¿l\ ¿u$|z\ fbc|_\~Ã_^apRuw\ fb gikzb
gahTÃDgMkzf_¿zÈlgi`Ju$|z\fÒb|z\"ÃD^ap|_^i¿ÒÃD\\ fu$oÇb|zof3bc|_\ ó oÅn ó Æ
^aÃ_\w^a`\^$gihD^ObC\ ^ibCgMfz\b8^ ó \`RhÄgM`*øgi`Td/gM`c\wn4gMf_\ n4klboM\
c\ `i\ `n4ln4p\ÏTÐ\opfbc`gl¿lk_n4\ ¿/bc|z\"^i¿z¿lobcopgifD^aDn gif_bc`8^aopfb
bc|D^ObohT^y^ade\ Å^ibc\ ¿ehÄgi`JiM\`cM\ `Qn sn \ "ËZgifz\"deofsklb\
gahÞßMàßzá*â ×y^ade\bcopd/\ÌðÈMoÇb:uwgikzÅ¿^iklbcgMde^abcoÅn ^ipÃD\wb\ `cÆ
deofD^Obc\ ¿Ï{J|zoÅJn4gifDvb`^iofbuJ^iw^i¿_¿l\¿bcg/ode]UgMc\Ñ^opdeoÇb
gif¿l\yi\fz\ `8^Ob\pk_n ó opf/bc|z\$f_gioÅeÞßià8ßzáCâ ×\fsop`gifzde\ fb Ï

ìÓèælêÁç µ é µ
êÎéGæèú  
xMgipklbcopgifD^a`n4gMd/]_klb^abcopgifoÅT^$Ã_`cg^i¿"bc\`cd¾bc|D^ObT\f_n4gMd/Æ
]_^Mcc\w^apDde\ bc|zgl¿zwgahRkDopfzy1bc|z\ª]z`of_n o]_\ QgihÉÃzopgipgiyioÅn ^i
\ MgipklbcopgifÐËZ[ª^a`u$ofÉÈ«¬MøiMÌ:bcggMM\"]_`cgMÃz\dgMf3^en4gMd/Æ
]zklb\ ` Ï
Ð\-n8|zgMc\W^af%\ Mgipklbcopgif_^i`cr^apyigi`obc|zd ËLxQªÌhÄgi`Îb|zop
bck_¿lõÃU\n^ak_c\b|z\ ^i`c\ ó fzgOu$fõbgÔuwgi` ó uw\ pwofÀfzgioÅ
^afD¿kzf ó fzgOu$fÒ¿zgid^aopf_ËL["^i`cuw\ fÉÈs¯iiiÌðÏTñîf3^af3xQ~ÈMbc|_\
]Ugi]zkzÅ^ObogMf3oÅJdegl¿l\ p\ ¿ ^i$^e\ b$gah 8Ø,3%- -MØ+0îÖ'ðÈU^af_¿3bc|_\
]_^i`^id/\ bc\`*b|_^Ob^i`c/ÃU\4bvuw\ \ fopf_¿lopsop¿zk_^aÅ^i`c\$\f_n4gl¿l\ ¿
opfMbgÐbc|z\½n^af_¿loÅ¿z^abc\e^Meyi\ f_\4bcoÅn ^Obcbc`oÃzkzbc\ÏW{J|z\c\ ^ObcÆ
bc`opÃzklbc\ ªde^ ÃU\1opfzobcoÅ^apopc\¿Ôu$oÇb|Ô`8^af_¿zgid gi`"gabc|_\ `ÑO^aÆ
kz\  ÏC{J|z\\ MgipklbcopgifD^a` ]z`gsn \oÅbc|_\ fcod1kzÅ^Obc\ ¿ªbcg ]_`cgiÆ
¿lk_n \fz\ u¾n ^if_¿loÅ¿z^Ob\wbc|D^Ob `\ ]z`\c\ fb$ÃD\ bb\ `cgipklbcopgifD Ï
{Tgopf_vb8^afbcoÅ^Ob\$bc|_opQbc\ n8|zfzoÅÊMk_\ hÄgi`w^~]_^i`bopn kzÅ^a`Q]_`cgMÃz\d È
uw\/|D^i\1bcg ]U\n oÇhÄ½bc|z\`\ ]z`\c\ fb8^ObcopgifÔk_\ ¿½hÄgM`~n ^if_¿loÆ
¿z^abc\5 ó \ \ ]D^uw^ ]Ugipopn o\  ÈÉbc|z\eïzbfz\ÑhÄkzfDnðbcopgifõk_c\¿bg
\ O^ik_^abc\½]UgipoÅn4op\È ^af_¿Íb|z\½gi]U\ `8^Obgi`8^afD¿G]_^a`8^ade\4b\ `8
k_c\¿/hÄgM``c\]z`gs¿zk_nðbogMfRÈid1klb^abcopgif^af_¿c\ p\n4bcopgifRÏCÐ\¿l\4Æ
n4`oÃU\ªbc|z\ \~^M]U\n4bJgahCbc|_\~\ bÆ¥kz]3opf½ms\n4bcopgif_$®_Ï« s®_Ï ®_Ï
   P  =  > =7I  3=  <e
Ð\"k_c\¿^ÒË«© « ÌQ\ igMkzbcopgif_^i`cevb`^abc\yiiÏCñîfÒ\ ^in8|3yi\ fzÆ
\ `8^ObogMfRÈC\^in8|n^af_¿zop¿z^abc\]_`cgl¿lk_n \gifz\Òn8|_oÅ¿ÈCbc|z\fÎbc|_\
]Ugi]zkzÅ^ObogMfde\ dÃU\ `8hÄgM`Rb|z\fz\ äbCyi\fz\ `8^ObogMfÑ^i`c\n8|_gMc\ f
hÄ`gid b|z\~n4gMdÃzopfz\¿]_^i`c\fbJ^af_¿ n8|zopÅ¿l`c\f3]Ugi]_kzp^abcopgif_Ï
C$\]z`cgl¿lkDnðbcopgifõoÅ~cod1kzp^abc\ ¿ÃsÐn4`\^Obof_y½^ ¿lkz]zpopn^Ob\gah
bc|_\~n ^afD¿lop¿_^Obc\u$obc| d1klb^abcopgifRÏ:Ð\ode]zp\ de\fMb\¿ d1klb^aÆ
bcopgifÎkDopfzy½^96Ñ^akDccop^ifõ`^if_¿lgid7¿lopbc`opÃzklbcopgifÎu$obc| \ `g
de\^if3¿loÂU\`c\f_n4\MÏ:{J|z\ªb^if_¿z^i`¿¿z\ sop^abcopgif3gahRb|z\¿lopbc`oÆ
ÃzklbogMf/¿z\4bc\`cdeopfz\*|_gOuÀ^ayMyi`\opi\bc|z\ clvb\ dÿb`cop\Tbg
\ Mgipi\MÏÉÐ\k_c\¿^~^ik_\ gahÉ_Ï«MÈi`\ckzÇbof_y~of3^aÃUgiklbª«¬ 
gah:n8|zopp¿z`c\fckz`opsof_y1opfbcgebc|_\fz\4äsb$yi\fz\ `8^ObogMfRÏ
{J|z\c\ p\n4bcopgiföhÄkzf_nðbogMfÿ¿l\4b\ `d/opfz\  u$|zoÅn8|n^af_¿zop¿z^abc\ 
u$op:ckz`csopi\~opfbcgÒbc|z\/fz\4äsbªyi\ f_\ `8^ObcopgifÎÈ^if_¿½u$|zoÅn8|½u$op
¿lop\iÏ:Ð\Ñk_\ ¿3^ecode]zp\cn8|_\ de\Ñu$|z\ `\b|z"\ !n^af_¿zop¿z^abc\ 
u$obc| bc|_\~|zopyi|z\ vb$ïzbfz\$`8^Obofzy$k_`csopi\¿õËÄhÄ`cgMd bc|_\1¯ !
]_^i`c\fMb88©ªn8|_oÅ¿l`\ f3^O^ioÅ^aÃzp\ Ì4Ï
: I ³1P !   I   > = =  >
Ð\Ñ^ipgOuw\¿gMkz` ó \ \]D\`bc|_\ª^ade\ª|zoyM|lÆ¥\i\ ^MnðbcopgifD^ab
\^Mn8|n sn \^MÑmsbcgif_\b /ËL\\ms\n4bcopgifÎ¯lÏ ¯iÌðÏ F gOuw\ M\ ` ÈUÃU\4Æ
n ^ik_c\b|z\c\Ñ|zoyM|lÆ¥\i\ U]z`odeobcopi\ ªËL^af_¿Òbc|_\Ñn gi``c\ ]UgifD¿sÆ
opfzy3pgOuJÆ¥\i\ * ó oppp8Ì uw\ `\opf_¿l\]D\f_¿l\fMbÔode]zp\ de\ fb\¿È
gik_` ó \\ ]U\ `8~n4gMkzp¿õÃU\Ò\ äl]D\ nðbc\ ¿Ðbcg½]U\ `chÄgi`d ¿loÇÂ@\ `\ fb
^afD¿ªbcgp\^i`cf¿loÂ@\ `\ fbCbc`8^Ob\ yiop\Ï zk_`b|z\ `degi`\iÈ u$|z\ `\^M
mbgifz\ Ö0ÔØ+ikj kD\ ¿rmy8CËV:\ pgMcg¾\ b^aÜÏÈe«Mi¬Ì hÄgM`
bc|_\ op`9X §M #%$_§a [5] hÄkzf_nðbogMfRÈÑu\õk_c\¿¾^Gk_]D\`copgi` ^apyigiÆ
`oÇb|zdòyMoM\ fof mbcgMfz\~^afD¿¼Ôn  pp\bc\ `~ËÜ¯aMz« Ì4Ï
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Opponent within
pressure distance

No opponent within
pressure distance

Decision
under pressure

Decision not
under pressure

G]_^McCoÅ¿l\ \de\¿/c^ahÄ\wgMfzp~oÇhUbc|_\JhÄgipgOu$opfzy"bc|z`\ \JO^apkz\
^a`\^apÅ^a`yi\ª\ fzgMkzyi|z¨
 b|z\~¿loÅvb8^af_n \"bgebc|z\`\n o]_o\fMbf"
 bÃ_|z^i\ÜÈ_de^iof_fz¿Òopd\ k_^idn8|^igifz]zyi]Upgi\/f_hÄ\ gif`b5d/"z\^i¿Ôf_¿ ÃsÔbc|z\`\n o]zop\ fb ÈRbc|_\

 bU] |zgi\3fz\¿lfoÅbbÏ ^afDn4\ÒÃU\4bvuw\ \fÎbc|_\Ò`\n4op]zop\ fb/^if_¿Î\ ^in8|Îgi]zÆ
CoyMkz`\ ®z¨ {J|z\7yi\fMb8Wã"i\`^iÓ["\n opcogMflÆî¼½^ ó opfzy
z`8^ade\ugM` ó Ï
xQ^Mn8|õgahJbc|z\ \¿loÅvb8^af_n \~^if_¿Î^afzyM\ ~oÅ^ifÎ\ igMM\¿Ð]_^aÆ
`8^ade\4b\ ` Ï{J|sk_Jb|z\¿l\ n4oÅopgiflÆ¥d^ ó opfzy/hÄ`^id/\ugM` ó k_\ ¿ ^
bcgib^igahCbvu\M\ª\igMM\¿]D^a`8^ade\4b\ `8 ¨
 b|z\]z`\kz`\Ñ¿lopb^if_n4\"
passBall(0)
 b|z\~¿l\c]U\ `8^Obcopgif ¿loÅvb8^af_n \b"
 ï_M\ ]_^a`8^ade¨ \ bc\ bv`8u g ¿zhÄgiop` b^if_^Mn4\ccÓ\^acf_ofz¿ y ^if]_^M^acfzcyM\\hÄbgMg `
z§s@Mz§
^MnðbcopfzykzfD¿l\ `]z`\kz`\ _È ]zpk_gifz\Ð¿loÅvb8^af_n \Ð^if_¿
passBall(1)
^if^ifzyip\ªhÄgi` ^in4bcopfzyfzgib$kzf_¿l\` ]z`\kz`\ # "l^af_¿
 b|z\~c^ide\"ïDi\Ñ]_^a`8^ade\ bc\ `8hÄgi` z§s@Mz§ d Ï
holdBall()
passBall(1)
xQ^Mn8|Ñ]_^a`8^ade\4b\ `TopT^$`c\ ^aM^ik_\Qopfbc|z\`^ifzyiQ\ « ¥È`\ ]_`c\ Æ
CoyMkz`\÷D¨Á{J|z\õ yi\fb5J["\n opcopgiflÆî¼½^ ó opfzy _`^ide\ uwgi` ó uwc\ \ f`bc\opfzyn ^i^/\ ]z¿`cgMÃs]DõgM`bcb|zogM\ f3dgi^OhÉälbop|zd\kz`d ^ifzyi¿z\op^i^yiOgi^afDop^aÅ^awÃzp\\ifzÏ*ya[b|ÀoÅbgi^ahfDbcn4|_\\
W|z\f }f_¿l\`U8`\k_`c\MÏ
ï_\p¿È^if_¿Î^af_yip\~uw\ `\Òn ^i\ ¿õÃÍ«¬MÔËtbc|_\Òd^Oälopdkzd
^aÃDgMklb\^afzyM\3o  \ÌðÏ {J|z\gMfz\4äzn4\]lbcopgifõbg bc|_opuw^M
ã"kz` ó \ \ ]U\ `8k_c\¿-bc|z\^ade\õ]DgMoÅn4ö]_^Mn4\Î^i mbgifz\  bc|D^Obb|z\e¿l\c]D\`^abcopgif½¿loÅb^afDn4\uJ^i"cn^ap\¿ Ãsbc|z\1]z`\Æ
Ë Copyikz`\Ò¯iÌ4ÈÉb|sk_^ ¿l\ n4oÅopgifõuJ^i`\Êkzop`\¿gifzpÔhÄgM`bc|_\ ckz`c\Ñ¿loÅvb8^af_n \iÏ{J|zoÅwhÄgi`8n4\ ¿b|z\¿l\c]D\`^abcopgif ¿loÅvb8^af_n \bg
ó \\ ]U\ `/ofÍ]UgM\ ccogMfÎgah b|z\Ã_^apLÏÎÐ\hÄkz`cbc|z\`e¿z\n4gMd/Æ ÃU\\ cÑb|_^afÐb|z\]z`\k_`c\e¿loÅvb8^af_n \iÈ*gbc|D^Obbc|_\ `\uw^M
]UgMc\¿bc|zoÅ~n^ic\1k_copfzy bc|z\¿z\n4oÅcogMflÆÜd^ ó opfzy3hÄ`^ide\ uwgi` ó ^apuJ^s*cgide\wb^ ó \ `cÆ¥]z`cgälopdeoÇbv^Ob:u$|zoÅn8|/bc|z\ ^iyi\fMb:uwgikzÅ¿
c|zgOu$fopf CoyMkz`\®_È*÷_È:ølÏÎ{J|zoÅoÅe^Ôcode]zpopbcoÅn3ofzobcoÅ^a n4p\^i`Jbc|z\ÃD^apLÏ
hÄ`8^ade\ uwgi` ó bc|D^OboÅ$po ó \ pbcgÒÃD\~\ äsbc\ fD¿l\¿ opf bc|z\~hÄklbckz`\iÏ
gibc\"bc|_^ab l§ss@iz§ oÅQb|z\"bc\^idede^abc\ªfz\^i`c\ vbwbcg1bc|_\  1 => \  =ÒP 3= =  >
Ã_^iR^if_¿ l§ss@iz§ d oÅJbc|_\gabc|_\ `Jbc\ ^aded^Ob\iÏ
ñ¥hªbc|z\`c\ oÅ^afÍgi]z]Ugifz\fbeu$obc|_ofÍbc|_\×%&cÖ'('8ây&Ö9-:'0îØ+3 8Ö op{Jf_|z¿l\k_n fz\gM"opcfzÔgioÅ\fsïzop`bgifzfz\de"\ f\ Ob^agapk_hw^Obcb|_ogM\3f_ÞÏ ßMàwßz\ á*iâ \×Ð`1ËÜ¯aglinMn4\ M`~Ì$c\b`^aibc\\`
ËZ^ifÁ\igipi\ ¿Î]_^i`^id/\ bc\`8Ì4È:bc|z\ ^iyi\ fbe^inðb8kzf_¿z\ `e]z`\Æ
ckz`c\Ë Copyikz`\Ò÷sÌ"gabc|_\ `u$opc\iÈ*obe^Mnðbfzgib1kzfD¿l\ `/]z`\Æ bc|Dbcop^OCbon4fÔgM]zoÇb8opfzyeopflu$hZ^aoÇfDb| n4ifzÏ giF oÅ\1¿zïz\bcfzn4\ `coÃU \\  O^abc|zpk_`^O\ b\ogMbcf_\n8J|_opfzf opÊ^ikzf\ x ÈDbc|_op\
ckz`c\3ËCoyMkz`c\øMÌðÏ
code]zp\b/gih u$|zoÅn8|Á^a`\Òopf_n4`\^Mopfzy b|z\3]Ugi]_kzp^abcopgifÁco  \iÈ
W|z\fckzf_¿l\`]z`\kz`\ _Èbc|_\^ayi\fbªuJ^afbªbg ]_^iªbc|_\ ^afD¿Ò`\^ade]zpof_ye^if_¿^i\ `8^ayMof_y~bc|_\Ñïzbcfz\ cÏ
Ã_^iÜÏ*ñ¥hÉ]_^icofzy~bcg l§ss@iz§ \\ d c^OhÄ\ _ÈMobJu$opU¿zg b|z\"]Ugi]_kzp^abcopgifÒco  \Ñ^af_¿eb|z\ªfk_dÃU\ `Jgahïzbfz\Jc^id/Æ
cg#"Ugabc|_\ `u$opc\iÈUoÇbªu$op*n4gifDoÅ¿l\ `"]_^icofzyebg z§s@Mz§ d Ï
opgif ^i`c\opf_n4`\^M\ ¿È_yM\ fz\`^abcopgif_wb8^ ó \gMfzyi\`
ñ¥hfz\oÇb|z\ `"]_^i c\ \ d c^OhÄ\ _Èlbc|_\1^ayM\ fb |zgMp¿z bc|z\Ã_^apLÈ bc]zg¾p\opd\k_^ip^akDbc^O\ibcÏÝ
zk fzp\Cbc|_\ `\$op:^if1gM]z]DgMfz\ fbu$obc|zopf/bc|z\-MÖ'Ü×_Ö&Ø+0 Zß+3-:'$ bvuw\ \ f ]Ugi]zk_p^abcop{Jgif |kDÔo  \MgMÈzfzfs\kzddÃUkD\ vbõ` gin8h*|zgs^agMdec\Á]zp^W\Ã_\^iOp^i^af_pk_n4^O\boÃUgMfR\4Æ È
0îØ+3 8ÖÔËZ^af_gabc|_\ `\igipi\ ¿Í]_^a`8^ade\4b\ `ðÌðÈJopfWu$|zopn8|Ón^ic\½ob ^afD¿3fskzd1ÃD\`gihCyM\ fz\`^abcopgif_$cod1kzÅ^Obc\ ¿ÏJ["^i`cuw\ fõËL¯iiiÌ
n4p\^i`b|z\Ã_^apRÃs]_^Mccopfzy/bcg z§s@Ml§ d Ï
n4Å^aopdCbc|_^ab*bcgÑgiÃlb8^aopfb|z\$ÃU\b*`\ckzb*hÄ`cgMdÿbc|z\$^O^aopÅ^aÃzp\
 |z\f cfzgabkzf_¿z\ `]z`\k_`c\zÈUbc|z\^iyi\ fbÑu$op:]_^Mcªgif_ Sj 8Q}%bode\MÈTgMfz\|zgMkzÅ¿kD\^yM\ fz\`cgMk_c Å^a`yi\Ò]Ugi]lÆ
W
o h oÇb1n^afÎopde]z`cgOM\/bc|z\vb`^abc\ yMopnekzbcopobvgihJbc|z\vb8^Obc\Ãs kzÅ^ObogMfRÈÉ^afD¿½b|_^Obb|z\efk_dÃU\ `gahïzbcf_\~c^ide]z\ ªk_\ ¿
n4\fbc`8^apopcof_ybc|_\ÐÃD^apLÏ ñ¥b ]_^Mcc\ÒbcgÀbc|z\õdegMb n4\ fb`^i c|zgikzÅ¿ ÃU\ vkDvbÑ\ fzgMkzyi|½ck_n8| b|_^ObÑk_cof_yÒdegi`\¿lgs\"fzgib
cb \ ^aded^Ob\"b|_^Ob oÅ ci\ `^OhÄ\ bcg]D^iwbcg_Èloh:^afsiÏ
opd/]_`cgOM\"p\^i`cfzopfzy ËZn \ ^a`eb|zoÅ$op ]z`cgMÃzp\ dò¿l\]D\f_¿l\fMbðÌðÏ
Passing to
teammate 0
seems safe

Passing to
teammate 1
seems safe

Opponent
within
desperation
distance
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Neither pass
is very safe
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Only pass 0
is very safe

Only pass 1
is very safe

Both passes
are very safe

holdBall()
Teammate 0 is
more central

passBall(0)

Teammate 1 is
more central

holdBall()

passBall(1)

I am most
central

holdBall()

holdBall()

Teammate 0
is most central

passBall(0)

Teammate 1
is most central

passBall(1)

Topyik_`c\~øl¨{J|_\Ñyi\fMb8D[\ n4oÅopgiflÆî¼½^ ó opfzy z`8^ade\ uwgi` ó W|z\ f gab} fD¿l\ `U8Q`c\ cckz`\iÏ
{J|z\fzgioÅÍïzbfz\3\ O^apk_^ObogMf_3gah ó \\ ]_^uJ^ÎhÄgM`n \¿Wk_
bcgõ`\ \^ikD^Obc\ ^ap$n ^if_¿loÅ¿z^Ob\/ofG\ ^in8|ÁyM\ fz\`^abcopgifRÈ:gibc|lÆ
\ `u$oÅ\ ^õde\¿lopgln4`\½n ^if_¿loÅ¿z^Ob\deopyi|bÃzoÅ^ieb|z\½]Ugi]zk_p^aÆ
bcopgifÃs/`c\ n4\osopfzy~^ÑhÄgi`cbck_oÇbgik_c/yigsgl¿1ïzbcf_\ ÏaF gOuw\ M\ ` È
bc|_opÑ`\ \^ikD^ObcopgifopÑM\ ` \4äl]U\ f_coM\iÏ/ñ¥hwuw\ek_c\ !Íc^id/Æ
]zp\ \^ikD^ObcopgifofÎ^]Ugi]zkzÅ^ObogMfõgahwco  \  ÈT^af_¿Ðohw\ ^in8|
n ^if_¿loÅ¿z^Ob\:opÉn4gide]zp\4b\ p"`\ \O^apk_^Ob\¿"of\ ^in8|ªyi\ f_\ `8^ObcopgifÉÈ
bc|_op$`\Êkzop`\J^1bcgab8^aRgih*%¯ !  ^ade]zp\ yM\ fz\`^abcopgifRÏ
Ð\k_c\¿^¿loÂ@\ `\ fbw^i]z]z`gM^in8|/Ã_^M\ ¿egif ó \\ ]zopfzy~^ ß f$
 3 ÔØ OÖ&cØ MÖgahb|z\n ^afD¿lop¿_^Obc\ ^ade]zp\ÏW|z\ fõ^n ^afzÆ
¿loÅ¿z^Ob\"oÅQï_`byM\ fz\`^abc\ ¿ ËZ^iw^n8|_oÅ¿_ÌðÈlobQïzbfz\wopwc^id/Æ
]zp\¿ !½bode\È_^if_¿ob  023@Ö'('Ø+&&cØaÚ"oÅJof_oÇbop^ioÅ\ ¿Òu$obc| !
n4gM]zop\$gihTb|z\^i\`^iyi\"gahCbc|z\ \~^ade]zp\ÏQñîf \^Mn8| kzÃD\ Æ
Êkz\ fbyM\ fz\`^abcopgifRÈb|z\$ïzbfz\:oÅc^ide]z\ ¿gMf_n4\$gMfzpiÈi^if_¿
bc|_opfz\ uc^ide]z\`\ ]_p^Mn4\wb|z\~gMp¿l\ vb^ade]zp\`\ d^aopfzopfzy
opf~oÇb8Rï_bcfz\ cC^a``^MÏR{J|z\ï_bcfz\ cT\bcopd^Obc\QhÄgi`C^ n ^if_¿loÅ¿z^Ob\
opfÔ^yiopi\f yi\fz\ `8^ObogMfoÅbc|z\/^i\ `8^ayM\"gih:bc|z\/c^ide]z\  opf
obJïzbfz\$^a``8^^ObJbc|_^ab$bcopde\iÈzopyifzgM`copfzy/giklbop\ `8Ï
{J|zoÅ bc\n8|_fzopÊkz\ `\¿lk_n \ bc|z\ fskzdÃU\ ` gih c^id/Æ
]zp\ yM\ fz\`^abcopgif hÄ`gid %¯ !  bg Ë !ò©<«Ì  È ^apgOu$opfzy
k_Jbge`ckzf fz\ ^a`bvu$opn \Ñ^MJd^afsÒyM\ fz\`^abcopgif_wopf ^/yMoM\ f
`kzflÆÜbcopd/\MÏ gibc\1bc|_^ab"b|zop"b\n8|zfzoÅÊkz\/opÑ^a]_]zoÅn ^iÃzp\gif_
u$|z\`c\n ^if_¿loÅ¿z^Ob\$n^af]D\`copb opfÒb|z\]DgM]zkzÅ^ObogMfRÏ
ñîf^M¿z¿lobcopgif bgb|z\1f_gioÅ \ fssop`cgMfzde\ fbgahQbc|z\eÞßià8ßzáCâ ×
cgsnn4\`\`cM\ ` Èïzbfz\\ O^ik_^abcopgif_^i`c\½^aÂU\ nðb\¿ÍÃsbc|_\
n8|zgMopn \ gahb\^ad de\ d1ÃD\`Ï Tobcf_\^ade]zp\^a`\^iopyif_\¿
\Êk_^ip1bcg^iD]zp^M\ `8:gif^bc\^id Ï*-yigsgl¿e]zÅ^i\ `*b|_^Obwop
bc\ ^ade\¿Òu$oÇb|ÒbvuwgopflhÄ\`copgi`w]zÅ^i\ `8opwkzfzpo ó \ p/bcge^in8|zop\ M\
^yMggl¿ey^ade\¿lkz`8^ObogMf "sn4gifsM\ `8\MÈi^Ã_^M¿e]zp^M\ `:b|_^Obwop
bc\ ^ade\¿õu$obc|õbvuwg k_]D\`copgi`~]_p^M\ `8"oÅ~po ó \ p½bg½^in8|zop\ M\
^1yigsgl¿yM^ide\ª¿lk_`^abcopgifRÏ:{Tg1deopfzodeoÅ\ªb|zopJ\ ÂU\ nðb ÈlÃD\ hÄgi`\
\^Mn8|Á`gikzfD¿gah"`c\\ O^apk_^ObogMfuw\3`8^af_¿zgideopc\¿bc|z\gi`8¿l\`
opfu$|zopn8|/b|z\n ^if_¿loÅ¿z^Ob\:uw\ `\ n8|z\¿lk_\ ¿/hÄgi`\^ikD^ObcopgifÉÏ
{J|sk_*ohU^"]zp^M\ `f Éïzbfz\*uw^M*c^id/]_\ ¿ !bode\ *ofe^ªyi\ fzÆ
\ `8^ObogMfRÈlob ugMkzp¿3]zÅ^opf !`^if_¿lgMd/pÒc\ p\n4bc\¿Òbc\ ^adÏ

xQ^Mn8| ó \\ ]_^uJ^Ôy^ade\ vb8^a`cb1u$oÇb|ÀgMfz\ ó \ \ ]U\ `eopfÁ\ ^in8|
gahbc|z`\ \en4gM`cf_\ `8 Ï wgibc|b^ ó \ `8"^i`c\/]zÅ^in \¿½opfbc|z\gibc|z\`
n4gM`cf_\ ` ÈM^afD¿ebc|z\"Ã_^apUop¿l`cgM]z]U\¿opfÒ^~`8^afD¿lgidepMÆîc\ p\nðb\¿
n4gM`cf_\ `glnn4kz]zop\¿ÔÃs ^ ó \\ ]U\ ` Ïª{J|zoÅ"d/\ ^af_bc|D^ObÑgifz\1gah
bc|_\ ó \ \ ]U\ `8"u$op:^apuw^lb^i`bªÃD\ bvu\\ fÔbvugb\^id/d^abc\
^afD¿3gM]z]UgMcoÇb\"b|z\b8^ ó \`Ï:{J|zoÅ n4`\^abc\wb|z\]Ugabc\fbcoÅ^abg
\ Mgipi\/]U\n op^ioÅ\ ¿½`gip\Ñ¿l\]D\f_¿lopfzy gifÔ]_p^M\ `ª]DgobcopgifRÏ
{TgÁ\4äl]zpgiobbc|zoÅ]Dgibc\ fbop^i"hÄgM`c]U\n4oÅ^apoÅc^abcopgifRÈ"u\k_\ ¿
^Î¿loÂU\`c\fb]DgM]zkzÅ^ObcopgifÀhÄgi`Ò\^in8|Ígahªbc|_\ bc|z`\ \ ó \ \ ]U\ `8Ï
{J|zoÅ/d/\ ^afbek_opfzyÔbc|z`\ \ d^iJ]Ugi]zkzÅ^ObogMf_1of_bc\ ^i¿Ágah
gif_\ªÅ^a`yi\ª]Ugi]zkzÅ^ObogMfRÏ
éÍû $ì è  µ çöë íê  µ éGæ êÁç 
[ª^a`u\fGËÜ¯aMiMÌÑckzyMyi\bªb|_^Obbvug opde]DgM`b8^afb]_^i`^id/\ Æ
bc\`bc|_^ab3\4Â@\n4b3xQ]D\`hÄgM`cd^afDn4\ opfÓ^õfzgioÅÍ\ fssop`cgMflÆ
de\ fb^a`\e]DgM]zkzÅ^ObogMfõco  \^afD¿Ôfskzd1ÃD\`~gahwïzbcf_\~c^id/Æ
]zp\ \^ikD^ObcopgifÉÏ ã"kz`3ï_`8vb`cgMkzf_¿Wgih~\4äl]D\`copde\ fbÒhÄgaÆ
n4kD\ ¿ÁgMfÀO^a`sof_y½bc|_\c\]D^a`8^ade\4b\ `8bgÎ¿l\4b\ `d/opfz\bc|_\
`8^afzyM\3gih"]_^i`^id/\ bc\`/u$|zoÅn8|ÀÃU\ |D^i\¿Ábc|_\cÃD\ vb zÏGÐ\
\4äl]U\ `ode\fMb\¿3u$oÇb| ]DgM]zkzÅ^ObogMfco \J`8^afzyMof_yhÄ`gidò®1bg
¯aMzÈzu$obc|½bc|z\~fskzd1ÃD\`gihCï_bcfz\ c"c^id/]_\  `8^afzyMofzy/hÄ`gid
«~bg¯iizÏ"\hÄgikzfD¿ bc|D^Obd^app\ `]Ugi]_kzp^abcopgifÔco  \ª¿loÅ¿
fzgib"d^aopfb^aopf \ f_gikzyM|Ô¿lopi\ `8coÇbvÒbcg3n gi]U\u$obc| b|z\/fzgioÅ
ïzbfz\:\ O^ik_^abcopgif_ÈOu$|zop\$Å^a`yi\`*]DgM]zkzÅ^Obcopgifeco \*p\^a`fb
degi`\ pgOu$p~u$oÇb|fzg~^a]_]_^a`\ fb:ÃD\fz\4ï_bÏQmsopdeoÅ^a`MÈak_cof_y
bcgsghÄ\ uÎïzbfz\*c^ide]z\ É`\ckzbc\ ¿of/^ ï_bcfz\ cC^a]z]_`cgälopde^aÆ
bcopgifbc|D^Obuw^M"bcgsg3f_gioÅ½^if_¿Ô]_`cgl¿lk_n \¿Ô\ ``^abcoÅn`\ckzbÈ
u$|zop\wk_cof_ybgg"d^afsÑïzbcf_\C^ade]zp\T`\ckzÇb\¿of/pgOu\`
p\^a`fzopfzyÒu$obc|Ðfzg ^a]_]_^a`\ fb"ÃU\ f_\4ïzb Ï/{J|zoÅª`cgMkzf_¿Ôgah\ äsÆ
]U\ `ode\ fb8\ ^i¿Ðk_~bcg½n4gMf_n4pk_¿l\eb|_^Ob^ ]Ugi]_kzp^abcopgifÎco \
gah~«  bcgÔ÷M½c|zgik_p¿ÎÃU\ÒkD\ ¿È:u$oÇb|Á^ade]zp\ \ O^ik_^abcopgif
ÃU\4bvuw\ \ f½ø/^afD¿Ô« zÏ
ã"kz`c\n4gMf_¿`gik_f_¿Îgahª\4äl]U\ `ode\ fb8b\bc\ ¿Á\ ^in8|gihbc|_\
]Ugi]zkzÅ^ObogMfÓo  \ Ô« zÈ ¯a_È ®i_È ^af_¿W÷zÈJu$obc|¾øzÈ"°sÈ ^if_¿
Ðïzbfz\Ò^ade]zp\ÏöÐ\ hÄgMkzf_¿Íbc|D^Ob3^Î]Ugi]_kzp^abcopgifWco \
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CoyMkz`\/_¨ Cobcfz\ c_V:\`ck_6ª\ f_\ `8^ObcopgifDª}"opfzy  8*gi]zkzÆ
Å^Obcopgif mso  \1ãh:®i1WoÇb|½ Tobcf_\ml^ade]zp\Ï
bc|_op n^af_¿zop¿z^abc\ÑuJ^iJpgOu\`Ï
{J|z\n ^abb\ `cÆÜyM`^i]z|1`\ M\^ipCb|_^ObQf_gn ^if_¿loÅ¿z^Ob\:gMÃlb^iofz\ ¿
^af/\bcopd^Ob\¿ïzbcfz\ cyi`\^Ob\ `Tbc|_^if®Møa"n4ln4p\*opf/bc|z\wï_`8b
« ø/yM\ fz\`^abcopgif_ÏJ{J|zopop"opyif_oÇïDn^afb ÃU\n ^ik_c\~oÇbªkzyMyi\ vb8
bc|D^Ob$gMd/\ªp\^a`fzopfzy~oÅw`c\ ÊMk_o`\¿ÃU\4hÄgM`c\Ñck_n8||zopyi|Òïzbcfz\ c
\bcopd^Ob\n^af ÃU\1^abb^iof_\¿Ï{J|sk_ª^abc|_gikzyM|3b|z\ `\oÅ^if
\ p\ de\fMb:gihDpk_n ó of/]zÅ^sofzy ó \\ ]_^uJ^iÈO ó opsop:^ifgOi\`c`oÅ¿sÆ
opfzyªhZ^inðbgi`*opf/¿l\ bc\`cdeopfzof_y"b|z\JyM^id/\J¿lkz`8^ObogMf1^if_¿|_\ f_n \
^en ^if_¿loÅ¿z^Ob\b $n8|_^af_n \Ñgah:kz`soO^i*ËL^Ob p\^Mvb$opfzoÇbop^ipzÌðÏ
CoyMkz`\~°1]_gibJb|z\~¿loÅvb`copÃzklbogMfgihTb|z\ c^Mn n kz`^abc\ 1\Æ
bcopd^Ob\¿Ðïzbfz\\ ªhÄgi`b|z\opfzoÇbop^i^if_¿ï_f_^aQ]DgM]zkzÅ^ObcopgifD
hÄ`gid CoyMkz`\3zÏ gab\Òb|_^Ob/bc|z\ ]zpgabcbc\ ¿Á^inn4kz`8^Ob\ põ\Æ
bcopd^Ob\¿Gïzbfz\¿loÇÂ@\ `8hÄ`gid b|z\x Òn4g^a`8\ \ vbod^aÆ
bcopgif ËLÑïzbcf_\c^ide]z\ Ì"M^ife^Mn n kz`^abc\Jïzbfz\:\ vbod^Ob\$op
¿l\ bc\ `deof_\¿`c\ bc`gM^in4bcopi\ Ãs bc\ vbofzyb|z\n ^afD¿lop¿_^Obc\/hÄgM`
bc|_gik_^af_¿_JgahCïzbcfz\ c$^ade]zp\ËÄbcgu$obc|zopf «~c\n gif_¿_Ì4Ï
14
initial
final
12

10

Number of Candidates

ag hJ¯au$obc|Î°eï_bcfz\ cÑ^ade]zp\"\ ^a`fz\¿ hZ^Mvb\bÈÃzkzbªuw\ `\
n4gMf_n4\`cf_\¿ b|_^Obb|z\e]DgM]zkzÅ^ObogMfÐco\ede^ÔÃD\ebgg cde^i
bcged^aopfb^iof¿loM\ `8obv½ËÄ|_\ f_n \ªpopd/obcopfzy/hÄkz`cbc|z\`$ode]z`gOi\ Æ
de\ fb8Ì4ÈÉ^afD¿½bg3`\4b8^aopfÔu$|_^abÑ|D^i¿½ÃU\ \fp\^i`cfbËÄ\ äs]UgMcopfzy
bc|_\1]Ugi]zk_p^abcopgif bgbc|_\1¿z^ifzyi\`gahw^]UggM`"n^af_¿loÅ¿z^abc\ÃU\4Æ
opfzyÁ^uJ^a`8¿l\¿G^afWgOM\ `cÆÜyM\ fz\`cgMk_ïzbcfz\ c¿lkz\½bcgpodeobc\ ¿
^ade]zpofzysÌðÏÐ\giÃD\`cM\¿Òbc|_^ab ofbc|_\~\4äl]U\ `ode\ fb8$u$oÇb|
^Í]DgM]zkzÅ^ObogMfco  \õgah «_Èb|z\Î]DgM]zkzÅ^ObogMf_½^apdegMb½^aÆ
uJ^sgvbQ¿lopi\`cobv1^Ohtb\ `Qbc|z\o`]D\`hÄgM`cd^afDn4\$p\ i\p\¿egiÂCÈ
cgide\4bode\ª`\ckzbcopfzy3opfõ^¿z\ yi`8^i¿_^ObcopgifÔofïzbcf_\¿lkz\e^
pk_n ó  În ^if_¿loÅ¿z^Ob\Ô¿lgideopf_^Obof_yÎbc|z\d^ap]Ugi]_kzp^abcopgifRÏ
8*gi]_kzp^abcopgif_ªgihwco \¯iÒglnn ^icopgif_^ip \4äl|zopÃzobc\¿Ôbc|_opÃU\4Æ
|_^sopgikz` ÈaÃzklbQbcg^Ñp\\`\4äsb\ fbÈs^af_¿/u$obc|cu$oÇhtb\ ``c\ n4gOÆ
\ `iÏ 8*gi]zkzÅ^ObogMf_wgah:o  \~®M/fz\ M\ ` \ äs|_oÃzobc\ ¿ ^afsÒcoyMfzoÇhtÆ
oÅn ^afb]z`giÃzp\ dªu$obc|Ðïzbcf_\Ñ`c\ bc\ fbogMfRÏ<8*gi]zkzÅ^ObogMf_"gah
co \ª÷/\ ^a`fMb$degi`\pgOu$pu$oÇb|f_ge^i]z]_^i`c\fMb$ÃU\ fz\ ïzbÏ
J^ic\¿GgMfGbc|z\ \½\ äl]D\`copde\ fbÈ$u\Ðn4gMf_n4pk_¿l\ ¿Íbc|_^abÒbc|_\
hZ^ibc\ vb:p\^i`cfzopfzyc]D\\¿1uw^M*giÃlb8^aopfz\¿1k_cofzy^ª]Ugi]zkzÅ^ObogMf
co \$gahR¯aªu$oÇb|Ò°ïzbcfz\ cQc^id/]_\  ÈaÃ_klbbc|D^Ob:hÄgi`^Ñ`\ poÅ^aÃzp\
Ã_^ip^if_n4\1ÃD\ bvu\\ f½p\^i`cfzopfzy]U\ \ ¿Ô^afD¿ ïzbcf_\"`\4b\ fbcopgifÉÈ
^ ]Ugi]_kzp^abcopgifco  \wgah_®iu$oÇb|1 ïzbcfz\ cC^ade]zp\C|zgMkzÅ¿~ÃU\
k_c\¿Ï*Ð\b|z\ f3`^ifÒ^b|zop`¿Ò`cgMkzf_¿gihR\4äl]D\`copde\ fbk_cof_y
]Ugi]zkzÅ^ObogMf-co \gih1¯a^if_¿Ó®MzÈ$u$obc|¾°^af_¿ÓÎïzbcfz\ c
^ade]zp\ÈzgOi\` ^ep^i`cyM\ªfskzd1ÃD\` gah*`kzf_Èzbcgn giflïD`cdòbc|_^ab
gik_`$`c\ kzb$n gikzÅ¿3ÃD\`\ pop^iÃzp`c\]z`gs¿zk_n4\ ¿Ï
CofD^apMÈTopfÎgikz`ÑhÄgMkz`cbc|Î`gikzf_¿Ðgihw\ äs]U\ `opd/\fbÈTuw\ebcgsg ó
^ bvs]zoÅn ^iQ`kzfu$obc|Á^Ô]DgM]zkzÅ^ObogMfÁo  \Ògah®i^af_¿Î½ïzbÆ
fz\ c~^ade]zp\ÈT^if_¿Ð`c\ bc`gM^Mnðbcopi\ \O^apk_^Ob\¿õ\^Mn8|de\d1Æ
ÃU\ `JgahRb|z\Ñof_oÇbop^i@^if_¿ïDf_^a@]Ugi]zkzÅ^ObogMf_gOi\ `bc|_gik_^af_¿_
gah*yM^ide\Jbg^in n kz`8^Obc\Ò\bcopde^abc\Ñb|z\ op`"^MnðbckD^a@ïzbfz\\  Ï
¼ \ ^afsu$|zop\MÈ_uw\~`^if \4äl]D\`copde\ fb u$oÇb|½]DgM]zkzÅ^ObogMf½o  \ 
gah÷Mu$obc|õïzbfz\ªc^id/]_\  hÄgM`Ñ^ÒgMfzyi\` bode\1bcg n4gifzÆ
ï_`d bc|D^Ob$bc|_\`ckzfDJu$oÇb| ^/]Ugi]zk_p^abcopgif o  \Ñgah*®i/u$obc| 
ïzbfz\ ^ade]zp\Juw\ `\ï_fD¿lof_yyigsgl¿3cgipklbcopgifD Ï
CoyMkz`\"c|zgOu ^1n ^abbc\`Æ¥yi`8^a]_|/gihbc|z\Ñckz`csopsofzy/n ^if_¿loÆ
¿z^abc\~hÄ`cgMd7\ ^in8|õyi\fz\ `8^ObogMfõgah$gifz\ ó \ \]D\`~]Ugi]zkzÅ^ObogMf
hÄgi`/^ `kzfk_cof_yÔ^ ]Ugi]zkzÅ^ObogMfÁco \gah®M ^af_¿ ïzbcfz\ c
^ade]zp\Ï\ gMÃ_\`cM\¿copd/opÅ^a`/bc`\ f_¿_eofÀbc|z\ ]Ugi]zk_p^aÆ
bcopgifDgihRbc|_\ªgibc|z\`wbvug1]zp^M\ `8 Ï*{J|z\ªopfz\ J`c\]z`c\ \fbQbc|_\
ÃU\bËÄd^aäsopdk_dÌ4ÈQ^i\`^iyi\MÈT^afD¿ÎugM`b3ËZd/opfzopdkzdÌ~ïzbÆ
fz\ cc\gah*bc|z\/k_`csopopfzyn^af_¿loÅ¿z^abc\gah:\^Mn8| yi\ f_\ `8^ObcopgifÉÏ
{J|z\Ñbode\ÑhÄgi`Jb|z\`kzf3uJ^i øi®/|zgikz`8È@ËL°yi\fz\ `8^ObogMf_8ÌðÏ
{J|z\ |_oyM|z\b^i\`^iyi\ïzbcf_\:uw^M^a]_]z`cgälopd^Obc\1®iin Æ
n4p\ËZ®MÎ\ n4gifD¿zgahÞ"ßià8ßlá*â ×Ày^ade\ bcopde\ Ì4Ï{J|_opÒuw^M
^Obcb^iofz\ ¿Wu$obc|zopf¾¯MøÎyi\fz\ `8^ObogMf_È$gi`¯i|zgMkz`8gah1`ckzfzÆ
fzopfzyõbcopde\iÈ ^ahtbc\ `Òu$|zopn8|Íb|z\Ô^i\`^iyi\3ïzbcf_\\i\pgiÂCÏ
{J|z\¿l\yi`8^i¿z^abcopgifofÐïzbfz\ªhÄ`cgMd yM\ fz\`^abcopgif_Ñ®iÒbcgÔøMø
oÅw^/`\ckzbwgihTfzgMopc\"opfb|z\ªïzbcf_\J\ O^apk_^ObogMf_Ï*{J|_\ï_`8b
yi\fz\ `8^ObogMf ofÐu$|zoÅn8| bc|_\/ÃU\bªïzbcfz\ cªuJ^i"yi`\^abc\ `bc|_^if
®iM1n ln4p\JuJ^iJyi\fz\ `8^ObogMf3¬_Èzu$|zoÅn8|n gi``c\ ]Ugif_¿_QbgzÏ ÷
|zgMkz`gah`ck_fzfzopfzyÎbcopde\b"ª|zgOuw\ i\`ÈwÃU\n ^ik_c\ bc|z\½ïzbcfz\ c
\ O^ik_^abcopgifeoÅfzgMopciÈMoÇbQoÅ:po ó \ pb|_^ObQbc|z\ c`c\ ^a  ï_bcfz\ cQgah
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CoyMkz`\1°s¨ Cobcfz\ c"[oÅvb`copÃzklbogMfãh{J|z\ñîfzobcoÅ^aTf_¿ CoÇÆ
f_^i 8*gi]zkzÅ^ObogMf_ z`gid Copyikz`\zÏ

REAL WORLD APPLICATIONS

{C^aÃ_\e«i¨QjgMd/]D^a`opcgif ã hã"kz`QC \ckzÇb8${ÉgÒmsbcgif_\b  Ï
mbc`8^Ob\ yi
mb gifz\Ñ\4b^iLÏ {J|zoÅ$ugM` ó
 puw^l F gMp¿
_÷ Ï °
°sÏ ¯
C ^af_¿zgid
_÷ Ï 
«®zÏ ø
DR\^i`cf_ofzy~ËZñîfzobcoÅ^a
lø Ï ø
« ¯lÏ ¬
 i\`^iyi\Ì
DR\^i`cf_ofzy Ë CofD^a
« _÷ Ï ø
¯O÷_Ï ¬
 i\`^iyi\Ì
bc|_\~bcopde\ Ì4ÏF gOuw\ M\ ` È_opfsi\bcopyM^abcopgif gah:b|z\c\1n^af_¿zop¿z^abc\ 
c|zgOu  b|_^Obªbc|_\/xô|_^M\igMM\¿ ^opdeoÅ^a`Ñvb`^abc\yik_vÆ
opfzyª¿zoÇÂ@\ `\ fbT`\ ]_`c\ \fMb8^ObogMf_ Ï ßaÙ}'4Ö&ÉgMfzpª]D^i\ Éu$|z\f
¿l\ ]U\ `8^Ob\b"an4gMf_c\Êkz\ fbMÈ ^iM|zopÉ]_^ic\R^i`c\Qn \ ^a`8^af_n \Ubg
|zoÅ"hZ^a`cbc|z\`b\^aded^Ob\iÏ   3 8Ö |zgOuw\ M\ ` ÈUn^af½]D^iu$|z\f
fzgib$¿z\c]D\`^abc\iÈl¿loÅbc`oÃzkzbcopfzye|zopJ]D^i\ \ Êk_^apÃU\4bvuw\ \f
|zoÅbvugbc\^idede^abc\  Ï h0Üâ_Ø+&0U|zgOuw\ M\ `]_^Mcc\dkDn8|Òdegi`\
gahtb\ fRÈi]_^iopfzybcgÃUgab|1]_p^M\ `8 ÏF\kD\ Tbc`8^Ob\ yioÅn]D^i\ 
bcgn \ fbc`8^apopc\ªbc|z\ÃD^apu$|z\ f fzgib kzf_¿l\`$]z`c\ cckz`\iÏ
6
Bowser
Vince
Stuart
5

4

Frequency (%)

$C \ bc`gM^in4bcopi\Qbc\bcopfzyªgahzb|z\wï_f_^i]Ugi]_kzp^abcopgif/|zgOuw\¿bc|_^ab
^abc|_gikzyM|ebc|z\Ñ^inn4kz`8^Ob\ p1\ vbod^Ob\¿eï_bcfz\ cc\Qgahbc|_\ªckz`cÆ
sosopfzy~n ^if_¿loÅ¿z^Ob\:uw\ `\Jk_ck_^ap/pgOu\`Tb|_^afeb|z\n gM^a`8c\ p
\bcopd^Ob\¿1ïzbcf_\\  Èibc|z\`c\$uw\ `\$\i\ `8^azn^af_¿zop¿z^abc\ :u$oÇb|
|zopyi|^in n kz`8^Obc\\ vbod^abc\¿ïzbcf_\\  Èz^if_¿opfcgide\Ñn ^M\ 
bc|_\3^inn4kz`8^Ob\ p\ vbod^abc\¿Îïzbcfz\ c1uJ^i~|_oyM|z\ `1bc|_^ifÎbc|_\
n4g^a`8\G\ vbod^Ob\¿-ïzbcf_\ Ï {J|z\În ^if_¿loÅ¿z^Ob\u$obc|¾bc|_\
ÃU\bC^inn4kz`8^Ob\ p \bcopd^Ob\¿Ñïzbfz\RuJ^iR`^abc\¿"b|z\ $ÃU\b
de\ d1ÃD\`Copf1bc|z\w]DgM]zkzÅ^ObogMf1ÃsÑbc|_\wx~ÏOÐ\wn^apMb|zoÅ:n ^afzÆ
¿loÅ¿z^Ob\ h0Üâ_Ø+&0ÜÏÉÐ\ n4gide]zkzbc\¿1b|z\$Mø ÿn4gifzïD¿l\ fDn4\Jofb\ `cÆ
O^aUhÄgi`wb|z\Ñd/\ ^af3ïzbcf_\gihÉb|zop$n^af_¿zop¿z^abc\Ñ^i_ ®z«_È®M®i,
n4ln \  ÏÐ\n ^i:b|z\c\n4gMf_¿ÃD\ vbn^af_¿loÅ¿z^abc\½ËÄkDopfzy bc|_\
^inn4kz`8^Ob\ pÁ\ vbod^Ob\¿Gï_bcfz\ c8ÌeopfWbc|z\Ôï_f_^i]Ugi]zkzÅ^ObogMf
"ßOÙ}' Ö&ðÈU^af_¿Òbc|_\Ñbc|zop`¿ÃU\bn ^if_¿loÅ¿z^Ob\   3 8Ö Ï
Ð\^aÅg`\4b`cg^in4bcopi\ pb\bc\¿/b|z\ opfzobcoÅ^a*ËÄ`8^af_¿lgMde1yi\ fzÆ
\ `8^Ob\¿_Ì]Ugi]zk_p^abcopgifbcg^inn4kz`8^Ob\ p\bcopd^Obc\Ñb|z\~^i\`^iyi\
ïzbfz\ ÃU\4hÄgM`c\~p\^i`cf_ofzyDÏw{J|_\^i\`^iyi\"ïzbcfz\ c"gah*b|z\~opfzoÇÆ
bcoÅ^aÉ]DgM]zkzÅ^ObcopgifuJ^iÑ« ¯i¬1n ln4p\Ï
Ð\uw\ `\ n4gifDn4\ `fz\ ¿/^iÃDgMklbb|z\|zopyi|eï_bcfz\ cc\:gihÉgMde\$gah
bc|_\"de\ d1ÃD\`gahb|z\ªofzobcoÅ^a@]Ugi]zk_p^abcopgifRÈlcguw\`8^afÒ^M¿z¿loÆ
bcopgifD^aU\4äl]D\`copde\ fb"ËÄu$obc|^~]Ugi]zkzÅ^ObogMfÒco \ gahÉ®M^afD¿
ïzbfz\^ade]zp\8ÌTbc|_^abÃD\yM^afeu$obc|^Ñ]Ugsgi`:opfzoÇbop^i_]Ugi]zk_p^aÆ
bcopgifÉÏÐ\/n giflï_`de\¿b|_^Ob"bc|z\ec^ide\ïzbcf_\O^apkz\ uw\ `\
p\^a`fbRhÄ`gidöbc|z\]Ugsgi`TofzobcoÅ^a]Ugi]zkzÅ^ObogMfRÈOk_yiyi\ vbof_yJbc|_^ab
gik_`$`c\ kzb$^i`c\ªopf_¿l\ ]U\ fD¿l\ fbgihÉbc|_\ofzobcoÅ^aÉ]DgM]zkzÅ^ObcopgifÉÏ
{C^aÃzp\« n4gMde]_^a`\bc|z\ `\ckzb/gah b|zoÅeugM` ó u$obc|Àbc|_^ab
gahÉbc|z\Ñ`\ opflhÄgi`8n4\d/\fbwp\^i`cfzopfzy/^a]z]z`gM^Mn8|kzf_¿z\ `cb^ ó \ fÃs
mbgifz\3\4b^aÜÏÐ\ÒgMÃ_\`cM\bc|D^Obemsbcgif_\3uJ^i1^aÃzp\bgÔopd1Æ
]z`gOi\1yM^ade\/¿lkz`8^ObcopgifÔhÄ`cgMd^a]z]_`cgälopde^abc\ ølÏ øÒc\n gif_¿_
bcg «÷_Ï ø/\ n4gifD¿zËZ^ifopde]z`gOi\ de\fMb$gih*_Ï ec\n4gMf_¿z8Ìwu$oÇb|
^a]_]z`cgälopd^Obc\¯a/|zgik_`$gihCp\^i`cf_ofzyDÏwã"kz` `\ckzb c|zgOu
opd/]_`cgOM\ de\ fbopf bc|_\1^i\`^iyi\ÑyM^ide\1¿lkz`8^ObogMf hÄ`cgMd7«¯lÏ ¬
c\n4gMf_¿z bcg ¯O÷_Ï ¬c\n gif_¿z1ËZ^if½ode]z`gOi\de\ fb"gih « ¯lÏ c\n4Æ
gifD¿zÌ4Ï gab\/bc|zoÅO^apkz\eopcgide\u$|_^Ob~cde^ip\ `ªb|_^afÐbc|_\
\bcopd^Ob\¿Áïzbcfz\ cÒ¿l\4b\ `d/opfz\ ¿ÁÃsÎb|z\ xQ Îbc|z\½^Mn n4kzÆ
`8^Obc\½ïzbcfz\ c3\bcopd^Ob\½k_c\3de^ifsÀdegi`\½^ade]zp\È u$oÇb|
bc|_\x opf_n4pk_¿lopfzyÔgMfzpb|zgMc\3n^af_¿zop¿z^abc\ ~b|_^Obekz`soM\
opfMbgbc|z\efz\ äb~yM\ fz\`^abcopgifÁËZofbkzoÇbogMfÎkzyMyi\ vb8b|_^Ob~ckz`cÆ
sosopfzyn ^if_¿loÅ¿z^Ob\Ju$opR|D^i\ªÃD\\ f pk_n ó o\`b|_^af `\ v\ nðbc\ ¿
n ^if_¿loÅ¿z^Ob\8ÌðÏ:{J|z\ÑÃU\bJde\dÃU\ `Jof3bc|_\"ïDf_^a@]Ugi]zkzÅ^ObogMf
gah*b|z\1xÿuw^MJhÄgik_f_¿ bcgÒ|_^i\~^if½^in n kz`8^Obc\3\bcopd^Obc\ ¿
yM^ide\¿lkz`8^ObogMf~gahU®M¯lÏ  c\n gif_¿zÏÉÐ\w\4äl]D\ nðbCbc|_^abTb|z\J¿loÇhtÆ
hÄ\ `\ fDn4\ÑopfÐbc|z\b^abcoÅn/ïzäl\¿Ðvb`^abc\yiop\eËZ^iuJ^l"|_giÅ¿lof_y
bc|_\1Ã_^i*^afD¿ `^if_¿lgMdÌ$ÃD\ bvu\\ f b|z\bvuwguwgi` ó ^a`\¿lk_\
bcgª¿loÂU\`c\f_n4\ TÃU\4bvuw\ \fbc|_\kzfD¿l\ `sopfzyÃD^icopn ó opÅÉgihzbc|_\
^ayM\ fbÑË^ lMZ_ss\[5] ÈX YlbZ_ls`[5] ÈM^if_¿eX §M #%$_§a [5] ÌðÏ
CoyMkz`\Q¬ n4gMde]_^a`\@b|z\bc`8^Ob\ yMo\ \ Mgipi\¿ªÃs"bc|z\]zp^M\ `8
h0Üâ_Ø+&0ÜÈ "ßOÙ}' Ö&ðÈ^af_
¿   3 8Ö4Ïñ¥bªc|zgOu Jbc|_\~hÄ`\Êkz\ fDn4gah
|zgMp¿Ð¿lkz`8^ObogMf_ªÃD\ bvu\\ fÐ]_^i\ ªgi`Ñbck_`cfzgOM\ `8 ½c|zgi`cbc\`
|zgMp¿Î¿lk_`^abcopgif_de\ ^afõbc|D^Ob~b|z\Ò]zÅ^i\`]_^ic\degi`\gahtÆ
bc\fRÏ:Ð\ªgMÃ_c\ `i\$b|_^Ob "ßOÙ}' Ö&w^af_¿   3 8Ö^i`c\ªopdeoÅ^a`Jopf
bc|D^Ob*bc|z\~ÃUgabc|e]_^McCopflhÄ`\Êkz\ fbÒËL^a]z]_`cgälopde^abc\Ñ÷ gah
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CoyMkz`\½¬z¨ _`c\ ÊMk_\ f_n GãhF gMp¿G["kz`^abcopgif_ zgi` h 0Üâ_Ø+&0ÜÈ
"ßO}Ù ' Ö &ðÈU^af_¿   3 8Ö4Ï
íêÁçÿí 1ì wæzêÁç 
Ð\Ín gif_bc`k_nðb\¿ÿ^if \ Mgipklbcopgif_^i`c^apyigM`cobc|_d bg-p\^a`f
]Ugipopn o\ hÄgM`e]zp^sopfzybc|z\ yM^ide\3gih"®ÐsÏ¯ ó \ \]_^uw^MÈ:^
ckzÃlÆ¥]z`cgMÃzp\ d gahb|z\ÑÞ"ßià8ßlá*â ×glnn4\ `wopdk_p^abcopgifp\^iyikz\MÏ
Ð\ ofsi\ vboy^Ob\¿Îb|z\ \4Â@\n4bgihbc|_\ fzgioÅõï_bcfz\ c\O^aÆ
k_^abcopgifÍgifb|z\ `\ckzÇb81hÄ`cgMd bc|z\½clvb\ d È^if_¿Áuw\k_\ ¿
c\ i\`^iÉb\n8|zf_opÊkz\ bg ^ap\oÅ^Ob\b|zoÅÑ\4Â@\nðb ÏñîfÐ]_^a`cbcoÅn4kzÆ
Å^a` ÈCuw\opde]z\de\ fbc\ ¿^ b\n8|zfzoÅÊkz\Ã_^M\ ¿õgifd^iofb^iofzÆ
opfzy1degOsopfzy/^M\ `8^ayM\gihRïzbfz\$c^ide]z\ bcg/\ f_^iÃz\Ñk_bg
k_c\/^3yigsgl¿sÆîo  \ ¿ ]Ugi]zkzÅ^ObogMfÔu$obc|õ\i\`^iÉïzbfz\Ñc^id/Æ
]zp\ \^ikD^ObcopgifÉÈM\4bbcopÉu$oÇb| ^/`\^MgMf_^aÃzp\ª`ckzfzÆLbode\iÏ
ã"kz``\ckzb\ äzn4\ \ ¿l\¿Íb|zgMc\ hÄ`gid ]z`c\sogMk_vbk_¿lop\Ògah
bc|_op*]z`giÃ_\dÏ* bc|_gikzyM|b|z\J`c\ kzb:^i`c\wÃ_^M\ ¿gMf1¿loÂU\`Æ
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\ fb ó \ \]D\`opd/]_\d/\fb^ObogMf_ÈÉb|z\ÒÃU\b]z`\ sopgik_p\^i`cfzÆ
opfzy½lbc\dode]z`gOi\ ¿ c\n gif_¿zÑopfÎoby^ade\¿lkz`8^ObcopgifÉÈ
u$|z\`c\ ^ibc|z\Ñ]Ugi]zk_p^abcopgifofgikz`$clvb\ d opde]z`cgOM\¿Ãs½«¯
c\n4gMf_¿zÏwÇb|zgik_yi|½uw\`^if gikz`"lbc\ d hÄgi`gMfzyi\`$bc|_^if
opf ]z`c\sogMk_ bck_¿lop\ÈUof hZ^Mnðbobª^Mn8|zo\i\ ¿3obÃD\ vbª`c\ k_Çb8
uw\ pÃD\ hÄgi`\b|z\\ f_¿3gahCdegMbJ\ äl]D\`copde\ fbÈzg1bc|_\ªp\^i`cfzÆ
opfzyeop$f_gab ^i$cgOu¾^iJob d^Ò^a]z]U\^i` ^ObJï_`8vb coyM|bÏ
{J|z\Àop¿l\ ^WgahkDopfzy-degOsopfzy-^i\`^iyi\ Òbg-opde]z`cgOM\Îbc|_\
p\^a`fzopfzyõ`^abc\ËZofÍbc|_\½`c\ ^aÆLbode\ c\ f_c\ Ì/opfGbc|z\½n gifbc\ äsb
gah*fzgMopcïzbfz\$\ O^ik_^abcopgif_Jd^ïDf_¿ k_c\Jopfgibc|z\`^a]zÆ
]zpopn^ObogMf_ Ï*Ð\Ñ\4äl]D\ nðb$b|_^ObJbc|_opwb\n8|zfzoÅÊkz\n ^if3ÃU\Ñk_\ ¿
u$|z\`c\i\ `Jopf_¿lopsop¿lkD^aÅ$n ^af ]U\ `8oÅbJopfbc|z\]Ugi]_kzp^abcopgifRÏ
ìÓèìÓéÍ
û  ê
é 
Ð\w]_p^if~bcgÑ\ äb\ f_¿~bc|zoÅ*uwgi` ó opfe\i\ `8^as¿lop`c\ nðbogMf_ ÈOÃUgab|
u$obc|zopfbc|z\Þ"ßià8ßlá*â ×3¿lgMde^iofÉÈ_^af_¿3gab|z\ `u$oÅ\MÏ
Wobc|zopfÎbc|_\Ò¿lgid^iofÎgih ó \ \ ]D^uw^MÈRu\Ò]zp^ifõbcg opde]z`cgOM\
bc|_\hÄ`8^ade\ uwgi` ó b|_^Ob^ayM\ fbk_\hÄgi`/`c\]z`c\ \fbcopfzy½¿l\n oÇÆ
cogMf_ Ï Ð\3^ipcg½^aopd7bcgÔd^ ó \ebc|_\Ò]z`giÃzp\ d degi`\Òn4gMd/Æ
]zp\4äÒËZ]DgccoÃ_ÃsopfMb`cgl¿lkDn4opfzy"^ª\ n4gMf_¿~gMÃ v\n4bcopi\ Ì4ÈOu$oÇb|
bc|_\Ò^aopdgah$\f_n4gMkz`^iyiopfzy ]U\n op^ioÅc^abcopgifÐofÐb|z\Òc\ ]_^i`^abc\
]zÅ^i\`/]Ugi]_kzp^abcopgif_ÏWÐ\ d/opyi|b^aÅcgÐ\ äl]D\`copde\ fbu$oÇb|
¿loÂU\`c\fb]DgM]zkzÅ^ObogMfvb`ck_n4bckz`\ÈC\iÏ y_Ïk_opfzy½gMfz\]Ugi]zklÆ
Å^ObcopgifÔgah]zÅ^i\`È_gM`k_cof_y3^]Ugi]_kzp^abcopgif½gih:bc\ ^ad ÏªÐ\
d^À^ipcgõbc`8^af_cÅ^Obc\ b|z\½uwgi` ó bggab|z\ `3Þ"ßià8ßlá*â ×ÍckzÃlÆ
]z`giÃzp\ dÈOk_n8|1^iÉ¿z\ i\gM]zopfzy"c]D\ n4oïDnQ ó opÅRb|_^ObC\4äl]zpgiob
bc|_\]z|sscoÅn Jgah:ÞßMàßzá*â ×UÏ
Ð\]zÅ^afbcghÄkz`b|z\ `*opfsi\bcopyM^abc\:b|z\w\4Â@\nðb8Cgah_fzgMopc\iÈOÃUgab|
opfbc|zoÅw¿lgid^aopfÒ^if_¿edegi`\ yi\fz\ `8^apMÏC{J|_\k_c\ gahRdegOsopfzy
^i\`^iyi\ |_^iC|z\]U\¿bcgÑopde]z`cgOM\b|z\`\ckzbÈi^afD¿~uw\u$op
^a]_]zbc|_\3^ade\bc\ n8|zfzoÅÊkz\ÒopfÎgab|z\ `/¿lgid^aopf_~bcg½`\4ï_f_\
ob"hÄkz`cbc|_\ ` ÏÑjgif_fz\n4bc\¿½bcgÒbc|zoÅ È@uw\u$op*^aÅcgofsM\bcopyM^Ob\
gab|z\ `"]DgccopÃz\uw^lwbcg3d^ ó \Ñï_bcfz\ c\ O^apk_^ObogMf_ ÃD^ic\¿
gif d1kzbcop]z\ËÄfzgMopczÌ$^ade]zp\È_\iÏ y_Ï$kDopfzyb|z\de\¿zop^if gah
^/yi`gikz]gah*c^ide]z\  Èz^MJgi]z]UgMc\¿Òbcgeb|z\de\^ifRÏ
é   ¹  »  ·
[1Ï/f_¿l`\ö^afD¿ ~Ïe{É\p\ ` Ï xMgipopfzy {J\ ^ad ["^i`cu$opf
} fzobc\ ¿Ï ñîfX¼ÎÏÒ"c^M¿z^ ^afD¿ FÏ Ñob^af_g_ÈÔ\ ¿lobcgi`8È
Þßià8ßzáCâ ×4$ $Þßià8ß,0 ß  8Ö&  ß+&i -½á*â × ðÏDml]z`copfzyM\ `cÆ
V:\ `p^iy_È w\ `opfRÈ« ii_Ï
{ÑÏ w\ Ån8|RÏ DÖ8Ø ß,0'Îgihtbvuw^i`c\G^afD¿%¿zgsn kzde\ fb^abcopgifRÏ
}UCQD ls $w a¦s¦¦J¤îz§s  zMD£C¤,s  Ï
F~Ï Æv6/Ï w\ M\ ` Ï xQigipklbogMf_^a` ^apyigM`cobc|zd@opffzgioÅc\ fssop`cgMflÆ
d/\fb¨ {J|_\ gi`\4bopn^awopckz\^if_¿yMkzop¿z\ pofz\ /hÄgi`e]z`8^in4Æ
bcoÅn4\iÏ á%ß  ×@ây0¥Ö& ÔÖ0 _ß5-+'  3 w×i×4i ZÖ(- ÔÖ _Ø+3 'Ø+3%S3  3UÖ8Ö&  3 iÈÉ«¬M_ËÜ¯ ÷sÌð¨ ¯a®M l¯i°lÈi¯aiMzÏ
¼ÎÏ%j|_\ fRÈ x Ï _gi`gikzyM|zoÜÈ wÏ F \ofb i!
È *Ï F k_^ifzy_È
m@Ï ^a]U\4b8^af_^ ó oÅÈ eÏ Ñgvbop^M¿lop#
È "_Ï Ñkzdede\ f_\ v\iÈ

REAL WORLD APPLICATIONS

ñðÏ gl¿z^zÈwã1ÏQã"Ã_bÈ 8*ÏaC$opp\ iÈ{ÑÏ:msbc\4Â@\ fD È%$1Ï*Ð^ifzy_È
^af_¿'&Ï($"opfRÏÀÞ"ßià8ßlá*â × @ß  8Ö& @Ö& Ö&*) `'4Ö&(' ÔØ,3#$
â_Ø+i +OÈ"Mkzfz\~¯aMz«MÏ
8*Ï%"DÏQ[ª^a`u\fRÏjgMd/]_klb^abcopgif_^ipopfMb\ f_copi\½^afD¿GfzgioÅ
b^i ó  ¨jgiÆÜ\igMklbogMf_^a`õ\ ^a`fzopfzyÎ^af_¿Ábc\d/]Ugi`8^a"¿loÇhtÆ
hÄ\ `\ f_n \Ðp\^i`cf_ofzyÍgif J^in ó yM^id/degMfRÏ ñîf ,S&cß 5/j .0100
á:ß,3 b&cÖ'H'ß+23  Oß+iÇây0 Zß,3UØ+&ðÚ á%ß  ×@ây0¥Ø,0 Zß,3_Èl]_^iyi\¬°i¯ 
¬°O_Èy8oÅcn^Ob^uJ^iÈ 3"DÈD¯iii_ÏMñvxxQxWms\`csoÅn4\~j\ fbc\`Ï
j"Ï["^i`cu$opfRÏ 4_Ö 5 &  % 3Áß) a×_Ö  ZÖ'8Ï 8*\ fzyMkzopfÐjp^MccoÅn È
DRgifD¿lgifRÈ« ¬MøizÏ
m@Ï@¼ÎÏ*6ªk_vb8^OhZcgif½^if_¿ ÿÏ4F~Ï4FckRÏUDÉ^M\ `\¿p\^a`fzopfzyopf
yi\ f_\4bcoÅn"]z`cgMyi`8^adedeof_yhÄgi`J^1n gsgi]U\ `8^Obcopi\`cgMÃDgibwcgsnn4\`
]z`cgMÃzp\ d Ïñî6f wây&ß×_ÖØ,3Wáß+35)4Ö&cÖ3 8ÖÒß,
3 7 Ö3@Ö0 /,S&ß+$
,&c%
Ø    3 iÈz]_^iyi\  ¯az« s®Mz«iÈs¯aMz«iÏ
F~Ï ÑoÇb8^afzgDÈM¼ÎÏM{T^idÃU\iÈ8*ÏMmbcgMfz\iÈs¼ÎÏ,V:\ggDÈm@Ïljgi`8^i¿l\ Æ
cn8|zoÜÈx ÏÁãªc^uJ^zÈ F~Ï¼½^abckzÃ_^a`8^zÈöñðÏ gl¿z^_È¾^if_¿
¼ÎÏR^i¿z^_Ï~{J|z\/`cgMÃDgln4k_]cfb|z\4bopne^ayM\ fbªn8|D^ap\fzyi\MÏ
ñî'
f 3#0îÖ&3UØ+0 Zß+3@Ø+9i 8s%ß  3#0/áß+35)4Ö&cÖ3 8Ö ß+:3 &0   ZØ,;i 3#$
0¥Öi i  Ö3 2Ö )<=8Uá > ?@+ÈÉ«is°sÏ
"DÏ\ C Ï 3 ÑÓg ßv ) ^zÏ 8ß 7Ö×U3@âyÖ0î0Ö&(A'Î,Sà4&cÚ ß be&cØ Ö8 Ø+3# 'õ 3 ß1)AÐ3@ß+Ø+3 0Üây&c<0 zØ+iÖ'×%Ö&iß Ö b&c0 ØZß, 3_$Ï
¼ ñv{ 8Q`c\ cÈ@«MM¯lÏ
m@Ï DRk ó \iÈ%j"Ï F gM|zfRB
"gi_`8Ï¿lF ofD\ ^OfDbc¿lopgi\fö`Ï u$oÇbj|giÆÜyi\\ iÈ f_gi\4p"DsbcÏoÅonÐf_yGD]z^a`c`gigl`cyioÅn `8n È^a\ de`Ô6/decgaCÏ ophtfzb"y_ÃD^iÏ gin bÔó ñîcfbcgi\ fR^aFÈÿd Ï ^iÑn4f_gio¿ ÆÆ
b^af_g_Èz\ ¿loÇbgi` ÈDÞßMà8ßlá*â ×%$ ?D$ÞßMà8ß+0 @ß  8Ö&  ß,&ik-á*â ×
ðÏDms]_`copfzyi\`ÆnV:\ `Å^ay_È w\ `opfRÈ« ii¬_Ï
DÏS8*Ï C$\op^if_¿ ~Ï DÉ^akÉ
Ï j 8*gi`cbckzy^awbc\ ^ad ¿l\n4`o]zÆ
bcopgifR¨C$giÃUgsjk_]-¯aiMõopdkzÅ^ObogMfW\ ^ayMkz\½n8|_^ade]zopgifÉÏ
ñîf 8*ÏQmbgifz\MÈ{ÑÏ J^aÅn8|RÈQ^if_¿ 6/Ï Ñ`^i\4b  cn8|_de^i`È*\ ¿loÇÆ
bcgi`8ÈÞßMàßzá*â ×%E$ .01001½ÞßMàß,0 @ß  ÖC
&  ß,&ik-Íá*â C
×  ÉÏ
ms]z`ofzyM\ `cÆTV:\`cÅ^ayDÈ w\`cpofÉÈ_¯ai_«iÏ
8*ÏambcgMfz\$^af_¿1[Ïa¼Ôn  pp\bc\ ` Ïz f/^a`8n8|zobc\n4bckz`\hÄgi`:^in4bcopgif
\\ nðbcopgifopf`giÃUgabopnÑcgln n4\`Èz¯iiz«MÏ
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Abstract
To realize design automation of dynamic
systems, there are two major issues to be dealt
with: open-topology generation of dynamic
systems and simulation or analysis of those
models. For the first issue, we exploit the strong
topology exploration capability of genetic
programming to create and evolve structures
representing dynamic systems. With the help of
ERCs (ephemeral random constants) in genetic
programming, we can also evolve the sizing of
dynamic system components along with the
structures. The second issue, simulation and
analysis of those system models, is made more
complex when they represent mixed-energydomain systems. We take advantage of bond
graphs as a tool for multi- or mixed-domain
modeling and simulation of dynamic systems.
Because there are many considerations in
dynamic system design that are not completely
captured by a bond graph, we would like to
generate multiple solutions, allowing the
designer more latitude in choosing a model to
implement. The approach in this paper is capable
of providing a variety of design choices to the
designer for further analysis, comparison and
trade-off. The approach is shown to be efficient
and effective in an example of open-ended realworld dynamic system design application, a
printer re-design problem.

1

INTRODUCTION

In general, design of dynamic systems includes two steps:
conceptual design and detailed design. In the conceptual
design phase, the following questions should be answered
(Tay et al. 1998): 1) What is the exact design problem to
be solved? (This requires a complete and consistent listing

of the requirements), and 2) what are the key problem
areas in the solution? (This requires the identification of
critical parts of the solution that will determine the
performance). Then the process of detailed design can be
undertaken, identifying those candidate solutions that
meet the requirements and provide the level of
performance needed. The research in this paper focuses
on the detailed design of dynamic systems. The strategy is
to develop an automated procedure capable of exploring
the search space of candidate dynamical systems and
providing design variants that meet desired design
specifications or dynamical characteristics. The method
must be able to explore the design space in a topologically
open-ended manner, yet still find appropriate
configurations efficiently enough to be useful.
Much research has been done on design automation of
single domain systems using an evolutionary computation
approach. For example, automated design of analog
circuits has attracted much attention in recent years
(Grimbleby, 1995) (Lohn, 1999) (Koza, 1999) (Zhun,
2000). It could be classified into two categories: GAbased and GP-based. Most GA-based approaches realize
topology optimization via a GA and parameter
optimization with numerical optimization methods
(Grimbleby, 1995). Some GA approaches also evolve
both topology and component parameters; however, they
typically allow only a limited number of components to
be evolved (Lohn, 1999). Although their work basically
achieves good results in analog circuit design, it is not
easily extendable to interdisciplinary systems like
mechatronic systems.
Design of interdisciplinary (multi-domain) dynamic
engineering systems, such as mechatronic systems, differs
from design of single-domain systems, such as electronic
circuits, mechanisms, and fluid power systems, in part
because of the need to integrate the several distinct
domain characteristics in predicting system behavior
(Coelingh et al.). However, most current modeling and
simulation tools that provide for representation at a
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schematic, or topological, level have been optimized for a
single domain. The bond graph provides a unified model
representation across inter-disciplinary system domains.
Tay uses bond graphs and GA to generate and analyze
dynamic system designs automatically (Tay et al. 1998).
He uses nested GA to evolve both topology and
parameters for dynamic systems. However, the efficiency
of his approach is hampered by the weak ability of GA to
search in both topology and parameter spaces
simultaneously.
Genetic programming is an effective way to generate
design candidates in an open-ended, but statistically
structured, manner. There have been a number of research
efforts aimed at exploring the combination of genetic
programming with physical modeling to find good
engineering designs. Perhaps most notable is the work of
Koza et al.. He presents a single uniform approach using
genetic programming for the automatic synthesis of both
the topology and sizing of a suite of various prototypical
analog circuits, including low-pass filters, operational
amplifiers, and controllers. This approach appears to be
very promising, having produced a number of patentable
designs for useful artifacts. It is closely related to our
approach, except that it searches in a single energy
domain.
We investigate an approach combining genetic
programming and bond graphs to automate the process of
design of dynamic systems to a significant degree. To
improve the topology search capability of GP and enable
it to provide a diversity of choices to the designer, a
special form of parallel GP, the Hierarchical Fair
Competition GP (HFC-GP), is used in this paper (Hu, et
al., 2002). The efficiency and effectiveness of the
approach are illustrated in an interesting redesign example
involving the drive mechanism for an electric printer.
Several design alternatives for the printer drive are
derived through exploring open-topologies in bond graph
space. It turns out that some of them are obviously
physically realizable and others are not.

2
2.1

DESIGN DOMAIN AND
METHODOLOGY
MULTI-DOMAIN DYNAMIC SYSTEMS

Multi-domain system design differs from conventional
design of electronic circuits, mechanical systems, and
fluid power systems in part because of the need to
integrate several types of energy behavior as part of the
basic design. For example, in addition to appropriate
“drivers” (sources), lumped-parameter dynamical
mechanical systems models typically include at least
masses, springs and dampers (Figure 1 a)) while “RLC”
electric circuits include resistors, inductors and capacitors
(Figure 1 b)). However, they could both be expressed in
the same bond graph (Figure 1 c)).

R

x

k
m

F(t)

i

b

L

C
a)

b)

c)
Figure 1. Dynamic systems and bond graph representation : a)
mechanical, b) electrical , and c) bond graph that represents both

2.2

BOND GRAPHS

The bond graph is a modeling tool that provides a unified
approach to the modeling and analysis of dynamic
systems, especially hybrid multi-domain systems
including mechanical, electrical, pneumatic, hydraulic,
etc. (Karnopp et al. 2000). It is the explicit representation
of model topology that makes the bond graph a good
candidate for use in open-ended design searching. For
notation details and methods of system analysis related to
the bond graph representation see Karnopp et al. and
Rosenberg (Rosenberg et al, 1992). Much recent research
has explored the bond graph as a tool for design (Sharpe
and Bracewell 1995, Tay et al. 1998, Youcef-Toumi
1999, Redfield 1999).
In our research, the bond graph has additional desirable
characteristics for selection as the tool for system
representation and simulation. The evaluation efficiency
of the bond graph model can be improved because
analysis of causal relationships and power flow between
elements and subsystems can be done quickly and easily,
and reveals certain important system properties and
inherent characteristics. This makes it possible to discard
infeasible design candidates even before numerically
evaluating them, thus reducing time of evaluation to a
large degree.
Because virtually all of the circuit
topologies passing causal analysis can be simulated, our
system does not need to check validity conditions of
individual circuits to avoid singular situations that could
interrupt the running of a program evaluating them.
Another characteristic of bond graphs is their ease of
mapping to the engineering design process (Xia, et al.
1991). Because each component of the system can be
represented correspondingly in a bond graph, junctions
and elements can be added to or deleted from a model
without causing dramatic changes. This emulates the
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engineering process of modifying systems, refining
simple designs discovered initially, adding size and
complexity as needed to meet more complicated design
demands step by step. As genetic programming usually
shows a weak causality of structure evolution (Rosca,
1995), this potential strong causality of the bond graph
modification process also makes bond graph
representation an attractive technique to use in genetic
programming to explore the open-ended dynamic system
design space in an evolutionary process.
2.2

GENETIC PROGRAMMING AND BOND
GRAPHS

The tree representation on GP chromosomes, as compared
with the string representation typically used in GA, gives
GP more flexibility to encode solution representations for
many real-world design applications. The bond graph,
which can contain cycles, is not represented directly on
the GP tree—instead, the function set (nodes of the tree)
encode a constructor for a bond graph.
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2.3

The flow of the entire algorithm is shown in Figure 2. The
user specifies the embryonic physical model for the target
system (i.e., its interface to the external world, in terms of
which the desired performance is specified) After that, an
initial population of GP trees is randomly generated. Each
GP tree maps to a bond graph tree. Analysis is then
performed on each bond graph tree. This analysis consists
of two steps – causal analysis and state equation analysis.
After the (vector) state equation is obtained, the important
dynamic characteristics of the system are sent to the
fitness evaluation module and the fitness of the tree is
evaluated. For each evaluated and sorted population,
genetic operations – selection, crossover, mutation and
reproduction – are carried out to seek design candidates
with improved quality. The loop of bond graph analysis
and GP operation is iterated until a termination condition
is satisfied or a specified number of iterations performed.
The final step is to instantiate a physical design, replacing
the bond graph with the physical components represented.

We define the GP functions and terminals for bond graph
construction as follows. There are four types of functions:
first, add functions that can be applied only to a junction
and which add a C, I, or R element; second, insert
functions that can be applied to a bond and which insert a
0-junction or 1-junction into the bond; third, replace
functions that can be applied to a node and which can
change the type of element and corresponding parameter
values for C, I, or R elements; and fourth, arithmetic
functions that perform arithmetic operations and can be
used to determine the numerical values associated with
components (Table 1). Details of function definitions are
illustrated in Seo et al. (2001).

Specify physical schematic embryo

Specify embryo bond graph

Create initial population of GP tree

Fitness evaluation for each individual

Table 1 Function and terminal set for bond graph evolution

Name

DESIGN PROCEDURE

Selection for each population

Description

add_C

Add a C element to junctions

add_I

Add an I element to junctions

add_R

Add an R element to junctions

insert_J0

Insert a 0-junction in bond

insert_J1

Insert a 1-junction in bond

replace_C

Replace current element with C element

replace_ I

Replace current element with I element

replace_ R

Replace current element with R element

+

Add two ERCs

-

Subtract two ERCs

endn

End terminal for add element operation

endb

End terminal for insert junction operation

endr

End terminal for replace element operation

erc

Ephemeral random constant (ERC)

Reproduction, crossover, mutation

Termination
criteria?

NO

YES
Physical realization

Figure 2. Flow chart of the design procedure

3
3.1

CASE STUDY
PROBLEM FORMULATION

The original problem was presented by C. Denny and W.
Oates of IBM, Lexington, KY, in 1972. Figure 3 shows a
closed-loop control system to position a rotational load
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(inertia) denoted as JL. The problem with the design is
that the position output of the load JL has intense
vibrations (see Figure 4). The design specification is to
reduce the vibration of the load to an acceptable level,
given certain command conditions for rotational position.

By analyzing the model, we conclude that the critical part
for the design is a subsystem that involves the drive shaft
and the load (Figure 5). The input is the driving torque,
Td, generated through the belt coupling back to the motor
(not shown).

We want the settling time to be less than 70ms when the
input voltage is stepped from zero to one. Note that the
settling time of the original system is about 2000ms. The
time scale in Figure 4 is 4000 ms.

This subsystem was deemed a logical place to begin the
design problem. The questions left to the designer now
are: 1) at which exact spots of the subsystem new
components should be inserted, 2) which types of
components and how many of them should be inserted, in
which manner, and 3) what should be the values of the
parameters for the components to be added? The
approach reported in this paper is able to answer these
three questions in one stroke in an automated manner,
once the embryo system has been defined.
3.2

Integral

Figure 3. Schematic of the printer drive system

The system includes electric voltage source, motor and
mechanical parts. As it is a multi-domain system, a bond
graph is convenient to use for modeling.

AN EMBRYO FOR EVOLUTION

To search for a new design using the BG/GP design tool,
an embryo model is required. The embryo model is the
fixed part of the system and the starting point for GP to
generate candidates of system designs by adding new
components in a developmental manner. The embryo used
for this example, expressed in bond graph language, is
shown in Figure 6, with the modifiable sites highlighted.
The modifiable sites are places that new components can
be added. The choice of modifiable sites is typically easy
for the designer to decide. However, modifiable sites are
only possible spots for insertion of new components –
they are not necessarily inserted to any particular one of
them. In this particular example, designers need have no
idea whether assemblies of new components will be
inserted at modifiable site (1), or at modifiable site (2) , at
site(3), or at any combinations of them. Instead, the
algorithm will answer these questions in an automatic
way, without intervention by the human designer.
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Figure 4. a) Bond graph model b) Positional vibration of the load

Integrate1

Figure 6. Bond graph model for the embryo system

The parameters for the embryo model are:
I s : 6 . 7 × 10

−6

kg ⋅ m 2

Rs : 0 .013 × 10 −3 N ⋅ m ⋅ sec
Figure 5. The embryo subsystem

C s1 : 0 . 208 N ⋅ m ⋅

rad

C s 2 : 0 .208 N ⋅ m ⋅

rad

rad

TF2
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RL : 0 .58 × 10 − 3 N ⋅ m ⋅ sec
I L : 84 . 3 × 10 − 6 kg ⋅ m 2
3.3
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Fitness norm = 0 .5 + 1000

rad

THE HFC MODEL OF PARALLEL
GENETIC PROGRAMMING

A special form of parallel GP, HFC-GP is applied in this
research. In the HFC (Hierarchical Fair Competing)
model (Fig 7), multiple subpopulations are organized in a
hierarchy, in which each subpopulation can only
accommodate individuals within a specified range of
fitnesses (Hu et al, 2002). New individuals are created
continuously in the bottom layer. Use of the HFC model
balances exploration and exploitation of GP effectively.
Our experience shows that using the HFC model can also
substantially increase the topological diversity of the
whole population and help to provide the designer a
diverse set of competing design candidates for further
trade-offs.

3.4

DEFINITION OF FITNESS FUNCTION

The fitness function of individual design is defined
Admission
Buffers

fitness
subpop5
subpop4
subpop3
subpop2
subpop1

subpop0

fmax
Admission
threshold 5
Admission
lthreshold 4
Admission
threshold 3
Admission
threshold 2
Admission
threshold 1

fmin

In HFC model, subpopulations are organized in a hierarchy with
ascending fitness level. Each subpopulation accomodates
individuals within a certaiin fitness range determined by the
admission thresholds

Figure 7. Hierarchical Fair Competition Model in GP

according to the position output response of the load JL as
follows.
Within the time range of interest (0~500ms in this
example), uniformly sample 1000 points of the output
response (yielding a time interval between two adjacent
sampling points of 0.5ms). Compare the magnitudes of
the position output of the load JL at the sample points with
target magnitudes (unity in this example), compute their
difference and get a squared sum of differences as raw
fitness, defined as Fitness raw .
Then calculate
normalized fitness according to:

(2000

+ Fitness raw

)

It can be assumed approximately that the higher the
normalized fitness, the better the design. Two reasons
make the fitness definition an approximate one: 1) it does
not reflect directly the strict definition of settling time,
and 2) it does not include other considerations in design
of the system except output response. A modified fitness
function could be defined later if required. However, in
this research, the definition is enough to manifest the
feasibility and efficiency of the approach reported. The
design results achieved (Figures 9-16) show performances
satisfying the design specification presented in this
research.
3.5

EXPERIMENTAL SETUP

We used a strongly-typed version [Luke, 1997] of lilgp
[Zongker and Punch, 1996] to generate bond graph
models. The major GP parameters were as shown below:
Number of generations: 500
Population size: 500
Initial population: half_and_half
Initial depth: 4-6
Max depth: 16
Max nodes: 1000
Selection: tournament (size=7)
Crossover: 0.8
Mutation: 0.2
Three major code modules were created in our work. The
algorithm kernel of HFC-GP was a modified version of an
open software package developed in our research group -lilgp. A bond graph class was implemented in C++. The
fitness evaluation package is C++ code converted from
Matlab code, with hand-coded functions used to interface
with the other modules of the project. The commercial
bond graph software package 20Sim was used to verify
the dynamic characteristics of the evolved design.
The GP program obtains satisfactory results on a
Pentium-IV 1GHz in 5~15 minutes, which shows the
efficiency of our approach in finding good design
candidates.
3.6

EXPERIMENTAL OBSERVATIONS

The fitness improvement curve of GP algorithm is plotted
versus generation number in Figure 8.
Three competing design candidates with different
topologies, as well as their performances and possible
physical realizations, are provided in Figures 9-16. We
can see from the output rotational position responses that
they all satisfy the design specification of settling time
less than 70ms. Note that the time scale of the plots is 100
ms.
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Figure 11 gives one possible physical realization of
design variant 1. One damper and one spring are
connected to the embryo model.

Figure 8. Fitness Improvement Curve

Figure 11. Physical realization of design variant 1

Design variant 1 is represented in Figure 9. Two new
components (R, C) are added with a 0-junction at
modifiable site (1). The parameters of the components
added are also given. Dashed circles highlight the newly
evolved components in the bond graph figures. Figure 10
displays rotational position output for variant 1.
TF1

TF

TF

Variant 2 adds new components to modifiable site (2) and
modifiable site (3) as shown in Figure 12. Figure 13
displays rotational position output for variant 2.
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Figure 12. Bond graph model of design variant 2

Figure 9. Bond graph model of design variant 1
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Figure 10. Position output of design variant 1
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Figure 13. Position output of design variant 2

Figure 14 gives one possible physical realization of
design variant 2.
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Design variant 3 is represented in Figure 15. Variant 3
adds new components to modifiable site (1) and
modifiable site (2). Figure 16 displays rotational position
output for variant 3. The bond graph model of variant 3 is
not obviously physically realizable, because component I
is attached to a 0-junction.
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0
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1

TF2

0

RS

R

CONCLUSIONS

This research has explored a new automated approach for
synthesizing designs for dynamic systems. By taking
advantage of genetic programming as a search method for
competent designs and the bond graph as a representation
for dynamic systems, we have created a design
environment in which open-ended topological search can
be accomplished in an automated and efficient manner
and the design process thereby facilitated.
The paper illustrates the process of using this approach in
detail through a printer redesign problem. Bond graphs
have proven to be an effective tool for both modeling and
design in this problem. A special form of parallel GP, the
Hierarchical Fair Competition-GP, has been shown to be
capable of providing a diversity of competing designs
with great efficiency.

Figure 14. Physical realization of design variant 2
TF1
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We plan to continue our research by identifying improved
methods for minimizing the occurrence of unrealizable
bond graph designs. One such approach is to use multiobjective evolutionary computation to shape the results. A
second approach is to use a set of revised GP operators to
build bond graphs that avoid unrealizable models.
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Abstract

Design optimization of a class of plane trusses
called the N-Shaped Truss (NST) is addressed.
The parametric model of NST presented is
intended for real-world application, avoiding
simplifications of
the design details that
compromise the applicability. The model, which
includes twenty-seven discrete variables
concerning topology, configuration and sizing of
the truss, presents a challenging optimization
problem. Aspects of such challenge include large
search space dimensionality, absence of a closedform objective function and constraints, multimodal objective function and costly CPU time
per objective function evaluation. Three
implementations of general-purpose genetic
algorithms (GA) are tested for this problem,
along with a version of taboo search called
reactive taboo search (RTS). The RTS exhibited
better performance than the tested versions of
GA. Performance study of the algorithms
provides some good insight to some weaknesses
in GA and RTS as well as future prospective
combination of them to gain better performance.

1

INTRODUCTION

Truss structure optimization is a problem that is attractive
due to its direct applicability in design of structures.
Optimization of trusses can be classified into three main
categories i) sizing, ii) configuration and iii) topology.
This classification is slightly different from that of
continuum structures, given in (Chapman et. al., 1993) In
the sizing optimization, cross-sectional areas of members
in the truss are design variables and the coordinates of the
nodes and connectivity are held constant (Goldberg
1986). The sizing problem is made even more interesting
and practical through restricting the choice of truss
members to a discrete set of available standard crosssections (Rajeev and Krishnamoorthy, 1992). In

configuration optimization, the member cross-sections
and connectivity (i.e. topology) remain constant, but the
nodal position locations are the design variables. In
topology optimization, the connectivity is the objective of
the optimization (Bendose and Kikuchi 1988) and (Jakiela
et. al., 2000). Combining the categories has also been
performed. Gil and Andreu (2001) combined the
configuration and sizing problems. Deb and Gulati (2001)
combined topology and sizing through real coded genetic
algorithms. A fully connected ground structure is taken as
a start, then during optimization, members having close to
zero cross-sectional areas are then deleted.
Optimization methods applied included gradient-based
methods such as the work of (Taylor and Rossow 1976)
and (Kirsch 1979), simulated annealing (Moh and Chiang
2000) and genetic algorithms. Analytical methods have
generally been limited by approximations due to the
complexity of the real-world problem, which is nonlinear
and often has no closed form objective function and
constrains.
To the best of the authors’ knowledge, most previous
work was directed to developing optimization models for
general trusses rather on a “high-level,” without going
deep into the design details of the truss. In this paper, a
particular class of plane trusses (N-Shaped) is considered.
While restricted to that class of trusses, the parametric
model formulated goes deep into the design details and
combines all truss optimization categories of sizing,
configuration and topology. The optimization problem
has a large search space which makes direct exhaustive
search methods totally impractical. In addition, structural
optimization problems are known to have many local
optima, which encourages the use of heuristic global
optimizers. Three implementations of genetic algorithms
(GA) are tested as well as reactive taboo search (RTS)
which also seems to be an attractive global optimizer
(Battiti and Tecchiolli 1994).
The paper starts with a review of truss optimization then
proceeds to describe the parametric model of the Nshaped truss. Following the description of the parametric
model, the implemented GA and RTS are presented, then
an actual real-life truss is used as a bench-mark problem
to compare the performance of the optimizers. Results
and discussion are then presented.
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2
2.1

REAL WORLD APPLICATIONS

PARAMETRIC MODEL OF NST
TERMINOLOGY

Some of the terminology used in practice for the design of
trusses is to be used in this paper. The following is a
quick summery of such terminology:
• An N-Shaped Truss (NST): is a plane truss (Fig.1) that
has a certain general shape resembling the letter “N.”
• Upper Chord: are all the inclined members on the top
part of the truss (Fig. 2). All upper chord members of
an N- Shaped Truss form one straight line.
• Lower Chord: are all the horizontal members on the
lower part of the truss (Fig. 2). All lower chord
members of an N- Shaped Truss form one horizontal
straight line.
• Vertical Members: are (as the name suggests), the
vertical members in the truss (Fig. 2).
• Diagonal Members: are those internal inclined members
(Fig. 2).

Figure 2: Typical N-Shaped Truss

• Truss Projection: is the distance the truss protrudes after
the centerline of the carrying column (Fig. 2).
• Bays: Are the spans between the trusses in the top view
(Fig. 2).
• End Bay: is a last bay in a building.
• Purlins: are light members positioned across the bays
and are carried on top of the upper chord (Figs. 2-3).
Purlins, in turn carry the roof cladding.
• Roof braces: are X-shaped sets of members (Fig. 2) that
are present in some bays in order to increase the overall
structure stiffness.
• Longitudinal Braces: are sets of members across the
bays that are included to increase the overall rigidity of
the structure (Figs. 2-3).

Figure 3: Longitudinal Braces
Topology and Configuration Variables:
X1: is an integer number that defines the selected roof
layout plan (from up to 5 user-defined choices), this
variable subsequently sets the number of main bays, bays’
lengths and end-bays’ lengths.
X2: is the length of the vertical member directly on top of
the support. Normally, this variable is continuous, but it is
discretized in this model to avoid the necessity of using
mixed
integer/continuous
optimizers.
However,
discretization doesn’t impose much deviation from
practicality, since the fabrication often favors “roundedoff” and similar dimensions.

Figure 1: Photo of Actual N-Shaped Truss
2.2

DESIGN VARIABLES

Twenty seven variables that a designer can modify are
used as design variables in this parametric model. The
design variables are categorized into i) variables
concerned with topology and configuration and ii)
variables concerned with sizing of the truss members. The
design variables are given as:

X3: is the number of purlins on top of the truss. This
normally dictates the general truss topology, since every
purlin must have a vertical member in the truss
underneath it. The space between two purlins (or their two
verticals) will be referred to as a truss “cell”.
X4: is the number of sub-divided truss cells near the
support. Subdividing the cells near the support (the
portion which has low truss depth as opposed to the
middle part of the truss), generally improves the angle of
the diagonal members which in turns gives better
distribution of the axial forces in the members.
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X5: is the number of truss cells which have reinforced
diagonal members. Normally, the diagonals closer to the
support are subjected to higher axial loads, therefore it is
often efficient to choose a different cross section for the
first one or few diagonal members.
X6: is the number of merged cells near the middle of the
truss. The purpose of merging cells at the portion of
bigger truss depth is also to improve the angle of the
diagonals to give better stress distribution.
X7: is the number of verticals that are nearer to the
column and are taking a different cross-section than the
rest of the verticals.
The model also allows for two different configurations of
longitudinal braces to be used, thus the longitudinal
braces passing near the mid-span (with higher depth) may
be different from those passing above the support.
X8: is the total number of longitudinal braces lines across
the roof.
X9: is half the number of longitudinal braces lines close
to the support (Type-1).
X10: is the number of nodes (equal to number of cells
minus one) on Type-1 Longitudinal Braces.
X11: is the number of nodes on Type-2 Longitudinal
Braces.
Member Sizing Variables:
X12 to X27 are integer variables defining the selected
standard cross-section from the available database for 16
groups of truss members. The truss member groups are:
purlins, main truss upper chord, lower chord, 3 groups of
verticals, 4 groups of diagonals, longitudinal braces 2
groups of chords, 2 groups of verticals and 2 groups of
diagonals.
It should be noted that the truss members grouping
employed in this parametric model keeps the number of
design variables fixed, but the number of truss members is
variable. Also, all variables being integer allows for pureinteger GA and RTS to be used in optimization, without
the loss of practicality of the model.
2.3

CONSTRAINTS

Constraint evaluation is the main costly event in terms of
CPU time. It involves generating a finite element (FE)
mesh of the truss, solving the FE model for different load
cases then performing safety check on truss members.
The safety constraints involve:
• Load Cases include Dead load, Live Load and Wind
Load. Load Case Combinations are Dead Load + Live
Load (DL), Dead Load + Wind Load (DW) and Dead
Load + Live Load + Wind Load (DLW)
• Mild steel members subjected to tension must not
exceed allowed under any of the load case
combinations.
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• Members subjected to compression must not exceed
allowed compressive stress under any of the load case
combinations. Allowed compressive stress depends on
member slenderness.
• Bending stresses in Purlins must be safe under all load
cases and also capable of carrying a specified
concentrated load in its mid-span.
• Depth of the beam cross-section chosen for Purlins
should not be less than a certain portion of its length.
• Deflection under live load is not to exceed a certain
amount.
• Slenderness of all members subjected to compression is
not to exceed a certain value.
• Slenderness of any member is not to exceed a certain
value.
• Purlin spacing should be within a certain range.
• Diagonal members angle from horizontal should be
within a certain range.
Constraints are enforced through adaptive penalty (Chen
2001). To ensure that the search converges to a feasible
design, additional cost is added to the objective function
to make the cost of any infeasible design more than that
of the current best feasible design. The penalty cost also
depends upon the amount of violation. Typically, the
penalty cost is high at the beginning of the search and is
then gradually lowered as better feasible designs are
found. A crucial matter for efficient employment of
adaptive penalty is to have a feasible initial design.
2.4

OBJECTIVE FUNCTION

In many applied cases, truss optimization is a multiobjective process regarding issues such as weight, cost,
stiffness and natural frequencies. However, the particular
class of trusses considered finds its main domain of
application in industrial and commercial clear-span
buildings. For such applications, there is usually the
single objective of minimizing the overall cost. In many
practical cases, the overall cost is directly associated with
the total steel weight. Thus for the current study, the
objective is to minimize the overall weight. Such weight
includes the main truss members, longitudinal bracing
members, purlins and estimates of all connection plates
(by empirical formulas in terms of other truss
parameters).
The objective function (OF) combines the truss total
weight plus a penalty term to prevent constraints
violation. There are two cases for the objective function:
• No constraints are violated
In this case:

OF = W t

• One or some of the constraints are violated
In this case:

OF = max(W t , W b ) × C Pen × I Pen
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Where:
W t : is the total weight of the considered structure
W b : is the total weight of the best feasible structure
encountered so far during the optimization

An overall probability for crossover and mutation is
specified for a search. For each mutation or crossover
operation of mating members, selection of which operator
to use is performed randomly according to an assigned
probability of use for each operator.

C Pen : is a penalty constant
I Pen : is the number of truss members that violate the
safety constraints

Fitness Scaling: linear fitness scaling is implemented to
give a fair survival chance for strong population
members.

A key implemented feature is the adaptive penalty which
aims at preventing “over-penalizing” the infeasible
designs while making sure that no infeasible design has a
better OF value than the best feasible encountered design.

Speciation: members further away from population
average get a fitness bonus to encourage diversification.

3

Elitist Selection: one copy of best member in a
population passes unchanged to the next population to
ensure that any optimized value is no worse than the best
previously attained. And the rest of the new population is
filled by the traditional selection, crossover and mutation.

3.1

GENETIC ALGORITHM
GENERAL PURPOSE GA

The general purpose genetic algorithm (GA1) tested in
this paper implements variable storage as integer
variables, 4 crossover operators, 12 mutation operators,
fitness scaling, population distribution, roulette wheel
selection along with elitist selection.
Integer Storage: For efficiency of storage, variables are
stored directly as integers rather than binary strings
(Goldberg 1989) and are translated to their equivalent
binary strings when need during crossover and mutation.

Roulette Wheel Selection: is used for selecting members
of old population for mating and producing new members
of next population.

Seeding: one feasible point is included in the initial
population and rest of the population is chosen randomly.
Due to the nature of the problem, a purely random initial
population may end up with a population of all-infeasible
designs. Such an initial population will cause failure of
the adaptive penalty strategy, as it requires knowing the
OF value of some feasible design.

Crossover Operators:

3.2

• Binary string crossover.

The second implementation of GA tested in this paper
(GA2) is the same as GA1, but all evaluations of objective
function are stored. Thus, when performing population
members OF evaluation, only un-explored regions of the
search space will require the FE solution of the truss.

• Inner Crossover (adopted from real coded GA). The
new variable values are computed as:
ChildVal1 = Round (α ParentVal1 + (1 – α) ParentVal2)
ChildVal2 = Round ( (1 – α) ParentVal1 + α ParentVal2)
Where α is a randomly generated number between 0 and 1
• Outer Crossover (adopted from real coded GA). The
new variable value is computed as:
ChildVal = Round (StrongerParentVal

By nature, OF caching is inherent in RTS and is one of
the strong points in favor of it. Therefore history storage
is implemented into GA in order to even up the advantage
RTS has and allow for a better comparison.
3.3

+ α (StrongerParentVal - Weaker ParentVal) )
• Uniform crossover (Liang-Jie et al., 1995). In which the
variables are unchanged, but exchanged between the
parents with a 50% probability of exchange.
Mutation Operators:

GA WITH CACHING

GA WITH NORMALLY DISTRIBUTED
INITIAL POPULATION

RTS benefits from a good starting point, so an interesting
study would be to have a biased initial population. Thus,
the third implementation of GA (GA3) is the same as GA2,
but has its all members of the initial population normally
distributed about the initial feasible design.

• Binary bit flipping.
• Binary bit shift left.

4

REACTIVE TABOO SEARCH

• Binary bit shift right.
• Binary bit inversion.

4.1

• Shifting value to nearest boundary.

Reactive taboo search is a heuristic global optimization
technique that has less stochastic content than genetic
algorithm. In fact, save for a small portion of the
algorithm, it is almost completely deterministic. The basic
idea in taboo search (Glover 1986, 1989, 1990) is to make
use of previously evaluated points within the search space

• New random number generation.
Another similar set of mutation operators is also used that
only act if the member fitness is below average.

GENERAL SCHEME

REAL WORLD APPLICATIONS

to direct the future sampling and prevent entrapment at a
local minimum by applying taboo conditions. Reactive
taboo search (Battiti and Tecchiolli 1994) proposes a
scheme for adaptively varying the way the taboo
conditions are applied based on the objective function
history, thus the search “reacts” to the objective function
behavior. Pseudo-code of RTS is given as:
1

Begin at a starting point

2

Examine Non-Tabooed Neighboring Points
and move to the best of them

3

If new point has been not been visited before

4
5

4.2

NEIGHBORHOOD EVALUATION

RTS performs a complete neighborhood evaluation.
Unlike the version of RTS proposed by Battiti and
Tecchiolli (1994) where all variables were either zero or
one, the implemented version in this paper uses integer
values for the variables. The neighborhood is defined as
the set of points that have all their variables equal to those
of the current point except for one variable, which is
different by a value of ±1. Thus, the number of points in
the neighborhood is twice the number of variables (or less
for points touching the upper and lower limits of the
variable ranges).

Goto 2
Else If cycling is not “excessive”

6

Put a taboo condition upon point

7

Goto 2

8
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Else perform “quick escape” and Goto 2

The single starting point in the search space is set as the
“current point”. RTS then evaluates the entire
neighborhood of the current point and moves to the best
point in it which then becomes the new current point. An
important feature in RTS, is that all the previously
evaluated points are stored in the memory, this leads to
lots of savings in computational time when evaluating the
neighborhood of the new point. Memorizing all evaluated
points is costly in terms of required storage resources
since the total memory required for the algorithm grows
linearly as more points are being evaluated, however,
such memorizing saves a lot of computational time if the
OF is costly in terms of CPU evaluation time.
At the start of the search RTS, simply behaves like a
steepest descent search until it hits a local minimum.
Whereas steepest descent stops upon reaching a local
minimum, RTS continues to search the neighborhood of
the current point and move to best point within it even if it
is worse than the current point. To prevent infinite cycling
back and forth around a local minimum, TS imposes a
taboo condition upon the last visited point, that is, “a
previously visited point cannot be visited again until a
certain number of iterations is completed”, and such
number of iterations is typically referred to as the “taboo
list length”.
In RTS, the taboo list length is adaptively changed
according to the search behavior within a minimum and a
maximum value. If the search still gets stuck in a large
basin of attraction of the objective function, which the
maximum taboo list length is not enough to overcome, a
“quick escape” is performed.
The search is typically stopped after performing a
specified number of moves or objective function
evaluations. The best point encountered is returned.

4.3

RTS REACTION TO SEARCH BEHAVIOR

At each move (iteration), RTS places a taboo condition on
the previous point, the taboo condition lasts a number of
iterations equal to the current taboo list length. RTS also
keeps track of when was each point visited, and the
number of visits. If a point is visited twice, the taboo list
length is increased. Thus, near a local minimum, the taboo
list length keeps increasing until it is enough to explore
regions further away. If a number of iterations pass
without any cycles occurring (visiting the same point
several times), the taboo list length is decreased.
Typically, a maximum taboo list length is specified. It is
generally not beneficial to have the maximum taboo list
length greater than the number of points in the
neighborhood, because it can lead to a situation when all
the points in the neighborhood are tabooed. When such a
situation arises, the taboo conditions are relaxed, and the
new current point is chosen as the last visited point in the
neighborhood.
Sometimes if a large basin of attraction exists in the
objective function, there could be a situation when taboo
conditions are not enough to overcome the domain of the
local minimum and that is when the “quick escape” is
performed.
4.4

QUICK ESCAPE MECHANISM

RTS keeps a record of the average cycle length. When it
approaches the maximum taboo list length, this indicates
that tabooing is not enough to overcome the current basin
of attraction, and quick escape is necessary. Quick escape
is performed by randomly changing the values of some of
the variables of the current point. It is simply just like restarting the search at new starting point that is not entirely
random.

5
5.1

APPLICATION
TRUSS DATA

Data of a real N-shaped truss is used as a starting point for
the optimization algorithms. The truss data is given in
Table 1.
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5.4

Table 1 Truss Data
Number of Main Bays

2

Building Clear Span

21.0 m

Material Young’s Modulus

207 GPa

Allowed Stress

140 MPa

Max. Slenderness (Compression
Members)

180

Max. Slenderness (All Members)

300

Max. Deflection under live load

1/300 of Span
2

Live Load

50 kg/m

Wind Pressure

50 kg/m2

Dead Load

Weight +
20 kg/m2

RESULTS

Each of the design variables concerned with truss member
sizing has 48 possible choice options, variables
concerning configuration and topology range between 3
to 20 options. The total search space (all possible
combinations of variables) is 1.58814×1037. Practicality
limits for reasonable CPU time made it preferable to limit
the comparison of optimization algorithms to 10,000 OF
evaluations. Some reasonably good results are obtained
even though 10,000 OF evaluations comprise only
6.3×10-34 of the total search space.
Topology and configuration of the initial design, an
intermediate design during optimization and final best
obtained design are shown in Fig. 4. A listing of the
chosen cross-sections for truss member groups and
overall design weight is given in Table 2. The
intermediate design is shown as a demonstration of
topology change as well as sizing.

Available Database Contains L-sections (LPN), Csections (UPN & C.F.) and I-sections (IPN & IPE)
A photo of the actual truss during erection procedure is
given in Fig. 1. This design (topology, configuration and
sizing) is used as the starting point for optimization.
Topology and configuration are shown in Fig. 4. Truss
member cross-sections are given in Table 2.
5.2

a) Initial Design, Weight = 9903.2 kg

b) Intermediate Design, Weight = 6328.8 kg

GA PARAMETERS

Among the several available tuning options for the
implemented GA, the following settings are chosen:
• Population Size: 100, 150, 200 and 250
• Number of Generations: (Unlimited), search stops when
maximum number of objective function evaluations is
reached.

c) Best Obtained Design, Weight = 5655.3 kg
Figure 4: Truss Topology and Configuration

Table 2 Chosen Truss Member Groups Cross-sections

• Max. number of OF evaluations: (Tested Several)
• Overall crossover probability: 0.9
• Equal probability for different crossover operators
• Overall mutation probability: 0.25
• Equal probability for different operators
• Fitness scaling constant: 1.6
Choice of the search parameters was based on practical
published values and the available computational
resources. Further tuning is possible.
5.3

RTS PARAMETERS

RTS has less tuning parameters than GA. The following
settings are chosen:
• Number of moves: (Unlimited), search stops when
maximum number of objective function evaluations is
reached.
• Max. number of OF evaluations: (Tested Several)

Variable

X12
X13
X14
X15
X16
X17
X18
X19
X20
X21
X22
X23
X24
X25
X26
X27
Truss
Weight

Designs
Initial
C.F. C140x4
2xLPN 70x7
2xLPN 70x7
2xLPN 60x6
2xLPN 60x6
2xLPN 60x6
2xLPN 50x5
2xLPN 50x5
2xLPN 50x5
2xLPN 50x5
2xLPN 70x7
2xLPN 60x6
2xLPN 60x6
2xLPN 60x6
2xLPN 50x5
2xLPN 50x5

9903.2 kg

Intermediate

Final Best

C.F. C140x3
2xLPN 70x7
2xLPN 70x7
2xLPN 60x6
2xLPN 60x6
2xLPN 60x6
2xLPN 50x5
2xLPN 50x5
2xLPN 50x5
2xLPN 50x5
2xLPN 70x7
2xLPN 60x6
2xLPN 60x6
2xLPN 60x6
2xLPN 50x5
2xLPN 50x5

C.F. C140x3
2xUPN 65
2xIPN 80
2xLPN 30x3
2xLPN 30x3
2xLPN 30x3
2xIPN 80
2xLPN 40x4
2xLPN 40x4
2xLPN 40x4
2xLPN 50x5
2xLPN 30x3
2xLPN 30x3
2xLPN 50x5
2xLPN 30x3
2xLPN 30x3

6328.8 kg

5655.3 kg
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Table 3 Optimization Results
# of
OF
Eval.
500
1000
1500
2000
2500
3000
4000
5000
6000
7000
8000
9000
10000

RTS
7781
6687
6491
6430
6430
6430
6430
6430
6430
6430
5704
5655
5655

Objective Function Value
Avg. of 20 Runs
Best of 20 Runs
GA1 GA2 GA3 GA1 GA2 GA3
9518 9487 9034 8197 7703 7534
9346 9209 8825 7599 7656 7534
9216 8973 8775 7599 7656 7534
9088 8929 8759 7599 7656 7534
8987 8929 8706 7599 7656 7534
8866 8840 8658 7599 7656 7259
8754 8616 8538 7270 7236 7259
8664 8591 8463 7270 7236 7259
8513 8293 8427 7270 7236 7259
8436 8226 8358 7270 7194 7259
8396 8115 8255 7174 7034 7259
8263 7998 8150 7174 7034 7259
8213 7935 7969 7174 7034 7259

Standard
Deviation
GA1 GA2 GA3
587 574 474
666 725 443
673 687 432
697 691 432
690 691 452
619 673 545
665 734 555
594 731 569
604 640 602
571 633 594
581 639 554
496 534 523
479 547 479

Since RTS has very little stochastic content compared
with GA, only one optimization run is used as a
representative of RTS. Twenty runs are performed for
each of GA1, GA2 and GA3 using four different
population sizes (five runs for each population size). The
results of optimization performance are summarized in
Table 3 and plotted in Figures 5 – 6.
The results in Table 2 and Fig. 5 are for the number of
new objective function evaluations, thus caching in GA2
and GA3 resulted in improvement of the performance over
the traditional GA1. Furthermore having the initial
population normally distributed about the starting point in
GA3 improves the consistency of the search (as seen in
the standard deviation of the 20 runs) and results in a
quicker descent of the objective function at the start of
search. GA3 however has little or no advantage over GA2
towards the end of the search.
Further examination of Figs 5 – 6 and Table 2 shows an
appreciably better performance of RTS over GA. To
analyze possible reasons for RTS being better suited for
the examined optimization problem than the implemented
forms of GA.

Figure 5 Optimization Progress – Average of GA Runs

Figure 6: Optimization Progress – Best of GA Runs

6

DISCUSSION

GA relies on having several points that are distributed
over the search space (population) to achieve
diversification. According to the schemata theory
(Goldberg 1989), selection along with crossover provides
intensification by attracting the population points to zones
of higher fitness. Eventually the whole population gets
attracted to the global optimum. In general, the
intensification properties of GA are not as good as those
of local optimizers (Erbatur and Hasancebi 2001).
Mutation is generally used to increase diversification,
especially when the whole population gets too closely
attracted to a certain region.
The main weakness GA suffers when the problem has
large dimensionality is that a moderate population size
(100 to 200 members) becomes insufficient to achieve
enough diversification over the search space and
insufficient schemata pool, which also confounds the
intensification. Increasing the population size beyond
certain limits is on the other hand very costly in terms of
the number of objective function evaluations.

1096

REAL WORLD APPLICATIONS

Another problem that GA encounters is due to the
complexity of the constraints which makes GA unable to
converge without seeding with an initial feasible point.
Seeding itself decreases the GA efficiency.

University of Michigan, Ann Arbor. MECO, Modern
Egyptian Contracting provided the data of the previously
erected truss, used as starting point in this paper.

RTS has separate mechanisms for intensification and
diversification. For intensification, RTS relies on a local
optimizer that nails down the local optimum. Thus,
finding the local optimum is fast, efficient and has less
sensitivity to large dimensionality than GA. This accounts
for the fast descent of the OF value encountered at the
beginning of the RTS search in Figs. 5 – 6. Upon reaching
a local optimum, RTS switches to diversification by
imposing taboo conditions to prevent moving to already
explored points. If the taboo conditions are not enough to
escape a large basin of attraction, RTS performs its quick
escape move and “hopes” it will be enough to escape the
current basin of attraction. It can be seen in Figs. 5 – 6 as
well as Table 3 that after the good start, RST remained
incapable of finding any better designs for a long period.

References

Given N number of objective function evaluations, the
memory requirement is constant for the traditional GA
(GA1), but of order N for RTS, GA2 and GA3 because of
caching. Caching also incurrs additional computational
effort of order less than N2 but such computational effort
has little overall effect when the OF is costly to evaluate.
It is seen in this study that RTS has better capabilities for
intensification as well as exploiting a good starting point
while GA has better diversification. Future research
aspects may include combining both to get even better.
One such possibility would be to use RTS, but perform
large OF attraction basin detection, once the quick escape
mechanism becomes inefficient, the search may be
switched to a population-based search until a new basin of
attraction is found, then switch back to RTS.

7

CONCLUSIONS

Design optimization of a real-world class of plane trusses
is considered. A parametric model of the truss is
developed, which takes into account most of the practical
aspects for design applicability. Optimization of the
model is pretty challenging since it involves sizing,
configuration and topology, large dimensionality and
costly objective function. Three implementations of
general purpose GA as well as RTS are tested to see if
they can come up with better designs than an actual
erected design. Through a number of objective function
evaluations that is only a very small fraction of the total
search space, both GA and RTS succeeded in coming up
with better designs. Although RTS performed better,
observation reveals that RTS has better intensification,
while GA has better diversification. This motivates future
work for combining aspects of GA and RTS.
Acknowledgments

This work is an extension of a course project of ME558
Discrete Design Optimization, offered in Fall 2001 at the

R. Battiti and G. Tecchiolli (1994), “The Reactive Tabu
Search,” ORSA Journal on Computing, V 6, pp. 126-140.
M.P. Bendose and N. Kikuchi (1988), “Generating Optimal
Topologies in Structural Design using a Homogenization
Method,” Computer Methods in Applied Mechanics and
Engineering, V 71, pp. 197-224.
C. Chapman, K. Saitou and M. Jakiela (1993), “Genetic
Algorithms as an Approach to Configuration and Topology
Design,” Advances in Design Automation, V 65, pp. 485-498.
S. Y. Chen (2001), “An approach for impact structure
optimization using the robust genetic algorithm,” Finite
Elements in Analysis and Design, V 37, pp. 431-446.
K. Deb and S. Gulati (2001), “Design of truss-structures for
minimum weight using genetic algorithms,” Finite Elements
in Analysis and Design, V 37, pp. 447-465.
F. Erbatur and O. Hasancebi (2001), “Layout optimization using
GAs and SA,” Optimal Structural Design Workshop,
GECCO-2001, pp. 102-107.
L. Gil and A. Andreu (2001), “Shape and cross-section
optimization of a truss structure,” Computers and Structures,
V 79, pp. 681-689.
F. Glover (1986), “Future Paths for Intege Programming and
Links to Artificial Intelligence,” Computers and Operations
Research, V 13, No. 5, pp. 533-549.
F. Glover (1989), “Tabu Search – Part I,” ORSA Journal on
Computing, V 1, pp. 190-206.
F. Glover (1990), “Tabu Search – Part II,” ORSA Journal on
Computing, V 1, pp. 4-32.
D. Goldberg and M. Samtani (1986), “Engineering Optimization
via Genetic Algorithms,” Proceeding of the 9th Conf. on
Electronic Computations, ASCE, Birmingham, pp. 471-482.
D. Goldberg (1989), “Genetic Algorithms in Search,
Optimization and Machine Learning,” Addison-Wesley.
M. Jakiela, C. Chapman, J. Duda, A. Adewuya, and K. Saitou
(2000), “Continuum structural topology design with genetic
algorithms,” Computer Methods in Applied Mechanics and
Engineering, V 186, No. 2, p 339—356.
U. Kirsch (1979), “Optimal Design of Trusses by Approximate
Compatibility,” Computers and Structures, V 12, pp. 93-98.
Z. Liang-Jie, M. Zhi-Hong and L. Yan-Da (1995),
“Mathematical analysis of crossover operator in genetic
algorithms and its improved strategy,” Proceedings of the
IEEE Conference on Evolutionary Computation, V 1, pp.
412-417.
J. Moh and D. Chiang (2000), “Improved Simulated Annealing
Search for Structural optimization,” AIAA Journal, V 38, pp.
1965-1973.
S. Rajeev and C.S. Krishnamoorthy (1992), “Discrete
Optimization of Structures using Genetic Algorithms,”
Journal of Structural Engineering, V 118, No. 5, pp. 12331250.
J.E. Taylor and M.P. Rossow (1976), “An Optimal Structural
Design using Optimality Criteria,” Advances in Engineering
Science, 13th Annaul Meeting, Hampton, VA, pp. 521-530.

REAL WORLD APPLICATIONS

1097

$SSOLFDWLRQ RI *HQHWLF 3URJUDPPLQJ WR 0RWRUZD\ 7UDpF 0RGHOOLQJ
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$EVWUDFW
7KLV SDSHU GHVFULEHV WZR LQQRYDWLYH SURMHFWV
WKDW WKH LQYHVWLJDWRUV DUH XQGHUWDNLQJ IRU WKH
+LJKZD\V $JHQF\ QHWZRUN RSHUDWRU %RWK
SURMHFWV XVH JHQHWLF SURJUDPPLQJ WR GH
YHORS WUDpF PDQDJHPHQW V\VWHPV 7KH nUVW
SURMHFW DGGUHVVHV WKH UHOLDEOH SUHGLFWLRQ RI
PRWRUZD\ MRXUQH\ WLPHV IRU KLJKoRZ ORZ
VSHHG FRQGLWLRQV LH FRQJHVWHG SHULRGV 7KH
VHFRQG SURMHFW FRQFHUQV WKH GHWHFWLRQ RI PR
WRUZD\ LQFLGHQWV LQ ORZoRZ KLJKVSHHG FRQ
GLWLRQV LH ODWH DW QLJKW *HQHWLF SURJUDP
PLQJ PDQLSXODWHV WUDpF UHDGLQJV IURP WKH
0RWRUZD\ ,QFLGHQW 'HWHFWLRQ DQG $XWRPDWLF
6LJQDOLQJ V\VWHP WR DUULYH DW VROXWLRQV WR
ERWK UHDO ZRUOG SUREOHPV



,QWURGXFWLRQ

7KH 8. +LJKZD\V $JHQF\ +$ KDV LQYHVWHG KHDYLO\
LQ WKH 0RWRUZD\ ,QFLGHQW 'HWHFWLRQ DQG $XWRPDWLF
6LJQDOLQJ 0,'$6 V\VWHP SULPDULO\ IRU WKH SXUSRVH
RI TXHXH SURWHFWLRQ ,WV VHFRQGDU\ IXQFWLRQ LV WR SUR
YLGH DW ]HUR FRVW RQHPLQXWH DYHUDJHG WUDpF GDWD
IURP VLWHV VSDFHG DW P LQWHUYDOV 2Q WKH 0
PRWRUZD\ ZKLFK HQFLUFOHV /RQGRQ 0,'$6 SURGXFHV
UHDGLQJV RI WUDpF YHORFLW\ oRZ RFFXSDQF\ KHDGZD\
DQG oRZ FDWHJRUL]HG E\ YHKLFOH OHQJWK 7KHVH TXDQ
WLWLHV DUH PHDVXUHG GLUHFWO\ E\ ORRS VHQVRUV ZKLFK DUH
LQFRUSRUDWHG LQWR WKH URDG VXUIDFH LQ HDFK PRWRUZD\
ODQH
,GHDOO\ D WUDpF V\VWHP ZRXOG EH FRQWUROOHG E\ REWDLQ
LQJ D FRPSUHKHQVLYH XQGHUVWDQGLQJ RI LWV G\QDPLFV
)RU H[DPSOH E\ PRGHOOLQJ GULYHU EHKDYLRXU FKDUDFWHU
LVWLFV LQ GLmHUHQW WUDpF VWDWHV DQG E\ XVLQJ QXPEHU
SODWH UHFRJQLWLRQ WR PRQLWRU ODQH FKDQJLQJ +RZHYHU
D GHWDLOHG XQGHUVWDQGLQJ UHTXLUHV DQ H[WHQVLYH GHYHO

RSPHQW F\FOH ZKLFK LV LQFRPSDWLEOH ZLWK WKH +$ V GH
PDQG IRU VKRUW GHOLYHU\ WLPHV 5DWKHU WKDQ VHHN D
WKRURXJK XQGHUVWDQGLQJ RI WKH WUDpF V\VWHP FRPSX
WDWLRQDO WHFKQLTXHV DUH EHLQJ LQYHVWLJDWHG WR GHYHORS
FRQWURO IXQFWLRQV WKDW OHDUQ DQG RSHUDWH RQ WKH DYDLO
DEOH 0,'$6 GDWD HJ DUWLnFLDO QHXUDO QHWZRUNV DQG
JHQHWLF SURJUDPPLQJ *3 



-RXUQH\ 7LPH 3UHGLFWLRQ

7KH +$ QHHGV WR SURGXFH KLJKO\ DFFXUDWH VKRUWWHUP
MRXUQH\ WLPH SUHGLFWLRQV WR DOORZ WDFWLFDO FRQWURO V\V
WHPV VXFK DV UDPS PHWHULQJ WR EH SURDFWLYHO\ GH
SOR\HG JLYH PRWRULVWV DGYDQFH ZDUQLQJ RI ZKHQ DQG
ZKHUH D WDFWLFDO FRQWURO V\VWHP ZLOO EH RSHUDWLRQDO
RQ WKH QHWZRUN LPSURYH WKH SHUIRUPDQFH RI UHDOWLPH
URXWH DVVLJQPHQW PRGHOV DQG VLJQDO SUHGLFWHG MRXUQH\
WLPHV WR PRWRULVWV
7KLV *3 LQYHVWLJDWLRQ DLPHG WR GLVFRYHU PDWKHPDWL
FDO DQG ORJLFDO UHODWLRQVKLSV EHWZHHQ SUHGLFWHG MRXU
QH\ WLPHV DQG UHFHQW 0,'$6 PHDVXUHPHQWV )RU WKLV
SXUSRVH WKH MRXUQH\ WLPH -7 ZDV GHnQHG DV WKH DYHU
DJH WLPH WDNHQ E\ D GULYHU DOUHDG\ RQ WKH PRWRUZD\ WR
FRYHU WKH GLVWDQFH EHWZHHQ WZR MXQFWLRQV HJ MXQFWLRQ
$ PHUJLQJ DQG MXQFWLRQ % GLYHUJLQJ


)RUHFDVWLQJ RSWLRQV

7ZR DOWHUQDWLYH VWUDWHJLHV IRU MRXUQH\ WLPH SUHGLFWLRQ
ZHUH LQYHVWLJDWHG
q WKH GLUHFW SUHGLFWLRQ RI MRXUQH\ WLPH
q WKH SUHGLFWLRQ RI YHORFLW\ DW HDFK VLWH DORQJ WKH
MRXUQH\ 7KH MRXUQH\ WLPH ZDV WKHQ FRPSXWHG
E\ LQWHJUDWLQJ WKHVH YHORFLW\ SUHGLFWLRQV DORQJ WKH
SDWK RI WKH YLUWXDO MRXUQH\ LQWR WKH IXWXUH
0RUH *3 HYROXWLRQ ZRUN ZDV LQYROYHG LQ WKH ODWWHU
VWUDWHJ\ EHFDXVH YHORFLW\ SUHGLFWLRQV ZHUH FDUULHG RXW
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DW HDFK VLWH RI WKH YLUWXDO MRXUQH\ ,Q FRQWUDVW WKH IRU
PHU VWUDWHJ\ PDNHV RQH IRUHFDVW IRU WKH HQWLUH MRXUQH\
7KH ODWWHU VWUDWHJ\ UHTXLUHG D IRUHFDVWLQJ SHULRG WR
EH FKRVHQ ZKLFK ZDV FRPPHQVXUDWH ZLWK WKH PD[L
PDO H[SHFWHG -7 7KLV DOORZHG WKH SUHGLFWHG YHORF
LW\ DW WKH WHUPLQDWLQJ VLWH WR DOZD\V EH DYDLODEOH DQG
WKXV WKH WLPH RI WKH FRPSOHWH MRXUQH\ WR EH FDOFXODWHG
+RZHYHU SUHGLFWLRQV ZHUH OHVV DFFXUDWH ZKHQ WKH IRUH
FDVWLQJ SHULRG ZDV LQFUHDVHG +HQFH D EDODQFH ZDV
DFKLHYHG E\ VHWWLQJ WKH SHULRG WR  PLQXWHV DQG E\
XVLQJ D QDLYH SUHGLFWLRQ GHnQHG LQ 6HFWLRQ  ZKHQ
-7 H[FHHGHG WKLV SHULRG
%RWK VWUDWHJLHV SURFHVVHG SUHVHQW DQG SDVW WUDpF
TXDQWLWLHV IRU FXUUHQW DQG GRZQVWUHDP VLWHV ,W ZDV
FUXFLDO WR XVH GRZQVWUHDP LQIRUPDWLRQ WR DQWLFLSDWH
WKH IXWXUH WUDpF VWDWH DW WKH FXUUHQW VLWH 7KLV ZDV
HVSHFLDOO\ LPSRUWDQW GXULQJ KLJKRFFXSDQF\ SHULRGV
EHFDXVH WUDpF TXHXHV EXLOGLQJ GRZQVWUHDP WHQGHG WR
SURGXFH FRQJHVWLRQ ZDYHV ZKLFK SURSDJDWHG XSVWUHDP


7UDQVIRUPLQJ 0,'$6 GDWD LQWR D *3
WHUPLQDO VHW

0,'$6 UHFRUGV PLQXWHDYHUDJHG WUDpF TXDQWLWLHV VO
W
IRU VLWH V RQ ODQH O DW PLQXWH W
VO
W

9WVO  2WVO  )WVO

ZKHUH 9WVO LV YHORFLW\ LQ NPK 2WVO LV WKH SHUFHQWDJH
ODQH RFFXSDQF\ DQG )WVO LV WKH oRZ UDWH LQ YHKLFOHV SHU
PLQXWH $ FRUUHFWLRQ DOJRULWKP ZDV GHYLVHG WR LQWHU
SRODWH PLVVLQJ 0,'$6 GDWD 7KLV ZDV LQYRNHG ZKHQ
PHDVXUHPHQWV ZHUH VLPSO\ DEVHQW DQG ZKHQ QR YHKL
FOHV KDSSHQHG WR SDVV D 0,'$6 VHQVRU IRU DW OHDVW
RQH PLQXWH ,Q WKH ODWWHU FDVH WKH YDOXHV )WVO

DQG 2WVO  ZHUH YDOLG EXW 9WVO PXVW EH HVWLPDWHG WR
DYRLG GLVFRQWLQXLWLHV ZLWK WKH QHLJKERXULQJ PHDVXUH
PHQWV LQ WLPH DQG ORFDWLRQ 
/DQHV DUH QXPEHUHG IURP WKH RmVLGH IDVW ODQH  7KH
SUHGLFWLRQ LQSXWV FRPELQHG TXDQWLWLHV DFURVV WKH Rm
VLGH DQG WKH WZR DGMDFHQW ODQHV DV IROORZV 7KH YHORF
LWLHV DW HDFK VLWH ZHUH DYHUDJHG DFURVV WKH ODQHV DQG
ZHLJKWHG E\ WKH oRZ LQ HDFK ODQH
9WV

)WV 9WV  )WV 9WV  )WV 9WV
)WV  )WV  )WV

7KH LQSXW oRZ ZDV WKH WRWDO DFURVV WKH ODQHV DQG WKH
LQSXW RFFXSDQF\ ZDV DYHUDJHG
)WV



;

O 

)WVO

2WV



 ; VO
2W


O 

6LWHV EHWZHHQ GLYHUJLQJ DQG PHUJLQJ MXQFWLRQV KDYH
WKUHH ODQHV ZKLOH DOO RWKHU VLWHV KDYH IRXU ODQHV 7KH IRXUWK
ODQH LV XVHG WR HQWHU DQG H[LW WKH PRWRUZD\

)LJXUH  ([DPSOHV RI UDZ DQG ER[DYHUDJHG LQSXW
ZLQGRZV 7LPH LV VKRZQ KRUL]RQWDOO\ DQG VLWH LV VKRZQ
YHUWLFDOO\ 7KH JUH\ FHOOV DUH DW WKH FXUUHQW WLPH RU WKH
FXUUHQW VLWH (DFK VTXDUH UHSUHVHQWV HLWKHU D UDZ YDOXH
RU D ER[DYHUDJHG YDOXH
7KH ODQHLQGHSHQGHQW WUDpF TXDQWLWLHV ZHUH WUDQV
IRUPHG LQWR D *3 WHUPLQDO VHW E\ GHnQLQJ D ZLQGRZ
FRPSULVLQJ SUHYLRXV PLQXWHV DQG GRZQVWUHDP VLWHV
$W PLQXWH W DQG VLWH V WKH ZLQGRZ VSDQQHG EDFN WR
PLQXWH Wb7 DQG GRZQ WR VLWH V6 -RXUQH\ WLPH SUH
GLFWRUV VLPXOWDQHRXVO\ SURFHVVHG DOO VLWHV LQ WKH MRXU
QH\ LH 6  DQG W\SLFDOO\ XVHG 7
 9HORFLW\
SUHGLFWRUV W\SLFDOO\ XVHG 6
 DQG D ZLGH YDULHW\ RI
7 YDOXHV ZHUH LQYHVWLJDWHG
)LJXUH  LOOXVWUDWHV WKH GLmHUHQW W\SHV RI LQSXW ZLQ
GRZV &OHDUO\ ZKHQ 7 DQG 6 ZHUH LQFUHDVHG WKH VL]H
RI WKH *3 WHUPLQDO VHW FRXOG EHFRPH H[FHVVLYH DQG UH
VXOW LQ DQ RYHUFRPSOLFDWHG VHDUFK VSDFH 7KXV GDWD
UHGXFWLRQ WHFKQLTXHV ZHUH LQYHVWLJDWHG 7KH PRVW HI
IHFWLYH ZDV IRXQG E\ GLYLGLQJ WKH LQSXW ZLQGRZ LQWR
ER[HV RI VL]H EW d EV  DQG DYHUDJLQJ WKH UDZ YDOXHV LQ
HDFK ER[ WR JLYH D VLQJOH YDOXH SHU ER[ IRU HDFK WUDpF
TXDQWLW\
7KH PRVW UHFHQW GDWD ZDV IRXQG WR SRVVHVV D VWURQJHU
SUHGLFWLYH SRZHU DV H[SHFWHG EXW WLPH ZLQGRZV ZKLFK
H[WHQGHG WHQV RI PLQXWHV LQWR WKH SDVW ZHUH DOVR IRXQG
WR EH EHQHnFLDO 7R VWULNH D EDODQFH EHWZHHQ WKHVH H[
WUHPHV RYHUODSSLQJ ER[HV ZKLFK H[WHQGHG IXUWKHU LQWR
WKH SDVW ZHUH LQYHVWLJDWHG DV VKRZQ LQ )LJXUH  (DFK
ER[ UHDFKHG EDFN IURP PLQXWH W WR W b EW ZKHUH EW ZDV
LQLWLDOL]HG WR  DQG WKHQ LQFUHDVHG IRU HDFK VXEVHTXHQW
ER[ 7KLV SURGXFHG VXSHULPSRVHG PXOWLVFDOH WLPH
ZLQGRZV ZKLFK JDYH D FULVS VKRUWWHUP YLHZ EXW HY
HUPRUH EOXUUHG ORQJHUWHUP YLHZV 7KLV ER[DYHUDJLQJ
WHFKQLTXH SURGXFHG DPRQJ WKH EHVW SUHGLFWRUV
'DWD UHGXFWLRQ ZDV DOVR LQYHVWLJDWHG E\ IXVLQJ TXDQ
WLWLHV EDVHG RQ oRZYHORFLW\ SORW GHVFULSWRUV QDPHO\
WKH oRZYHORFLW\ JUDGLHQW * RU WKH oRZYHORFLW\ PDJ
QLWXGH 0 
6RPH H[SHULPHQWV DOVR LQYHVWLJDWHG IHHGLQJ SUHYLRXV
YHORFLW\ SUHGLFWLRQV 9A  EDFN LQ DV LQSXW GDWD )LJ
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)LJXUH  0XOWLVFDOH LQSXW ZLQGRZV VXSHULPSRVHG LQ
WKH WLPH GLPHQVLRQ 7KH ZLQGRZ VL]H EW LQFUHDVHG
EDVHG RQ WKH )LERQDFFL VHTXHQFH
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)LJXUH  0,'$6 GDWD K WR K RQ QG
6HSWHPEHU  0 FRXQWHUFORFNZLVH FDUULDJHZD\
MXQFWLRQV  WR  )URP OHIW WR ULJKW YHORFLW\ oRZ
DQG RFFXSDQF\ )URP WRS WR ERWWRP RmVLGH IDVW
ODQH RmVLGH ODQH DQG RmVLGH ODQH
MRXUQH\ WLPH SUHGLFWRU 7KH nUVW WZR RSWLRQV ZHUH
GULYHQ E\ YHORFLW\ HUURUV RU -7 HUURUV YLD WKH nWQHVV
IXQFWLRQ 7KH WKLUG RSWLRQ FRXOG RQO\ EH GULYHQ E\ -7
HUURU

)LJXUH  9HORFLW\ SUHGLFWLRQ 9AWV ZKLFK XVHV WKH 
IRUPHU SUHGLFWLRQV RI YHORFLW\ VKRZQ DV GDUN JUH\ FHOOV
XUH  LOOXVWUDWHV WKLV VSHFLDO FDVH ZKHUH 9AWV 9AWV
ZDV XVHG LQ D IRUP RI DXWRUHJUHVVLYH SUHGLFWLRQ -RXU
QH\ WLPH SUHGLFWRUV FRXOG DOVR H[SORLW WKH UHFHQW NQRZQ
-7 YDOXHV HJ WKH -7 RI WKH PRVW UHFHQW MRXUQH\ FRP
SOHWHG E\ WLPH W 7KH H[SHULPHQWV LQYHVWLJDWHG ZKLFK
GDWD W\SHV JDYH WKH PRVW SUHGLFWLYH SRZHU IURP
t
u
) A

9 2 ) 0
)  9  *
9
9
7ZR \HDUV RI KLVWRULFDO 0,'$6 GDWD ZDV LQVSHFWHG RQ
WKH FRXQWHUFORFNZLVH FDUULDJHZD\ RI WKH 0 EHWZHHQ
MXQFWLRQV  DQG  7KLV LGHQWLnHG GD\V ZKHQ WKH
VHQVRUV ZHUH IXOO\ RSHUDWLRQDO DQG WKH WUDpF LQYROYHG
FRQJHVWLRQ ZDYHV )LJXUH  LOOXVWUDWHV WKH 0,'$6 GDWD
VKRZLQJ GLmHUHQW WUDpF TXDQWLWLHV RQ GLmHUHQW ODQHV
7KH VXELPDJH IRU HDFK JLYHQ TXDQWLW\ DQG ODQH VKRZV
SURJUHVVLYH WLPH DV OHIW WR ULJKW DQG SURJUHVVLYH VLWHV DV
WRS WR ERWWRP %ULJKWHU FHOOV UHSUHVHQW ORZHU TXDQWLW\
YDOXHV HJ FRQJHVWLRQ DSSHDUV DV ORZ VSHHG DQG KLJK
RFFXSDQF\ -RXUQH\ WLPHV EHWZHHQ MXQFWLRQV  DQG
 WDNH EHWZHHQ  PLQXWHV WR RYHU  PLQXWHV )RU WKH
H[SHULPHQWV UHSRUWHG LQ WKLV VWXG\ *3 SURFHVVHG WKH
SHULRG K WR K


([SHULPHQWDO *3 VWXG\

0DQ\ *3 UXQV H[SORUHG GLmHUHQW HYROXWLRQ RSWLRQV
D YHORFLW\ SUHGLFWRU D YHORFLW\JUDGLHQW SUHGLFWRU D

(DFK RSWLRQ LQYROYHG DW OHDVW  LQGHSHQGHQW *3 UXQV
FRQWLQXHG IRU  JHQHUDWLRQV 7KH\ XVHG WKH VWHDG\
VWDWH *3 PHWKRG ZLWK D W\SLFDO SRSXODWLRQ VL]H RI 
LQGLYLGXDOV  FURVVRYHU  PXWDWLRQ D EUHHG
WRXUQDPHQW VL]H RI  D NLOO WRXUQDPHQW VL]H RI  DQG
WKH IXQFWLRQ VHW  b e SURWHFWHG GLYLVLRQ PLQ PD[
DQG LIOHVVWKHQHOVH
%RWK URRW PHDQ VTXDUH HUURU N c N DQG PD[ HUURU
PD[ c  ZHUH DSSOLHG WR PHDVXUH DEVROXWH HUURU HD 
DQG UHODWLYH HUURU HU  +RZHYHU WKH H[SHULPHQWV LQ
YHVWLJDWHG YDULRXV IXVLRQV RI N c N DQG PD[ c HUURUV
RI  WKH TXDQWLW\ ZKRVH HUURU ZDV WR EH PLQLPL]HG 
7KH HUURUV ZHUH FDOFXODWHG DV IROORZV ZKHUH A ZDV WKH
HYROYHG SUHGLFWLRQ DQG HQ ZDV WKH HUURU UHODWLYH WR D
QDLYH SUHGLFWLRQ 1 
HD
MA b M
HU
HD

U
; 
HD
HQ
MA b 1 M
HJ NHD N
Q
9DULRXV nWQHVV PHDVXUHV I  ZHUH LQYHVWLJDWHG
u
t

I b NHD NNHU N  PD[ HD PD[ HU
u
t

I b NHD HU N  PD[ HD HU
t u
HD
!
RU E\ GHnQLQJ HF DV LI
HQ
t u
t u
HD
HD
WKHQ HF
HOVH HF
HQ
HQ


9WV RU c9WV RU -W 
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I

bNHF N  I

u
t
PD[ HF
b NHF N 


3UHGLFWRUV ZHUH FRPSDUHG EDVHG RQ -7 SUHGLFWLRQ HU
URUV UHJDUGOHVV RI ZKHWKHU WKH HYROXWLRQ ZDV GULYHQ
E\ -7 RU E\ YHORFLW\ HUURUV &DVHZLVH -7 SUHGLF
WLRQ HUURUV ZHUH REWDLQHG IRU WKH  nWWHVW SUHGLFWRUV
IURP HDFK *3 UXQ 7KH IROORZLQJ IRXU HUURU FDOFX
ODWLRQV ZHUH WKHQ XVHG WR TXDQWLI\ WKH RYHUDOO -7 HU
URUV PD[ HD  PD[ HU  NHD N DQG NHU N 7KLV SRVHG
D PXOWLREMHFWLYH RSWLPL]DWLRQ SUREOHP LQ IRXU GLPHQ
VLRQV DQG WKXV D 3DUHWR UDQNLQJ VFKHPH ZDV XVHG WR
FRPSDUH WKH GLmHUHQW SUHGLFWRUV 3DUHWR UDQNLQJ ZDV
nUVW SHUIRUPHG RQ WKH PD[ HU DQG NHU N GLPHQVLRQV
$ VHFRQG LQGHSHQGHQW 3DUHWR UDQNLQJ SURFHVV ZDV WKHQ
SHUIRUPHG RQ WKH PD[ HD DQG NHD N GLPHQVLRQV 3UH
GLFWRUV ZHUH WKHQ RUGHUHG DFFRUGLQJ WR HU UDQN DQG
WKHQ HD UDQN 7KH EHVW SUHGLFWRU IRU WKH H[SHULPHQW
ZDV WKHQ VXEMHFWLYHO\ GHVLJQDWHG IURP WKH WRS UDQNLQJ
SUHGLFWRUV DQG WKH DVVRFLDWHG -7 HUURUV ZHUH WDEX
ODWHG



1DLYH SUHGLFWLRQV

&RPSXWDWLRQDO VROXWLRQV nQG LW FKDOOHQJLQJ WR SHUIRUP
PDUNHGO\ EHWWHU WKDQ QDLYH SUHGLFWLRQV )RU H[DPSOH
LW LV GLpFXOW WR EHDW WKH UXOH ?WKH MRXUQH\ WLPH LQ WKH
IXWXUH ZLOO EH WKH VDPH DV WKH WLPH RI WKH MRXUQH\ MXVW
FRPSOHWHG $ PHWKRG WR RYHUFRPH WKLV SUREOHP LV WR
WDUJHW WKH SUHGLFWRUV DW VSHFLnF WUDpF VWDWHV DQG WKLV
PHWKRG LV FXUUHQWO\ XQGHU LQYHVWLJDWLRQ
7KXV nYH QDLYH IRUPXODH ZHUH XVHG WR MXGJH WKH SHU
IRUPDQFH RI WKH *3 HYROYHG SUHGLFWRUV 7KH VLPSOHVW
QDLYH IRUPXOD ZDV AWS W ZKHUH S LV WKH SUHGLFWLRQ
SHULRG 7KLV IRUPXOD SURGXFHG WKH EHVW QDLYH SUH
GLFWLRQV DQG KHQFH WKH SUHVHQWHG QDLYH UHVXOWV SHUWDLQ
RQO\ WR WKLV IRUPXOD
W ZDV HLWKHU YHORFLW\ DW WKH FXUUHQW VLWH RU -7 RI WKH
PRVW UHFHQW MRXUQH\ FRPSOHWHG E\ WLPH W )RU H[DPSOH
OHW WKH YLUWXDO MRXUQH\ ZKLFK FRPPHQFHG  PLQXWHV
DJR WDNH -7Wb PLQXWHV WR FRPSOHWH DQG WKDW ZKLFK
FRPPHQFHG  PLQXWHV DJR WDNH -7Wb PLQXWHV WR FRP
SOHWH ,I -7Wb  DQG -7Wb  WKHQ W ZDV VHW
WR -7Wb  +RZHYHU LI LQVWHDG -7Wb  WKHQ W ZDV
VHW WR -7Wb 
7KH SUHGLFWLRQ SHULRG S ZDV  PLQXWHV IRU YHORFLW\
SUHGLFWRUV DV GLVFXVVHG LQ 6HFWLRQ  -7 SUHGLFWRUV
ZHUH UHTXLUHG WR SUHGLFW WKH WLPH RI WKH MRXUQH\ VWDUW
LQJ RQ WKH QH[W PLQXWH DQG WKXV S 

7DEOH  -7 HUURUV IRU QDLYH DQG HYROYHG SUHGLFWRUV
RI YHORFLW\ DQG MRXUQH\ WLPH $EVROXWH HUURUV DUH LQ
VHFRQGV
6FKHPH
QDLYH 9W
HYROYHG 9W
QDLYH -7W
HYROYHG -7W


NHD N





NHU N





PD[ HD





PD[ HU





5HVXOWV VXPPDU\

0RUH WKDQ  VHWV RI H[SHULPHQWV ZHUH UXQ XQGHU GLI
IHUHQW RSWLRQV (DFK UXQ SURFHVVHG WUDpF IURP  ZHHN
GD\V LQ $XJXVW  7DEOH  VKRZV WKH -7 HUURUV IRU
WKH EHVW SUHGLFWLRQ VFKHPHV ZKHUH 9W LV WKH SUHGLF
WLRQ RI YHORFLW\ LQ  PLQXWHV WLPH DQG -7W LV WKH
GLUHFW SUHGLFWLRQ RI WKH WLPH RI WKH MRXUQH\ VWDUWLQJ
RQ WKH QH[W PLQXWH ,W FDQ EH VHHQ WKDW WKH HYROYHG
SUHGLFWRUV FRQVLVWHQWO\ JDYH EHWWHU DFFXUDF\ WKDQ WKH
QDLYH SUHGLFWRUV IRU ERWK WKH SUHGLFWLRQ RI YHORFLW\
DQG -7 )XUWKHUPRUH WKH HYROYHG -7 SUHGLFWRU JDYH
WKH ORZHVW HUURU IRU HDFK HUURU W\SH GHVSLWH WKH QDLYH
-7 SUHGLFWRU EHLQJ PDUJLQDOO\ ZRUVH WKDQ WKH QDLYH
YHORFLW\ SUHGLFWRU
7KH IROORZLQJ JHQHUDO UHFRPPHQGDWLRQV ZHUH GUDZQ
IURP WKH RYHUDOO FRPSDUDWLYH VWXG\
3UHGLFWRU W\SH 3UHGLFWLQJ -7W JDYH ORZHU -7 HU
URUV WKDQ SUHGLFWLQJ 9W  -7 SUHGLFWRUV ZHUH
DOVR PXFK IDVWHU WR HYROYH DQG DSSO\ WKDQ YHORF
LW\ SUHGLFWRUV EHFDXVH YHORFLW\ PXVW EH SUHGLFWHG
DW HDFK VLWH LQ WKH MRXUQH\ +RZHYHU -7 SUHGLF
WRUV PD\ QRW JHQHUDOL]H DFURVV MRXUQH\V WUDYHUVLQJ
D GLmHUHQW QXPEHU RI VLWHV
'DWD W\SH $OO WUDpF TXDQWLWLHV 9  2 DQG ) ZHUH
UHTXLUHG ZKHUHDV WKH IXVHG TXDQWLWLHV 0 DQG *
JDYH JUHDWHU HUURUV )HHGLQJ LQWHUPHGLDWH SUHGLF
WLRQV 9A  EDFN LQWR WKH LQSXW WHQGHG WR UHGXFH
SUHGLFWLRQ DFFXUDF\ SUREDEO\ EHFDXVH WKLV ?DX
WRUHJUHVVLRQ FRPSOLFDWHG WKH VHDUFK VSDFH E\ LQ
FUHDVLQJ WKH VL]H RI WKH WHUPLQDO VHW %R[ DYHUDJ
LQJ SURYHG WR EH WKH PRVW EHQHnFLDO GDWD UHGXF
WLRQ PHWKRG
(UURU GULYHUV 5HFDOO WKDW YDULRXV SUHGLFWLRQ HUURUV
GURYH WKH HYROXWLRQ YLD WKH nWQHVV IXQFWLRQ -7 HU
URUV ZHUH EHWWHU GULYHUV WKDQ YHORFLW\ HUURUV %RWK
DEVROXWH DQG UHODWLYH HUURUV ZHUH QHHGHG DQG N c N
HUURUV KDG WR EH ZHLJKWHG VWURQJHU WKDQ PD[ c
HUURUV
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7DEOH  -7 HUURUV IRU QDLYH DQG HYROYHG -7W SUH
GLFWRUV RQ WUDLQLQJ DQG WHVW GDWD $EVROXWH HUURUV DUH
LQ VHFRQGV
7UDLQLQJ  FDVHV RYHU  ZHHNGD\V
EV
NHD N NHU N PD[ HD
PD[ HU
QDLYH
 



 



 


7HVWLQJ  FDVHV RYHU  ZHHNGD\V
EV
NHD N NHU N PD[ HD
PD[ HU
QDLYH
 








 



7KH -7W SUHGLFWRU ZDV VFDOHGXS E\ XVLQJ PRUH GDWD
IURP $XJXVW  DQG WKH UHVXOWV DUH VKRZQ LQ 7D
EOH  %R[ DYHUDJHG LQSXWV ZHUH XVHG ZLWK YDULRXV EV
6HFWLRQ  DQG EV
 SURYHG WR EH WKH RSWLPXP
7KH QDLYH SUHGLFWLRQV DUH LQGLFDWHG E\ WKH EV FROXPQ
LQ WKH WDEOH ,W FDQ EH VHHQ WKDW WKH HYROYHG SUHGLF
WRU FRQVLVWHQWO\ JDYH EHWWHU DFFXUDF\ WKDQ WKH QDLYH
SUHGLFWRU )XUWKHUPRUH FRPSDULVRQ RI WKH UHVXOWV RQ
WUDLQLQJ DQG WHVWLQJ VKRZV WKDW WKH HYROYHG SUHGLFWRU
JHQHUDOL]HG ZHOO



,QFLGHQW 'HWHFWLRQ

7KH +$ V 0,'$6 V\VWHP XVHV WKH +,2&& DOJRULWKP
&ROOLQV HW DO  WR GHWHFW LQFLGHQWV 7KH +,2&&
KLJK RFFXSDQF\ DOJRULWKP LV HVVHQWLDOO\ D TXHXH GH
WHFWLRQ DOJRULWKP ,W LV YHU\ FDSDEOH RI GHWHFWLQJ LQ
FLGHQWV GXULQJ WKH SHDN DQG LQWHUSHDN SHULRGV EXW LW
JLYHV SRRU UHVXOWV DW QLJKW EHFDXVH WKH WUDpF oRZV
DUH WRR ORZ WR DOORZ TXHXHV WR IRUP +,2&& RU &DO
LIRUQLD 3D\QH HW DO  DOJRULWKPV FDQQRW GHWHFW
ODWHQLJKW LQFLGHQWV EHFDXVH RI WKH ORZRFFXSDQF\ WUDI
nF VWDWHV
7KH 6WDJHG *3 +RZDUG DQG 5REHUWV  PHWKRG
KDG SURYHG VXFFHVVIXO LQ WKH GHWHFWLRQ RI REMHFWV RI
ODUJH YDULDELOLW\ LQ SRRUO\ VSHFLnHG GRPDLQV )RU
WKLV UHDVRQ 6WDJHG *3 ZDV VHOHFWHG WR GHWHFW VXE
WOH DQRPDOLHV LQ WKH ODWHQLJKW 0,'$6 GDWD LQ RUGHU
WR ZDUQ IRU WKH SUHVHQFH RI SRRUO\ VSHFLnHG LQFLGHQWV
6XFFHVV ZRXOG EH PXFK FKHDSHU WKDQ DOWHUQDWLYH DS
SURDFKHV VXFK DV WKH FDSLWDO FRVW UHTXLUHG IRU XSJUDGHV
WR WKH WUDpF PRQLWRULQJ LQIUDVWUXFWXUH
7KH VRXJKW LQFLGHQW GHWHFWRU VKRXOG GHWHFW WKH LQFL
GHQW DV HDUO\ DV SRVVLEOH WR DOORZ WKH KXPDQ 0,'$6
RSHUDWRU WR WDNH DFWLRQ )RU H[DPSOH WKH RSHUDWRU
FRXOG UHDFW E\ SRVLWLRQLQJ D PRWRUZD\ FDPHUD WR H[
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DPLQH WKH VFHQH RI WKH LQFLGHQW RU E\ DOHUWLQJ WKH SR
OLFH ZKR QHHG D PD[LPDO UHVSRQVH WLPH /DWHQLJKW
LQFLGHQWV KDYH PDQ\ FDXVHV HJ GULYHU IDWLJXH URDG
ZRUNV EDG ZHDWKHU RU DQLPDOV RQ WKH PRWRUZD\ UH
VXOWLQJ LQ D KLJK YDULDELOLW\ LQ WKH FKDUDFWHULVWLFV RI WKH
LQFLGHQW RQVHWV
*3 ZDV XVHG LQ D VXSHUYLVHG OHDUQLQJ UROH +HQFH
LW UHTXLUHG D ?WUXWK IURP ZKLFK WR OHDUQ WR GHWHFW
LQFLGHQW RQVHWV 8QIRUWXQDWHO\ XQWLO QRZ YHU\ IHZ LQ
FLGHQWV KDG EHHQ DUFKLYHG DQG HYHQ ZKHUH WKH\ KDG
WKHLU UHDVRQV ZHUH QRW DOZD\V FRUUHFWO\ UHFRUGHG 7KLV
LQYHVWLJDWLRQ PDQXDOO\ VFUXWLQL]HG WKH 0,'$6 GDWD
DQG PDUNHG XS DQ LQFLGHQW ?WUXWK 7KH GDWD ZDV DQ
DO\]HG E\ LQVSHFWLQJ WKH YHORFLW\ LQ DOO ODQHV DQG LGHQ
WLI\LQJ WKH DSSUR[LPDWH WLPH DQG VLWH RI HDFK LQFLGHQW
RQVHW ,QFLGHQWV ZHUH WKHQ JUDGHG E\ D VXEMHFWLYH PHD
VXUH RI WKHLU VLJQLnFDQFH *UDGH  LQFLGHQWV ZHUH WKH
PRVW REYLRXV W\SH FRUUHVSRQGLQJ WR VHULRXV DFFLGHQWV
ZKLFK UHVXOWHG LQ VXVWDLQHG ODQH FORVXUHV *UDGH  LQ
FLGHQWV ZHUH WKH PRVW VXEWOH W\SH DQG DSSHDUHG RQO\
DV EOLSV LQ WKH YLHZHG 0,'$6 GDWD 0DMRU LQFLGHQWV
ZHUH UDUHU WKDQ PLQRU LQFLGHQWV DQG WKXV WKH VLJQLI
LFDQFH JUDGLQJ ZDV LQFRUSRUDWHG LQWR WKH *3 nWQHVV
PHDVXUH WR FRXQWHUDFW WKH ELDV WRZDUGV GHWHFWLQJ VLP
SO\ WKH PRVW FRPPRQ W\SHV RI LQFLGHQW +RZDUG DQG
5REHUWV  
7KH GHWHFWLRQ WDVN ZDV WDFNOHG E\ D WZRVWDJH HYROX
WLRQ VWUDWHJ\ +RZDUG DQG 5REHUWV   7KH nUVW
VWDJH HYROYHG IRU LWVHOI ZKLFK WUDpF GDWD EHVW FKDUDF
WHUL]HG DQ LQFLGHQW RQVHW E\ GLVWLQJXLVKLQJ GDWD SUR[
LPDWH WR LQFLGHQWV IURP D VDPSOH RI QRQLQFLGHQW GDWD
7KH VHFRQG VWDJH ZDV WKHQ UHTXLUHG WR PLQLPL]H WKH
IDOVH DODUP UDWH ZKLOVW UHWDLQLQJ DW OHDVW D VLQJOH GH
WHFWLRQ SRLQW SHU LQFLGHQW


7UDpF GDWD LQSXW WR *3

&XUUHQWO\ ZH DUH HYROYLQJ DQ LQFLGHQW GHWHFWRU ZLWK D
WUDLQLQJ YDOLGDWLRQ DQG WHVW VHW WKDW ZH KDYH SDLQVWDN
LQJO\ GHULYHG IURP WKUHH \HDUV ZRUWK RI 0,'$6 GDWD
+RZHYHU LQ WKLV SDSHU ZH UHSRUW RQ D VPDOOHU HDUOLHU
VWXG\ 7UDpF GDWD ZDV WDNHQ IURP  FRQVHFXWLYH VLWHV
DORQJ WKH 0 EHWZHHQ VLWHV  DQG  %RWK FDU
ULDJHZD\V ZHUH XVHG IRU  QLJKWV LQ $XJXVW  ZKLFK
FRPSULVHG  LQFLGHQWV RI JUDGH  WR  *UDGH  LQFL
GHQWV ZHUH LJQRUHG


)LWQHVV PHDVXUH

$ *3 FKURPRVRPH ZDV VDLG WR KDYH GHWHFWHG DQ LQFL
GHQW ZKHQ LW RXWSXW D SRVLWLYH YDOXH ,Q RWKHU ZRUGV
WKH WUDpF GDWD EHLQJ SURFHVVHG DW WKH JLYHQ WLPH DQG
VLWH ZDV GHHPHG WR UHSUHVHQW DQ LQFLGHQW ,I DQ DFWXDO
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LQFLGHQW KDG RFFXUUHG WKHQ WKH RXWSXW ZDV FDOOHG D
WUXH SRVLWLYH RWKHUZLVH LW ZDV FDOOHG D IDOVH SRVLWLYH RU
D IDOVH DODUP $IWHU D FKURPRVRPH KDG SURFHVVHG DOO
WKH WUDLQLQJ FDVHV OHW 73 GHQRWH WKH QXPEHU RI UHVXOW
LQJ WUXH SRVLWLYHV DQG )3 GHQRWH WKH QXPEHU RI IDOVH
SRVLWLYHV
7KH WDVN ZDV WR GLVWLQJXLVK LQFLGHQWV RI JUDGH  WR 
IURP QRQLQFLGHQWV )XUWKHUPRUH ORZHU QXPEHUHG LQ
FLGHQW JUDGHV ZHUH PRUH LPSRUWDQW WKDQ KLJKHU QXP
EHUHG JUDGHV 7KHVH LVVXHV ZHUH FDSWXUHG E\ WKH IRO
ORZLQJ nWQHVV PHDVXUH ZKLFK GURYH WKH HYROXWLRQ UXQV
nWQHVV

736
7 3 6PD[  n) 3



ZKHUH 7 3 6 ZDV WKH VFRUH IRU WKH LQFLGHQWV GHWHFWHG
DQG 7 3 6PD[ ZDV WKH VFRUH REWDLQHG ZKHQ DOO LQFL
GHQWV ZHUH GHWHFWHG 7 3 6 ZDV FDOFXODWHG DV IROORZV WR
ZHLJKW WKH LQFLGHQWV DFFRUGLQJ WR JUDGH
736

L73
;
L 

 b JUDGH RI LQFLGHQWL



7KH YDULDEOH n ZDV XVHG WR EDODQFH WKH LPSRUWDQFH
RI LQFLGHQW GHWHFWLRQ DJDLQVW WKH H[SHQVH RI GHWHFWLQJ
IDOVH DODUPV )RU H[DPSOH DV n WHQGHG WR ]HUR WKH
QXPEHU RI IDOVH DODUPV EHFDPH LUUHOHYDQW
7KH nJXUH RI PHULW )20 ZDV XVHG WR FRPSDUH GLmHU
HQW *3 UXQV 7KH )20 LV WKH VDPH DV WKH nWQHVV ZKHQ
n  1RWH WKDW WKH PLQLPXP )20 LV  IRU WKH FDVH
ZKHQ QR LQFLGHQWV DUH GHWHFWHG RU ZKHQ WKH QXPEHU
RI IDOVH DODUPV DSSURDFKHV LQnQLW\ DQG WKH PD[LPXP
)20 LV  ZKHQ DOO LQFLGHQWV DUH GHWHFWHG ZLWK QR IDOVH
DODUPV


(YROYLQJ nUVW VWDJH GHWHFWRUV

(YHQ WKRXJK LQFLGHQWV KDSSHQ DW D VLQJOH WLPH DQG OR
FDWLRQ WKH LQFLGHQWV JHQHUDOO\ PDQLIHVW WKHPVHOYHV LQ
WKH WUDpF GDWD RYHU PXOWLSOH PLQXWHV DQG D QXPEHU
RI VLWHV PRUH XSVWUHDP VLWHV WKDQ GRZQVWUHDP  &RQ
VHTXHQWO\ *3 ZDV WUDLQHG WR GHWHFW WKH RQVHW RI HDFK
LQFLGHQW E\ VZHHSLQJ IURP  PLQXWHV EHIRUH WR  PLQ
XWHV DIWHU WKH LQFLGHQW WLPH DQG E\ VZHHSLQJ IURP 
XSVWUHDP VLWHV WR  GRZQVWUHDP VLWHV IRU HDFK PLQXWH
+RZHYHU DQ LQFLGHQW ZDV VDLG WR EH GHWHFWHG LI D *3
FKURPRVRPH UHWXUQHG D SRVLWLYH RXWSXW IRU DQ\ RQH RI
WKHVH WLPHV DQG ORFDWLRQV 7KHUHIRUH 73 UHSUHVHQWHG
WKH QXPEHU RI LQFLGHQWV GHWHFWHG DQG KDG D PD[LPXP
YDOXH RI  1RQLQFLGHQW WUDLQLQJ GDWD ZDV VDPSOHG DW
 PLQXWH VWHSV XVLQJ DOO SRVVLEOH VLWHV DW HDFK PLQXWH
JLYLQJ D WRWDO RI  QRQLQFLGHQW WUDLQLQJ FDVHV
7KH *3 WHUPLQDO VHW ZDV WDNHQ IURP DQ LQSXW ZLQ
GRZ VLPLODU WR WKRVH LOOXVWUDWHG LQ )LJXUH  +RZ

)LJXUH  ,QFLGHQW VFRUH DJDLQVW IDOVH DODUP UDWH IRU
WKH nUVW VWDJH GHWHFWRUV

HYHU WKH ZLQGRZ HQFRPSDVVHG RQO\ ORFDO WUDpF GDWD
E\ XVLQJ 7   SUHYLRXV PLQXWHV DQG RQH GRZQVWUHDP
VLWH LH 6  )XUWKHUPRUH WKH LQSXW GDWD FRQVLVWHG
RI WKH ODQHVSHFLnF 0,'$6 TXDQWLWLHV YHORFLW\ oRZ
RFFXSDQF\ KHDGZD\ DQG oRZ FDWHJRUL]HG E\ YHKLFOH
OHQJWK
$SSUR[LPDWHO\  *3 UXQV ZHUH FRQGXFWHG IRU WKH nUVW
VWDJH HDFK XVLQJ 7
 $ nUVW VWDJH GHWHFWRU V WDVN
ZDV WR GHWHFW DOO LQFLGHQW RQVHWV ZKLOVW SURGXFLQJ D
PLQLPDO IDOVH DODUP UDWH 7KH nWQHVV YDULDEOH n ZDV
WKXV VHW WR ORZ YDOXHV DQG WKH UDQJH  WR  WHQGHG
WR JLYH WKH EHVW UHVXOWV +LJKHU VHWWLQJV FDXVHG LQ
FLGHQWV WR EH PLVVHG ZKLOVW ORZHU VHWWLQJV WHQGHG WR
JLYH DQ H[FHVVLYH IDOVH DODUP UDWH 7KH SRSXODWLRQ VL]H
ZDV VHW WR  DQG WKH RWKHU *3 SDUDPHWHUV ZHUH WKH
VDPH DV WKRVH OLVWHG LQ 6HFWLRQ 



9DOLGDWLQJ nUVW VWDJH GHWHFWRUV

7KH HYROYHG nUVW VWDJH GHWHFWRUV ZHUH YDOLGDWHG RQ WKH
 LQFLGHQWV DQG D PD[LPXP VFRUH RI  ZDV DFKLHYHG
LI DOO LQFLGHQWV ZHUH GHWHFWHG LH 7 3 6PD[   7KH
GHWHFWRUV SURFHVVHG DOO QRQLQFLGHQW WUDpF GDWD LQ YDO
LGDWLRQ ZKLFK WRWDOOHG WR  FDVHV )LJXUH  SORWV
WKH LQFLGHQW VFRUH DJDLQVW IDOVH DODUP UDWH IRU WKH 
nWWHVW GHWHFWRUV IURP HDFK *3 UXQ
7KH ORZHVW IDOVH DODUP UDWH ZKHQ DOO LQFLGHQWV ZHUH
GHWHFWHG ZDV  RXW RI WKH  QRQLQFLGHQW FDVHV
+RZHYHU DQRWKHU nUVW VWDJH GHWHFWRU ZDV MXGJHG WR
EH WKH EHVW EHFDXVH LW SURGXFHG  KLWV GLVWULEXWHG
DFURVV  LQFLGHQWV DQG LW JDYH RQO\  IDOVH DODUPV
DQG VDFULnFHG RQO\ WZR JUDGH  LQFLGHQWV LQ RUGHU WR
DFKLHYH WKLV LH 7 3
 DQG 7 3 6
  (YHQ E\
FDUHIXO PDQXDO LQVSHFWLRQ LW ZDV GLpFXOW WR GHWHUPLQH
ZKHWKHU WKHVH JUDGH  LQFLGHQWV ZHUH DFWXDOO\ WUXH
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7DEOH  ,QFLGHQWV GHWHFWHG E\ WKH EHVW VHFRQG VWDJH
GHWHFWRU 7KH ODJ LV LQ PLQXWHV DQG WKH QXPEHU RI
GHWHFWLRQV SHU LQFLGHQW LV JLYHQ

)LJXUH  ,QFLGHQW VFRUH DJDLQVW IDOVH DODUP UDWH IRU
WKH VHFRQG VWDJH GHWHFWRUV


(YROYLQJ VHFRQG VWDJH GHWHFWRUV

6HFRQG VWDJH GHWHFWRUV ZHUH WUDLQHG WR UHGXFH WKH IDOVH
DODUPV ZKLOVW UHWDLQLQJ DW OHDVW D VLQJOH KLW SHU LQFL
GHQW 1RWH WKDW 7 3 6PD[ UHGXFHG WR  EHFDXVH RI WKH
WZR JUDGH  LQFLGHQWV PLVVHG E\ WKH nUVW VWDJH GHWHF
WRU
7KH SDUDPHWHUV n DQG 7 ZHUH RSWLPL]HG E\ FRQGXFWLQJ
DW OHDVW  *3 UXQV IRU YDULRXV VHWWLQJV 7KH GHWHF
WLRQ SHUIRUPDQFH ZDV ODUJHO\ LQVHQVLWLYH WR 7 EHWZHHQ
YDOXHV RI  DQG  7KH UHVXOWV VKRZHG WKDW n PXVW H[
FHHG  LQ RUGHU WR DFKLHYH QR IDOVH DODUPV DQG WKDW D
JRRG EDODQFH EHWZHHQ PD[LPL]LQJ GHWHFWHG LQFLGHQWV
DQG PLQLPL]LQJ IDOVH DODUPV ZDV DFKLHYHG E\ VHWWLQJ n
WR 
0RUH *3 UXQV ZHUH FRQGXFWHG ZLWK n
 DQG D
SRSXODWLRQ VL]H RI  )LJXUH  SORWV WKH UHVXOWLQJ
LQFLGHQW VFRUHV DJDLQVW IDOVH DODUP UDWH IRU WKH EHVW
GHWHFWRU IURP HDFK *3 UXQ IRU YDULRXV 7 YDOXHV
5HFDOO WKDW WZR JUDGH  LQFLGHQWV ZHUH PLVVHG DW WKH
nUVW VWDJH DQG VR D VHFRQG VWDJH GHWHFWRU FRXOG LGHQWLI\
D PD[LPXP RI  LQFLGHQWV ZLWK D 736 RI  7KLV
ZDV DFKLHYHG DW WKH H[SHQVH RI JLYLQJ  IDOVH DODUPV
LH OHVV WKDQ D VLQJOH IDOVH DODUP SHU QLJKW RQ DYHUDJH
7KHVH IDOVH DODUPV DUH DUJXDEO\ JUDGH  LQFLGHQWV DQG
WZR RI WKHP DFWXDOO\ UHIHU WR WKH VDPH HYHQW ZKLFK ZDV
GHWHFWHG DW DGMDFHQW PLQXWHV DQG VLWHV 7KH PD[LPXP
)20 ZDV DFKLHYHG ZKHQ WZR IXUWKHU JUDGH  LQFLGHQWV
ZHUH PLVVHG WR EULQJ 736 GRZQ WR  EXW WKLV GHWHFWRU
DEROLVKHG DOO IDOVH DODUPV
7KH LQFLGHQWV GHWHFWHG E\ WKH EHVW VHFRQG VWDJH GH
WHFWRU LH WKH RQH ZKLFK JDYH WKH PD[LPXP )20
DUH VKRZQ LQ 7DEOH  7KH ODJ FROXPQ JLYHV WKH ODJ
LQ PLQXWHV EHWZHHQ WKH PDUNHG LQFLGHQW RQVHW DQG WKH
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WLPH RI GHWHFWLRQ 7KLV ZDV QHJDWLYH ZKHQ WKH LQFLGHQW
VWDUWHG WR PDQLIHVW LWVHOI LQ WKH WUDpF GDWD EHIRUH WKH
PDQXDOO\ PDUNHG RQVHW HJ EHFDXVH RI D JUDGXDO RQ
VHW VSUHDG DFURVV ODQHV 7KH FROXPQ VKRZV WKDW PRVW
LQFLGHQWV ZHUH GHWHFWHG ZLWKLQ WZR PLQXWHV 7KH ODVW
FROXPQ JLYHV WKH QXPEHU RI KLWV SHU LQFLGHQW DQG VKRZV
WKDW JUDGH  LQFLGHQWV UHFHLYHG PXOWLSOH KLWV EXW KLJKHU
JUDGHV WHQGHG WR EH KLW RQO\ RQFH


5HVXOWV VXPPDU\

7KH WDVN ZDV WR GHWHFW LQFLGHQWV RQ WKH 0 DW SHUL
RGV RI ORZ WUDpF RFFXSDQF\ 7KLV ZDV DSSURDFKHG E\
WUDLQLQJ *3 WR GHWHFW WKH RQVHW RI LQFLGHQWV ZKLFK RF
FXUUHG GXULQJ WKH QLJKW DSSUR[LPDWHO\ EHWZHHQ K
DQG K ZKLOVW SURGXFLQJ D QHDU]HUR IDOVH DODUP
UDWH
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7KH SUHFLVH RQVHW RI LQFLGHQWV ZDV RIWHQ SRRUO\ GHnQHG
DQG VR WKH WDVN ZDV WDFNOHG E\ D WZRVWDJH HYROXWLRQ
VWUDWHJ\ 7KH nUVW VWDJH HYROYHG IRU LWVHOI ZKLFK WUDpF
GDWD EHVW FKDUDFWHUL]HG DQ LQFLGHQW RQVHW E\ GLVWLQ
JXLVKLQJ GDWD SUR[LPDWH WR LQFLGHQWV IURP D VDPSOH
RI QRQLQFLGHQW GDWD 7KH VHFRQG VWDJH ZDV WKHQ UH
TXLUHG WR PLQLPL]H WKH IDOVH DODUP UDWH ZKLOVW UHWDLQLQJ
DW OHDVW D VLQJOH GHWHFWLRQ SHU LQFLGHQW
7KH EHVW nUVW VWDJH GHWHFWRU PLVVHG WZR JUDGH  LQFL
GHQWV WKH OHDVW REYLRXV LQFLGHQWV DQG JDYH  IDOVH
DODUPV IURP  QLJKWV ZRUWK RI GDWD XVLQJ ERWK FDU
ULDJHZD\V 7KH EHVW VHFRQG VWDJH GHWHFWRU PLVVHG DQ
RWKHU WZR JUDGH  LQFLGHQWV EXW DEROLVKHG DOO WKH IDOVH
DODUPV 2WKHU VHFRQG VWDJH GHWHFWRUV UHWDLQHG DOO LQ
FLGHQW GHWHFWLRQV EXW JDYH  IDOVH DODUPV


&XUUHQW ZRUN

7KH DFWLYLW\ RI PDQXDOO\ PDUNLQJ PRUH WKDQ  LQ
FLGHQWV RYHU WKUHH \HDUV ZRUWK RI WUDpF GDWD KDV VKHG
OLJKW LQWR WKH QDWXUH RI WKH LQFLGHQWV ZKLFK LQ WXUQ
KDV LQFUHDVHG WKH VXEMHFWLYH WKUHVKROG DV WR ZKDW FRQ
VWLWXWHV DQ LQFLGHQW 7KLV KDV LPSURYHG WKH TXDOLW\ RI
WKH ?WUXWK LQ WKH VFDOHGXS SURMHFW DQG LW LV KRSHG
WKDW WKLV ZLOO EH UHoHFWHG LQ WKH GHWHFWLRQ SHUIRUPDQFH
7HVWV DUH FXUUHQWO\ EHLQJ XQGHUWDNHQ WR DVVHVV WKH JHQ
HUDOL]DWLRQ RI WKH GHWHFWLRQ SHUIRUPDQFH 2WKHU PRG
HOOLQJ SDUDPHWHUV VXFK DV WKH HmHFW RI ZHDWKHU HJ UDLQ
DQG IRJ PHDVXUHPHQWV PD\ EH LQFRUSRUDWHG DV LQSXWV
WR IXWXUH GHWHFWRUV



&RQFOXVLRQV

7KLV SDSHU GHVFULEHV WZR SURMHFWV WKDW DSSO\ JHQHWLF
SURJUDPPLQJ WR UHDO ZRUOG SUREOHPV SURSRVHG E\ WKH
8. +LJKZD\V $JHQF\ 7KH nUVW SURMHFW HYROYHG PR
WRUZD\ MRXUQH\ WLPH SUHGLFWRUV ZKLFK ZHUH UHTXLUHG
WR EH UHOLDEOH GXULQJ KLJKoRZ ORZVSHHG FRQGLWLRQV
7KHVH SHDN WUDYHO SHULRGV FRQWDLQHG WKH PRVW YDUL
DEOH WUDpF FKDUDFWHULVWLFV DQG QRWDEO\ LQFOXGHG FRQ
JHVWLRQ ZDYHV 7KH HYROYHG SUHGLFWRUV SURFHVVHG ODQH
LQGHSHQGHQW WUDpF TXDQWLWLHV DQG LPSURYHG RQ WKH DF
FXUDF\ RI HTXLYDOHQW QDLYH SUHGLFWRUV 1DLYH SUHGLF
WLRQV DUH W\SLFDOO\ GLpFXOW WR RXWSHUIRUP GXH WR WKH
LQKHUHQW LUUHJXODULWLHV LQ WKH WUDpF GDWD GXULQJ FRQ
JHVWHG SHULRGV
7KH VHFRQG SURMHFW HYROYHG PRWRUZD\ LQFLGHQW GHWHF
WRUV IRU ORZoRZ KLJKVSHHG FRQGLWLRQV LH ODWH DW
QLJKW $ 6WDJHG *3 PHWKRG ZDV HPSOR\HG WR LGHQWLI\
WKH VXEWOH DQRPDOLHV ZKLFK FRUUHVSRQG WR ODWHQLJKW
LQFLGHQW RQVHWV 7KH HYROYHG GHWHFWRUV SURFHVVHG ODQH
VSHFLnF WUDpF TXDQWLWLHV DQG DFKLHYHG QHDU]HUR IDOVH
DODUP UDWHV ZKLOVW RQO\ PLVVLQJ YHU\ IHZ PLQRU LQFL

GHQWV :RUN LV FXUUHQWO\ XQGHUZD\ WR VFDOH WKLV SURMHFW
XS WR H[WHQVLYH WUDpF GDWD VHWV DQG WR DVVHVV GHWHFWLRQ
JHQHUDOL]DWLRQ
,W LV KRSHG WKDW DQ LQVLJKW FDQ EH JDLQHG LQWR WKH SULQ
FLSOHV XQGHUO\LQJ WKH WZR SURMHFWV E\ LQWHUSUHWLQJ WKH
VWUXFWXUHV RI WKH HYROYHG SURFHVVRUV )XUWKHU XQGHU
VWDQGLQJ FRXOG EH REWDLQHG E\ DQDO\]LQJ WKH EHKDYLRXU
RI WKH HYROYHG SURFHVVRUV LQ GLmHUHQW WUDpF VWDWHV
$FNQRZOHGJPHQW
7KH DXWKRUV ZLVK WR WKDQN WKH 8. +LJKZD\V $JHQF\
IRU IDFLOLWDWLQJ WKH GDWD IRU WKLV VWXG\ ZKLFK LV KLJKO\
VSHFLnF WR 0,'$6 DQG WR WKH 0 PRWRUZD\
5HIHUHQFHV
>%HDOH @ %HDOH 6   7UDpF 'DWD /HVV ,V
0RUH +$ ,QWHUQDO 5HSRUW +LJKZD\V $JHQF\ %ULVWRO
8.
>&ROOLQV HW DO @ &ROOLQV - ) +RSNLQV & 0 DQG
0DUWLQ - $   $XWRPDWLF LQFLGHQW GHWHFWLRQ 
755/ DOJRULWKPV +,2&& DQG 3$75(* 75/ 5HSRUW
65  7UDQVSRUW 5HVHDUFK /DERUDWRU\ &RZWKRUQH
8.
>+RZDUG DQG 5REHUWV @ +RZDUG ' DQG 5REHUWV
6 &   $ 6WDJHG *HQHWLF 3URJUDPPLQJ 6WUDWHJ\
IRU ,PDJH $QDO\VLV ,Q %DQ]KDI 'DLGD (LEHQ *DU
]RQ +RQDYDU -DNLHOD DQG 6PLWK HGV  3URFHHGLQJV
RI WKH *HQHWLF DQG (YROXWLRQDU\ &RPSXWDWLRQ &RQIHU
HQFH ^ 0RUJDQ .DXIPDQQ
>0DKDOHO DQG +DNNHUW @ 0DKDOHO ' DQG +DNNHUW
$ 6   7LPH 6HULHV 0RGHO IRU 9HKLFOH 6SHHGV
7UDQVSRUWDWLRQ 5HVHDUFK 9RO %   ^
>0RRUWK\ DQG 5DGFOLmH @ 0RRUWK\ & . DQG 5DG
FOLmH % *   6KRUW WHUP WUDpF IRUHFDVWLQJ XVLQJ
WLPH VHULHV PHWKRGV 7DQVSRUWDWLRQ 3ODQQLQJ 7HFK
QRORJ\ 9RO  ^
>3D\QH HW DO @ 3D\QH + - *RRGZLQ ' 1 DQG
7HHQHU 0 '   (YDOXDWLRQ RI H[LVWLQJ LQFLGHQW
GHWHFWLRQ DOJRULWKPV 7HFKQRORJ\ 6HUYLFH &RUSRUD
WLRQ 6DQWD 0RQLFD &DOLIRUQLD
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Î LlÐ\&Ò»ÖËØBÛ%ã Ý×/äÒ_^ æJã äoê$×@éo×@à"Ùã ëÛ:o×@ê/ê@ã äoêÙá$é»Û:oã ×@æËØJÛê/ØJÛææJã á/ä»æÒ*`¤Û%åÚoä»ã å×/Ü
ý b,Ûà»ÙÒá@çc)/Ù×@Ùã æBÙã åæ%ýd^ ä»ã ëÛØJæJã ÙªÞ^á/çcA×@Ü ã ç á/ØJä»ã ×"ýËÖËÛ%Ø@@Û%Ü ÛÞ@ý
a Ûàwá/ØBÙQþ #U
Ï Ò

Î lÐÆß³ÒÑoÒÖËØBá"á @/ÛØý2Ño5Ò b,Ûä»äoã æý e¤2Ò bÒÔ"ØJ×/ä@oýUbÒÖ,Ò )ÛØJ×Sä»ãðý5fÒ2`¤á/ØJå%á@äý
×/ä»éQÕ7Ò `¤ØJá/æJæÛÙ%Òß ØBã ê/á/ØBá/è»æ ç ØJ×/ÝÛìËá/Ø @{ç á@Øá@à"Ùã Ý{ã ×@Ùã á@äQá/ç¤Ûâ»àwÛä»æã ë/Û
ç è»ä»åÙJã á/ä»Kæ :ÞyæJè»ØJØJá/ê@×@ÙÛæÒ,í»îðïñ»òîðñïBóõôö*÷»îðø ùø úólîðøðûlü»ý¤Ï #/ÿ 3Ï Ï "ý¤Ï L"Ò
Î Ï?õ\
Ð &Ò»ÖËè»Ü Üð%Ò g,äQÝá"é»ÛÜ Ó :o×@æÛé{Ûë/á/Ü è"Ùã á@äo×@ØBÞ-åá/Ýà»è»ÙJ×@Ùã á@ä0Òíwû BUî ûlù÷»ñ/îðø ü lý
"ÿ # N+Lý¤
Ï "Ò
Î Ï/Ïh
Ð $_+Ò AË×@ØJàwÛäÙÛØ2×@ä»éÑoÒ ÓªÔ2Ò/ÖË×@ØBÙÚ»Û%Ü ÛÝ$Þ@ÒwßÆå%á@Ý{à»×/ØBã æá@äá/çwàwá/Ü Þ"äoá@Ý{ã ×@Ü»×/à"Ó
à»ØJálâ"ã Ý{×õÙã á/ä-×/ä»éQ×/ØªÙã Så%ã ×@Ü*ä»Ûè»ØJ×/Ü0ä»ÛÙæ ×@æ ØJÛæàwá@ä»æÛ³æJè»ØJç ×@å%Ûõ2Ò `¤Û%åÚoä»ã å×/Ü
Ù lÓ+#/ýTß ªßßýÏ /Ò
a Ûàwá/ØBc
Î Ï %Ðh$_Ò A×/ØBàwÛ%ä/ÙÛØË×/ä»é-Ñ»Ò ÓªÔ2Ò»ÖË×/ØBÙÚ»ÛÜ Û%ÝÞ/%Ò Aá/ÝÝ{á@äÝ{ã æJå%á@äoåÛà»ÙJã á/ä»æË× :wá@è»Ù
ä»Û%è»ØJ×@Ü äoÛÙªìËá/Ø @æ×/æ×@àoà»ØJá%â»ã Ý×@Ùá@ØJæ%B
Ò iMí _Yj</ûlñïüoóõôû Fûlù÷»ñ/îðø ü yø ü
*ø Eø ô Y
ü lø ü ïø +ü %Mý L7klmÿ þ +þ LýÏ "Ò
Î Ï lÐÆÕÒ O³Ò AÚ»á/è»Ûã @"ãË×@äon
é A,Ò ß³ÒÕ5á/è»äÙBÓ A×@Ý{à :wÛ%Ü ÜðP
Ò `¤ØJ×/ã ä»ã ä»êaé»×õÙ×aé»ÛëÛÜ á/à"Ó
Ý{Ûä/Ùìã ÙÚaÙÚ»Û{é»ÓMá@à»ÙJã Ý{×/Ü ã ÙªÞåØJã ÙÛØJã á/äF
Ò Y%Y2Ypo"ïJól+ü ó@òîðø ûl+ü ûl'
ü GñïBóõô
G-î q2ûl"ï rJý
Ï "Ò
Î Ï õÐÆÑ»TÒ b,Ûäoä»ã æy×/ä»;
é fdÒ `á@ØJå %á@ä0ÒVÕ5×/ä»×/ê@ã äoê¦×/à»à»ØJálâ"ã Ý{×@ÙJÛaÝ{áé»Û%Ü æQã ä á/à"Ó
Ùã Ýã %×õÙã á/äh
Ò M\
ä I)ÒßÜ Ûâ"×/ä»é»ØJálë^×/ä»éÆÕÒ O è»ææJ×/ä»ãðýËÛéoã ÙJá/ØJæý Qñô îð-ø lø òø X
÷oô ø üoól"ï Z'3Jø %ü}û÷»îðø ùø úólîðøðûl6ü syí»îMólî "XBû XM-î ,"XBólïîðýào×@ê/Ût
æ  ? ++#/TÒ )Mß,Õý
Ï #/Ò

Î Ïõþ%ÐÆÖ,7Ò Qç ØJá/äy×/ä»é a Ò ` ã :»æÚ»ã ØJ×@ä»ãðdÒ iF
ü Bü"îðïJû lñ»òîðøðûlü5îMû$-î ,KuËûûl-î JîðïBó÷»dÒ AÚ»×/à"Ó
Ý{×@äy×/ä»J
é O ×/Ü ÜðýÏ Ò
Î Ï NlÐÆÑ»Ò ÕÒ0Ô¤ã "Ù ào×õÙØJã "å @5×/ä»éaÑ»Ò Ñ»_Ò ,ØJÛç Û%ä»æBÙÛÙJÙÛõ/
Ò ,ÛäoÛÙã å×@Ü ê/á@ØJã ÙÚ»Ý{æ,ã ääoá@ã æJÞ
Ûäë"ã ØJá/ä»ÝÛ%ä/ÙæÒ yó@3ò ,@ø 7ü c46Jólïü"ø +ü %*ý ÿ Ï ?»3Ï Ï ?"ýÏ LLÒ
Î Ï #%h
Ð vÒ¤Ô»ØJÛèoä»éÒ$ÖËá"á@æJÙJã äoêQ×-ì Û× @yÜ Û%×@ØJä»ã äoêy×@Ü ê/á/ØBã ÙÚ»w
Ý :/ÞaÝ× Bá/ØJã ÙªÞ@9
Ò Bü ûl"ï X
ùólîðøðûlüaólü Fûlù÷»ñîMólîðøðûlü"ý¤Ï "ÏkmJÿ /þN7 Lþý¤Ï /þÒ
Î Ï LlÐÆß³Ò ß%Ò )ã è»ä/Ù×y×/ä»(
é &*Ò $×õÙæá@äÒßvåá/Ýà»×/ØJã æJá/äaá/ç×/à»à»ØJálâ"ã Ý{×õÙã á/äÝ{áé"Ó
ÛÜ ã äoêÙÛåÚ»ä»ã x"è»Ûæ%Uÿ eá/Ü Þ"ä»á/Ý{ã ×@ÜwëÛØJæè»æ ã ä/ÙÛ%ØBàwá/Ü ×@ÙJã äoêÝ{áé»Û%Ü æ2Ò `¤Û%åÚoä»ã å×/Ü
Ù LõÓ +#@þ LýTß ªßßýÏ LÒ
a Ûàwá/ØBc
Î Ï l\
Ð bÒ Q Ò ,ØJã Û%ØBæá@äQ×@äo!
é $_Ò O)Ò e× @w5Ò gà»ÙJã Ý{×/Üwæã ã ä»ê»ýoê/Ûá/ÝÛÙØBã å%×@Ü×/ä»é-Ùá@àwá@Ó
Ü á/ê@ã å%×@Üé»Û%æJã ê/ä_è»æJã ä»ê~×Æê/Ûä»ÛÙJã å¦×/Ü ê@á/ØJã ÙJÚoÝQÒsí»îðïñ»òîðñïBóõô$ö0÷»îðø ùø úólîðøðûlü»ý
N7k-mÿ Ïlþ"3Ï wÏõþ "ý¤
Ï Ò
Î ?õÐ a Ò `)2Ò O×@ç "Ù @õ×"5ý Q Ò e¤Ò )åá@ÙJÙ%ý2×@äoé¦Ñ»Ò a Ò AØJè õ'
Ò g,à"Ùã Ýã %×õÙã á/ä×/ä»é¦Ûâ"àwÛØJã Ó
Ý{Ûä/Ùæ%ÿ2ßæJèoØªëÛÞ/TÒ i2÷@÷oô -ø 9PJ"ò ,ólü»øð"ò  > 3E-ø 3q¤ý¤þÏ k#mÿ /þ Lý¤Ï L"Ò
Î "Ïn
Ð e¤_Ò O × BÛÜ ×5×@ä»éÑ»_Ò &0ÛÛ@9
Ò )Ûä»ÛÙJã å×/Ü ê/á@ØJã ÙÚ»Ý{æ)ã äaÝè»Ü Ùã é»ã æJå%ã à»Ü ã ä»×/ØBÞ5ØJá@Ùá@Ø
:»Ü ×/é»Û$é»Ûæã ê@äU
Ò Mä  ïJûò lø ü û 0y%-î ,{í»îðïñ"òîðñï "zí"îðïñ»òîðñïJóõô {TZlüoólùø "ò z
ólü 95ólî ïøðóõ2ô ûlü "ï üwò Mý I Ûj
ì g,ØJÜ Û×/ä»æýÏ L"Ò
Î %ÐÆÕMÒ O9èo| æ @/Ûä5×/ä»éÖ,MÒ )Û%ä»é»Ú»á }UÒ Q2ë/á/Ü è"Ùã á@äo×@ØBÞyá/à"Ùã Ýã %×õÙã á/äyç á/Øà»ØJá :»Ü ÛÝ
åÜ ×/æJæÛæìã ÙÚÆÜ ×@Ý{×@ØJ3å @ã ×/ä^ã ä»Ú»ÛØJã Ù×/ä»åÛ@h
Ò M;
ä Y2Y%Y+í Zõù÷û Jø ñùûl~
ü ûlù X
DJø üoólîðøðûl
ü û tY2Elûõô ñ/îðø ûlüoól"ï Z~ûlù÷»ñîMólîðøðûlü_ól7ü BGTñ/ïJóõTô GT-î q2ûl"ï rJýà»×/ê@Û%æ
LÏ ?"M
ý ???»Ò
Î lÐ a ÒwÑã äý $_*Ò AÚ»Û%äý×/ä»P
é `)Ò $_*Ò )ã ÝàoæJá/ädÒ Aá@Ý{à»×/ØJ×õÙã ëÛ³æBÙè»éoã Ûæ,á/çÝÛÙJ×@Ó
Ý{áé»Û%Ü ã ä»ê$ÙÛåÚ»ä»ã x"è»Ûæ,è»ä»é»Û%ØÝã Ü Ùã à»Ü Û)Ý{áéoÛÜ ã ä»êåØJã ÙÛØJã ×"5Ò `¤Û%åÚ»äoã å×/Ü a ÛÓ
àwá/ØªÙ ???@Ó L ?oÏõýwß Mß,ß³*ý ???»Ò
Î õh
Ð vÒ*Ñã äý*Õ_Ò g,Ü Ú»á/ç ÛØý*×/ä»éaÖ,%Ò )Ûäoé»Ú»á }[
Ò g,äaÛëá/Ü è"Ùã á@ä»×/ØBÞaá@à»ÙJã Ý{ã ×@Ùã á@ä
ìã ÙÚ«×@à»àoØBálâ»ã Ý×@ÙV
Û SwÙä»Ûææyç è»äoåÙã á@äoæ=
Ò Mä  ïBû%ò lø +ü aû y-î ,BWUü îðø ò
ólü 'Y2Elûõô ñîðøðûlüoól"ï Z;ûlù÷»ñîMólîðøðûl
ü ûlü "ï üoò ý³à»×/ê/ÛJ
æ # LN#ÒÕ5á/ØJê@×/ä
8³×@èoç Ý{×/ä»ä*
ý ???»Ò
Î /þ%h
Ð vÒwÑ/ã äýwÕ6Ò g,Ü Ú»á/ç Û%Øýw×@ä»é5Ö,Ò )"Ûä»é»Úoá }ÒÕ5×/ä»×/ê@ã ä»ê×/à»à»ØJálâ"ã Ý{×@ÙJÛ³Ýá"é»ÛÜ æ
ã äÛëá@Ü è»ÙJã á/ä»×/ØBÞa×/ÛØJáé»Þ"ä»×/Ýã å{é»Û%æJã ê/äaá/à"Ùã Ý{ã ×@ÙJã á/ä[
Ò Mä  ïBû%ò lø +ü û 
Y%Y2Yûl+
ü %ï 3ûl(
ü Y2Elûõô ñîðøðûlüoól"ï Z'ûlù÷»ñîMólîðøðûlü"ýë/á/Ü è»Ý{Û5Ï@ýà»×@ê/Ûæ{þ 
þ "ýwÕ×lV

Þ ??»Ï@Ò
Î Nlh
Ð vÒÑã ä¦×/ä»é^Ö,Ò )Û%ä»é»Ú»á }J
Ò 8³ä»álìÜ Û%é»ê/Û-ã ä»å%á@ØJàwá/ØB×@Ùã á@äÆã ä/Ùáaä»Ûè»ØJ×/ÜËäoÛÙJÓ
ìËá/Ø @æ5ç ØJá@ÝÂç 7è Þ«ØJè»Ü Û%æ
Ò GTñïBóõô  ïJûò "Jø +ü (46îðî "ï JýÏ ?7klmJÿ »"Ï 7+ý
Ï Ò

Î #%ÐÆÖ,Ò/Ñ/á/Ú»×/ä»æJá/ä×/ä»é a Ò eá@Ü ãðMÒ KeÓMÝè»æã åõÿ¤ß,äã äÙJÛ%ØJ×@åÙJã å%Ûê@Û%ä»ÛÙã åà»ØJá@ê/ØJ×@ÝÓ
Ý{ã ä»ê{æBÞ»æBÙÛÝ ç á/Ø)Ý$èoæJã åê/Ûä»Û%ØB×@Ùã á@ä5ì,ã ÙJÚ×/è"Ùá/Ý×@ÙÛF
é SwÙä»Û%æJæ)ØJ×õÙÛØJæ%dÒ ªä
Ñ/á/Ú»ä a UÒ 8³á ×»dý $á/Ü ç ê@×/ä»ê¦ÖË×/ä Úo×@çMý 8³è»Ý{×@t
Ø AËÚ»ÛÜ Ü ×/à»ã Ü Ü ×»ý 8)×/Ü Þ×@ä»Ý{álÞ
b,Û :ý»Õ×@ØJå%9
á bá/ØJã ê@á»7ý b×lë"ã é-Ö,Ò»Ô»á/ê@Û%Üðý»Õ5×@1
â O³7Ò )×@Ø á/ä7ý b,×lë"ã !
é Q 7Ò ,á/Ü é"Ó
:wÛØJê»5
ý Oã Ùá@æÚ»ã :»×"ý2×/ä»é a ã 3å @ a ã á/Ü á"ýÛ%é»ã Ùá@ØJæý  ïJûò lø ü {û $-î ,VoM,@ø ï 
iËü"ü»ñ»óõ2
ô ûlü "ï üoò $ûlB
ü WUü îðø ò  ïJû %ïJólùùø +ü %ýà»×/ê/ÛæÏ L»"Ï Ï LN"ý¤Ï LÒ
Î LlÐ~Ô27Ò 8)Û%ä BãðÒ )/Ù×õÙã æJÙJã å%×@Ü0×/åÙã ëÛ)Ü Û%×@ØJä»ã äoêã äQÝ$èoÜ ÙJã Ü ×lÞÛØËàwÛ%ØBå%Ûà"ÙØJá/ä»æUÒ Y%Y2Y
o"ïBól
ü ó@òîðøðûlü KGTñ/ïJóõ6ô G-î q2ûl"ï rJýÏ/Ï kªÏ mÿ Ï N7 N"Mý ???"Ò
Î l;
Ð )oKÒ 8³áé»ã Þ×@Ü ×/Ýyý )wKÒ I×@ê/Ûä»éoØB×»ý$×@ä»é_Ñ»KÒ b,Û )ÙJÛ%ç ×@ä»á»
Ò AËá@Ý{àwá@æã ÙÛaæ×@äoé"Ó
ìã åÚ æBÙØJè»åÙè»ØJ×/Üá/à"Ùã Ýã %×õÙã á/ä«ìã ÙÚ ×/à»à»Ü ã å%×õÙã á/ä Ùá æJ×@ÙÛÜ Ü ã ÙÛ¦å%á@Ý{àwáõÓ
ä»Û%ä/ÙæTÒ idiUip<ûlñ/ïüwóõô 6ý 7klmÿ N"Ï NÏ@ý¤Ï NÒ

REAL WORLD APPLICATIONS

Î ?õÐÆÑ»Ò7&0Û%Û,×/ä»éte¤ÒO× BÛÜ ×»Ò%e×/ØB×/Ü Ü ÛÜê/Ûä»ÛÙJã å³×@Ü ê/á@ØJã ÙÚ»Ý{æã Ý{à»Ü ÛÝ{ÛäÙ×õÙã á/ä{ç á@Ø
Ýè»Ü Ùã é»ã æJå%ã à»Ü ã ä»×/ØBÞ5ØJá@Ùá@ØK:»Ü ×/é»Ûé»Û%æJã ê/äÒ1</ûlñïüoóõô¤ûiËø ïBòïBóBîðý_7kMþmÿ N
N"ý¤Ï N"Ò
Î »Ïn
Ð 8Ò Ó O)+Ò &0ã ×/ä»ê»+ý Ò v×/á»ý"×/ä»t
é AÒ I Ûì Ùá@äMÒ Qëá/Ü è"Ùã á@ä»×/ØBÞæJÛ×/ØJåÚ{á/ç×@àoà»ØJá%â"Ó
ã Ý{×õÙÛéä»ÓMé»ã Ý{Ûä»æã á@ä»×/Ü»Ü ×/ä»é»æå×/àwÛõ_Ò Bü"î ïüoólîðø ûlüoóõ7ô </ûlñïüoóõô»û  üwû qËô "X
DBó 3[Bü"î ô ô ø  ü"5
î Yü lø ü ïø +ü $í ZJî ù JMý 7klmÿ Ï #Ï L"Mý ???"Ò
Î %Ð\bÒ2Õ5×/å 8³×lÞ@B
Ò ªä»ç á@ØJÝ{×õÙã á/ä"Ó :»×/æJÛ%é^á :+ªÛ%åÙã ëÛyç è»äoåÙã á@äoæ{ç á@Ø×/åÙã ëÛyé»×@ÙJ×
æJÛ%Ü ÛåÙJã á/äKÒ GTñïBóõ2ô ûlù÷»ñîMólîðøðûlü"6ý  k +mÿ  ?"þ +»Ï L"ý¤Ï /Ò
Î lÐ a Ò*ÕyÞÛØJæ³×@äo'
é bÒ*Õ5á/ä/Ùê/á@Ý{ÛØBÞ/Ò > 3 ÷ûlü "í»ñ/-ï ó@ò /F-î ,û @ûõô û ZõÒÑ/á/Ú»ä
$ ã Ü ÛP
Þ )á@äoæ6ý ªä»åõÒ *ý I Û
ì vá/Ø @wýÏ /þÒ
Î õn
Ð e¤Ò Ö,MÒ I ×/ã Ø×/ä»é5ßÒ Ñ»6Ò 8)Û%×@äoÛõTÒ Aá/9
Ý :»ã ä»ã ä»ê{×@àoà»ØJá%â»ã Ý×@Ùã á@ä5åá/ä»åÛ%à"Ùæ,ìã ÙÚ
×/Ü ê@á/ØJã ÙJÚoÝÓ :o×@æÛéæBÙØJè»åÙè»ØJ×/Üá@à"Ùã Ý{ã ×@Ùã á@äà»ØJáåÛ%é»è»ØJÛæ%t
Ò Mä  ïBûò lø +ü 
û c0l-î ,1idiUi i 
í !Y%i *í *Y*id í i *í ~í"îðïñ»òîðñ/ï "z2í»îðïñ»òîðñïBóõMô {dZõüoólù X
øð3ò ³ólü 9yólî ïøðóõô 9ûlü "ï üoò ýà»×/ê@Û%æ$Ï # »3Ï wÏ #/þÏ@ý¤Ï L"Ò
Î þ%ÐÆß³Ò IÛè»Ý{×/ã ÛØÒ0Õá@Ü Û%åè»Ü ×/ØÝ{áé»Û%Ü ã ä»ê$á@ç0à»ØJá@ÙJÛ%ã ä»æ×/ä»é-Ý{×õÙÚ»Û%Ý×@Ùã å×/Ü»àoØBÛÓ
é»ã åÙJã á/ä5á/çà»ØJá@ÙJÛ%ã äæBÙØJè»åÙè»ØJÛ%æÒ,+í id > "E%-ø "qMý klmÿ ?+#+N ?»ý¤Ï #/Ò
Î NlÐÆÕMÒ g,Ü Ú»á/ç ÛØý vÒÑ/ã äý×@ä»é5Ö,MÒ )Û%ä»é»Ú»á }ÒËßé»×/à"Ùã ëÛÛä»å%áé»ã ä»ê-ç á/Ø×/ÛØJáé"Þ"Ó
ä»×/Ýã å$æJÚo×@àwÛá/à"Ùã Ýã %×õÙã á/ä5è»æã ä»ê-Ûë/á/Ü è"Ùã á@äo×QæBÙØJ×õÙê/ã ÛæÒ Mä  ïBûò lø +ü 
û %Y%Y2Y\ûl+
ü %ï 3Ëûl9
ü Y2Elûõô ñ/îðø ûlüoól"ï Z9ûlù÷»ñ/îMólîðø ûlü"ý@ëá/Ü è»ÝÛ)Ï@ýà»×/ê@Û%æþ #N
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Abstract
The discovery of evolutionary laws of financial
market is always built on the basis of financial
data. Any financial market must be controlled by
some basic laws, including macroscopic level,
submicroscopic level and microscopic level laws.
How to discover its necessity-laws from financial
data is the most important task of financial
market analysis and prediction. Based on the
evolutionary computation, this paper proposes a
multi-level
and
multi-scale
evolutionary
modeling
system
which
models
the
macro-behavior of the stock market by ordinary
differential equations while models the microbehavior of the stock market by natural fractals.
This system can be used to model and predict the
financial data(some time series), such as the
stock market data of Dow-Jones index and
IBM stock price, and always get good results.

1

to describe the macroscopic behavior of the stock
market, while we use the natural fractal models (a kind
of natural discrete wavelets) to describe its microscopic
behavior. In this way, we build a mu lti-level and
multi-scale evolutionary modeling system for financial
data. This system provides a strong tool for the analysis
and prediction of complex time series. The observed
data of the Dow-Jones index and IBM stock price are
used as the test data for this system.
The rest of the paper is arranged as follows: in section 2,
we introduce the macroscopic ODE model; in section 3,
we introduce the microscopic natural fractal model;
numerical experiments are given in section 4; and in the
end, section 5 is some conclusions.

2

MACROSCOPIC ODE MODEL

The complex time series are usually characteristics of
multi-level and multi-scale. Assume that it has two
levels: macro and micro. In order to describe it in
macroscopic level, the researchers take many kinds of
methods to pre-handle the time series.

INTRODUCTION

The financial data or data get from some real-world
systems such as stock market usually are very complex,
but any complex system is bound to be controlled by
some basic laws, including macroscopic level laws,
submicroscopic level laws and microscopic level laws.
Consider the following financial data as the time
series:

x (t 0 ), x (t1 ),L, x (t m )
(1)
where ti = t0 + i? t, ? t is the time stepsize. As for the
time series, besides the traditional method of time series
analysis [1], evolutionary algorithm is usually used to
cope with these data[2][3][4].
Suppose that the financial data are controlled by
macroscopic, sub-macroscopic and microscopic rules.
We take the multi-level, multi-scale models for
analyzing and predicting the financial data. In this paper,
we use the ordinary differential equation (ODE) model

2.1

DECOMPOSITION OF ORIGINAL DATA

In order to find out macroscopic laws from complex
data, the first step is to decompose the original data x(ti ),
i=0,1,2,...,m as in (1) into two parts: the smooth part
and the coarse part (non-smooth part). We assume that
the evolutionary process of the smooth part is controlled
by macroscopic factors, and the evolutionary process of
the coarse part is controlled by microscopic factors. The
smooth part will be modeled by ordinary differential
equations (ODE), while the coarse part be modeled by
natural fractals (a kind of multi-scale discrete wavelets).
For the time series (1), we decompose it into two parts:

x (t i ) = x (t i ) + ~
x (t i )
where the smooth part

i = 0 ,1, L , m

x (t i ) is defined as:

(2)
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 1 i
 i + 1 ∑ x (t j )
j =0

x( ti ) = 
i
1

x (t )
∑
 l + 1 j =i − l j

Evaluate the fitness of p i (t ), i = 1, 2, …, N;

i<l

(3)

while not terminate do
begin

l ≤i≤ m

Pc(t ) := crossover {P(t )};
Pm (t ) := mutation {Pc(t )};

and the coarse part:

~
x ( t i ) = x ( t i ) − x ( t i ), i = 0 ,1, L , m

Evaluate Pm (t );

(4)

P(t + 1) := selection {Pm (t ), P(t )};
Notice: (3) and (4) is related to the value of the smooth
parameter l which is often proportional to m, when
l is bigger, the time series {x (t i )} is more smooth.

t : = t + 1;

pbest :x *(t i ), i = 0,1,L, m + q ;

Output solution of
2.2

MACROSCOPIC

HIGHER-ORDER

ODE

MODEL
In this subsection, we will mainly introduce how to
m
model and predict the smooth data {x ( t i ) }i = 0 . Since
the smooth data describe the macro behavior of
dynamic system and determine the macroscopic
tendency of the system, it is the essential part of
observed data. Because it is the smooth part of observed
data, we assume that x (t ) is sufficiently smooth, that
is, assume that x (t ) ∈ Cn [t0 ,T], 1=n=4.

end
For the details of the process of modeling, please refer
to [7].

3 MICROSCOPIC FRACTAL MODEL
~(t )} m of the time series (1):
For the coarse part { x
i
i =0
~
x (t ) = x (t ) − x (t ), i = 0,1,L , m ,
i

i

i

The modeling problem of the dynamic system x (t ) is
to find an initial value problem of the nth–order
ordinary differential equation:

we are going to build a multi-scale micro natural fractal
model.

 x (n) (t ) = f (t , x(t ), x′(t ), x ′′(t ), L, x (n−1) (t ))

 (i)
(i )
 x (t ) t= t0 = x , i = 0,1,L, n − 1

3.1 CONSTRUCTION OF NATURAL WAVELETS
(5)

such that the mean square error between the values of
its solution x* (t) at ti , i = 0,1,...,m and the series
{ x (t i )} as small as possible.
Denote

x* − x ≡

m
1
*
2
∑ ( x (t i ) − x (t i ))
m +1 i = 0

(6)

Denote

m ~
x = ∑ x (t i )
i =0

(8)

( m + 1)

In order to search an l– scale basic natural wavelet of
x ( t i )} 0m into l groups
series (4), we divide the series { ~
(from row to column to form the following matrix (see
Table 1), each column as a group, including l groups),
~
where xi denotes x ( t i ) .
Table 1

That is to say, to find f in function space F, such that
*
min x − x .
f ∈F

This problem is solved by evolutionary modeling
algorithm described in [7]. The main idea of the
algorithm is to embed a genetic algorithm in genetic
programming used to discover and optimize the
structure of a model, while GA is used to optimize its
parameters.

2

...

S+1 ...

x0

x1

...

xS

... xl-1

2

xl

xl+1 ...

xl+S

... x2l-1

x(k-1) l

x(k-1) l+1 ...

x(k-1)l+S

x1l

x 2l

x Sl +1

average

...

 ki
 *
x =  ∑ x ( j −1)l +i −1  k i
 j=1




PROCEDURE 1

...

x ll

*

l
i

begin
Initialize population P(0) = {p 1 (0), p 2 (0),…, p N(0)};
(produce N parse trees randomly )

l

M
k

The evolutionary modeling algorithm for higher-order
ordinary differential equation can be simply described
as follows:

t : = 0;

1
1

(7)

where

(9)
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for

i ≥ S +1
i > S +1

k
k =
k − 1
*
i

When S = l -1 ,
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k

*
i =

end for
end

k, then (m+1)/ l = k.

(t − ti )xil+1 − (t − ti +1)xil

ti +1 − ti


l
x (t ) = 
if ti ≤ t ≤ ti +1 and 0 ≤ i ≤ l − 2 (11)
0
otherwise


Evidently, the function x l (t ) has a local compact
support [t0 , tl-1 ], we call it l–scale basic natural
wavelet.
In order to test whether x l (t ) is a basic natural wavelet
of time series (4), we introduce the variance ratio:
l

*
i

( x il − x ) 2 (l − 1)

l

k i*

i =1

j =1

Remark 2: The first part of the procedure is to test
successively whether the time series exists basic
natural wavelet with scale l which is less than L,
usually L=(m+1)/3, for some special problems, where
m is relatively small, L can be magnified to L=(m+1)/2.
if it exists, then prolong it periodically to whole
interval [t0 , tm+q ] and add to the time series
{ x * (i )} m0 + q .
Remark 3: The second part of the procedure is to
evaluate the random error of { x~ ( t i )} , and then correct
it when fitting and prediction.
3.3 THE MULTI-LEVEL AND MULTI-SCALE

∑ ∑ ( x ( j −1) l + i −1 − x il ) 2 ( m − l + 1)

EVOLUTIONARY MODELING S YSTEM

Assume that El has an F-distribution with (l-1, m-l+1)
degrees of freedom. For different confidence level a
and (l-1, m-l +1) degrees of freedom, we can get Fa (l-1,
m-l+1) from a F-distribution table.
If El =Fa (l-1, m-l+1), then the time series (4) exists
l–scale basic natural wavelet x l (t ) in confidence level a.
If El < Fa (l-1, m-l +1), then the series (4) does not exist
l–scale basic natural wavelet in confidence level a.
3.2

m
~
Remark 1: The output {x * ( t i )}i = 0 is the fitting part
m
q
~
~
of {x ( t i ) }i = 0 and {x * ( t i )}i = m + 1 is the prediction
part of ~
x ( t ) . ε is the average fitting error, and it has
been eliminated as the correction (random error).

(12)

i =1

El =

do

x * (i ) := x * (i ) + ε ;

(10)

Through the points (t i −1 , x il ), i = 1,2 , L , l in the x
－t plane, we can get a polygonal line as follows:

∑k

i = 0, m + q

MICROSCOPIC

NATURAL

FRACTAL

MODEL

Using the macroscopic modeling PROCEDURE 1 of
nth-order ordinary differential equation (5), and the
microscopic modeling PROCEDURE 2 of natural
fractal, we can build a multi-level and multi-scale
evolutionary modeling
system for fitting and
prediction of complicated time series. Firstly, call
PROCEDURE 1 to build the ODE (5), and use
Runge-Kutta method to solve it to get the fitting and
prediction
values
of
the
smooth
part
x * ( t i ), i = 0 ,1, L , m + q , then call PROCEDURE 2
to get the fitting and prediction values of the coarse part:
x~ * ( t ), i = 0 ,1, L , m + q . Adding up these data, we
can get the needed fitting and prediction values:

x * (t i ) + ~x * (t i ) = x * (t i ), i = 0 ,1, L , m + q

In order to build the mathematical model for the coarse
~
part x (t ) of the time series (4), we construct a
multi-scale natural fractal model with scale l=2, 3, ..., L.
The process can be described as follows:

This procedure can be described as follows:

PROCEDURE 2

begin

begin

Decompose data x [0, m] into

x[ 0, m] and ~x[ 0, m] ;
*
Call PROCEDURE 1 to get x [0, m + q] ;
~*
Call PROCEDURE 2 to get x [ 0, m + q ] ;

x := ~
x ; where x~ = {x~( t i )} mi= 0

initialize

x* := 0 ; where x * = {x * (t i )} mi=+0q

for i =0, m

for l =2, L, do
using

{x(t i )}

m
i =0

if

calculate

{

}

x = x , x , L, x ;
l

El =Fa (l-1, m-l+1)

l
1

l
2

l
l

then

x* := x * + x l ; where x l (i ) = x lj+1 , j ≡ i(mod l )
end for

ε :=

m

∑

i= o

~
x (i ) − x * (i )
;
m+1

PROCEDURE 3

do

x (t i ) : = x * ( i ) + ~
x * ( i );
*

e(i ) : = x(i ) -x*(ti );
endfor
for i = m+1, m+q

do

x (t i ) : = x ( i ) + ~
x * ( i );
*

*

endfor
output x*(ti ), i = 0,1,..., m+q;
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output e(i), i = 0,1,..., m;
Table2. Solution table of BUMP problem

end
Remark 1: The first step of the procedure is to
decompose the original time series into two parts: the
smooth part and the coarse(non-smooth) part.

fn

n

fn

n

fn

n

Remark 2: The second step of the procedure is to call
PROCEDURE 1 to deal with the smooth data { x ( t )}
and
get an ODE model of and the values of its solution:
x * (t 0 ), x * ( t1 ), L , x * (t m+ q ) , where the first m+1
values are the fitting values of x (t ) , and the later q
values are the prediction values of x (t ) .

1

18 0.79717388 35 0.82743885

2 0.36497975

19 0.79800887 36 0.82783593

3 0.51578550

20 0.80361910 37 0.82915387

4 0.62228103

21 0.80464587 38 0.82896840

Remark 3: The third step of the procedure is to call
~( t)
PROCEDURE 2 to deal with the coarse data x
and get a multi-scale
model and its
*
~*
~ * natural ~fractal
solution: x (t 0 ), x (t1 ),L , x ( t m+ q ) , where the
~ ( t ) , and
first m+1 values are the fitting values of x
~ ( t ) at
the later q values are the prediction values of x
tm+1 , tm+2 ,..., tm+q .

5 0.63444869

22 0.80833226 39 0.83047389

6 0.69386488

23 0.81003656 40 0.82983459

Remark 4: The fourth step of the procedure is to
combine the fitting values of the smooth part with
those of the coarse part of x(t) to get the time series
{x * ( t i ) }m0 and the fitting error {e ( i ) }m0 . The fifth
step of the procedure is to combine the prediction
values of the smooth part with those of the coarse part
of x(t) to get the prediction values of x(t) at the time
tm+1 , tm+2 , ..., tm+q , where the prediction length q can be
decided by the users.

7

0.70495107 24 0.81182640 41

0.83148885

8

0.72762616 25 0.81399253 42 0.83226201

9

0.74126604 26 0.81446495 43 0.83226624

10 0.7473103

27 0.81694692 44 0.83323002

11 0.76105561

28 0.81648731 45 0.83285734

12 0.76256413 29 0.81918437 46 0.83397823
13 0.77333853 30 0.82188436 47 0.83443462
14 0.77726156 31 0.82210164 48 0.83455114
15 0.78244496

32 0.82442369 49 0.8318462

16 0.78787044 33 0.82390233 50 0.83526201
17 0.79150564 34 0.82635733

4 NUMERICAL EXPERIMENTS

Firstly we use the smooth data of BUMP problem as the
test data of the smooth model.
n
n
4
2
∑ cos (xi )− 2 ∏ cos (xi )
i =1
i =1
Maximize f ( x ) =
n
n
∑ ixi2
i =1
n
n
subject to0 < x i < 10, i = 1,2,L, n , ∏ xi >= 0.75 and ∑ x i <=7.5n
i =1
i =1

4.1

MODELING OF S MOOTH SCIENTIFIC

DATA

Liu got

the

The solutions of the BUMP problem are unknown.
According to this problem, Liu proposed a challenge
problem in his doctoral dissertation [9] as follows:

lim Max f n ( X )
n →∞

∏x
i =1

0 ≤ xi ≤ 10, 1 ≤ i ≤ n,
n

n

where

s.t.

i

>= 0. 75

and

∑x
i =1

i

<= 7. 5n

solutions of

the

BUMP

= Max fn (x ). The best solutions are depicted in Fig. 1.

We want to discover higher-order ODEs to model the
time series f2 , f3 , f 4 ,..., f50. Denote f i = f (ti),
where ti = t0 + i? t , t0 =2, and ? t = 0.01.
０．９０
０．８５
０．８０
０．７５
０．７０
０．６５
０．６０
０．５５
０．５０
０．４５
０．４０
０．３５
０．３０
２

In 1994, Keane [8] proposed the BUMP problem in
optimum structural design as follows:

best

problem for n = 2,3,...,50 as showed in Table 2, where fn

Best Result

In this section, we mainly study the applications of
multi-level and multi-scale evolutionary modeling
system to the financial data.

１０

１８

２６

３４

４２

５０

Dimension of BUMP problem

Fig. 1: Best results of f2 to f50
Using the method described in section 2, we discoverd
the following model by computer automatically:

d2 f ( t ) dt 2 = - 15.658156 df(t) dt ( t + df(t) dt )
f (2) = 0.36497978
df(t) dt t = 2 = 15.08058
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Where the modeling error is 0.00095677, this means
the model fits the solutions of BUMP problems very
well. We use it to predict the solution of the challenge
problem by using Runge-Kutta method with ? t =0.01
in 1000000 steps, the results f(100), f(200),..., f(1000
000) are shown in Table 3. The results of f100,
f200, ..., f1000000 of the BUMP problem[9] got by
Liu on a massively parallel computer are compared in
Table 3.
Table 3: the Comparison of fn and f(n)
n

fn

f(n)

100

0.8448539

0.8445141

200

0.8468442

0.84503153

300

0.8486441

0.84503450

400

0.8511074

0.84503451

500

0.8504975

0.84503451

1500

0.8449622

0.84503451

10000

0.8456407

0.84503451

20000

0.8455883

0.84503451

100000

0.8448940

0.84503451

1000000

0.8445861

0.84503451

These results show that the smooth model got by the
new modeling system gives a good long-range
prediction.
4.2 MODELING OF THE DATA OF DOW-JONES
INDEX
The observed data shown in Fig.2 are taken from [10]
giving the daily Dow-Jones index over 132 days in
2000. We take the observed data of the first 126 days as
historical data (training data) to build models which are
used to predict the Dow-Jones index of the last 6 days.

Fig. 2: the fitting and prediction curves for Dow-Jones
index
4. 3

MODELING OF IBM S TOCK PRICE

DATA
The observed data shown in Fig.3 are taken from [10]
giving the daily stock price of IBM Company from May
17,1961 to November 2,1962. We take the observed
data of the first 359 days as the training data to build
models which are used to predict the stock price of the
last 10 days.
Parameter settings of the modeling experiments are
m=54, l=10 for smoothing, m=359, q=10, t0 =0,
? t=0.01(one day), N=100, n=2 (the second-order ODE)
for macroscopic ODE model, and m=359, q=10,
L=120,a =0.1 for microscopic natural fractal model. We
get a second-order ODE model as follows:

d x − 1507 .55 . 537
=
− cos 2 x
dt 2
cos x
The results are shown in Fig.3.
2

Parameter settings of the modeling experiments are
m=126, l=4 for smoothing, m=126, q=6, t0 =0,? t = 0.01
(one day), N=100, n=2 (the second-order ODE) for
macroscopic ODE model, and m=126, q=6, L=53,a =
0.1 for microscopic natural fractal model. We get a
second-order ODE model as follows:

dx
3672 .875732 / sin( )
d 2x
dt
= −17228 .009766 +
sin(cos t * 1115 .356812 )
dt 2
Fig.3: the fitting and prediction curves for IBM stock
The results are shown in Fig.2.

price

5 CONCLUSION
Compared with most available modeling methods, the
multi-level and multi-scale evolutionary modeling
system has the following advantages:
Firstly, the entire process is automatic and requires little
information in the way of the real-world system or
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expertise.
Secondly, it allows one to model the macro-behavior of
the system by ordinary differential equations and to
model the micro-behavior of the system by multi-scale
natural fractals simultaneously.

Finally, the models discovered by computers from
the complicated financial data can fit the original
data quite well, and the structures of the ODE models
are unimaginably to humans.
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Abstract

Function approximation is the problem of
nding a function that best explains the
relationship between independent variables
and a dependent variable. We propose a
genetic hybrid for the critical heat ux function approximation which critically a ects
the performance of nuclear plants. The
problem is represented for genetic algorithm
in a way that exploits the relationships between parameters. The experimental result
signi cantly improved the existing function
at KAERI (Korea Atomic Energy Research
Institute). The framework is not just for the
tested problem; it is believed to be applicable
to other function approximation problems.

1 Introduction
Given N data pairs fXi ; yi g; i = 1; 2; :::; N , where each
Xi is an n-dimensional vector of independent variables
(Xi =< xi1 ; xi2 ; : : : ; xin >) and yi is a dependent variable, the function approximation problem (FAP) is
nding a function that best explains the N pairs of
Xi and yi . Assume that the samples are derived from
an underlying system of the following form:
yi = f (Xi ) + 4i = f (xi1 ; xi2 ; : : : ; xin ) + 4i :
A popular measure for the error with respect to a candidate function f^ is the LSE (Least Squares Error)
which is de ned as follows:
N
LSE (f^) = N1 (yi ; f^(Xi ))2 :
i=1

X

In a linear parametric model, we can nd an optimal
function by traditional regression analysis. When it

is nonlinear, we cannot guarantee to nd an optimal
function in most cases. There have been a number of
attempts to do function approximation with trainable
dynamic systems using neural nets and fuzzy systems
[8][30].
Derivative-based algorithm is a popular approach in
a parametric model. However, every derivative-based
algorithm converges to the nearest local minimum associated with the initial solution. Thus selecting a
good starting point is critical for a derivative-based
algorithm. A naive solution for this problem is the
multi-start approach which applies a local optimization algorithm, such as a derivative-based algorithm,
on a number of random starting points and returns the
best result out of them. Another way is the Large-Step
Markov Chain (LSMC) method which repeats a chain
of \perturbation + local optimization" starting at an
initial point. LSMC was popular in the 1990's, particularly for the traveling salesman problem [13][20].
Another is the hybrid genetic algorithms which showed
notable successes on combinatorial optimization problems [5][6][21][23]. They generate diverse initial solutions by genetic operators and provide them as inputs
for local optimization algorithms.
A hybrid of an adaptive regression splines algorithm
and a genetic algorithm was used to solve some FAPs
[25][26]. In the regression splines algorithm, the terms
in a regression equation take the form of splines of the
descriptors. If the numbers of descriptors and functional forms are small, the space of possible tting
equations can be explored exhaustively. However, if
the numbers are large, this is not possible. In the hybrid, the search for function models was replaced by
a genetic search. It showed better performance with
shorter computation times. Another GA approach
for designing a universal function approximator with
a combination of trigonometric and polynomial basis
functions was also proposed [1]. The result was reported to be better than that of a statistical regression
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based on polynomials, trigonometrics or cubic splines.
It also outperformed a neural-network-based solution.
In this paper, we present a hybrid genetic algorithm for
the critical-heat- ux (CHF) function approximation.
It is a problem that critically a ects the performance
of nuclear plants. We use the nonlinear LevenbergMarquardt algorithm for local optimization and combine it with a genetic search. In a genetic algorithm,
it is known that the encoding of solutions signi cantly
a ects the performance [5]. We devise a parameterreordering algorithm for genetic encoding to exploit
the geographical relationships of parameters in the genetic search process.
This paper is organized as follows. In section 2, we
explain the basics of Levenberg-Marquardt algorithm
and critical heat ux, and present the objective. In
section 3, we describe our approach for the criticalheat- ux function approximation. In section 4, we
provide our experimental results and compare them
against existing ones. Finally, conclusions are given in
section 5.

2.2 Critical Heat Flux

2 Preliminaries

where q, h, Tw , and Tf represent the heat ux, heat
transfer coecient, wall temperature, and uid temperature, respectively. If h decreases signi cantly due
to the occurrence of the CHF condition, Tw will increase for xed q and Tf while q will decrease for xed
Tw and Tf .
The understanding of CHF phenomenon and accurate
prediction of the CHF condition are important for safe
and economic design of many heat transfer units including nuclear reactors, fossil-fuel boilers, fusion reactors, electronic chips, etc. Therefore, the phenomenon
has been investigated extensively over the world since
Nukiyama [24] rst characterized it.
If CHF occurs in an atomic reactor, it lowers the thermal eciency and hence causes a serious loss, which
endangers the safety. Therefore, it is an important
task to predict the occurrence of CHF under a certain condition. To nd the CHF function, statistical
techniques have been widely studied [2][10]; neural networks [22][31] and genetic programming [17] have also
been tried.

2.1 Levenberg-Marquardt algorithm
In linear systems, the steepest-descent algorithm,
which moves in the steepest downhill direction determined by the gradient, is the basis for most derivativebased algorithms. Newton's method improves the
steepest-descent algorithm by more eciently determining the movement direction using a Hessian matrix, a matrix of the second partial derivatives. A major disadvantage of Newton's method is that calculating the inverse of the Hessian matrix is computationally expensive and may introduce numerical problems
due to round-o errors. If the Hessian matrix is not
positive de nite, Newton's method may also move to a
local maximum (saddle point) instead of a local minimum. Levenberg [18] and Marquardt [19] added a positive de nite matrix to the Hessian matrix to make the
Hessian positive de nite. In this way, one can avoid
being directed to a saddle point. This approach is
generally called the Levenberg-Marquardt algorithm.
For nonlinear systems, the starting point is the GaussNewton method which uses a Taylor series expansion
to obtain a linear model that approximates the original nonlinear model. Then the least-square methods
can be applied. Of course, the Levenberg-Marquardt
algorithm can also be applied to this model; it is called
the nonlinear Levenberg-Marquardt algorithm.

When a heated surface is wet with cooling liquid and
most of the heat transferred is absorbed by the latent heat of vaporization, a large heat transfer can be
achieved with a small temperature di erence between
the surface and liquid. However, the region of highly
e ective boiling heat transfer has a limiting boundary,
and the limiting condition is called the critical heat
ux condition.
The CHF condition is characterized by a sharp reduction of the local heat transfer coecient which results
from the replacement of liquid by vapor adjacent to
the heat transfer surface. An occurrence of CHF is
accompanied by an inordinate increase in the surface
temperature for a surface-heat- ux-controlled system,
and an inordinate decrease in the heat transfer rate for
a surface-temperature-controlled system [27].
This can be explained with Newton's law of cooling as
follows:
q = h(Tw ; Tf )

2.3 The Objective
There can be a number of measures to evaluate the
performance of an approximate function: the sum of
the squared errors, the sum of the absolute errors, the
maximum overshoot, etc. In our problem, we use LRE
(Least Ratio Error) following the convention of the
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A Select a function model
Sample Data

Prepare initial
population

Given a model

Local optimization

Final function

B

Selection

Tune the parameter values

Crossover

Figure 1: The process of function approximation

Encoding by
reordering

CHF studies [7][28]:

( f^(yX ) )
^
LRE (f ) = E ( y ) :
f^(X )

To clarify the meaning of the measure, we rewrite it
as follows:
LRE (f^) = ( y y ^ ):
E ( f^(X ) )  f (X )
The nal function that we evaluate is E ( f^(yX ) )  f^(X )
since the new function has the following useful property:
E ( y y ^ ) = 1:
E ( f^(X ) )  f (X )

2.4 The Dataset
Each data set consists of eight independent variables
x1 ; : : : ; x8 and one dependent variable CHF. We were
given 1607 sets of observed data from KAERI. The
best known function with respect to LRE that KAERI
has from years of tuning is as follows [14][15]:
CHF = ;0:019278x1 ; 0:17253 x2
1000
; 0:1396tanh(0:05461(x3 + x4 ) ; 1:97)
; 0:38082x5 ; 0:054003x6
x2 + 0:047388x1x2 ; 0:10821x
; f 1:8987
1
1000
1000
x2 )2 gx x
; 0:67613( 1000
7 8
+ 0:134698x7 + 1:25103:
(1)
Since the actual meaning of the variables are beyond
the focus of a methodological study, we renamed the
original variables x1 ; : : : ; x8 .

3 The Suggested GA
3.1 Our Approach
An ideal structure for an FAP is given in Figure 1.
Given a sample data set, it repeats the process \i)
select a function model, ii) tune the parameter values."

No
Final
solution

Yes

Stopping
Condition

Mutation

Local optimization

Replacement

Figure 2: The structure of the RHGA
We may use a two-level genetic algorithm that nds
both the function model and the coecients by two
genetic algorithms. In the scheme, the upper level GA
provides function models and the other GA tunes the
coecients of each function model. This is an example
of non-parametric optimization. The search space may
be much wider than the GA can e ectively solve in a
practical time budget since both the function models
and the sets of coecients have unlimited numbers of
eligible candidates. To cut the search space, we start
with the best function model at KAERI mentioned in
Section 2.4, and attempt to modify it by an analytical
method. That is, the GA in this paper is used just for
tuning the coecients. We name this GA a Reordered
Hybrid GA (RHGA).
The RHGA was applied to nd coecients in part B
of Figure 1. Part A is tuned by an analytical method.
The structure of the RHGA is shown in Figure 2.
Given the function model (1) of Section 2.4, the coecient distribution for training is as follows:
CHF = a1 x1 + a2 x2
1000
+ a3 tanh(a4 (x3 + x4 ) + a5 )
+ a6 x5 + a7 x6
8 x2
9 x1 x2
; f a1000
+ a1000
+ a10 x1
x2 )2 gx x
+ a11 ( 1000
7 8
+ a12 x7 + a13 :
(2)
The problem is to nd the best set of coecients a1
through a13 with respect to the objective LRE in Section 2.3. In the following subsections, we describe each
part of the RHGA in detail.

3.1.1 Problem Representation by Reordering
In the problem, the coecients are all real numbers.
Each solution is a set of 13 coecient values. In a
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GA, a solution is represented by a chromosome; here,
a chromosome is a real array of 13 elements. Although binary representation has been popular in the
GA community, real representation also has a long history dating back to the early 1960's [3][29]. Each element of the array is called a gene and we restrict the
range of each gene to [-50, 50].

3.1.2 Operations: Selection, Crossover,
Mutation
Two parent chromosomes are selected with probabilities that are proportional to their tness values. The
tness values are normalized in such a way that the
best chromosome is chosen with a probability four
times higher than that of the worst chromosome. This
is a general practice in the GA community [11]. The
normalized tness value of a chromosome in the population is computed as follows:

Fk = Qw ; Qk + (Qw ; Qb )=3,
Qk = ( f^k (yX ) )=E ( f^k (yX ) )
where
Fk : tness of chromosome k
f^k : the function corresponding to chromosome k
b; w : the indices of the best and the worst
chromosomes in the population
A crossover operator creates a new o spring chromosome by combining parts of the two parent chromosomes. RHGA uses 3-point crossover that works as
follows. It randomly selects three cut points in the
same positions on both parent chromosomes. The cut
points divide each chromosome into four disjoint parts.
It makes an o spring by alternately copying the parts
from the two parents. RHGA then perturbs the solution with the following mutation operator. It generates
a random number for each gene of the o spring. If the
random number for the gene is smaller than a preset
probability P1 , it is replaced with an arbitrary number
in the range [-50,50].

3.1.3 Local Optimization
Local optimization is performed on each o spring after crossover and mutation. Generally a GA is inecient in ne-tuning around local optima. A local optimization algorithm helps a GA ne-tune and
improves its convergence. RHGA uses the nonlinear
Levenberg-Marquardt algorithm for local optimization. The Levenberg-Marquardt algorithm takes a set
of initial coecients as input, and outputs a locally
optimized set of coecients. The GA provides diverse initial solutions by crossover and mutation for
the Levenberg-Marquardt algorithm.
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3.1.4 Replacement Operation and Stopping
Criterion
RHGA uses the replacement operator used in [5]. The
o spring rst attempts to replace the parent more similar to itself, measured by the sum of the distances
between all coecient pairs. If it fails, it attempts
to replace the other parent (replacement is done only
when the o spring is better than one of the parents).
If the o spring is worse than both parents, it replaces
the most inferior member of the population. It stops
after a given number of generations.

3.2 Reordering and the Modi cation of
Function Models
3.2.1 Coecient Reordering
A schema is a pattern inside chromosomes. Given a
set of alphabets S , a schema is de ned to be an n-tuple
s1 s2 : : : sn where si 2 S [ fg. In a schema, the symbol \" speci es the don't-care positions and the other
symbols are speci c symbols which specify the pattern.
The de ning length of a schema is de ned to be the
length from the leftmost speci c symbol to the rightmost speci c symbol. We call a schema with k speci c
symbols a kth -order schema. Some schemas survive
and some do not by a crossover operator. The survival of high-quality schemas is important since GAs
can be explained as a growing process from low-order
schemata to high-order schemata [12]. In a singlepoint crossover, schemas with short de ning lengths
have higher probabilities to survive over generations.
If we use multipoint crossovers, a schema is not disrupted when an even number of crossover points fall
between the two speci c symbols of every pair of adjacent speci c symbols. The survival probability of a
schema is not only a ected by its de ning length and
we have to consider the distribution of speci c symbols [6]. For example, consider two 6-order schemas
H1 and H2 with the same de ning length of 20. Speci c symbols are evenly distributed in H1 but they are
highly clustered in H2 . When two-point crossover is
used, the survival probability of H1 is 45/325, and that
of H2 is 120/325. H2 has a much higher probability of
survival.

H1 : ***#***#***#***#***#***#***
H2 : ***###***************###***
This example shows the importance of genes' geographical distribution in the chromosomal representation of a GA. If two genes have a strong relationship,
it is advantageous to locate them closely [4][5]; in this
problem, we suggest a reordering algorithm that uses
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Calculate Corr(ci ; cj )(i; j = 1; 2; : : :; L);
Find the pair (cm ; cn )(m 6= n) having the highest
correlation;
S = cm cn ;
U = fc1 ; c2 ; : : : ; cL g ; fcm; cn g;
while ( U 6= ; )

f

Find cl having the highest value Fl (cl ; S );
Find cr having the highest value Fr (S; cr );
if ( Fl (cl ; S ) > Fr (S; cr ) ) f
S = cl  S ; //concatenation
U = U ; fcl g;

g else f

g

g

S = S  cr ; //concatenation
U = U ; fcr g;

Figure 3: Reordering algorithm
the correlations between all the pairs of coecients.
Figure 3 shows the coecient-reordering algorithm.
In the algorithm, functions Fl and Fr compute the
correlation between a coecient c and a string, S, of
coecients as follows:

Fl (c; S ) =  Corr(c; c1 ) + (1 ; )  Corr(c; c2 )
Fr (S; c) =  Corr(ck ; c)+(1 ; )  Corr(ck;1 ; c);
where
S = c1 c2 : : : ck
Corr(a; b) = E[(a;aa)(bb;b)]
: a weight.
In computing the correlation between a coecient and
a string S , it only considers the two leftmost or rightmost coecients in the string S . The reasonable range
for is [0.5, 1]. If =1, only the leftmost or rightmost
coecient is considered. The main purpose of the reordering is to reduce the probability that a crossover
operator separates coecients with high correlations.
The reordering helps the pairs of coecients having
high correlations to stay close in chromosomes.

3.2.2 Modi cation of Function Models
Although we do not intend non-parametric optimization, we attempt to modify the function model (2) of
page 3. We examine whether each term of the function
properly explains the data with the solution obtained
by RHGA. We modify the function model according to
that examination. Formally, we transform the function
with respect to a coecient xk as follows:
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The function model KAERI
RHGA
E (y=f^(X ))
1.0026714 0.9982438
^
(y=f (X ))
0.1072649 0.0996506
LRE
0.1069791 0.0998259
Table 1: Quality of KAERI and RHGA model

y = G(x1 ; x2 ; : : : ; xn )

() G1 (xk ) = G2 (y; x1 ; : : : ; xk;1 ; xk+1 ; : : : ; xn ):
We plot the relationship between G2 (y, x1 , : : :, xk;1 ,
xk+1 , : : :, xn ) and xk , and also plot another relationship between G1 (xk ) and xk . If those two relationships
are visibly di erent from each other, it is considered
a signal to modify the function model with respect to
the variable xk . Not all variables are capable of being
examined in this way; the variables x3 ; x4 ; x5 ; x6 and
x8 are those so capable.
We attempted to modify the function model in this
way and by adding some linear terms. We have observed that G1 and G2 are inconsistent with respect
to x4 , x5 , and x6 . We modi ed the terms relevant to
them as follows:
CHF = a1 x1 + a2 x2
1000
+ a3 tanh(a4 x3 + a5 log(x4 ) + a6 )
+ a7 x5 + a8 xa59 + a10 x6 + a11 xa612
x1 x2 + a x +
13 x2
; f a1000
+ a141000
15 1
x
2 2
+ a16 ( 1000
) gx7 x8
x8 :
+ a17 x7 + a18 + a19 100
(3)

4 Experimental Results
For robust comparison between the KAERI model and
the RHGA model we follow the 10-fold cross-validation
approach [9][16]. We randomly split the entire dataset
D into 10 mutually exclusive subsets D1 ; D2; : : : ; D10
of approximately equal size. The RHGA is trained and
tested 10 times; the kth experiment was trained with
D n Dk and tested with Dk .
The cross-validation estimate of the average and the
standard deviations of the observed CHF value over
the predicted value are shown in Table 1. In the table,
LRE , described in section 2.3, is the most popular
measure for errors in the CHF approximation in the
nuclear engineering community. The RHGA approach
outperformed the KAERI function by about 7%.
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# of Generations
LRE
std-dev trials
RHGA without reordering
7980.20
0.1006804 0.0005521 50
RHGA with reordering
5105.69
0.1001852 0.0002063 50
Table 2: The E ect of Reordering
Table 2 shows the e ect of reordering. In the table, \#
of Generations" represents the average generation in
which the best solution has appeared. The reordering
improved the solution quality in visibly less time.

5 Conclusions
In this paper, we proposed a genetic algorithm for
the CHF function approximation problem that combines the genetic search with a nonlinear LevenbergMarquardt algorithm. The Levenberg-Marquardt algorithm helps the GA to ne-tune, and the GA
helps the Levenberg-Marquardt algorithm to overcome
its narrow scope. We also proposed a coecientreordering algorithm to exploit the geographical relationships of genes in the genetic encoding, which also
turned out to contribute to the performance improvement. We should note that the function models were
not decided by a search method (e.g., a genetic algorithm) but by analytic modi cation. It may be worth
giving more freedom to the forms of function models under a fully non-parametric optimization model.
There is a trade-o . We are sure that giving full freedom is not the right approach unless the computing
power is strengthened by exponential orders of magnitude. Our current result is 7% better than the best
known solution.
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Abstract
The explosive expansion of the World Wide
Web makes the search problems more challengeable. In this paper we present a search
improvement method based on a semiotic
connection network and a genetic algorithm.
The semiotic connection network expands
given keywords to an extended set of keywords. The genetic algorithm tunes up the
parameters for search. The experimental results showed 6% improvement over Google's
search results. The proposed method was incorporated into a commercial product.

1 Introduction
The quantity of available information in the World
Wide Web (WWW) is explosively growing. E ective
search became crucial due to the huge volume of information. To date, diverse search methods and exploring
agents have been presented.
Since 1994 [12][13][18], lots of Internet search engines
have been developed; some of them have been commercially utilized. Early Internet search methods were to
nd the documents containing requested word strings
in a bunch of documents collected from the WWW by
crawlers.
However, simple Internet search methods like wordstring matching turned out to have problems. With
the sharp increase of Web pages, they tended to show
a considerable number of useless URLs (Uniform Resource Locators) rather than the Web pages that users
want.
A notable approach is to evaluate Web pages from the
view point of text documents. There were studies that
represent each document as a vector of words included

in the document and evaluate documents with the similarities between the vectors [8]. Another notable approach is extended-word method; when a user provides
a query, it extends the query by generating additional
words [5].
A new approach exploits the fact that Web pages are
hypertext documents containing tags such as links and
anchors. It evaluates the importance of each Web page
with the number of backward links. The Web pages
having more incoming links are thought to be more important pages [17]. This approach produced a famous
search engine Google [4]. This method includes counting the incoming and outgoing links of a Web page; it
led to the study that models the entire WWW structure as a graph, by conceptualizing URLs and links as
nodes and edges, respectively [11].
There were studies with stochastic optimization methods for Internet search engines. In [21], genetic algorithm (GA) was used for tuning up parameters of a
Web agent for information retrieval. In [22], simulated
annealing was used for an Internet search engine.
The link-based analysis exploits the fact that the importance of a Web page depends on the number of
incoming links from other Web pages. This method
puts emphasis upon the connections of Web pages. It
is ecient for nding popular Web sites. However, if
a user wants to nd a speci c content directly, a Web
page with only a lot of backward links would not be
satisfactory. Besides, it is sometimes not easy to evaluate the relative importance of the documents with
few incoming links.
On the other hand, although the content-based analysis exploited various analytic methods, the vagueness
of evaluating the importance of documents makes the
evaluation dicult. Among many elements present in
a document, it is not easy to clarify which elements are
important and close to the themes that a user wants
to nd.
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Figure 1: Operational frameworks
In this paper, we suggest a number of elements for document evaluation and optimize them using a genetic
algorithm. Our primary purpose is to improve users'
satisfaction with search engines.
Semiotics is a general theory of signs and symbols including the analysis of the nature and relationship of
signs. The document analysis based on semiotics utilizes the relationship of words appearing in documents.
Rather than thinking of each word independently, it
takes a relational viewpoint [7]. We re ect the semiotic relationship of words into a connection network
and use it for genetic evaluation of documents. The
system uses GA as a method of evolutionary optimization to tune up the ranking factors deciding the relative importance of Web pages
The rest of this paper is organized as follows. In section 2 the architecture of the system and the data for
experiments are presented. Section 3 deals with the
methodology on how to use the connection network to
expand keywords and how to use TF-IDF (Term Frequency, Inverse Document Frequency) for document
evaluation. In section 4, we describe the parameter
tuning by genetic algorithms. In section 5, we give
our experimental results and compare our results with
those of Google. Finally, the conclusion is given in
section 6.

2 System Architecture
The purpose of this study is to nd a method to improve the results of search engines. We designed the
system to begin with the results of existing search engines. For experiments, the system was designed as a
type of a meta-search engine, and we utilized Google
search engine (www.google.com). We chose Google

since it is one of the best Internet search engines.
The system begins with a considerable number of results from a search engine. In this experiment, we used
the 100 top-ranked pages. In some cases, the search
engine provides less than 100 results. We also excluded
broken Web pages.
The system gets an expanded word list associated with
the query. The expansion is performed by the connection network (CN). The Web pages are evaluated using
the expanded vocabulary. Each page is transformed to
a vector with TF-IDF method [20] [8] before the evaluation. Finally, Web pages are ranked by the document
evaluator which was tuned by GA.

3 Methodology
3.1 Connection Network
To date, a number of techniques were suggested for
representing the relationship between words as a network. They were used for various elds such as natural language processing, Web search, etc. [15] [5] [7].
These techniques represent the conceptual relationship
between words [15], connect the related words [5], or
classify words under the categories [7]. However, these
techniques considered only the existence of relationship and did not quantify the degree of relationship
between words.
The problem of quantifying the relationship between
words can be considered as a special case of the
\market-basket" problem. The \market-basket" problem is a general problem to quantify the degree of relationship between items in a market. Various metrics
have been introduced to quantify the relationship be-
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expanded
set

keywords in user query

adjacent keywords

Figure 2: Semiotic connection network
tween items [2] [1] [3] [9] [6]. We design a new metric
to quantify the relationship between words and construct a connection network to represent the relationship based on the metric.

3.1.1 Metric for the degree of relationship
Let D be the whole document set and W be the whole
word set. For two words x, y 2 W , we de ne n(x), n(y)
to be the number of documents in which the words x
and y occur, respectively, and de ne n(x; y) to be the
number of documents in which both x and y occur.
We de ne the function f : W  W 7;! R to represent
the degree of relationship between x and y as follows
(R : the set of real numbers) :

8
>
< log(n(x; y)) + C ; if n(x; y) 6= 0
f (x; y) = > n(x) + n(y)
:
0
; if n(x; y) = 0

, where C is a constant.
The function f has a similar shape to interest [3] or
similarity [6] in data mining area.1

3.1.2 Keyword Expansion Based on
Connection Network
We represent each word as a vertex. For each pair of
words x and y such that n(x; y) 6= 0, we connect two
vertices x and y with an edge and assign f (x; y) as
the weight of the edge. Then, we have the connectioninterest(x; y) = j (j)( ( )) and similarity(x; y) =
(
)
.
)+ ( ); (
)

1

D

n x

n x;y

n(x

n y

n x;y

n x;y
n y

network graph G = (V; E ) where V is the set of vertices and E is the set of edges.
Using the connection network, we process the expansion of keywords as follows. We assume that a
user asked a query which consists of x1 , x2 , : : : , x
(x 2 W; 1  i  k) . Let N (x ) be a neighbor set of
x (1  i  k) on the connection network. We de ne
the keyword expansion score function s : W 7;! R as
follows:
8 X
[
>
f (x ; y) ; if y 2 N (x )
<
s(y) = > 1
:
0
; otherwise :
k

i

i

i

i

i

i

ik

We choose a set of words with large enough expansion
scores.

3.2 TF-IDF (Term Frequency, Inverse
Document Frequency)
TF-IDF is a method to represent a document in a vector space [20] [8]. Each word in the document is assigned a scalar value. The scalar value re ects the
relative importance of the word in the document and
in the whole document set.
For a word w and a document d containing the word,
TF(w; d) means the frequency that the word w occurs
in the document d. DF(w) means the number of documents in which the word w occurs. IDF is de ned
as

IDF (w) = log

jDj
DF (w )

where D is the set of all documents and jDj is the

REAL WORLD APPLICATIONS

1129

number of all the documents.
A vector element d( ) associated with a word w is
represented by the product of TF and IDF.
i

i

d( ) = TF (w ; d)  IDF (w )
Then, the document d can be represented by a vector
d~ = (d(1) ; d(2) ; :::; d( ) ).
From these scalar vectors we can compare the similarities of documents and evaluate a document. The
similarity of two documents, V and V , is de ned as
i

i

i

n

j

Sim(V ; V ) =
j

k

k

j; k 2 f1; 2; :::; ng

Vj Vk
jVj jjVk j

where V  V means the inner product of V and V ,
and jV j and jV j mean the norms of V and V , respectively.
j

k

j

j

k

j

k

k

3.3 Document Evaluation
To nd a document which a user wants the most, we
should extract information as much as possible from
queries, expanded-words obtained from the connection
network, and other elements. Because the elements
have di erent roles and relative importance, we need a
process to optimize their roles. To optimize document
evaluation, we should choose the documents that users
have intended to nd.
Let U be a set of words and t be a document. We
de ne the TF-IDF vector related to U and t, V , as

!
;
V = (v ; v ; :::; v )
where v = TF (w ; t)  IDF (w ) and w 2 U .
1

U;t

i

2

i

U;t

jU j

i

i

In Section 3.1.2, we showed that the connection network not only gives expanded words, but also gives
the real values that represent the strengths between
queries and the words. We denote by S the score
vector related to a word set U and a document t.
We de ne the vector S as
U;t

U;t

!
;
S = (s ; s ; :::; s )
U;t

where

(

1

2

jU j

s(w ) ; if w occurs in t for w 2 U
0 ; otherwise :
, and s(w ) is the keyword expansion score value of w
in Section 3.1.2
We denote by W (q) and W (CN ), the sets of the words
in the user query q and the expanded-words by the
s =

i

i

i

connection network, respectively. Let the document
length of d be l(d).
The attractiveness e(d) of a document d is de ned as

e(d) =

a1 jV

W (q );d

j 1 + a jV
x

2

W (C N );d

a4  l(d)

j 2 + a jS
x

3

W (C N );d

j3
x

x4

(1)
.
In the above formula (1), a long document length is a
disadvantage.

3.4 The Evaluation of Evaluation Methods
A set of parameters in the formula (1) corresponds to
an evaluation method of documents. The GA attempts
to nd an optimal evaluation method, i.e. an optimal
set of parameters. When a parameter set is generated
in GA, its tness has to be evaluated. This is the
\evaluation of evaluation methods."
Among the several methods, recall-precision (RP) is
usually used as an information retrieval standard for
various studies [19][10]. Recall means the returned ratio among all the appropriate documents. Precision
means the returned ratio of appropriate documents
among all the appropriate documents [10].
Here, we suggest two metrics to evaluate evaluation
methods. Internet search engines usually provide a lot
of documents in response to a user query. However,
the most important would be those in the rst page.
The rst page usually shows around 10 URL-links. We
focus on the 10 top-ranked URLs in the training. This
is a concept altered from the RP method. Summing
up the points of 10 top-ranked links is available if each
document was rated previously.
We assume a document set has a ranking order by
the points of formula (1) for each query. Let i be the
ranking number of a document and p be the rating
of i-th ranked documents for a query q 2 Q (Q : all
the query set).
The rst measure for the attractiveness of evaluation
methods is as follows :
q;i

fitness1 =

XX
10

p

(2)

q;i

q2Q i=1

i

i

i

Our second measure gives a weight to each of the 10ranked. From the tenth to the rst, we assign 1.1 to
2.0 as the weights.
When i means the rank of a document and p is the
rating for the document and a query q 2 Q, the second
q;i
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Parent1
a1 a2 a3 a4 x1 x2 x3 x4
1.20 2.30 1.03 2.00 2.00 0.50 2.33 0.22
Parent2
a1 a2 a3 a4 x1 x2 x3 x4
4.80 4.30 1.01 4.00 2.20 0.70 2.67 0.44

steady-state GA
create initial population P ;
repeat f

Choose two chromosomes p1 ; p2 ;
o spring = crossover(p1 ; p2 )
o spring = mutation(o spring)
replace (o spring, P );
g until (stopping condition)
return the best solution;

o spring

a1 a2 a3 a4 x1 x2 x3 x4
3.00 3.30 1.02 3.00 2.10 0.60 2.50 0.33

Figure 5: Arithmetic crossover example

Figure 3: Steady-State GA Framework
a1 a2 a3 a4 x1 x2 x3 x4

1.02 2.13 1.03 3.03 2.11 0.54 2.33 0.22

Figure 4: Problem encoding example
measure is de ned as

fitness2 =

example crossover operator. We should note that
a GA with the arithmetic crossover is prone to
premature converge. The diversity of solutions
needs to be carefully controlled by mutation.

 Selection, Mutation and Replacement

X X (21 ; i)p
10

q2Q i=1

10

q;i

(3)

We apply the above two expressions (2) and (3) to
maximize each of the total amounts.

4 Parameter Tuning by Genetic
Algorithm
We use a steady-state GA. The template is given in
Figure 3. Based on the formula (1) of Section 3.3, we
use the GA to search for an attractive parameter set
S = fa1; a2 ; a3 ; a4 ; x1 ; x2 ; x3 ; x4 g. The problem is to
nd the best set S maximizing the tnesses of formulas
(2) or (3).

 Problem Encoding and Crossover

In the problem, the parameters are all real numbers. Each solution is a set of 8 parameter values.
In our GA, a chromosome is represented by an array with real numbers. Each element of the array
is called a gene and we restrict the range of each
gene to [0.01,4].
In a variable set S = fa1 ; a2 ; a3 ; a4 ; x1 ; x2 ; x3 ; x4 g,
four parameters a1 ; a2 ; a3 , and a4 are coecients.
We assumed that the ratio among them would
not be over 1:400. Because x1 ; x2 ; x3 ; x4 are exponents, we limit them real numbers in [0,4]. Figure
4 shows an example chromosome.
We use the arithmetic crossover operator [14,
pp.104-5]. It creates a new o spring by assigning the average of the corresponding gene values
in the parents for each gene. Figure 5 shows an

We use the tournament selection to choose parents. A parent chromosome is selected as a result
of competition among a member of randomly chosen individuals.
The GA then perturbs the o spring by mutation
operator. It replaces each gene with a random
number in the proper range with the probability
1/32.
We replace a chromosome having the worst tness
in the population with the o spring.

5 Experimental Results
5.1 Experimental plan
The experiment begins with results from a search
engine. When we nished the preparation with 33
queries, we had on average 85 Web pages for each
query. Table 1 shows the statistics.
The eventual performance of the system relies on the
users' satisfaction. The prepared Web pages (2812 in
total) were rated from 1 to 5 by 11 people. To avoid
any prejudice, we shued the pages for the evaluators
not to know about the rankings produced by the search
engine. The most satisfactory Web pages earned 5,
and the least satisfactory pages earned 1. Table 2
shows the distribution of the evaluated results. The
average rate of the pages returned by Google was 2.48.
We divide the data set into three disjoint sets. We
perform three symmetric experiments on the sets. In
each experiment, we choose one of them in turn as the
test set and perform training with the other two sets.
This is a type of experimental design called k-fold cross
validation [16].
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Table 1: Statistic of Collected Data
Number of queries
Number of web pages
Average number of web pages per query
Average rating

1131

33
2812
85
2.48

Table 2: Distribution of Ratings
Point Number of Web-pages
1
1020
2
571
3
486
4
330
5
405
Total
2812
We used a steady-state GA with population size 50.
If the same chromosomes are generated for ve consecutive iterations, we assume the population has converged and stop the GA.
The training set is again divided into real-training
set and validation set. The validation set is not directly used for parameter tuning but used for monitoring over- tting. The performance on the training
set usually shows a monotonic increase; on the other
hand, that on the validation set usually shows a bitonic
curve. We take the solution that corresponds to the
peak of the bitonic curve. Finally, we test with the
remaining test set and compare the result with the
Google's search result.

5.2 Results
We set k = 3 for k-fold cross validation. Both of the
two formulas of Section 3.4 were used for evaluation.
The Table 3 and Table 4 show the experimental results.
Overall, the suggested system showed 6% improvement
of satisfaction against Google's search results.

6 Conclusions and Future Work
In this paper we introduced a search ranking method
that uses a semiotic connection network to retrieve
contextual words.
From the experimental results, we can conclude that
i) the connection network helps a search engine better
satisfy the intentions of users, and ii) the GA tunes
up parametric factors needed for document evaluation,
and helps better ranking.

Table 3: 3-Fold Cross Validation with Formula 2
Test Set
1
2
3
Sum
Google
324 268 315
907
Our System 329 302 326
957
Performance 1.02 1.13 1.03 1.06(Avg)
Table 4: 3-Fold Cross Validation with Formula 3
Test Set
1
2
3
Sum
Google
508.4 411.4 493.7 1413.5
Our System 527.5 467.4 508.4 1503.3
Performance 1.04 1.14 1.03 1.06(Avg)
We should also note that the suggested method is not
for a full search engine such as Google, Yahoo, etc; it
can be used as an engine inside a full search engine or
as a postprocessor for re-ranking the results. Currently
it is incorporated into a commercial product.
The connection network is under reinforcement process with more document data. We expect the quality
of ranking to be improved with a stronger connection
network.
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Abstract

Antennas are an important component in any
wireless system, as they transform a signal that
flows through wires into a signal that propagates
through space and back again. How well it does
this job is a determining factor in how well a
wireless system will operate. Two real-world
problems are described in this paper that are
solved by antennas optimized by genetic
algorithm. The antennas show the ability of the
genetic algorithm to allow the designer to
optimize an antenna for several different criteria
at once, and to create new antennas with very
little information from the designer other than
general constraints and the desired performance
characteristics.

1

INTRODUCTION

Communication, radar and remote sensing systems
employ thousands of different types of antennas, and
there is an increasing need for them to be highperformance and customized. Traditional methods of
designing and optimizing antennas by hand using
simulation or analysis are time- and labor-intensive, and
limit complexity. Local search techniques are helpful, but
because the search spaces of even simple antennas are
highly multimodal, the initial guess must be close to the
final design, and therefore these methods have limited
usefulness.
Evolutionary computation methods like the genetic
algorithm (GA) are able not only to optimize performance
of existing antenna designs, but also to create new kinds
of antennas with highly counterintuitive designs. Using a
GA, it is possible to prescribe the desired performance of
an antenna and allow the computer to find the parameters
for the design.

GAs are being applied to many different antenna designs
by many different researchers [1]. GAs and other
evolutionary computation techniques are very useful in
this field for several reasons, including:
•

Antenna principles, which are a subset of
electromagnetics and founded on Maxwell’s
equations, are extremely difficult to understand and
grasp intuitively.

•

There are many fast antenna simulators, requiring
only seconds to produce accurate results.

•

Search spaces are highly multimodal and resistant to
other forms of numerical and hands-on optimization,
yet finding good designs is important to industry.

•

Since the GA is naturally robust to local optima, and
does not even require an initial guess, the amount of
design information the engineer must supply to get a
good result is minimal.

The GA has the ability to find new solutions when no
known conventional antenna designed with conventional
techniques is able to approach the requirements of a
particular problem, or when such an antenna is expensive
and/or difficult to manufacture.
Most antenna optimizations begin with a conventional
design and the GA finds the optimal parameters based on
desired conventional characteristics. For instance, an
inherently high-directivity design like the Yagi-Uda
antenna may be optimized for maximum gain (these terms
are defined in the next section). This approach is certainly
useful, since even conventional problems are difficult to
optimize with most other methods, and the resulting
optimized designs will often be better than any found
previously.
However, of greater interest is to apply conventional
designs to unconventional applications, where the GA has
enough degrees of freedom to significantly change the
mode of operation of the antenna to suit the new
application, and to create new antennas when the amount
of engineering constraint is minimal.
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As the world goes increasingly wireless, there is a
growing number of antenna problems without good
solutions. The tracking of hospital patients, biomedical
research, wideband data communications, remote sensing,
integration of antennas within electronic devices, and
many others, are all demanding antennas that meet their
needs. Meeting them rapidly and effectively will require
new approaches to antenna design, because the traditional
method is too limited to keep pace with the rising
demand. What the GA provides is a means to explore
areas of antenna design previously unsearchable and solve
antenna design problems unhindered by the limits of
human intuition and experience.

2

A gain pattern or antenna pattern plots gain magnitude
versus angle, showing the proportion of power an antenna
transmits in a particular direction. For 2-D antennas, or
antennas symmetric in the third dimension, this angle is
simply the elevation angle θ. In 3-D, there are two angles
that specify a direction: θ and the azimuth φ. Figure 1
shows these angles on a set of axes. An antenna is
considered to be directive if its gain pattern is heavily
weighted in one direction. The greater the desired
directivity, the larger the antenna must be relative to a
wavelength, which is commonly labeled λ. The
wavelength is the speed of light divided by the frequency,
so a 300 MHz signal has a wavelength of about 1 m.

ANTENNA BASICS

Z

This section provides a brief tutorial on antenna design
concepts that will help the reader to understand the
designs described in later sections.
There are many antenna classes, such as reflector
antennas (e.g., dish antennas), phased array antennas
(consisting of multiple regularly spaced elements), wire
antennas, horn antennas, and microstrip and patch
antennas. Each of these classes use different structures
and exploit different properties of electromagnetic waves.
Wire antennas will be the focus of this paper. An antenna
is a wire antenna if it is constructed from conductors that
are much longer than their width.
A ground plane—at its simplest a large, flat piece of
metal underneath the antenna—is often used in
conjunction with a wire antenna. It acts as a mirror for the
antenna above it, and therefore changes the antenna gain
pattern. A ground plane can decrease the required height
and/or simplify the construction of the wire antenna. The
hood or roof of a car acts as a ground plane, and antennas
that will be affixed to such places need to be designed for
use with one.
Directivity and gain are two related qualities in antenna
design. Directivity is the ratio of power density being
transmitted by an antenna in a particular direction to the
average power density being transmitted in all directions.
The gain is the directivity multiplied by the ratio of power
radiated to power input. Gain takes into account all losses
such as loss due to resistance in the antenna, which
converts some of the input power into heat, and loss due
to mismatch between the transmitter/receiver and the
antenna. When the losses are considered to be zero, as in
this chapter, the directivity and gain are equal.
Gain is usually expressed in decibels (dB), which relates
to a ratio of power or power densities by the following
expression: dB = 10log10(P1/P2). In the case of gain, P2 is
the power density of an isotropic radiator that transmits
power equally in all directions. The abbreviation dBi
refers to gain compared with an isotropic radiator.
However, the “i” is sometimes left off, and is understood
from context.

θ

Y
φ
X
Figure 1: θ and φ on a 3-D Axis System
An antenna’s beamwidth refers to the useful angle span of
the so-called main lobe or beam. This lobe usually has the
highest gain in the pattern, and is what is of interest to
optimize. In a uniform gain pattern, there is only one lobe,
but in a directive pattern where the beamwidth is desired
to cover only a certain angle span, there can exist other
lobes. These other lobes are called sidelobes, and usually
the designer seeks to minimize them.
Voltage Standing Wave Ratio, or VSWR, is a way to
quantify the match between an antenna and a device
connected to it. A standing wave is created when there is
a mismatch in this connection, which prevents power
from flowing to and from the antenna. If the standing
wave is large, implying a high VSWR, there is a
significant mismatch. If it is low, the match is good. A
VSWR of 3.0 or less is considered adequate for many
low-power applications, while a VSWR less than 1.5 or
2.0 is desired if power considerations are important. A
VSWR of 1.0 is a perfect match, and it can never be less
than 1. VSWR is easy to measure, and since it is a
common parameter specified by antenna designers, it is
often an important quantity to optimize.
Bandwidth is the useful range of frequencies for an
antenna, and is usually desired to be as large as possible.
It is given in percent, which is the ratio of the useful
frequency span over the nominal operating frequency. For
an antenna operating at 2GHz, a bandwidth of 3% would
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mean it would operate over a 60MHz range, from
1.97GHz to 2.03GHz.
Polarization refers to the orientation of electromagnetic
waves. Electromagnetic waves are composed of two
components: an E-field (electric field) component, which
is a sinusoidal wave that exists in one plane, and an Hfield (magnetic field) component that exists at rightangles to the E-field. Thus, the wave is asymmetric, and
has a definite orientation. Since the H field is constrained
by the E-field in a propagating wave, we will discuss just
the E-field. In a wave of constant overall magnitude, the
E-field magnitude can actually be a time-varying quantity.
If one looks at a wave propagating past a fixed point in
space, the E-field can oscillate back and forth in a single
orientation, giving linear polarization, or it can actually
be rotating in a circle as its x and y components oscillate
back and forth out of phase, giving circular polarization.
It can also take an orientation in between, giving elliptical
polarization. Antennas are polarization-sensitive: an
antenna that is optimal for picking up linear polarized
signals will miss half of the energy of a wave that is
circularly polarized and all of a wave that is crosspolarized (linearly polarized at a right angle to the
antenna). An antenna that is left-hand circularly polarized
(the E-field moves in a circle to the left) will miss a righthand circularly polarized wave completely. In addition,
for
ground-to-satellite
communications,
circular
polarization is very helpful because it minimizes the
effect of polarization distortion that occurs as a signal
travels through the ionosphere.
The next section discusses a conventional design
optimized for an unconventional application.

3

A CONVENTIONAL DESIGN AND AN
UNCONVENTIONAL APPLICATION:
THE YAGI-UDA ANTENNA

As shown in the figure below, the Yagi-Uda antenna is a
series of parallel wires, first proposed by Prof. Yagi and
his student S. Uda in the late 1920s. One element is
driven, one element is behind the driven element and is
called the reflector, and all other elements are called
directors. The highest gain can be achieved along the axis
and on the side with the directors. The reflector acts like a
small ground plane, allowing power that would otherwise
be sent backward to be reflected forward.

Spacing

Driven
Element

Element
Length

Directors

Reflector

Figure 2: The Yagi-Uda Antenna
The conventional Yagi design includes geometry
variables of length for each element, spacing between
elements, and the diameter of the wire. Thus, with N
elements, there are N length variables, N-1 spacing
variables, and one wire diameter variable, giving 2N
variables total. The center of the driven element is where
the feed is connected.
An unconventional application of this antenna is
described in [3], and involves designing a special antenna
for the Arecibo 305-meter spherical reflector in Puerto
Rico [4]. The antenna was to be used to search for
primeval hydrogen having a redshift of approximately 5.
Neutral hydrogen line emission is at a frequency of 1420
MHz; thus the frequency region of interest was about 235
MHz. Preliminary studies indicated that the band from
219 to 251 MHz was of the greatest interest, particularly
from 223 to 243 MHz. The most important design goal
was for the feed to have sidelobes at least 25 dB down
from the main beam gain in the region from 70° < φ <
290°, due to the interference which came from
surrounding radio and TV towers. Of lesser importance
was that the E-plane (the plane parallel to the plane of the
antenna) and H-plane (perpendicular to the E-plane)
beamwidths be about 50°. The VSWR was desired to be
under 3.0 and the gain was to be as high as possible,
limited by the wide beamwidth. The feed would be
mounted over a 1.17 meter square ground plane—that is,
a ground plane only 0.92λ in size. The antenna also
needed to have a single polarization so that two of them
operated at cross-polarity (i.e., each would have a
polarization exactly opposite the other), and thus could be
used to discriminate between the randomly polarized
hydrogen signal and the deliberately polarized signals
from the surrounding radio and TV towers. This
arrangement would work best if the antennas were 2dimensional, so that they could be collocated at the same
position at right angles.
Since there did not seem to be any conventional antenna
that would meet the above specifications, it was decided
to use a GA to optimize a Yagi type structure for this
unconventional application. Yagi antennas are usually
used for high-gain, narrowband applications. The desired
bandwidth and beamwidth were very large for this kind of
antenna, and the sidelobe requirements were very difficult

1136

REAL WORLD APPLICATIONS

to meet. However, a standard Yagi antenna is 2dimensional and therefore able to meet the polarization
and collocation requirements.
The number of wires was specified to be 14. The
variables were: the length of each element (14 were
required), each constrained to be symmetric and between
0 and 1.5λ, the spacing between each set of two elements
(13 were required), constrained to be between 0.05λ and
0.75λ (the total boomlength was allowed to vary), and the
diameter of the wire, constrained to be 2, 3, 4, 5 or 6 mm.
This wide latitude in parameters allowed the GA to
explore very unconventional areas of the Yagi search
space.
Note that of the total 28 variables, 27 of them were
continuous, real-numbered parameters, making this a
natural problem for a real-valued chromosome. The
discrete variable—wire diameter—used a real-valued
gene, but it was discretized so the GA would only use one
of the allowed values. Doing so is usually not
recommended for the type of crossover techniques used,
but the problem was insensitive to this parameter and it
did not affect results adversely.
As expected, the GA produced an antenna that
approached the above requirements, though its
configuration was quite unconventional for a Yagi
antenna. It differed from a conventional Yagi in that the
director elements were very closely spaced, its overall
length was much less than a typical Yagi with the same
number of elements, and its wire lengths varied
haphazardly. The genetic Yagi had 13 elements (plus the
ground plane) with a boom length of only 1.11λ. The
directors varied in length in a seemingly random fashion
from about 0.25λ to 0.4λ with an average spacing of less
than 0.1λ, as shown in Figure 4. A conventional 14
element Yagi has a boom length about 3 times as long,
with directors that are about 0.4λ in length and 0.35λ in
spacing, and the lengths become slightly shorter and the
spacings slightly larger the greater the distance from the
driven element.

Ground
Plane

Figure 3: Genetic Yagi Feed for the Arecibo Radio
Telescope. From [3].
The performance of this Yagi was computed at 2 MHz
increments over the band from 219 to 251 MHz, a
bandwidth of 13.6%. The figure below shows the E-plane
patterns and H-plane patterns for the genetic Yagi over a
finite ground plane at the same frequencies. It is seen that
the sidelobe levels for both planes are more than 25 dB
lower than the gain at 0° from 223 to 243 MHz, the most
important part of the band, and are more than 20 dB lower
over the rest of the frequency band. The E- and H-plane
half-power beamwidths range from 51 to 55° and 64 to
69° respectively, slightly larger than desired but certainly
acceptable. The VSWRs are less than 3.0 from 227 to 245
MHz, though they are higher at the ends of the frequency
band. The antenna gain ranged from 10.4 to 11.0 dB over
the frequency band. This gain is approximately 1 dB
lower than that for a Yagi that is optimized for maximum
gain.
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Figure 4: Computed Gain Patterns of Yagi Over a Ground
Plane at 219, 235 and 251 MHz. From [3].
The antenna was fabricated to a 1/6th scale and the Eplane patterns and VSWR were measured. The computed
and measured patterns had reasonable agreement. The
measured VSWRs were less than 3.0 over most of the
band and had a maximum value of 3.7 near the ends. The
measured gains were slightly less than 10 dB; however, if
the reflection losses are taken into account, the corrected
values for a matched antenna approach the computed
gains. For more information about this antenna, see [3]
and [8].
This antenna shows the power of the GA to mold
conventional designs into new form to solve difficult
problems. Naturally, it is important to allow the GA
sufficient latitude in the design parameters to change the
design from its traditional form to something new.
However, it is not always necessary to specify a design at
all, in which case the GA is truly the inventor of an
antenna, as the next section will show.

4

UNCONVENTIONAL DESIGN: THE
CROOKED-WIRE GENETIC
ANTENNA

The application of interest in this section is fairly
conventional: ground-to-satellite communications using
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omnidirectional antennas. Antennas for this application,
intended for use on cars or handsets, must be cheap,
robust, and have as uniform a gain pattern across the
hemisphere as possible for a right-hand circularlypolarized signal, excluding low elevations less than 10°
above the horizon, where multipath problems will arise.
(Multipath refers to the reception of a signal from more
than one path, such as receiving a signal from direct lineof-sight and from a reflection off the ground. When the
multipath signals do not arrive in phase and at the same
time, as generally happens, problems arise such as the
ghosting seen on televisions.) This antenna is not trivial to
design, and several conventional designs, such as the
quadrafilar helix, have emerged to solve this problem to
varying degrees. These antennas tend to be expensive and
narrowband, and they often require a signal to be fed to
the antenna in two places with a precise difference in
phase to set up the circular wave. There is thus
considerable room for improvement in the state of the art.
There are several qualities that one might desire such an
antenna to have, which can be turned into general
constraints on the design. For instance, one might desire a
single feed point at the base of the antenna for simplicity
and low-cost. In addition, it is helpful to have such an
antenna over a ground plane. The antenna is expected to
be relatively small because near-hemispherical coverage
is desired, so it would make sense to constrain the search
space to a fairly small volume, for instance, a cube half a
wavelength on a side, with the antenna’s base located in
the center of the bottom face. Doing so will increase the
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average speed of simulation while having little impact on
results.

Fitness = Σover all θ,φ(Gain(θ,φ) - Avg. Gain)2 .

It would also be convenient if the antenna were a
connected series of straight wires so that there are no
precision bends, floating parasitics, or branch points
required, for ease in fabrication. 5, 6, 7 and 8 straight wire
segments connected in series were thus chosen for
investigation. (Preliminary results showed the 7-wire
antenna performed slightly better than the others, so 7
wires will be used from here on.) A depiction of the
search space that incorporates these constraints is shown
in the figure below.

The GA's goal was to minimize this fitness. For its first
attempt at finding a 7-wire antenna, the steady-state GA
had a population of 500 chromosomes, 50% overlap from
generation to generation, and a 1% mutation rate. It also
used one-point crossover, which was allowed to occur
between any two bits in the chromosome with equal
probability.
After several hours, the GA converged on a 7-wire
configuration with a highly unusual shape, as shown in
the inset and the photograph in the figures below. This
shape was so unusual and its simulated performance so
good that great care was taken to ensure its validity,
including building and testing it [9].
The computed radiation patterns of the antenna over an
infinite ground plane are shown below for azimuth angles
of 0º, 45º, 90º and 135º at a frequency of 1600 MHz. This
pattern varies by less than 4 dB for angles over 10° above
the horizon—excellent performance, especially since the
antenna is so inexpensive and simple to build. (Simple is
a relative term, of course, for it does not look all that
simple in the figure. However, it was possible to fabricate
this antenna by hand using very simple tools, while a
conventional design would be tremendously difficult to
manufacture by hand.)

0.5λ

0.5λ
Ground
Plane

0.5λ
Figure 5: Crooked-Wire Genetic Antenna Search Space for 7
Wires

The GA has performed well up to this point, but it has
always had a pre-existing design to use as a template for
its work. Can a GA really produce a good antenna with its
only engineering knowledge coming from constraints
based on convenience?
To begin encoding this problem for a GA, the location of
the nodes defining the start and endpoints of the wire
segments were mapped into a chromosome. Since each
node requires three coordinates, the 21 parameters were
placed into a chromosome, i.e., Point1-X, Point1-Y,
Point1-Z, Point2-X…, each value encoded into 5 binary
bits. 5 bits, corresponding to 32 levels, was chosen
because the accuracy of fabrication was not expected to
be better than this resolution (3mm at 1600 MHz). Thus,
the whole chromosome required 105 bits.
The cost function was then determined for this antenna.
The goal was to obtain right hand circular polarization
10° above the horizon at a frequency of 1600 MHz. A
good measure of that desired performance can be found in
the sum of the squares of the deviation of all calculated
gains from the mean. In equation form:

10

f = 1600 MHz
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Figure 6: Crooked-Wire Genetic Antenna Radiation
Pattern and Diagram. From [6].
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Antenna 2

Antenna 3

Figure 8: Two More Crooked-Wire Antennas with Nearly
Identical Performance
Figure 7: Photograph of the Actual Crooked-Wire Genetic
Antenna. From [6].
Although this antenna was only designed to operate at a
single frequency, its performance was also investigated
for the range of 1300 to 1900 MHz, and it was found to
have bandwidth of over 30%, which is excellent for a
circularly polarized antenna having near hemispherical
coverage.
The antenna was built and measured for its radiation
properties. There was about a 6 dB variation in the field
above an elevation angle of 10º as compared to the
computed variation of about 4 dB. This small discrepancy
exists because the measurements were made over a 1.2 m
x 1.2 m ground plane, while the computations were
performed for an infinite ground plane. Patterns measured
over the frequency range from 1300 to 1900 MHz also
compared well with the computed patterns.
After this spectacular result, many other GAs, both binary
and real-valued, were run for these requirements, and the
results were never the same [6]. Two more antennas
optimized with the same constraints, chromosome and
fitness function are shown below. Though they have
nearly the same performance, they are quite dissimilar in
shape from each other and from the antenna above. From
these and other runs it is apparent that this search space is
highly multi-modal, with many minima that give similar
performance [6].

Because of the revolutionary nature of this antenna design
process, a patent has been awarded [14]. This patent,
which appears to be the first of its kind [15], covers the
process of creating a new antenna using no previously
known underlying theory of operation and the antennas
created by this process.
Though patented by people, the antennas are the
innovation of the GA, for it does not have much useful
configuration input from the designer, and any constraints
which it does have are made for convenience rather than
for antenna design soundness.
The design in Figure 7 was the first genetic antenna, and
though it has been in existence since 1995, it is an
excellent demonstration of the power of the GA. Ongoing
research has greatly advanced the state of the art of the
genetic antenna, however. It has been applied with great
success to several other problems, to include very small
antennas [10], uniform gain for low elevation angles over
a lossy ground [11], and adaptation of an antenna to its
environment for omnidirectional and high-gain
applications [12]. For more information about this
antenna and other antennas optimized by GA, see also [1,
3, 8, 9,13].

5

CONCLUSION

Each of the antennas described above demonstrated a
different quality of GAs as applied to wire antenna
design. The Yagi antenna optimized for the Arecibo Feed
problem shows how the GA can change conventional
designs, using them with unusual parameters, to solve
unconventional problems. The crooked-wire genetic
antenna shows the raw power of the GA to find not just an
optimized design for an application, but to create a new
design with minimal help from the engineer.
It may seem extremely surprising that a GA can
autonomously find such amazing antennas. However,
consider that many people have optimized antennas
without any knowledge of electromagnetic theory through
the adjustment of their TV’s “rabbit ears” antenna. What
is used is a rather stochastic local-search technique, based
on feedback from the quality of reception, sometimes
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even involving haphazard pieces of aluminum foil, to find
the best reception. It is usually unknown if the television
viewer has found the best possible reception, but the
process is stopped once reception has been found that is
“good enough” or appears unlikely to improve. The
antenna configuration and characteristics are usually quite
different from the original V-shaped design, but it works,
at least while the surrounding conditions remain constant.
In addition, many different configurations will often give
the same performance.
Similarly, the GA uses feedback from the antenna
simulator to search, somewhat more effectively, the large
search space of antenna configurations to find one that is
acceptable. As with most complex engineering problems,
it is very difficult to tell if the GA has found the best
antenna, but often that is not as important as having an
acceptable solution. And as in the case of the television
antenna, many different antenna configurations may give
similar performance, depending on the problem. So while
the results shown in this chapter are indeed remarkable,
they are not unreasonable, given the nature of antenna
design.
In summary, then, GAs are able to optimize wire antennas
for diverse and difficult applications. The inherent power
of the GA to not only optimize conventional designs, but
to create them virtually on its own, makes it an ideal
method of automated design for antennas.

6
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Abstract
Genetic algorithms are applied to an important, but little-investigated, network design
problem, that of recon guring the topology
and link capacities of an operational network
to adapt to changes in its operating conditions. These conditions include: which nodes
and links are unavailable; the trac patterns;
and the quality of service (QoS) requirements
and priorities of di erent users and applications. Dynamic recon guration is possible in
networks that contain links whose endpoints
can be easily changed, such as satellite channels or terrestrial wireless connections. We
report results that demonstrate the feasibility
of performing genetic search quickly enough
for online adaptation.

1 INTRODUCTION
There is a growing need for networks to adapt to their
operating conditions in order to maintain acceptable
levels of performance. Networks must increasingly be
able to continue to function e ectively despite obstacles such as the disabling of portions of the network
by cyberattacks or large uctuations in the trac patterns and service requirements. Network adaptation
potentially enables not just ne-tuning in response to
normal variations but also survivability of the network
and its critical applications in the face of catastrophic
failures and large-scale shifts in operating conditions.
Although dynamic routing solutions (e.g., [2]) to some
of these problems exist, routing has natural limitations. For example, a routing algorithm cannot transmit data between nodes for which cyberattacks have
disabled all connecting paths, nor can it transmit a
high bandwidth of data between nodes which have only

a low-bandwidth path between them. Robust network
adaptation requires changes to the underlying network
infrastructure (i.e. topology and link capacities) in response to changes in operating conditions.
Despite this need, the problem of automatic, dynamic
redesign of functioning networks has received little attention. One reason for this is that network links were
traditionally cables and hence not dynamically recongurable like satellite or wireless links. Second, the optimization algorithms and computers of the past were
not capable of nding a new network con guration fast
enough to support adaptive recon guration.
In this paper, we investigate the use of a genetic algorithm to dynamically redesign a network with recongurable links. Before discussing our work, we provide
a brief review of some of the previous work on the use
of genetic algorithms for (static) network design.

1.1 PREVIOUS WORK
There is not just one problem in network design but
rather a whole family. There are three di erent components of a network architecture: the topology, the link
capacities, and the routing policies. Di erent problems work with di erent subsets of these components.
There are also three di erent basic criteria on which
to judge a network: cost, reliability, and quality of service (QoS). Di erent problems use di erent subsets of
these criteria, di erent measures of these criteria, and
combine the criteria they do use in di erent ways.
A major focus has been minimal spanning tree problems (e.g., [16, 1, 4]). The only network component
considered is the topology, and the topology is always
a tree. There have been some novel chromosome representations used for these problems, including Prufer
encoding [16, 1] and Hu man trees [8].
When considering factors other than cost, the best
topology is generally a graph rather than a tree. Dif-
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ferent problems in optimizing non-tree topologies arise
from di erent de nitions of the evaluation criteria. For
example, [13] and [7] use a probabilistic measure of reliability, while [9] and [17] use a measure of reliability
based on redundancy. Given a numbering of all possible links between all pairs of nodes, graph topologies
have been genetically represented as xed length binary strings [13, 17] and as variable-length strings of
unique integers [7].
With knowledge of the network trac patterns, it is
also possible to optimize the link capacities and routing policies. In early work, [5] used genetic algorithms
to select a set of link capacities given a xed topology. More recently, with the bene t of greater computational power, researchers have investigated using
genetic algorithms to simultaneously optimize topology and link capacities [18, 9] or all three components
of the network (topology, link capacity, and routing
policies) [12, 11]. It is possible to use a single chromosome that represents all the required information
about a network (e.g., [12]) or to use separate representations and solve for the di erent components in
separate (nested) optimizations [11].

2 ADAPTIVE REDESIGN
2.1 PROBLEM STATEMENT
The adaptive network redesign problem is inherently
a dynamic problem, since network trac patterns, requirements and priorities, and available resources (primarily links and nodes) all change with time. In our
current work, we consider a snapshot of the problem at
a particular time, performing the adaptation by solving for each snapshot independently.
Let us consider a network that contains both xed
(wired) links and recon gurable links. We use a model
for the recon gurable links that is based upon satellites using a frequency-division multiplexing allocation
scheme. There is a xed amount of total recon gurable bandwidth available. This bandwidth is unidirectional and is divided into identically sized chunks
called channels. Recon gurable links consist of one or
more channels con gured to have the same source node
and destination node. The bandwidth of the channels
of a recon gurable link add, but the bandwidths of a
recon gurable link and a xed link do not add. Instead, the link with the higher bandwidth is used and
the other ignored. Each node has a limit on the number of channels it can send and receive, which is a type
of node-degree constraint [4].
The givens of the problem include:
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 available nodes - This is the set of all nodes not
currently disabled by an attack or failure.

 available xed links - This is the set of all xed

links not currently disabled by an attack or failure.
Associated with each xed link is a source node,
destination node, capacity, and inherent transmission delay (which is the delay associated with the
medium and does not include the delays due to
queueing). Note that, for the purposes of our model,
all xed links are unidirectional; bidirectional links
are decomposed into two unidirectional ones.
 available channels - For a given problem, the total
number of channels, bandwidth per channel, and
inherent channel transmission delay are xed.
 data ows - Each data ow has associated with it
the following information: source node, destination
node, priority rating (a positive integer with smaller
meaning higher priority), protocol (TCP or UDP),
required transmission delay, required dropped packets, and the statistics of the generated trac. We
model the trac as bursts of data of random number of bytes at random intervals, with Gaussian distributions for the number of bytes and the size of
the interval. The mean and standard deviation are
the required parameters for each of these distributions. Note that the quality of service (QoS) metrics (i.e., dropped packets and transmission delay)
refer to the service as perceived by the application,
not the network. In particular, a packet that is initially dropped but successfully retransmitted does
not count as dropped but does register a long transmission delay. Hence, the dropped packets metric
only applies to UDP ows, since TCP resends all
dropped packets.
The variables over which to optimize are:
 con guration of each channel - Zero to all available channels may be added to the network topology. The source and destination nodes of each added
channel must be speci ed.
The constraints to obey are:
 send and receive limits - The number of channels
with a particular node as its source (destination)
cannot exceed the send (receive) limit for that node.
The optimization criteria are:
1. connectivity - The measure of the degree to which
ows are totally disabled due to lack of connectivity
is the sum over all disconnected ows of 1i , where
i is the priority rating of the ow (recalling that a
lower i means a higher priority). Note that TCP
ows will be disabled if there does not exist a path in
both directions between the source and destination
(to allow acknowledgements), while UDP ows only
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require a path in the forward direction.
2. meeting transmission delay requirements The measure of the degree to which the network
does not meet the transmission delay requirements
is the sum over all connected ows for which the
requirement is not met of 1i (Di ; di ), where Di is
the average measured delay (in seconds), di is the
required delay (in seconds), and i is the priority
rating of the ow.
3. meeting dropped packets requirements - The
measure for the dropped packets requirements is the
sum over all connected ows for which the requirement is not met of 1i (Pi ; pi ), where Pi is the average measured percent of packets dropped, pi is the
required percent of packets dropped, and i is the
priority rating of the ow.
The three optimization criteria are combined into a
single score using a weighted sum, w1 S1 + w2 S2 + w3 S3 ,
where Si is the score for the ith criterion. The goal is
to minimize this combined score. For our experiments,
we used w1 = 100, w2 = 1, and w3 = 1.

2.2 GENETIC ALGORITHM
Representation - Each chromosome is a variable-

length list of recon gurable link allocations, where
each allocation is a 3-tuple (S; D; C ) containing the
source node (S ), destination node (D), and the number of channels (C ) connecting the source to the destination. Only allocations with a non-zero number
of channels are included in the list. For example,
the chromosome [(6 3 1) (12 2 2)] indicates a recongurable link with 1 channel from node 6 to node 3,
and a recon gurable link with 2 channels from node
12 to node 2.
Genetic Operators - We use three operators:
 Crossover - Combine all the allocations from both
parents into a single randomly sorted list. Proceed
through this list including each allocation in the
child chromosome if adding it does not violate any
constraints and if no allocation with the same source
and destination nodes has already been added.
 Local Mutation - Randomly select one allocation in
the parent and randomly choose to either increase
the number of channels by one or decrease it by
one. If the choice was an increase and if this violates constraints, then attempt to assign the entire
recon gurable link allocation to a di erent source
node or destination node; if none of these produces
a legal chromosome, then discard the child.
 Global Mutation - Randomly select a number between half and all-but-one of the allocations in the
parent. Randomly select this number of allocations
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from the parent and add them to the new child.
Complete the child by randomly specifying the remaining available channels using the same algorithm
as the initialization procedure, described below.
Initialization - The initialization procedure lls the
initial population with randomly generated chromosomes. To generate a random chromosome, it speci es
one channel at a time until some resource (total channels, node send limits, or node receive limits) has been
fully exhausted. For each new channel, it randomly
selects source and destination nodes that have not yet
exhausted their send and receive limits, respectively.
If there is an existing recon gurable link allocation between the pair of nodes, it adds an additional channel
to that allocation; otherwise, it creates a new allocation between the nodes containing one channel.
Evaluation Function - We have modi ed NS, version 2 [15], a packet-level network simulator, to compute the percentage of dropped packets and the average transmission delay exhibitted, on a per- ow basis,
by a network during simulation. The evaluation function rst converts the chromosome into a description
of the represented network in the format expected by
NS. It then starts the modi ed NS and sends NS the
network data. NS performs the simulation and returns the QoS statistics. Finally, the evaluation function uses these statistics to compute the score given in
Section 2.1. We use a packet-level network simulator
rather than a computationally less expensive approach
in order to compute network statistics with greater realism. However, as we discuss below, it is inecient
to restart NS from scratch for every evaluation (particularly because this means restarting its TCL interpreter), and this is something we need to change.
Population Management - The genetic algorithm
uses steady-state, worst-one-out replacement. The
population allows no duplicate members. Parents are
selected probabilistically using roulette-wheel selection.
Probabilities are distributed exponentially based upon
rank. The search terminates when the number of evaluations reached a threshold.

3 EXPERIMENTAL RESULTS
We had two goals for our experiments and two corresponding sets of experiments. The rst was to provide
concrete examples of the types of problems that adaptive network recon guration can solve. The second
goal was to investigate the performance of the genetic
algorithm, particularly concentrating on scaling with
problem size and the tradeo between the execution
time and the quality of the solution found.
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Figure 1: The rst network in the sequence. Note that
the dotted lines in the topology are the recon gurable
links and the solid lines are the xed links.
We approximate the search space size as
(M (M ; 1))N =N !
(1)
where M is the number of nodes and N is the maximum number of channels. (There are M (M ; 1) possible ways to assign a source and destination node to
each channel, and hence (M (M ; 1))N ways to assign sources and destinations to each of N channels.
However, the networks formed are not unique. For
any network with no two channels sharing the same
source and destination, there are N ! di erent ways to
form this network; for other networks, there are less.
Hence, Equation 1 is an underestimate but is a good
approximation when N  M=2.)
All of our timing results were performed on a single
850-MHz Pentium. All times are divided into two components: the number of total evaluations, which measures the e ectiveness of the genetic algorithm search,
and the average time per evaluation, which measures
the eciency of the evaluation function.
In our experiments, all xed links have a capacity of
1000 kbits/sec (except in the random network experiment) and transmission delay of 10 msecs. Likewise,
all channels have a capacity of 1000 kbits/sec and
transmission delay of 10 msecs.

3.1 ILLUSTRATIVE EXAMPLES
A Sample Adaptation Sequence - We start by

examining a sequence of networks that could be snapshots of a single network as its operating conditions
change with time. They illustrate, in a simple-tounderstand scenario, the power of adaptive network
recon guration.
There are three networks in the sequence, each with a
maximum total of four channels. The rst network in
the sequence has ve nodes. The trac ows, pictured
in Figure 1a, are typical of a server (node 1) with multiple clients (nodes 2-5). The clients communicate only
with the server and not with each other. The server
sends 400 kbits/sec to each client, while each client
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Figure 2: The second network in the sequence. Note
that the heavier lines in the ows indicate higher priority trac.

Figure 3: The third network in the sequence.
sends 40 kbits/sec to the server, all using the TCP
protocol. The priorities are all 5, and the required
latency is 10 msecs (since it is using TCP, dropped
packets are not a criterion). There exist bidirectional
xed links between nodes 1 and 4 and between nodes
1 and 5. Each node has a limit of 3 send channels and
3 receive channels.
Clearly, the best solution is the one shown in Figure 1b,
with four recon gurable links, each containing 1 channel, that e ectively form bidirectional links between
nodes 1 and 4 and between nodes 1 and 5. The solution thus provides a single-hop path for all ows.
The second network in the sequence is the same as
the rst except for the addition of two high-priority
(priority 1) ows, one from node 2 to node 3 and the
other from node 3 to node 2 (e.g., a teleconference between two CEOs, or communication between two units
in battle). The ows are shown in Figure 2a. The new
optimal con guration is that shown in Figure 2b, since
it provides full connectivity, a one-hop connection for
all high priority ows, and a maximum delay of two
hops for the lower priority ows.
The third network in the sequence is shown in Figure 3a and is the same as the second except that all
the xed links have been disabled (e.g., due to a coordinated cyberattack). It is now impossible to fully
connect all the nodes (4 unidirectional links can connect at most 4 nodes), so there is a choice about which
node to leave out of the network. The best con guration is to use the channels to form a ring network
between the four of the nodes, three of which must be
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Figure 4: The rst bottleneck network.
nodes 1, 2 and 3. An example of such a network is
shown in Figure 3b.
The genetic algorithm nds all solutions always in well
under 500 evaluations. To perform 500 evaluations
requires 4 minutes, or 0.48 secs per evaluation. Almost
all of this time (between 0.4 and 0.45 seconds) is spent
restarting NS; by eliminating this restart, we could get
the runtime down to under 30 seconds.
Bottleneck Networks - We consider two more example networks, larger than the previous ones. Both have
paths of xed links with sucient capacity to handle
the trac for any individual ow, but there exists a
bandwidth bottleneck when considering the ows in
aggregate. Recon gurable links are used to relieve the
bottleneck.
The rst \bottleneck" network is shown in Figure 4.
Each of nodes 1-5 sends data to each of nodes 6-10.
All 25 ows are identical: transmitting an average of
200 kbits/sec, using the UDP protocol, having priority 2, and requiring 0% dropped packets (with no requirement on latency). There are four available channels. Without the bene t of the recon gurable links,
all 5000 kbits/sec of the aggregate trac would travel
across the central link between nodes 11 and 12 (which
has capacity of only 1000 kbits/sec). An optimal solution is shown in Figure 4, using the recon gurable links
(dotted lines) to relieve this bottleneck by bypassing
the central link. (There are ve equivalent solutions.)
The second bottleneck network is shown in Figure 5.
Each of nodes 1-10 sends data to each of nodes 1120. All but one of the 100 ows are identical: sending
an average of 50 kbits/sec, using the UDP protocol,
having priority 100 and required dropped packets 0%
(with no requirement on latency). The ow between
nodes 1 and 11 di ers from the other ows in that
it has priority 1, which is much higher than the others, and that it has a required latency of 10 msecs.
There are six available channels. As with the rst
bottleneck network, without recon gurable links, all
5000 kbits/sec of trac would travel across the cen-
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Figure 5: The second bottleneck network. Note that
ve channels form a single high-capacity link between
nodes 21 and 22, replacing the original lower-capacity
xed link.
tral link between nodes 21 and 22 (which has capacity
of only 1000 kbits/sec). The solution is pictured in
Figure-5b: use ve channels to relieve the bottleneck
by replacing the central link with a higher-capacity recon gurable link, and use the sixth channel to directly
connect nodes 1 and 11 and thereby provide the required latency. Note that in going from the rst to
the second network the optimal strategy changes from
bypassing the central link to building up the central
link.
The genetic algorithm consistently nds an optimal
solution to the rst bottleneck problem in under 1000
evaluations. These 1000 evaluations required 20.5 minutes, an average of 1.23 seconds per evaluation. According to Equation 1, the search space size is 1.3x107.
The genetic algorithm consistently nds the solution
to the second problem in under 10,000 evaluations,
requiring 394 minutes (2.36 seconds per evaluation).
The search space size is 1.4x1013.

3.2 PERFORMANCE INVESTIGATIONS
We investigate the performance of the genetic algorithm on families of networks, where all the networks
in a family have the same basic statistical properties
but di erent sizes. This permits us to investigate the
scaling properties of the genetic algorithm as a function of the size of the network. We used ve di erent
families, one family of \ring" networks plus four families of random networks.
For each network used to explore performance, we performed the same set of experiments, running the genetic algorithm ten times with each of the following
sets of parameters:
 popsize = 20, probdecay = 0.7, maxevals = 100
 popsize = 40, probdecay = 0.8, maxevals = 300
 popsize = 100, probdecay = 0.9, maxevals = 1000
 popsize = 300, probdecay = 0.967, maxevals = 3000
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5
Population 20
Population 40
Population 100
Population 300
Population 1000

 popsize = 1000, probdecay = 0.99, maxevals = 10000
Here, popsize is the population size, probdecay is the
parameter that determines the exponential distribution of parent selection probabilities, and maxevals is
the number of evaluations before terminating the run.
A small population size and high selection pressure
(small probdecay) mean that the genetic algorithm will
converge (through loss of diversity) quickly, and are
hence appropriate for a short run.
Ring Networks - We start by examining performance on a family of highly contrived networks, which
we call \ring" networks. This family of networks has
three important properties. First, it contains networks
with arbitrarily large and small numbers of nodes and
available channels, hence allowing an investigation of
how the algorithm scales with network size. Second,
each network has a known best solution and hence allows comparison with this known optimum. Third,
the optimization problems are especially dicult for
a genetic algorithm and hence provide worst-case scenarios.
A member of this family has N channels and a network with M = kN nodes, where k and N are positive integers. There are M identical ows, with one
ow from node i to node (i ; 1) for each i = 2; :::; M
and one ow from node 1 to node M . Each ow uses
the TCP protocol, has a required latency of 10 msecs,
and transmits 800
k kbits/sec. There are M xed links,
one from node (i ; 1) to node i for each i = 2; :::; M
and one from node M to node 1. The xed topology
requires packets to travel (M ; 1) hops. An optimal
placement of recon gurable links connects every kth
node in reverse order from the xed links and reduces
the number of hops to k. Figure 6 shows this network when M = 8 and N = 4, along with an optimal
solution. (The other optimal solution is obtained by
rotating each recon gurable link one node clockwise.)
This problem is very dicult for a genetic algorithm
because of the existence of multiple completely distinct solutions (i.e. solutions that have no recon gurable link in common). The genetic algorithm has
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Figure 7: Average progress of the genetic algorithm
for the ve di erent parameter sets for ring network
16/8.
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Figure 6: The 8-node, 4-channel ring network.
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Figure 8: Modeling the tradeo between solution quality and number of evaluations for the 16/8 ring network.
trouble keeping the building blocks from these di erent solutions separate. This is generally not a problem
in less contrived networks.
We ran experiments on ring networks with six di erent
node/channel (i.e., M/N) con gurations: 8/4, 12/6,
16/8, 20/5, 20/10, and 40/10.
For the 16/8 network and for each of the genetic algorithm parameter sets, Figure 7 shows the progress
of a run (averaged over ten independent runs) plotted
as the value of the best individual versus the number
of evaluations (i.e., the number of con gurations tried
so far). Note how the smaller population with greater
selection pressure starts out better but quickly stops
making progress due to convergence. A larger population and smaller selection pressure requires longer to
converge but eventually does better by exploring more
of the space.
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Net- Search 100 300 1000 3000 10000 A
work Space Evals Evals Evals Evals Evals

8/4
12/6
20/5
16/8
20/10
40/10

4.1E5
7.3E9
6.6E10
2.7E14
1.7E19
2.4E25

.75
1.90
5.01
2.8
4.5
13.2

.27
1.14
3.30
2.2
3.3
11.0

.20
.80
1.97
1.70
2.6
7.5

.18
.48
1.48
1.12
1.88
5.6

.18
.31
1.27
.69
1.15
3.8

B

C

E95

E99

.18 1100 1.65
6
16
.27 22 .559 210 3800
.97 57 .572 190 3100
.36 12 .337 7300 8.6E5
.44 17 .315 1.3E4 2.2E6
1.9 54 .332 8300 1.1E6

Secs/
Eval
0.69
0.93
1.28
1.24
1.55
3.20

Table 1: Results for the ring networks
Table 1 provides a summary of the results for the different ring networks. Each row contains the results
from one network. Column 1 contains the network
name, and column 2 has the search space size as given
by Equation 1. Columns 3-7 contain for each of the
ve parameter sets the value of the best individual at
the end of a run averaged over the ten runs. The values in columns 3-7 provide ve data points for the map
between the number of evaluations performed and the
quality of the solution.
As more evaluations are performed, the expected value
of the best solution asymptotically approaches the optimal value. This leads us to a model for this relationship of the form

V = A + BE ;C

(2)

where V is the expected value of the best individual,
E is the number of evaluations, and A, B and C are
constants determined by the data. The constant A is
the value of the best possible solution, which is known
for the ring networks. We use the ve data points to
do a least-squares regression analysis to nd B and C .
We report A, B and C for each network in columns
8-10 of Table 1. Figure 8 shows an example graph of
this curve for the 16/8 ring network.
The constant C measures on average how quickly the
search approaches the optimal solution. After E evaluations, the search has roughly proceeded 1 ; E ;C of
the way from a random solution to the best solution.
To nd a solution that is a fraction f of the way to the
optimal solution therefore requires roughly (1 ; f ) ;C1
evaluations. In columns 11 and 12 of Table 1, we report the number of evaluations required to achieve 95%
and 99% of the optimal solution, given by

E95 = 20 C1 ; E99 = 100 C1

(3)

Figure 8 shows these values for the 16/8 ring network.
Random Networks - We next examine optimization
performance on a set of randomly generated networks.
While ring networks provide a worst-case optimization

Net

8/4
12/6
20/5
16/8
20/10
40/10

A

.064
.038
.201
.078
.092
.30

B

.91
150
2.8
5.7
2.5
11

C

E95 E99 S/E

.697 74 740 0.69
1.63 6
17 0.90
.599 150 2200 1.43
.821 38 270 1.10
.523 300 6700 1.49
.512 350 8100 3.50

Table 2: Results for sparse/light random networks

Net

8/4
12/6
20/5
16/8
20/10
40/10

A

.102
1.53
2.74
.99
2.07
6.35

B

13
11
7.5
8.6
12
21

C

E95

E99

S/E

1.10 15
66 1.49
.381 2600 1.8E5 1.86
.364 3800 3.1E5 3.25
.434 990 4.1E4 2.70
.440 910 3.5E4 3.34
.330 8800 1.1E6 7.04

Table 3: Results for sparse/heavy random networks
problem, we also would like results for more typical
networks. While we do not know the best solution
for these networks a priori, we can still use a regression analysis similar to (although less accurate than)
that used for the ring networks to estimate how performance varies with the number of evaluations.
Given a speci ed number of (i) nodes, (ii) available
channels, (iii) bidirectional xed links, and (iv) trafc ows, our software randomly generates a network
with these dimensions. The random components include: (i) the xed topology, (ii) the xed link capacities (1000, 2000 or 3000 kbits/sec), and (iii) the source,
destination, priority (1, 10 or 100), protocol (UDP or
TCP), and bandwidth (100, 400 or 1000 kbits/sec) of
each ow. Required latency and dropped packets were
always 0.
For the experiments, we have used families of six networks. For each family, the number of nodes (M ) and
satellite channels (N ) are the same six pairs of values
as for the ring networks, hence permitting comparisons
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Net

8/4
12/6
20/5
16/8
20/10
40/10
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A

.045
.024
.089
.049
.066
.159

B

1.2
.65
1.2
1.6
1.0
1.9

C

E95

E99

.520 320 7000
.760 52
430
.640 110 1300
.773 48
390
.540 260 5100
.382 2500 1.7E5

S/E
0.75
1.02
1.76
1.35
1.77
4.82

Table 4: Results for dense/light random networks

Net

8/4
12/6
20/5
16/8
20/10
40/10

A

.103
.55
1.04
.33
0.67
1.67

B

150
120
23.6
4.1
3.7
42.3

C

E95

E99

S/E

1.48 8
22 1.62
1.16 13
53 2.19
.823 38
270 4.16
.576 180 3000 3.14
.368 3400 2.7E5 4.04
.696 74
750 9.59

Table 5: Results for dense/heavy random networks
of optimization performance between networks with
the same search space size. The number of xed links
is pM and number of ows is qM , where q and p are
constant for a family. We have used q = 1 and q = 2,
referred to as \sparse" and \dense" respectively, and
p = 1 and p = 4, referred to as \light" and \heavy"
respectively, leading to four families of random networks: sparse/light, sparse/heavy, dense/light, and
dense/heavy. For each of these families of random networks, we have done the same experiments and analysis as for the ring networks, except that we do not
know apriori the optimal solution and hence the value
to use for the A term. We instead estimate the optimal solution as the best solution found in any of the
ten runs for any of the genetic algorithm parameters.
The results are shown in Tables 2-5.
Analysis of Results - The central question is
whether the optimization algorithm will support online adaptation by producing good enough con gurations fast enough. While there is no clear threshold
de ning good enough or fast enough, we take 95% of
the optimal solution in ten minutes to be our standard.
For small networks ( 20 nodes and  5 channels), the
optimization algorithm will support online adaptation.
It will consistently nd the 95% solution in under 10
minutes. Once we x the NS restart problem with the
evaluations, it will do even better, potentially reaching
the 98% or 99% solution in the given time.
For mid-sized networks ( 40 nodes and  10 channels), the optimization algorithm will be sucient for
online adaptation only with the help of additional

hardware to speed the optimization. Genetic algorithms are inherently parallelizable, with a near linear
speedup as a function of the number of processors up
to a large number of processors [3]. Assuming a 100processor cluster providing a factor of 100 speedup, all
of the reported networks would reach their 95% solution within ten minutes.
For larger networks, the highly superlinear (potentially
exponential) scaling of the algorithm means that more
hardware will not address the scaling problem. Instead, fundamental improvements to the algorithm are
required.
One potential source of improvements to the genetic
algorithm is to use the fact that network adaptation is
a continuous process. A solution that was good a few
minutes earlier is still most likely a good solution. Particularly for big networks, the current optimal con guration is likely only at most a small perturbation from
the previously optimal con guration. By including the
previous best con guration in the initial population of
the genetic algorithm to determine the current con guration, the algorithm gets a big head start and can
nd a good solution in far less time [14].
Another approach to improving the genetic algorithm
is to incorporate heuristics, such as some of those in
[10] into the algorithm. These heuristics can be used
both when generating the initial population and as
part of the genetic operators, and will often improve
the search by a large amount [6].
A second question is how search time varies with the
network. The size of the search space is the single
biggest factor in uencing search diculty. It grows
very quickly with the number of nodes and channels,
resulting in a rapid growth in the number of evaluations required to nd a good solution. (This growth is
shown in Tables 1-5 as a general increase in E95 and
E99 with search space size.) However, when we examine the random networks, we see that there are some
networks with large search spaces that are much easier to solve than others with smaller seach spaces (e.g.,
see Table 4). Also, the random networks with heavy
trac tend to be more dicult to solve than networks
with the same size search space but with light trac.
This is likely because more ows mean more tradeo s
and hence more dicult decisions. However, as both
the ring and random networks show, even networks
with light trac can present diculties.

4 CONCLUSION
We have introduced an important, little-investigated
problem, that of determining at any given time the op-
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timal con guration of a recon gurable data network.
Finding a good con guration is a critical part of the
process of adaptively recon guring a network online.
Adaptive network recon guration o ers the bene ts of
survivability in the face of major changes in network
operating conditions and performance ne-tuning in
response to minor changes in operating conditions.
We have developed an algorithm for solving the problem using a genetic algorithm. In its current form, it
is too slow for online adaptation. However, the simple step of distributing the evaluations of the genetic
algorithm across many machines would make it fast
enough for small and mid-sized networks. Improvements to the core algorithms of the genetic algorithm
could potentially make it fast enough for networks with
large numbers of nodes and recon gurable links.
Future work should focus on making adaptive network
recon guration a reality rather than just a possibility
through (i) speeding the optimization by tuning the
algorithm and (ii) integration with actual networks.

Acknowledgments
This work was supported by DARPA contract N6600100-C-8042 as part of the SWWIM program. Thanks
to Ken Theriault and John Lowry for their guidance
and for their recommending this problem.

References

[1] Abuali, A., R. Wainwright, and D. Schoenfeld:
1995, `Determinant Factorization: A new encoding
scheme for spanning trees applied to the probabilistic minimum spanning tree problem'. Proc. Fifth
Intl. Conf. on Genetic Algorithms. pp. 470{477.
[2] Ash, G.: 1995, `Dynamic network evolution, with
examples from AT&T's evolving dynamic network'. IEEE Communications Magazine 33(7),
26{39.
[3] Cantu-Paz, E.: 2000, Ecient and Accurate Parallel Genetic Algorithms. Kluwer.
[4] Chou, H., G. Premkumar, and C.-H. Chu: 2001,
`Genetic Algorithms for Communications Network
Design - An Empirical Study of the Factors that
In uence Performance'. IEEE Trans. on Evolutionary Computation 5(3), 236{249.
[5] Coombs, S. and L. Davis: 1987, `Genetic algorithms and communication link speed design: constraints and operators'. Proc. Second Intl. Conf.
on Genetic Algorithms. pp. 257{260.

1149

[6] Davis, L.: 1991, Handbook of Genetic Algorithms.
Van Nostrand Reinhold.
[7] Dengiz, B., F. Altiparmak, and A. Smith: 1997,
`Local Search Genetic Algorithm for Optimal Design of Reliable Networks'. IEEE Trans. on Evolutionary Computation 1(3), 179{188.
[8] Elbaum, R. and M. Sidi: 1996, `Topological design
of local-area networks using genetic algorithms'.
IEEE/ACM Trans. on Networking 4(5), 766{778.
[9] Huang, R., J. Ma, and D. Hsu: 1997, `A genetic
algorithm for optimal 3-connected telecommunication network designs'. Proc. Third Intl. Symp. on
Parallel Architectures, Algorithms and Networks.
pp. 344{350.
[10] Kershenbaum, A.: 1993, Telecommunications
Network Design Algorithms. McGraw-Hill.
[11] Ko, K.-T., K.-S. Tang, C.-Y. Chan, K.-F. Man,
and S. Kwong: 1997, `Using genetic algorithms to
design mesh networks'. Computer 30(8), 56{61.
[12] Konak, A. and A. Smith: 1999, `A hybrid genetic algorithm approach for backbone design of
communication networks'. Proc. 1999 Congress on
Evolutionary Computation. pp. 1817{1823.
[13] Kumar, A., R. Pathak, M. Gupta, and Y. Gupta:
1993, `Genetic algorithm based approach for designing computer network topology'. Proc. 1993
ACM Conf. on Computer Science. pp. 358{365.
[14] Montana, D., M. Brinn, S. Moore, and G. Bidwell:
1998, `Genetic Algorithms for Complex, Real-Time
Scheduling'. Proc. IEEE Intl. Conf. on Systems,
Man, and Cybernetics. pp. 2213{2218.
[15] NS: 2001, `The network simulator - ns-2'.
http://www.isi.edu/nsnam/ns/.
[16] Palmer, C. and A. Kershenbaum: 1995, `An Approach to a Problem in Network Design Using Genetic Algorithms'. Networks 26(3), 151{163.
[17] Pierre, S. and G. Legault: 1998, `A genetic algorithm for designing distributed computer network
topologies'. IEEE Trans. on Systems, Man and
Cybernetics, Part B 28(2), 249{258.
[18] Sayoud, H. and K. Takahashi: 2001, `Designing
communication network topologies using steadystate genetic algorithms'. IEEE Communications
Letters 5(3), 113{115.

1150

REAL WORLD APPLICATIONS

Application of Genetic Algorithms to the Discovery of Complex Models
for Simulation Studies in Human Genetics
Jason H. Moore, Lance W. Hahn, Marylyn D. Ritchie, Tricia A. Thornton, Bill C. White
Program in Human Genetics
Department of Molecular Physiology and Biophysics
519 Light Hall
Vanderbilt University
Nashville, TN 37232-0700
{moore, hahn, ritchie, thornton, bwhite}@phg.mc.vanderbilt.edu

Abstract
Simulation studies are useful in various
disciplines for a number of reasons including the
development
and
evaluation
of
new
computational and statistical methods. This is
particularly true in human genetics and genetic
epidemiology where new analytical methods are
needed for the detection and characterization of
disease susceptibility genes whose effects are
complex, nonlinear, and partially or solely
dependent on the effects of other genes. Despite
this need, the development of complex genetic
models that can be used to simulate data is not
always intuitive. In fact, only a few such models
have been published. In this paper, we present a
strategy for identifying complex genetic models
for simulation studies that utilizes genetic
algorithms. The genetic models used in this
study are penetrance functions that define the
probability of disease given a specific DNA
sequence variation has been inherited. We
demonstrate that the genetic algorithm approach
routinely identifies interesting and useful
penetrance functions in a human-competitve
manner.

1

INTRODUCTION

One goal of human genetics is to identify genes that
confer an increased risk of disease in certain individuals.
The identification of disease susceptibility genes has the
potential to improve human health through the
development of new prevention, diagnosis, and treatment
strategies. Although achieving this goal is an important
public health endeavor, it is not easily accomplished for
common diseases, such as essential hypertension, due to
the complex multifactorial nature of the disease (Kardia,
2000; Moore and Williams, 2002). That is, in such cases,
risk of disease is due to a complex interplay between
multiple genes and multiple environmental factors. The
identification of genes that influence risk of disease only
through complex interactions with other genes (i.e. gene-

gene interactions) and/or environmental factors (i.e. geneenvironment interactions) remains a statistical and
computational challenge (Templeton, 2000; Moore and
Williams, 2002). The statistical challenge is to consider
high-dimensional interactions without loss of degrees of
freedom while the computational challenge lies in the size
and complexity of the search space.
Gene-gene
interactions are examples of attribute interactions, a major
challenge for data mining (Freitas, 2001).
Several new methods have been developed in an attempt
to address the statistical and computational challenges of
detecting
and
characterizing
complex
disease
susceptibility genes. These methods can be classified as
either data reduction approaches or pattern recognition
approaches.
Data reduction methods such as the
multifactor dimensionality reduction or MDR approach
(Ritchie et al., 2001) seek to reduce the dimensionality of
the problem in order to facilitate exploratory data analysis
and hypothesis testing. MDR reduces multiple predictor
variables to a single variable, thereby reducing the
dimensionality of the problem. In contrast, pattern
recognition and machine learning strategies such as neural
networks (Lucek et al., 1998; Saccone et al., 1999) and
cellular automata (Moore and Hahn, 2002) consider the
full dimensionality of the data by considering patterns of
DNA sequence variations. Although these methods are
promising, the power of these approaches for identifying
gene-gene and gene-environment interactions has not
been fully evaluated. The evaluation of power is best
accomplished using simulated data.
The goal of this study was to develop a genetic algorithm
(GA) strategy for discovering complex genetic models in
the form of penetrance functions that can be used to
simulate data for the evaluation of new statistical and
computational methods. Penetrance functions define the
probability of disease given a particular combination of
DNA sequence variations has been inherited. Penetrance
functions of interest in this study exhibit gene-gene or
attribute interactions in the absence of independent main
effects. We begin in Section 2 with an overview of
genetic models in terms of penetrance functions. In
Section 3, we describe our GA approach to discovering
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complex genetic models. A summary and discussion of
the results are presented in Sections 4 and 5 respectively.
The conclusions are presented in Section 6. The results
presented in this paper demonstrate a GA strategy is
capable of routinely identifying interesting and useful
genetic models in a human-competitve manner.

2

PENETRANCE FUNCTIONS AS
GENETIC MODELS

Penetrance functions represent one approach to modeling
the relationship between genetic variations (i.e. variation
in the DNA sequence of a gene) and risk of disease.
Penetrance is simply the probability of disease given a
particular combination of genotypes. A single genotype
is determined by one allele (i.e. a specific DNA sequence
state) inherited from the mother and one allele inherited
from the father. For most genetic variations, only two
alleles (A or a) exist in the biological population.
Therefore, because the order of the alleles is unimportant,
a genotype can have one of three values: AA, Aa or aa.
Penetrance functions define the probability of disease for
all genotypes for one or more genetic variations. Once
the penetrance functions are specified, genetic data can
easily be simulated for people with the disease and for
people without the disease. For example, the penetrance
function for an autosomal recessive disease (i.e. a disease
that requires two copies of the same allele) such as cystic
fibrosis in which only one of the three genotypes leads to
disease might look like Table 1. Here, individuals who
inherit the AA or Aa genotypes have zero probability of
disease while individuals who inherit the aa genotype are
certain to have the disease. From this simple recessive
Mendelian model, data can simply be simulated by giving
affected individuals aa genotypes and unaffected
individuals AA or Aa genotypes, in proportion to their
defined population frequencies.
Table 1. Penetrance values for three genotypes from a
gene acting under an autosomal recessive disease model.
AA

Aa

aa

0

0

1

+ (0.25 * 1) = 0.25. This means that the probability of
disease given the BB genotype is 0.25, regardless of the
genotype at the other genetic variation. Similarly, the
marginal penetrance of Bb can be calculated as (0.25 * 0)
+ (0.5 * 0.5) + (0.25 * 0) = 0.25. Note that for this model,
all of the marginal penetrance values (i.e. the probability
of disease given a single genotype, independent of the
others) are equal, which indicates the absence of main
effects (i.e. the genetic variations do not independently
affect disease risk). This is true despite the table
penetrance values not being equal. Here, risk of disease is
greatly increased by inheriting exactly two high-risk
alleles (e.g. a and b are defined as high risk). Thus,
aa/BB, Aa/Bb, and AA/bb are the high-risk genotype
combinations. This model was first described by Frankel
and Schork (1996). What makes this model complex is
the absence of a main effect for either of the genetic
variations. Thus, each genetic variation only has an effect
on disease risk in the context of the other genetic
variation. Such gene-gene interactions are believed to
play an important role in determining an individual’s risk
for developing common diseases (Moore and Williams,
2002; Templeton, 2000).
Table 2. Penetrance values for combinations of
genotypes from two genes exhibiting interactions but not
main effects.
Table penetrance values
AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

0

0

1

.25

Bb (.50)

0

.50

0

.25

bb (.25)

1

0

0

.25

Margin
penetrance
values

.25

.25

.25

Table 3. Penetrance values for combinations of
genotypes from two genes exhibiting interactions but not
main effects.
Table penetrance values

More complex genetic models can be developed by
assigning disease risk to more than one genotype from
one or more genetic variations. Table 2 illustrates a
penetrance function that relates two genetic variations,
each with two alleles and three genotypes, to risk of
disease. In this example, the alleles each have a
biological population frequency of p = q = 0.5 with
genotype frequencies of p 2 for AA and BB, 2pq for Aa and
Bb, and q 2 for aa and bb, consistent with Hardy-Weinberg
equilibrium (Hartl and Clark 1997). Thus, assuming the
frequency of the AA genotype is 0.25, the frequency of Aa
is 0.5, and the frequency of aa is 0.25, then the marginal
penetrance of BB (i.e. the effect of just the BB genotype
on disease risk) can be calculated as (0.25 * 0) + (0.5 * 0)

AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

0

1

0

.50

Bb (.50)

1

0

1

.50

bb (.25)

0

1

0

.50

Margin
penetrance
values

.50

.50

.50

The gene-gene interaction model described in Table 2 was
developed by trial and error. That is, a human derived
this model by substituting various allele frequencies and
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penetrance functions until a model was found that had
attribute or gene-gene interaction effects without
independent main effects. This is one of only a few
complex genetic models that have been described in the
literature. The scarcity of complex genetic models in the
literature is primarily due to the extraordinary
combinatorial complexity of the problem, as has been
discussed by Culverhouse et al. (2002). Effectively, there
are an infinite number of possible penetrance functions
that could be developed for just two genetic variations.
Only some of these models would exhibit a complex
relationship with disease risk. The size of the search
space precludes the human-based trial and error approach
as well as exhaustive computational searches without
specific restrictions and assumptions about the allele
frequency and penetrance function values. For example,
Li and Reich (2000) enumerated every possible
penetrance function using probability values restricted to
zero and one. This yielded a manageable 29 total models.
Only one of these models exhibits interaction effects in
the absence of main effects (see Table 3). Culverhouse et
al. (2002) have also enumerated a restricted set of models.
The goal of the present study was to develop a machine
intelligence approach to discovering complex genetic
models in the form of penetrance functions. The next
section describes the GA approach we used.

3
3.1

THE GENETIC ALGORITHM
OVERVIEW OF GENETIC ALGORITHMS

Genetic algorithms have been shown to be a very
effective strategy for implementing beam searches of
rugged fitness landscapes (Goldberg, 1989). Briefly, this
is accomplished by generating a random population of
models or solutions, evaluating their ability to solve a
particular problem, selecting the best models or solutions,
and generating variability in these models by exchanging
model components among different models. The process
of selecting models and introducing variability is iterated
until an optimal model is identified or some termination
criteria are satisfied. This general procedure was inspired
by the problem solving abilities of evolution by natural
selection in biological populations.
Using similar
language, GAs operate using populations of chromosomes
(models) that undergo selection according to fitness,
reproduction, recombination, and mutation.
3.2

3.2.1

DESCRIPTION OF OUR GENETIC
ALGORITHM
SOLUTION REPRESENTATION

A solution or model consists of a set of nine penetrance
values or probabilities on the interval from zero to one in
increments of 0.001. Thus, the entire search space
consisted of 1027 possible models. Each penetrance value
represents the probability of disease given a particular
combination of two genotypes. Each of the nine real-

valued probabilities was encoded as 32 bits for a total GA
chromosome length of 288 bits.
3.2.2

FITNESS FUNCTION

Fitness was determined by maximizing the variance of the
table penetrance values (Vt ) and minimizing the variance
of the marginal penetrance values (Vm). Maximizing Vt
ensures that we identify interesting patterns of genotypes
while minimizing Vm ensures the size of the main effect
of each genotype is small. We stopped the GA when a
model satisfied both Vt ≥ 0.1 and Vm ≤ 0.0001. These
values were selected to ensure interaction effects without
main effects of each genetic variation.
3.2.3

GA PARAMETERS

Table 4 summarizes the GA parameters used in this study.
We ran the GA a total of 100,000 times with each run
consisting of a maximum of 10,000 generations.
Table 4. GA parameters.
Objective

Discover complex models

Fitness function

Vt - Vm

Number of runs

100,000

Stopping criteria

Vt ≥ 0.1 and Vm ≤ 0.0001

Population size

200

Generations

10,000

Selection

Stochastic uniform sampling

Crossover

Uniform, by variable

Crossover probability

0.60

Mutation

Gaussian

Mutation probability

0.01

3.2.4

SOFTWARE AND HARDWARE

Our GA implementation used GAlib, a C++ class library
for UNIX, Windows and Mac operating systems
(http://lancet.mit.edu/ga/). Coarse-grained parallelism,
utilizing 10 processors to perform 10 sets of 10,000 runs,
for a total of 100,000 runs, used the MPICH parallel
programming library on a 110-node Beowulf-style
parallel computing cluster running Linux.

4

RESULTS

The GA was run for a total of 100,000 times, and the best
model was saved from each. Of the 100,000 best models
discovered by the GA, there were no duplicates. Thus,
each model was unique. We first wanted to know
whether penetrance function models that have been
previously described in the literature were discovered by
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the GA. The GA -generated model illustrated in Table 5
(Vt = .154764 and Vm = .000044) is very similar to the
model shown in Table 2 while the model illustrated in
Table 6 (Vt = .21157 and Vm = .000082) is very similar to
the model shown in Table 3. Subtle variations of the
models shown in Tables 2 and 5 were discovered in 13
out of the 100,000 GA runs. Similarly, subtle variations
of the models shown in Tables 3 and 6 were discovered in
three out of the 100,000 GA runs. Thus, the GA routinely
discovered models that have been described previously.

Our second question was whether the GA routinely
generated new and interesting models. All of the models
identified by the GA exhibited gene-gene interactions
with minimal or no main effects. In fact, other than the
class of models illustrated in Tables 5 and 6, none have
been described previously in the literature.
Thus,
approximately 99,987 mo dels are unique. Tables 7-10
illustrate four of the new models discovered by the GA.
Table 8. A GA -generated model.
Table penetrance values

Table 5. GA -generated model similar to the previously
described model in Table 2.
Table penetrance values

AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

.083

.076

.964

.29

bb (.25)

.974

.544

.019

Bb (.50)

.056

.508

.085

.30

bb (.25)

.977

.098

.062

.30

Margin
penetrance
values

.51

.50

.52

Margin
penetrance
values

.30

.29

.31

BB (.25)

.967

.139

.799

.51

Bb (.50)

.057

.655

.627

.50
.52

Table 9. A GA -generated model.
Table penetrance values
AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

.017

.451

.711

.42

Bb (.50)

.520

.571

.039

.41

bb (.25)

.640

.053

.949

.43

Margin
penetrance
values

.41

.43

.42

Table 6. GA -generated model similar to the previously
described model in Table 3.
Table penetrance values
AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

.094

.905

.097

.51

Bb (.50)

.967

.097

.937

.52

bb (.25)

.027

.990

.080

.51

Margin
penetrance
values

.50

.52

.52
Table 10. A GA -generated model.
Table penetrance values
AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

.954

.256

.360

.44

Bb (.50)

.010

.731

.300

.45

bb (.25)

.801

.093

.808

.44

Margin
penetrance
values

.46

.44

.45

Table 7. A GA -generated model.
Table penetrance values
AA
(.25)

Aa
(.50)

aa
(.25)

Margin
penetrance
values

BB (.25)

.967

.314

.137

.43

Bb (.50)

.313

.312

.742

.43

bb (.25)

.129

.779

.075

.42

Margin
penetrance
values

.43

.42

.44

The model summarized in Table 7 (Vt = .106238 and Vm
= .000052) indicates that individuals with genotype
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combinations of AA/BB, Aa/bb, and aa/Bb are at highest
risk of disease while those with AA/Bb, Aa/BB, and Aa/Bb
are at intermediate risk. The remaining individuals are at
relatively low risk. This nonlinear pattern of high-risk
and low-risk genotype combinations is indicative of genegene interactions. Risk of disease is not significantly
different between single genotypes (represented by
margin penetrance values), confirming an absence of
main effects.
The models summarized in Table 8 (Vt = .140427 and Vm
= .000091), Table 9 (Vt = .110712 and Vm = .000098),
and Table 10 (Vt = .120743 and Vm = .000035) have
different nonlinear combinations of genotypes associated
with varying risk of disease. Again, none of the
genotypes in these models is associated with disease risk
independent of the other genotypes. This indicates genegene or attribute interaction in the absence of main
effects.

5

DISCUSSION

In the present work, we focused on genetic models with
just two genetic variations. However, we anticipate that
genetic models incorporating more than just two genetic
variations will be useful in simulation studies since most
common diseases are likely to be influenced by many
genes. This is evident in the study by Ritchie et al. (2001)
that identified a combination of four genetic variations
that is associated with risk of sporadic breast cancer in a
complex nonlinear manner. Our future studies will focus
on expanding the GA to search for combinations of three
or more genetic variations that exhibit attribute interaction
in the absence of main effects. Further, it will be
important to explore a range of allele frequencies as well
as methods for categorizing models into similar classes.
Human genetics is undergoing an information explosion
and a comprehension implosion. In fact, our ability to
measure genetic information, and biological information
in general, is far outpacing our ability to interpret it. As
demonstrated in this study, machine intelligence strategies
such as GAs hold promise for dealing with genetic data
that is high-dimensional and complex. However, the
present study is not the first to apply evolutionary
algorithms to a genetics problem. In fact, evolutonary
algorithms have been used to optimize data analysis
approaches in genetic epidemiology studies (Congdon et
al., 1993; Carlborg et al., 2000; Tapadar et al., 2000;
Moore and Hahn, 2002), gene expression studies (Moore
and Parker, 2001; Moore et al., 2001; Parker and Moore,
2001), and studies of gene networks (Koza et al., 2001).
We anticipate an increase in applications of GAs in the
field of human genetics as more investigations begin to
focus on the challenge of simulating and analyzing
complex, high-dimensional genetic data.

6

CONCLUSIONS

The results of this study document the utility of GAs for
the discovery of complex genetic models that can be used
for simulation studies in human genetics. In fact, our GA
discovered approximately 99,987 models that have not
been previously described in the literature. Thus, the
results are human-competitive and routine. To our
knowledge, this is the first application of a machine
intelligence approach to the discovery of complex genetic
models such as penetrance functions.
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\ npoNorqNqE]\^KNVkRkMPQ[<m

© ª8«N¬SQ®¯¬

OQPSRRUKN¢eT%Rk<TV¢EY[I_
¶QT'YZ[HfgPSÝ XYZT[eR|X%KeM'O<PSRURkYKN[<NxOK>°LTV^KNjX%KeM'O<PSRkTVUf^Yf
fkK¶RkQTLVkTFNfkKN[8jKNVx°LKeVk¸rY[Q¢°Y±RU2Ri°KnÞmSYZM4T[<fgYKN[HOQVUKNQn
TMfRUK]¢NTRL<efgYX¶VkTFfgP<±Rf½EHTjKNVUT3X<N[Q¢NY[Q¢|RkK]RkQT3RkQVUTTn
mSYM4T[<fkYZKe[<INOQOQYX>RUYZKe[<f_
\^Y±¾¿TVUT[ERxM4TRkQKSmQfjVkKeM1KeOSRkYM4YZ²F>RUYZKe[]<dNTTT[lXNVkVUYTm
KNPQRKe[ Rk<T|XPQVUVkT[eR¶mSTfkY¢N[§O<VkKeQZTM)½E°<YX~YfOQVUTfkT[ERUTm
Y[-mSTRUYY[-fkTXRUYZKe[~qQ_aÔ^[~fkYM'O<ZYZÐ<Tm§OQVUKNQTM·XKN[<fkYmSn
TVUY[Q¢ KN[<Zh¡KN[QT§Ó<K>°ßX%Ke[<mSYZRkYKN[¦VUTfkPQZRkY[Q¢¼Ke[QT-mSYM4T[Sn
fkYZKe[<KeOSRkYM4YZ²F>RkYKN[´OQVUKN<ZTM~½xTdeKNPSRkYKN[<NVkhNZ¢eKNVUY±RUQMf
Ù zL{ Ü)àZs%á3HdNT~HTT[»OQO<ZYTmºdNTVkh¹fgP<XX%TFfkfgjPQZhe_ z fkOHTn
X%YhÃRUQT-mQTV[<mSKeM4YZ²Tm¦fgRkTO fgY²T~X%Ke[eRUVkKeM4TXH[QYfgM
jKNV*TdeKNPSRkYKN[]fgRkV>RUT¢eYZTFfÙ z WQÜLà qFáShrYTmSTm|RUQTHTFfiR#VkTFfgP<±Rf
QTVkTe_ ¶QYffgOTXYNMPSRURkYKN[ÕKNOTV>RUKNV]Yf]O<VkTFfgT[eRUTm´Y[
fkTXRUYZKe[~<_Zse_
xK´XVUVkh¡RUQYf4KeOHTVURkKeVlRUK¡MPQZRkYKeSâiTX%RkYdNT-RUNfk¸Sf4[<m½
M4KNVUTK>deTVF½HP<fkTfiRUTO´fgY²TemQOSR>RUYZKe[¼Y[ÃMPQ±RUYaKNQâiTXRUYZdeT
O<OQZYXRkYKN[<flYZ[ ¢NT[<TVÚ½xRUQVUTT§NOQOQVUKeNX<Tf]NVkTRNX¸rTm
Y[)fkTX%RkYKN[~o<_sN_
Û*YZVfgRVkTFfgP<±RfXN[HT3jKNPQ[HmYZ[ fkTX%RkYKN[§£Q½e°QTVkT^fgK|Ð<VfgR
X%Ke[<X%P<fkYZKe[<f2VUT mSV°[I_)Ô^[<TKj¶RkQT-fgTZTFXRkYKN[ÕfUXQTM4TFf
Yf4VkTFX%KN¢e[QY²TmÕRkK´HT ÃdNTVkhÕO<VkKeM'YfkYZ[Q¢´O<OQVkKENXI½aRk<R
fkQKNPQm-HT|jPQVkRk<TVY[rdNTfgRkY¢eRkTFm KN[)KNRkQTV¶RkTfgRXefgTFf_

{ [QT°1NOQOQVUKeNX jKNVMlP<±RUYX%VUY±RUTVUY'mSTFfgY¢N[~KNOSn
RUYZM4Y²>RUYZKe[1YfOQVUTfkT[ERUTm³Y[6RkQT´O<NOHTV_µ¶QT
OQVUKN<ZTM·RUeX¸rZTFm§°YZRk)RUQYf^OQO<VkKENX§Yf¶RUQTqn
mSYM4T[<fkYKN[<NmSTfkYZ¢e[¹KNj8N[ºNYZVX%V>jR4°YZ[<¢<_»K
XVUVkh4RUQTlmSTVUN[<mSKNM4Y²TFm§fgRkTO fkY²T2X%Ke[eRUVkKeKNOSn
TVURkKNVjKNVTdNKeZPSRUYZKe[¹fgRkV>RUT¢NYTf4NfkK¼RUK´MlPQZRkY
XVkYZRkTVkYNOQOQYX>RUYZKe[<f½ERUQVkTT2mSY±¾¿TVUT[ERfgTZTFXRUYZKe[
fUXQTM4TFfNVkT O<VkKeOHKEfgTFm_¼¶°K¼KjRUQTMÀjÁNYZLRkK
KeSRUNYZ[¼§X%TVkRUNYZ[ÃÂePHY±Rih~KjaKePSRUXKNM4TN½QPSR8RkQT
RUQYZVm³Ke[QT¡ZTFNmQf§RkKºOQVUKNM4YfkY[Q¢ VUTfkPQZRUf_Ä¶<Yf
RUQYZVm¦fkTTX%RkYKN[¦fUXQTM4T§M4KeVkT TM4OQ<NfkY²Tf]RkQT
mSYdNTVUfkYZRihºNM'Ke[Q¢ Y[<mSYdrYmQP<f RU<[ÅRkQT¡KRUQTV
fkTTX%RkYKN[)fkXQTM4Tf_
Æ

eÇ È6É¼Ê Ë Ì³ÍÏÎ¡É¼ÇQË È
{ drY>RUYZKe[¹Y[ ¢NT[<TV¶Yf [QKRKN[<Zh¦Ke[QT)Kj8RkQTM4KEfiRYMn
OKNVkRU[ERÐHTmQfY[ Y[<mSP<fgRkVUhN½QPSR|fgKY[¼fUX%YT[<XTN_\^PQT]RUK
Rk<TM4N[rh¦OHKNRkT[eRUYN3fUdEY[Q¢EflRU<>R§NVkT)OKefUfgYQTYZ[ºRUQYf
VUTM[rh§VUTfkTNVUX<TVfajVUKNMÑfUX%YT[ERUY±ÐHX|KeVk¢E[QY²RkYKN[<f¶ef
°T3Nf4jVUKNMÒY[<mSP<fgRkVUh °KNVU¸ QTVkTKe[ OQVkKSmSPHXRkYKN[³XKefgR
M4YZ[<YZM4Y²>RUYZKe[I½Ó<Y¢NER8THdEYKNV^YZM4OQVUK>dNTM4T[ER½T%RX_|¶QYf
VUTfkPQ±Rf3Y[¼-X%KN[HfgYmSTV<ZT]YM4O<NX%R^jVUKNMµdrY>RkYKN[Ke[¼fUX%YZn
T[HX%T|Y±RfgT±jaN[<m§MN¸NTf¶YZRRkH>RYZM4OKNVkRUN[eRF_
Ô^[QT´Kj'Rk<TÕM'KEfiR VUT%jTVkT[<X%TFm1NOQOQYX>RUYZKe[<f-jVkKeMÖdrYn
RkYKN[ÄYfÕYVUXVUjR¡°Y[Q¢×mSTFfgY¢N[_Ø\^PQT RUK1RUQT³mSTdNTKNOQn
M4T[ERaKjX%KeM4OQPSRURkYKN[<NSÓ<PQYm4mShr[<M4YX2ÙÚJÛ#\|ÜM4T%RUQKSmQf½
°Y[Q¢8mQTfkYZ¢e[lYfx[<K>°emQhSfIM4KefgRkh]mSKN[<TPHfgY[Q¢|X%KNM4OQPQRkTVf½
°QYX|OQVkK>drYmSTafUX<ZT#OQVUTXYfkT[QTFfkfjKeVmSYZ¾TVkT[ERxmSTfkY¢N[
RUefg¸Sf_3TdNTVgRUQTTfUf3XKNM4OQPSRUTVf3VUT][QK>°¶Nm<hrf¶[<KR8NQT
RkKlK¾¿TVRUQT^XKNM4OQPSR>RkYKN[HQOK>°LTVRkK]XX%PQ>RUT3Q[QTTmrn
jPQ*OQVUKNOTVkRkYTfKNj °QKeZTYVUXVUjR3°Y±RURk<TlM[<m<>RkKeVkh
OQVUTXYfkYZKe[¼Y[Õ§VUTefgKe[<QTNM4KNPQ[ER2KjLRkYM'Te_¶QTVUT%jKeVkTe½
Rk<T)NYZVX%V>jR4YfmSYZdrYmSTm¹Y[eRUK´ZKe¢NYX¶O<NVgRfRk<RNVkT~Kjn
RkT[ mSTfkY¢N[QTFm§Y[<mSTOHT[<mST[ERUZhe_ { jRkTV^VkTFX%TYZdrY[Q¢4¢NKrKSm-N[<m
VUTNfkKN[HQT¶VkTFfgPQZRUfKN[RUQT^fkTdeTVSO<NVgRf½eRk<TfkTO<VkRUfLVUT

ã © ÇNÊ»ä4Ë¦ÇeåÀÌ»æÃç¶ÇSè³ÈéÉ¼æÃç¶ÉêÎ © çæ
Þb [¡RkQT-X%PQVUVkT[ER]YZ[rdNTFfiRUYZ¢E>RUYZKe[Ã~Ri°KnÞmSYZM4T[<fgYKN[HaYVkjKNY
mSTFfgY¢N[1OQVkKeQTMjKNV~drYfUX%KeP<f§Ó<K>°ëYf~XKN[<fkYmSTVUTm_·¶<T
OQVUKNQTMßmSTFfkXVkYTm YfKN[-KjRk<T^RUTfgR¶XNfkTfjVkKeMìRkQT z PQn
VUKNOT['VUTfkTVX]OQVUKâiTFXR {^zí Ô|WS {^îz _3TVUTN½ESM'KSmrn
TY[Q¢^YfUfgPQTFf#X%KN[HX%TVU[QY[Q¢|JÛ#\½TN_ ¢<_xM4Tfk'fkYZ²TN½>M4Tfk'¢NT[Qn
TV>RUYZKe[I½*P<fgTFm´M4KrmQTf½*OQVUTfUfgPQVUT XNXPQ>RkYKN[½xTRUX_)<deT
TT[ÅÐQïSTm1[<m³Ri°LK¹VkT¢NYM'TFf§KNj]Ó<K>°ëXKN[<mSYZRkYKN[Hf§<deT
TT[ÃXQKefkT[I_^¶QTfkT]VUT¢NYM4Tf3dNVkh~Y[RkQTlÓ<K>°ðO<NVUNM'Tn
RkTV3fkT%RgRUYZ[<¢ef3N[<m) fkPQY±RQT]YVkjKNYNfXKNM4OQVUKNM4YfgT|jKeV
KRkXKN[<mSYZRkYKN[Hf¶Yf¶RUK4HT]mSTFfgY¢N[<Tm_
bÞ[³X%Ke[ERkVNfgRRkK¦RUQT¼NYZVkjKNY^mSTFfgY¢N[»O<VkKeQZTM/PHfgY[Q¢ÕKN[<Zh
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KN[<TVkT¢NYM'T4KNjÓ<K>°ÄX%Ke[<mSYZRkYKN[<fÙ@fgY[Q¢NTOKNY[eRÜ½xRkQT XPQVkn
VUT[ERRUefg¸ VUTÂEPQYVUTfRk<T]OQOQYX>RUYZKe[)Kj#MlPQZRkYXVkYZRkTVkY4mST%n
X%YfkYZKe[§M¸rY[Q¢lM4T%RUQKSmQf_a¶QTVUT%jKeVkTe½e¢eT[QTRkYX^NZ¢eKNVUY±RUQMf
Nf3°LTZ#Nf3TdeKNPSRkYKN[¼fgRkV>RUT¢eYZTFf<dNTlHTT[¼PHfgTFmYZ[ÃX%KN[Qn
âiPQ[<X%RkYKN[-°Y±RU î NVkTRkK2KNOQRkYM'Y²RkYKN[§RkTX<[QYÂEPQTFf_#bÞ[~X%KN[Qn
RkVNfgR|RkK)VUTfkPQ±Rf2VkTFNmShO<VkTFfgT[eRUTmÃKN[ÃRkQT XPQVUVkT[eR|RUTfgR
XefgT¦à Q½Lo>áp½¶RkQTÃO<VM4T%RUTVUYZ²F>RUYZKe[¹KNj8RUQT¼NYZVkjKNYP<fkYZ[<¢
T²YZTVOHKeYZ[ERUfjKeVmST%RUTVUM4YZ[QY[Q¢'Rk<T]mSTfkYZ¢e[§<ef¶HTT[)YMn
OQVUK>dNTFm_x3TVUTN½NfkKNM4T¶ïrnpXKNM4OKN[QT[eRf#KjHRkQTFfgTOKNY[ERUf<deT
TT[ÃYZ[rdeKNdNTm)Y[RUQTKeOSRkYM4YZ²F>RUYZKe[ OQVUKrXTfUfY[¼Nm<mSY±RUYZKe[
RkK'RUQT2hEnpXKNM4OHKe[QT[ERf¶KjOHKeYZ[ERUf_
¶QTfkKjRi°¶VUT[<m8RUTXQ[<YXNfkPQOQOKNVkRIjKNVIRkQTÐ<Rk[QTFfkfIjPQ[<Xn
RkYKN[¡XNXPQRkYKN[ °¶Nf3OQVUK>dEYmSTFmrh)RkQT z PQVUKNOTN[ { TVkKNn
[<NPSRkYXa\^T%jT[HX%TN[<m2WrO<NXTJLKNM4O<N[rh¶ñ^}YZYZRUNVkh { YVUXVUjR
Ù zL{ \|WEnÞ}¼Ü½¿KN[<TlKjRUQT'O<VkRk[QTVUf3YZ[¼RkQT {3zLí Ô|WQ {3îLz
OQVUKâiTFXR_¶<T2Ri°LK Ó<K>°6XKN[<mQY±RUYZKe[<f3NVkTlXX%PQ>RUTm~P<fkYZ[<¢
mSYZ¾TVkT[ER^M4KSmSTf½¿[<NM4Th§RUQT'òeKN<[<fgKe[SnÞó|YZ[Q¢4M4KSmST*jKeV
Rk<T¶fkPQ<fkKN[<YXÓ<K>°1ÙÁQY¢NSnpZYZjR#RkTFfiRaXefgTÜ*[<m]RkQTòeKNQ[HfgKe[Sn
JLKeN¸rZTh¦M4KrmQTjKeVRk<T)RkV[<fkKN[QYX~Ó<K>°!ÙK>°¶npmSV¢¡RUTfgR
XefgTÜ_
¶QT|O<NVUNM'TRkTV¶fkT%RkRkY[Q¢efmQTfUX%VUYZQY[Q¢'Rk<T|Ó<K>°1XKN[<mSYZRkYKN[Hf
Y[~PHfgT2VUT|¢NYdNT[-Y[~RU<ZT4sN_
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°YZRkK2HTYZ[Q¢3; RkQTLYVgjKeYZNNVUX%nÚT[<¢Rk|M4TefgP<VkTFm8NVkKePQ[<m^Rk<T
YVkjKNYL[Hm  °LTYZ¢eeRUYZ[<¢jÁNX%RkKNVf_L>@?YflRkQ T-OQVkTFfkfkPQVUT
X%KrTÝXYZT[ERLmSYfiRUVkYQPSRUYZKe[ Kj¿Rk<T^X%P<VkVUT[ER[HmM> ?B CDFEG Rk<T

OQVUTfUfgP<VkTX%KrTÝXYZT[ERmSYfiRUVkYQPSRUYZKe[ÕKj¶RkQT RUVU¢NTRlYVgjKeYZf½
VUTfkOHTFXRkYdNTZhe_
\^PQTºRkK1RkQT VU¢NT¹XX%PQ>RUYZKe[×RUYZM4Tf¡jKeV¡RkQT»3drYTVkn
WERUKN¸NTFfafkYZMPQRkYKN[<f½NKe[Qh]Rk<TVkTFfiRUVkYXRUTm'[rPQMlTVKjseN
ÐQRU[QTfUf¶jPQ[<X%RkYKN[TdNZPH>RkYKN[Hf½QTY[Q¢ NZVUTemSh§4KR½HYf3Zn
K>°LTFm_
ÛQKeV§ÐHVUfgR-Y[rdNTfgRkY¢eRkYKN[<f½Ke[QZh Ke[QT Ó<K>°ëXKN[<mQY±RUYZKe[Å<ef
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TT[ fgRkP<mSYTmI_¹¶QYf4ZTFNmQfRUK´ONQP9RS T9U^fkYZ[<¢NT~mSYM4T[Sn
fkYZKe[<>RUTfgR*XNfkTa[<m2¶VUTmSPHX%Tm2XX%PQ>RUYZKe[8RkYM'TLKjQKNPQR
<N±j#KjxRkQT]XX%PQ>RUYZKe[§RUYZM4T|jKNVKRU~Ó<K>°1XKN[<mSYZRkYKN[Hf_
æ WÅË ålÍ³ÉÃÇSË È © ÊZY © å4è6ËÕÊ ÇEÉL[]\Òç
X
z deKNPSRkYKN[HVUh { ¢NKNVUYZRkQMfNVkTÀ[QK>°¶Nm<hrfµ°YmSTZh
fkOQVkTFNm6fiRUKSX<NfgRkYX¡KNOSRUYZM4Y²>RUYZKe[1M4TRkQKSm_¶<Th³<deT
OQVUK>dNT[-RUQTYV8OQVUeXRUYXQYZYZRih)[<mTÝ X%YT[<Xh~Y[ M[rh)KNOQn
RkYM4YZ²F>RUYZKe[RUefg¸Sf_¶Û<PQVkRkQTVkM4KNVUTN½ z{ f3VUT]QP<YZmKN[)RUQT%n
KNVUT%RUYXjPQ[<mQNM'T[ERUflRkKSmQhN½#VUTTM'O<<NfkYZ²YZ[<¢RkQTYZV4OQn
OQVUKNOQVUY>RkT[QTfUf_TdNTVkRk<TTfUfmST%RYZTFm)¸E[<K>°ZTFmS¢NT2KNPQR
O<NVUNM'TRkTVkY²Y[Q¢|Rk<TfkTM4T%Rk<Krm<fLeXX%KeVUmQYZ[Q¢eZhYfTfUfgT[ERkYÚ_
¶QYf-Xefkf§KjlNZ¢eKNVUY±RUQMf Yf-fkPQ¿mSYZdrYmSTmÅYZ[ERUK¹mSYZ¾TVkT[ER
M4T%RUQKSmQf]NXX%KeVUmSY[Q¢~RkK)RUQTVUTOQVUTfkT[ERURkYKN[I½¢NT[<T%RkYX4KNOQn
TV>RUKNVf#[<m4fkTTXRUYZKe[M4TRkQKSmQfP<fgTFm_*bÞ[RUQTOQVUTfkT[EROQn
OQYX>RUYZKe[¢NT[<T%RkYXNZ¢eKNVUY±RUQMfÙ@ { Üà £áHHdNTTT[ RkTfgRkTFm
[QTïER-RkK¦TdNKeZPSRUYZKe[³fiRUVURkT¢NYTf_×¶QT¼¢eT[QTRkYX ¢NKeVkYZRkQM
fgRkTMfÃjVUKNM,ÅXKNM4M4TVX%YmQTfkYZ¢e[×KNOSRUYZM4Y²RkYKN[×RUKrKNZn
Kï¡XNZTmÕÛ í Ô83¶b zLí * _*¶QT§¢NKeVkYZRk<M4f]YZ[<XZPHmSTm´Y[
Û í Ô83¶b zí NVkT§O<VM4T%RUTVUYZ²TmÃRkK¡fgKeZdeT§mSTFfgY¢N[ÕOQVUKNQn
TMfY['¢eT[QTVUN@_*¶QTP<fkTVYfa<ZT¶RUK]X<[Q¢eT¶<NfkYX¶fgRkV>Rkn
T¢eh¼O<NVUNM4T%RkTVUf|Y[¡RkQT§¢NVOQQYXNP<fkTV]Y[ERkTVkjÁNXTKj¶Rk<T
Û í Ô83¶b zí RUKEKe@½NRkK2VUTXTYdNT¶mSY±¾¿TVUT[EROTVkjKNVUM[<XTf*jKeV
Rk<T§OQVUKNQTM!PQ[<mQTV'YZ[rdNTFfiRUYZ¢E>RUYZKe[I_ ÛQKeV' { flRk<TfkT§O<n
VM4T%RUTVfNVkT
^ OKNOQP<RkYKN[)fgY²Te½
^ MPSRURkYKN[)OQVUKN<NQYZYZRihN½S[<m
^ VUTXKNMl<YZ[<RkYKN[§RihEOT
M4Ke[Q¢4KRk<TVf½r°QYXVUT^[QKNRRk<RYZ[QÓ<PQT[ERUYN@_
¶QT TfgRlVUTfkPQZR2jKNV2RUQT§fkYZ[Q¢eZTnÚKeSâiTX%RkYdNT4K>°¶npmSV¢~RUTfgR
XefgT4<ef8HTT[Õ~dNZP<TKj^s _ oeKo SsFa `Qb_ ¶QYf|VUTfkPQZR2°ef
X%KeM4OQPSRkTFm4P<fkYZ[Q¢|RUQT3[<T° YVgjKeYZQOHVM4T%RUTVUYZ²F>RkYKN['M4T[Sn
RkYKN[<Tm¼NHK>deT-Ù@X%KNM4O<NVkTqNÜ^[Hm¼X%KePQm¼TYM4OQVUK>dNTm P<fin
Y[Q¢³TdeKNPSRkYKN[ðfgRkV>RUT¢NYTf_ TFfiR¼VUTfkPQZRUfÃX%KNP<m6T KNQn
RUNYZ[<Tm~°Y±RU z W§P<fgY[Q¢4RUQT]mSTV[HmSKNM4Y²Tm~fgRkTO)fkYZ²T]X%KN[Qn
RkVUKNM4TFX<[QYfkMßjVkKeM Ô8fgRkTVUM4TYTVTR3Ú_¶à >áp_
cedCf gihjlk A gnmporq  hgts ¤ h ù suq  h
ô m A ¤ jMmpv
¶QT M4TFX<[QYfkM KNjmQTV[<mSKeM4YZ²Tm´fiRUTO¦fkYZ²T§X%Ke[ERkVUKNaY[
TdeKNPSRkYKN[ fgRkV>RUT¢eYZTFf3ÙÁ\ z W<Ü<efaTT[-OQVUK>dNT['RUKlT3dNTVkh
fkP<XXTfUfijPQÚ½<OHVkRkYX%PQVUZh§YZ[Y[<mSP<fgRkVUYNOQOQYX>RkYKN[Hf°Y±RU
V
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Ù orÜ
z fUfkT[ERkYZhe½xTFÂEP<>RUYZKe[³ÙisFÜlXNOSRkPQVUTf2RkQT-QYfgRkKeVkh¡Kj3fkP<X%n
X%TFfkfgjPQMPSRURkYKN[<frh l°TY¢NERUTm§fkPQM·KNjIRk<D T8MPSRURkYKN[<f
fkTTXRUTm¼YZ[¡OQVUTX%TFmSY[Q¢-¢eT[QTVURkYKN[<fÙYÚ_ Te_Z½Æ Å ` * Ü^[<m¼Rk<T
MlPQRU>RUYZKe[¦dNTFXRUKNVÝÆ Å Î KjRUQT-fkTTX%RkTFmÕO<VUT[ER'YZ[<mQYZdrYmSP<
Ù[<KRkYX%TaRk<RRk<TaM4T%Rk<KrmlOQOQYTf¿RUKlÙise½ ÉÜpnÞfiRUVURkT¢NYTf½YÚ_ Te_Z½
Æ Å Î Yf8RUQT4MlPSR>RUYZKe[ÃdeTXRUKNV8KjLRkQTfkYZ[Q¢eZT4TfgR2K¾fgOQVUY[Q¢
Y[<D mSYdEYmSP<NxO<VkKSmSP<XTmY[¼¢eT[QTVURkYKNZ[ Þ'þ»sFÜ_|¶QTdNTX%RkKeV
Æ Å Yf*RUQT[4P<fkTmlRkK|PQO¿mQRkT¶HKNRk48¢NKN<NrfgRkTO'fkY²ÁT È§N[<m
Y[<mSYdEYmSP<NfgRkTO§fkYZ²T6f È  eXXKNVmSYZ[<¢|RkK]TFÂePH>RkYKN[Hf3Ù@qeÜaN[<m
ÙÁEÜ_
z ÂEP<RkYKN[ÕÙorÜ¶RUQT[¼mQT[QKNRkTfRkQT¢NT[QTV>RUYZKe[~KNjK¾fgOQVUY[Q¢
Y[<mSYdEYmSP<NfljVUKNM!RkQT)fkYZ[Q¢eZT§O<VUT[ER~ÙÁ°Y±RU¹XKNM4OHKe[QT[ERf
0 Î Ü)Y[× °¶h1fkYZM4YNVRkK»RUQT fgRUN[<mQVm z W1MlPQRU>RUYZKe[
M4TX<N[QYfgMÒP<fkYZ[QO
¢ È Ï N[<¦
m È Ï _ìJLKe[<X%TVk[QY[Q¢´RUQTÃXQKeYXT
KjRk<T [QT°ìTVU[QY[Q¢V>RkTF£f Ë>½ ßa½*N[<Ý
m ß Ï ½xKRU´RkQTKNVUT%Rkn
YX[<m´TM4OQYZVUYXVU¢NPQM4T[eRflNVkT¢eYZdeT[ÕY[³à áLjKeV]Rk<T
fkT%RgRUYZ[<¢eÁf Ëà&ðs  Õ Ç½ ßá&ðs  Õ Ç½ ß Ï &×'s Ç_
Û*YZ¢ePQVUT2s3fg<K>°fo]VUPQ[<fKNjÙgs Í seÜÞn z WP<fgY[Q¢2RUQYfa¸rYZ[Hm4Kj
fgRkTO)fkYZ²T8XKN[ERkVUKN¿>jRUTVRkQT2X<N[Q¢NT^KjxRkQT2YVkjKNYHO<NVUNM'n
T%RUTVUYZ²F>RUYZKe[ºNZVUTemSh¦M4T[ERkYKN[<TmºYZ[»fkTX%RkYKN[»q ÙÁX%KeM4O<VUT
à Q½<oNáÜ%_¶QT]TfgR8fkKNPSRkYKN[ fkK4jÁV8X%KePQm)TlYM4OQVUK>dNTm~Y[
EoVkP<[<f_*¶QYfxfkQK>°f½RU<>RxRkQTmSTV[HmSKNM4Y²Tm2fgRkTOlfkYZ²T
X%Ke[ERkVUKNM'TFX<[<YfkMÄYf¶]deTVUhfgP<XX%TFfkfgjPQ¿M4T%Rk<Krm jKNVRk<T
¢NYdNT['NOQOQYX>RUYZKe[I_*¶<TVUT%jKNVUTN½RkQTP<fU¢eT¶KjRkQYfaM4T%RUQKSm
fkQKNPQm§NfkKlT|X%KN[ERUYZ[rPQTFmKNV¶>R¶ZTFNfgRLRUVkYTm§KN[RUQT|MlPQZRkY
KNQâiTXRUYZdeT8RkTfgR3XefgTe_
0 Ï &

(1+10)-DES for Airfoil Optimization
0.1
Best before
run 1
run 2
run 3
run 4

0.01

Fitness

KN[<Zh³¹VkTFfiRUVkYXRUTm»[rPQMHTVKj]Ð<Rk[QTFfkf-jPQ[<X%RkYKN[6Td>P<n
RkYKN[Hf_
bÞ[X%Ke[eRUVUefiR¶RUK4RkQT]fgRUN[<mQVm~fiRUTO fkYZ²T|emQOQRU>RUYZKe[§RUTXSn
[QYÂEPQTjVUKNM z W¿½NRkQT3mQTV[<mSKeM4YZ²Tm4MlPQRU>RUYZKe[<HfiRUTO fkYZ²T
X%Ke[ERkVUKNrNXXPQMlP<RkTf*Y[SjKNVUM>RUYZKe[KNPQR*RUQTfgTZTFXRUTmYZ[Sn
mSYdrYmSPH5 Ä f3MlPSR>RkYKN[)deTXRUKNXV Æ Å K>dNTV¶RUQTXKNPQVfkT8KNjTdNKeZPQn
RkYKN[¡rh¼Nm<mSYZ[<¢-PQOÃRk<T fgP<XX%TFfkfgjPQ#MlPSR>RUYZKe[<f_4¶QTPQn
Rk<KNVfX%YM×RkH>RRk<TM4T%Rk<Krm'T[<QTf^VUTYQTNmQNOSRUn
RkYKN[¼KjYZ[HmSYZdrYmSP<N*fgRkTO fgY²TFflÙYÚ_ TN_Q½ ÇÕmSYZ¾¿TVUT[ER8fgRUN[<mQVm
mSTdEY>RUYZKe[<f È  Ü'TdeT[ Y[ fgMOKNOQPQ>RUYZKe[<f½[<NM'TZhe½Y[
Ùise½ ÉÜpnÞfgRkV>RkT¢NYTf§°Y±RUÊ
 É& sÕY[»RUQT¼TïrOTVUYM'T[ERUf-VkTn
OKNVkRkTmI_l¶QT4OQVUKNOKefkTmM4T%RUQKSm¼PQRkYZY²TFf2§deTXRUKNnV Æ Å D Kj
NXX%PQMPQ>RkTFm4MlPSR>RUYZKe[<fefa°THNfYZ[HmSYZdrYmSP<NHfgRkTO-fgY²TFf
È  [<m~'¢NKN<NIfiRUTOfgY²£
T È¡NXX%KNVmSY[Q¢RkKà 5á %

0.001

0.0001
0

20

40

60

80

100

Û*YZ¢ePQVUT8s %xo|VUPQ[<fKNj¿Ùgs Í ÉHÜÞnp\ z WY[X%KNM4O<NVkYfkKN[RkK|Rk<T
TfgRVkTFfgPQZRfgK'jÁNV]ÙQKeVkY²Ke[eRYZ[<TFÜ
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\^PQTRkK]RkQTYZVLOHKeOQPQ>RkYKN[QnÚ<efgTFmNOQOQVUKeeXI½ z{ faVUTdNTVkh
QO VUKNM4YfgY[Q¢'M'TRkQKSmQfYZj*M4KeVkT3Rk<N[-Ke[QT^d>NZPQT8RUK'mSTFfkXVkYT
Rk<T¹ÂEP<YZRih6KNj [×Y[<mSYdrYmSPH'YfÃVkTFÂEPQYZVUTmI_ ¶QT¦Ð<VfgR
K>dNTVkdrYT°1KN[MlP<±RUY*XVkYZRkTVkYmSTXYfkYKN[M¸rY[Q¢ P<fkYZ[<¢ z{ f
°¶Nf-¢NYdNT[1rh³ÛQKN[HfgTFX N[<mÅÛ*TM4Y[Q¢¹Y[ì(s ååE£»àÿFáp_·bÞ[
Rk<TjKNZK>°Y[Q¢~RkTïrR½*RkQTYZVmST%Ð<[<Y±RUYZKe[<flXKN[<XTVU[QYZ[<¢)mQKNM4Y±n
[<N[<X%Te½ î VUT%RkKNnÚKeOSRkYMY±Rihe½ î NVkTRkKnÞfkT%RUf½HN[<mnÚjVUKN[ERUf8VUT
P<fkTm_¶QTRkTVU"
M æÁTR-çFèPéêRP9N¶èaYfemQmSYZRkYKN[<NZh4mST%Ð<[<Tm ef
Rk<T]fgTRKjx[<KN[SnÞmSKNM4Y[<>RUTm-YZ[HmSYZdrYmSP<Nf_
TïrR RkK»RUQT mSTÐ<[QYZRkYKN[ðKNj î NVkTRkKNnpmSKeM4YZ[<N[<X%TÃT%RX_^N[
VXQYdNTRUK¡fgRkKeVkT RkQT~YZ[HmSYZdrYmSP<Nf½aTN_ ¢<_´[QKe[SnÞmSKNM4Y[<>RUTm
KN[<Tf½HK>deTV^§[rPQMlTV8Kja¢eT[QTVURkYKN[<fO<hSf8[QKNRkQTV3YMn
OKNVkRU[ER VUKNT´YZ[×}P<±RUY4Ô^SâiTFXRkYdNT z dNKNPSRUYZKe[<VUh { ¢NKNn
VUY±RUQMfÃÙ@}ÃÔ z{ fUÜ%_ ¶QYf-NVUX<YZdeT¢NYdNTf RkQT¡¢NKeVkYZRkQM
Rk<T]X<[<XT3RUKX%KNM4O<NVkT|X%P<VkVUT[ERfgKeZPQRkYKN[<fLRkK4KemSTV[QKN[Qn
mSKeM'Y[<RkTm¦KN[QTFfl[Hm¦fgTZTFXR]RUQTfkT§KemQTVlY[<mSYdrYmQP<f½YZj
Rk<T8XQKEfgT[-fkTTX%RkYKN[ M4TXH[QYfgM·mQKETFf[<KR¶Ð<[<m-lT%RkRkTV
KN[<TYZ[´RUQT§X%P<VkVUT[ER2OHKeOQPQ>RUYZKe[I_ í KNPQ¢eQZhe½IRUQYfVXQYdNT
YM'O<ZTM'T[ERUfÕ1¸EY[<m Kj~OQZPHf¡fgRkV>RUT¢ehÏjVkKeM,TdNKeZPQRkYKN[
fgRkV>RkT¢NYTfl[QKNM4T[HX%>RkP<VkTe½#RU¸rY[Q¢¼[<KR4KN[Qh¡RkQT)X%PQVUVUT[ER
K¾fkOQVkY[Q¢OKNOQP<RkYKN[2Y[eRUK3NXX%KePQ[ERjKNVRUQTfkTTXRUYZKe[]fiRUTOI½
QPSR#fgKY[<mSYdrYmQP<fIjVUKNM6OQVUTXTmSY[Q¢¢eT[QTVURkYKN[<f_bÞ[2Rk<T
XefgT8Kj*P<fkYZ[Q¢NVUXQYdNTFf½E[QKNR¶Ke[QhO<VUT[ERUf¶NVkT^RUN¸NT[-YZ[ERUK
NXX%KePQ[ER½QQPQR^Y[<mSYdrYmSPHf¶jVkKeMÑRUQT]°QKeZT2<YfgRkKeVkh-Kj
Rk<TX%PQVUVkT[ER#TdNKeZPSRUYZKe[O<VkKSX%TFfkfÂEP<NZYZÐ<TFmljKeV#RkQTY[<XKNVUOHKNn
V>RkYKN[~Y[-RUQT]VXQYdNTe½eTe_ ¢H_Eh§HTYZ[Q¢[<KN[SnÞmSKNM4Y[<>RUTm_
î VUKN<ZTM4fRk<R^VUYfkT|jVUKNMÑPHfgY[Q¢§NVUXQYdNTFfVUT|RkQTl[EP<Mn
TVKj|Y[<mSYdEYmSP<NffgRkKeVkTFm Y[¹RkQYf VXQYdNTe_¹TVkTe½L[<T°
M4T%RUQKSmQf#jKNVLfgTZTFXRkY[Q¢2Y[<mSYdrYmSPHf#RkK2TfiRUKNVUTm'[<m4NfkK
RkKÕT mSTZTRkTm¹jVUKNM RUQT VXQYdNTVUT~YZ[»mSYfkXP<fUfgYKN[Ïà áÚ_
{ [<KRk<TV2OQVUKNQTMëNVkYfkTf8°QT[¡P<fkYZ[<¢)fgRkTO¡fkY²T4NmQNOSRUn
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RkYKN[_*ÛHZY[Q¢8<NX¸8RkK8KNmSTVxY[<mSYdrYmSPHfjVUKNMÏRUQTVXQYdNT
X%KePQmZTFNm RkK§VUTO<eX%Y[Q¢ ¢NKrKSm fgRkTOÃfkYZ²Tf^YZ[¼RkQT4X%PQVUVUT[ER
Y[<mSYdEYmSP<Nf^[<m)M4KeVkTK>dNTVRUKjKNVU¢NTRP<fgTjPQ*YZ[SjKeVkMRkYKN[
¢eNYZ[<Tm¡jVUKNM RkQT-TdNKeZPQRkYKN[ÕOQVUKSX%TfUf_ ¶QYfYf2Rk<T§MY[
VUTNfkKN[½S°Eh§RkQTVkTl[QKNVUMZh Yf[<K fiRUTO fkYZ²T]NmQNOSRURkYKN[
Y[)}¡Ô z{ f_
Ô^PQV¡OQOQVUKeeXÅRUK1mSTF°Y±RUðRkQTºYVgjKeYZlKNOSRUYZM4Y²>RUYZKe[
OQVUKNQTM5RUQTVUT%jKeVkT4mSKrTf8[QKNR2P<fgT4[´VXQYdNTe_]K)YZ[QjKNVkn
M>RUYZKe[I½HTïQX%TOQRjKNV3RkQTO<VUT[ER3Y[<mSYdrYmSPH*Yf^XVUVUYZTFm-Ke[
Y[eRUK'RkQT2[QTïrR¢NT[<TV>RkYKN[_
ë/dCf

A ì v¬h ù kljXh A ¤ o¯íiv ¤ qpm 9] h ô ¤ qîXh
seq á
gih£s

WrY[<X%T¶RUQT3fkYZ[<¢NTKeSâiTX%RkYdNT¶dNTVUfkYKN['KjRkQT\ z W'O<OQVkKENX
< ef]TT[¹fgP<XX%TFfkfgjPQZh´OQO<ZYTm¡RUKRkQT~fgY[Q¢eZT OKNY[ERYVkn
jKNY^mQTfkYZ¢e[ºO<VkKeQZTM)½¶¡RUVUN[<fgjKNVUM4RkYKN[ºP<fkYZ[Q¢´RUQYf§OQn
OQVUKeeX¼jKeV]MlPQZRkYZnpKNSâiTFXRkYdNT mQTfkYZ¢e[¦fgTTM4Tm´ÂEPQYZRkT [<RkPSn
VÚ_*¶QTVkTjKNVUTN½E2ZKNRLKNjmSY±¾¿TVUT[ER¶fgPQQâiTXRUYZdeTf<dNT¶RUKlT
RUN¸NT[-Y[ERkKNXX%KNP<[eRF½STfkOHTFX%YZ{h %
^ Ô^[QTfgY[Q¢NT2O<NVkT[eR^<Nf¶RUK TXQKEfgT[-jVUKNM OKNOQPSn

>RUYZKe[§VUTfkOHTFXRkY[Q¢mSYZ¾TVkT[eRN[<m§fkKNM4T%RUYZM4TFfX%KN[Qn
Ó<YXRUYZ[<¢4ÐQRk[QTFfkfjP<[<XRUYZKe[dNZP<Tf_
^ ¶QT fgRkV>RUT¢ehMlP<fgR][QKR2jKSXP<f2Y[´NOQOQVUKeeXQYZ[<¢§KN[<T
fkYZ[<¢NT¢NKN<N<KeOSRkYMlPQMÄQPQRRk<T^°QKeZT î VUT%RkKNn@jVUKN[ER
KNj*[QKe[SnÞmSKNM4Y[<>RUTm-YZ[<mQYZdrYmSP<f_
WrTZTFXRkY[Q¢'KN[QT^YZ[HmSYZdrYmSP<NHjVUKNM·fgTRKNjY[<mSYdEYmSP<NfTFNX
<drY[Q¢-M4KeVkTRk<N[ÃKe[QT'ÐQRk[<TfUf3jP<[<XRUYZKe[¡d>NZPQT4Yf|YZ[ÃRk<T
T[Hm¼Ke[QZh ~fkOHTFX%YXefgTKjfkTTX%RkY[Q¢)§[QT°×OKNOQPQ>RUYZKe[
Y[¦}ÃÔ z{ f_~¶QTÐ<VfiRlfgRkTOÕYZ[´RUQT§fkTTX%RkYKN[ÕfkX<TM4TYf
M4KefgR-X%TNV½¶YZj2RkQT î VUT%RUK´XKN[<XTOSRf§NVkT NOQOQYZTFm_×bpj
Rk<TVUT YfKN[<T§[<m¦KN[QhÃKe[QT [QKe[SnÞmSKNM4Y[<>RUTm´Y[<mSYdEYmSP<N@½
fkTTXR-RkQYf-KN[QTjKeV-TXKNM4Y[Q¢ÕRk<TÃO<NVkT[ER§Kj2RUQT¼[QTïrR
¢NT[QTV>RUYZKe[I_
bpjRk<TVUT§Yfl[QKNRKe[QZh¡KN[<T§[QKe[SnpmQKNM4YZ[H>RkTFm´YZ[HmSYZdrYmSP<NLY[
Rk<TÕOHKeOQPQ>RkYKN[½3RUQTVUT´MlP<fgR HT´M4KNVUTÃRk<N[6Ke[QT´[QKN[Qn
mSKeM'Y[<RkTm Y[<mSYdrYmQP<f_Ï\^PQTRkK¦fkKNM4TKN¢eYX3XKN[<fkYmSn
TV>RUYZKe[<fRkQT|XefgT^Rk<RLRUQTVUT8Yf[QK'[QKN[QnpmSKeM4YZ[<RkTFmYZ[HmSY±n
drYmQP<Yf[QKNR¶OKefUfkYZQTN_
ÛQKeV'RkQTXefgT-°Y±RU¹M4KeVkT-Rk<N[ Ke[QT-[<KN[SnÞmSKNM4Y[<>RUTm YZ[Sn
mSYdrYmSPHf½*jPQVkRkQTV'NOQOQVUKeeXQTf2NVkT OKefUfkYZQTN_ÃÔ^[<T§OKefgn
fkYZQYY±Rihe½°<YXÃ°efRUVkYTmY[ RUQT4X%PQVUVkT[ER^Y[EdeTfgRkY¢eRkYKN[<f½
Yf8RkK XQKrKefkTRkQTY[<mSYdrYmSPHÚ½°QYXÕmSKNM4Y[<>RUTf|M4KefgR2Kj
Rk<T2KRk<TV¶KN[QTFf_ { [QKRUQTVfkTTX%RkYKN[)fkXQTM4T8°KNP<m-HT8RUK
fkTTXRlRkQT-YZ[<mQYZdrYmSP<L[QT%ïrR]RUK RUQT KNVUY¢NY[¡KNj¶RkQT§ÐQRk[QTFfkf
jPQ[<X%RkYKN[6fgO<eX%Te½¶RkQTÃ¢NKN<N3KNOQRkYMlPQMÒjKNV~KRk³ÐQRk[QTFfkf
jPQ[<X%RkYKN[¹dNZP<TfYZ[ RkQYf4fgOTXYNLVUTmSTFfgY¢N[´RUTfgR4XNfkTN_¡bÞ[
jÁNX%RRUQYf4¢NKN<NLKeOSRkYMlPQM VUTMNYZ[<fPQ[QVUTeX<<ZT-Y±j|mSY±jn
jTVUT[ER|RUNVk¢eT%R]YVkjKNYf2NVkT4X%Ke[<fgYmSTVkTFm_ { [QKNRkQTVlfkX<TM4T
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RkTFfiRUTmYfRUQT3fkTTX%RkYKN[Kj¿RUQT3Y[<mSYdrYmSPH<°YZRk RkQT^¢NVUT>Rkn
TfgRmSYfgRUN[<X%TRkK3RkQTKRUQTV*YZ[HmSYZdrYmSP<Nf*Y[2RkQTLÐQRU[QTfUfxjPQ[<Xn
RkYKN[¡fgOHNX%Te_ { ¢EY[I½mSYZ¾TVkT[eR]fgRkV>RUT¢NYTf8XN[ T4NOQOQYZTFm
QTVkT % X%KeM'OHVUYZ[Q¢¦RkQTÃÐQRk[<TfUf§RUKºNZ8KRUQTV~Y[<mSYdEYmSP<Nf
KNV|RUK)RkQTY[<mSYdrYmQP<f2KN[ÃRk<T§fkNM4T'TdeTÚ½Te_ ¢H_ a[QKN[Qn
mSKeM'Y[<RkTm~Y[<mSYdrYmSPHf½<NZYZ[<mQYZdrYmSP<fmSKeM4YZ[<RkY[Q¢4Rk<T
fUM4T|[EP<MlTVKj#KRUQTVY[<mSYdrYmQP<f[<m)fkK4KN[I_
c OÃRkK)[QK>° #RkQT'jKNVUMlP<RkYKN[<f|[Hm¼fkOHTFX%YZÐHXRkYKN[<f8jKeV
Rk<T'[<T°×M4T%RUQKSm¼KNjMlP<±RUYKNSâiTFXRkYdNT'\ z W <KNmjKNV8Ri°K
XefgTFf % { XKNM4M¦fiRUVURkT¢Nh¹ef°T8ef4RkQTÃTY±RUYfgR-O<ZP<f
fgRkV>RkT¢Nhe_§\3P<TRkK HVm¼VUTfgRkVUYX%RkYKN[<flX%KN[HX%TVU[QY[Q¢~RkQT-Zn
K>°LÍ TFm^[rPQMHTVKNjEÐ<Rk[QTFfkfIjPQ[<XRUYZKe[2Td>P<RkYKN[<f½RUQTTZYZRkYfgR
Ùis sEÜpnÞ\ z W]YfP<fkTm_aJLKNMQY[QTm'°YZRk4Rk<TXQKNYX%TKNjHRUQYf
fkTTXRUYZKe[ÕfkXQTM4TYf]RkQT <KNOTN½xRk<RlY±ROHTVgjKeVkMf2T%RkRkTV
RkH[-RkQT]XKNM4MfgRkV>RUT¢Nhe½rHTFXPHfgT|KN[<Zh YM4OQVUK>dNTM4T[eRf
°YZRklVUTfkOTXR*RkK3RkQTfkTTX%RkYKN[]M4TXH[QYfgMÏY[lP<fkT¶VUTOKefgn
fkYZQTN_
Ô^[QT¼mQVU°<eX¸ÕKj|Rk<T¼OQO<ZYTmºRUTXQ[QYÂEPQTf§Yf Rk<R Rk<T
fkPQM KjmSYZ¾TVkT[ER~Ð<Rk[QTFfkf~jPQ[HXRkYKN[Ïd>PQTFfX[6TX%KeM4T
°KNVfgT|Y[)jKNZK>°Y[Q¢¢NT[QTV>RUYZKe[<f_L¶QYfM4YZ¢eER3<O<OHT[I½HYZj
KN[<T8[<KN[SnÞmSKNM4Y[<>RUTm§YZ[<mQYZdrYmSP<YffkTTXRUTm~mSPQT8RkK4KNRkQTV
fkTTXRUYZKe[ fkX<TM4Tf½HTe_ ¢H_Rk<TmSYfiR[<XT]RUKRkQTKRUQTV8[QKN[Qn
mSKeM'Y[<RkTm~Y[<mSYdrYmSPHf_
bÞ[ÏRk<T X%PQVUVUT[ER YZ[rdeTfgRkY¢e>RUYZKe[I½|Rk<TÕjKNZK>°Y[Q¢³fkTTX%RkYKN[
fUXQTM4Tf¶HdNT8HTT[X%KeM'OHVUTm¨%
s ¨F*ur¥¦u fQï bpj#M4KNVUT^RU<[)Ke[QT2[QKN[QnpmSKeM4YZ[<RkTFm§Y[<mSYdrYmrn

P<NrYfxYZ[lRkQT¶OKNOQP<RkYKN[I½RUQTL[rPQMHTVxKNj<Y[<mSYdEYmSP<Nf
mSKeM4YZ[<RkTFmÃYf|R¸NT[ÃY[ERkK eXX%KePQ[ER_bpjRkQTVkTYf|KN[<T
Y[<mSYdrYmSPHQ°YZRk48M4ïSYZMPQMv[rPQMHTVKjmQKNM4YZ[H>RkTFm
Y[<mSYdrYmSPHf½ERk<YfKN[<T3YfX<KefkT[RUKlTX%KeM4T3RUQT^OHVkn
T[eRLKjRk<T[QT%ïrR¢NT[<TV>RkYKN[_bpjRk<TVUT3VUTM4KNVUTRk<N[
Ke[QT3°YZRkRUQT|fkNM'T3M4ïSYZMPQMÄ[EP<MlTVKjIY[<mSYdEYmSPSn
Nf*mSKNM4Y[<>RUTm½FRUQTmQYfgRUN[<X%TRkKRUQTKNVUYZ¢eYZ[2KNjSRkQTLÐQRgn
[QTFfkfjPQ[<XRUYZKe[ fgOHNX%T|Yf¶RUN¸NT[~Y[ERkK eXX%KePQ[ER_bÞ[)RUQYf
fkOHTFX%YXNfkTN½rRUQT2YZ[HmSYZdrYmSP<NI°Y±RU~RkQT]fkMZTFfiRmSYfin
R[<XTlRUK Rk<TKeVkY¢NY[I½¿°QYX Yf^RUQT¢eZKe<*KNOQRkYMlPQM
mSP<T2RkKÐ<Rk[QTFfkf¶jP<[<XRUYZKe[jKNVUMlPQ>RUYZKe[I½QYf3fkTTX%RkTm-RUK
TXKNM4T|RkQT2OHVUT[ERKNjxRUQT2[QTïER¢eT[QTVURkYKN[I_
u ð ï ¶QYffkTTX%RkYKN[]fUXQTM4TaYffkYM'YVIRUK^WSXQTM4T
s ¨F*ur¥¦á
s]O<VkTFfgT[eRUTm)K>dNTe½QQPSR^YZ[<fgRkTFNm)KNj*RUQTmQYfgRUN[<X%T|RUK
RUQT]KNVUY¢NY[I½SRk<T]mSYfgRUN[<X%T]RkKKRUQTV3YZ[<mQYZdrYmSP<f¶jVUKNM
RUQT¶OHKeOQPQ>RkYKN[<NfxTT[RUN¸NT[]YZ[ERUK8eXX%KePQ[ER_*}KNVUT
OQVUTXYfkThN½*RUQT-Y[<mSYdrYmQP<fl°YZRk RkQT)fUM4T [rPQMlTV
KNjmSKNM4Y[<>RUTm»Y[<mSYdrYmQP<f)VUTÃX%KeM4O<VUTmºRUK¹TFNX
KNRkQTV_Å¶<TVUT%jKNVUT-RkQT¼mQYfgRUN[<X%T)Kj|KN[<TYZ[<mQYZdrYmSP<
RUK¼RUQT-KNRkQTVKe[QTfYfXX%PQ>RUTm N[<m¦emQmSTmI_´¶<T
Ke[QT2°Y±RU~RkQT]¢eVkTF>RUTfgRfkPQM)½SRUEPHf¶RkQT2Ke[QT2°YZRk)Rk<T
¢eVkTF>RkTFfiRfkPQMvKNjmSYfiR[<XTf*RUK^RUQTKRUQTVY[<mSYdrYmQP<f½
Yf-fkTTX%RkTFm³[<m³HTFX%KNM4TFfRk<T¼O<NVkT[eR~Kj2RUQT¼[QTïrR
¢eT[QTVURkYKN[I_
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s ¨F*ur¥¦u ceï bÞ[4RUQTRk<YZVmfgTZTFXRUYZKe[ fkXQTM4TYZ[rdNTFfiRUYZ¢E>RUTm

Q TVkTe½NRUQT|fgTFX%KN[HmX%VUY±RUTVUY|jVUKNMßfUXQTM4T^qQ½ERkQT^[EP<Mn
TVKNjxY[<mSYdrYmSPHfmSKNM4Y[<>RUTm½SYfKeM'YZRgRUTm_bpj#M4KNVUT
RU<[-KN[QT8[QKN[QnpmSKeM4YZ[<RkTFmYZ[HmSYZdrYmSP<NYfLYZ[-Rk<T^OKNOSn
PQ>RUYZKe[I½RUQT3Ke[QT°YZRkRUQT¢NVUTRkTFfiRmSYfgRU[HX%TM4Ke[Q¢
NZ[QKN[QnpmSKeM4YZ[<RkTFmfgKeZPSRUYZKe[<fLYffgTZTFXRUTm4RUKlTX%KeM4T
RUQT2O<VUT[ERKj*Rk<T][QT%ïrR¢eT[QTVURkYKN[I_¶QTVkTjKNVUTN½rRk<T
mSYfgRU[HX%T2Kj*TeX-[QKe[SnÞmSKNM4Y[<>RUTm-YZ[<mQYZdrYmSP<IRkK4Rk<T
KNRkQTVKe[QTfLYfXX%P<RkTm§[<m~NmQmQTm§fkYM'YVUZhNfY[
fkTTX%RkYKN[)fkXQTM4T2qQ_
ñ ÊºæÃçÍ³åLÉ¦ç
ÛQKeV|TNX¼KjRUQT4OQVUTfkT[ERkTFm fgTZTFXRUYZKe[ÃfUXQTM4Tf½ImSYZ¾TVkT[ER
KNOQRkYM'Y²RkYKN[VUPQ[<fHdNTTT[§OHTVgjKeVkM4TmI_ z NX4Kj¿Rk<TfkT
VUPQ[<f'X[ HT~X%KNM4O<NVkTFm¡RkKÃKN[QT~[QKNRkQTVlrh¡RkQT~VkTFfgP<±Rf
NX<YZTdNTmI_¦}KefgRYZM4OKNVkRU[ER'jKNV'Rk<T)XKNM4O<NVkYfgKe[ÕKj8VkTn
fkPQ±RfYfRkQT2KeSRUNYZ[QTFm î NVkTRkKNn@jVUKN[ER_
î VUYKNV-RkKºRkQTFfgT z W³VUTfkPQZRUf½3Ð<¢ePQVUTÕq OQVUTfkT[ERUf-RUQTÕ¢NTn
KNM4TRkVUhÃKeSRUNYZ[QTFm´°Y±RU´RkQT-MlPQZRkYKNQâiTXRUYZdeT§ { Y[ÕRk<T
Û í Ô83¶b zí RkKrKNÚ_5¶QT¡RkQYX¸ÅfkKNYm1ZY[QTÕmST[QKRUTf~Rk<T
TfgRT[<¢NY[QTTVkY[Q¢¢NTKNM4T%RUVkhe_¶QT§fkhEMHKeflOQVUTfkT[ER]Rk<T
T²YZTV¶XKN[ERkVUKN¿OKNY[ERUfrh °QYX-RkQYfYVkjKNY¢eTKeM'TRkVUhYf
NX<YZTdNTmI_xbpRXN[-T|°LTZ¿VUTXKN¢N[<YZ²Tm½ERkH>R¶RkQT|VUTfkPQZRkY[Q¢
¢NTKNM4T%RUVkh3YfxX%KNM4OQVUKNM4YfgT#T%Ri°TT[|RkQTRi°KRUNVk¢eT%RÙÁfkPQSn
fkKN[QYXN[<m2RUVUN[<fgKe[QYXÜ¢NTKeM4T%RkVUYTfÙÁ[<VUVUK>°¡Y[QTffkQK>°[]Y[
Ð<¢ePQVkT]qeÜ_

Û*YZ¢ePQVUTlqa% { YVkjKNY¢NTKNM4T%RUVkhÃÙRk<YX¸QÜ¶[Hm§Ri°K4RUNVk¢eT%RYVkn
jKNYf2ÙRk<YZ[HÜ
{ m<mSY±RUYZKe[<hN½Ð<¢NP<VkT´T%ïSQYQYZRUf4RUQT OQVUTfUfkPQVkT)mSYfiRUVkYQPSn
RkYKN[-KNSRY[QTmjKNVLRkQT^HTFfiRYVgjKeYZY[-fkPQ<fkKN[QYX3N[<m4RkV[Qn
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fkKN[QYX'Ó<K>°2_ { ¢eY[I½RkQT VUTfkPQZRUf|Y[<mSYXRkT§)X%KeM4OQVkKeM4YfkT
T%Ri°TT[~KRk-RUNVk¢eT%RfN[<m½rjPQVkRk<TVUM'KeVkTe½ERk<RRUQT|KNOSRUY±n
M4YZ²Tm]fk<NOHTRUT[<m<fIRUK3X%KeM'TLX%KefkTVRUKRk<TfgP<<fgKe[QYXafgHOT
Y[ÃRUQTjVUKN[ER]O<NVgR2KjRk<T§YVgjKeYZaN[<mÃjKNZK>°f|T%RkRkTV]Rk<T
RkV[HfgKe[QYX8fk<OT2YZ[~RUQT2VkTFV¶O<NVgRF_

*Û YZ¢ePQVUT¡¶% î VUTfUfgP<VkT¼mQYfgRkVUYZ<PSRkYKN[<f~Ke[ÅPQOQOTV N[ÅK>°LTV
fkPQVgjÁeX%T4jVUKNMRkQT§NYZVkjKNYmSTFfgY¢N[´Y[´Ð<¢NP<VkT§q´ÙÁZY[QTfÜ2N[<m
Ri°KRVU¢NTRNYZVkjKNYf8Ù@mSKRfUÜ
bÞ[ðNmQmQY±RUYZKe[ÅRUK RkQT î NVkTRkKnÚjVUKN[ER½8X%KN[HX%P<fgYKN[Hf~X[ÏT
mSV°[)jVkKeM RkQTlRihEO<YXxÐQRk[QTFfkf^K>dNTV¢NT[QTV>RUYZKe[<fOQKRf_
\^Y±¾¿TVUT[ER^XPQVkdeTfX[)T]YZ[rdeTfgRkY¢e>RUTm~YZ¸eT|RkQT2Ð<Rk[QTFfkf3Kj
TeX¦KNQâiTXRUYZdeT§¢EY[<fgRlRk<T-¢eT[QTVURkYKN[Õ[rPQMlTV'KNVRk<T
fkPQM/KNj8KRU»KNSâiTFXRUYZdeTf¢EY[<fgR'RUQT ¢eT[QTVURkYKN[º[EP<Mn
TVF_#PSR¶RUQYf¶°Y[QKRT|mQKN[QT8QTVUTN_#bÞ[<fgRkTFNm½rRUQT|O<>RU
Kj¿RUQTO<NVkT[eRaY[<mSYdrYmQP<QY[4Rk<TÐQRk[<TfUfjPQ[<X%RkYKN[ fkO<NXTYf
KNHfgTVkdeTm§ef[QKNRkQTVM4T%Rk<Krm-jKeVX%KNM4O<NVkYfkKN[I_
òudCf giqFóÁóÁhjlh A ¤ sehv6h ô ¤ q(m A s ô y ho¯hs
JLKNM4O<NVkY[Q¢¡Rk<T mSY±¾¿TVUT[ER§fkTTX%RkYKN[ fkXQTM4TfOQVUTfkT[ERUTm
Y[ÕRkQYfO<OTVF½*RkQT î VUT%RkKNn@jVUKN[ERf8fkQK>°ìRk<T§M4KefgRlKNrdrYZn
KNPHf~N[<m1VkTM4NVk¸>NQZTÃVkTFfgP<±Rf_ { RihrOQYXN î VUT%RkKNn@jVUKN[ER
KNQRUY[QTFmÃrh¡fgTZTFXRkYKN[¦fUXQTM'TsYf2OQVUTfkT[ERUTm¡YZ[´ÐH¢NPQVUT
o<_3TVUTN½SNf°TefLY[ RUQT8jKNZK>°Y[Q¢lÐ<¢NPQVUTfLKjRkQT2fUM4T
RihrOHTNZsFNN-Y[<mSYdEYmSP<Nf|KNjLKe[QT4KNOSRUYZM4Y²>RUYZKe[ÃVUPQ[´VUT
OQVUTfkT[ERkTFm¦[Hm´RkQT î VUT%RUKnÚjVkKe[ER|M4TMlTVfNVkT MNVk¸eTm
M4KNVUT8m<VU¸_¶QT|fkTVX jKSXP<fgTFfKN[ RUQT2O<Rk RUK'RkQT|KNVUYZn
¢NY[ KNjRk<T-Ð<Rk[QTFfkfjPQ[<X%RkYKN[ fgOHNX%Te_¦¶QYf4HT<drYZKeVXN[
fkKHT-KN<fkTVUdNTFm¼Y[ÕRk<T§°¶h¼Kj¶RUQT O<NVkT[eRYZ[<mQYZdrYmSP<
Y[ÕRkQT§ÐQRk[<TfUf2jPQ[<X%RkYKN[ fkO<eX%T§mSV°[´YZ[¦Ð<¢NPQVUT§£S_bpR'Yf
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%T ïSOTX%RkTm Rk<R|RkQYf8HT<drYZKeV^KeVkY¢NY[<>RUTf3jVkKeM RkQT'Rk<YZVm
fkTTXRUYZKe[§fgRkTO½eR¸rY[Q¢lRUQYfmQYfgRUN[<X%T3RkK]RUQT|KNVUYZ¢eYZ[KNjIRk<T
ÐQRU[QTfUf¶jPQ[<X%RkYKN[fkO<NXT8Y[ERkKX%Ke[<fkYmSTVURkYKN[I_

0,16

0,12

High Lift

0,16
0,08

0,12

High Lift

0,04

0,08
0
0

0,04

0,08

0,12

0,16

Low Drag
0,04
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0
0

0,04

0,08

0,12

0,16

Low Drag
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0,16

(1+10)-MCDES for Airfoil Optimization
0.16
all-best-eads
0.14

0,12

High Lift

0.12



high lift

0.1

0,08

0.08
0,04

0.06

0.04
0
0

0.02

0,04

0,08

0,12

0,16

Low Drag

0
0

0.02

0.04

0.06

0.08
low drag

0.1

0.12

0.14

0.16

Û*YZ¢ePQVUT'£a% î RkKNjO<VUT[ER3Y[<mSYdrYmQP<Ú½IfgTZTFXRUYZKe[¼fkX<TM4T
s
WrPQVUOQVUYfkY[Q¢NhN½§RkQT1HT<drYZKeV mSKrTf¹[QKRºX<[Q¢eTÅfkYZ¢e[QY±Ð<n
XN[ERkhN½YZjRkQT-Rk<YZVm fkTTX%RkYKN[ fgRkTO YfX<N[Q¢NTFm_¡bÞ[¦Ð<¢Nn
PQVUT8]RkQT î VUT%RUKnÚjVkKe[ERaKNSRY[QTm§Eh ]RihrOQYX¿VUPQ[ P<fkYZ[<¢
fkTTXRUYZKe[¡fUXQTM'T q-Yf]fg<K>°[I_¶QTfkNM'T4T<drYKNV|YZ¸eT
T%jKNVUTN½RUQTLjKrXP<f*KjQRUQT¶fgTFVX2RkK>°¶VmQfRUQTKNVUYZ¢eYZ[]KNjQRk<T
ÐQRU[QTfUf|jPQ[<X%RkYKN[¦fkO<NXTN½#XN[¡T Ke<fgTVkdeTm_ ¶<YflHT<dEn
YKNV2X<[<¢NTf^[QKNR|P<[eRUYZ#RUQTfgTFX%Ke[<m¼fkTTX%RkYKN[ÃfgRkTOI½fkTTX%n
RkYKN[XKN[<fkYmQTVUYZ[Q¢8RUQT[rPQMlTVaKNj¿mQKNM4YZ[H>RkTFm4fgKeZPSRUYZKe[<f½Yf
KNM4YZRgRUTm-jVkKeMßRk<T]fgTZTFXRkYKN[~OQVUKSX%TmQPQVkTe_
òud ð sehv6h ô ¤ q(m A s ô y ho¯h c
Û*YZ¢ePQVUT¡¡OQVUTfkT[ERUf-´RihrOQYX î VUT%RUKnÚjVkKe[eR4jVUKNMÕVUPQ[
P<fkYZ[<¢§fgTZTFXRUYZKe[ fkXQTM4TlQ_¶QT î VUT%RkKNn@jVUKN[ERYf3X%K>deTVUTm
fU>RkYfgjÁNXRUKNVUYZhN½¿fkQK>°YZ[<¢§§°YmSTVUN[Q¢NTKjmSYZ¾TVkT[ER|N±RUTVkn
[<RkYdNT2fgKeZPQRkYKN[<f_¶QYf¶¢eYZdeTfLRk<T2P<fgTV¶RkQT|OKefUfgYQYZYZRihRUK
X%KeM4O<VUT¶M4N[rhlZRkTVk[<RkYdNT¶fgKeZPQRkYKN[<f#jTF>RUPQVkY[Q¢2mSYZ¾TVkT[ER
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REAL WORLD APPLICATIONS

X N[)HT2Ke<fgTVkdeTm-[QT%ïrRRUKhEYTmSY[Q¢ 4fgYM4YZV^mSYfgRkVUYQPSRkTFm
î VUT%RUKnÚjVkKe[ER_bÞ[~X%Ke[eRUVUefiRRkKRkQYf¶VkP<[jKSX%P<fkYZ[<¢M4KNVUT3Ke[
Rk<T-K>°¶npmQVUN¢ VUTQ½aN[¦TM4OQHNfkYfKN[ RkQT~QY¢NSnpZYZjRVUT
XN[-T]mSTRkTX%RkTFm-Y[~Ð<¢NP<VkTlr_
0,16

High Lift

0,12

0,08

Rk<T¼fkNM4T fgTZTFXRkYKN[»fUXQTM4Te_1¶QYf fkQK>°f'RkQT¼VkTZYQYZn
YZRihÃKNjRkQT-M'TRkQKSmÕPHfgTFm_ÃÔ3RkQTVk°YfkTN½fgKeM4T mSY±¾¿TVUT[HX%Tf
T%Ri°TT[-Rk<T2VkPQ[HfX[~T8Ke<fkTVUdNTm-¢EY[I_*¶<Yf¸rY[<m-Kj
OQKRfTM4OQ<efgY²TFf*RkQTO<VkTjTVUVkTFmfkTNVUX4mSYVkTFXRkYKN[_x»QYT
Ð<¢ePQVkT å4jKSX%P<fkTf3MlP<X M4KeVkT]Ke[)RkQTQY¢NSnpZYZjR8ÂEP<NZYZRih~Kj
Rk<TlYVgjKeYZÚ½QÐH¢NPQVUTs4M4KNVUT|RkT[<mQfRkK>°¶VmQfRkQTlZK>°¶nÞmSV¢
O<NVgRF_¹bpR XN[¹TKNHfgTVkdeTm½RU<>R4RUQYf OQVkTjTVUVkTFm fkTNVUX
mSYVkTFXRUYZKe[<fVUT|M'KeVkT2mSVUYdNT[-RkK>°¶VmQfLRk<T]<fkKNPSRkT|M4Y[QY±n
MlP<M~½RUQT]RVU¢NT%R3NYZVkjKNYVUTfkOTXRUYZdeThN_3¶<Yf3VkTFfgPQZRUf^Y[ 
fkQKNVkRkTV3mSYfiR[<XT]RkK§RkQT'X%KeVkVUTfkOHKe[<mSY[Q¢ >ïSTFf_¶NfkTm)Ke[
Rk<YfLVkTFfgP<±Rf½eY±R¶X[T^efkfkPQM4TmI½RkH>RLM4KeVkT¶ÐQRU[QTfUfjPQ[<Xn
RkYKN[´TdNZPH>RkYKN[Hf|°LKePQmÃTNmÃRUKHTRgRkTV]VUTfkPQ±Rf½*mSVUYZdrY[Q¢
KRkÂEP<NZYZRkYTf¶KNjxRUQT]YVgjKeYZ¿RUK4MlP<X~HTRgRUTV3fkKNPSRkYKN[Hf_

0,04

(1+10)-MCDES for Airfoil Optimization
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RkYKN[_§¶QYf|°ef|[QTXTfUfkNVkh)jKeV]XVUVUhEY[Q¢-RkQT mQTV[<mSKeM'n
Y²TmfgRkTO fgY²T^X%KN[ERUVkKeSM'TFX<[<YfkMvjVUKNMÄfkYZ[Q¢eZTOKNY[ERLYVkn
jKNYmSTFfgY¢N[½I°QTVUT4Y±R]°¶Nf2NOQOQYZTFm¼deTVUh¼fkP<XXTfUfijPQhN½RUK
MlP<±RUYIOHKeYZ[ERRUQT]mSTfkY¢N[)XNfkTN_
¶°K»Kj'RkQT¦O<VkTFfgT[eRUTm6fgTZTFXRUYZKe[ÏfUXQTM'TFfTNm1RUK»YZ[Sn
fkPSÝ X%YT[ER2VkTFfgPQZRUf½[<KR2hrYZTmSY[Q¢ î VUT%RUKnÚjVkKe[ERUfKNj¶N[ÃTïrn
OTXRUTm ÂEP<NZYZRihN½TN_ ¢<_mQYfgRkVUYZ<PSRkYKN[ K>deTV¶RUQT]ÐQRU[QTfUf3jPQ[<Xn
RkYKN[¦fkO<eX%TN_¶QYf]°¶NflmSPQT RUK¼X%Ke[<fkYmSTVkY[Q¢)RUQT [rPQMlTV
Kj*YZ[HmSYZdrYmSP<NfmSKeM4YZ[<RkTFm jKeV¶RkQT]fkTTX%RkYKN[-fUXQTM'T2N[<m
Rk<TVUT%jKNVUT]jKSXP<fgY[Q¢~RkKrK~MlP<XÃKN[ î VUT%RkK RkTX<[QYÂEPQTFf8YZ[Sn
fgRkTem§KNjxRUQT]mSYdNTVUfkY±RihKNj*Y[<mSYdrYmQP<f_
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fUXQTM4TN½*KNM4YZRgRUYZ[Q¢¼RkQT§O<VkRX%Ke[<fkYmSTVkY[Q¢ mSKeM4YZ[<RkTFm´YZ[Sn
mSYdrYmSPHfYZ[T%Ri°TT[I_ c fgY[Q¢4RUQT2[QT°ðfkTTX%RkYKN[fkX<TM4T
)mSYZ¾TVkT[eR]VUTfkPQZRUf|KNj¶XKNM4O<V<ZT4ÂEP<Y±RUYZTFf2XN[¡TKNQn
RUNYZ[<Tm'jKSX%P<fkY[Q¢]KN[ mQY±¾¿TVUT[ERLVUT¢eYZKe[<fKNjRUQTÐ<Rk[QTFfkfajPQ[<Xn
q
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Abstract
Traditional solution methods such as search and
sort for optimising complex real life engineering
problems can be very expensive in terms of
computational time. The considerable execution
time tends to inhibit elaborate exploration of the
design space and often results to sub-optimal
solutions. This paper reports on an engineering
optimisation approach designed to bridge the gap
between traditional solution methods in the
industry and state-of-the-art techniques from the
research community. A modelling and
optimisation technique has been developed using
Design of Experiment (DoE) and metamodelling approach to approximate expensive
finite element (FE) runs. An evolutionary
computational technique (NSGAII) is used for
solving the optimisation problem. This solution
technique was applied for multi-objective
optimisation of a rod rolling design problem. The
results showed NSGAII converge to the Pareto
optimal front. The multiple optimal solutions
help the designer in delivering a variety of
optimal designs.

1

INTRODUCTION

Finite element analysis (FEA) and genetic algorithm (GA)
often used as an integrated optimisation process paradigm
is an increasingly important component of engineering
research and product development. Finite element solver
is used as the fitness function within GA in order to
exploit GA’s global searching capability and the
modelling strength of the FE solvers. Since GA requires a
large number of function evaluations, it follows that large
number FE runs are also required. This can be
computationally expensive for solving complex
engineering problems.
In rod rolling design optimisation problems, conventional
methods such as search and sort are often used to solve
complex optimisation problems. This approach relies on
the use of the analyst’s qualitative knowledge to explore

the design space (Roy, 1997; Oduguwa and Roy, 2001).
Expensive FE analyses are often invoked repeatedly
during the process making multi-objective optimisation
and concept exploration time consuming. This search
method can inhibit elaborate exploration of the design
space and often results to sub-optimal solutions. The use
of evolutionary multi-objective optimisation techniques
for improving the search for this class of real life
engineering problems is proposed in this paper. Even
though this approach can be an improvement from the
conventional method, literature reveals that integrating FE
and GA incurs quite an expensive computational cost.
Cerrolaza and Annicchiarico, (1999) solved a bidimensional shape optimisation problem using GA and
FEA as the fitness function. In the test results presented in
their paper, the optimisation process stopped after 5000
FE evaluations and took about 150 minutes. If the same
number of evaluations were used in rod rolling
optimisation problem (such as the case presented in this
paper, where one FE run last about 17 minutes) the
process would be completed after 52 days. Clearly this
time scale is not acceptable for engineering applications.
Statistical meta-modelling approach is proposed to
address expensive FE runs in the context of multiobjective optimisation for rod rolling problems. Statistical
techniques are becoming widely used in engineering
design to construct approximations of meta-models- ‘a
model of a model’ of these analysis codes; these serve as
surrogate models of the analysis codes (Myers and
Montgomery, 1995; Kleijnen and Sargent, 2000). An
evolutionary multi-objective optimisation technique is
also proposed as above, for improving the search for this
class of real life engineering problem.
This paper reports on the application of design of
experiment (DoE) to create meta-models for FE models
and evolutionary computational techniques (NSGAII) for
the multi-objective optimisation of a rod rolling design
problem.
The remainder of the paper is organised as follows.
Section 2 states the formal definition on multi-objective
optimisation. Section 3 reviews the literature on
approaches to address the computational cost of FE runs
and also the recent multi-objective techniques. Section 4
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presents the rod rolling design problem. Section 5 covers
the meta-modelling approach consisting of 6 main steps.
Section 6 and 7 presents the application of the metamodelling approach to the rod rolling design problem.
Section 8 contains future research activities and finally,
section 9 concludes.

2

MULTI-OBJECTIVE OPTIMISATION

Most real world problems are characterised by several
non-commensurable, conflicting objectives. Multiobjective optimisation seeks to minimise the n
components f(x) = (f1(x),…, fn(x)), of a possibly non-linear
vector function f of a decision variable x in the search
space. Each of these objectives has a different optimal
solution. There is no unique, (Utopian) solution to a
multi-objective problem but a set of non-dominated
solutions referred to as Pareto-optimal set. A solution to
this class of problem is Pareto-optimal if from a point in
the design space, the value of any other solution cannot be
improved without deteriorating at least one of the others.
The objective for a complex multi-objective optimisation
problem is to find different solutions close and well
distributed on the true Pareto-optimal front. The
conditions for a solution to become dominated with
respect to another solution are described as follows.
For a problem having more than one objective function
(say, fj, where j = 1,…., M and M > 1), A solution x(1) is
said to dominate solution x(2) if the following conditions
are satisfied:
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expense of large FE runs, however they fall short of
alleviating the problem in the context that makes them
applicable to complex real life problems. A second
classification is the solution approximation approach.
This occurs when numerical solution of the FE solver is
approximated, using different techniques. Chen and Lin
(2000) in optimisation of design space topology used
artificial neural network as an approximation to replace
the structural analyses of the FE. Although this gives
quick results, the approach still requires substantial data
to train and validate the neural network Chen, (2001)
applied design of experiment to approximate FE analysis
and created a response surface for single objective
optimisation of impact structure and crashworthiness
problem. The author used classical full factorial
experimental designs. This is considered expensive. Sacks
et al, (1989) argued that since deterministic computer
experiment lacks random error, classical experimental
designs are not suitable for sampling them. This implies
that computer experiments can be run with less sample
points. Greiner et. al. (2001) also reported, using least
square approximation for FE runs in optimising frame
structures. Approximate models even though are not as
accuracy as the actual numerical solutions, can give a
reasonable representation of the design landscape, and
speed up the search procedure. They can achieve
significant savings in computational cost and can be used
for solving complex real-life optimisation problems.
3.2

MULTI-OBJECTIVE METHODS

b) The solution x(1) is strictly better than x(2) in at least
one objective.

The challenge facing most solution methods is to ensure
convergence of well-dispersed solutions close to the true
optimal front. Some of the most recent evolutionary
search algorithms for multi-objective optimisations are
reviewed as follows.

3

3.2.1

a)

The solution fj(x(1)) is no worse than fj(x(2)) for all j =
1, 2,…., M objectives.

LITERATURE REVIEW

In this section, related research in optimisation for solving
real life problems is reviewed, with focus on the solution
approaches to address the expensive computational cost
of large FE runs. Recent solution techniques on multiobjective optimisation are also reviewed.
3.1

FEA AND GA COMPUTATIONAL COST

There are several approaches proposed to address
computational cost of large FE runs. Deb and Gulati,
(2001) in their work on design of truss-structures,
introduced the concept of basic and non-basic node to
emphasise creation of user-satisfactory trusses and reduce
computational time by avoiding expensive FEA for
unsatisfactory trusses. Quagliarella and Vicini, (2001)
proposed a hierarchical approach for the fitness
evaluation. This involves using several solvers with
different levels accuracy, in order to use the more
computationally expensive models only when needed.
These approaches can be regarded as “good house
keeping measures” that improves on the computational

Strength Pareto Evolutionary Algorithm
(SPEA)

SPEA is an elitist evolutionary algorithm (Zitzler and
Thiele, 1998). The algorithm maintains an external
population for storing elite solutions from beginning of
the initial population. At each generation, the external and
current population is combined and fitness assigned. All
non-dominated solutions are assigned fitness equal to the
number of solutions they dominate and dominated
solutions are assigned fitness worse than the worst
solution of any non-dominated solution. Clustering
technique is used to maintain diversity.
3.2.2

Pareto-Archived Evolutionary Strategy
(PAES)

PAES is a multi-objective evolutionary algorithm
(Knowles, Watson, et al., 2000) based on evolutionary
strategy. Deb et al (2000) described PAES with one
parent and one child. Both are compared, and if the child
dominates the parent, it becomes the new parent and the
iteration continues. If the parent dominates the child, the
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child is discarded and a new child created by mutation.
However if either of them dominates each other the
choice is made by comparing them with the archived best
solutions found so far. If the child dominates any member
of the archive, it becomes the new parent and the
dominated solution eliminated from the archive. If the
child does not dominate any member of the archive, both
parent and child are compared for their proximity, with
archive solutions. If the child resides in the least crowded
region in the parameter space among the archived
member it becomes the parent and a copy added to the
archive.
3.2.3

Elitist Non-Dominated Sorting Genetic
Algorithm (NSGAII)

NSGAII(Deb, Agrawal et al., 2000) is a fast elitist
solution algorithm that uses explicit–preservation strategy
to maintain diversity among solutions in the nondominated front. In the elitist strategy, the population is
sorted into different non-domination levels and each
solution assigned a fitness equal to its non-domination
level (where 1 is the best level). Binary tournament
selection, crossover and mutation operators are used to
create offspring population. Other features of the
algorithm include crowding distance assignment
procedure (for estimating the distance between two points
in the solution space) and the crowded tournament
selection operator (guides the selection process towards a
uniformly dispersed Pareto-optimal front). The algorithm
has been shown to demonstrate better performance than
most of other contemporary algorithms (Deb, Agrawal et
al., 2000). NSGAII can generate some non-Pareto-optimal
solutions if the first non-dominated set is larger than the
population (Deb, 2001). This problem was experienced in
the current study. It is referred to as “generational elitist
problem”.
3.2.4

Generalised Regression GA (GRGA)

GRGA is one of the most recent multi-objective GA
developed by Tiwari et. al (2001) to handle complex
multi-objective optimisation problems having high
degrees of inseparable function interaction. An interaction
occurs when the effect a variable has on the objective
function depends on the values of other variables in the
function. The author suggests in his paper that
“inseparable function interaction in objective functions
may augment one or more of the following features that
obstruct convergence to the true (or global) Paretooptimal front”, multi-modality, deception, collateral noise
and isolated optimum. GRGA works by attaching a nonlinear multi-variable regression analysis module to other
optimisation algorithm. The author used NSGAII in their
paper, but other optimisation algorithm can be used. The
algorithm use regression coefficient to guide the search
towards the Pareto front and determine termination
conditions for the algorithm. One of the main advantages
of this algorithm is that it can be used with different
multi-objective solution algorithm. GRGA demonstrates

better performance than NSGAII in solving the
inseparable function interaction problem present in most
complex multi-objective optimisation problems. See
(Tiwari, Roy et al., 2001) for more details.

4

ROD ROLLING DESIGN PROBLEM

The Rod rolling process considered is a continuous
manufacturing process whereby a square billet (dimension
ranging from 100mm to 150mm) referred to as the stock
is deformed into a rod size ranging between 5mm to
12mm. The rolling operation is a high speed, high
production process in which a pair of rolls rotates at the
same peripheral speed in opposite directions. The stock is
continuously deformed by passing it through a series of
high rolling mill stands. During the rolling process, the
stock undergoes changes in the mechanical and thermal
characteristics and after final cooling the metallurgical
properties. Design of the rolling system involves
consideration of the mechanical, thermal and thermomechanical behaviour of the process (Sun, Yun , et al.,
1998), and the optimisation of roll pass design (Farrugia,
2000). Modelling of the rolling process is used to predict
mill parameters (roll separating force, torque) and
deformation characteristics such as the lateral spread and
the evolution of metallurgical properties. These
predictions were obtained using design variables related
to the rolls and stock such as geometrical and material
characteristics: temperature, friction etc.
Ovality in rod rolling is a geometrical property defined as
the percentage difference between the stock height and
the width. Ovality is considered important because it
helps in forming the rod during rolling process, however
it is not desirable in the end product. In this study a
different definition of ovality is adopted. Ovality is
defined as the difference between the maximum and
minimum radial distance of the rod profile. This
definition is chosen to mimic its application in the plant.
In this work, ovality and the load required for rod
deformation is modelled using a meta-modelling
technique, and the minimisation of both responses is
treated as a multi-objective problem. The problem is
considered multi-objective in nature because ovality tends
to vary inversely with load. In practice a minimum rod
ovality condition requires high contact of the stock with
the roll, which results in high loads.

5

META-MODELLING

A meta-model is defined as a model of an underlying
simulation model (Kleijnen, 1975; Friedman, 1996). It is
an approximation of the simulation program’s
input/output transformation referred to as a response
surface. A typical meta-model approach is the design of
experiment (DoE) using regression analysis, also known
as analysis of variance (ANOVA). DoE involves making
several designs at once and investigating the joint effects
of these changes on a response variable. Meta-models
offer the following benefits: (1) Insight into the
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relationship between output responses y, and the input
design variables, x. (2) Fast analysis tools for optimisation
and design space exploration since the surrogate models
are used in lieu of the expensive computer, and (3) the
integration of discipline dependent analysis codes.

candidate parameters and the boundaries that characterise
the design space. Existing knowledge is required to
identify all the possible parameters involved in the
problem space. The output of this stage is a list of inputs
and responses with their respective range.

The basic meta-model framework adopted in this research
is shown in figure 1. A brief discussion of some of the
main steps is given below.

Step 2: Definition of Objective

Problem
entity
Screening
Large number
of factors ?
Model
Building

No

Yes

Run Screening
Experiment

Defining the objective indicates the question to be
answered by the simulation study. The options available
in this methodology are screening and optimisation.
Screening is based on the ‘principle of parsimony’ or
Occam’s razor(Banks, 1998). The aim is to derive a short
list of the most important factors from a large number of
potentially important factors. In optimisation, the metamodel can be used to determine the set of problem entity
input values that optimises a specific objective function.
Step 3: Specification of model matrix

Reduce factors

Specify Model Matrix

Run experiment

Model fitting

ANOVA
Optimisation

Model matrix implies the type of DoE design (for
example 2k-p). The choice of design type is dependent on
the objective and the number of factors. This decision is
simplified by using existing designs.
Step 4: Fitting meta-model
The simulation run (is define as a single path with fixed
values for all its inputs and parameters) is performed to
obtain the input and output. This data set is used to
estimate the parameter values of the meta-model using
least squares. Typically a regression meta-model belongs
to one of the following three classes:
Main effects model: (a first-order polynomial):

Optimisation
Algorithm

Obtain best solution

Y = β0 + β1x1 + β2x2 +….+ βkxk
Main effects + interaction effects (a first-order
polynomial augmented with two factor interactions)
Y = β0 + β1x1 + β2x2 +…. βkxk + β12x1 x2+ …. +
βk-1,kxk-1 xk

No
Satisfactory
solution?

Quadratic model with quantitative factors (a secondorder polynomial, which includes purely quadratic
effects)
Y = β0 + β1x1 + β2x2 + ….+ βkxk + β12x1 x2+ ….+

Yes
End

Figure 1: Meta-model approach

βk-1,kxk-1 xk + β11x12 + β22x22 + ….+ βkkxk2
Step 5: Validation
The data set is validated by carrying out the statistical
tests using the Analysis of Variance (ANOVA) table. This
tests the hypothesis that each parameter significantly
influences the response.

Step 1: Problem formulation

Step 6: Post-processing

This is the first stage of the simulation effort where the
problem is defined. The aim at this stage is to understand
the nature of the problem, and to define the experimental
region (Zeigler, 1976). This is achieved by identifying the

Post-processing implies the interpretation and display of
the results. The following are options available for
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displaying the results: Main effect plot, interaction plot,
and half normal probability plot (Daniel plot).

6

Table 2:A 25-1 Design
Run
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

APPLICATION OF METAMODELLING APPROACH FOR THE
ROD ROLLING DESIGN PROBLEM

6.1

EXPERIMENTAL METHOD

The example described in this paper deals with the multiobjective optimisation (load and load) of oval to round
pass. The factors affecting ovality in the rod rolling
process can be categorised as; (a) geometrical parameters
such as height, width, roll gap, roll radius. (b) Related
metallurgical parameters such as strain values, stress
components and bulk temperature, (c) process parameters
such as friction, roll speed etc. The independent variables
especially relevant to the present ovality simulation are
height (he), width (w), roll gap (rg), arc radius, roll radius,
rolling speed and the bulk temperature. It is important to
understand the overall effects and interactions of these
parameters on ovality. Roll designers can use this
knowledge to design the optimum required ovality that
satisfies the conflicting objectives of the process plant
(e.g. minimum load) and the product specification (e.g.
minimum ovality).
Existing knowledge was used to define region of interest,
5 variables were identified and their operating range
specified. A two level fractional factorial DoE augmented
with centre points (to test for curvature) was applied to
the design problem. The meta-modelling approach was
applied as described below:
Table 1:Factors and factor levels used in simulations
Level
1
-1

Width
(W)
18
16

Roll
Gap
(Rg)
4
2

Factors
Arc
Radius
(Ar)
66
64

Pass
Depth
(Pd)
20
18

Angle
(Ar)
30
28.5

Step 1: Fractional factorial (DoE) design
A low cost resolution V design for a two-level 5 factor,
fractional factorial design is shown in Table 2. This was
augmented with one centre point to test for curvature.
Each factor was run at two levels. Resolution V designs
are types of designs where no main effect or two-factor
interaction is aliased with any other main effect or two
factor-interactions (Montgomery, 1997).
FEA simulations were performed using the set-up in
Table 2 and the settings in Table 3 as the input value for
the FE runs. For each run, values of the measured ovality
(Ov) and load (L) were recorded as shown in Table 3.

A
-1
1
-1
1
-1
1
-1
1
-1
1
-1
1
-1
1
-1
1
0

B
-1
-1
1
1
-1
-1
1
1
-1
-1
1
1
-1
-1
1
1
0

C
-1
-1
-1
-1
1
1
1
1
-1
-1
-1
-1
1
1
1
1
0

D
-1
-1
-1
-1
-1
-1
-1
-1
1
1
1
1
1
1
1
1
0

E
1
-1
-1
1
-1
1
1
-1
-1
1
1
-1
1
-1
-1
1
0

Table 3:Input settings and response values from
simulation study
Run

W
(A)

Rg
(B)

Ar
(C)

Pd
(D)

An
(E)

Ov

L

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

16
18
16
18
16
18
16
18
16
18
16
18
16
18
16
18
17

2
2
4
4
2
2
4
4
2
2
4
4
2
2
4
4
3

64
64
64
64
66
66
66
66
64
64
64
64
66
66
66
66
65

18
18
18
18
18
18
18
18
20
20
20
20
20
20
20
20
19

30
28.5
28.5
30
28.5
30
30
28.5
28.5
30
30
28.5
30
28.5
28.5
30
29.2

1.17
4.69
3.17
1.15
1.28
4.6
3.2
1.24
3.17
1.15
6.55
3.93
3.22
1.25
6.52
3.99
1.74

238.5
299.5
178.0
232.0
241.0
293.0
167.0
226.3
169.3
222.8
129.7
159.1
171.4
233.5
122.2
154.4
217.3

Step 2: Model Fitting
Regression models of both responses are generated by
fitting the model types shown in section 5 step 4 (main
effects and interaction effects). The fit with the lowest
sum of squares error (highest R2) was selected, this
resulted in the following experimental model as predicted
using ANOVA for ovality (Ov) and load (L) as functions
of the inputs,
f(xOv) = 3.06 – 0.3925x1 + 0.5762x2 + 0.02x3 + 0.58x4 –
0.0138x5 – 0.75x1x2 – 0.75x1x4 + 0.95x2x4 + 0.0175x2x5 +
0.604 x3x5 + 0.019x4x5
(1)
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f(xL) = 203.28 + 25.21x1 – 31.29x2 – 1.25x3 – 32.05x4 –
1.25x5 – 3.35x1x2 – 3.07x1x4 – 0.77x1x5 – 2.36x2x3 +
(2)
2.32x2x4 + 0.95x2x5 + 1.33x3x4 – 3.4x3x5
With the inputs expressed in coded [-1,1] units (useful for
comparing experimental models). The input was also
expressed in engineering units as shown in equation 3 and
4. This can be useful for engineering decision making.
Ov = 1314.263 + 16.1W – 4.7Rg – 23.53Ar + 9.75Pd –
52.82An – 0.75WRg – 0.75WPd + 0.95RgPd + 0.805ArAn +
(3)
0.025PdAn
L = – 8246.94 + 123.7W + 97.74Rg + 113Ar – 73Pd +
306.1An – 3.35WRg – 3.1WPd – 1.03WAn – 2.36Rg Ar +
(4)
2.32RgPd + 1.27RgAn + 1.33 Ar Pd – 4.52ArAn
This model was used to perform the multi-objective
optimisation problem.

Steady
state zone

such as height roll radius and pass radius are kept constant
to make the simulations comparable. A summary of these
geometrical parameters is shown in Table 4.
Material specification
The material specification used in the study is shown in
Table 4. The specification was identical for all runs.
Process parameters
The same loading conditions were applied in all the
simulations so that the response could be obtained under
similar conditions.
Finite Element Analysis and Data Extraction
The finite element runs were performed using Abaqus
version 6.2.2. The mesh was generated using Patran
software. A contour plot of PEEQ (equivalent plastic
strain) for a typical run is shown in figure 2a. Results
showing the deformation characteristics are taken in the
steady state (SS) zone of the rod. The SS is defined as the
region where the deformation characteristics is assumed
to be uniform. This zone is identified by using a
qualitative judgement to identify region along the rod
(figure 2b) where the contour profiles are parallel.

(a)
(b)
Figure 2: Finite Element contour plots of rod profile
(a) Transverse section (b) Full view showing SS zone
Table 4: Parameters used in simulation study
Geometrical parameters
Height
30.6 mm
Roll Radius
250 mm
Pass Radius
20 mm
Width (W)
Factor
Roll Gap (Rg)
Factor
Arc Radius (Ar)
Factor
Pass Depth (Pd)
Factor
Arc Angle (An)
Factor
Ovality (Ov)
Response
Load (L)
Response

6.2

Material specification
0.08% Carbon steel
C 0.087, Si 0.003, Mn
0.34, P 0.025 S 0.02.
Hot rolled and annealed
Suzuki (4.22)

Figure 3: Interaction effects on Ovality Response

Process Parameters
Temperature: 1000 º C
Roll Speed: 1000 m/s

Process conditions used in experiment

The choice of geometrical parameters and material
properties is discussed in this section. The choice of
parameters was driven by the need to mimic the real
design problem experienced on the plant in the study.
The results obtained can then be validated using existing
domain knowledge.
Geometrical parameters:
Expert domain knowledge was used to select the
geometrical parameters and the region of interest defined
according to the ranges shown in Table 1. These five
factors are varied in the simulation runs. Other parameters

6.3

MULTI-OBJECTIVE OPTIMISATION OF
ROD DESIGN PROBLEM USING NSGAII

NSGAII (Deb, Agrawal, et al., 2000) was considered
suitable for optimising the response function described in
section 6.1. (Equations 3 and 4). This is because NSGAII
has been shown to perform well on equations with lowlevel inseparable function interaction (Deb, 2001). If the
model were developed with higher order interaction
terms, then GRGA would have being used. The models
shown in section 6.1 (equations 3 and 4) were used as the
fitness function in NSGAII. The parameters were
represented using binary coding. The crowded tournament
selector operator was used to select new offsprings. The
experiment was run with a population of size 100 for
1000 generation with a crossover probability of 0.8 and a
mutation probability of 0.05.
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DISCUSSION AND RESULTS

7.1 METAMODELS
The response ovality and load from the simulation results
were recorded as shown in Table 3 and the data used to
perform the ANOVA shown in Table 5. The result
suggests that for the ovality response, the most significant
terms are A (W), B (Rg), D (Pd), AB, AD, BD and CE.
The sum of square of these terms accounts for over 96%
of the total variability in the response. Figure 3 shows
interaction effect plots of pass depth and roll gap. These
response surface have been generated whilst the third
variable has been held constant. This plot indicates that
pass depth has a much stronger effect on ovality when the
roll gap is at high level. For minimum ovality, the roll gap
should be at the low level and pass depth at high level.
For the load response, factors A, B and D show the most
significant effect on the load response. These three factors
explain 98% of the variation in the load. Interaction effect
of pass depth and width is plotted in figure 4. Again the
plot indicates that pass depth has a much stronger effect
on ovality where minimum ovality occurs at high pass
depth level and low width level.

from figure 5 that NSGAII converges to the Pareto
optimal front with a good spread of multiple optimal
solutions. Table 6 shows decision variable values at two
optimal solution points picked at one and two in figure 5,
the extreme ends of the Pareto front. This demonstrates
how multiple optimal solution can help produce a variety
of optimal solutions.

Figure 4: Interaction effects on Load Response
Table 6:Variable values for optimal solutions
Point
1
2

W
16
16

Table 5: Analysis of Variance (ANOVA) associated with
regression model in equations 3 and 4

7.2

Load
Term
A (W)
B (Rg)
C (Ar)
D (Pd)
E (An)
AB
AD
AE
BC
BD
BE
CD
CE
Model
Error
Total

DoF
1
1
1
1
1
1
1
1
1
1
1
1
1
13
3
16

SSq
10175.9
15664.4
25.0
16432.0
24.9
179.1
151.2
9.5
89.0
86.4
14.4
28.2
184.3
43064.3
220
43284.3

MULTI-OBJECTIVE OPTIMISATION
(NSGAII)

The result in figure 5 shows the plots of solution results
obtained by running the NSGAII algorithm. NSGAII was
used to minimise both load and ovality using the GA
parameters described in section 6.3 and equation 3 and 4
as the objective function. NSGAII was run ten times with
different random number seeds. The best convergence is
presented in figure 5. Seven out of ten runs obtained
similar results. Therefore it is likely that NSGAII has
converged to the global Pareto front. It can also be seen

Ar
64.7
66

Pd
18.7
20

An
30
30

Ov
2.2
7.7

Load
216.9
130.5

Multi-Objective Optimisation Results
270

Load (KN)

Ovality
Term
DoF
SSq
A (W)
1
2.465
B (Rg)
1
5.313
C (Ar)
1
0.0064
D (Pd)
1
5.382
E (An)
1
0.003
AB
1
8.97
AD
1
9.0
BD
1
14.4
AE
1
0.005
CE
1
5.832
DE
1
0.006
Model
11
51.38
Error
5
1.85
Total
16
53.23
SSq: Sum of Squares
DoF: Degree of Freedom

Rg
2.4
4

1

220

2

170
120
1.5

3.5

5.5

7.5

Ovality(mm)

Figure 5: Multi-Objective Optimisation Solution Plot
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FUTURE RESEARCH ACTIVITIES

The limitations in the current modelling and optimisation
approach and the corresponding research activities are
listed below.
• Qualitative (QL) knowledge cannot be used within the
optimisation phase of the current methodology. It will
be very useful to develop a framework explore the
effect of QL variables on quantitative variables. This
information can be used to guide the search in the
optimisation process.
• The GA runs differ in results when different parameter
settings and scaling for the decision variable space are
used. The choice of the best parameter settings is
difficult as it depends on the nature of the problem.
Developing parameter-less GA's provides a
challenging research area.
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CONCLUSION

Traditional solution methods for optimising complex real
life engineering problems can be very expensive and often
results in sub-optimal solutions. A multi-objective
optimisation approach is presented to address expensive
computational cost of large FE runs using meta-models.
This technique is effective in approximating FE runs and
exploring complex search spaces for achieving multiple
global optimal solutions. NSGAII was applied to a rodrolling problem. NSGAII converged to the Pareto optimal
front showing good results. Multiple optimal solutions
give the opportunities to deliver variety of optimal
designs in the presence of existing qualitative knowledge.
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Abstract
We propose a hybrid genetic algorithm for
the xed channel assignment problem with
limited bandwidth. A local optimization algorithm was devised to enhance the genetic
algorithm's ne-tunning. In a matrix representation, the local optimization algorithm
improves on a chromosome by horizontal and
vertical moves of channels. The crossover is
directly performed on two-dimensional matrices. Experimental results showed dramatic
improvement against previous works.

1

Introduction

As the demand of mobile telecommunication sharply
grows, the e ective use of limited resources becomes
more important. In a mobile system, the channel assignment problem is to assign channels optimally for
the requests of cells. In this paper, a channel corresponds to a frequency band.
When we assign the channels to the cells, EMC
(Electro-Magnetic Compatibility) constraints [14]
must be satis ed. There are three types of constraints, namely, i) the cochannel constraint (CCC):
the same channel cannot be assigned to certain pairs
of radio cells simultaneously, ii) the adjacent channel
constraint (ACC): channels adjacent in the frequency
spectrum cannot be assigned to adjacent radio cells simultaneously, and iii) the cosite constraint (CSC): the
channels assigned to the same radio cell need minimal
frequency separation between cells. If these EMC constraints are not satis ed, interference occurs. Under
these constraints, we can de ne the channel assignment problem as follows [4]:
Minimize Z

subject to
Z
X
p=1

fip = di

jp qj  Cij

fip =

0
1

for 1  i  N;
for 1  p; q  Z and 1  i; j  N
such that fip = fjq = 1; and


not assigned
if channel p is
to cell i
assigned

where

Z : the number of available channels,
N : the number of cells,
D: demand vector D = (d1 ; d2 ; :::; dN ), where di is the
demand of channels for cell i, and
C : compatibility matrix CN N , where each element
Cij represents the required minimum distance of separations between two the channels assigned to cell i
and cell j .
The status of channels allocated to each cell can be
represented with an N  Z binary matrix F (see Figure 4). Each element of F has value 0 or 1; if the
j th channel is assigned to the ith cell, fij has value 1,
otherwise fij has value 0.
Consider a simple channel assignment problem proposed in [14]; there are 4 cells, and the compatibility
matrix and the demand vector are given as

0
B
C =B
@

5
4
0
0

4
5
0
1

0
0
5
2

0
1
2
5

1
C
C
A

and D = (1; 1; 1; 3). The diagonal elements Cii =
5 mean that if any two channels are assigned to the
same cell, interference occurs unless the frequencies
are apart by at least 5. With the above compatibility
matrix and the demand vector, an optimal assignment
is shown in Figure 1.
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Figure 1: An interference-free assignment for the network with 4-cell and 11-channel.
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Figure 2: A weak-interference assignment for the network with 4-cell and 10-channel.
However, if there are only ten channels available, all
the demands cannot be satis ed; we need to minimize
the severity of interference. Figure 2 shows a solution
with relatively weak cosite interference in cell 4 [2].
Generally, the xed channel assignment problem
(FCAP) is equivalent to the generalized graph-coloring
problem [13][14][15]. We can obtain a graph with vertices and edges, where each vertex corresponds to a
request of cells and the weight of the edge between
two vertices is the required minimum separation for assigning two cells [15]. If all Cij 's are 0 or 1, then there
exists only the cochannel constraint and the FCAP
reduces to the classical graph-coloring problem. Since
the graph-coloring problem (either classical or generalized) is NP-complete [8], so is FCAP [14]. Hitherto
a number of approximation algorithms have been proposed for FCAP. These include graph theoretic ordering approaches [14], neural network [6][15], simulated
annealing [5], and genetic algorithms (GAs) [4][13].
The studies of FCAP can be classi ed into two approaches. One focuses on minimizing the total number of channels assigned to the cells with all constraints
satis ed [14][16]. The other proposes appropriate cost
functions and attempts to minimize the costs [4][13][6].
The cost should be zero when an assignment is con ictfree.
There have been a number of studies for FCAP using

GAs. Ngo and Li [13] determined the number of available channels as lower bound using a graph theoretic
method, and considered the interference cost as the
tness value. As Ngo and Li [13] suggested, Dirk and
Ulrich [4] assumed the total number of available channels as lower bound according to the lower-bound rule
of Gamst [7], used the blocking rate as the evaluation
cost, and searched for the assignments with cost value
zero. They searched for the con ict-free assignments
with minimum channel span.
However, in practice, the available channels are limited, and the requests for channels often over ow beyond the capacity. In this situation, minimizing the
total channel span is meaningless [9] and it is more
useful to attempt to obtain the best assignments possible, given the number of channels [15]. Jin et al.
[10] suggested a new formulation for a limited channel bandwidth below the lower bound. With the limited channel environment, all constraints cannot always be satis ed and we should allow blocked calls
and/or the interference [10][9][15]. They consider the
non-assigned requests and the violation of EMC constraints as blocking rate and interference cost, respectively. An optimal assignment maximally satis es the
demands of cells and minimizes the interference between cells. We use this model in this study.
There are two types of channel assignment problems:
the xed channel assignment and the dynamic channel assignment. In xed channel assignment (FCA),
one-time assignment is performed; in dynamic channel assignment (DCA), assignments are repeated with
changing requests. FCA is more important in situation
with heavy traÆc loads [13]. Even in the situation in
which DCA is used, the initial solution is usually provided by FCA, and DCA keeps modifying on it [15].
The running time is thus not very critical in FCA.
In this paper, we propose a hybrid genetic algorithm
for FCA with limited channel bandwidth. Basically,
we follow the formulation proposed in [10]. We designed a GA with two-dimensional chromosomes and
an e ective local optimization heuristic with horizontal/vertical searches.
The rest of the paper is organized as follows. In Section 2, we describe the formulation used in this paper.
The proposed hybrid GA and local optimization algorithm are presented in Section 3. The experimental
results are provided in Section 4. Finally, Section 5
summarizes the study.
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Fixed Channel Assignment Problem

create initial population of a xed size;
do f
choose parent1 and parent2 from population;
o spring crossover(parent1, parent2);
mutation(o spring);
local-optimization(o spring);
replace(population, o spring);
g until (stopping condition);
return the best individual;

If a call cannot be assigned a channel, we say it is
blocked. The blocking rate (the damage cost by blocked
calls) is de ned as,
ni
N
X
X
i=1 j =DFi +1

P (Xi = j )(j

DFi )

where

Figure 3: A typical hybrid steady-state GA

Fi : the amount of channels assigned to cell i,
Xi : a random variable of required channels in cell i,
ni : the expected number of requests in cell i, and
D: the number of channels provided by each frequency.
In assignments with the xed channel condition, EMC
constraints may be violated and the violation brings
interference. EMC constraints are provided by the
compatibility matrix C . In the matrix, each diagonal
element Cii represents the cosite constraint, and each
non-diagonal element Cij represents the minimum separation distance between any two frequencies assigned
to cells i and j [13]. If Cij = 1, it represents the
cochannel constraint, and if Cij = 2, it represents the
adjacent channel constraint. Interference cost is dened as follows:
N X
N X
Z X
Z
X
i=1 j =1 p=1 q=1

f (i; j; p; q)

where
N : the number of cells,
Z : the number of available frequencies,
f (i; j; p; q) =



;
fip fjq C (Cij
fip fjq A (Cij
0

jp qj);
jp qj);
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0
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Figure 4: Two-dimensional chromosome for a solution
3.1

2D Representation

We represent a solution by a binary N  Z matrix. N
is the number of cells and Z is the number of channels.
If a gene fip = 1, then the pth channel is assigned to
the ith cell (e.g., see Figure 4).
3.2

2D Crossover

jp qj  Cij
A two-dimensional encoding/crossover pair can rejp qj < Cij and i = j ect more geographical linkages of genes than one-

if
if
otherwise.

dimensional encoding/crossover pairs [12]. Cohoon
and Paris [3] proposed a two-dimensional crossover
which chooses a small rectangle from one parent and
Since the number of available channels is limited, it
copies the genes in the rectangle into the o spring,
is hard to satisfy both of the constraints. The total
with the rest of the genes copied from the other pardamage due to an assignment is formulated as
ent. Anderson et al. [1] suggested the block-uniform
ni
N X
N X
Z X
Z
N X
X
X
f (i; j; p; q )+
P (Xi = j )(j DFi ) crossover on n  n grid. It divides the grid into i  j
blocks at random; each block of one parent is interi=1 j=1 p=1 q=1
i=1 j=DFi +1
changed randomly with the corresponding block of the
other parent based on a pre-assigned percentage.
where is a weighting factor. In the formula, the rst
Although two-dimensional encoding can preserve more
term represents the interference cost and the second
geographical relationships among the genes, when traterm represents the blocking cost.
ditional straight-line-based cutting strategies are used,
the power of new-schema creation is far below that of
3 A Hybrid GA for the FCAP
the crossovers on linear encodings [11].
C and A are some strictly increasing functions.

In this section, we describe the proposed GA for
FCAP. Figure 3 shows the template of a hybrid steadystate GA.

Geographic crossover was suggested to resolve this
problem [11] [12]. In the case of a two-dimensional
encoding, it chooses a number of monotonic lines,
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Figure 5: An example of geographic crossover
divides the chromosomal domain into two equivalence classes, and alternately copies the genes from
the two parent chromosomes. We used geographic
crossover in this work. Figure 5 shows an example geographic crossover operator for this problem. By combining two-dimensional representation and geographic
crossover, we are pursuing both reduced information
loss in the stage of encoding and the power of newschema creation.
Mutation

On each cell i, we generate two random numbers. One
is to get a channel number p and the other is a binary
random number. We assign 0 or 1 to fip depending on
the number. We control the total number of 1's in row
i not to exceed di of the demand vector in any case.
3.4

14

8
15

HV-Move: the Local Optimization

We devised a local search heuristic to ne-tune around
local optima. First, we x the blocking rate and reduce
the interference cost by a row-based search. Next, we
reduce the interference and blocking cost simultaneously by a column-based search. The process of local
search is performed by moving 1's to more attractive
chromosomal positions.
Horizontal Search (Row-Based Search)

In the horizontal search, we redistribute the gene value
1's in each row so that the interference cost in the corresponding cell is minimized. In this search, the number of assigned channels in each cell does not change.
Vertical Search (Column-Based Search)

The vertical search is performed after the horizontal
search and reduces the blocking rate and interference

3
9

16
19

offspring

3.3

7

2

4
10

17
20

5
11

12

18
21

Figure 7: The 21-cell system
cost simultaneously. We redistribute the gene value 1's
in each column so that the sum of blocking rate and
interference cost is minimized. This search changes
the number of channels in the cells.
Figure 6 shows the outline of the local optimization
algorithm. For each gene with value 1, we tries to move
1 to another position in the same row. If the move
gives some gain, the value 1 moves. Then we move
the value 1 to another position in the same column if
the move gives some gain. Mark the position to which
the value 1 nally moved. After performing the above
process for all genes with value 1, we repeat the above
process as far as there is at least one marked position.

4
4.1

Experimental Results
Benchmark Problems

The 21-cell system is a useful benchmark for the channel assignment problem (see Figure 7). The compatibility matrix C3 ; C4 ; C5 ; and the demand vector D of
each cell are based on [10], [9], and [6]. Figure 9 shows
the compatibility matrices and Figure 10 represents
the demand vectors. The benchmark set is composed
of 8 problems, originated from [10] and [9]. Table 1
shows the speci cation of the problems. In our experiments, we used the function C (X ) = 5x 1 and
A (X ) = 52x 1 to evaluate chromosomes and set the
weight of blocking cost = 10001 , as in [10] and [9].
4.2

Experimental Parameters

In our experiments, the population size was set to 50.
In selection, the probability to select the best chromosome was given four times higher than the worst.
Mutation rate was 0.01%. Our GA is a steady-state
GA; each generation produces one o spring and re1 The weight of blocking cost was mistakenly written as

10,000 in [10] and [9]. We corrected it to 1,000 by personal
communication with them.
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HV{Move

f

count

0;
mark 1 on all the positions of value 1;
repeat

f

count

count + 1;
for each row
for each gene with mark count in the row

f

g

if there exists gain by moving the value 1 to another position in the same row
then move the value 1;
if there exists gain by moving the value 1 to another position in the same column
then move the value 1;
if there was any move in the above two trials
then mark the nally moved position with count;

g
g until (there is nothing marked with count);

Figure 6: The outline of the local optimization algorithm
places with it one of the chromosomes in the population. The stopping condition is a xed number of
generations (we set the number to be 10,000). We
performed the experiments on Pentium III 750 MHz.

Swapping Count
25000

horizontal
vertical
20000

15000

4.3

Results
10000

The experimental results are summarized in Table 2.
The costs were dramatically reduced compared with
[10] and [9]. In an extreme case (Problem 1), we found
a solution of cost 0.385 while Horng et al. [9] reported
203.266 as the best solution cost.
Figure 8 shows the numbers of horizontal moves and
vertical moves over the generations. The numbers were
summed up every 200 generations. In the gure, one
can observe that the horizontal moves occur more often
than the vertical moves. Although not very often, the
vertical moves steadily occurred over the generations.

5

Conclusions

A hybrid GA was proposed to solve the xed channel assignment problem that assign limited channels
to the requests of cells. Solutions were represented
by two-dimensional chromosomes and the geographic
crossover was applied. To help the GA's ne-tunning,
we devised a local optimization heuristic that performs
row-based search and column-based search.
We may consider the parallelization of our method.
Although the suggested GA showed dramatic improvement over the previous studies, we believe that there
still remains room for further improvement, particu-

5000

0

0

2000

4000

6000

8000

10000

Generations

Figure 8: The swapping count in the local optimization

larly in the local optimization part. We plan to apply
our algorithm to other benchmark problems [15] and
larger scale problems.
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Table 1: The Speci cation of the Problems
Problem
1
2
3
4
5
6
7
8

No. of
cells(N)
21
21
21
21
21
21
21
21

No. of available
channels(Z)
60
60
60
60
60
40
40
64

Compatibility
matrix(C)

Communication
load table(; Æ )

C3
D1y
C4
D1
C5
D1
C4
D2
C5
D2
C5
D1
C5
D2
C5
D3
y The demand vector was mistakenly written as D3 in [10] and [9].
We corrected it to D1 by personal communication with them.
Table 2: Experimental Results
Problem
1
2
3
4
5
6
7
8

Best [10]
217.947
276.623
2013.751
950.995
4495.609
4857.711
21700.624
58089.148

Previous works
CPU1 [10]
Best [9]
34976
203.266
42807
271.366
39226
1957.366
31465
906.299
45712
4302.298
27412
4835.366
54426
20854.300
42248
53151.570

Our GA results
Best(Average3 )
0.385(0.510)
27.945(30.881)
63.089(79.346)
675.849(684.134)
1064.090(1092.484)
1149.755(1227.302)
5636.684(5831.756)
41883.012(41967.549)

CPU2
65504
88692
89918
95585
87905
35790
37323
135224

1. CPU seconds on Pentium II 400 MHz.
2. CPU seconds on Pentium III 750 MHz.
3. Average over 30 runs.
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(b) The compatibility matrix C4
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(c) The compatibility matrix C5

Figure 9: The compatibility matrices
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In this paper we compare two methods for
forming reduced models to speed up geneticalgorithm-based optimization. The methods
work by forming functional approximations
of the tness function which are used to speed
up the GA optimization. One method speeds
up the optimization by making the genetic
operators more informed. The other method
speeds up the optimization by genetically engineering some individuals instead of using
the regular Darwinian evolution approach.
Empirical results in several engineering design domains are presented.

1 Introduction
This paper concerns the application of Genetic Algorithms (GAs) in realistic engineering design domains.
In such domains a design is represented by a number
of continuous design parameters, so that potential solutions are vectors (points) in a multidimensional vector space. Determining the quality (\ tness") of each
point usually involves the use of a simulator or some
analysis code that computes relevant physical properties of the artifact represented by the vector, and summarizes them into a single measure of merit and, often,
information about the status of constraints. For example, the problem may be to design a supersonic aircraft capable of carrying 70 passengers from Chicago
to Paris in 3 hours. The goal may be to minimize the
takeo mass of the aircraft. The constraints may include something like \the wings must be strong enough
to hold the plane in all expected ight conditions".
Some of the problems faced in the application of GAs
(or any optimization technique for that matter) to such
problems are:
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Not all points in the space are legitimate designs
| some points in the search space (\unevaluable
points") cause the simulator to crash, and others
(\infeasible points"), although evaluable by the
simulator, do not correspond to physically realizable designs.



The simulator will often take a non-negligible
amount of time to evaluate a point. The simulation time ranges from a fraction of a second to,
in some cases, many days.



The tness function may be highly non-linear. It
may also have all sorts of numerical pathologies
such as discontinuities in function and derivatives,
multiple local optima, ..etc.

Fortunately, in many of these domains so-called "reduced models", which provide less-accurate but more
ecient estimates of the merit of an artifact, are either
readily available or can be learned online (i.e. in the
course of the optimization) or o -line (i.e. by sampling
and building a response surface before optimization).
This paper compares methods for the modi cation of
GAs speci cally intended to improve performance in
realistic engineering design domains in which no reduced models are available a priori. These methods
form approximations of the tnesses of the points encountered during the course of the GA optimization.
The approximations are then used to speed up the GA.
We compare two methods for improving the GA's performance. One is the idea of informed operators (IO)
presented in [7] which uses the approximations to make
the GA operators such as crossover and mutation more
e ective. The other is a variation of the genetic engineering (GE) idea presented in [8] which improves the
eciency of the GA optimization by replacing some of
the regular Darwinian iterations, which generate new
individuals using crossover and/or mutation, with iteration in which individuals are generated by running
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a mini-optimization using the approximations and returning the best point found therein.
The use of reduced models to save time in evolutionary optimization dates all the way back to the sixties. Dunham et al. [4] worked with a two level
problem in which they used an approximate model
most of the time and only used the accurate/expensive
model in the nal stages of re nement. Numerous research e orts compute a response surface approximation and use it instead of the very expensive evaluation function with no looking back [9]. Other approaches rely on special relations between the approximate and accurate model to develop interesting multilevel search strategies. A notable class of such methods [10] focus on building variants of injection island
genetic algorithms (iiGAs) for problems involving nite element analysis models. The approach was to
have many islands using low accuracy/cheap evaluation models with small numbers of nite elements that
progressively propagate individuals to fewer islands using more accurate/expensive evaluations. A recent approach [11] uses a functional approximation method to
form reduced models. To the best of our knowledge,
none of these approaches addressed the problem of unevaluable points.
We conducted our investigations in the context of
GADO [3, 12], a GA that was designed with the goal
of being suitable for use in engineering design. It uses
new operators and search control strategies suitable for
the domains that typically arise in such applications.
GADO has been applied in a variety of optimization
tasks that span many elds. It demonstrated a great
deal of robustness and eciency relative to competing
methods.
In GADO, each individual in the GA population represents a parametric description of an artifact, such as
an aircraft or a missile. All parameters take on values in known continuous ranges. The tness of each
individual is based on the sum of a proper measure of
merit computed by a simulator or some analysis code
(such as the takeo mass of an aircraft), and a penalty
function if relevant (such as to impose limits on the
permissible size of an aircraft). The penalty function
consists of an adaptive penalty coecient multiplied
by the sum of all constraint violations if any. A steady
state GA model is used, in which operators are applied to two parents selected from the elements of the
population via a rank based selection scheme, one o spring point is produced, then an existing point in the
population is replaced by the newly generated point
via a crowding replacement strategy. Floating point
representation is used. Several crossover and muta-
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tion operators are used, most of which were designed
speci cally for the target domain type. GADO also
uses a search-control method [12] that saves time by
avoiding the evaluation of points that are unlikely to
correspond to good designs.
The remainder of this paper rst presents brief descriptions of the compared methods for reduced model
use for speedup. The paper then presents brief descriptions of the approximation methods used to form
the reduced models. We then present a number of experiments concerning the use of these approximation
methods on one realistic engineering design task and
several engineering design benchmarks. We conclude
the paper with a discussion of the results and future
work.

2 Reduced-model-based speedup
methods
We compare two methods for improving the GA's performance. One is the idea of informed operators presented in [7] and the other is a variation of the genetic
engineering idea presented in [8]. The remainder of
this section describes these two approaches in more
detail.

2.1 Informed operators
The main idea of Informed Operators (IO) is to replace
pure randomness with decisions that are guided by the
reduced model. We replace the conventional GA operators such as initialization, mutation and crossover
with four types of informed operators:




Informed initialization: For generating an in-

dividual in the initial population we generate a
number of uniformly random individuals in the
design space and take the best according to the
reduced model. The number of random individuals is a parameter of the method with a default
value of 20.
Informed mutation: To do mutation several
random mutations are generated of the base point.
Each random mutation is generated according to
the regular method used in GADO [3] by randomly choosing from among several di erent mutation operators and then randomly selecting the
proper parameters for the mutation method. The
mutation that appears best according to the reduced model is returned as the result of the mutation. The number of random mutations is a
parameter of the method with a default value of
ve.
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Informed crossover: To do crossover two par-

ents are selected at random according to the usual
selection strategy in GADO. These two parents
will not change in the course of the informed
crossover operation. Several crossovers are conducted by randomly selecting a crossover method,
randomly selecting its internal parameters and applying it to the two parents to generate a potential child. The internal parameters depend on
the crossover method selected. For example to do
point crossover the cut-and-paste point has to be
selected. Informed mutation is applied to every
potential child, and the best among the best mutations is the outcome of the informed crossover.
The number of random crossovers is a parameter
of the method with a default value of four. Thus
each crossover-mutation combination uses 20 reduced model evaluations.
Informed guided crossover: Guided crossover
[6] is a novel operator used in GADO to replace
some of the regular crossover-mutation operations
to improve convergence towards the end of the
optimization. Guided crossover does not involve
mutation so we treat it di erently. The way informed guided crossover works is a follows:
{ Several candidates are selected at random using the usual selection strategy of GADO to
be the rst parent for guided crossover. The
number of such candidates is a parameter of
the method with a default value of four.
{ For each potential rst parent the second parent is selected in a fashion documented elsewhere [6]. Then several random points are
generated from the guided crossover of the
two parents and ranked using the reduced
model. The number of such random points
is a parameter of the method with a default
value of ve.
{ The best of the best of the random points
generated is taken to be the result of the
guided crossover.
Thus the default total number of reduced model
calls per informed guided crossover is 20.

2.2 Genetic Engineering
Our approach to Genetic Engineering (GE) attempts
to improve the eciency of the GA optimization
by replacing some of the regular Darwinian iterations, which generate new individuals using crossover
and/or mutation, with iteration in which individuals
are generated by running a mini-optimization using
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the approximations and returning the best point found
therein.
In our implementation of the GE approach, the nongradient based Downhill-Simplex method is used - on
a periodic basis - to generate new individuals instead
of the traditional genetic operators. The DownhillSimplex technique [13], is used because of its lesser
commitment to the accuracy of the approximation
function in comparison to the various gradient-based
techniques. This method requires only function evaluations, not derivatives. Once in every four GA iterations we use the Genetic Engineering approach to create a new individual instead of the Darwinian genetic
operators. Speci cally, assuming the dimension of the
parameter space is ndim, we select ndim+1 individuals
from the current population using the regular selection strategy of GADO. We then use the cheap tness
function to get the approximate tness values of these
ndim+1 individuals. These ndim+1 individuals and
their tnesses serve as input to the Downhill-Simplex
function. Based on the approximated tnesses, new
hypothesized minimum can be found by calling the
Downhill-Simplex function. This minimum serves as
the new born individual. Therefore, new individuals
are created and evaluated by the true tness function,
so that the overall GA search proceeds.
It was hard to set the number of calls to the cheap tness function with the GE as each mini-optimization
could take a di erent number of iterations. We
set the maximum number of calls during each minioptimization to 500. However, we found that the GE
approach ended up calling the cheap tness function
more than an order of magnitude more times than the
IO approach. We did not repeat the experiments because the nal conclusion was in favour the IO approach anyway.

3 Reduced model formation methods
In this section we brie y describe the methods used
to create the approximate models which the speedup
methods use. More detailed descriptions of these
methods can be found in [14, 15].

3.1 General framework
We conducted our investigation in the context of the
framework described in detail in [14]. We provide only
a brief description here. The method is based on maintaining a large sample of the points encountered in the
course of the optimization. Ideally, the sample should
include all the points but a smaller sample may be
used to keep the overhead reasonable.
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Incremental approximate clustering We keep

the sample divided into clusters. Starting with one
cluster, we introduce one more cluster every speci c
number of iterations. The reason we introduce the
clusters incrementally rather than from the beginning
is that this way results in more uniform sized clusters.
Every new point entering the sample, either becomes a
new cluster (if it is time to introduce a cluster) or joins
one of the existing clusters. A point belongs to the
cluster whose center is closest in Euclidean distance
to the point at the time in which the point joined the
sample. We use clustering because it makes it possible to t discontinuous and complicated surfaces with
simpler surfaces such as quadratic approximations.

Approximate evaluation of new points The rst

step in evaluating the approximate tness of a new
point is to nd to which cluster it belongs. If the
point belongs to a cluster with cluster approximation
functions, these are to be used, otherwise the global
approximation functions are to be used. The evaluation method depends on the stage of the optimization.
In the rst half of the optimization the tness is formed
by using the approximate measure of merit and the approximate sum of constraints (which is forced to zero
if negative). No attempt is made to guess at whether
the point will be feasible, infeasible or unevaluable. In
the second half of the optimization we use a two phase
approach. First we use the nearest neighbors of the
new point to guess whether the point is likely to be
feasible, infeasible-evaluable or unevaluable. Based on
this guess, and the point's cluster, we then use the
proper approximation functions (for example, no approximation functions are used if the point is guessed
to be unevaluable).

3.2 Quadratic Least Squares approximations
The rst approach we used for forming the approximations was Quadratic Least Squares (LS). We distinguish between the approximation functions for the
measure of merit and those for the sum of constraints.1
The reason is that the constraints are only de ned for
infeasible designs. For feasible designs we have to put
all the constraints at zero level as the simulators only
return that they are satis ed. We form two types of
approximations for measure of merit and for the sum
of constraint violations:


Global approximation functions

Since GADO only deals with the sum of all constraint violations rather than the individual constraints,
we only form approximations for the sum of all constraint
violations.
1

We maintain two global approximation functions
which are based on all the evaluable points in
the sample.
We use quadratic approximation functions of the
form:
F^ (X ) = a0 + a x +
a xx

X

X
n;n

n

i

i

i

=1

ij

i

j

=1;j =i

i

where n is the dimension of the search space and
x is design variable number i. We use a least
square tting routine from [13] which works by
using the normal equations method to t the a
values.
i

i



Cluster approximation functions

We use the same techniques for forming cluster approximation functions, except that we only
form them for clusters which have a sucient
number of evaluable points.

3.3 Quickprop Neural Networks
Quickprop is a modi cation of the back-propagation
learning algorithm (Backprop) that uses a secondorder weight-update function, based on measurement
of the error gradient at two successive points, to accelerate the convergence over simple rst-order gradient
descent [5]. Quickprop learns much faster than the
standard back-propagation but also has more parameters that have to be ne-tuned. In this work, we used
the C version [2] of Quickprop, translated by Terry
Regier from Fahlman's original Lisp version.
There are two measures to be approximated, the
measure of merit and the constraint violations, and
therefore, the network structure could be either onenetwork-two-output, or two-network-one-output. After examining the two approaches, we have found that
the two-network-one-output approach is better. We
also introduced a mechanism for avoiding over-training
in this network.
The Quickprop algorithm was implemented and integrated into GADO so as to generate both the global
and the cluster approximation models. We form two
types of approximations for measure of merit and constraint violations by maintaining both a global ANN
and an ANN for each big enough cluster (i.e., cluster with a sucient number of evaluable points) in a
manner similar to that used for LS approximation.

4 Experimental results
To compare the performance of the di erent speedup
methods we compared GADO with reduced-model-
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Figure 2: Comparison of average performance in application domain 1 (aircraft design)
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Figure 1: Supersonic transport aircraft designed by
our system (dimensions in feet)
based informed operators to GADO with genetic engineering. We did the comparisons in the context of
LS as well as QP based approximation methods. We
also compare all of these to GADO without speedup
altogether. We compared the ve systems in several
domains: one domain from real tasks in aerodynamic
design, plus seven others from an existing set of engineering design benchmarks [1].

4.1 Application domain 1: Supersonic
transport aircraft design domain
4.1.1 Domain description
Our rst domain concerns the conceptual design of
supersonic transport aircraft. We summarize it brie y
here; it is described in more detail in [16]. Figure 1
shows a diagram of a typical airplane automatically
designed by our software system. The GA attempts
to nd a good design for a particular mission by varying twelve of the aircraft conceptual design parameters
over a continuous range of values. An optimizer evaluates candidate designs using a multidisciplinary simulator. In our current implementation, the optimizer's
goal is to minimize the takeo mass of the aircraft, a

measure of merit commonly used in the aircraft industry at the conceptual design stage. Takeo mass is the
sum of fuel mass, which provides a rough approximation of the operating cost of the aircraft, and \dry"
mass, which provides a rough approximation of the
cost of building the aircraft. In summary, the problem
has 12 parameters and 37 inequality constraints. 0.6%
of the search space is evaluable. No statistics exist regarding the fraction of the search space that is feasible
because it is extremely small.

4.1.2 Experiments and results
Figure 2 shows the performance comparison in domain
1 (aircraft design). Each curve in the gure shows the
average of 15 runs of GADO starting from random initial populations. The experiments were done once for
each speedup method-approximation method combination (i.e. IO with LS,GE with LS, IO with QP and
GE with QP) in addition to once without any speedup
or approximation methods, with all other parameters
kept the same. Figure 2 demonstrates the performance
with each of the four combinations as well as the performance with no approximation or speedup at all (the
solid line) in domain 1 . The gure plots the average
(over the 15 runs) of the best measure of merit found
so far in the optimization as a function of the number
of iterations. (From now on we use the term \iteration" to denote an actual evaluation of the objective
function, which is usually a call to a simulator or an
analysis code. This is consistent with our goal of understanding how the speedup methods a ect the number of calls to the objective function in problems where
the informed operators or genetic engineering overhead
is minuscule compared to the runtime of each objective function evaluation, as was the case here. This
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Figure 3: Comparison of average performance in
benchmark domain 1
also helps us avoid the pitfalls of basing evaluations
on run times, which can vary widely | for example
across platforms and even across runs due to variations in memory available and hence caching e ects.).
The gure shows that the informed operators method
improved the performance more than the genetic engineering method in most stages of the search regardless
of which approximation method was used for forming
the reduced models.

4.2 Benchmark engineering design domains
In order to further compare the two speedup methods,
we compared their performance in several benchmark
engineering design domains. These domains were introduced by Eric Sandgren in his Ph.D. thesis [1] in
which he applied 35 nonlinear optimization algorithms
to 30 engineering design optimization problems and
compared their performance. Those problems have become used in engineering design optimization domains
as benchmarks [17]. A detailed description of these
domains is given in [1].
For each problem GADO was run 15 times using different random starting populations. As with the aircraft domain, the experiments were done once for each
speedup method and approximation method combination, in addition to once without any speedup, with
all other parameters kept the same. Figure 3 through
Figure 9 show the performance with each of the four
combinations as well as performance with no approximation or speedup at all (the solid lines) in the benchmark domains. Each curve in each gure shows the
average of 15 runs of GADO with di erent random
seeds. We found that in the rst four benchmarks,
which represent relatively easy optimization tasks, the
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Figure 8: Comparison of average performance in
benchmark domain 6
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performance di erences were small. The gures show
that the IO based approach did better than the GE
approach using the same approximation technique (LS
or QP) in most stages of most domains. The gures
also show that the IO method gave the best nal performance in all domains. In fact, the results with the
GE approach in benchmark 6 were worse than with no
speedup at all. In benchmark 3 IO with QP was the
winner while in all other benchmarks the IO with LS
was the winner suggesting that LS was better than QP
as an approximationmethod. We should also point out
that in benchmark 7, in which GE appears to be doing
better than IO for a segment of the optimization, we
found that one of the runs did not nd any feasible
points but was slightly infeasible till the end. Thus,
the GE performance in this domain is worse than the
curve suggests.
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Figure 9: Comparison of average performance in
benchmark domain 7

This paper has presented a comparison between two
methods for using reduced models to speed up the
search in GA-based engineering design optimization.
Experiments were conducted in the domain of aircraft
design optimization as well as several benchmark engineering design domains. The experiments show that
the informed operators approach did consistently well
and was better than the genetic engineering approach
in all domains. Moreover, the genetic engineering approach called the approximate tness function an order of magnitude more times than the informed operators approach. We believe that the reason for this
result is that the reduced models used were not accurate enough for the genetic engineering approach
to yield good results. The informed operators approach on the other hand makes a much weaker assumption about the accuracy of the reduced model
(all it needs to speed up the optimization is that the
reduced model be a better than random predictor of
the actual model). The experiments also showed that
using least squares approximations with any speedup
approach usually yields better results than using the
neural network approximations.
In the future, we intend to repeat the comparison
of speedup approaches under di erent neural network models for approximation, such as radial-basesfunction neural networks and multi-layer perceptrons.
We also intend to explore ways of combining the
informed-operator approach and the genetic engineering approach to achieve better performance than using any single approach. We also hope to be able to
repeat the comparison in situations in which the reduced models are physical, pre-existent or somehow
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more accurate but unfortunately we do not have access to such domains at this time. Finally we intend
to explore other speedup approaches such as methods
based on the formation and instantiation of statistical
models.
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Abstract
Data mining consists of extracting knowledge
from data. This paper addresses the discovery of
knowledge in the form of prediction IF-THEN
rules, which are a popular form of knowledge
representation in data mining. In this context, we
propose a new Genetic Algorithm (GA) designed
specifically for discovering interesting fuzzy
prediction rules. The GA searches for prediction
rules that are interesting in the sense of being
surprising for the user. More precisely, a
prediction rule is considered interesting (or
surprising) to the extent that it represents
knowledge that not only was previously
unknown by the user but also contradicts the
original believes of the user. In addition, the use
of fuzzy logic helps to improve the
comprehensibility of the rules discovered by the
GA, due to the use of linguistic terms that are
natural for the user. The proposed GA is applied
to a real-world science & technology data set,
containing data about the scientific production of
researchers. Experiments were performed to
evaluate both the predictive accuracy and the
degree of interestingness (or surprisingness) of
the rules discovered by the GA, and the results
were found to be satisfactory.

1

INTRODUCTION

The basic idea of data mining consists of extracting
knowledge from data (Fayyad, 1996), (Han & Kamber,
2000). In this paper we address one general kind of data
mining task, which we will refer to as the discovery of
prediction rules. By prediction rule we mean an IF-THEN
rule of the form:
IF <some_conditions_are_satisfied>
THEN <predict_the_value_of_some_goal_attribute> .
Hence, we aim at discovering rules whose consequent
(THEN part) predict the value of some goal attribute for
an example (a record of a data set) that satisfies all the
conditions in the antecedent (IF part) of the rule. We
assume there is a small set of goal attributes whose value
is to be predicted. The goal attributes are chosen by the
user, according to his/her interest and need.

It should be noted that this task can be regarded as a
generalization of the well-known classification task of
data mining. In classification there is a single goal
attribute to be predicted, whereas we allow more than one
goal attribute to be defined by the user.
Note that, although there are several goal attributes to be
predicted, each rule predicts the value of a single goal
attribute in its consequent. However, different rules can
predict different values of different goal attributes.
In this paper we propose a new Genetic Algorithm (GA)
designed specifically for discovering interesting fuzzy
prediction rules. The main motivation for using a GA in
prediction-rule discovery is that GAs, due to their ability
to perform a global search, tend to cope better with
attribute interaction than most greedy rule induction
algorithms that are traditionally used in prediction-rule
discovery (Dhar et al., 2000), (Freitas, 2001).
The justification for the “interesting” and “fuzzy”
characteristics of the rules is as follows. In general, fuzzy
logic is a flexible way of coping with uncertainties
typically found in real-world applications. In particular, in
the context of data mining, fuzzy logic seems a natural
way of coping with continuous (real-valued) attributes.
Using fuzzy linguistic terms, such as low or high, one can
more naturally represent rule conditions involving
continuous attributes, by comparison with crisp
discretization of those attributes. For instance, the fuzzy
condition “Salary = low” seems more natural for a user
than the crisp condition “Salary < $14,328.53”.
Although we do use fuzzy logic to improve the
comprehensibility of the rules discovered by the GA, the
focus of this paper is not on the use of fuzzy logic, but
rather on the discovery of “interesting” rules. We
emphasize that this is a difficult problem, relatively little
explored in the literature. Most algorithms for discovering
prediction rules focus on evaluating the predictive
accuracy of the discovered rules (Hand, 1997), without
trying to discover rules that are truly interesting for the
user.
It should be noted that a rule can have a high predictive
accuracy but be uninteresting for the user, because it
represents some obvious or previously-known piece of
knowledge. A classic example is the rule:
IF <patient is pregnant> THEN <patient is female>.
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Hence, a major contribution of this paper is to propose a
GA that searches for rules that not only have a high
predictive accuracy but also are interesting, in the sense of
being surprising (representing novel knowledge) for the
user. As will be seen later, the core of the GA consists of
an elaborate fitness function which takes both these
aspects of rule quality into account.
Another contribution of this paper is that we apply the
proposed GA to the mining of a real-world science &
technology data set, containing data about the scientific
production of researchers (cientometric data).
The remainder of this paper is organized as follows.
Section 2 reviews relevant related work. Section 3
describes in detail the proposed GA for discovering
interesting (surprising) fuzzy prediction rules. Section 4
reports the results of computational experiments. Finally,
section 5 concludes the paper.

2
2.1

RELATED WORK
EAs FOR DISCOVERING FUZZY
PREDICTION RULES

There has been very extensive research on evolutionary
algorithms (EAs) for discovering fuzzy prediction rules.
Roughly speaking, the algorithms can be divided into two
broad groups:
(a) EAs evolving one or more aspects of membership
functions, such as the number of membership functions
(linguistic terms) for each attribute, the shape of the
membership functions, etc. (Xiong & Litz, 1999), (Mota
et al. 1999), (Mendes et al., 2001);
(b) EAs using user-defined membership functions, and
evolving only the combinations of attribute values
considered relevant for predicting a goal attribute
(Ishibuchi & Nakashima, 1999), (Walter & Mohan, 2000).
We follow the later approach, due to two mains reasons.
First, it allows us to incorporate the domain knowledge of
the user into the specification of the membership
functions, leading to membership functions which are
more comprehensible for the user. This is important in our
data mining application, where the discovered prediction
rules are directly interpreted by a human decision maker.
Second, it considerably reduces the search space, since the
GA has to search only for combinations of attribute values
to be included in the rules.
It should be noted the above-mentioned projects focus on
the discovery of fuzzy rules with high predictive accuracy,
without trying to discover surprising rules. Our work
differs from these projects in that the proposed GA
searches for fuzzy prediction rules that are not only
accurate but also surprising for the user, representing
knowledge that was previously unknown by the user, as
will be seen later.
2.2

DISCOVERING INTERESTING
PREDICTION RULES

There are two broad approaches for discovering
interesting rules in data mining, namely the objective
approach and the subjective approach. In general, the
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objective approach uses a rule-discovery method and a
rule-quality measure that are independent of the user and
the application domain (Major & Mangano, 1993), (Noda
et. al, 1999).
By contrast, the subjective approach uses a rule-discovery
method and/or a rule-quality measure that take into
account the background knowledge of the user about the
application domain (Silberchatz & Tuzhilin, 1996), (Liu
& Hsu, 1996), (Liu et al., 1997).
Hence, in general the objective approach has more
generality and autonomy than the subjective approach,
whereas the subjective approach has the important
advantage of using the user’s background knowledge to
guide the search for rules. Therefore, if the application
domain is well-defined and a user who is an expert in the
application domain is available, it makes sense to use the
subjective approach. This is the case of the project
reported in this paper. The proposed GA was developed
with the primary goal of mining science & technology
data, a well-defined application domain, and a user expert
in this application domain was available. Therefore, in
this paper we follow the subjective approach.
Out of the above-mentioned projects, there are two that
are more related to our research. The first one is the work
of (Liu & Hsu, 1996), (Liu et al., 1997). This work
follows the subjective approach. It proposes the use of
general impressions to guide the search for interesting
rules. General impressions can be thought of as “rules”
specified by the user, representing the background
knowledge and believes of the user about the application
domain. (General impressions will be discussed in more
detail later.) Liu and his colleagues propose the use of
general impressions as the basis for a post-processing
method to select the most interesting rules, among all
discovered rules. That is, first a data mining algorithm is
run, discovering a potentially large number of rules. Then
the discovered rules are matched against the userspecified general impressions, in order to select the most
interesting rules.
Our work also uses the idea of user-specified general
impressions to discover interesting rules. However, it
differs from the above work in that we use general
impressions directly in the search for rules, rather than as
a post-processing method. In other words, instead of first
generating a large number of rules and then selecting the
most interesting ones, the set of general impressions is
directly used by the data mining algorithm to generate
only interesting rules, avoiding the unnecessary
generation of many rules that will be later discarded due
to their lack of interestingness for the user. In addition, we
propose a GA for discovering interesting rules, whereas
the work of Liu and his colleagues does not use any
evolutionary algorithm.
The second work related to our research is the GA for
discovering interesting rules proposed by (Noda et al.,
1999). This GA also searches for rules that are both
accurate and interesting, according to a certain ruleinterestingness measure. However, our work differs from
Noda et al.’s work in two major points. First, unlike their
GA, our GA discovers fuzzy rules. Second, Noda et al.
follow an objective approach for the discovery of
interesting rules, whereas our GA follows a subjective

1190

REAL WORLD APPLICATIONS

approach based on user-specified general impressions, as
mentioned above.

3

A NEW GA FOR DISCOVERING
INTERESTING (SURPRISING)
FUZZY PREDICTION RULES

In this section we propose a new GA for discovering
interesting (surprising) fuzzy rules. Hence, each
individual represents a prediction rule. More precisely,
each individual represents the antecedent (IF part) of a
prediction rule. The consequent (THEN part) of the rule is
not encoded in the genome. Rather, it is fixed for a given
GA run, so that in each run all the individuals represent
rules with the same consequent (value predicted for a goal
attribute). Therefore, in order to discover rules predicting
different goal attribute values, we need to run the GA
several times, once for each value of each goal attribute.
Furthermore, the prediction rules represented by the
individuals are fuzzy rules. We stress that only the rule
antecedents are fuzzified. Rule consequents are always
crisp. Concerning the rule antecedent, of course only
conditions involving continuous (real-valued) attributes
are fuzzified. Categorical (nominal) attributes are
inherently crisp. For instance, there is no need to fuzzify a
rule condition such as “Sex = female”.
3.1

INDIVIDUAL REPRESENTATION

The genome of an individual represents a conjunction of
conditions specifying a rule antecedent. Each condition is
represented by a gene, and it consists of an attribute-value
pair of the form Ai = Vij, where Ai is the i-th attribute and
Vij is the j-th value belonging to the domain of Ai. In order
to simplify the encoding of conditions in the genome, we
use a positional encoding, where the i-th condition is
encoded in the i-th gene. Therefore, we need to represent
only the value Vij of the i-th condition in the genome,
since the attribute of the i-th condition is implicitly
determined by the position of the gene. In addition, each
gene also contains a boolean flag (Bi) that indicates
whether or not the i-th condition is present in the rule
antecedent. Hence, although all individuals have the same
genome length, different individuals represent rules of
different lengths (which is, of course, desirable in
prediction rules, since one does not know a priori how
many conditions will be necessary to create a good
prediction rule). The structure of the genome of an
individual is illustrated in Figure 1, where m is the
number of attributes of the data being mined.
V1j

B1

...

Vij

Bi

...

Vmj

Bm

Figure 1: Genome of an individual representing a rule
antecedent
We emphasize that the operator “=“ is used for both fuzzy
conditions and crisp conditions, as follows. As usual in
the data mining and machine learning literature, our GA
can cope with two kinds of attributes: continuous (realvalued) attributes and categorical (nominal) ones.
Categorical attributes are inherently crisp, so that they are
associated with crisp conditions such as “Sex = female”.

Continuous attributes are fuzzified, so that they are
associated with fuzzy conditions such as “Age = low”,
where low is a fuzzy linguistic term.
3.2

FUZZIFYING CONTINUOUS ATTRIBUTES

Recall that, as discussed in section 2, in this work the GA
uses user-defined membership functions. Hence, it
evolves the combinations of attribute values considered
relevant for predicting a goal attribute, but there is no
need to evolve the membership functions.
In our GA the fuzzification of continuous attributes is
performed as follows. Each continuous attribute is
associated with either two or three linguistic terms
(corresponding to the “values” of the fuzzified attribute),
namely either {low, high} or {low, medium, high}. Each
of these linguistic terms is defined by a user-specified
membership function. These functions have a trapezoidal
format, where there are three (or two) linguistic terms.
3.3

FITNESS FUNCTION

Recall that each individual is associated with a fuzzy
prediction rule. In the vast majority of the literature, the
main criterion used to evaluate the quality of a fuzzy
prediction rule is predictive accuracy. This criterion is
also important in our application, but it is not the only
one. As discussed in the Introduction, a prediction rule
can be accurate but not interesting for the user. This will
be the case when the rule represents some relationship in
the data that was already known by the user. To avoid
this, our fitness function takes into account two criteria:
(a) The predictive accuracy of the rule;
(b) A measure of the degree of interestingness (or
surprisingness) of the rule.
With respect to the latter criterion, our GA favors the
discovery of rules that are explicitly surprising for the
user, as will be seen later.
These two criteria are combined into a weighted formula
as follows:
Fitness(i) = Acc(i) * Surp(i)
The measures of Acc(i) and Surp(i) are described in the
next two subsections, respectively, since they are
computed by separated elaborate procedures.
3.3.1

Measuring the Predictive Accuracy of a Fuzzy
Rule

The first step to measure the predictive accuracy of a
fuzzy rule is to compute the degree to which an example
belongs to a rule antecedent. Recall that the rule
antecedent consists of a conjunction of conditions. We use
the standard fuzzy AND operator, where the degree of
membership of an example to a rule antecedent is given
by:
z

min (µ i )
i =1

where µi denotes the degree to which the example belongs
to the i-th condition of the rule antecedent, z is the number
of conditions in the rule antecedent, and min is the
minimum operator. The degree to which the example
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belongs to the i-th condition is directly determined by the
value of the corresponding membership function for the
example’s attribute value associated with that condition.
Of course, crisp conditions can have only either 0 or 1
membership degrees.
For instance, consider a rule antecedent with the following
two rule conditions: (Age = low) AND (Sex = female),
where the first condition is fuzzy and the second one is
crisp. Suppose that a given example has the values 23 and
female for the attributes Age and Sex, respectively.
Suppose also that the membership function for the low
linguistic term of Age returns the value 0.8 for the value
23. Then the degree to which this example belongs to this
rule antecedent is min(0.8,1.0) = 0.8.
Let A be the antecedent of a given rule. Once the degree
to which each example belongs to A has been computed,
the predictive accuracy of the i-th individual (fuzzy rule),
denoted Acc(i), is computed by the formula:
Acc(i) = (CorrPred - 1/2) / (TotPred)
where CorrPred (number of correct predictions) is the
summation of the degrees of membership in A for all
examples that have the value Vij predicted by the rule and
TotPred (total number of predictions) is the summation of
the degrees of membership in A for all examples. This
formula is essentially a fuzzy version of a crisp measure
of predictive accuracy used by some data mining
algorithms (Quinlan, 1987), (Noda et al., 1999). The
rationale for subtracting 1/2 from CorrPred in the
numerator is to penalize rules that are too specific, which
are probably overfitted to the data. For instance, suppose
CorrPred = 1 and TotPred = 1. Without subtracting 1/2
from CorrPred the modified formula would return a
predictive accuracy of 100% for the rule, which intuitively
is an over-optimistic estimate of predictive accuracy in
this case. However, subtracting 1/2 from CorrPred the
above formula returns 50%, which seems a more plausible
estimate of predictive accuracy, given that the rule is too
specific. Clearly, for large values of CorrPred and TotPred
the subtraction of 1/2 will not have a significant influence
in the value returned by the formula, so that this
subtraction penalizes only rules which are very specific,
covering just a few examples.
3.3.2

Measuring the Degree of Surprisingness of a
Prediction Rule

We consider a prediction rule interesting to the extent that
it is surprising for the user, in the sense of representing
knowledge that not only was previously unknown but also
contradicts the original believes of the user. Clearly, the
problem of discovering surprising rules is a very difficult
one, which has been relatively little investigated in the
data mining literature. (As mentioned above, the vast
majority of the literature focus on the discovery of rules
with a high predictive accuracy, without trying to measure
how novel or surprising the rule is for the user.)
In order to tackle this problem we follow a subjective
approach for discovering surprising rules, based on the
use of user-specified general impressions (Liu & Hsu,
1996), (Liu et al., 1997). In essence, a general impression
specifies some relationship that the user believes to be
true in the data being mined. General impressions, like
prediction rules, are expressed in the form IF
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<conditions> THEN <predicted value>. The main
difference is that general impressions are manually
specified and represent believes of the user about
relationships in the data, whereas prediction rules are
automatically discovered and represent relationships that
seem to hold in the data, according to the criteria used by
the data mining algorithm. Therefore, the specification of
general impressions assume that the user already has some
previous knowledge or hypotheses about relationships that
hold in the application domain - in our case, science and
technology data.
Let {R1,...,Ri,...R|R|} be the set of rules in the current
population of the GA, where |R| denotes the number of
rules (individuals); and let {GI1,...,GIj,...GI|GI|} be the set
of general impressions representing the previous
knowledge and believes of the user, where |GI| denotes
the number of general impressions. Note that the set
{GI1,...,GIj,...GI|GI|} is specified by the user before the GA
starts to run, and it is kept fixed throughout the GA run. In
order to compute the degrees of surprisingness of the rules
in the current population, each rule is matched against
every GI, as shown in Figure 2.

R1

GI1

Ri

GIj

R|R|

GI|GI|

Figure 2: Matching between each rule and every general
impression
A rule Ri is considered surprising, in the sense of
contradicting a general impression GIj of the user, to the
extent that Ri and GIj have similar antecedents and
contradictory consequents. In other words, the larger the
similarity of the antecedents of Ri and GIj and the larger
the degree of contradiction of the consequents of Ri and
GIj, the larger the degree of surprisingness of rule Ri with
respect to general impression GIj.
For each pair of rule Ri and GIj - where i varies in the
range 1,...,|R| and j varies in the range 1,...,|GI| - the GA
computes the degree of surprisingness of Ri with respect
to GIj in three steps, as follows.
First step: finding the general impressions whose
consequents are contradicted by the consequent of Ri. We
say that the consequent of Ri contradicts the consequent of
a general impression GIj if and only if Ri and GIj have the
same goal attribute but a different goal attribute value in
their consequent. For instance, this would be the case if Ri
predicts “production = low” and GIj predicts “production
= high”. Note that if Ri and GIi predict different goal
attributes, or if they predict the same value for the same
goal attribute, there is no contradiction between them, and
so the degree of surprisingness of Ri with respect to GIi is
considered zero, and in this case the second and third
steps, described below, are ignored.
Second step: computing the similarity between the
antecedents of Ri and GIj. For each general impression GIj
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found in the previous step (i.e, each general impression
GIj contradicted by Ri), the system computes the similarity
between the antecedents of Ri and GIj. This similarity,
denoted AS(i,j), is computed by the formula:

value, out of the k individuals, is selected as the winner of
the tournament. This process is repeated P times, where P
is the population size. Next the P selected individuals
undergo genetic operators, as follows.

AS(i,j) = |A(i,j)| / max(|Ri|,|GIj|) ,

The GA uses relatively simple crossover and mutation
operators. It uses uniform crossover (Goldberg, 1989).
There is a probability for applying crossover to a pair of
individuals and another probability for swapping each
corresponding pair of gene (attribute)’s value in the
genome of two individuals. The crossover probabilities
used were 0.85 for the crossover operator and 0.5 for
attribute value swapping. Our choice of uniform crossover
was motivated by the fact that this operator has no
positional bias, i.e., the probability of swapping each pair
of attribute values is independent of the position of that
attribute value in the genome. This is desirable in our data
mining application, where the rule antecedent represented
by the genome consists of an unordered set of conditions.

where |Ri| is the number of conditions (attribute-value
pairs) in rule Ri, |GIj| is the number of conditions in
general impression GIj, max is the maximum operator,
and |A(i,j)| is the number of conditions that are exactly the
same (i.e., have the same attribute and the same attribute
value) in both Ri and GIj. This formula is a somewhat
simplified version of the formulas proposed by (Liu &
Hsu, 1996) to measure the similarity between the
antecedents of Ri and GIj. Those authors proposed
separate formulas to measure the similarity with respect to
attributes and with respect to attribute values, whereas we
have chosen to incorporate both aspects of antecedent
similarity into a single formula, for the sake of simplicity.
Third step: computing the degree of surprisingness of Ri
with respect to GIj. Let Surp(i,j) denote the degree of
surprisingness of Ri with respect to GIj. Surp(i,j) depends
on both AS(i,j), computed in the second step, and on the
difference between the rule consequents of Ri and GIj,
computed in the first step, as follows. The goal attribute
values in the consequents of Ri and GIj can be either a
value in the set {low, high} or a value {low, medium,
high}, depending on the goal attribute. (The choice
between these two attribute domains is made by the user
for each goal attribute, as will be seen later.) If the
difference between the consequents of Ri and GIj is that
one of them is low and the other one is high,
characterizing the greatest possible difference between
those consequents, then Surp(i,j) is assigned the value of
AS(i,j), without any modification. If the difference between
the consequents of Ri and GIj is that one of them is
medium and the other one is either low or high,
characterizing a smaller difference between those
consequents, then Surp(i,j) is assigned half the value of
AS(i,j), i.e. Surp(i,j) = 0.5 x AS(i,j). In the latter case
Surp(i,j) is assigned a smaller value than in the former
case to reflect the fact that the degree of contradiction is
correspondingly smaller.

Finally, once the above three steps have been completed
for all general impressions, with respect to a given rule Ri,
the system has computed all the degrees of surprisingness
of Ri with respect to every general impression GIj, i.e. all
Surp(i,j), j=1,...,|GI|, where |GI| is the number of general
impressions. At this point the degree of surprisingness of
rule Ri, denoted Surp(i), is simply computed by the
formula:

[
j =1

GI

Surp (i ) = max AS (i, j )

]

where max returns the maximum value among its
arguments.
3.4

SELECTION AND GENETIC OPERATORS

The GA uses tournament selection (Blickle, 2000), which
essentially works as follows. First, k individuals are
randomly picked (k = 2), with replacement, from the
population. Then the individual with the best fitness

The mutation operator randomly transforms the value of
an attribute into another (different) value belonging to the
domain of that attribute. The mutation probability used
was 0.02.
In addition to crossover and mutation operators, the GA
also uses operators that insert/remove conditions to/from a
rule. In essence, the condition-insertion operator switches
on the flag of some condition in the genome, rendering it
present in the decoded rule antecedent. Conversely, the
condition-removal operator switches off the flag of some
condition in the genome, which effectively removes that
condition from the decoded rule antecedent. The
condition-insertion and condition-removal operators
perform specialization and generalization operations in
the rule, respectively. Hence, they contribute for a broader
exploration of the search space, facilitating the
exploration of some regions of the search space that might
not be so easily accessible to crossover and mutation
operators.

4

COMPUTATIONAL RESULTS

We now report the results of computational experiments
performed with the GA proposed in the previous section.
In these experiments the set of general impressions was
specified by the Head of Research of the State University
of Maringá (Brazil). The same user also evaluated the
interestingness of the rules discovered by the GA, as will
be seen later. The data set used in our experiments is
described in section 4.1.
The rules discovered by the GA were evaluated with
respect to two criteria, namely:
(a) Predictive accuracy. As usual in the literature,
predictive accuracy was measured in an objective way, by
computing the prediction accuracy rate on a test set
separate from the training set. The results with respect to
predictive accuracy are reported in section 4.2.
(b) Degree of interestingness (surprisingness). This is a
measure of how surprising, novel the rule is for the user,
as explained in the previous section. This was measured in
a subjective way, by showing the discovered rules to the
user and ask him to assess them according to how
interesting they were. The results with respect to
interestingness are reported in section 4.3.
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4.1

THE DATA SET

The application domain addressed in this paper involves a
science and technology database obtained from CNPq (the
Brazilian government’s National Council of Scientific and
Technological Development). More precisely, we have
mined a subset of the database containing data about the
scientific production of researchers of the south region of
Brazil. However, it should be noted that the design of the
GA is generic enough to allow its use in virtually any
other application domain, as long as proper general
impressions and membership functions are specified by
the user.
The experiments reported in this paper have been
performed with 24 attributes. The selection and
preparation of these attributes for data mining purposes
was a time-consuming process, taking several months,
since the original data set was not collected for data
mining purposes.
The data set contained 5,690 records (examples), and each
record had attributes describing a given researcher and his
scientific production in the period from 1997 to 1999.
Records that had any attribute with missing value were
removed. Out of the 24 attributes, 6 were used as goal
attributes to be predicted, and the other 18 attributes were
used as predictor attributes. Out of the 18 predictor
attributes, 8 were categorical (nationality, continent of
origin, sex, state, city, skill in writing English, whether or
not she/he was the head of a research group, main
research area) and 10 were continuous (educational level,
No. of years since last graduation, age, No. of completed
technical projects, No. of delivered courses, No. of
supervised Ph.D. thesis, No. of supervised M.Sc.
dissertations, No. of supervised research essays (at the
diploma level), No. of supervised final-year
undergraduate projects, No. of supervised undergraduate
students with a research scholarship). The 10 continuous
attributes were fuzzified for rule-discovery purposes, as
previously explained.
For prediction purposes, each goal attribute was
discretized into either two values (referring to a low or
high scientific production) or three values (referring to a
low, medium or high scientific production), as determined
by the user.
The 6 goal attributes, denoted G1,...,G6, have the
following meaning and values to be predicted:
G1 = No. of papers published in national journals values: low, medium, high;
G2 = No. of papers published in internat. journals values: low, medium, high;
G3 = No. of chapters published in national books - values:
low, medium, high;
G4 = No. of chapters published in international books values: low, high;
G5 = No. of national edited/published books - values: low,
high;
G6 = No. of internat. edited/published books - values: low,
high.
Therefore, in total there are 15 goal attribute values to be
predicted.
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4.2

EVALUATING THE PREDICTIVE
ACCURACY OF DISCOVERED RULES

In order to measure the predictive accuracy of discovered
rules, we have performed a well-known 10-fold crossvalidation procedure (Hand, 1997). In essence, this
procedure works as follows. First, the data set is divided
into 10 mutually exclusive and exhaustive partitions. Then
the data mining algorithm is run 10 times. In the i-th run,
i=1,...,10, the i-th partition is used as the test set, and the
remaining 9 partitions are temporarily grouped and used
as the training set. In each run the system computes the
prediction accuracy rate on the test set, which is the ratio
of the number of correct predictions over the total number
of predictions. The reported result is the average
prediction accuracy rate over the 10 runs.
We have compared the predictive accuracy of the rules
discovered by our GA with the predictive accuracy of the
rules discovered by J4.8 (Witten, 2000). The latter is a
decision-tree-building algorithm which is included in a
public-domain data mining tool available at:
www.cs.waikato.ac.nz/ml/weka/index.html. J4.8 is a
modified version of the very well-known decision-treebuilding algorithm C4.5 (Quinlan, 1993).
Note that J4.8 (as well as C4.5) is an algorithm designed
for the classification task of data mining, where there is a
single goal attribute to be predicted. Similarly, each run of
our GA discovers a rule predicting a different goal
attribute value. Hence, both J4.8 and our GA have to be
run several times in our application, since we are
interested in discovering rules predicting several goal
attributes. More precisely, J4.8 was “run” 6 times (each
“run” actually consists of the 10 runs of a 10-fold crossvalidation procedure), whereas our GA was “run” 15
times (again, each “run” was a 10-fold cross-validation
procedure), corresponding to the 15 different goal
attribute values for all the 6 goal attributes.
Note also that J4.8 and our GA were designed for
discovering different kinds of prediction rules. The two
main differences are as follows. First, J4.8 just tries to
discover accurate rules. It does not try to discover
interesting, surprising rules. By contrast, our GA tries to
discover rules that are both accurate and surprising for the
user. Second, J4.8 was designed for discovering
classification rules covering all examples. That is, given
any test example, J4.8 must have discovered a rule that
can be used to predict its class. By contrast, our GA does
not try to discover rules covering all examples. It tries to
discover only a small set of interesting, surprising rules,
the knowledge “nuggets”. The discovered rules can
collectively cover only a relatively small subset of
examples, and yet be considered surprising, high-quality
rules. These two differences make it difficult to compare
the two algorithms in a fair way.
In order to make this comparison more fair, we have
eliminated the above first difference. This was achieved
by modifying the fitness function of the GA (only in the
experiments reported in this section) so that the fitness of
an individual (rule) is measured only by its predictive
accuracy, ignoring its degree of surprisingness, i.e.:
Fitness(i) = Acc(i) = (CorrPred - 1/2) / (TotPred)
Now both J4.8 and the GA search only for accurate rules.
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The above second difference between the two algorithms
is more difficult to eliminate, and it still remains a
difference in our experiments. This problem will be the
subject of future research.
The predictive accuracy obtained by J4.8 and our GA is
reported in Table 1. The first column of this table
identifies the goal attribute predicted by the rule (see the
meaning of G1...G6 in the previous section), whereas the
second column identifies the value predicted for that goal
attribute. The third column identifies the relative
frequency (in %) of the corresponding goal attribute value
in the training set. The fourth and fifth columns report the
prediction accuracy rate (in %) in the test set (10-fold
cross-validation) of J4.8 and the GA, respectively. In each
row, we show in bold the larger predictive accuracy rate,
out of the rates obtained by the two algorithms.
Table 1: Prediction Accuracy Rate (%) of J4.8 and GA
Goal
attrib.
G1

G2

G3

G4
G5
G6

Predicted Freq.
value
(%)
low
46.9
medium
50.6
high
2.5
low
64.2
medium
29.7
high
6.1
low
76.9
medium
21.2
high
1.9
low
93.2
high
6.8
low
83.5
high
16.5
low
97.9
high
2.1

J4.8

GA

64.9
63.9
9.1
76.6
45.3
32.2
82.2
45.3
27.4
93.4
51.7
86.0
54.7
97.9
0.0

58.8
60.4
0.0
90.7
40.0
25.0
95.2
56.7
25.0
98.4
14.3
89.5
56.9
98.9
0.0

As can be seen in the table, the prediction accuracy rate of
the GA is larger than the one of J4.8 in seven rows (i.e.,
seven goal attribute values), whereas the converse is true
in other seven rows. With the exception of the goal
attribute G1, in general the GA outperformed J4.8 in the
prediction of goal attribute values with a larger frequency
in the training set, whereas J4.8 outperformed the GA in
values with a smaller frequency in the training set.
In any case, the focus of our experiments is the evaluation
of the degree of interestingness of the rules discovered by
the GA, reported in the next section.
4.3

EVALUATING THE INTERESTINGNESS OF
THE RULES DISCOVERED BY THE GA

The rules discovered by the GA were also evaluated with
respect to their degree of interestingness (surprisingness)
for the user. In this experiment it was not possible to
compare the GA with J4.8, since J4.8 was not designed to
discover interesting rules. Actually, for the majority of the
6 goal attributes, J4.8 produced a very large decision tree,
with literally hundreds of nodes. Therefore, it was not
even feasible to show all rules discovered by J4.8 to the
user, anyway.

By contrast, the GA was explicitly designed to discover a
small set of interesting rules (one rule per goal attribute
value to be predicted), so that it was very feasible to show
all rules discovered by the GA to the user, for his
subjective evaluation.
We emphasize that the user who evaluated the
interestingness of the discovered rules was the same user
who specified the general impressions, as mentioned
above. Actually, when the user was shown a discovered
rule, he was also shown his own general impression
contradicted by that rule.
The user was asked to assign to each rule discovered by
the GA one of the following three degrees of
interestingness (surprisingness): low interestingness,
medium interestingness or high interestingness. The
results of the evaluation performed by the user is reported
in Table 2. The rule consequent in the first column
consists of an attribute-value pair “Gi= val” identifying
the goal attribute value predicted by the rule, where Gi
denotes the i-th attribute, i=1,...,6 (see section 4.1 for the
meaning of these goal attributes) and val denotes the value
predicted for the corresponding goal attribute. The second
column of this table shows the degree of interestingness
assigned to the rule by the user.
Table 2: Interestingness of rules discovered by the GA
Rule consequent

G1 = low
G1 = medium
G1 = high
G2 = low
G2 = medium
G2 = high
G3 = low
G3 = medium
G3 = high
G4 = low
G4 = high
G5 = low
G5 = high
G6 = low
G6 = high

interestingness
for the user
high
medium
medium
high
medium
low
high
low
low
medium
medium
high
low
high
low

The experiment reported in this section, involving 15 runs
of the GA (one for each goal attribute value being
predicted) took about 6 minutes. Each run of the GA had a
population size of 100 individuals, which evolved during
60 generations.
The results reported in Table 2 were obtained by using the
entire data set (i.e., all the 5,690 examples) as input data
for the GA. This procedure is justified because when
measuring the degree of interestingness of discovered
rules there is no need for dividing the data into training
and test sets, since there is no need for measuring
predictive accuracy in the test set (which was already
measured in the experiments reported in the previous
section).
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Out of the 15 rules discovered by the GA, 5 were assigned
a high degree of interestingness by the user, 5 were
assigned a medium degree of interestingness, and the
remaining 5 were assigned a low degree of
interestingness. Overall, this seems to be a relatively good
result, considering how difficult it is to discover very
interesting, surprising rules.

U. M. Fayyad, G. Piatetsky-Shapiro and P. Smyth (1996).
Advances in knowledge discovery & data mining. Chapter
1: From data mining to knowledge discovery: an
overview. AAAI/MIT.

We have observed that there is a relationship between a
rule’s simplicity (in the sense of having a small number of
conditions) and its degree of interestingness for the user.
This relationship is due to an interaction between the
measure of rule surprisingness used in this work and the
kind of general impressions specified by the user, as
follows. In our experiments, the user specified mainly
short general impressions, having a small number of
conditions. As a result, the measure of rule surprisingness
favors the discovery of short rules too, since these rules
can have a larger degree of similarity between the rule
antecedent and the general impression antecedent.

D. E. Goldberg (1989). Genetic algorithms in search,
optimization, and machine learning. New York: AddisonWesley Publishing Company, Inc.

5 CONCLUSIONS AND FUTURE WORK
We have proposed a GA for discovering interesting fuzzy
prediction rules. The proposed GA was evaluated with
respect to both the predictive accuracy and the
interestingness of the discovered rules. With respect to the
former criterion, the performance of the GA was
compared with J4.8, a well-known decision-tree-building
algorithm. Overall, the GA was found to be competitive
with J4.8 with respect to this criterion.
In any case, the main focus of our experiments was on the
discovery of rules that are interesting, in the sense of
representing surprising, previously-unknown knowledge
for the user. In our experiments the application domain
was science & technology data, and the user was an expert
in this domain. Overall, the GA was able to found several
rules that were considered very interesting by the user.
For instance, one of the general impressions specified by
the user represented his previous knowledge (or belief)
that biology researchers of a given region had a high
number of international edited/published books. However,
the GA was able to found an accurate rule contradicting
this general impression. The rule had the same antecedent
as the general impression but made the opposite
prediction, i.e. it predicted that the researchers in question
had a low number of international edited/published books.
This rule was considered very interesting by the user.
The main direction for future research will be to compare
the degree of interestingness of the rules discovered by
our GA with the degree of interestingness of the rules
discovered by another data mining algorithm that was
specifically designed for the discovery of interesting rules.
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Abstract

foot. Literally any area of the Earth can be mapped by
hyperspectral imagery, be it with aircraft or satellites.

Genetic programming is used to evolve mineral identification functions for hyperspectral images. The input image set comprises
168 images from different wavelengths ranging from 428 nm (visible blue) to 2507 nm
(invisible shortwave in the infrared), taken
over Cuprite, Nevada, with the AVIRIS hyperspectral sensor. A composite mineral image indicating the overall reflectance percentage of three minerals (alunite, kaolnite, buddingtonite) is used as a reference or “solution” image. The training set is manually selected from this composite image. The task of
the GP system is to evolve mineral identifiers,
where each identifier is trained to identify one
of the three mineral specimens. A number
of different GP experiments were undertaken,
which parameterized features such as thresholded mineral reflectance intensity and target
GP language. The results are promising, especially for minerals with higher reflectance
thresholds (more intense concentrations).

One complication in using this technology is the time
and expertise required to interpret the data. Hyperspectral imaging systems such as the NASA/JPL
AVIRIS1 sensor can capture over 200 bandwidths for
a single geographic location (Green et al. 1998). This
is denoted by a hyperspectral cube, which takes the
form of many hundreds of mega-bytes of information.
Interpreting this massive amount of data is difficult,
especially considering that the spectra obtained represent mixed spectral signatures of a variety of materials. Moreover, noise and other unwanted effects must
be considered. Deciphering this enormous volume of
cryptic data is therefore next to impossible for humans
to do manually.

INTRODUCTION

Remote sensing using aircraft and satellite photography is well-established technology. The use of hyperspectral imagery, however, is relatively new. Hyperspectral images are capable of precisely capturing narrow bands of spectra through a wide range of wavelengths. Since many organic and inorganic materials
exhibit unique absorption and reflection characteristics at particular bandwidths, these spectra are useful for remotely identifying various materials and phenomena of interest. This is an important area of work,
since hyperspectral data permits the discovery of valuable natural resources in areas largely inaccessible by

This paper uses genetic programming (GP) to evolve
mineral classifiers for use on hyperspectral images.
Separate mineral classifiers are evolved for three specific minerals – buddingtonite, alunite, and kaolinite.
The classifiers take the form of programs which, when
given a vector data from a particular pixel location on
a hyperspectral cube, determine whether the mineral
of interest resides there or not. Evolution proceeds by
evaluating the performance of classifiers on positive
and negative training sets. In addition, given the effects of noise at low reflectance levels, separate threshold stages are examined. This is done in the hopes
that more accurate classification arises at higher reflectance levels, where there are more intense mineral
concentrations.
Section 2 reviews concepts in hyperspectral imaging.
The experimental design is outlined in Section 3. Section 4 presents the results of the experiments. A discussion and comparison to related work concludes the
paper in Section 5.
1

Airborne Visible/Infrared Imaging Spectrometer.
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BACKGROUND

Figure 1: Cuprite, Nevada.

Figure 3: Spectra for alunite (AL), kaolinite (KA), and
buddingtonite (BU)

in this paper2 . Cuprite is a well-studied test area for
remote sensing (Resmini et al. 1997). Figure 2 shows
an AVIRIS hyperspectral reflectance image of the same
area at the 2229nm bandwidth.

Figure 2: AVIRIS image, 2229nm.
The AVIRIS data used in this study was taken over
Cuprite, Nevada on June 12, 1996 (19:31UT). The sensor acquires data in the wavelength region from 0.38
to 2.50 microns, with a ground sampling interval of
16.2m across track (horizontal) and 18.1m along track
(vertical). At-sensor radiance data were converted to
surface reflectance via an atmospheric correction using
the MODTRAN3 radiative transfer (RT) code, as implemented in the imaging spectrometer data analysis
system (ISDAS) (Staenz and Williams 1997). This removes spectral artifacts from solar flux and the earth’s
absorption bands (for example, water). This leaves
surface reflectance, which is the data of interest, as
it contains the spectral information pertinent to the
identification and mapping of specific minerals and
vegetation.
Figure 1 shows the Cuprite, Nevada, region studied

There is much ongoing research regarding the interpretation of hyperspectral reflectance imagery, and a survey is beyond the scope of this paper. A representative
approach to the interpretation of reflectance data is
the Tetracorder system(Clark and Swayze 1995). Identification is performed by the application of a leastsquares fitting procedure to the total set of spectral
data and reference spectra. Features in the absorption
patterns of materials are enhanced during this fitting
process, in order to promote effective identification.
Multiple materials can be fitted simultaneously using
this technique. Artificial neural networks are also commonly applied to the automatic analysis and classification of remote sensing data, including AVIRIS data
(Ridd et al. 1992, Civco 1993, Dreyer 1993, Merenyi
et al. 1993, Foody and Arora 1997, Yang et al. 1999,
Aguilar et al. 2000).
Evolutionary computation has been applied to multispectral image analysis and remote sensing. (Larch
1994) uses genetic algorithms to evolve categorization production rules for Landsat images. (Daida et
al. 1996) evolve genetic programs that identify ice-flow
ridges from ERS SAR images. Images from aircraft
are analyzed using GP in (Howard and Roberts 1999).
(Rauss et al. 2000) evolve genetic programs for categorizing hyperspectral imagery. The GENIE system
is used for hyperspectral image classification, which
2

North is downwards in this and all the maps in this
paper.
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uses a hybrid combination of linear genetic programming with conventional classifier algorithms (Harvey
et al. 2000, Perkins et al. 2000, Brumby et al. 2001).
Among other things, GENIE has been used to classify
features such as forest fires and golf courses.
Figure 3 shows the signature spectra for the minerals
studied in this paper. Such spectra are measured in
the laboratory, and represent reflectance signatures for
various organic and inorganic materials. When minerals like these are resident in the environment, hyperspectral imaging will capture similar spectra. Tetracorder uses these lab spectra as guides for identifying
minerals in hyperspectral data.

3
3.1

EXPERIMENT DESIGN
Hyperspectral data preparation

The reflectance data from Cuprite derived from the
AVIRIS hyperspectral data set was analysed by
(Neville et al. 1998). The mineral fraction maps which
resulted from their work are used as the training solution for this study. From the full AVIRIS bandset
available, we started with data at 0.428 microns and
eliminated bands near 1.4 and 1.9, where strong absorption in the atmosphere occurs due to water vapour.
This left 168 bands of data as input for our GP experiment.
3.2

Training set sampling

The general goal is to evolve a separate identifier for
each of the three minerals being studied. The training scheme requires positive examples (pixels where
the target mineral is resident) and negative examples
(pixels where the mineral is absent). The solution data
is given in a mineral distribution map. This is an RGB
bitmap of the Cuprite area whose red, green, and blue
channels denote the relative reflectance intensity for
AL, KA, and BU respectively. Since these minerals
are often mixed throughout the Cuprite site, the RGB
channels represent mixed intensities of the minerals.
The majority of the Cuprite area is covered by weak
mixtures of the minerals. For example, KA and BU exhibit weak distributions over most of the map. These
weak areas will negatively influence evolved results,
given both the low intensity of resident spectra and
existence of spectra from other incident minerals not
being studied. Our hypothesis is that better quality
results will be obtained for areas with more intense
reflectance values for the minerals of interest. Hence
mineral identifiers will be evolved for different thresholds of reflectance intensity. Thresholds are used to

Table 1: Training Set Sizes
Threshold
0.15 0.25
31
26
89
94

AL pos:
neg:

0.0
40
80

0.05
40
80

KA pos:
neg:

75
80

72
83

57
98

BU pos:
neg:

77
90

73
94

30
137

0.35
20
100

0.50
11
109

46
109

38
117

23
132

19
148

12
155

10
157

determine the level of reflectance constituting a positive example. A threshold of 25% means that the
reflectance value is considered positive if it has an intensity of at least 25% relative to the maximum reflectance observable (100%). Otherwise, it is treated
as a negative instance.
The sizes of the training sets for different thresholds
are given in Table 1. Initially, positive and negative
example sets were obtained manually, by sampling a
diverse selection of pixels throughout the entire map
area. The sizes of these sets are listed in the 0% threshold column. The thresholded example sets are refined
from these initial sets, by moving positive examples
that do not meet the threshold requirements into the
negative set. Hence, the positive set sizes decrease as
the thresholds are raised.
3.3

GP experiment preparation

Table 2: GP Parameters
Parameter
Population size
Max. generations
Max. runs
Prob. crossover
Prob. mutation
Prob. leaf mutation
Max. initial depth
Max. depth
Tournament size, crossover
Tournament size, mutation

Value
1000
100
10
0.90
0.10
0.90
2 to 6
17
4
7

The GP system used is the typed lilGP 1.1 system
(Zongker and Punch 1995). LilGP is a C-based system that implements basic tree-oriented GP. Typing
is useful since both integer and floating point values
are used in evolved programs (Montana 1995). Some
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self-explanatory GP parameters are given in Table 2.
Our use of GP is straight-forward: each program in the
population is evaluated on the training examples, and
its performance in correctly classifying the examples is
measured.
Three target languages are used (Table 3). The languages test spectral properties at single pixel locations of the hyperspectral data. Spatial operators are
not used. The spectral operators extract hyperspectral data at a pixel coordinate which is globally set
for the current program execution. Language L1 denotes a boolean decision tree, in which a true result
means that the target mineral resides at the pixel in
question. L1 ’s relational operators test floating point
expressions on hyperspectral image parameters p[I],
where I is an index (modulo 168) to the hyperspectral image cube. The floating point function set F
is self-explanatory. The inc operator increments its
integer argument. Ephemeral numbers are randomly
generated constants.
L2 and L3 are floating point languages, in which evaluated values greater than zero are interpreted as positive identification of the mineral. The L2 language is
the subset of L1 without boolean expressions. The L3
language is L2 supplemented with floating point operators that compute over vectors (contiguous ranges
of hyperspectral data). These 2-argument functions
compute the minimum, maximum, average, and standard deviation over data vectors. The first argument
denotes a starting level in the hyperspectral data. The
second argument is evaluated modulo 3, and denotes
the depth of the vector: 3, 7, or 11 levels. For example, vavg(35, 2) computes the average at the current
pixel location for layers 35 through 45 inclusive.
The fitness value for a program is computed as:
 ce cn 
F itness = 1 −
∗
te tn
where ce is the number of correctly identified positive

Table 3: Target Languages
Boolean language L1 :
B ::= (if F<F then B else B) | F<F | true | false
F ::= p[I] | F+F | F-F | F*F | F/F |
min(F,F) | max(F,F) | ephem flt
I ::= inc(I) | ephem int
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examples, te is the total number of positive examples,
cn is the number of correctly identified negative examples, and tn is the total number of negative examples. Since the negative training set dwarfs the positive
set at higher thresholds, this formula balances positive
and negative classification performance with respect to
one another.

4

RESULTS

Table 4: Testing and Training Results: % correctly
classified pixels

AL
testing:
avg overall
best soln
TP
TN
training:
avg overall

KA
testing:
avg overall
best soln
TP
TN
training:
avg overall

BU
testing:
avg overall
best soln
TP
TN
training:
avg overall

threshold
0.25
0.35

0.05

0.15

0.5

0.825
0.875
0.420
0.955

0.933
0.970
0.587
0.984

0.957
0.991
0.593
0.997

0.966
0.995
0.722
0.997

0.985
0.998
0.644
0.999

0.87

0.946

0.953

0.961

0.973

0.05

0.15

threshold
0.25
0.35

0.5

0.876
0.903
0.731
0.963

0.952
0.964
0.838
0.980

0.972
0.984
0.869
0.992

0.986
0.991
0.906
0.997

0.987
0.994
0.830
0.996

0.908

0.963

0.986

0.990

0.966

0.05

0.15

threshold
0.25
0.35

0.5

0.608
0.653
0.797
0.381

0.811
0.888
0.314
0.945

0.972
0.993
0.366
0.995

0.989
0.999
0.592
1.000

0.994
0.999
0.768
1.000

0.834

0.919

0.986

0.990

0.990

Table 4 shows the training and testing performances
for the GP runs. Every mineral and threshold experiment combines the results for 30 runs (3 target languages, 10 runs per language). The testing set is remainder of the input data excluding the training pixels. Testing “avg overall” denotes the percentage of
Float language L2 : F, I from L1
correctly classified pixels averaged for all the solutions
from the 30 runs. The performance of the single best
Float language L3 :
solution obtained during the 30 runs is given in the
L2 ∪ vmin(F,F) | vmax(F,F) | vavg(F,F) | vsdev(F,F) “best soln”, TP (true positive), and TN (true nega-
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tive) entries. These values respectively report the percentages of correct pixel classifications for the entire
testing image, the positive pixels, and negative pixels.
The training “avg overall” is the percentage of positive
and negative training examples correctly classified, averaged for all 30 solutions.
The training performance is fairly good amongst all
the solutions in the runs, and it improves at higher
thresholds. The solution (“best soln”) programs obtained higher training performances than the averages
reported in the table; in higher threshold cases, the
best programs often had 100% training scores.
The testing performance of low-threshold results (especially at 0.05) is marginal. This is due to the noisy
reflectance values at that low threshold. The overall testing performance improves at higher thresholds.
For the best solutions, TN scores tend to be superior to
TP scores, which boosts the overall classification score.
The relative abundance of negative training examples
compared to positive examples at higher thresholds
may explain this.
With AL and KA, the best solutions’ TP performance
usually improves, while the best TN scores always improve. However, the best TP scores decrease when going to the 0.5 threshold with these minerals, and this
was seen with other solutions obtained for these runs.
Again, the low number of positive training instances of
those minerals at this threshold may explain this (see
Figure 1).
For BU, raising the threshold from 0.05 to 0.15, the
TP fell from 79.7% to 31.4%. This was seen in most
other BU runs as well. The distribution of positive
examples of BU decreased dramatically from 73 to 30
examples when moving to the 0.15 threshold, and may
not adequately characterize the mineral at this threshold.
Best solutions were distributed fairly evenly amongst
the three target languages. L3 solutions were generally
the smallest in terms of tree size, followed by L1 programs and L2 programs. L1 programs were the fastest
in wall clock time. L3 and L2 solutions were respectively an average of 1.6 and 2.3 times slower than L1
programs. Overall, runs took between 1 to 20 minutes to complete, with a typical run taking about 6
minutes.
Figure 4 shows classification plots for the best solutions listed in Table 4. In images (a) through (i), grey
(TN) and white (TP) are correct classifications, while
black denotes erroneous classifications. The classifiers
clearly have the most difficulty with the lowest threshold value of 5%. For example, the BU example in
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(g) only classifies 65.3% of the image correctly. Lowthreshold classifiers also varied widely in terms of output characteristics. The classifiers do better at the
higher thresholds.
Image (j) deconstructs the classification errors in image (g), by rendering false positives with black, false
negatives with white. and the remaining correctly classified pixels as grey. This particular classifier was eager
to classify mineral instances, hence its relatively high
TP score. Clearly, there is a distribution of BU at 5%
and higher throughout a large portion of the map area.
The evolved solution program (in l-expression form)
for images (g) and (j) is the following:
(- (p (inc 29199))
(p (inc (inc (inc 23424)))))
This simplifies to the expression “p[136] - p[75]”. This
is using the simple classification rule p2129 > p1155 ,
where p2129 is the pixel reflectance at the 2129nm
bandwidth. Upon first inspection, this rule does not
intuitively correspond to the BU spectra graph in Figure 3, where the BU reflectance at 2129nm is lower
than at 1155nm. However, the reflectance chart (k)
in Figure 4 shows that this simple relation correctly
characterizes BU at this low threshold. The chart was
created by finding the average intensity of pixels over
the range of spectra used in the testing set, for a constrained area that contained a high density of BU at
the 5% threshold. From this graph, it is clear that the
relation does in fact accurately classify weak densities
of BU. It must be realized, however, that the hyperspectral data at low 5% thresholds are likely poor indicators for any of the minerals studied, given the noise
resident at that threshold. In addition, the 1155nm position is near a water vapour absorption feature, and
selection of this band by the GP solution may be an
artifact of the atmospheric correction procedure. This
will be investigated further.
Figure 5 shows the classification expression (simplified
from the L1 source program) for the the best solution
for BU at the 50% threshold. The expression uses 12
different frequencies over the entire span of hyperspectral data used.

5

CONCLUSION

The hyperspectral mineral identifiers evolved by GP
work quite differently from conventional approaches.
With least-squares spectra fitting, signature spectra
for materials of interest are fitted to the hyperspectral values at each pixel on the map. Identification
entails exaggerating the signature differences between
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(a) AL, t = 0.05

(b) AL, t = 0.25

(c) AL, t = 0.50

(d) KA, t = 0.05

(e) KA, t = 0.25

(f) KA, t = 0.50

(g) BU, t = 0.05

(h) BU, t = 0.25

(i) BU, t = 0.50

(j) BU, t = 0.05, fp blk, fn wht

(k) BU area reflectance, t = 0.05

Figure 4: Classification results for map area: alunite (a-c), kaolinite (d-f), and buddingtonite (g-j). In images
(a) through (i), grey is true negative, white is true positive, and black is false negative and false positive. In
image (j), grey is both true positive and true negative, black is false positive, and white is false negative.
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if (max(2.1725 + ((min((p[136] - 1.16407), 0.538215) * 0.19977)), p[88])
/ ((p[30] * 0.19731 / p[163]) + 0.88465))
< (max(0.76650, p[14]) / min((0.18294 / p[11]), (0.00323 + max(-0.10691, p[74]))))
then ((-1.1482 / min((p[2] - 0.48504), min(0.70156, p[71]))) < p[31])
else (p[134] < p[151])
Figure 5: Evolved L1 classifier for BU, 50% threshold
materials, and looking for such fluctuations in the hyperspectral data. GP evolves classifiers that find some
spectral feature that correctly identifies the existence
or absence of a particular mineral. These classifiers
do not reference signature spectra, but rather, use the
mixed reflectance values as resident in the data set.
The success of the classifier depends upon its training performance in differentiating positive and negative examples for the mineral. As a result, material
mixtures are automatically accounted for. For example, AL and KA are mixed in a large portion of the
Cuprite data set, and the positive training sets for
these minerals share many training points.
This implies that the effectiveness of the evolved classifiers implicitly depends upon the context of other materials resident in the geographic area analyzed. The
classification logic evolved by GP is best characterized
as a function which identifies a mineral in the context
of the other minerals resident in the training set. We
have not yet tested our mineral identifiers on hyperspectral images from other locations to see how robust
these identifiers would be in the presence of materials
unseen in the training set. Future work needs to explore the generality of evolved classifiers, in order to
see whether a classifier is useful for other geographic
locations.
Training set quality is important in our experiments.
Our training sets were created by manually selecting
positive and negative training points spanning the map
area. Although manual sampling is fast and convenient, future work needs to address training sample
quality more rigorously. A range of combinations of
minerals at various thresholds should be sampled for
the positive and negative training sets. This is probably best done via statistical sampling. Such training
sets would better represent the varieties of combinations of mineral spectra resident in the images.
Although the fitness formula tries to balance the performance of positive and negative example scoring,
many runs produce programs that tend towards being either liberal (eager to identify positive instances)
or conservative (eager to report non-instances). Some
solutions with very similar fitness scores often have
dramatically different classification behaviours, usu-

ally falling somewhere on this liberal or conservative
dichotomy. These results can mean that the training
sets are too small, and evolution is converging prematurely to inadequate solutions.
This work is closest in spirit to that in (Rauss et
al. 2000). Our L2 language is similar to theirs, and we
also use manually-selected training sets, albeit larger
in size than theirs. Their work classified grass from
non-grass in hyperspectral images, whereas we classify
one of three minerals in each classifier. Our approach
can also be compared to the GENIE system (Perkins
et al. 2000). The GENIE system’s application of GP
is a bit unusual, as it uses 6 “scratch images”, and
a fixed-length linear program that may or may not
reference these images. Hence the GENIE solution is
not as robust a program as a general l-expression program. GENIE also uses conventional classifiers to help
analyze and post-process the results from the evolved
image analyzer. GENIE uses a large library of spectral
and spatial primitive operators, where we use a fairly
small set of exclusively spectral operators. When this
technology has matured in the future, more careful
comparisons between it and other paradigms needs to
be undertaken.
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Abstract

This paper proposes the application of
evolutionary computation, a stochastic search
technique that parallels the evolution of living
organisms, to parameter adjustment for voice
conversion, and reports on several experimental
results applicable to the fitting of prosodic
coefficients. Here, because of the difficulty
involved in providing a clear fitness function for
evaluating evolutionary computation, we adopt a
system of interactive evolution in which genetic
manipulation is repeated while evaluation is
performed subjectively based on human feelings.
It was found that the use of evolutionary
computation achieves voice conversion closer to
the target in question than parameter adjustment
based on designer experience or trial and error,
and that degradation in sound quality is relatively
small giving no impression of a processed voice.

1

INTRODUCTION

With the coming of the multimedia era, the market for
multimedia information devices centered about personal
computers is experiencing rapid growth. Likewise, the
market for multimedia application software is taking off
giving rise to an environment in which users can
manipulate images and sound with ease. In particular,
speech synthesis technology is expected to generate a
large market for a wide rage of applications from the
reading of E-mail and text data on the World Wide Web
to the speaking of road traffic reports provided by
navigation
devices.
Nevertheless,
mechanically
synthesized speech by a rule-based speech synthesis
system or similar suffers from a variety of problems.
These include an impression of discontinuity between
phoneme fragments, degraded sound quality due to
repeated signal processing, and limitations in soundsource/articulation segregation models. In other words,
the synthesis of natural speech is extremely difficult.

Current technology tends to produce mechanical or
unintelligible speech, and problems such as these are
simply delaying the spread of speech synthesis products.
Research has also begun on the application of voice
processing to narration when editing multimedia content
as in a spoken presentation. The need for voice
conversion (processing) arises from the fact that most
people have difficulty speaking with an expressive and
clear voice. However, only qualitative know-how has so
far been obtained in the development of voice-processing
technology for converting original speech to clear
narration. Parameter setting is currently performed on a
trial and error basis making adjustments difficult.
Against the above background, this research aims to
establish technology for converting original human
speech or speech mechanically synthesized from text to
clear speech rich in prosodic stress. As the first step to
this end, we have proposed the application of
evolutionary computation to parameter adjustment for the
sake of voice conversion using original speech recorded
by a microphone as input data, and have reported on
several experimental results applicable to the fitting of
prosodic coefficients [Sato 1997]. In this paper, we show
that
parameter
adjustment
using
evolutionary
computation can be effective not only for voice
conversion using original speech as input but also for
improving the clarity of speech mechanically synthesized
from text. We also investigate why parameter adjustment
using evolutionary computation is more effective than
that based on trial and error by an experienced designer.

2

VOICE ELEMENTS
CONVERSION

AND

VOICE

This section summarizes the feature quantities needed for
voice conversion and describes voice conversion by
prosodic control.
2.1 VOICE ELEMENTS
In human speech production, the vocal cords serve as the
sound generator. The vocal cords, which are a highly
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flexible type of muscle located deep in the throat, are
made to vibrate by breath expelled from the lungs,
thereby causing acoustic vibrations in the air (sound
waves). The waveform of this acoustic signal is
approximately triangular or saw-tooth in form and
consists of harmonic components that are integer
multiples of the fundamental frequency of the sound
wave. This acoustic signal that has a broad range of
harmonic components of a constant interval propagates
through the vocal tract from the vocal cords to the lips
and acquires resonances that depend on the shape of the
vocal tract. This transformations results in the production
of phonemes such as /a/ or /i/, which are finally emitted
from the lips as speech. That is to say, the human voice
characteristics are determined by three factors: sound
generation, propagation in the vocal tract, and emission.
The vocal cords control the pitch of the voice and the
shape of the vocal tract controls prosody. If we define
voice quality in terms of properties such as timbre, we
can consider voice quality to be determined by both the
state of the vocal cords and the state of the vocal tract
[Klatt 1990]. That is to say, we can consider pitch
structure, amplitude structure, temporal structure and
spectral structure as the feature quantities for the control
of voice quality.

1 pitch

1 pitch

mute pattern

cutting

α : extension rate

...
(b) Curtailment

(a) Extension

Figure 1: Extension and curtailment of pitch period.
Pitch is raised by cutting out a part of the waveform
within one pitch unit. Pitch is lowered by inserting
silence into a pitch unit..

Tp

Tp

1

Ls

Ls=Tp/(γ-1)
γ : extension rate
w eight

0

2.2 MODIFICATION
OF VOICE
QUALITY
THROUGH PROSODIC ADJUSTMENT
Research on the features of the voices of professional
announcers has clarified to some extent the qualitative
tendencies that are related to highly-intelligible speech. It
is known, for example, that raising the overall pitch
slightly and increasing the acoustic power of consonants
slightly increases intelligibility [Kitahara 1992]. It
remains unclear, however, to what specific values those
parameters should be set. Moreover, it is generally
difficult to control dynamic spectral characteristics in real
time. In other words, it is difficult to even consider
adjusting all of the control parameters to begin with.
Therefore, sought to achieve voice conversion by limiting
the data to be controlled to pitch data, amplitude data, and
temporal structure prosodic data.
The pitch conversion method is shown in Fig. 1. Pitch is
raised by cutting out a part of the waveform within one
pitch unit. Pitch is lowered by inserting silence into a
pitch unit. Modification of the temporal structure is
accomplished as illustrated in Fig. 2. The continuation
length is accomplished by using the TDHS [Malah 1979]
enhancement method to extend or contract the sound
length without changing the pitch. Amplitude is modified
on a logarithmic power scale according to the formula

log10 Wi +12 = log10 Wi 2 + β

(1)

Where Wi is the current value and β is the modification
coefficient.

＋

copy

＋

Ls

(a) Extension of temporal structure
Tp
weight

1

Tp
Lc

0

＋

Lc

＋
Tp : pitch period
Lc=γTp/(1-γ)
γ : curtailment rate

(b) Curtailment of temporal structure
Figure 2: Extension and curtailment of temporal
structure. The continuation length is accomplished by
using the TDHS enhancement method to extend or
contract the sound length without changing the pitch.
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*1・pitch coefficient α
・temporal coefficient γ
・amplitude coefficient β
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*1

parameters

evolutionary
algorithms

Coefficient learning part

target

Voice processing part

emotional
evaluation

prosodic
control
original voice
(speaker's voice)

modified voice

Figure 3: Block diagram of proposed voice quality conversion system. The system comprises
a voice processing part and prosody control coefficient learning part.

3

PROSODIC COEFFICIENT FITTING
BY EVOLUTIONARY COMPUTATION

3.1 CONFIGURATION
OF
MODIFICATION SYSTEM

THE

target

VOICE

The configuration of the voice modification system is
illustrated in Fig. 3. The system comprises a voice
processing part and prosody control coefficient learning
part. The voice modification unit changes voice quality,
targeting terms that express emotional feelings, such as
“clear,” and “cute.” The modification of prosodic
information is done by the prosodic control unit. To
prevent degradation of voice quality, the processing is
done at the waveform level as described above rather than
at the parameter level, as is done in the usual analysissynthesis systems. The modification coefficient learning
unit is provided with qualitative objectives, such as terms
of emotion, and the modification coefficients used for
prosodic modification targeting those objectives are
acquired automatically by learning. As the learning
algorithm, this unit employs evolutionary computation,
which is generally known as an effective method for
solving problems that involve optimization of a large
number of combinations.
3.2 OVERVIEW OF INTERACTIVE EVOLUTION
OF PROSODIC CONTROL
The first step in this procedure is to define chromosomes,
i.e., to substitute the search problem for one of
determining an optimum chromosome. As shown in Fig.
4, we define a chromosome as a one-dimensional realnumber array corresponding to a voice-conversion target
(an emotive term) and consisting of three prosody
modification coefficients. Specifically, denoting the pitch
modification factor as α, the amplitude modification
factor as β, and the continuation time factor as γ, we
define a chromosome as the array [α, β, γ]. The next step
is to generate individuals.

prosodic components
transform parameters
amplitude temporal
pitch
structure structure structure

intelligible

1.172

1.365

0.918

childlike

1.383

-1.366

0.907

calm

0.992

1.074

1.015
chromosomes

Figure 4: Example of the chromosomes. It is defined
by an array, [pitch modification factor α, amplitude
modification factor β, continuation time factor γ].
Here, we generate 20, and for half of these, that is, 10
individuals, chromosomes are defined so that their
prosody modification coefficients change randomly for
each voice-conversion target. For the remaining 10,
chromosomes are defined so that their coefficients change
randomly only within the vicinity of prosodymodification-coefficient
values
determined
from
experience on a trial and error basis. In the following step,
evaluation, selection, and genetic manipulation are
repeated until satisfactory voice quality for conversion is
attained. Several methods of evaluation can be considered
here, such as granting points based on human subjectivity
or preparing a target speech waveform beforehand and
evaluating the mean square difference between this target
waveform and the output speech waveform from voiceconversion equipment. In the case of evolutionary
computation, a designer will generally define a clear
evaluation function beforehand for use in automatic
recursion of change from one generation to another. It is
difficult to imagine, however, a working format in which
an end user himself sets up a clear evaluation function,
and in recognition of this difficulty, we adopt a system of
interactive evolution [Sims 1991, Takagi 2001] in which
people evaluate results subjectively (based on feelings)
for each generation.
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3.3 GENETIC MANIPULATION

are referred to as building blocks [Goldberg 1989], are
successfully assembled in an accurate manner, then an
effective search is accomplished.

3.3.1 Selection Rule
Culling and selection are based on a fitness value, as
shown in Fig. 5. First, the individuals are sorted by their
fitness values. In the example shown in Fig. 5, 20
individuals are sorted in order of high fitness value with
respect to the objective of high intelligibility. The
population is then culled. Here, The half of the individuals
with the lowest fitness values is culled. The proportion of
the population culled does not have to be 50%; another
approach is to cull all individuals whose fitness values are
below a certain standard value. Next, the population is
replenished by replacing the culled individuals with a new
generation of individuals picked by roulette selection
[Goldberg 1989] in this example. To produce the new
generation, first two chromosomes are selected as the
parents. Offspring are generated from the parents by the
crossover and mutation process described below. Here, the
probability of selecting the two parent chromosomes is
proportional to the fitness values. Furthermore, duplication
in the selection is permitted. All individuals are parent
candidates, including the culled individuals. In other
words, taking M as the number of individuals to be culled,
we randomly select only M pairs of individuals from the
current generation of N individuals (I1 to IN), permitting
duplication in the selection. The crossover and mutation
genetic manipulation operations are performed on those
pairs to provide M pairs of individuals for replenishing the
population. Here, the probability P(Ii) of an individual Ii
being selected as a parent for creating the next generation
of individuals is determined by the following equation.
The term f(Ii) in this equation expresses the degree of
adaptability of Ii.

N

P( Ii ) = f ( Ii ) / ∑ f ( I j ) / N 
 j =1


current
generation
max
roulette selection
crossover
mutation
N/2
offspring

fitness

cull

N/2

replacement
min
Figure 5: Selection rule.

target
intelligible

target
intelligible

(2)

Although the method used here is to assign a fitness value
to each individual and cull the individuals that have low
values, it is also possible to select the individuals to be
culled by a tournament system. In that case, we do not
have access to the fitness values, so we considered
random selection of the parent individuals.
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1.365

0.918

prosodic components
transform parameters
pitch amplitude temporal
structure structure structure
1.923

0.871

0.731

crossover point

target
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3.3.2 Crossover and Mutation
Figure 6 presents an example of crossover. In the
crossover operation, any one column is chosen and the
values in that column are swapped in the two parent
individuals. In Fig. 6, the modification coefficients for
continuation length are exchanged between the two
parents. The crossover genetic manipulation has the effect
of propagating bit strings (chromosome structural
components) that are linked to high fitness values to
another individual. If these structural components, which

prosodic components
transform parameters
pitch amplitude temporal
structure structure structure

target
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prosodic components
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pitch amplitude temporal
structure structure structure
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0.731

prosodic components
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pitch amplitude temporal
structure structure structure
1.923

0.871

0.918

Figure 6: Example of crossover. In the crossover
operation, any one column is chosen and the
values in that column are swapped in the two
parent individuals.
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prosodic components
transform parameters
pitch amplitude temporal
structure structure structure
1.172

1.365

4.1 EXPERIMENT WITH ORIGINAL SPEECH AS
INPUT DATA

0.918

4.1.1 Voice Stimuli

mutation

target
intelligible

prosodic components
transform parameters
pitch amplitude temporal
structure structure structure
0.847

1.365

EVALUATION EXPERIMENTS

0.918

Figure 7: Example of mutation. In this example,
the modification parameter for pitch is chosen and
the value is varied in the range from 1.172 to 0.847.

The original voice sample, S0, was the sentence, “Let me
tell you about this company.” spoken by a female in
Japanese. Five modified samples, SA1 through SA5, that
correspond to the five emotive terms, “intelligible,”
“childish,” “joyful,” “calm,” and “angry,” were produced
by applying prosody modification coefficients obtained
by the evolutionary computation learning scheme
described above. In addition, five modified samples, SB1
through SB5, that correspond to the same five emotive
terms, “intelligible,” “childish,” “joyful,” “calm,” and
“angry,” were produced by applying prosody
modification coefficients obtained by trial and error based
on the experience of a designer.
4.1.2 Experimental Method

Figure 7 shows an example of mutation whereby a
prosody modification coefficient is arbitrarily selected
and randomly changed. In this example, the operation
selects the modification coefficient related to pitch and its
value mutates from 1.172 to 0.847. Here, we use mutation
as represented by Eq. (3) to raise the probability that
target mutants are in the vicinity of parents and to
improve local searching. In the equation, Ci represents a
modification coefficient for generation i, I is a unit matrix,
k is a constant, and N is a normal distribution function
with a mean vector of 0 and a covariance of kI and is
common to all elements.

Ci +1 = Ci + δ i

δ i = N (0, kI )

(i = 1 to 20 )

(3)

( 4)

This mutation operation has the effects of escaping from
local solutions and creating diversity. In addition,
crossover and mutation combined raise the fitness value,
that is, the vicinity of the modification coefficient can be
efficiently searched near the voice-conversion target.
Moreover, as multiple individuals are performing parallel
searches from different initial values, initial-value
dependency is low and positive effects from parallel
processing can be expected.
In the experiments described below, we used a crossover
rate of 0.5 and a mutation rate of 0.3.

The subjects of the experiments were 10 randomly
selected males and females between the ages of 20 and 30
who were unaware of the purpose of the experiment.
Voice sample pairs S0 together with SAi (i = 1 to 5) and
S0 together with SBi (i = 1 to 5) were presented to the test
subjects through speakers. The subjects were instructed to
judge for each sample pair whether voice modification
corresponding to the five emotive terms specified above
had been done by selecting one of three responses: “Close
to the target expressed by the emotive term,” “Can't say,”
and “Very unlike the target.” To allow quantitative
comparison, we evaluated the degree of attainment (how
close the modification came to the target) and the degree
of good or bad impression of the sample pairs on a ninepoint scale for the childish emotive classification.
Subjects were allowed to hear each sample pair multiple
times.
4.1.3 Experimental Results
The results of the judgments of all subjects for voice
sample pairs S0 - SAi (i = 1 to 5) and S0 - SBi (i = 1 to 5)
are presented in Fig. 8 as a histogram for the responses
“Close to the target” and “Very unlike the target”. From
those results, we can see that although the trial and error
approach to obtaining the modification coefficients was
successful for the “childish”, “intelligible”, and “joyful”
classifications, the modification results were judged to be
rather unlike the target for the “calm” and “angry”
classifications. In contrast to those results, the samples
produced using the modification coefficients obtained by
the evolutionary computation approach were all judged to
be close to the target on the average.
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Figure 8: The results of the judgments of all
subjects for voice sample pairs. The results are
presented as a histogram for the responses "Close
to the target" and "Very unlike the target".
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Figure 9: The results of the evaluation of target attainment and
good-bad impression. The values averaged for all subjects are
presented.

Next, we consider the results of the evaluation of target
attainment and good/bad impression. The values averaged
for all subjects are presented in Fig. 9. Relative to an
attainment rate of +1.0 for the prosody modification
coefficient combination obtained by a designer according
to experience, the attainment rate for the evolutionary
approach was 1.6, or an improvement of 0.6. For the
impression evaluation, the scores were -0.8 for the human
design approach and +0.6 for the evolutionary
computation approach, or an improvement of 1.6. We
believe that the reason for these results is that there was a
strong tendency to raise the pitch in the adjustment by the
designer to achieve the “childish voice” modification,
resulting in a mechanical quality that produced an
unnatural impression. The evolutionary computation
approach, on the other hand, resulted in a modification
that matched the objective without noticeable degradation
in sound quality, and thus did not give the impression of
processed voice.

4.2.2 Experimental Method
As in the experiment using original speech, the subjects
were 10 randomly selected males and females between
the ages of 20 and 30 knowing nothing about the purpose
of the experiment. Voice sample pairs S1 and SCi (I= 1-3)
were presented through a speaker to these 10 subjects
who were asked to judge whether voice conversion had
succeeded in representing the above three emotive terms.
This judgement was made in a three-level manner by
selecting one of the following three responses: “close to
the target expressed by the emotive term,” “can’t say,”
and “very unlike the target.” Furthermore, for the sake of
obtaining a quantitative comparison with respect to the
emotive term “intelligible,” we also had the subjects
perform a nine-level evaluation for both degree of
attainment in voice conversion and good/bad impression
for this voice sample pair. Subjects were allowed to hear
each sample pair several times.
4.2.3 Experimental Results

4.2 EXPERIMENT
WITH
SPEECH AS INPUT DATA

SYNTHESIZED

4.2.1 Voice Stimuli
The voice stimuli used in this experiment were as follows.
Voice sample S1 consisted of the words “voice
conversion using evolutionary computation of prosodic
control” mechanically synthesized from text using
Macintosh provided software (Macin Talk3). Voice
samples SC1 to SC3 were obtained by performing voice
conversion on the above sample for the three emotive
terms of “childish,” “intelligible,” and “masculine”
applying prosody modification coefficients obtained by
the learning system using evolutionary computation as
described above.

The judgments of all subjects for voice sample pairs S1
and SCi (i = 1-3) are summarized in Fig. 10 in the form of
a histogram for the responses “close to the target” and
“very unlike the target.” These results demonstrate that
voice conversion is effective for all emotive terms on
average.
Figure 11 shows the results of judging degree of
attainment and reporting good/bad impression averaged
for all subjects. We see that degree of attainment
improved by +1.2 from a value of +0.0 before conversion
by determining an optimum combination of prosody
modification coefficients using evolutionary computation.
We also see that good/bad impression improved by +0.8
changing from +0.6 to +1.4.
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Figure 10: The results of the judgments of all
subjects for voice sample pairs. The results are
presented as a histogram for the responses "Close
to the target" and "Very unlike the target".

1.0

DISCUSSION

The above experiments have shown that voice conversion
using evolutionary computation can get closer to a target
than parameter adjustment based on a designer’s
experience or trail and error. They have also shown that
degradation in sound quality is relatively small and that
listeners are not given a strong impression of a processed
voice in the case of evolutionary computation. We here
examine the question as to why evolutionary computation
is superior. First, we consider the problem of accuracy in
prosody modification coefficients. In the past, coefficients
have been adjusted manually using real numbers of two
or three significant digits such as 1.5 and 2.14. Such
manual adjustment, however, becomes difficult if the
search space becomes exceedingly large. On the other
hand, it has been observed that a slight modification to a
prosody modification coefficient can have a significant
effect on voice conversion. For example, while raising
pitch is an effective way of making a voice “childish,”
increasing the pitch modification factor gradually while
keeping the amplitude modification factor and
continuation time factor constant can suddenly produce
an unnatural voice like that of a “spaceman.” This can
occur even by making a slight modification to the fourth
or fifth decimal place. In other words, there are times
when the accuracy demanded of prosody modification
coefficients will exceed the range of manual adjustment.
Second, we consider the fact that each type of prosody
information, that is, pitch, amplitude, and time
continuation, is not independent but related to the other
types. When manually adjusting coefficients, it is
common to determine optimum coefficients one at a time,
such as by first adjusting the pitch modification factor
while keeping the amplitude modification factor and
continuation time factor constant, and then adjusting the
amplitude modification factor.
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Figure 11: The results of the evaluation of target attainment and
good-bad impression. The values averaged for all subjects are
presented.
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However, as pitch, amplitude, and time continuation are
not independent of each other but exhibit correlation, it
has been observed that changing the amplitude
modification factor after setting an optimum value for the
pitch modification factor will consequently change the
optimum solution for pitch. This suggests that the
modification coefficients for pitch, amplitude, and
continuation time must be searched for in parallel.
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Third, we consider the problem of multimodality
accompanied by time fluctuation. For example, it often
happens that a subject may not necessarily find an
optimum solution from a voice that has already been
subjected to several types of conversion. It has also been
observed that optimum solutions may vary slightly
according to the time that experiments are held and the
physical condition of subjects at that time. In other words,
we can view the problem as being one of determining a
practical semi-optimum solution in as short a time as
possible from a search space having multimodality and
temporal fluctuation in the difficulty of prediction.
On the basis of the above discussion, we can see that the
problems of voice conversion are indeed complex. For
one, a practical semi-optimum solution must be
determined in as short a time as possible from a search
space having multimodality and temporal fluctuation in
the difficulty of prediction. For another, high accuracy is
demanded of modification coefficients and several types
of modification coefficients must be searched for in
parallel. In these experiments, we have shown that
evolutionary computation is promising as an effective
means of voice conversion compared to the complex realworld problems associated with finding an explicit
algorithm and a solution based on trail and error by a
designer. As a specific example, Fig. 12 shows the
relationship between number of generations and fitness
with respect to a “childish voice.” Ancestral individual
information is shown from “a” to “t”. Here, individuals
having prosody modification coefficients determined by
experience are placed in the vicinity of a local optimum
solution, and it takes only three generations to converge
to a practical solution by performing genetic manipulation
between these individuals and other individuals whose
prosody modification coefficients are randomly set.
Please see the example of voice conversion provided at
http://webclub.kcom.ne.jp/ma/y-sato/demo/demo1.html
for reference.
In future work, we will attempt to improve the accuracy
of voice conversion by modifying spectral data as well,
and must examine the application of evolutionary
computation to parameter adjustment with the aim of
synthesizing truly natural voices from arbitrary text. In
this experiment, people evaluate results subjectively
(based on feelings) and assign a fitness value to each
individuals, it is also possible to select the individuals to
be culled by a tournament system. It is also important to
compare with other Evolutionary Computation method
[Bäck 1997].

6

CONCLUSIONS

We have proposed the application of evolutionary
computation to the adjustment of prosody modification
coefficients for voice conversion, and have conducted
voice-conversion experiments on both original speech
recorded by a microphone and speech mechanically
synthesized from text to evaluate the effectiveness of the
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proposed method. The results of these experiments
revealed that adjustment of prosody modification
coefficients by evolutionary computation performs voice
conversion more efficiently than manual adjustment, and
that degradation in sound quality is relatively small with
no impression of a processed voice in the case of
evolutionary computation. Future research must work on
improving the accuracy of voice conversion by modifying
spectral data as well, and must examine the application of
evolutionary computation to parameter adjustment with
the aim of synthesizing truly natural voices from arbitrary
text.
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Abstract

The advent of digital video offers many
opportunities to add features that enhance the
viewing experience. One much-discussed feature
is the possibility that commercials might be
automatically detected in the video stream. We
report on initial experiments with a class of
commercial detection algorithms and show how
their performance can be enhanced by applying
genetic search to the optimization of some of
their internal parameters. We show how a scalar
genetic algorithm can locate sets of parameters in
a multi-objective space (precision and recall) that
outperform the values selected by an expert
engineer. While a useful observation in itself, we
also argue that this approach may be a necessity
as the features that distinguish commercials from
other video content will certainly vary with video
format, the country of broadcast and possibly
over time. We present the results of optimizing a
commercial detection algorithm for different data
sets and parameter sets. We are convinced that
GAs drastically improved our approach and
enabled fast prototyping and performance tuning
of commercial detection algorithms.

1

these features into consumer devices is to overcome the
low processing power inherent in these low-cost
consumer devices. It is therefore, important to take full
advantage of the MPEG1 hardware compression and
perform the analysis on the features already available
during the encoding of the input video stream thereby
saving precious computational cycles.
The implementation of a commercial detection algorithm
using features derived from MPEG parameters has been
described by Dimitrova et al. [3]. This implementation
assumes that the target platform includes an encoder and
the features extracted from the encoder are processed on a
low-end host processor. Consequently, the chosen
algorithms are based on simple voting and thresholding
techniques. An important challenge is to provide high
accuracy commercial detectors for given test material.
The process of benchmarking and fine tuning is tedious
and requires many experiments with various thresholds. It
normally takes weeks to fine tune an algorithm. Also,
experiments are needed to see the impact of threshold
ranges on the algorithms for different types of TV
programs. It is extremely important to provide
methodology for fast tuning of the algorithm parameters
and providing tools for analysis of the algorithms for
given test genres. Here, we report on experiments that
used a genetic algorithm (GA) to locate improved sets of
thresholds on a chosen commercial detection algorithm
[3]. In addition, GAs provide a framework for fast tuning
and analysis of parameters for commercial algorithms.

INTRODUCTION

Digital consumer storage functionality will appear on
many consumer devices such as video recorders advanced
set-top boxes and personal mobile storage servers.
Content-based video analysis can be applied to introduce
more advanced retrieval, scanning and playback features.
One of the most important features consumers want is
commercial detection, indication, and skipping. In
addition, commercial detection plays a major role in
automatic analysis and structure detection from
multimedia signals for generating summaries and table of
contents for a program. A major challenge in bringing

2

THE CHALLENGE OF
COMMERCIAL DETECTION

What we encounter is a fairly traditional pattern
discrimination problem, yet there are reasons to believe
that the achievement of successful performance will
require the use of powerful optimization methods, and not
just once. The patterns of features and their combinations
1

MPEG stands for Moving Picture Expert Group. This body establishes
standards that are used in the compression, transmission, and
decompression of digital video.
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that distinguish commercials from other video content are
known to change with video format (e.g. NTSC vs PAL2),
and with culture (cinematic styles differ from culture to
culture). Furthermore, these patterns are not well
understood, but our initial investigations suggest that they
are highly non-linear. In addition, they can be expected to
change over time as styles of programming as well as
styles of advertising change. The broadcaster and/or
advertiser may also change the advertisement
characteristics to avoid detection. Therefore, we envision
a need to more or less continuously resample video
content and re-adjust the detector’s parameters. This calls
for a robust automatic optimization method such as a GA.

3

RELATED WORK

In the literature there are many methods that have been
proposed for detecting commercials extending back more
than 20 years [1, 2, 5, 6, 7, 8, 9, 10, 11]. One common
method is detection of high activity rate and black frame
detection coupled with silence detection before a
commercial break. These methods show partially
promising results [8]. The use of monochrome images,
scene breaks, and action (the number of edge pixels
changing between consecutive frames and motion vector
length) as indicative features have also been reported [8].
Blum et al. used black frame and “activity” detectors [1].
Activity is the rate of change in luminance level between
two different sets of frames. Commercials are generally
rich in activity. When a low activity is detected, the
commercial is deemed to have ended. Unfortunately, it is
difficult to determine what is “activity’ and what is the
duration of the activity. In addition, black frames are also
found in dissolves. Any sequence of black frames
followed by a high action sequence can be misjudged and
skipped as a commercial. Another technique by Iggulden
is using the distance between black frame sequences to
determine the presence of a commercial [6]. Lewine et al.
determined commercials based on matching images.
Similarly, Forbes et al. use a video signal identifier to
memorize repetitive television signals in order to
automatically control recording of TV programs [5].
However, the commercial has to be identified to the
system before it can recognize it. Nafeh proposed a
method for classifying patterns of television programs and
commercials based on learning and discerning of
broadcast audio and video signals using a neural network
[10]. However, none of the reported methods used an
automatic optimization method for tuning of algorithm
parameters and analysis of the parameters behavior. In
this sense, we are proposing a fast method for algorithm
benchmarking and fine tuning using GAs.

2

NTSC is the National Television Standards Committee and PAL is
Phase Alternating Line. NTSC designates the video standard used in
North America and some other countries and PAL is standard for most
of Europe.
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4

MPEG-RELATED FEATURES

There are different sets of features that are extractable
during the MPEG-encoding process. The encoder internal
parameters, called low-level features, extracted during the
encoding process are:

•
•
•
•

frame type indicator, which discriminates between
intra-coded (I), predicted (P) and bi-directional (B)
frames;
luminance DC value at macroblock level on I-frames
only; A macroblock is a coding layer used in MPEG.
VTS (video time stamp) of the observed frame,
which assures correct synchronization of extracted
video features and matching video frames;
macroblock correlation factor, which represents the
correlation between the current macroblock and
reference macroblock in the reference frame.

A schema of a representative MPEG-2 encoder is shown
in Figure 1. The luminance DC values are available in the
information chain at point a after the Discrete Cosine
Transformation and the Quantizer before the Variable
Length Coding . These DC values can be used for content
analysis algorithms. The Motion Estimation encoding
block at point b generates a spatio-temporal
representation of the macroblock motion for an efficient
encoding process. This macroblock motion recovery
process uses the correlation of an actual macroblock and
possible reference macroblocks in the reference frame.
The correlation factor of the best match of actual
macroblock and reference counter macroblock is tapped
for further content analysis.

video in

+
-

compressed
video out

a

+

DCT

Q

embedded
decoder

VLC

Buffer

inverse
Q
IDCT

+ ++
MC

memory

b
ME

Figure 1: MPEG-2 video encoder.
DCT = Discrete Cosine Transform,
Q = Quantization, VLC = Variable Length Coding,
MC = Motion Compensation, ME = Motion Estimation,
IDCT = Inverse DCT.
The low-level parameters are used to derive more
meaningful features, called mid-level features, such as
black/unicolor frame, scene change, and letterbox. A
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simple threshold technique is sufficient to implement a
reliable black frame detection algorithm by using the sum
of the luminance DC values of the entire frame
(Luminance DC Summation) as input value to the
algorithm. Luminance DC values can also be used to
discriminate between a 4:3 and 16:9 aspect ratio video
frame (Letterbox) by similarly evaluating the appropriate
the luminance values of upper and lower macroblock
slices of the video frame. Unicolor frames are detected by
applying a threshold on the average of the absolute
differences of luminance DC values between adjacent
blocks, on the whole frame. The absolute differences of
luminance DC values between adjacent blocks can also be
used for black frame and letterbox detection. The use of
the variation of the Luminance DC Summation over
consecutive frames and the macroblock correlation value
facilitate the implementation of a scene change detection
algorithm. The mid-level features such as black frame,
letterbox, and scene changes are used for commercial
detection.

5

THE COMMERCIAL DETECTOR
ALGORITHM

There are different families of algorithms that can be used
for commercial detection based on low and mid-level
features. In this implementation we have experimented
with the available mid-level features:
1. black frame
2. unicolor frame
3. keyframe distance (i.e. consecutive scene changes
distance, also denoted as KF distance in the
following)
4. letterbox (i.e. 4:3 versus 16:9 aspect ratio
discrimination)
All the above values are computed for each I frame. In the
first step, the algorithm checks for “triggers” that could
flag the possible start of a commercial break. The
algorithm, then verifies if the detected segment is a
commercial break.
5.1

TRIGGERS

In the current experiments we have used the time interval
between detected black or uni-color frames as triggers.
Normally, black frames (or unicolor frames) are used by
the content creators to delineate commercials within a
commercial break, as well as at the beginning and ending
of a whole commercial break. We assume that a
commercial break starts with a series of black (unicolor)
frames and that during the commercial break we will
encounter black (unicolor) frames within a predetermined
threshold (e.g. 50 seconds). Also, we have placed
constraints on the duration of the commercials. We have
determined by looking at a number of commercials that
commercial breaks can not be shorter than one minute and
can not be longer than six minutes. An additional
constraint that is derived from the material we have seen
is that commercial breaks have to be at least one and a

half minute apart. This last constraint is important for the
linking of the segments that potentially represent
commercials. If the linking is allowed for a long period of
time, we might end up with very long commercial breaks,
which in fact might contain a commercial break and an
action scene from a movie. After some number of black
sequences the probability of commercial being present
increases and potential commercial end is searched for.
5.2

VERIFIERS

Once a potential commercial is detected, other features
are tested to increase or decrease the probability of a
commercial break. Presence of a letterbox change or high
cut rate expressed in terms of low keyframe distance can
be used as verifiers. In the case of letterbox change, the
probability that the given area is a commercial break is
increased. In the case of low keyframe distance (or high
cut rate), the probability of a commercial being present is
increased. If the cut rate is below a certain threshold then
the probability is decreased. Average keyframe distance is
defined as the average shots duration between the last n
scene cuts. The threshold used for the keyframe distance
can be varied from 6 to 10 for good results. Again,
segments which are close by can be linked to infer the
whole commercial break. There are commercials such as
Calvin Klein which are very slow and this can increase
the average cut distance temporarily. We allow for the
keyframe distance to be high for 30 seconds before
decreasing the probability of being in a commercial break.
As with the black frame indicators, we have placed
constraints on the duration of the commercials. Other
mid-level features can also be extracted from MPEG-2
encoding parameters, and be used as verifiers. Progressive
versus interlaced video material changes or coding cost
are some examples. As can be seen, there are a number of
thresholds that need to be experimented with for
algorithm fine tuning. In the next section we explain the
experiments that we carried out in order to determine the
optimal thresholds for eleven different parameters for
best accuracy.

6

THE EXPERIMENTS

We obtained two samples of broadcast video. One
contains about 8 hours of Dutch television and comprised
13 different TV programs of various genres including
movies, news, sports programs, talk shows, and sitcoms.
It contains 28 different commercial breaks, for a total
duration of about 1.5 hours of commercials. This video
was in PAL format with a GOP3 of six. We refer to it as
the EMPIRE set after the name of the MPEG video
encoder chip that extracted its low-level features. The
other set contained about 5 hours of US content from 11
different programs including sports, movies, games, talk
shows, MTV music videos, and news. It contained 35
different commercial breaks, for a total duration of more
3

GOP is Group of Pictures and six means that every sixth frame was an
I frame.
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than 1.5 hours of commercials. This video was in NTSC
format with a GOP of 12 and was called the EMPRESS
set, again after the encoder chip.
These video sequences were scanned by a human and the
beginning and end of each commercial break was marked.
Thus we obtained a ground truth value (yes/no) for every
video frame. The performance of any instantiated detector
algorithm was assessed by counting the number of true
positives (TP, commercial frames labeled as such), false
positives (FP) and false negatives (FN). From these we
computed the usual measures of recall and precision used
in pattern recognition:
Recall

=

TP
TP + FN

Precision

=

TP
TP + FP

Since we ran experiments with a scalar GA, we
experimented with a number of different combinations of
these data as fitness metrics. It should be noted that
because the commercial detector algorithm has built-in
contiguity constraints, isolated error frames do not occur
– to be labeled as a commercial, a block of frames must
fall between certain minimum and maximum limits.
To guard against any optimization procedure’s tendency
to overfit the training data, we split the data set into
training and test sets. For the EMPIRE data set, we split
each TV show roughly in half, approximately 50% of the
shows had the data taken from first-half of the show while
for the other 50% had the data from the second half used
in the training set. A slightly different procedure was
followed for the EMPRESS data set: within each genre,
shows were paired for similarity (human judgement) and
one whole show of each pair was used for training. The
test set was always the complement of the training set.
When we sought to validate any given detector, we ran
the algorithm on the combined test and training sets. This
we call the validation set – which was the set used by the
engineer when manually tuning the algorithm.
The GA used was Eshelman’s CHC [4]. CHC is a
generational style GA with three distinguishing features.
First, selection in CHC is monotonic: only the best M
individuals, where M is the population size, survive from
the pool of both the offspring and parents. Second, CHC
prevents parents from mating if their genetic material is
too similar (i.e., incest prevention). Controlling the
production of offspring in this way maintains genetic
diversity and slows population convergence. Finally,
CHC uses a soft-restart mechanism. When convergence
has been detected, or the search stops making progress,
the best individual found so far in the search is preserved.
The rest of the population is reinitialized, using the best
string as a template and flipping some percentage (i.e., the
divergence rate) of the template's bits. This is known as a
soft-restart and introduces new diversity into the
population to continue search. CHC does not use
mutation between restarts. We used the recommended
parameter settings (e.g popsize 50, normal triggers for
the dropping of the incest threshold and the initialization

of soft-restarts [4]) with one exception: the divergence
rate was 0.5. This means that a soft restart created a
population with one copy of the best-so-far individual and
the rest of the population was completely re-randomized.
Initial experiments suggested that a lower divergence rate
leads to the population quickly stagnating with inferior
results.
6.1

EMPIRE EXPERIMENTS

The EMPIRE data were in hand first and had served as
the data upon which the commercial detection algorithm
was originally developed [3]. Hence, for this data set we
had the algorithm developed and tuned by the engineer as
a benchmark. As the first experiments performed, we
wanted to get an idea what fitness measure would be best
to use. The set of algorithm parameters (the genes in the
chromosome) for these experiments are listed in Table 1.
Note that the last three parameters were used only in
experiment 5. Parameter 1= SeparationThreshold, 2=
DistForSuccThreshold1, 3= DistForSuccThreshold2, 4=
DistForSuccThreshold3, 5= UnicolorInSuccThreshold, 6=
MinCommThreshold, 7= MaxCommThreshold, 8=
RestartThreshold, 9= BlackIFrameThreshold, 10=
UnicolorIFrameThreshold, 11=LowInfoIFrameThreshold.
Table 1: Parameters Used in EMPIRE Experiments
PAR
AME
TER

BITS

MIN-MAX

STEPS

EXPERI
MENTS

1

6

100 - 3250

50

1-5

2

3

50 - 225

25

1-5

3

3

50 - 225

25

1-5

4

3

50 - 225

25

1-5

5

4

1 - 16

1

1-5

6

3

500 - 5750

750

1-5

7

2

7000 10000

1000

1-5

8

3

250 - 775

75

1-5

9

4

1 - 16

1

5

10

3

100 - 450

50

5

11

4

30 - 105

5

5

The experiments 1-5 are briefly summarized in Table 2
where R stands for recall and P for precision, FP and FN
are false positives and false negatives respectively. The
only difference among experiments 1-4 was the fitness
metric used by the GA for selection: R+P, R*P, FP+FN,
4*FP+FN. There was intuitive reasoning for having
multiple fitness metrics backed up by experiments. R*P
should be sensitive to either measure being small (both
recall and precision are numbers between zero and one).
FP + FN seemed a reasonable metric to minimize, but
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Although all experiments discovered the same best
performance level, there was still diversity in the final
populations indicating that performance was less sensitive
to some parameters than others.

0.95

Precision

perhaps in this domain, false positives should be weighted
more heavily than false negatives (better to let a
commercial through than risk cutting out some TV
program content). Consequently, we tried 4*FP + FN.
Then the simple R+P was included for completeness.
Experiment 5 used the R+P fitness metric for reasons
given below and added three additional parameters in an
attempt to improve the commercial detector. We should
also note that the only reason experiments 2 and 3 did not
achieve 30 replications was that power failures caused the
computers to crash and we observed that all experiments
located chromosomes with the same best performance –
12 replications were obviously enough.

0.90

exp1
exp2
exp3
exp4
exp5
expert
validation

0.85

Table 2. Summary of Experiments with the
EMPIRE Data Set. R-Recall, P=Precision, FP= Fales
Positives, and FN = False Negatives
EXP.
NUM

# OF
PARAMS

# OF
BITS

REPLIC
ATIONS

FITNESS
METRIC

1

8

27

30

R*P

2

8

27

12

4FP+FN

3

8

27

12

FP+FN

4

8

27

30

R+P

5

11

38

30

R+P

One way to examine the outcomes of these experiments is
to look at the non-dominated individuals encountered at
any time in each experiment. Figure 2 shows these data in
the Precision/Recall space. Since the experimental data
were all generated on the training data set, some of the
best performers were selected (by hand) and run on the
complete set of validation data. These points are shown as
+ signs in the figure and each is connected by a dashed
line to its corresponding training set performance point.
While not statistically rigorous, these observations do
suggest the region in performance space where those
commercial detectors are likely to perform. The
performance of the engineer’s best manually tuned
algorithm is also shown, this time as a * symbol. (located
at recall 0.83 and precision 0.95.)
It is interesting to observe that the non-dominated set was
identical for experiments 1, 2, and 3 even though they
used different fitness metrics. We speculate that this is
because the parameter sets that yield these R and P values
are readily produced even though the selection pressures
on the populations are slightly different. It may also
indicate that, although the fitness metrics appear to be
different, the ranking of the individuals involved is not
different; the discretization of the search space may

0.80
0.2

0.4

0.6
Recall

0.8

1.0

Figure 2. Results from EMPIRE experimental set
simply not permit that much variety. It also appears that
the results from experiments 1, 2, and 3 were inferior to
those from experiment 4. The comparison of experiment 4
with 1, 2, and 3 caused us to select the R+P metric for all
subsequent experiments. The addition of the extra genes
in experiment 5 seems not to have provided significant
improvement.
The dashed lines between the test and validation
performances are designed to suggest the expected
intervals for the respective commercial detectors. We do
see that the evolved detectors are performing in same
region with the best performance achieved by an expert
engineer after many months of tinkering.
6.2

EMPRESS EXPERIMENTS

Experiments 6 and 7 were performed with the EMPRESS
data set. This data set was acquired after the above work
had already been done and may serve as a test of our
claim that a robust GA is a valuable tool for adjusting a
commercial detector to new data. The parameters used in
these experiments are summarized in Table 3. The last
column of Table 3 summarizes the location of the best
performers in parameter space. We can see that some
parameters are very sensitive (all bests have the same
allele value) and some are completely insensitive (all
permitted values are present among the bests). Parameter
1= SeparationThreshold, 2= DistForSuccThreshold1, 3=
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Table 3. Parameters Used in EMPRESS Experiments
PARAM BITS
ETER
1

5

2

6

3
4

3
5

5

3

6

5

7

4

8
9

4
3

10
11

5
5

MINMAX
100 7850
100 6400
0-7
100 7850
7000 14000
100 1650
100 850
2 - 17
80000 115000
10 - 320
7500 32000

STEP EXP
BEST
SIZE NUM SOLUTION
250

6-7

100-7850

100

6-7

1
250

6-7
6-7

45004700
0
100-850

1000

6-7

50

6-7

1300014000
3

50

6-7

100-850

1
5000

6-7
6-7

2-17
95000

10
500

7
7

150-160
2050021500

expert’s point. At this point, we experimented with
additional features that assess the likelihood that the video
frame is in letterbox format. Believing this may be
valuable additional information for commercial detection,
the detector algorithm was augmented with logic that
considered this new feature. The expert, being in
possession of the experiment 6 results, used them as the
starting point for an effort to discover good parameter
settings for the new letterbox thresholds. The result of this
effort (again using the entire validation set) is the
righmost asterisk in Figure 3. In experiment 7 the GA
searched the augmented threshold set. Two validation
tests from this run are also shown. We see that the GA
located the best performance seen to date. We believe this
shows the potential of the GAs for this emerging
application.

0.95

Precision

UnicolorInSuccThreshold, 4= MinCommThreshold, 5=
MaxCommThreshold, 6= AdjSceneCutsThreshold, 7=
AverageCutDistThreshold, 8= CutNumberInAverage, 9=
BlackIFrameThreshold, 10= LetterboxLengthThreshold,
11= LetterboxThreshold.

Experiments 6 and 7 conducted for the EMPRESS dataset
are briefly summarized in Table 4 and the comparable
results are shown in Figure 3.

# OF
PARAMS

6

9

38

30

R+P

7

11

48

30

R+P

exp6
exp7
expert
validation

0.85

Table 4. Summary of Experiments with the EMPRESS
Data Set
EXP.
NUM

0.90

0.80
0.2

0.4

# OF REPLICAT FITNESS
BITS
IONS
METRIC

0.8

1.0

Figure 3. Results of the EMPRESS experimental set

7
Figure 3 tells two intersecting tales. Experiment 6 was the
first run on the EMPRESS data set. Independently, the
expert searched for (using the entire validation set) and
reported a detector whose performance on the validation
data is shown as the leftmost asterisk in the figure. We see
that the GA located points that look superior to the
expert’s, but these points may represent overfittting to the
training data. When we run two (manually-selected) of
the GA’s detectors on the validation set, we see that
performance deviates and no longer dominates the

0.6
Recall

DISCUSSION

We have presented results from first experiments using a
GA to fine tune the parameters for a commercial detection
algorithm for digital video.
We propose that this approach is particularly well suited
to this domain because 1) the complexity of the mapping
from algorithm parameters to accuracy is unknown, but
unlikely to be very simple, 2) it is unlikely that the best
parameter sets to use will be the same from culture to
culture or for different video standards, 3) the low-level
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features available from different encoder chips is likely to
change and 4) the mapping is unlikely to remain
unchanged over time (perhaps because of deliberate
attempts to avoid automatic detection). These properties
all suggest that an automated method to readjust the
detector algorithm will be needed in the industry.
Dynamically downloading new parameters to products in
the field is already being practiced.
From our experiments we learned that we can benchmark
and fine tune the performance of the commercial
detection algorithm rapidly for a new set of data. This
means that we used the GAs as a tool for mapping from
algorithm parameters to accuracy. In addition, this
allowed us to experiment with new parameters (e.g.
letterbox in experiment 7) and obtain an optimized
version of the algorithm without spending additional
weeks of effort.
The class of algorithms explored was limited, constrained
by a desire to use algorithms that could be driven by lowlevel features immediately available from MPEG encoder
chips and that could run on the modest computing
resources available in today’s consumer electronic
products. In addition, only a limited amount of video
material was available for these initial experiments.
There are several directions in which to continue this
work. Clearly more validation work is needed before the
utility of the detectors can be assessed against levels
needed for consumer acceptance. In addition, a broader
class of detector algorithms could be explored, including
allowing the GA to explore this dimension in addition to
simply tuning parameters. A truly multi-objective GA
also should be tried.
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Abstract
This paper presents an approach for scheduling
of customers’ orders in factories of plastic
injection machines (FPIM) as a case of realworld flexible job shop scheduling problem
(FJSS). The objective of discussed work is to
provide FPIM with high business speed which
implies (a) providing a customers with convenient way for remote online access to the factory’s database and (b) developing an efficient
scheduling routine for planning the assignment
of the submitted customers’ orders to FPIM
machines. Remote online access to FPIM database, approached via delivering the software as a
Web-service in accordance with the application
service provider (ASP) paradigm is proposed. As
an approach addressing the issue of efficient
scheduling routine a hybrid evolutionary algorithm (HEA) combining priority-dispatching rules (PDRs) with GA, is developed. An implementation of HEA as a database stored procedure is discussed. Performance evaluation results
are presented. The results obtained for evolving a
schedule of 400 customers’ orders on experimental model of FPIM indicate that the business
delays in order of half an hour can be achieved.

1

INTRODUCTION

Until recently the role of the production factories had
been associated with the manufacturing of a high volume
of low-cost and high-quality goods. However, an
evolution of these features is lately observed as a result of
the recently emerged trend in the major world’s economies of decreasing the rate of economic growth. Still
maintaining the importance of producing low-cost and
high quality goods, the relevance of the high manufactured volume is going to be gradually replaced by the
role of the high business speed – the ability to react quickly in submitting and modifying the customers’ orders. The

high business speed implies that factories should provide
the customers with services such as remote submission of
orders in operative mode; prompt feedback to allow for
customers’ awareness about the anticipated due dates of
their orders as well as about the expected ratio of tardy
orders and their respective delays; and tracking the state
of the submitted orders.
Within this context, the objective of our research is to
investigate the feasibility of developing a scheduling system for FPIM, emphasizing on providing the mentioned
above customers services needed for achieving factory’s
high business speed. Fulfilling the objective implies
addressing of the following two main tasks. First,
allowing for submission of orders and tracking their
statuses requires providing a convenient way for remote
online access to the factory’s database. And second,
allowing for prompt customers’ awareness about the
anticipated due dates of their orders assumes developing
of efficient (both in terms of runtime and quality of
solution) scheduling routine for planning the assignment
of the submitted customers’ orders to the factory’s
machines. Our work is intended to address these main
tasks, and its contents could be viewed from three
different aspects, representing the following three layers
of abstraction of the proposed scheduling system:
•
•
•

Problem aspect – the task from the specific problem
domain intended to be solved,
Aspect of algorithmic paradigm – the algorithmic
paradigm employed to solve the problem,
Implementation aspect – the system architecture used
to solve the problem exploiting the adopted
algorithmic paradigm.

The discussion, presented in this document, is
attempting to highlight these aspects of our work, and the
remaining of the paper is structured as follows. Section 2
briefly explains the problem aspect – a real-world problem of scheduling of FPIM as an instance of the class of
FJSS. Section 3 discusses the aspect of algorithmic paradigm – the main attributes of the hybrid evolutionary
algorithm we developed to solve the targeted FPIM FJSS.
Section 4 considers the implementation aspect – the ASP
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approach, focusing on developing of three-tiered Webbased system architecture. Performance evaluation results
are given in Section 5. Finally, Section 6 draws a conclusion and discusses some directions for future work.

2

relationship diagram for FPIM database is shown in
Figure 1. The mechanisms used to access the data in
FPIM database is elaborated later in Section 4.

REAL-WORLD CASE OF INJECTION
MACHINES SCHEDULING

The FPIM FJSS problem consists of a finite set of orders
to be processed on a finite set of machines. Each order
specifies the amount of just one good from the finite set
of goods, produced by the factory. Each good can be
produced using any of currently available molds from the
finite set of mold instances of at least one of the finite set
of the available mold types. Each mold type can be
attached to at least one machine from the available finite
set of machines. The one-to-many relationship between
the goods and molds, and between the molds and the
machines implies that any order can be processed in at
least one machine. In general, processing the order on
specified machine is preceded by the set-up phase, needed
to attach the required mold (if mold of the current order
differs from the previous one) and to change the resin (if
needed). Analogically, the processing of the order might
be followed by completion phase, required to remove the
mold in case that the next scheduled order requires an
attachment of different mold type.
The capacity constraints specify that each mold can be
attached to just one machine at a time and each machine
can attach just one mold. Consequently a machine can
process only one order and each order can be processed
by only one machine at a time. An additional constraint
stipulates that the amount of the molds of specified type is
limited; therefore an order can be processed only if the
required mold is currently available. Also, the machines
can be suspended for scheduled maintenance and for daily
operation breaks. The order cannot be preempted by another order, however, depending on the specified machine
operation mode, the orders, started before the suspension
time should be interrupted upon the commencing the
maintenance interval or might be allowed to complete
within the maintenance interval. In the former case, the
processing of the interrupted orders resumes upon
resuming the operations of the corresponding machine.
The objective of the scheduler is to determine the processing starting time, the processing machine, the mold
and the mold type for each order, obeying the imposed
constraints and minimizing the ratio of tardy jobs, the
variance of the flow time, the amount of mold changes,
and maximizing the efficiency of the machines. The schedule is viewed as a table of rows each including creation
date/time, customer’s name, customer’s order, processing
machine, mold, mold type, starting and finishing times for
setup, processing, and completion phases respectively.
In our approach, the FPIM data about orders,
manufactured goods, available resins, mold types, molds,
machines and operation patterns constraints are organized
as an entities (tables) in relational database. The entity-

Orders

Maintenance
suspensions

Working
patterns

Goods

Molds

Machines

Resins

Mold types

Attachable
mold types

Figure 1: Entity-relationship Diagram for FPIM Database
The main differences between the theoretical models
and the real-world case of FPIM FJSS are the availability
of the setup and completion times, which depend on
previous and next order respectively; the availability of
maintenance time and operational break time; order
interruption and restart; and limited and dynamically
changeable amount of available machines and molds.
These differences additionally complicate the concrete
instance of the FJSS. The latter, being NP-hard is well
known to be a notoriously difficult to solve. Such an
additional complication affected our choice of algorithmic
paradigm intended to solve the FPIM FJSS, as elaborated
in the following Section 3.

3

HYBRID EVOLUTIONARY
ALGORITHM FOR FPIM FJSS

In our approach we propose a hybrid evolutionary
algorithm, which combines the approaches of using PDRs
with GA (Holland, 1975; Goldberg, 1989; M.Varquez and
L.D.Whitley, 2000). A PDR is a rule that is used to
determine which order is to be executed next, from the list
of unscheduled orders. Compared with other
approximation approaches, PDR-based approaches offer
the advantage of simplicity, featuring low computational
cost and can therefore be applied to complex real-world
problems such as FPIM FJSS. They are usually temporally local without trying to predict the future. Instead,
making decisions based on the present; they are very useful in factories such FPIM, where the future availability of
the resources (machines, molds, etc.) is very unpredictable. The main disadvantage of PDR is their myopic nature:
often the quality of the overall schedule, build using
locally applied PDR is far from optimal. In addition, no
single PDR can be success-fully applied for the whole
range of possible cases of FJSS (Pierreval and N. Mebarki, 1997). This might require to empirically evolve the
PDRs and their combination, which are most suitable for
the concrete instance of FJSS. In order to address the
disadvantages of PDRs we propose a hybrid evolutionary
algorithm (HEA) as a combination of PDRs with GA. GA
is used as a way to empirically evolve the most suitable
combinations (strings) of PDRs for the considered FPIM
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FJSS. Also, GA is intended to address the myopic nature
of PDRs given that GA is based on the survival of the
overall fittest individuals (i.e. schedules), rather than these
with better local features. The only concern of combining
GA with PDR-based sys-tem into HEA for solving realworld problem is whether GA would invalidate the
advantage of PDR of being less time consuming. However, despite the longer computational times of GA, we
believe that the GA might be successfully applied in
FPIM FJSS since it can be considered as a form of anytime algorithm (Ciesielski and Scerri, 1998), and as a
result, a feasible tradeoff between the runtime and the
desirable quality of schedule could be easily maintained.
It is generally accepted that the GA feature five basic
attributes: genetic representation of solutions to the
problem; way to create an initial population; ’genetic’
operators that alter the genetic population; evaluation
function and values for the parameters. The remaining of
the current Section is intended to elaborate on these basic
attributes of GA.
3.1

THE GENETIC REPRESENTATION OF
SCHEDULES. THE INITIAL POPULATION

There are two basic approaches for genetic representation,
which can be applied for FPIM FJSS: direct and indirect.
Direct representation encodes the schedules as chromosomes, and genetic operations are used to evolve the population of such chromosomes into better schedules. In the
indirect encoding schemes a sequence of schedule-building instructions is encoded (“generative encoding”) in
the chromosome (Fang et al, 1994; O'Neill and Ryan,
2000). The genetic operations are used to evolve the population of such sequences of schedule-building instructions into ones that generate better schedules. Considering
the complexity of various constraints imposed on FPIM
FJSS, it is highly likely that direct representation of
chromosome would yield unfeasible schedules, i.e.
schedules that violate some of the constraints. The
repairing, needed in such cases might be inefficient in
both that it requires additional runtime and tends to break
the developed building blocks of the solutions. In
addition, dynamic nature of some of the constraints (as,
for example, the limited amount of molds) assumes that
obeying them (i.e. using mold that currently is not being
used by other orders) requires corresponding runtime
verification on the build-so-far schedule. These concerns
indicate that the eventual direct encoding is impractical
for the concrete case of FPIM FJSS. In the proposed
approach a PDR-based indirect representation of the
schedule is used, where the allele in chromosome
represent the PDR used for assigning the order to the
specified machine. Each chromosome (the genotype) is
represented as a string ‘g0,g1,g2,…’ which is mapped
into the corresponding schedule (the phenotype) by
schedule builder during the chromosome evaluation phase
of HEA. Each of the genes gi of the chromosome
‘g0,g1,g2,…’ is interpreted by schedule builder as
follows: “for the currently becoming free machine mk,
select all the unscheduled orders that can be currently
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processed on mk and range them in accordance with the
gi–th PDR; then select the first order oj from the
arranged list of unscheduled orders and assign oj to mk”.
The following nine PDRs have been used: FIFO (also
known as AT- arrival time, and TIS- time in the sys-tem);
FIFO SM – the same as FIFO but trying the same mold
(SM); FIFO SMR – the same as FIFO but trying the same
mold and same resin; SPT – shortest processing time;
LPT – longest processing time; DT – order due time; DT
SM – the same as DT but trying the same mold; DT SMR
– the same DT but trying the same mold and same resin;
and ST – order start time.
The preliminary comparative results of convergence
of the fitness of best individuals for typical runs of HEA
and GA without PDRs confirm the advantages of
incorporating PDRs into GA. The results indicate that in
contrast to the GA without PDRs, HEA features much
faster fitness convergence with better values of absolute
fitness. The desirable schedules (schedules with no tardy
jobs) are evolved relatively quickly by HEA within
several generations.
Initial population is created by generating a (NPS–2)
chromosomes where NPS is the population size. The genes
of each of these chromosomes are set to a random
numbers within the range (0,NPDR-1) where NPDR is the
total amount of used PDRs. Two additional chromosomes
are created, alleles of which contain a single PDR only –
FIFO and DT respectively, in order to allow for the HEA
to quickly find the solution in some trivial scheduling
cases. Note that due to the adopted indirect genetic
representation the process of creating initial population
always generates feasible schedules only, where no
constraints are violated.
3.2

GENETIC OPERATORS

The main genetic operators are selection, crossover, and
mutation. In our work we used binary tournament
selection – a robust, commonly used selection mechanism, which has proved to be efficient and simple to code.
In addition, it results a selection pressure that provides a
good convergence rates yet avoiding premature convergence to a sub-optimal solutions. The canonical two-point
crossover operation is employed. The mutation operation
changes the genes from each chromosome with specified
probability to the value within the range (0,NPDR-1),
where NPDR is the total amount of used PDRs.
3.3

EVALUATION FUNCTION

The evaluation function estimates the fitness of the
chromosomes (respectively, the schedules they generate)
by measuring the severity of constraints violation and the
extent of approaching the scheduling objectives. In our
approach all the imposed constraints are considered as
hard in that on neither stage of HEA they are violated.
Regarding the objectives, applying the heuristics rule that
from the customer viewpoint any schedule containing
tardy orders, is worse (feasible, but undesirable schedule)
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that schedule that do not have ones (desirable schedule),
we consider an evaluation function that allows HEA to
clearly distinguish the desirable schedules from
undesirable ones. In our approach the evaluation function
maps the fitness of all the desirable schedules within the
range of (0,Q) while maintaining the fitness of
undesirable schedules within the (Q,+∞). For both the
cases the lower values of the fitness correspond to the
better schedules. The evaluation function for desirable
schedules evalD(x) can be expressed as follows:
evalD(x)=eval(x)
where eval(x) is a sum, normalized to 100, of the ratio

of tardy jobs, the variance of the flow time, the relative
amount of mold changes, and complement to one of the
efficiency of the machines usage (as a ratio of the sum of
setup and completion time to the order processing time).
Respectively, the evaluation function for undesirable
schedules evalU(x) is defined as
evalU(x)=eval(x)+Q
where Q is the penalty for schedule having at least one

tardy order. The penalty value should fulfill the condition
Q> max(evalD(x)), and in our approach Q=101.

3.4

VALUES OF PARAMETERS

The values of parameters are as follows. Population size
is 20 individuals (chromosomes), selection method is
binary tournament with elitism where selection and
elitism ratio are 0.2 and 0.1 respectively, and mutation
rate is 0.01. The termination criteria are runtime, fitness
of the best of individuals, or number of generations.
Notice the relatively small population size. The results of
parameters tuning experiments indicate that varying the
population size yields negligible small variance in
computational effort of developed HEA. Smaller
population sizes reduce the runtime for evolving a single
generation, and consequently, to allows for the authorized
user to quickly intervene in the evolution process if
needed.

4

IMPLEMENTATION

As we mentioned before, achieving our objective of
developing FPIM FJSS that features high business speed
implies the addressing of the task of providing the
customers with convenient way for remote access to the
FPIM data. Considering the Web as most favorable
deployment platform due to its ubiquitous nature, this task
could be decomposed into the following two problems:
how to implement the HEA on the Web, and how to make
the FPIM database (including the schedules, build as
result of HEA functionality) available on the Web.
Regarding the implementations of HEA on the Web, the
developed-so-far approaches of using Internet as a
deployment environment for EA are exclusively focused
on the issue of parallel, distributed implementation of EA
(Chong, 1999; Tanev et al, 2001), improving the
computational speed of the latter. As a result the issue of

incorporating the adequate user interface providing
remote access to the real-world problem-related databases
is not considered as relevant in these approaches. In
addition, taking into consideration the distributed nature
of the Internet-based implementations of EA in these
methods, their eventual straightforward use for the
considered case of FPIM FJSS would feature considerable
performance degradation of the HEA due to heavy data
traffic due to the need for the distributed entities of these
architectures to intensively access the centralized FPIM
business data (shown in Figure 1) during scheduling. The
volume of such data for the moderately scaled FPIM
might be in order of few hundreds of Megabytes, which
also proves the unfeasibility of the idea of downloading
such data (caching) for intended future local use by HEA.
To address the first of the mentioned problems – providing Web-access to the FPIM FJSS we used the ASPbased approach. And for the problem of efficient
implementation the HEA on the Web we employed a
method of implementing HEA as a database stored
procedure (SP). An additional motivation for considering
SP as a way to implement HEA is that to our best
knowledge, we are not aware about any work regarding
implementing EA as a SP, and we were interested about
the feasibility for applying such an approach for the
considered case of real-world FPIM FJSS problem. The
remainder of the Section elaborates the approaches we
propose to address these two problems.
4.1

THE APPROACH OF ASP

ASPs are a recently emerged way to sell and distribute
software and software services via Internet. In most cases
the ASPs can be viewed as companies that supply
software applications and/or software-related services
over the Internet. The significant advantages offered both
to the factories and to their customers by providing the
web-access to business solutions instead of using the
traditional model to physically deliver the required
specialized applications are the low cost of entry,
considerably less expensive pay-as-you-go model, and
shifting the Internet bandwidth to the ASP, who can often
provide it at lower cost. Implementing FJSS as ASP
allows the FPIM to focus on its core competencies instead
of managing the complexities of today's IT infrastructure.
In addition, ASP significantly alleviates the problem
related to the maintenance of complex software system
and the need for software upgrades. The eventual
distribution of corresponding “fat”-clients to the hundreds
of customers for the real-world instance of FPIM FJSS
would become extremely expensive both from FPIM and
customers standpoints; and the need for future upgrades
deteriorates the problem even more.
The three-tiered system structure incorporating Webbrowser (as thin client), Web-server, and database server
is widely adopted as a de facto standard for building
applications using ASP paradigm. Following the common
trend, we adopted the three-tiered architecture (Figure 2)
with the following functionality of the main entities.
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Figure 2: Three Tiered Architecture For ASP-Based
Implementation Of FPIM FJSS
4.1.1

Web-browser

Web-browser represents the client-side functionality
of developed ASP-based approach for FPIM FJSS.
Depending on the access rights, two separate user roles
for clients are defined: customers, and factory users.
Customers are allowed to submit the orders in operative
mode, accessing three main FPIM data entities: their own
orders (for updating), the manufactured goods (for
reading only), and the schedule, generated for their own
orders. The factory users are granted with full access
allowing reading and updating of all the available data in
FPIM database. In addition, factory users are allowed to
initiate the HEA for creating schedule of all orders,
including recently submitted and still unscheduled ones.
For both types of user roles maintaining adequate user
interface was considered as a crucial issue in developing
the Web-client side of FPIM FJSS. We use an ActiveX
Data Objects (ADO) recordsets incorporated into Webbrowser for maintaining the data obtained from FPIM
database. ADO-recordsets offer a way to adequately handle the database tables by the browser. The FPIM database data are received by Web-browser as XML-data islands
within HTML-pages. In order to minimize the network
traffic, and consequently, to provide better scalability characteristics of the system, the Web-browser updates the
data in offline mode in that all the changes of ADOrecordsets are buffered on client side in a form of delta
XML-packet. Using a single HTML-form submission, the
delta XML-packet is forwarded to the Web-server, which
performs all the accumulated updates in batch mode. The
functionality of Web-browser, including browsing and
updating the ADO-recordsets, maintaining a XML-delta
packet, managing the master-detail and lookup relationships in FPIM database is accomplished by specially
developed API written in JavaScript. Figure 3 depicts the
snapshot of the client screen for browsing/updating the
FPIM database table containing mold types and the
corresponding detail table of machines these mold types
could be attached to. Figure 4 shows the screen snapshot
of viewing the schedule of all orders. In both cases the
screen snapshots correspond to user role of factory user.
4.1.2

Web-server

The Apache Web server, used in proposed implementa-

tion of FPIM FJSS employs the Java Server Pages (JSP)
technology to provide the browsers with the content,
dynamically generated in result of FPIM database access.
JSP incorporates both formatting, static HTML-tags,
which are directly passed back to the response page, and
Java scriplets that are dynamically executed by Webserver and the result of their execution is incorporated
into the response page. The scriplets included in JSP call
the application logic components for database access. In
our approach we use OracleXMLQuery and
OracleXMLSave Java classes for accessing the FPIM
database. The former is used by JSP for serving the
request from Web-clients for displaying the contents of
corresponding tables in FPIM database. Upon activation
by JSP, it submits a corresponding SELECT SQL-statement against FPIM database and returns the XML-encoded result set. The latter is then incorporated into the
response page and forwarded to Web-browser as an
XML-data island. The OracleXMLSave class is used by
JSP for updating the FPIM database with the changes
made by Web-clients. OracleXMLSave accepts the delta
XML-packet, parses it, generates the corresponding set of
INSERT, UPDATE and/or DELETE SQL-statements,
and finally submits these statements to the FPIM database
for their execution.
4.1.3

Database Server

As we stated before, the FPIM-data containing the created
schedule, submitted orders, available machines, molds,
mold types, resins, manufactured goods etc. are organized
as an entities of a relational database system. In our
implementation we use Oracle 8.1.7 database server as a
platform, well known with its performance, scalability,
reliability, providing adequate data security and integrity.
It offers seamless integration with the adopted JSPtechnology providing a sufficient set of Web-server side
deployed application logic components (such as
OracleXMLQuery and OracleXMLSave).
4.2

IMPLEMENTING HEA AS DATABASE
STORED PROCEDURE

Few ways to implement and deploy the HEA on the
Web exists depending on which entity of system structure
(Web-client, Web-server, or database server) runs the
HEA code. In our approach HEA is developed using
Oracle PL/SQL programming language and stored on
database server as a stored procedure (SP). Database server also handles the execution of SP. The benefits of implementing HEA as SP are improved performance – database server compiles SP once and then reruns the compiled execution plan; minimized interconnection network
overhead – SP reduces the eventual long sequences of
SQL statements into a single line, and enhanced security Web-clients are granted with permission to execute a
HEA SP independently of underlying table permissions.
The functionality of HEA SP includes code, organized in
two routines:
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Figure 3: A Snapshot Of The Client Screen For Browsing/updating The FPIM Database

Figure 4: A Snapshot Of The Client Screen During Viewing The Schedule
•

Routine which performing the main genetic operations evolves the population of chromosomes, and

rule (as elaborated earlier in Section 3.1) for each of the
genes gi in accordance with the following steps:

•

Evaluation of the fitness of the chromosomes.

•

The first of the routines implements the canonical GA.
The routine of fitness evaluation incorporates the schedule builder that maps each of the chromosomes into corresponding schedule and evaluates it using the evaluation
function as described earlier in Section 3.3. The mapping
itself includes the scanning of all the genes in
chromosome ‘g0,g1,g2,…’ and applying the mapping

Step 1: Defining the currently becoming free machine
mi, and the instance tk when it will be available,

•

Step 2: Selecting all the unscheduled orders that can
be currently processed on mi at tk and range them in
accordance with the gi–th PDR,

•

Step 3: Acquiring the first order oj from the given list
of unscheduled orders and assign oj to mi”.
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While the first step requires only an access to the FPIM
database table of so-far-generated schedule, the following
two steps require intensive database access (shown in
Table 1 and Table 2 respectively). As a result, the fitness
evaluation routine consumes more than 95% of HEA
runtime. The performance evaluation results are discussed
in the following Section 5.

Table 1: Defining The Set Of Orders That Can Be
Scheduled On Machine mi At Instance tk
STEP

DB
TABLE

INFORMATION ACQUIRED

2a

Machines Machine mi which becomes free and
should be scheduled at instant tk

2b

Working
patterns

2c

Acquiring whether tk is within the
defined
working
pattern
for
considered day

Attachable Set of mold types {MT} that can be
mold types attached to mi

2d

Mold
types,
Molds

Set of molds instances {MI} of
types {MT} that can be attached to
mi and are not being used by other
machines at the same instant tk

2e

Goods

The set of goods {G} that can be
produced using {MI} of types {MT}

2f

Orders

The set of orders {O}, which
request the production of {G}

Table 2: Assigning Order oj At Instance tk On Machine
mi Using Mold Type MTm
STEP

DB
TABLE

3a

Orders

Manufactured
manufactured good,
(Yes/No) for order oi

3b

Mold
types

Change time, change cycle (in
shots), cleaning time, cleaning cycle
for mold type MTm

3c

3d

INFORMATION ACQUIRED
volume,
trial shots

Attachable Put-on time, put-off time, shot time
mold types interval, #trial shots for MTm when
attached to mi
Resins

Change time for the resin Rp, used
for production of good Gq, requested
by order oi

3e

pattern consideration
Machines Working
mode for machine mi

3f

Working
patterns

Current working pattern
machine mi which wraps ti

5

PERFORMANCE EVALUATION

The performance evaluation results have been experimentally obtained for the developed prototype of FPIM FJSS
deployed on system with the following configuration.
Apache Web-server and Oracle 8.7.1 database server are
running on the same Hitachi Flora 370 featuring 450 MHz
Pentium II CPU with 128 Mbytes of main memory running W2000 Professional Edition. The Web-client is Microsoft Internet Explorer Version 6.0 running on same type
of computer as servers. Client and servers are connected
in 100 Base-TX LAN via Hitachi Summit-48 hub.
The task of scheduling feature 400 orders to be
scheduled in the experimental model of FPIM that produces 4 different types of goods using 4 machines. Each of
the good can be produced with 2 of the totally 4 available
mold types, and each of the mold types can be attached to
2 of the totally 4 available machines. There are 2 molds
available for each molds type. The working patterns for
each of the machines are defined as 9:00 - 12:00 and
13:00 - 17:30, with day-offs on Saturdays and Sundays. In
addition, the working patterns are considered as “hard”
for two of the machines implying that the being processed
orders which are unable to complete beyond the scope of
off time should be interrupted and resumed later when the
corresponding machine resumes operation. Figure 4,
presented earlier depicts a possible solution to the
considered case of FPIM FJSS.
The estimated computational performance of HEA is
about one individual (mapped into schedule with 400
orders) per 13 seconds, or 32 order trials per second. The
overall performance of HEA depends also on computational effort needed to solve the FPIM FJSS. We adhered
to the approach suggested by (Koza, 1992) which defines
the notion of computational effort as an amount of individuals to be processed in order to solve the problem with
specified probability (e.g. 90%). The diagram of the probability of success RS for FPIM FJSS, build from the data
of 50 independent runs is shown in Figure 5. The values
of HEA parameters are as stated in 3.4. The termination
criterion is fitness of the best individual is less or equal to
100 (desirable schedule).
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Figure 5: Computational Effort Of HEA

for
As Figure 5 illustrates, the 90% probability of success
in developing a desirable schedule is achieved when
processing 146 individuals, which, considering the
computational performance of HEA would require about
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30 minutes of runtime. This runtime can be viewed as a
business delays for the task of evolving a desirable
(without tardy orders) schedule of 400 customers’ orders
in the considered experimental model of FPIM.

6

CONCLUSION AND DIRECTIONS
FOR FUTURE WORK

We proposed an approach for solving the problem of
scheduling the customers’ orders in FPIM as a case of
real-world JSSP. The objective of our work is to provide
the FPIM with high business speed implying addressing
of the following two main issues: (a) providing a
convenient way for remote online access to the factory’s
database and (b) developing an efficient (both in terms of
runtime and quality of solution) scheduling routine for
planning the assignment of the submitted customers’
orders to the FPIM machines. The first issue is addressed
by the proposed approach of delivering the software as a
service in accordance with the ASP paradigm, which
offers the benefits of easy software maintenance and future upgrade, low cost of entry into the business (especially
for small and medium scaled FPIM), and considerably
less expensive pay-as-you-go model. The issue of efficient scheduling routine is addressed by developed HEA
which combines the approaches of using PDR with GA.
PDR-based approaches offer the advantage of simplicity,
featuring low computational cost and can therefore be
applied to complex real-world problems such as FPIM
FJSS. GA, incorporated into proposed HEA addresses the
issues of the myopic nature of PDR and the necessity to
empirically evolve the most suitable PDRs and their
combination. Implementing HEA as a database SP offers
the benefits of reduced communication network overhead
and improved performance characteristics Performance
evaluation results obtained for evolving a desirable
(without tardy orders) schedule of 400 customer’s orders
on experimental model of FPIM indicate that the business
delays are in order of half an hour.
We are intending to explore the following two approaches to future reduce the business delays. The first approach is aimed at reducing the computational effort of HEA
and it would exploit the continuous nature of the scheduling process. Taking into consideration the empirical
observation that newly submitted orders are unlikely to be
scheduled in a way that requires significant modifications
to the orders, scheduled earlier, we are interested in the
feasibility to incorporate few of the best schedules from
previous run into the initial population of the current run.
The second approach is intended to improve the overall
performance of HEA by inducing a noise (Miller and
Goldberg, 1995) in fitness evaluation - instead of creating
and evaluating the whole schedule, it is much faster to
create and evaluate only the initial part of it and to make a
judgment about the fitness of the whole schedule. The
preliminary obtained results are encouraging in that varying the amount of the induced noise a tradeoff between
the improved computational performance and the deteriorated computational effort can be achieved, leading to the

better overall performance of HEA.
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Abstract
A new methodology for Emergent System
Identification is proposed in this paper. The new
method applies the self-organizing Group
Method of Data Handling (GMDH) functional
networks, Particle Swarm Optimization (PSO),
and Genetic Programming (GP) that is effective
in identifying complex dynamic systems. The
focus of the paper will be on how Particle
Swarm Optimization (PSO) is applied within
Group Method of Data Handling (GMDH) which
is used as the modeling framework.

1

INTRODUCTION

The methodology of System Identification was developed
for the extraction of mathematical models from system
data. Evolutionary System Identification has been used to
designate the use of evolutionary computation for the
determination of the approximate mathematical model
from experimental data. Evolutionary systems rely on a
notion of competition among a population of individuals
that compete to reproduce to form future generations.
Emergence is used to describe the self-organization (order
for free) exhibited by Complex Dynamic Systems.
Emergent systems rely on the self-organization properties
of the underlying system (information) (Holland, 1998).
These emergent systems use iterative stochastic
methodologies to discover the underlying connections
implied by the system data. From this perspective,
evolutionary methodologies are also emergent, but the
opposite is not always true. The methodology of
Emergent System Identification that is proposed here is
concerned with extending the concept of Evolutionary
System Identification by combining the methodologies of
System Identification (Pandit, 1984) self-organizing
functional networks (GMDH) (Ivakhnenko, 1968a,
1971b; Madala and Ivakhnenko, 1994), Particle Swarm
Optimization (PSO) (Kennedy and Eberhart, 2001a) and
Genetic Programming (GP) (Iba and Kurita, 1994).

The rest of this paper is organized as follows. Section 2
describes traditional System Identification and introduces
the use of Particle Swarm Optimization (PSO) for
determining the coefficients of a simple autoregressive
moving average model (SwARMA). Section 3 explains
Particle Swarm Optimization. Section 4 describes the
results of using PSO for determining the ARMA model
parameter (SwARMA) for an example problem. Section
5 introduces and explains the Group Method of Data
Handling (GMDH) and the extension of the GMDH
algorithms using PSO. Section 6 describes the results of
using the GMDH combined with PSO for two example
problems and an additional example problem that
illustrates nodal selection criterion. The paper ends with
the primary conclusions we draw from the results.

2

SYSTEM IDENTIFICATION

Generally speaking, the discipline of system Identification
is concerned with the derivation of mathematical models
from experimental data. When given a data set one
typically applies a set of candidate models and chooses
one of the models based on a set of rules by which the
models can be assessed. One of the simplest System
Identification models is the Autoregressive Moving
Average (ARMA) model as shown in equation 1.

yt + φ1 yt −1 + φ2 yt − 2 + " + φn yt − n
= θ 0 + θ1at −1 + θ 2 at − 2 + " + θ m at − m

(1)

where φi , i = 1,n and θ j , j = 0, m are the parameters for an
ARMA(n,m) model. For a given ARMA(n,m) model the
model parameters φi and θ j are selected such that
equation (2) is minimized,
N

∑( y
t =1

t _ data

− yt _ ARMA )

2

(2)

where,
N=

number of data points.

(3)
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ARMA models are numerically efficient due to their
ability to utilize traditional parameter estimation methods
and typically employ non-linear least squares for the
determination of their parameters. In this paper it is
shown that Particle Swarm Optimization (PSO) can be
used to determine the parameters for ARMA models. The
use of PSO to determine the constants of the ARMA
model is denoted by what the authors are calling
SwARMA. It will be shown that SwARMA was able to
determine a better parameterization for the ARMA model
than the IMSL (International Mathematical and Statistical
Libraries) routines.

3

3.1

The ith particle is represented as,

X I = ( xi1 , xi 2 ,..., xiD )

Particle Swarm Optimization is a relatively new addition
to the evolutionary computation methodology, but the
performance of PSO has been shown to be competitive
with more mature methodologies (Eberhart and Shi,
1998a; Kennedy and Spears, 1998). Since it is relatively
straightforward to extend PSO by attaching mechanisms
employed by other evolutionary computation methods
that increase their performance; PSO has the potential to
become an excellent framework for building custom highperformance stochastic optimizers (Løvbjerg, et al.,
2001). It is interesting to note that PSO can be considered
as a form of continuous valued Cellular Automata. This
allows its hybridizations to extend into areas other than
computational intelligence (Kennedy and Eberhart, 2001).

(4)

where D is the dimensionality of the problem. The rate of
the position change (velocity) of the ith particle is
represented by,

VI = (vi1 , vi 2 ,..., viD )

(5)

where vik is the velocity for dimension “k” for particle
“i”. The best previous position (the position giving the
best fitness value) of the ith particle is represented as,

PARTICLE SWARM OPTIMIZATION

The Particle Swarm Algorithm is an adaptive algorithm
based on a social-psychological metaphor (Kennedy and
Eberhart, 2001a). A population of individuals adapt by
returning stochastically towards previously successful
regions in the search space, and are influenced by the
successes of their topological neighbors. Most particle
swarms are based on two sociometric principles. Particles
fly through the solution space and are influenced by both
the best particle in the particle population and the best
solution that a current particle has discovered so far. The
best particle in the population is typically denoted by
(global best), while the best position that has been visited
by the current particle is denoted by (local best). The
(global best) individual conceptually connects all
members of the population to one another. That is, each
particle is influenced by the very best performance of any
member in the entire population. The (local best)
individual is conceptually seen as the ability for particles
to remember past personal successes.

PSO EQUATIONS

PI = ( pi1 , pi 2 ,..., piD )

(6)

The best previous position so far achieved by any of the
particles (the position giving the best fitness value) of the
ith particle is recorded and represented as,

PG = ( pg1 , pg 2 ,..., pgD )

(7)

On each iteration the velocity for each dimension of each
particle is updated by,
vik = wk vik + c1ϕ1 pik + c2ϕ 2 pgk

{k , g} ∈ {1, 2,..., D}

(8)

where wk is the inertia weight that typically ranges from
0.9 to 1.2. c1 and c2 are constant values typically in the
range of 2 to 4. These constants are multiplied by ϕ (a
uniform random number between 0 and 1) and a measure
of how far the particle is from its personal best and the
best particle so far. From a social point of view, the
particle moves based on its current direction ( wk ), its
memory of where it found its personal best ( pik ), and a
desire to be like the best particle in the population ( pgk ).
3.2

PSO – POSITION UPDATE RULE

After a new velocity for each particle is calculated, each
particle's position is updated according to:

xik = xik + vik

(9)

It typically takes a particle swarm a few hundred to a few
thousand updates for convergence depending on the
parameter selections within the PSO algorithm (Eberhart
and Shi, 1998b).
3.3

RESULTS: PSO+ARMA

Particle Swarm Optimization was used to determine the
ARMA parameters for the Wolfer Sunspot Data (17701869). The results from the study are shown in Fig. 1.
This model was chosen to demonstrate the use of PSO on
a well understood System Identification problem. The
authors were somewhat surprised at the results. The
particle swarm converged after a few thousand iterations
in less that a minute on a 200 Mhz Pentium PC. In all
cases the solution found was substantially better than
those found using the IMSL Libraries.
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For both the ARMA(2,1) and ARMA(4,2) models the
PSO solution was better than the IMSL solution. In light
of these results the authors chose to call the combination
of PSO with ARMA: SwARMA (Voss and Feng, 2001).
These results suggest some interesting future research
with regards to traditional System Identification.
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Fig. 2. GHDH forward feed functional network
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The inputs to the input layer are determined by taking all
combinations (taken two at a time) of the input vector
“xi“. Each combination of inputs forms an input node that
tries to model the corresponding system output using a
second order polynomial surface specified by the
polynomial in equation 11.

LSE = 20,914
LSE = 24,549
LSE = 20,857

Fig. 1. Wolfer Sunspot Data.
Static SwARMA models. Weight = 0.7.

4

y = c0 + c1 x1 + c2 x2 + c3 x1 x2 + c4 x12 + c5 x22

THE GROUP METHOD OF DATA
HANDELING

The group method of data handling (GMDH) was first
proposed by Alexy G. Ivakhnenko (1968). The traditional
GMDH method is based on an underlying assumption that
the data can be modeled by using an approximation of the
Voltera Series or Kolmorgorov-Gabor polynomial as
shown in the following equation,
y = a0 +

m

m m

m m m

ai xi + ∑∑ ai xi x j + ∑∑∑ ai xi x j xk ...
∑
i =1
i =1 j =1
i =1 j =1 k =1

(10)

Ivakhnenko accomplished this by using a feed-forward
self-organizing polynomial functional network shown in
Fig 2.

(11)

The nodes in the input layer that do the “best job” (shaded
nodes) at modeling the system output are retained and
form the input to the next layer. The inputs for layer 1 are
formed by taking all combinations of the surviving output
approximations from the input layer nodes. It is seen that
at each layer the order of the approximation is increased
by two. The layer 2 nodes that do the “best job” at
approximating the system output are retained and form
the layer 3 inputs. This process is repeated until the
current layer’s best approximation is inferior to the
previous layer’s best approximation. The previous layer’s
best approximation is then used as the final solution.
Determining the method for ranking the nodes at a given
layer is somewhat problem dependant. Typically the data
is spit into two groups. One data group is used to train the
network and the other data group is used to rank the nodes
to determine which nodes survive to form the input to the
next layer.
The GMDH can thus be seen as a
methodology for distributed self-organizing computation.
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EXTENDING THE GMDH

The GMDH can be used as an embryo for more complex
methodologies for distributed self-organizing computation
(Nikolaev,N. and Iba,H., 2001). The methodology is
modified here by substituting equation 12 in place of the
traditional six term linear polynomial approximation,

(12)
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Fig. 3. Random Kolmorgorov Surface
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Fig. 4. PSO - non-linear surface fit
5.1

GMDH AND NON-LINEAR NODAL
FUNCTIONAL REPRESENTATION

For the purposes of determining the applicability of
equation 6 a surface as shown in Fig. 3 was generated
using 100 random values for x1 and x2 between 0 and 1
using the following form of equation 11.
(13)

The results for using Particle Swarm Optimization are
shown in Fig. 4.
The results were very good considering that the Particle
Swarm Algorithm parameters where not optimized for
solving this problem. These results lend support for the
use of Particle Swarm Optimization in combination with
non-linear formulations for the GMDH nodes (such as
equation 12) within the GMDH methodology.
5.2

Random Kolmorgorov Surface
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200

y = 150 − 175 x1 + 500 x2 − 200 x1 x2 + 100 x12 − 175 x22

Three example problems were considered. The first
problem was a test of the applicability of substituting
equation 12 in place of equation 11 in a GMDH node.
The second problem was a comparison of using equations
11 and 12 for the System Identification of a simple string
vibrating in a non-linear fluid, where the damping force
was set proportional to the square of the velocity of the
string movement. The third problem was the prediction
of natural gas flow for a location in the Midwest United
States.

S5
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-100

RESULTS: PSO + GMDH

100

400
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This non-linear equation was designed to test the
application of Particle Swarm Optimization for nodal
optimization within a GMDH network. The non-linear
equation has one less parameter than the traditional
polynomial approximation and does not admit the
application of simple gradient based optimization
methods due to the incorporation of the absolute value
function. The GMDH methodology has also been used as
a starting point for many new approaches to the System
Identification problem (Iba and Kurita, 1994). Here it is
demonstrated that it is practical to allow for low-level
non-linear emergent nodal representations embedded in a
higher-level self-organizing network. This is the type
hierarchical model that is necessary for the methodology
of Emergent System Identification.
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600
Polynom ial Value

y = c0 + c1 x1 + c2 x2

Optimal Kolmorgorov Surface Fit
using Particle Swarm Optimization
And Non-Polynomial Equation

15

4.1

VIBRATING STRING – GMDH AND NONLINEAR NODAL FUNCTIONAL
REPRESENTATION

Since we are investigating the application of Particle
Swarm Optimization for its utility in optimizing nonlinear models within the GMDH nodes, the specifics of
the discrete string model are not given here. The inputs to
the GMDH were the previous four amplitudes calculated
at the center of a string vibrating in a non-linear fluid.
The string was given an initial displacement of 1.0 and
then released. The previous four amplitudes were then
used to predict the future position of the string at its
central location. The System Identification results for
equation 11 and 12 are shown in Fig. 5. The particle
swarm quickly converged for the two models with the
results for the two equations almost equal.
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GMDH Natural Gas Prediction
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Fig. 6. GMDH - Natural Gas: Alt. Test/Train.

Fig. 5. GMDH - Non-linear vibrating string.
This lends support for GMDH nodal equations of the
form given in equation 12 since it requires one less degree
of freedom than equation 11. For models where training
time is not critical these results support the use of PSO
and non-linear functional representations within the
GMDH nodes.

GMDH Natural Gas Prediction

NATURAL GAS PREDICTION - GMDH

In the last example we investigated the applicability of a
traditional GMDH for predicting natural gas
consumption. In Fig. 6 the GMDH network was trained
on all 100 days in the data set. Fig. 7 was trained and
tested on alternating 10 day periods.
For both gas consumption studies the temperature, wind
and volume for the previous two days were used to
predict today's required volume. No solid conclusions can
be drawn from this study, but it does illustrate the tradeoff that is made with respect to choosing a criterion for
selecting the surviving nodes at a given layer in a
traditional GMDH network. The GMDH network, shown
in Fig. 6., that was trained on 10 days with the next 10
days used for selecting the surviving nodes within a layer
does not do as good a job on average but never over or
under predicts as much as the GMDH network trained on
all the data.
The GMDH network trained on all the data shown in Fig.
7 does a good job on almost all of the days except for day
70 where the prediction is noticeably high.

Volume

5.3

6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86 91 96

1

6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81 86 91 96

Day

Measured Data
Trained on all 100 points

Fig. 7. GMDH - Natural Gas: Trained on all data.
A more in depth study would have to be undertaken to
determine the quality of these results as compared to
traditional neural networks, but the results are promising
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when one takes into account that these networks were
trained in a few seconds.
For both gas consumption studies the temperature, wind
and volume for the previous two days were used to
predict today's required volume. No solid conclusions can
be drawn from this study, but it does illustrate the tradeoff that is made with respect to choosing a criterion for
selecting the surviving nodes at a given layer in a
traditional GMDH network. The GMDH network, shown
in Fig. 6., that was trained on 10 days with the next 10
days used for selecting the surviving nodes within a layer
does not do as good a job on average but never over or
under predicts as much as the GMDH network trained on
all the data. The GMDH network trained on all the data
shown in Fig. 7 does a good job on almost all of the days
except for day 70 where the prediction is noticeably high.
A more in depth study would have to undertaken to
determine the quality of these results as compared to
traditional neural networks, but the results are promising
when one takes into account that these networks were
trained in a few seconds.

6

CONCLUSION

Preliminary studies indicate that Particle Swarm
Optimization can be used to develop superior estimates
for the ARMA model parameters for noisy (real world)
data. Since the run time for these studies was only a few
minutes (at most) it can be inferred that Particle Swarm
Optimization is competitive with traditional non-linear
least squares algorithms for determining the parameters
for many traditional System Identification tasks.
Additionally, Particle Swarm Optimization does not need
to exploit any mathematical properties that are specific to
a particular system model.
The practical use of Particle Swarm Optimization for
training non-linear nodes within a GMDH network was
demonstrated. This was illustrated using a non-linear
equation that has one less parameter than the traditional
polynomial approximation while producing competitive
training results. Since the non-linear nodal equation that
was demonstrated is only one of many that can be used,
this implies that families of non-linear functions could be
trained for each node. This would allow for GMDH
networks that are self-organizing at multiple levels. The
examples studied provide experimental support for the
practical use of low-level non-linear emergent nodal
representations embedded in a higher-level selforganizing network. This hierarchical network (selforganizing at many levels) forms the basis for the
methodology that we are calling Emergent System
Identification.
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$EVWUDFW
Testing is the most important analytic quality assurance measure for software. The systematic design
of test cases is crucial for test quality. Structureoriented test methods, which define test cases on the
basis of the internal program structures, are widely
used.
Evolutionary testing is a promising approach for the
automation of structural test case design which
searches test data that fulfil given structural test
criteria by means of evolutionary computation.
In this paper we present our evolutionary test environment, which performs fully automatic test data
generation for most structural test methods. We
shall report on the results gained from the testing of
real-world software modules. For most modules we
reached full coverage for the structural test criteria.

The most significant weakness of the test is that the postulated functioning of the tested system can, in principle, only
be verified for those input situations selected as test data.
Testing can only show the existence and not the nonexistence of errors. Therefore, the correctness proof can only
be produced by a complete test. In practice, a complete test,
with the exception of a few trivial cases, is not executable
because of the enormous amount of possible input situations.
Thus, the test is a sampling procedure. Accordingly, a task
which is essential to testing is the selection of an appropriate
sample containing the most error-sensitive test data.
Among the different test activities (test case design, test
execution, monitoring, test evaluation, test planning, test
organization, and test documentation – see Fig. 1) test case
design is of essential importance.
Test Planning

 ,1752'8&7,21

Program

5HLQVHUWLRQ
0XWDWLRQ

7HVW&DVH
'HVLJQ

(YDOXDWLRQ

E\PHDQV

5HFRPELQDWLRQ

RI($

6HOHFWLRQ

Test Execution

Monitoring

Test Documentation

In order to achieve high quality in the development of embedded systems, central importance is attributed to analytical
quality assurance. In practice, the most important analytical
quality assurance measure is dynamic testing. Thorough
testing of the systems developed is essential for product
quality. The aim of the test is to detect errors in the system
under test, and, if no errors are found during comprehensive
testing, to convey confidence in the correct functioning of the
system. This is the only procedure which allows the testing
of dynamical system behavior in a real application environment.

Test Organization

A great number of today’s products is based on the deployment of embedded systems. In industrial applications embedded systems are predominantly used for controlling and
monitoring technical processes. There are examples in nearly
all industrial areas, for example in aerospace technology,
railway and motor vehicle technology, process and automation technology, communication technology, process and
power engineering, as well as in defense electronics. Nearly
90% of all electronic components produced today are used in
embedded systems.

Specification

Test Evaluation

Fig. 1

Structure and interaction of test activities including
test case design by means of evolutionary algorithms

For most test objectives an automation of test case design is
difficult to achieve. Thus, test case design usually has to be
performed manually. Manual test case design, however, is
time-intensive and susceptible to errors. The quality of the
testing is heavily dependent on the performance of the single
tester.
To increase the effectiveness and efficiency of the test, and
thus to reduce the overall development costs for softwarebased systems, we require a test which is systematic and
extensively automatable. For this reason, DaimlerChrysler
Research works in the area of HYROXWLRQDU\WHVWLQJ [19]. The

1234

aim of the work is to increase the quality of the tests and to
achieve substantial cost savings in system development by
means of a high degree of automation of test case design.
Evolutionary testing is a promising approach for fully automating test case design for various test aims. For instance,
evolutionary tests can be used to systemize and automate the
testing of non-functional properties and to generate test cases
for conventional test methods. In this paper we shall concentrate on structural testing.
The only prerequisites for the application of evolutionary
testing are an executable test object and its interface specification. For the automation of structural testing the source
code of the test object must be available to enable its instrumentation.
In Section 2 we give a short overview of evolutionary testing.
Section 3 describes the different aspects of structural testing.
Our evolutionary test environment is presented in Section 4.
A large number of real-world software modules have already
been tested. The results are presented in Section 5. Our concluding remarks are set out in Section 6 along with our outlook for future research.

 (92/87,21$5<7(67,1*
Evolutionary testing is characterized by the use of metaheuristic search techniques for test case generation (see
Fig. 1). The test aim considered is transformed into an optimization problem. The input domain of the test object forms
the search space in which one searches for test data that
fulfils the respective test aim. Additionally, a numeric representation of the test aim is necessary. This numeric representation is used to define objective functions suitable for the
evaluation of the generated test data. Depending on which
test aim is pursued, different objective functions emerge for
test data evaluation. Section 4 describes objective functions
for structural testing in detail.
Due to the non-linearity of software (if-statements, loops
etc.) the conversion of test problems to optimization tasks
mostly results in complex, discontinuous, and non-linear
search spaces. Neighborhood search methods like hill
climbing are not suitable in such cases. Therefore, metaheuristic search methods are employed, e.g. evolutionary
algorithms, simulated annealing, or taboo search. In our
work, evolutionary algorithms are used to generate test data
because their robustness and suitability for the solution of
different test tasks has already been proven in previous work,
e.g. [14], [6], [19].
As we assume the reader to be familiar with evolutionary
algorithms we shall only describe the interaction of the evolutionary algorithm with the other testing activities in this
paper. Please refer to [18] and [17] for a longer description
of evolutionary algorithms in the context of evolutionary
testing.
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Figure 2 presents the structure of evolutionary testing from
the point of view of the evolutionary algorithm. The interaction with the other testing activities occurs during the
evaluation of the individuals.
5HLQVH UWLRQ

Individuals
Test Da ta
0XW DWLR Q

Test
Execution

)LWQHVV (Y DOXDWLRQ

Monitoring
5 HFRPE LQDWLRQ

Objective V alues
7HUPLQDWLRQ"

6HOHFWLRQ

Fig. 2

Structure of Evolutionary Testing

Each individual within the population represents a test datum
with which the test object is executed. For each test datum
the execution is monitored and the objective value is determined for the corresponding individual. Next, population
members are selected with regard to their fitness and subjected to recombination and mutation to generate new offspring. It is important to ensure that the test data generated
are in the input domain of the test object. Offspring individuals are then evaluated by executing the test object with the
corresponding test data. A new population is formed by
combining offspring and parent individuals, according to the
survival procedures defined. From now on, this process
repeats itself until the test objective is fulfilled or another
given termination criterion is reached.

 6758&785$/7(67,1*
Structural testing is widespread in industrial practice and
stipulated in many software-development standards, e.g.
[13], [5], and [3]. The execution of all statements (statement
coverage), all branches (branch coverage), or all conditions
with the logical values True and False (condition coverage)
are common test aims. Structural test methods are usually
applied to unit tests. There are no enforced structure test
criteria for integration tests or system tests.
The aim of applying evolutionary testing to structural testing
is the automatic generation of a quantity of test data, which
leads to the best possible coverage of the respective structural
test criterion. In the case of statement testing, the goal of the
test is to execute each program statement at least once. In the
case of branch testing the empty branches also have to be
executed. The test goals are based on the assumption that a
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Figure 3.

Approximation level calculation (objective
function for structural testing)
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The approximation level supplies a figure for an individual
that gives the number of branching nodes lying between
program structures covered by the individual and the desired
program structure. For this computation, only those branching nodes are taken into account that contain an outgoing
edge that results in a miss of the desired program structure.
An example is given in Figure 3. The program graph contains
four branching nodes which could result in a miss of the
target node (representing the desired statement or branch).
Each node is assigned the corresponding approximation level
(level 4 to level 1). An individual that branches away from
the target node at the first branching node attains a lower
approximation level (level 4) than an individual which
reaches level 3 etc. The figure shows the execution of an
individual which misses the target node in the branching
node with the approximation level 2. The individual passes
the branching nodes in the levels 4 and 3 as desired but
misses the target node at level 2.


/2&$/',67$1&(&$/&8/$7,21

test, which does not include each statement and all branches
(of the system under test being executed) at least once, does
not present a thorough check of the test object. Therefore, the
overall goal of the test case design is to define a set of test
data which guarantees that each statement or each branch is
executed.

The calculation of the local distance is performed in order to
distinguish different individuals executing the same program
path. For this, a distance to the execution of the other program path is calculated for the individual by means of the
branching conditions in the branching node in which the
target node is missed. Figure 4 illustrates this calculation.

Whereas all previous work has concentrated on selected
structural test criteria (statement-, branch-, condition and
path test), our test environment has been developed to support all common control-flow and data-flow oriented test
methods.

For example, if a branching condition x==y needs to be
evaluated as True to reach the target node, then the objective
function may be defined as |x-y|. If an individual obtains the
local distance 0, a test datum is found which fulfils the
branching condition: x and y have the same value.

In order to search for the test data set the test is divided into
partial aims. Each partial aim represents a program structure
that requires execution to achieve full coverage, for example
a certain statement or branch. For each partial aim, an individual objective function is formulated and a separate optimization is undertaken to search for a test datum executing
the partial aim.

If a branching node contains multiple conditions the local
distance is a combination of the local distances of each condition. For a node of the type a ∨ b the local distance of an

In order to direct the search toward program structures not
covered, the objective function computes a distance for each
individual that indicates how far away it is from executing
the desired program structure. Individuals which are closer
to the execution of the desired program structure will be
selected as parents and combined to produce offspring individuals.

Level 1

Level 2

Distance to
condition

Condition
fulfilled

Level 3

Level 4

The objective functions of the partial aims consist of two
components – the approximation level and the local distance
calculation.
Figure 4.

Local distance calculation (objective function for
structural testing)
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individual is obtained from the minimum value for each
single predicate a and b. In the case of a ∧ b the local distance of an individual is the result of the sum of the distances
determined for each single predicate.
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The overall objective function value of an individual with
respect to a certain partial aim is defined as the sum of its
approximation level and its normalized local distance:
F(pa, i) = AL(pa, i) + (1 – LD(N(pa, AL(pa, i)), i),
• F(pa, i): objective value of individual i for the partial
aim pa,
• AL(pa, i): highest approximation level of the individual
i for the partial aim pa,
• N(pa, al): branching node with the highest approximation level for the partial aim pa,
• LD(n, i): normalized local distance of the individual i
in branching node n.
An individual with an objective value of 0 leads to the
passing of the desired program structure. This provides a
natural termination criteria for the optimization of this partial
aim.
Even though the evolutionary test works up only one partial
aim after the other, the execution of a test datum usually
leads to passing several partial aims. Thus, the test soon
focuses on those program structures which are difficult to
reach. After having worked up all partial aims, a minimal
amount of test data is returned to the tester. This test data set
leads to an execution of all reached partial aims.

 (92/87,21$5<7(67
(19,5210(17
In order to automate test case design for different structural
testing methods with evolutionary tests we have developed
a tool environment which consists of six components:
• parser for the analysis of test objects,
• graphical user interface for the specification of the input domain of the test objects,
• instrumenter which captures program structures executed by the generated test data,
• test driver generator which generates a test bed running
the test object with the generated test data,
• test control which includes the identification and administration of the partial aims for the test and which
guarantees an efficient test by defining a processing order and storage of initial values for the partial aims,
• toolbox of evolutionary algorithms to generate the test
data.
Fig. 5 presents the structure of the evolutionary test environment and shows the information exchange between these
tools. The parser, interface specification, instrumenter and
test driver generator constitute the test preparation. During

...source..
if (...)
else ...

7HVWREMHFW
VRXUFHFRGH

7HVW&RQWURO

*($7E[

7HVW([HFXWLRQ

Prepared
Test Object
,QVWUXPHQWHU

7HVW'ULYHU
*HQHUDWRU

7HVW3UHSDUDWLRQ

Figure 5.

Components of the evolutionary test environment

test execution the test control and the evolutionary algorithm
toolbox are employed.
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The parser identifies the functions in the source files which
form the possible test objects. It determines all necessary
structural information on the test objects. Control-flow and
data-flow analyses are carried out for every test object. These
analyses determine the interface, the control-flow graph, the
contained branching conditions with their atomic predicates,
as well as semantic information on the used data structures,
e.g. the organization of user-defined data types.


*5$3+,&$/86(5,17(5)$&()25
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To ensure efficient test data generation and to avoid the
generation of inadmissible test data from the beginning, the
tester may have to define the test object interface determined
by the parser more precisely. For this, the developed tool
environment provides a graphical user interface that displays
the test objects and their interfaces as they have been determined by the parser.
The tester can limit the value ranges for the input parameters
and enter logical dependencies between different input parameters. These will then be considered during test data
generation. It is also possible to enter initial values for single
or for all input parameters. As a result, test data of a previous
test run or data of an already existing functional test, as well
as specific value combinations for single input parameters,
can be used as a starting point for test data generation (seeding).


,167580(17(5

The third component in the tool environment is the instrumenter that enables test run monitoring. In order to eliminate
influences on program behavior the instrumentation has to
take place in the branching conditions of the program. The
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instrumentation of the branching conditions is always the
same, independent of the selected structural test criterion.
The atomic predicates in the branching nodes of the test
object are instrumented to measure the distances individuals
are away from fulfilling the branching conditions (see Section 3.2). The instrumentation also provides information on
the statements and program branches executed by an individual.


7(67'5,9(5*(1(5$725

The test driver generator generates a test bed that calls the
test object with the generated individuals and returns the
monitoring results provided by the execution of the instrumented test object to the test control. When the test object is
called by the test driver, the individuals are mapped onto the
interface of the test object. It is important that user specifications for the test object interface are taken into account.
Individuals that do not represent a valid input are extracted
and assigned a low fitness value.


7(67&21752/

The most complex component of the evolutionary test environment is the test control. It is responsible for several difficult tasks: the management of the partial aims with their
processing status, the collection of suitable initial values for
the optimization of partial aims, and the recording of test data
fulfilling partial aims.
The test control identifies partial aims for the selected structural test criterion. Partial aims are determined on the basis
of the control–flow graph provided by the parser. The test
control manages the determined partial aims and regulates
the test progress. One after the other, the different partial
aims are selected in order to search for test data with the
evolutionary test. Independent optimizations are performed
for every partial aim.
Although only one partial aim is considered for the optimization at a time, all individuals generated are evaluated with
regard to all unachieved partial aims. Thus partial aims
reached by chance are identified, and individuals with good
objective values for one or more partial aims are noted and
stored. Subsequent testing of these partial aims then uses the
stored individuals as initial values (also compare [9]). This
method is called seeding. It enhances the efficiency of the
test because the optimization does not start with an entirely
randomly generated set of individuals.
In order to calculate the objective values for the individuals
the test control determines the program paths executed by
every individual, on the basis of the data attained by test
monitoring and the test object’s control-flow graph. Objective values are then evaluated by applying the objective
functions described in Section 3, that take into account the
local distance measurement for the branching conditions as
well as the approximation level.
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The processing sequence for the partial aims that have not
yet been attained is guided by the test control depending on
the availability of suitable initial values. The partial aim for
which the individuals with the best objective values are
available is selected as the next one for the test. This ensures
that the test quickly achieves a high coverage because partial
aims which are difficult to execute or infeasible do not slow
down the overall testing process. When no initial values are
available, or several equally good initial values for different
partial aims exist, then a breadth-first search is carried out. If
the search fails to find a test datum for a partial aim it is
marked as already processed and not fulfilled. During the
remaining optimization process it is possible to reset this
status if an individual with a better objective value for this
partial aim is found accidentally. The partial aim is then
targeted again for an additional test employing the attained
values for initialization.
Once all partial aims have been processed the test is finished.
The test data for the separate partial aims are then compiled
and displayed with the obtained coverage. On this basis, the
tester is able to check whether program structures that were
not covered are infeasible, or whether the evolutionary test
was not able to generate suitable test data.
In addition, the test control offers a simple application programming interface (API) to export test data found, and
actual values for the output parameters of the test object, in
order to support automatic test evaluation on the basis of test
oracles. Moreover, it provides test and monitoring information for the visualization of the test progress.


*(1(7,&$1'(92/87,21$5<
$/*25,7+06722/%2;*($7%;

We have applied the *HQHWLFDQG(YROXWLRQDU\ $OJRULWKP
7RROER[IRU8VHZLWK0DWODE(*($7E[) [10]. This is a very
powerful tool that supports real and integer number representation of individuals as well as binary coding. Almost any
hybrid form of evolutionary algorithm can be implemented,
including genetic algorithms and evolution strategies. The
toolbox offers a large number of different operators for the
components of evolutionary algorithms, and also enables the
application of sub-populations, migration and competition
between sub-populations, and possesses extensive visualization functions for displaying the optimization state and progress. It is possible to specify admissible value domains for
the parameters of an individual. The toolbox automatically
ensures that these value domains are observed during the
generation of individuals. Thus, the test driver only needs to
check for dependencies between the single variables of an
individual.
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integer value. The input consists of 1 double and 1 integer.
Prototype: double powi(double x, int nn);
,QFEHW is a larger test function. It calculates the incomplete
beta-integral of the passed argument (3 doubles).
Prototype: double incbet(double aa, double bb, double xx);

Our tool environment has already been applied in experiments with typical real-world examples. Currently, our work
concentrates on the automatic generation of test data for
statement and branch tests, which has yielded excellent
results. For all test objects a complete or very high coverage
was achieved by the evolutionary test.


In the experiments the double values were bounded in [-106,
106].


7(672%-(&76

Evolutionary testing was carried out using an evolutionary
algorithm with the following configuration:
• linear ranking with a selective pressure of 1.7,
• selection by stochastic universal sampling,
• generation gap of 0.9,
• discrete recombination with a recombination rate of 1,
• real or integer valued mutation employing different
mutation range for each subpopulation in the range
[0.1, 0.01, ..., 10-6] and a mutation rate of (1/number of
variables),
• regional population model dividing the population into
subpopulations,
• migration between subpopulations every 20 generations in a complete net structure (5% migration rate),
• competition between subpopulations every 5 generations (division pressure of 3),
• maximal number of generation of 200.

Table 1 presents a selection of examined test objects. To
assess and compare the complexity of the software modules
we report a number of software metrics. These figures are
taken from a larger study examining the complexity of more
than 40 different software modules [2].
The basic metric is lines of code. The cyclomatic complexity
gives information on the test object’s control flow. The
nesting complexity assesses the nesting level and can indicate the difficulty in reaching a partial aim with respect to the
control-flow. Myer’s interval shows the complexity of certain branching conditions.
$VLQ calculates the arcsin or arccos for the passed argument
(1 double) and is a typical C library function.
Prototype: double asin(double arg);
$WRI is another typical C library function. It converts strings
to the corresponding floating point value. $WRI contains
several evaluations which check the input string for its validity. In the experiments the maximum string length was set to
10 characters in ASCII coding. Accordingly, the size of the
search space is 25510. For this test object each test datum
(individual of the evolutionary algorithm) consists of 10
integer variables, each with a possible value of 1 to 255.
Prototype: double atof(char InStr[10]);

The sizing of the subpopulations depends on the complexity
of the software module under test. We employed 9 subpopulations with 100 individuals each. This number is relatively
large and therefore more appropriate for the complex software modules (SRZL and LQFEHW ). In order to compare the
results more easily we used this number for all the modules
in all the experiments.
Structural testing exhibits a natural termination criteria. As
soon as a partial aim is reached the corresponding optimization process can terminate. Thus, an upper bound for the
number of generations is only defined if a partial aim can not
be reached.

The FODVVLI7ULD function is an implementation of the classic
triangle classifier example used in a large number of testing
papers. It is used in two different data type versions. The
input domain is given either by three floating point values or
by three integer values.
Prototype: void classifTria(double a, double b, double c);

There is one straightforward mechanism for the dynamic
adaptation of evolutionary testing in the context of our work
which has already been successfully employed: the use of

In SRZL a passed floating point value is raised to a passed
Table 1

(92/87,21$5<7(67,1*6(783

Metrics and number of partial test aims of the used test objects

PHWULFVPRGXOHV

DVLQ

DWRI

FODVVLI7ULD

SRZL

LQFEHW

lines of code

13

36

41

51

159

cyclomatic complexity

4

16

14

15

23

Myer’s interval

0

27

7

2

3

nesting complexity

4

32

17

19

43

no. of statement cover aims

10

40

30

36

58

no. of branch cover aims

12

56

42

49

79
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multiple strategies and competing subpopulations. The use of
multiple strategies (different mutation range for each subpopulation) leads to different search strategies: from a globally oriented search when employing a large mutation range
to a very fine search when employing a small mutation range.
Additionally, depending on the test process, the most successful strategies will be assigned more resources. This leads
to an efficient distribution of resources during the whole
optimization and a more robust search. For a longer discussion of competing subpopulations see [11].


&203$5,6212)(92/87,21$5<$1'
5$1'207(67,1*

We compare the results of evolutionary testing (ET) to those
of random testing (RT) for all test objects. The availability of
other means of comparison is very limited. One could also
compare the results with those of an expert with good knowledge of the modules under test. However, this would involve
a great deal of effort which would not be justifiable for realworld problems. We have carried out this kind of comparison
for several modules in order to test temporal behavior [12].
In these cases RT performed nearly as well as the expert,
whereas ET always proved itself to be better or at least as
good as the expert.
The results of the experiments are presented in Table 2. The
number of individuals generated for random testing was
equivalent to that for evolutionary testing. Each experiment
was repeated 10 times. The mean values for the respective
results are presented.
The evolutionary test achieved full statement and branch
coverage for the first 3 software modules in a very short
time. Random testing was unable to reach full coverage for
any of the software modules. The coverage values are much
lower in general.
For the more complex software modules SRZL and LQFEHW
evolutionary testing reached high coverage values. However,
full coverage (100%) was not reached. We are still investigating if these coverage values are the highest possible valTable 2

ues (because of infeasible statements and branches). It is thus
quite possible that for these test objects, the maximal possible coverage has been reached.
When we compare the results of evolutionary testing and
random testing for these two modules the advantage of evolutionary testing is much more apparent. Especially for LQF
EHW , the coverage of random testing is substantially lower
than that of evolutionary testing.
This suggests, that evolutionary testing is currently the only
sensible procedure of structural testing of large and complex
software modules.

 &21&/8',1*5(0$5.6
The thorough test of embedded systems could include a
number of demanding testing tasks. The test case design for
various test objectives is difficult to master on the basis of
conventional function-oriented and structure-oriented testing
methods. Moreover, automation of test case design is problematic. Usually, test cases have to be defined manually.
The aim of the work presented in this paper is the automatic
generation of test data for structural tests. For this, a tool
environment has been developed that applies evolutionary
testing to C programs. Test data are generated by means of
evolutionary algorithms.
With evolutionary testing a new test method for testing embedded systems is provided, which enables the complete
automation of test case design for various test objectives. The
idea of evolutionary testing is to search for relevant test cases
in the input domain of the system under test with the help of
evolutionary algorithms. As described in this paper, evolutionary testing enables the complete automation for structural
test case design.
Due to the full automation of the evolutionary testing, the
system could be tested with a large number of different input
situations. In most cases, more than several thousand test
data sets are generated and executed within only a few minutes. The prerequisites for the application of evolutionary

Results of statement and branch coverage for evolutionary testing (ET) and random testing (RT)

DVLQ

DWRI

FODVVLI7ULD

SRZL

LQFEHW

VWDWHPHQWFRYHU

ET / RT

ET / RT

ET / RT

ET / RT

ET / RT

coverage [%]

100 / 50

100 / 61.5

100 / 13.3

90.7 / 77.8

87.9 / 8.6

no. of generations

18

82

172

855

1944

no. of individuals

15 048

66 481

139 476

689 510

813 204

testing time [s]

62

570

1225

7489

12339

EUDQFKFRYHU

ET / RT

ET / RT

ET / RT

ET / RT

ET / RT

coverage [%]

100 / 50

100 / 61.8

100 / 11.9

83.7 / 73.5

72.2 / 7.6

no. of generations

16

74

206

1610

3224

no. of individuals

12 944

60 046

166 298

1 298 394

2 600 249
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tests are few. Only an interface specification of the system
under test is needed to guarantee the generation of valid input
values. For structural testing the source code of the test object is also required. The evolutionary test is universally
applicable because it adapts itself to the system under test.
In order to guarantee an efficient overall test, the test control
of the evolutionary test environment evaluates every individual with regard to every partial aim that has not been
reached. Partial aims reached purely by chance are thus
identified immediately. Individuals suitable for one or more
partial aims are noted, stored, and used as seeds at the optimization of these partial aims. The processing sequence of
the partial aims is guided by the quality of the available
initial values. In this way, the test quickly achieves the highest possible coverage. Experiments utilizing this strategy
have proved successful, and the overall testing procedure has
been accelerated considerably.
Evolutionary testing has already produced very good results
in the application field. Therefore, evolutionary testing seems
to have the potential to increase the effectiveness and efficiency of existing test processes. Evolutionary tests thus
contribute to quality improvement and to reduction of development costs.
The users applying evolutionary testing in industrial practice
can not be assumed to have any knowledge of evolutionary
algorithms. Thus, the selection of evolutionary algorithms
employed for the testing of a system needs to take place
without the participation of the users. By means of extended
evolutionary algorithms (Section 5.2), which combine global
and local search procedures in several subpopulations, robust
optimization results are obtained for a large number of different testing tasks.
Since research in the field of evolutionary computation is
carried out intensively world-wide, further improvements of
the search techniques can be expected in the future. Evolutionary testing could directly benefit from such improvements by incorporating new search techniques into test data
generation, thus leading to a further increase in the effectiveness and efficiency of the tests.
At present, statement tests, branch tests, condition tests, and
segment tests can be applied. Work on multiple-condition
testing is drawing to a close. The test environment will also
be extended for structural testing of object-oriented Java
programs. Furthermore, a visualization component for observing the testing progress will be included and the distribution of tests to several computers will be supported.
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100

Crossover Operator (10M-15P-9O)
0.6

Simple Crossover
Uniform Crossover

0.55

OF1 (Part Transfer)

/¡z6£oNv%pgmvV§²pnnn@tix}R²vNmw]£qz6 {£vqvqx}zvN´£wx x}m £vNn xy£ryx|wR%z6pr}¡/xy{|ªOx©6g|G£oNx}¯¡¿p v¸oNx}zÃ¡WN oqNrywRRr}z6p¡Wz8{|x©z6|nvhoNN|¡Y{|%xy£vN¢Ux}w]p z6vÓwR§fxytavpRoN0{sx m!§f¹qoÆzxy£»nzOox} ¢N m!r}vo z
£±q{|£{!{|x}¢Nxy/vNnw¼£NzOoxy·v· £{||zC oNvq|zCnoNUpRz¡p NnqUr}£p %z6x}£¡4
vRx}2p v´xyv·|x |x}w oN vqzC|W££xywR³p vNr}nr}z9 £·{£x}p wRv´z N£§1vNqz6xy x}tawm6p zoh{|¡W2ry£½c·v·p]n££xoqoqzz ¥
±q£oq{!z;p pR¢N¢nÅz9Åz9m|mxy£Rx}zfztaNtaNvqvqm£mx}|p xyvqpRvº ÕixK z -/%.1v0  2 ØÓ%vqÒ%£{|oNzz/m9%gr  mryNNr zOg|z9p% t
vN%vz6»h+Ãtaz6z6/§+£Np o £-/j ."z9I&0 )0 2L|2 KoN z%§1vqz6 x}w -/oh ."|>j0 0EI& 02p%2LtÔK £ oq {£zzO p > U¢N0 Åz9 z9mm£|x}xyRz6zfr} ta¤Nvq½cmv£x}p£oqvqz
§f%{|xyzÃ£oNRx}Àv2Åq < £zO|Rp Nr}z6% {!n%|vqxyRm6z6zEr}p%t j m!I)o 0  £2LoK  g)GuE£oNRzm!og%xy£r}Nz9{|z1%p%£tx}p  v -/.1p 0 tq£2 oqx}z
w£oqz9zvNzm|Nx}m/{|{|z6vhrywR p w {|z6x©|vqoNz6¡{!g£¢Ux}pz6wRv2xyvqp%ts  -/¢h£."³{|0 xy vNz62 whg6% r}q %£vNx}vNz9§¸w£wRoNz6z:vNz9±N{|£%vN£zOx}p £ v2 p%p%tt
£p%p x}ÇsvÓp £v |NoN£{£z6pWx}x}vN{Iqw±N £x xy vN{!1zOm£{|p%1z9tG%Õ q|£oN%z9³z{|z6tavh¢Vq|¼vq1m%§f|qxypRoNNvpWryV{£oqx}vvNÀ@wRÕzm¢U{|yÀpRz6ØÔ|z9¢qvpg R£z6z9x m6{ÓryzO%m%r}£r}vqzO]C{|z¡¢|N n£{£|z9v% ¥
£8z9{£{|¡W vqx}vqnpRg|¡z9fvV%Nt ¡£z6¢U{²z6£{ p ¡W¢Uzz§1±N»nz6z9z9v8vVy N ¡vq¢ºy z9{fOØp%:t)¯x©|oNz6{!z:g£%x}r}p w vpR6{£xy£oN¡
 Ì ,fÏ  Ë
¯lVqoN z{|mz9~ vNryz£|{!x}Æm  ½£½:r}w §1p {|p xy{|£ÄVoN¡ |%£mx}pnp nv+z²{|§N vN vNnx}vNz9w+ z9rylVpRp r zO%W{|x  p v/¾ l ¯~ oq z
oqmpnz9À{|nR£zzx}p §¢Uvz6 z9N1v  §f"nq{£óxynzO0| z6¯Gv8ta%p xy¢N{²vÒr}z9z+À1 ry£vqoNgpgC£§²x}m6vNGp w2¡Wz9£Noqz6x}z ry{!zO%CrRz9¢{taz9pRx}vq{£vNm!¡/w/oN¡/Óvq% m{|zÓ~ Änp%IwtG£oq£oq%z
w%z9vz6vN³vqz6z{!pR£gx |m z9z9{| %ry£wR§fx}pp xy{|vq£x©oY9|:oNN¡½cx©v[ÇÔIz6¯¯G{|z6%oNvh¢NzO r}zz vV¢UWNz6¡£voq¢m!zCoNz9¡/{ zO%p m{|t;pRÄVvq¡W@·§ÃRmm!z9oNp{£zr}x}NvN{!¡Wz9%9vqv·²Nqpw ¡Wx} {zOry! 
£¢Noqr}zzÓpR£p%!z9%{|r@%£vVx}Np vq¡Ã¢Uz9z6{²{£p%tap t){|¡/¡2 zOm!/oN¢Vx}vN/zOz9RxyvVm!o: pR¡/ryR z9m!8oNx}%vNvqz C £¯oqoNz z£phoq£xy£{!xy ¥
¢UqmpRzry{q¡/O¡2)%¯vvVnoq£tizR{|mzOz9|mNxyÃ±q{£z9zOp%Òt0££%oNoNvzz´|vV£oNN¢Nz2¡ryzp¢w Uz9x}{Òz6{!zOgp% |tW£xyoqpRqvz%{£¡/{£|zO8g°h»nN|x}oqxy¡{|gz9NÒÒ¡Âvq¢hz6pRz9¿zOz9 {|m!|%op ¥
£tap x}p {|v¡W)z9£Óp ¢V¢Uz²z9U z6m!{£o;tap ¡/{|¡WRm!z9oNWxyvq%z vq0ÖG|x}woNNz{|À&z  ²z9{|N {|w z9z1£z6p vhU!z6Ô{!£goN|z1xypRmvqpR)vhRz9z6{{£¥¥

0.5

0.45

0.4

0.35
0

10

20
30
40
Generations

50

60

ÖGxywRN{|z "T2)Á)z6{£tap {|¡/%vqm6z1p t0nxyÇUz9{£z9vR²Ã{£ph££pg z9{)¡2z6£oNpnN
pw ¢Nz9vNÅz9z6m{!|gxy|Rxyz9pR9vq[E£¯oNoNz9z{£z±qx}wNvq{|pz x}m6¡WryzON%{£{|pgry·Rz6x}¡Wvqz6nvhx m6%xy£vz8££p oqr}%nW£x}p %v8t £z9°R{ %# ryy ¥
£xyx}vqzO m!nIoNx m6ÖGvNgxx}|°hw z9NNEz9{|£zEoq"N%{£NÃpR{|Nz9vqph£z6x©tavhzOpR!{£Ô¡Âta£p oN{ mzE{||pRoN|x}z9E{pgtaqRpR%z6{£U¡/{ z6U%{Oz6v){£mta¯zp oN{|p%¡/z²thw §1{!¢U%p²zqmoW|{|z6pRm6{Ã|ryzO£pg%oqR{| z6ryv {
££xyp ¡Wr}nN£r}x}zp vqm{|pRpR|¢n£|pg  xyz6vq{z9ÖN pRta{{£pR£¡ ¡W £ryoqr0zÓ¢£z9oNvq{|m!z6oNz ¡/m6%{£{|phÄn££pg£ oNz9z{E°Rp U%z6r}{!x©g| p p%{!t
£%moq{|{|pRzz¼|°h£UpgNz6 xy{££z6taz{p {|£n¡Wx}z6¡2£ z6x}vqr {|%mx}p{Oz¼{!gp% £tzOf6£xy£ ¡WoqÖGzNx}wr}¢Uz¼Nz6{|vqmz {|m!pRoN#/|¡/£pgoN  pg{£z6Än§²{:f1x}|vqvqoNm+z;{|z9{|Rz9£{|£z;qNr©mx}!vÒ|fN£{£p xyzOª9¢N z ¥
|mr}z9xyvq {£z9r}:R£oNEpgÓ§[taN|voqmg£Ex}p RvC §1p%tsz1£x}oqvqzm6{£¡zO N£|zÃg||xyoNpRzfv:¡{!gN£|zRgG|xy¯pRvWoqz²{|%w £{!z%N£oqoz
£§1oqzEp{!pR%¢nvNÅwRz9z m£p%x}t@ z16¥ ta" NvqmwR£xyx}Rp zvqÃ£oNnz1z|¢Uz6z9{|xyGpR{|{|%z9££zRNIry|×90n¯!goN|x xy0pRx v20pR{!g¢V|hz9x})p x}v 
{!N£xy%{|vqvqpnm6nnzfpRqxy¡Âmv|mxy§1{|Rz9z   ry§£Änx}ÃvN%vqwp%nt0|z9oN|{£oNz²x}zÓvN¡wnpR|ryÖGn%|£xywRxyx}pRp NvvW{£z {|£%q$2£ zNm6zr}¢Up%z6| vqpR:£vqoq{|zz9"£NN{|ryp |ry¢N1zOr}x}z6vCN¡ GN|vnx}vp ¥
££oqoqzz2m£z9{|xy £{|z6m!{|ox}p !v%ÄzO² mNzRr  m6½®zxx}v¼²z6¡VxNnr©z6|xyvhqryzWta{£npRx}¡ {£zOm|£oNx}z;p v±q²wRN z9{£z{|££qoq% 
±N%q»nNz9{£phN xym!{|o@z9]m£x}¯Ip  v¢Nr}z8f§1Òp £qoNr}pg8§²¢Uz;£oN£oNz8z{|m6z9£N£z;r©!x}vÒpR2¢n|±N »nxyvqz9z9´§1§fz6x}oNw z9ohv 
Å{|z9NmvN£vNx} x}vNz1w²taN|vqoNmzf£x}p z6vWvNz6z9£qx m %{! gry|wRz6p r}{|x©¤|oN¯¡ÑoN¢hz1Ó¯GpR%n¢q£ryx}z¡Wx )xyª9p xyvN{|wRw%z9vqRxym!ª9oz9 p ¢NR¥

10M-15P-9O
11M-20P-9O
Mutation Operator (10M-15P-9O)
0.6

5% Mutation
80% Mutation

10

OF1 (Part Transfer)

OF1/OF2

0.55

1

0.5

0.45

0.4

0.1
0

10

20

30

40
50
60
70
Generations

80

90

100

GÖ x}w N{|z &2   Ãp vV z9{£wRz6vqm6z
£w x}z9 vqzWmz1taq{!vqgm£|zxypRp vqtq6£Goqzfvq ¡2z9z9vNryz¼|x}£m oN z/rywRp%{|{£x©;|oN£¡{!%vqtapRta{Iz6|{ oN zvq]§1p¢q%pRr ¢n%Åvqz9m6mz ¥

0.35
0

10

20

30
40
50
60
70
Mutation Rate

80

ÖGx}w N{|z #2  ÇÔz9mp%t)×n|%£x}p v ² %£z9

90

100

1246

REAL WORLD APPLICATIONS

Pareto Solutions
0.13

15M-30P-12O

0.12

OF2 (Balance)

0.11

0.1

0.09

0.08

0.07
0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
OF1 (Part Transfer)

GÖ x}w N{|z $ 2Ã¢nÅzOm£x} zOxyvÒÃ{|x©|z6{|xypRvlV mz
ta£p oqr}zr}pg¢U§²z63vq20m!¯oN¡/oqzE ±q{£ÄÔ{!)¯m6poNr}zN¡WzOvmp ÕivÁE{£pRm¢p Øsr}Nx}vq¡WnvÆx m6Õ®%£zO¢n0Å|¯²oNØ²z1£vq%zO¡Wmxyz1±qz9p% t
£oqV z V!%vqzqp%Gt tapp ¢N{ Åqz9 m{|)xyR£z;{!%taNvvqtamz9£{Ix}p taqvÒvq¢Um|z6xyx}pRvNvWw  p vqn |xy¡Wx}A ª6z9Ò§f!%oNvqz6N{|z
tamp pR{fryq¡/¡2Rvm!1oNxy£vqUz;z9m§ÃxytapRW{£Äh£oq¥®ryzph pR:¢nÅ¢z9%mr£%x}vqzm6z taN vq¯moN|xyzÓpRvC|oNgxy{!%r}N%zOvqE  tapRta{pRNq{%|{£o 
£¯{!oN%z8v±Ntaz9t {|o vqm6Òp r}N¡/¡W vÆm!oqx}xyvqvNnzx §Ãm6%pR£{£z9Äh2¥®ry|phoN z8£¢qp  |r}% rvqvVmNz¡{£zO¢z9U{/z9mp%£tx} ¡/z9ry%R¥ 
tam!£z6oN{!x}zOÃvNmz9xyxyvVtaE³ xypRvV|ryRoNRp zCz9r}q vVØz9NG2¡ÖGx}v/¢x}vqz9N%{{|r}r}pVp  m6t²hz9£¡/|oNzÓx}vNm!£oNwÓx©»Vx}|vN£oNz9o8z%qxyvqvV CR{!p r}z9 Õi z9xKz6] z²vh|x}qvÆoC {mN pR{|ry|pnN{|m¡W zOvq£vq¥¥
x}UvNz6w{£ta2p {|¡2Uz9zOm6Cx©±U¢Vm²:qzO  {m!fo8%¡/vq/ m!£oNoNx}zvNzÓ£p {£|zO%rUUvVz9Nm£¡x} ¢Uz9z6ryR{ p t@p Uz6{!g£x}p v
]¡Wxyz ª9zf§Ã£pRoqNzfr Ó±qvN{!p%E|x}pRm6¢nz)Åtaz9{£mpR£¡Yx} z|oNtazNv| m£¢Nx}r}p z v³£oqÕaxk% 0z²§f%oN{£z9 vN£z6{!R%z6vq{@§1taz6z {pØGn£|oqx©z ¥
r}Nz9¡W|2v£ØoN%zvqvV´N£¡oN¢z8z9z{:»Np%mzOtÓ£¡/£x}  z:m!oNx}x}¡vNz9¢qW r}x} vVvq mpRzCryRxyz9vÆY£oNÕixKz  zÒp £Ux©»Vz6{!£go+£x}m6p p vry¥
U£Nz6r©{£!taWp {|p ¡2¢nzO!º%x}vN¢hz9¸Æ£§foqzÒoNz6¡/v¸ {£m!qoNvNx}vNvNz9x}vN9w]£¯IoN zÒ¢Nr}z z6vq[z£oqx m pg§² Wr}w £p oN{|z¼xy£oN{£¡z6¥
¢Vmr}:z9 p { N£ta{|x}¡2p ¡x}ª6x}£vNoNwWz ¢U{£p%zO£o8qr©p !¢N Å|z9oqmg|xy2Rz¢p taN£o´vqm||z9xypRm!vqoN1vNx £°hpRNw z9z6£oN%z9{|{9z:) ½®fz9{£x} 
£qmoqpRRzf¡W££z9z9z6{£|taxypRoq£x}{£g ¡/z %tap v{fmz|ÓoNp%£z tUoq£z:±NoN»nz²zOx}ª6Rz/N§Ã%p z9NtExy£wR£x}oqoR zz:§Ã ¢Nz9z9NxyvqwR{|m!ohpRoNGR¡/m!|o@z9%m!{|ÃoNÄnÖqvqp x}°hxy{²vqNz6m6z²»n{£zO£ N¡2£{£z ¥¥
£NÕ{! r}%z¼"%v× x}v+ta z9{f£Áoqx}fzÆOR{|Óz9y NØnq£¡/moNzORzÃ m!oNn¢VxyCvq£zÒz6¡/§Ãz»Np/@%R%¡Wm!voNN x}r}z6zÒx} v8zO|s£oNoNfz¼z{|vVz9r}RNnq¡²m¢£¢Ux}z9z6p {CvqvÓm!p x}oqtv;¡Wqq %%{£{£{£Ä 
£%{!q%Nv{£phtaz9y {m!o%vqpgW z6Ó{G¢U|oqzg| z6¢q{ R¢%zOr2%vqp m6v2zf±N§f»noNz92z6vW§1qz6£x}wxyvqohwÓ|9£0oN]z²Rz²N%oqnp |NxyRr  z
vNx}vhp R£p x mr}z zO|Uoq±Ngt £z9£z6oNv z¡/r}  {£m!wRoqz9xyvNzO6¢U9z6£vqoqm!xyoN{£¡/ q{£ Ä8{!q@£%z9vx}v§Ã£z9oqryx}Rz qp  Uz6z9{£{¥
£g°ho|qxyg%pR vhvqx}|9vhx© taR2Ãp £r}q oq{£zz{|z6m6vhp r}£ ¡Wr}{£:wRNzÃ§1n!vVz;gN%£¡x}{|p zÓ¢v z9£%z6{ z9¢Np%ÄVx}tÔryxyxyvNqWw2%{£p%{||z9ts %| rsoNvqr}zxytaz;pRz9¢vNz9z9zvq{||%m!x}£oNm x}¡/p  vq%r}Iw{|Än|p p ¥
££{|oqoqx©|zz/oN¡'m6p pR¡WpNv¼NNrn£g!q£gx}m!p£oÒx}v·p r v%%%{|vwrÔ³zmp wR¢¡Wz6z9vNvqNz9m!r}{|zoN%»n¡/£xyx}p%W{|v]Än§f6xyx}r}ª6rszW³nz6qzWU£z9z6%³vqvhC|£x}m6pz6xyvhq££%p x}£{|r} zz6z2r}2£oq£pRoq%v z
NÓ{|vVp N¢N¡r}z6¢U¡z6{Efp%tsNqvN%vN{!x}vN%¡WwÓz6£z6{ z9gvN zry|Nx}m zO6  r}w pR {££xy£oNoNz¡Ñ¢z9z9vqvRm!!oN%x}¡/r}G%£{|zÄn)|xyxyvqvnw ¥

q£omp/{|Rz90RR|m!oNoNz1zxyx}z9vWm6 %zÓ£x}ª6{|%pz¢N¢N§Ãx}qryxyz£;oqvqÀp%z9RtU|z11 N£ pÓ vqn¡/8£x}%w  ÄpVz9zfpnryC£N£Uq{|zÃz6vN{£xy|tavqoqp wg{|¡/ |oNpR%zNvq{qm6z%%{!r}w%pR¡W{£zxy£|oNz6¡{!
 Ð[ÍÆÊÐ  Ï 1ÉNÍÆÊ
ta£¯p x}poN{²vx ¹q8%z{|q»n³%x}¢NUmrypRz6z;¡W{¡/NN n{|vhz9|£N%z6£tivhx}p £mv·zO|N5¡W{|xyvNz|w/oN£pnz6nNvN;z6|£z6tax ¡/pRm {6 Ã¡/ry¯wR%poNvV{|z;nx©ti|qRoN£m¡z;£qp%{£t)x}pRvNz6rywN £pRpx}ryp NNv ¥¥
£m6x}%¡W£zOxyªOg£|oxypRgv¸·x z6W zpR»nryNq£ x}pvqvqnx}vN{£wqY+m6p ¯¡WoNNzn%!¡Wg|pRxypRNvµvhW¡Wp zt£§1oqpVp q{|Ä´¼xyoqvÀnRx©z ¥
z9vNx |°h N¢Nz²r}x}x}£v/oN£z9oNÒz£¡/oNz9%¡/vVnz9tiryRmz9£ÓN{| x}ÓvNwÓ ±qqz6r z6staVNnr)z9p £nN|xy£xy¡Wzx}£ª9oN%zf£x}tip RvÒmÃ|£z9oqm!on%¥
£p oq¢Nz6|x}%{x}vN£oNzOÒz9p x}{|vqzn£xx m6m6grU|ztap |Noqvqgq;gpR£x}Np {Óv%z9{|vNzÓz||x}xym r}r@ nryz6wR¢p g{|£x©zO|oNs¡'& fxyzO¡WNNryr}|z¥
¡Wq z6{vh²||%{|£ x}p vqv5taz6R{m!oN xyvqz9 zO¢qW zr} »Nvqmz9mx}ryvNr}z6wWvh:|oN{|zz9£§1Npr©!{|/Ä §f ¡Wxy£o5p vN{|wWz9£|oNzOzm/¡/|%p ¥
wm!%oNpRqx}{£NvNxy{££z9phoq9 ¡4Ãm!ÖqoNx}nzO¡W£qNÕi{£ryzz9ph¡W§1££z6p x}vh¢N{||ÄCry%º££x}oN]p p v5q¡2r}§fz9¡ xy£mo5|pRx}¡Wmp q£ oN%rywRz9{|p{Cz{|£oNx©|oNz9oNx N¡¦{|x}££z9ox vNm¼gzC|£x}z9mm pR{|¡2m!r©o ¥¥
¢NvNx}x vN°hNz9´z9!ØÑ%vq¼z6vq£zoN£z2x m tazO  r}£w xy¢NpRx}{£r}xyx©£oNÒ¡ p tÃ§fx}vhx©|£oz6wR{|r}pn%£m6x}%vNr/w£z9 z6{|vNm!z6o£x m|z9m!onr©¥¥
wx}vqpRm{£r}xyq£oqn¡Wz/²£z9§f°hNx©|z6oÒvm×x}vNNw8ry£m6x p  vqw £z9{!vR%Óx}vhlV|nÓ|%z6v¡/6£1pV]pRr};zm6%pRr p:|£z6xyv³z9Ä:£oq|pz
p ¢NÅz9m|xyRztaNvqm|xypRvxyvp q{tan£N{|z;x}¡2qryz9¡2z9vh|g|xypRv@
Ì      

 ø²í1è©ð;á ï áOåRë©á9ßÒä9âhã ²øqä6ë ä9ë©ä kÿEÞ!à!Þ|â%æíÞ!òÀÞ!ëéá ï î
ð;èéâRì/Þ|â%÷æß²ï èéæâ¼èéð;ê0èòOäáOæëéè©åRá9æâèéáOâh@ä6çcçôá9ühëéÞ!á9ð;ð ßïÔå þ æáOä6ëéæå èéæáOè©âá9âhõ}ßá9Ôç ä9WâVã ä6â å áOõ ðä6à|ï æåRä6çcçcîî
èé+-ßc,-á9.&âh%#ßRòÀáOëø R âDø !#C7" $&ïh%#ï'($*#ø ) E +-GF,-.&%# '/ 7.&%0C&2H&H513H .5ø 4 67+-,8.3%9$&";:=<.&>@?#6+A$&B
CG0IN Kø );O#JGPQ&ë©&ä 6!4 Þ£,R%7ú STè©à 5<.&>ULÓ?Døf67ê@+VP(à£"WûÀÞ£$&Mç ;%DQYê ø XZÔ$&Þ!%#ßc6(à[Ý¿$*) ä6+-67âV";ã ,R%7S]ø\^þ%"à£.MÝR);P(ð;'_'è©ã P('_Mæ ` 
a %9QbQ&Iþ ï çèéâhì9Þ|Mç #JGÞ|çëéèéâ VýÃÞ|Wú cGá6ç9û DC3H5H Oø
30Iæèéø ð;è ÝhäÞ!æâè©á9ä9âfâhãá9õ þnfÔGø ëéd1Þ g á èéühëé^Þ 2Wåhëóä6æâ%èóîkåR÷1õ ä6ü à|ekæÞ!åRà|çæèéèéâRòÀì1Þ ê@þgô òÀß®áOæëéÞ!å ð;æè©ßá9âVOäè©çc/â ô\^÷ "ï .&îB
);<P_.3P%MQ&[M,R%hP("S&P('@%9.i);[bP( +jO#PøkbGP(C3%9o5P(HM+-,8F )lGC3$&o5%Dp7Qm@^þR13ä6.5qâ 4 67fR+-ç,8.&ä9%9âR$3à!èé"(ßc:nà!á < .&>@ä6?Dëéèé67õ}á9+A$&ç+-âR,-èy.&7ä % 
C3H5H 5^2á9çìÀä6ïhrâ ï Lf&á sNð ä6âø
&tLÓLfëéDø ågJ)ú)ä9Þ£ûObç Þ|ÃàMç @ä9;ãR%#Þ!+-"ð;.MQ&èéà 6) @+-,8åh.&üR%uë©èéßc+AÝR. Þ|Nçß P9v 6#JGP(á9%9ß®)æ,RáO%hwâ Sr $&ME%9 Q Nø );O#PQ&64 ,R%7S&
x Ôyø JIçåhàûÀÞ|Mç  N );OP_Q364 ,j%7SrzU4 S*.3"(,R+jOh>{'_:þ ï çèéâhì9Þ|Mç JGÞ|çëéèéâ 
ýÃÞ||ú cIá9ç9û #C&H5H&H ø
o3þ}qnwøèéð;fRèéçæÞ!Þ!âRwã à£RwÝ ê0 âRN ìOPë©ä9v 6DâhP(wã %D ) M,RE&%7p*SqC%$&ø %DQ N );O#PQ&64 ,R%hS&Þ!ëéëéèéKß d1á9çcúGágá%ã
G ê ø 3á sNð ä9â ~<.&>@?D67+VP(";'u$3%9Q7.5 N );O#PQ&64 ,R%hS&IOáOÝRâ
ö·è©ëéÞ|hô  ýÃÞ|Wú cGá6çû  E &o%ø
p3tdõ}Þ|çÃø 1ä9âhÝRrã Þ!âhJ)âRä9èéú)ë©ä6ä²âhà!ä9èéâVâh0ã ìÓ æÝR*ø ÞL²öä9ð;á6çÞ!û -ë ëéáOäO2ã2èéèéâRrâ è©ð;Eßèc!ßcèéèéâRìOìâhèésâRìäçcsæ ä6Üçcçæä6ß âhæß®á î
W.i[Uä6à£ÝR4Pèé&âh,-Þ!Kß 4P@dXäò%$3èé%#âh6(ìW[$*÷1) +-òÀ67Þ|";ç,Rë©%7ä SïRï N èé:&âh'_ì +VP(>ä ';ï  ä6MühE&èéE5ëéèép æøèéÞ!ß  7.&67";%9$54
E3tâRÞ|hø æ0èéà Þ!âhÃëû9éä6ì9æá9ä6çßcèóåhæÝhüR
çä6ð fRä9çâRä6ð;èyä6âÞ|ú)ä9á6âhç0ã û´õ ø á9sç hø ÃâsVçágã%à!çÞ!áOßcåRßCëyä6íû%è©Þ!ß ßc@èéìOâºä91âhÞ|ã î
ð
òO÷ áOï ë æø èéð;x èR!âä6æø èéáOâïhï 9ø C <M.&F7>UC5C3?Dp67 +VP("(E5'E9<yø OP(>{,8)_$542%hS&,R%P_P(";,R%7S&

REAL WORLD APPLICATIONS

Á {|p ¢
R×´9Á"R
R×¼%Á "R
" ×¼%Á $ 
" × "%Á #h
" ×´ y Á 

×¼ m!o
ÕR N q VØ{ Õ q  "RØ{ Õ q%" Ø
ÕR N q V{Ø  Õ q"   "R{Ø  Õ q% " Ø
ÕRÕK NN% $ {Ø "R ÕØR Õ R {Ø q ÕK #RnØ RØ
"
K
Õ
n


N q% " Ø }Õkn N q #RØ 
Õ ón N h{Ø  ÕR "N  #h{Ø  ÕR N "RØ
ÕR N hÕ{Ø "N Õ  #h{Ø "N Õ  #h$V{Ø  ÕKØ n N $%Ø

1247

Á %{£
ÕR N  q "RØ
Õ ón N% "  {Ø  ÕKN q "RØ
Õ $%Ø{ ÕR N q  "N #hØ

ÕÕRón N%"  qØ } Õkn "R NØ{"  hÕ Ø{ó nÕKN N q q  #R #hØ Ø
ÕOÕKNØ } Õ h #q{Ø  Õ Ø{ {Ø y Õ  qÕKN #N q $V   "RØ Ø
ÕKN qÕ "N  q#q% $ Ø{Ø } ÕÕN %ó"nn q#RØ% "n $%Ø
#R× # Á y 
ÕÕ #N $Vón  RØ }Ø Õ:}NÕ q} %"y # ØØ }}ÕÕ #N ó n$V N qN%}" Øy Ø
ÕÕ R  N"R {Ø q Õ #q % #"R$n{Ø   Õ  qóyn  y RØ Ø
Õ #q%$n Ø{$  Õ qy y Ø
$%× $gÁ$ 
$
ÕÀ{Ø  ÕKR{Ø  Õ RØ }Õ  h" Ø }Õ " {Ø  Õ #h{Ø  Õ $ Ø
 y ×´ " Á V Õ $%Ø{ ÕÕ#hRØ{ N Õ  "RhØ{Ø{ ÕÕ hRy Ø }Õ  R#hØØ{} ÕkÕ " Ø{Ø  ÕÀØ
ÕRÕ NR qh{Ø #q Õ% $ {Øón Õ h Ø q}Õ $V ó nØ% " Ø
ÕÕ ón  $Vón  N R qØ{% "ÕRØ }NÕ  q $V  %$n R Ø  hØ
ÕKÕNR qN "N "N hhØ{{Ø  ÕÕq %N"n% #N"n $V$V RRØØ
Õ "N%$n Ø{ ÕR q "RØ{ ÕKn q #RØ
ÕknÕKN q %"n #q #NÕK% n$n $V N  qhØ {Ø%}"nÕ Õ #NRón N$V N q qØ %"n "N #N #h $%Ø Ø
Õ ón N q % y "n #N $V Ø
 O×¼ y Á V ÕR RØ{ Õ q VØ{   Õ "n #RØ }Õ $V Ø
ÕÕ qR #qN% h$ {Ø{Ø  ÕÕ q ó n$V hØØ }}ÕÕ "n ón% R" ØØ
ÕR NÕ $V h Ø{ RÕ qØ }Õ  "RónØ{ NÕ "n h #NØ  $%Ø
ÕÕ #q"N%% $n$n hhØ{{Ø  ÕÕ q$V% "n RRØØ }}ÕÕ #NN q% R" ØØ
Õ "n #N $V Ø }Õ ón N q RØ
ÕÕR q"N #h"R{ØØ{ ÕÕ#N  N$V $%ØØ }}ÕkÕn  qN #RRØØ
ÕKN "N% $n h{Ø  y Õ  N% "n $%Ø
 " ×  y Á²Oh ÕR RØ{ Õ q VØ{  " Õ "n #RØ }Õ $V Ø
ÕÕ qR #qN% h$ {Ø{Ø  ÕÕ q ó n$V hØØ }}ÕÕ "n ón% R" ØØ
ÕR NÕ $V h Ø{ RÕ qØ }Õ  "RónØ{ NÕ "n h #NØ  $%Ø
ÕÕ #q"N%% $n$n hhØ{{Ø  ÕÕ q$V% "n RRØØ }}ÕÕ #NN q% R" ØØ
Õ
"n #N $V Ø }Õ ón N q RØ
Õ:N} y Ø{Õ  $nÕ  }  qRyy Ày  }Ø  }Õ }O NR}Ø  y } ÀØ
ÕÕR q"N #h"R{ØØ{ ÕÕ#N  N$V $%ØØ }}ÕkÕn  qN #RRØØ
ÕÕ N ÕK%N"nón "NN N%}$n}  Àhy Ø{{Ø{Ø  Õ ÕÕKqn  #N qN}% "ny }$%y ÀØÀ Ø Ø
ÕÕkKnn qNÕ  "N#N%}$n y} yyRq} y } ROy RyØÀ{Ø } ÕkÕØn } ÕNón  ó nN N N}} q y y%"n}y R#nÀ%Ø%$n}O %ØØ
Õ "N #q% $n  qy y }  }ORØ
¯I ¢NryzW!2NÃz9vqm!oN¡/%{|Än1qzO R1£zOm9 £z9

z9{ ×   q!Ù%×Ò m!o
"

nv  
"





n }
Nó
Nó

$



#




y

N
"

 %"



$
$



O




q ó

n 

#

"

Nó


1248

REAL WORLD APPLICATIONS

R×´Á 9{|Áp ¢ "R   EÁ ¢n ¯ ÅQ¯ yy   #¢N#Å#  # y %" ¢Ny'$Å£y$   ¯1¥c ×
R×¼%Á"R
ÁE¯ yy  'yy''y!y!yy y ó%" $y$  #
  Q
" ×¼%Á $ 
ÁE¯ yy  # y'y'y!y!yy y  y#R"  "
  Q
" × "%Á #h
ÁE¯ yy } $   y  qy'y' Vy   $ #
  Q
"%×[ y Á 
ÁE¯ yy  $V$ V#q yn $y'$  " y"
  Q
# × # Á² y 
ÁE¯ y y %" y'$Vy' y  Ny %N" $ "$ $  # 
  Q
$%× $gÁ $ 
ÁE¯
¥¥ n  y y  $$
  Q
 y ×´ " Á h ÁE¯ y   $   } " $ #
  Q
##
y    " y   #
 O×¼ y Á h ÁE¯ y   'y  #N} #  $
  Q
"
y   y  $ y  $ $ $
 "%×  y ÁOh ÁE¯ y %" y "R #N #R  $
  Q
  '  R
y  " 


¯G%¢qryz T 2ÃÃpR¡Wq%{|x}£p v  £z9
Á {|p ¢ ÖG¢nÅ¯  ¢NÅ R ¢nÅ£
R×´9Á"R
y
y!y'y



y   R y!y'y
R×¼%Á"R
ÖG   yy  'y'y''yy yy  "" $$$$
" ×¼%Á $ 
ÖG   yy   y'y'yy yy   
" × "%Á #h
ÖG   yy  $$  yy  yy
" ×´ y Á 
ÖG   yy  #N#N  yy %%$$ $$ 
#R× # Á y 
ÖG   yy }} hh yR "? $y$
$%× $gÁ$ 
ÖG   ¥¥ NN   
 y ×´ " Á V ÖG  y   $ y  #
   y   #q # y
 O×¼ y Á V ÖG  y   'y q  # "
   y   'y q y  y
 " ×  y Á²Oh ÖG  y   "  $V y 
   y  q y #N #

Á ¥cÁ  ¥c×
Nn ó 
  
N NyRyRy
q "N N q 
 }} }} ó Nn qNóónnó Nn%N"n NNóó
 } } } } }
Nónón Nónó
RRyyRRyyRRyyRRyyRRyyRRyy
 } } q N q}  qón q N  Nón N
Nón N q q N% "n q q% "n
n}R yóRn  N"NN }N"N  óN#qn óq#qn %óN$n }N  óNn ó
N N N q q q q q N
N N N N N N N N N q 
n nó} n Nóó nnNóó nnNóóónnnóó nnNóó%nn"nó Nn#Nó%qn"nó Nn 
N Nónón N N N N N N
N N N N N Nón N q q
q q q q q q} q #q%$n #

n¥®óÁ n¥® ×
qn}ón }}y
 }Ny ó}}n óóónnó
n q #N N%"
q q q q 
q} y    "
#N $V%"n $V #
y  y y y  N y  $
N N q q N 
$n y  y  y  y  y  y
RyRyRyRyRyRy
y  q y   "n y }  ónR y yR #
 N $V  $V   $V $V
y  y  y  y  N N N $V $V} q  y
"N #q "N "N #q #q #q #q "N #q #
  y O y Nóyn }N }#N }}  } y"N#Ny  #N$ } 
#N N $V #N}ONy y } y  
y y  $V #N}   $

p v¼n|xy¡Wx}ª6x}vNw//lVxyvqw r}z¢nÅz9m£x} z;ÖNNvm£x}p v
¯1¥c ×
Á ¥®Á  ¥®×
n¥cóÁ n¥c ×
#
q 
Nnóónnóyy
#
q 
Nónó

R





y ónónó

R





y ónónó
 ##
N%"nón N 
q q q q 
q q q q 
   }} }} N NN% "n qqónóónn Nóónn   qq NNóó
#N $V #N $V% "
#N $V%"n $V #
N

y

R

y

R


N

y

R

y


q  q q  
$
N} yR} yR} yR} yR} y }
q N "N q N "
$

$V y  y  y  y  y  y
$

nn ón}ón ónó}n  N}N ón} N ón} q  N}      Nón$V} y  y "N yy   y y } Oy N y   q%$
#
 nónónón N N Nón Nón N N  ó n #N y ó q "Ny "n  q N} 
#
RynRó nN} N ó nNó nNó nN} N  NNó Ny  } ón y %"n%"n N} y  N} y y y
#
RyRó nN} N ó nNó nNó nN} N  NN Ny   y  q N   $V  $V $V 
$
NRNyy RRq  NNN  NNN  NNN óNNn  NNq  qNN  qNq  qN  nq y  #q y y }N} y % "ny ó "ny } y  % "
#?
RRyyRR NN NN NN NN NN NN qN qN n $Vy  }$V }  y q} % "nq yq }$V }#q  #N 
n N N N Nón%"n N q 

¯G%¢qryz 2ÃÃpR¡Wq%{|x}£p v  £z9 p v¼n|xy¡Wx}ª6x}vNw/:Ãp ¡¢qxyvNzOÒ¢nÅz9m£x} z;ÖNNvm£x}p v

REAL WORLD APPLICATIONS

1249

An Evolution Strategies Based Approach to Image
Registration
Jian Zhang

Xiaohui Yuan

Bill P. Buckles

EECS Dept.
Tulane University
New Orleans, LA 70118

EECS Dept.
Tulane University
New Orleans, LA 70118

EECS Dept.
Tulane University
New Orleans, LA 70118

Abstract
An image registration approach based on
Evolution Strategies is proposed. In image
registration, an invariant reference needs to be
established within each source image, which is
unavailable in many cases. To solve this problem,
feature configuration (which is defined as the
cluster of feature vectors on an image representing
homogeneous feature distribution,) is employed to
describe the object inside the scene. Instead of
finding the correspondence of the entire image, the
spatial relationships of the feature configuration in
every source image are discovered with Evolution
Strategies (ES). While one approach, even this one,
may not be suitable for every image domain, the
ES approach has many advantages. Compared to
some methods, it is computationally effective;
compared to other, it is capable of discovering
transformations of larger scope (e.g., greater
rotation angles or translation distances etc.) The
search structure we use is an ellipsoid. The results
from various images prove it to be an efficient and
effective method.

Intensive research has been devoted to find the most
effective and efficient registration methods [2, 8, 14, 17].
Approaches proposed include control point based methods
[13], frequency feature based methods [1, 16], mutual
information based methods [9] etc. Figure 1 illustrates an
image registration example. Two images are superimposed
one on the other, as shown in Figure 1(c), based on the
transformation discovered by the registration process.

(b)

(a)

1 INTRODUCTION
A fundamental image-processing task, image registration
matches two or more images such that features from each
individual source are aligned against the same reference.
Virtually all image understanding tasks, such as image
fusion, object recognition etc., require image registration
procedure as pre-processing. It is a particular important
issue faced in almost all remote sensing domains. In medical
imaging, a patient’s cranial scan must be matched iwth
medical atlas images as well as previous scans of the same
patient. In Earth science, the extent of deforestation can be
determined only if the present image can be compared to
ones from previous time periods. These and many other
examples exist that assert the need to put multiple images
into pixel-by-pixel correspondence.

(c)
Figure 1. Image (a) and (b) are two source images focusing
on the same object but containing different scene. (c) is the
superimposed image after registration.
Image registration can be viewed as a combination of
different choices of feature space, search space, searching
strategy, and similarity measure [12]. The feature space
extracts information from the source images, which
provides a quantitative space for transformation. All
possible transformations form a search space, such that
given a pair of images a sequence of transformations can be
found in the search space to put these images in
correspondence. The searching strategy defines rules of

1250

REAL WORLD APPLICATIONS

finding the next transformation. The registration accuracy is
assessed by the similarity measure. The registration process
proceeds iteratively by searching and applying transforms
until the similarity measurement is satisfied.
Generally, a similarity measure is required to evaluate the
accuracy of aligned image after transformation. During
registration, the similarity measurement is iteratively
computed and improved by adjusting the transformation.
However,
most
similarity
measurements
are
computationally expensive even on moderately sized
images, which makes registration inefficient, especially
when there is a large initial difference between images. Here
we propose a fast, control point free and feature based
image registration method, which is based on Evolution
Strategies. The objective is to find the correspondence
between two or more images having a spatial difference
caused by rigid transformation.
The principal idea is to search for the correspondence
between some specific feature configurations instead of the
correspondence across the whole image. Given the specific
feature description, Evolution Strategies is employed to find
the feature configuration, defined in section 3.2, on all
source images. A reference image is randomly selected
thereafter, in which the feature configuration is located and
is used for registering other images. However, the region
defined by feature configurations may not enclose the same
feature distribution. Therefore, a refinement process based
on the reference image is followed to adjust the feature
configuration such that similar feature enclosure is ensured.
Finally, the transformation functions are determined by
comparing the spatial characteristic of configurations, which
is represented in the form of feature ellipse, against that of
the reference configuration and are used to register those
images.
The rest of this article is organized as follows. In section 2,
a short review of Evolution Strategies is given. Section 3
presents the retrospective image registration problem and
illustrates Evolution Strategies based image registration
scheme. Experiments are illustrated in section 4. The paper
is concluded with discussion in section 5.

2 ES SHORT REVIEW
Evolution Strategies (ESs) are algorithms that imitate the
principles of natural evolution as a method to solve
parameter optimization problem [4, 3, 18]
The goal of a parameter optimization problem f: M⊆Rn →
R, M≠0, where f is called objective function, is to find a
vector x* ∈M such that
∀x ∈ M : f ( x) ≥ f ( x )
*

(1)

where f* :=f(x* )>-∞ is called a global minimum; x* is the
global minimum point. M is the set of feasible points for a
problem. In correspondence with global minimum, a local
minimum fˆ= f ( xˆ) is defined by the following condition:
(2)
∃ε > 0 ∀x ∈ M : x − xˆ < ε ⇒ fˆ≤ f ( x)

Coexistence of global minimum and several local minima
make optimization a non-trivial problem.
Each ES individual represents a vector within the domain of
the objective function f. Each xi , i = 1, 2, …, n, is termed an
object variable and is represented as a real value in the
individual. Evolution Strategies is essentially randomized
hill climbing, which makes it a non-deterministic
optimization strategy. Hill climbing necessitates the
resolution of two issues at each iteration -- (i) the direction
to move and (ii) the distance (step size). These issues are
resolved by embedding control variables into individual and
an ES individual is, organized as object variables and
control variables, illustrated below.
{x1 , x2 ,... xl ;σ1 , σ2 ,..., σm ;θ1 ,θ2 ,..., θp }

(3)

where the σ’s and θ’s are control variables.
An object variable should be considered the mean of a
normally distributed random variable. Under that
interpretation, each σi is a standard deviation for an object
variable. Thus m ≤ l. (If m < l then σm applies to all xj , m ≤ j
≤ l.) Each θi is a surrogate for the covariance of two object
variables. θ is organized as an upper triangular matrix as is a
covariance matrix. (That is to say, p = (2l-m)(m-l)/2.) The
correspondence between θij , i,j ≤ m and the covariance, cij is
tan(2θij ) =

2cij
σi − σ2j

(4)

2

An interpretation of an ES organism is an l-dimensional
jointly distributed normal variate with mean x and the
standard deviation σ. The orientation of the distribution in lspace is determined indirectly by the covariance and directly
by θ.
The incorporation of control variables into the individual
representation establishes a two-level self-learning process,
since not only the object variable adapts according to the
objective function, but also the control variables change
with respect to the actual topological requirements. In other
words, the control variables make up an internal model of
the objective function, which is learned on-line during
optimum seeking without an additional measure of fitness.
The ES algorithm is formulated in the language of biology
as follows:
Step 1. A given population consists of µ individuals. Each
is characterized by its genotype consisting of n
genes, which unambiguously determine the fitness
for survival.
Step 2. By mutation and recombination operations, each
individual parent produces λ/µ offspring on
average, so that a total number of λ offspring
individuals are available.
Step 3. Select the best of the offspring to form parents of
the following generation and continue at Step 1.
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∀( x, y), ( x′, y ′) ∈ P

3 IMAGE REGISTRATION WITH ES
Let I1 and I2 denote two image matrices, then image
registration, under Cartesian Coordinates, can be expressed
as:
I 1 ( x, y) = g ( I 2 ( f ( x, y)))

(5)

where function f(.) is a 2D spatial-coordinate
transformation, i.e. f(.) maps two spatial coordinates, x and
y, to new spatial coordinates x’and y’, and function g(.) is a
1-D intensity or radiometric transformation.
The registration problem is to find the optimal transform
functions f(.) and g(.), namely spatial and intensity
transformation, so that the images are aligned under the
same coordinates system. The intensity transformation g(.)
is not always necessary, and if g(.) is need, a lookup table is
usually sufficient [12].
3.1 RETROSPECTIVE REGISTRATION
Restrospective registration is required when an image is
obtained without the benefit of a fiducial reference system,
e.g. a battle field surveillance image or MRI cranial scan
image. In this case, a reference is not included in the source
image.
Let point (x, y) denotes the central point of the object and let
the rotation angle be θ. In order to describe the scaling
transformation, let’s denote a point in an image in
homogeneous coordinates (x, y, s), with (x/s, y/s) being the
corresponding
Cartesian coordinates. Using the
homogeneous coordinates, the transformation function f(x,y)
has the following general form:
fθ ,t

x

,t y

cos(θ) − sin (θ) t x   x 
( x, y, s) =  sin(θ) cos(θ) t y  ×  y 

  
0
1   s 
 0

(6)

where θ determines the rotation angle. tx/s and ty/s are
translations on horizontal and vertical directions. s is the
scaling weight that also functions as the normalization
factor in the homogeneous coordinates.
3.2 REGISTRATION WITH ES
To deal with retrospective registration, an image feature is
employed in our scheme. Frequently used features include
luminosity, texture, shape, etc. Usually, a picture contains at
least one object, which can be distinguished from its
background with a set of characteristic features. Such
features are distributed in a certain region, i.e., the area
defined by the shape of that object. That is , the cooccurrence of these features is only satisfied within the
object. Hence, the area that concurrently contains a set of
certain features is called the feature configuration. The
feature configuration, Φ, is defined on image I such that a
cluster of pixels constitute a close region P within which
image features, F1 , F2 , …, F n , are uniformly distributed.

|I

F1 , F 2 ,...,F n

( x, y) − I

{

Φ F , F ,...,F ( x, y) =
1

2

n

and
F1 , F 2 ,...,F n

(7)

( x′, y ′) |≤ ε , ε → 0 :

I ( x, y) | I ( x, y) ∈ P, P ⊆ I F ,F ,...,F
1

2

n

}

where I F1 F2 ,..., Fn ( x, y) is the feature vector generated by
applying feature filters onto image I and function |.|
measures the distance of two vectors.
The rigid transformation does not change the feature of an
image. That is, given the initial image I1 and the
transformation function f, the outcome image I2 has the
same feature as I1 . Thus, the feature configurations of these
features in I1 and I2 are also spatially related with the same
transformation.
F , F ,..., F
F , F ,..., F
(8)
Φ1
( x, y) = f (Φ 2
( x, y))
Because of its separability, a transformation function can
also be expressed as follows:
1

2

n

1

2

n

I 2 ( x, y ) = S ( R (T ( I 1 ( x, y), ∆x, ∆y), ∆θ), s)

(9)

where T(.), R(.) and S(.) denote translation, rotation and
scaling respectively. Notice that the translation parameters
∆x and ∆y are defined with regard to the central point of the
image. To prove equation (8), it is sufficient to prove that
after translation and rotation, the distance between any two
points in the feature configuration remains unchanged,
while scaling enlarges the distance by scale of s. Due to
space constraints, proofs are not included.
Yuan et al. reported successful feature identification using
Evolution Strategies [18]. Inspired by the success of their
work, Evolution Strategies is employed to search for the
optimal transformation. During the search for image
correspondence,
instead
of
evaluating
similarity
measurements over the whole image, ES identifies the
region from each source image that contains a homogeneous
feature configuration. To capture the feature configuration,
an ellipse structure is used to enclose the maximum
homogeneous feature area. Here we call such an ellipse the
feature ellipse.
Feature Ellipse
Feature ellipse, Λ, is the search structure used to enclose
F , F ,..., F
feature configuration Φ 1 2 n . Feature vectors inside the
ellipse represent the same type of features. That is, it
encloses only one type of feature configuration.
Λ ( x 0 , y 0 , a 1 , a 2 , θ | Φ F1 , F2 ,...,Fn )
⇒| I ΛF1 , F2 ,...,Fn ( x , y ) − I ΛF1 , F2 ,...,Fn ( x ′, y ′) |≤ ε
and

(10)

ε →0

where I ΛF1 ,F2 ,..., Fn ( x, y) and I ΛF1 , F2 ,..., Fn ( x ′, y′) are any two
different feature vectors enclosed by Λ.
A feature ellipse is determined by the coordinates of the
center (x 0 , y0 ), the lengths of the major and minor axes a 1
and a 2 , and the angle θ between the major axis and the
horizontal line. These parameters are embedded into ES as
objective variables and are organized as (x 0 , y0 , a1 , a2 , θ).
Figure 2 illustrates the structure of a feature ellipse. (Notice
that ES also uses control variables denoted as θ’s that

1252

REAL WORLD APPLICATIONS

establish a relationship with covariance as illustrated in
equation (2) and directly determine the orientation of the
distribution in l-space.)
Feature
configuration

(x1 , x2 )

x5
x4
x3
Figure 2. Encoding parameters of ellipse into objective
variables in ES. Region inside the ellipse contains
homogeneous configuration of certain feature

After searching, the feature configuration is reported as the
parameters of an ellipse. The transformations fi , i=2, …, n ,
are determined by comparing the spatial parameters of
ellipses with that of the reference.

4 EXPERIMENTS
In our experiments, the parent population size is chosen as
50 and the descendant population size is 300. These
population sizes are used in both the initial search as well as
the later refinement step. For the purpose of accelerating the
search process, discrete recombination on object variables
and panmictic intermediate recombination of control
variables is preferred [21, 3, 22].
Moments are used in our experiments as the quantitative
measurements of the feature configuration. Generally, only
the first few moments are required to differentiate between
signatures of clearly distinct shapes [7, 6].
K

The optimum to the objective function of one ES application
is a feature ellipse that maximizes its area under the
constraint that only one feature configuration is included. Or
in the other words, it minimizes the difference among the
feature vectors inside the ellipse while enlarging its area.
Parameters Estimation
Given the feature description, ES is applied to all source
images to find the feature configuration Φi , i=1,…,n . The
feature configuration Φp located from one of the source
images, which is randomly selected, is used as the reference
for registering other images. This arbitrarily selected image
is distinguished as the reference image. Figure 3 illustrates
the diagram of ES based image registration.
Although the same feature description is used to guide the
ES search, the outcome Φi usually does not give the same
quantitative measurement, which appears as slightly
different feature ellipses as shown in Figure 4(c) and 4(d).
This is because of the probability-controlled randomness of
reproduction process in ES. Therefore, a refinement process
is followed. The refinement takes Φp as a reference and
adjusts the feature configuration Φi of image Ii , such that the
quantitative measurements, e.g. mean and variance, of each
feature configuration, Φp and Φi , match.

µn (v) = ∑ (vi − m) n p (vi )

(11)

i= 1

The quantity m is recognized as the mean of v, which
represents the gray level of an image, and µ2 as its variance.
p(v i ) is the normalized amplitude histogram at gray level vi .
Besides the moments, the compactness of the ellipse, which
is the ratio of the major axis and the minor axis, is
considered as another constraint of the feature ellipse. Given
the match of the compactness measurement, the ratio of the
axes from two feature ellipses exposes the scale factor of the
image. Let the axes of two feature ellipses be (a 1 , a2 ) and
(a 1 ’, a2 ’), where a 1 , a 1 ’are the length of major axes and a 2 ,
a 2 ’ are the length of minor axes. The scaling factor is
determined by the average of the ratio as shown below.
s=

a1 a′1 + a 2 a2′
2

(12)

Figure 4 illustrates the process with sample images Child_1
and Child_2. An initial feature ellipse is randomly chosen
for each source image, which are drawn and shown in
Figure 4(a) and 4(b). After approximately 50 generations,
both feature configurations are found, as shown in Figure
4(c) and 4(d).

Figure 3. ES based image registration. Transformation function fi represents the spatial relationship between image i and
image 1, which is selected as the reference image.
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(a)

(c)

(b)
(d)
(e)
Figure 4. Registration stepwise images are shown. Image (a) and image (b) illustrate source images. Image (c) and
(d) illustrate the feature configuration found by ES. Image (e) is the outcome of the refinement step.
Table 1. Experimental images and estimated transformation parameters. The noisy images are distorted with 20% noise.

Child
Plane

Image 1
-0.3
-2.1

Rotation
Image 2
-9.4
28.9

∆θ
-9.1
31.0

Image 1
(248, 220)
(180, 211)

Translation
Image 2
(228, 182)
(231, 217)

(∆x, ∆y)
(-20, -38)
(51, 6)

Phone
River
Infrared
Lighthouse

44.5
21.6
-5.1
86.0

75.0
5.6
-31.2
75.5

30.5
-16.0
-26.1
-10.5

(194, 201)
(222, 211)
(220, 184)
(171, 270)

(173, 180)
(243, 245)
(215, 177)
(221, 278)

(-21, -21)
(21, 33)
(-5, -7)
(50, 8)

Child
Plane
Phone
River
Infrared
Lighthouse

-0.3
-0.3
45.3
24.4
-6.5
-3.6

-9.6
29.7
75.2
8.1
-33.6
-12.8

-9.3
30.0
29.9
-16.3
-27.1
-9.2

(235, 220)
(184, 206)
(193, 201)
(217, 216)
(225, 175)
(172, 265)

(218, 176)
(230, 212)
(172, 180)
(238, 245)
(215, 173)
(221, 276)

(-17, -44)
(46, 6)
(-21, -21)
(21, 29)
(-10, -2)
(49, 11)

Test Image

Noise
Free
Image

Noisy
Image

Although two ES process are running under the same
feature description, regions covered by two feature ellipses
are usually not identical. This is due to the non-deterministic
search characteristic of the ES algorithm. Therefore, a
refinement process is followed. In this experiment, Child_1
is chosen as the reference image. The mean and variance
values of the area inside feature ellipse in image Child_1 are
computed and used to refine the parameters of feature
ellipse in Child_2. The refinement process uses ES

optimization with one more constraint. That is, the
difference between the quality measure of feature ellipse in
Child_2 and the quality measure extracted from Child_1 is
minimized and allow 1% error for mean, 0.1% error for
variance and 1% error for the ellipse compactness.
Table 1 lists the estimated transformation on six pairs of test
images. Each pair of images is of the same size. The first
two columns give the condition and the name of images
used in the experiments. The next three columns contain the
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estimated rotation parameters, where results in column
‘Image 1’ are the principalrientation
o
of the feature ellipse
located in the first image and column ‘Image 2’ contains
orientation parameters computed from the second image.
The column ∆θ lists the rotation difference between image
pairs. The last three columns contain the translation
estimations, which are coordinates of the central points of
ellipses found in image pairs and the translation difference,
∆x and ∆y, between central points. Table 1 also contains the
outcomes performed on the same experimental images,
except each image is distorted with 20% noise. It is clear
that the transformation parameters estimated under noise are
very close to those computed with noise-free images.
Figure 5 illustrates two registered images, lighthouse and
Child, given the transformation parameters provided in table
1. The registrations are accurate under the judgment of
human perspective.
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(length of major axis, length of minor axis). The error
estimation is below 0.02.
Table 2. Scaling factor estimation. The test images are
resized by eighty percent.
Images
Child
Plane
Phone
River
Infrared
Lighthous
e

Axes (long, short)
100% image
80% image
(197.0, 83.3)
(172.0, 62.7)
(123.7, 38.4)
(95.3, 32.5)
(130.0, 55.7)
(103.9, 44.3)
(120.3, 24.7)
(93.7, 20.4)
(181.8, 60.7)
(148.2, 47.1)

Scale
Factor
0.813
0.808
0.797
0.802
0.796

(114.9, 50.6)

0.802

(91.4, 40.9)

5 DISCUSSION AND CONCLUSION
An Evolution Strategies based image registration approach
is described in this article. Given the feature of an image
remaining unchanged after rigid transformation, a search
structure, the feature ellipse, is embedded into each ES
individual. The objective function of ES achieves the
minimization of differences between the quantitative
measurements of feature configurations enclosed with
feature ellipses while enlarging its area. The registration
scheme contains three steps: search feature configurations
under certain feature description, refining feature ellipses by
minimizing quantitative measurements differences, and
determining the transformation parameters.
Experiments have been performed on various kinds of
images including nature scenes, military surveillance images
etc. Promising results are also obtained under noisy
circumstances. The experiments show the robustness of this
approach, which is the result of two aspects. Firstly, the
search is performed in the feature space, where the noise is
reduced. Secondly, the optimization process, incorporating
with the feature quantitative measurements, is insensitive to
the noise. Even though the feature configurations found
within the noise-free images and within noisy images are
different, the transformation relationships discovered are
almost identical.
Figure 5. Sample registration results, lighthouse and child.
Two source images are superimposed one on the other
using the transformation matrix estimated with ES
optimization.
Notice, the translation parameters ∆x and ∆y are not based
on the center of the image but the central point of the feature
ellipse. Therefore, when registering images, the translation
and rotation are performed with regard to the center of the
ellipse.
Table 2 illustrates the experimental result on scaling factor
estimation. Notice that test images are resized to 80% of the
original size. The second and the third columns are the axes’
lengths of the feature ellipses, which are formatted as

Moreover, since the feature comparison is performed inside
a relatively small region, the feature ellipse, the computation
expense is reduced. Figure 6 illustrates that the ratio of
variance vs. area (enclosed by feature ellipse) changes with
regard to the iterations. Figure 6(a) illustrates the
optimization process with a Phone image. In the graph, solid
circle line records the ratio changes of the reference image.
The solid triangle line records the ratio changes of the
companion image. (Remember, the reference image is
simply an arbitrarily selected source image.) The graph is
partitioned with a vertical doted line, where the left half
illustrates the searching phase optimization and right half
shows the refinement phase progress. Notice that during the
first phase of registration, ES is applied individually on each
image. Therefore the iterations used in searching are
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different. In figure 6(b), which illustrates the optimization
process with a Plane image, it is clear that the refinement
process adjusts the feature ellipse in the companion image
even closer to that of the reference image.
Experiments have been successful on images containing one
object, which is distinguishable with a set of features. In
cases where image contains more than one similar objects,
due to the non-deterministic characteristic of ES, feature
configurations representing different but similar objects may
be found, e.g., the image shown in Figure 7. Obviously, it is
hard to further distinguish among these objects. This
difficulty may be overcome by ES with a niching strategy.
Zhang et al. [19] described a niching embedded ES for
multimodal function optimization, in which successful
locating multiple optima is reported. Further study can be
done for multi-object involved registration.
0.02

Y

(a)

Phone
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0.014
0.012
0.01
0.008
0.006
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31
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7

4

1

0

Figure 7. Confusion of multiple similar objects in image
registration. Two similar feature configurations are found
yet corresponding to different objects.
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