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Abstract 
 

 

This paper describes the use of a multi-objective 
evolutionary algorithm to solve an engineering 
design problem - determining the geometry and 
operating settings for a crusher in a 
comminution circuit for ore processing. The 
outcome is a tool for consulting engineers that 
can be used to create and explore candidate 
designs for various scenarios. The tool has 
proved capable of deriving designs that are 
clearly superior to existing designs, promising 
significant financial benefi ts. The approach is 
flexible enough to be applied to a variety of 
similar problems. 

1 INTRODUCTION 
Evolutionary algorithms are increasingly finding 
applications in engineering design tasks. In this paper we 
describe a study, supported by Rio Tinto Ltd, which uses 
evolutionary algorithms to optimise the performance of a 
comminution circuit for iron ore processing. In work 
reported earlier, (Hingston, 2002), a simple evolution 
strategy algorithm was used to solve this problem. We 
have restated the details of the problem description here 
for completeness. In the present study, we report on a 
further development  - a multi-objective algorithm - and 
compare the two approaches. 

The performance of a processing plant has a large impact 
on the profitability of a mining operation, and yet plant 
design decisions are often guided more by engineering 
intuition and previous experience than by analysis. This is 
because plants are extremely complex to model, so 
engineers often must rely on simulation tools to evaluate 
and compare alternative hand-crafted designs. This is a 
time-consuming process and the lack of an analytical 
model means that there is little theoretical guidance to 
narrow the search for better solutions. Evolutionary 
algorithms can be of great benefi t here, providing a 
means to search large design spaces and present the 

engineer with superior designs optimised for different 
operating scenarios. 

In order to test the applicability of evolutionary 
algorithms in this setting, a representative problem was 
chosen by Rio Tinto. The task was to find combinations 
of design variables (including geometric shapes and 
machine settings) to maximise the capacity of a simple 
comminution circuit, whilst also minimising the size of 
the product. Earlier work in (Hingston, 2002) showed the 
effectiveness of a single-objective evolution strategy 
algorithm for this task.  However, the multi-objective 
approach described in this paper offers clear advantages 
over the single-objective algorithm. 

We begin the paper with a description of the problem, 
including a brief background on crushers and 
comminution circuits. Section 3 describes our mapping of 
the problem to an evolutionary algorithm, including the 
genetic representation, genetic operators and selection 
methods. Section 4 presents some illustrative results. 
Finally, we discuss future enhancements to the system 
and plans to extend the work to include greater 
complexity in the simulation model, including circuits. 

2 BACKGROUND 
Crushing and grinding of rocks and other particles has 
many important applications, including coarse crushing 
mined ore and quarry rock, fine grinding of coal for 
power station boilers, and for production of paint, 
ceramics, cement and other materials. It has been 
estimated that several billio n tons of material is crushed 
and ground annually (Hiorns, 1971). Thus optimisation of 
crushing operations offers large potential economic 
benefits. For example, in the area of energy savings, 
Napier-Munn et al ((Napier-Munn, 1996), p1) quote a 
report of the U.S. National Materials Advisory Board in 
1981, which estimated that realistic improvements in 
crushing-related activities could result in energy savings 
of more than 20 billio n kWh per annum. Other benefits of 
optimisation of crushing and grinding in mineral 
processing operations include reduced operating costs, 
increased throughput and thus value production, and 
improved downstream performance. 
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Figure 1 - The simple circuit used in this study 

 

2.1 CRUSHERS AND CIRCUITS 

In this section, we provide a brief background on crushers 
and how they are used in comminution circuits. The 
interested reader could consult, for example, (Napier-
Munn, 1996) for more detailed information. 
“Comminution” refers to the collection of physical 
processes that can be applied to a stream of ore to change 
the size of the particles in the stream. Examples include 
crushing and grinding (which break ore particles into 
smaller particles), and screening (which separates ore into 
several streams of different particle sizes). The purpose of 
comminution is to transform raw ore into a more usable 
or more saleable product or to prepare it for further 
processing. A “comminution circuit”  consists of a 
collection of processing units (crushers, screens etc) 
connected together (by conveyor belts, for example), 
possibly containing loops (hence the use of the word 
“circuit”). One or more streams of ore (the “feed”) enter 
the circuit and one or more streams of transformed 
material (the “product”) exit the circuit. 

Figure 1 shows the simple circuit that was used in this 
study. The feed comes in on a conveyor from the top left 
and enters the crusher. The crushed ore is then passed 
through a screen that allows particles less than 32 mm to 
pass through and report to product. Particles larger than 
this (the “oversize”) are recycled back to the crusher. 
Thus the input to the crusher is a combination of feed and 
recirculating oversize. 

The type of crusher used here is a “cone” crusher. Figure 
2 is a schematic diagram of a typical cone crusher. 
Material is introduced into the crusher from above, and is 
crushed as it flows downwards through the machine. The 
inner crushing surface, or “mantle”, is mounted on the 

conical crushing head and is driven in an eccentric 
motion swivelling around the axis of the machine. The 
outer crushing surface, or “bowl”, is held stationary. 
Material flows into the crushing chamber from above, 
and is crushed between the two surfaces by compressive 
forces due to the eccentric motion. After compression, the 
chamber widens and allows material to flow to lower 
parts of the crushing chamber, and eventually to fall 
through and exit the machine. 

The gap between the bowl and the crushing head at the 
closest point in the cycle is called the “closed-side 
setting” . This can be reduced to obtain a narrower 
chamber and finer crushing. The two crushing surfaces 
are covered by replaceable steel liners (shaded in Figure 
2), which can be manufactured with different cross-
sectional shapes. The eccentric angle and speed of 
revolution of the head can also be adjusted. These 
variables contribute to the performance characteristics of 
the crusher. 

2.2 SIMULATI NG CRUSHERS 

Fitness is evaluated using a simulation of a single cone 
crusher. The inputs to the simulation are the: 

�x�� Physical properties of the feed (composition, 
hardness etc); 

�x�� Size distribution of the feed (the proportion of 
particles in different size fractions); 

�x�� Geometry of the mantle and bowl liners; 

�x�� Closed-side setting; 

�x�� Rotational speed of the head; and 

�x�� Eccentric angle of the head. 



 

bowl liner 

closed-sid e 
setting mantl e 

rp m

eccentric an gle  

Figure 2 - Schematic diagram of a cone crusher (after (Napier-Munn, 1996) Figure 6.3) 

 

The final four of these were selected as the design 
variables for the chosen problem. The outputs of the 
simulation are the: 

�x�� Size distribution of the product; 

�x�� Power needed to crush the feed; and 

�x�� Maximum amount of material that can flow through 
the crusher without overloading the crusher (its 
“capacity”). 

From these outputs it is possible to calculate the steady-
state size distribution of the product and capacity of a 
circuit that includes the crusher. These data are used to 
evaluate the fitness of proposed designs. Each evaluation 
takes approx 300 ms on a 700MHz Pentium III. 

3 ALGORITHM 
The problem described above is well suited to an 
evolutionary algorithm approach. The problem cannot 
easily be described analytically, but a simulation is 
available that can be used to evaluate candidate solutions. 
The search space is large - too large for an exhaustive 
search - and there is little to guide an engineer in 
determining good designs for a given scenario. We chose 
an evolution strategy (ES) approach to tackle this 
problem, as it has similarities with other problems that 
have previously been successfully handled by ES. In 
particular, candidate designs can be described using a 
vector of real values, and the problem involves 
determining geometric shapes. Previously reported 
successful applications of this type include the design of a 
jet nozzle (Klockgether, 1970) and a flywheel (Eby, 
1999). 

The basic evolution strategy algorithm has the following 
steps: 

1. Create an initial population of designs. 

2. Evaluate the fi tness of these designs. 

3. Create a population of children by mutating the 
members of the current population. 

4. Evaluate the fitness of these children. 

5. Select the fittest designs from the parents and 
children together. 

6. Repeat steps 3 to 5 until done.  

To implement a specific instantiation of the algorithm, we 
must specify the representation scheme to be used, the 
method of fitness evaluation, the nature of the mutation 
operators, the selection mechanism, and the termination 
condition. It may be possible for infeasible designs to be 
generated by mutation, in which case we must also 
specify how to deal with these infeasible designs. 

These specifications are detailed in the remainder of this 
section. 

3.1 FITNESS 

The principal objective that we are trying to maximise is 
the capacity of a circuit containing a given crusher. The 
placement of the crusher in a circuit is important because 
a crusher that itself has a high capacity may not be 
suitable if it generates a lot of oversize material: the 
presence of this recirculating material reduces the rate at 
which feed can be introduced into the circuit. We define 
“capacity ratio” to be the ratio of the amount of material 
entering the crusher to the amount of feed entering the 
circuit (at steady-state operation). A higher capacity ratio 
corresponds to more recirculating material. 

The capacity of a circuit may be limited by one of three 
factors. 

1. The capacity of the crusher. If a crusher has capacity 
CAP tons/hour and capacity ratio CR, the capacity of 
the circuit will be limited by 

  CAP / CR 

2. The power requirements of the crusher. A high 
rotational speed in particular delivers a lot of 
crushing but requires a lot of power. If  a crusher with 
maximum power output MP kWh requires P kWh to 
process a circuit feed of F tons/hour, the capacity of 
the circuit will be limited by  

  F �u (MP / P) 



3. The capacity of the recirculation conveyor in the 
circuit. If a crusher has capacity ratio CR and the 
conveyor has a capacity of MR tons/hour, the 
capacity of the circuit will be limited by 

  MR / (CR – 1) 

Each of these factors potentially limits the capacity of the 
circuit, therefore the actual capacity will be the minimum 
of these values. 

Notice the potential trade-offs for the various design 
variables. For example, a large closed-side setting will 
increase the capacity of the crusher, but will also increase 
the amount of recirculating material, raising the capacity 
ratio. Similarly, a high rotational speed will lead to more 
crushing in each pass through the chamber, but will also 
increase the power requirements of the crusher, possibly 
reducing the overall capacity. 

Alongside maximising the capacity of the circuit, we also 
want to minimise the size of the product. Specifically, we 
define P80 to be a measure of the size of the 80th 
percentile in the product (i.e. the size k mm such that 80% 
of the product is smaller than k mm). For technical 
reasons, a higher value of P80 corresponds to a smaller 
product, so we want to maximise P80.  

For the purpose of the experiments reported in this paper, 
we normalise both capacity and size figures by dividing 
by the figures for a standard design and settings. 

In an earlier study, (Hingston, 2002), we combined the 
two objectives by defining the fitness of a design as a 
linear combination of them. The fitness function used in 
the earlier study was: 

0.05 �u CAP  +  0.95 �u P80 

where CAP is the circuit capacity, P80 is the size 
measure, and the constants are chosen to equalise the 
variability of the two components. Thus the fitness of the 
standard design is 1.0, and higher fi tness is better. 

In the present study, we use both objectives to define the 
Pareto ranking of a design relative to a set of potential 
designs. We use the ranking scheme proposed by Fonseca 
and Fleming (Fonseca, 1998), as described in 
(Veldhuizen, 2000). We define Pareto dominance for 
designs as follows: 

A design u is said to dominate a design v iff 
CAP(u) > CAP(v) and P80(u) > P80(v) 

A design x is Pareto optimal with respect to a set 
of designs �:  iff there is no design in �:  that 
dominates x. Thus a design that is Pareto optimal 
cannot be improved in any objective without 
degrading other objectives. 

Finally, the Pareto rank of a design x, with 
respect to a set of designs , is the number of 
designs in  which dominate x. 

�:
�:

Thus x is Pareto optimal iff x has a Pareto rank of 0. In 
this multi-objective approach, Pareto rank, rather than a 
combined fitness value, is used as the basis for selection. 

3.2 INITI ALISATION 

The population is initialised with copies of the existing 
standard design and settings. These copies are quickly 
eliminated in the first few generations of a typical 
execution. 

3.3 REPRESENTATION 

The representation of the machine settings  - closed-side 
setting, eccentric angle and rotational speed - is 
straightforward, these being real values within given 
ranges. The best way to represent the geometric shapes of 
the two liners is less clear. The shape of each liner is 
defined by its vertical cross-section. The shape of the 
machine structure dictates the shape of the “back” of each 
liner, so it is only the “front” of each liner (the actual 
crushing surface) that is represented. 

We chose to describe each shape as a series of line 
segments, using a variable-length list of points, each 
represented by a pair of coordinates. The first coordinate 
pair for the first segment and the last coordinate pair for 
the last segment are fixed, but each other coordinate is 
another real-valued object variable. Thus, if there are  
line segments on the mantle and  line segments on the 
bowl liner, then the genotype consists of a vector of 

n
m

�� � � � �12123 ���� � ����� mn  

real-valued object variables. 

Figure 3 shows a series of liner pairs evolved during a 
typical run.  

3.4 MUTATION 

When a parent is mutated to produce a child, each object 
variable is mutated independently using self-adaptive 
mutation rates as described in (Back, 1997). Specifically, 
each object variable is mutated using the formula 

)1,0(''
iiii NXX �˜��� �V  

where �� ��1,0iN

i

 is a normally distributed random value 
with mean 0 and standard deviation 1, and each strategy 
parameter �V is mutated using the formula 

' �� ��)1,0()1,0(exp '
iii NN �˜���˜�˜� �W�W�V�V  

'�Wwhere �W and are constants set to 0.25 and 0.1 
respectively, and �� ��1,0N  is sampled once for each 
individual. 

In addition, we provided mutation operators to increase or 
reduce the number of segments in a liner. Whether to 
apply these operators is determined randomly with a fixed 
probability. The mutation to reduce the number of 
segments randomly selects two adjacent segments to 
merge and discards the common end point. The operator 
to increase the number of segments randomly selects a 
segment to split into two, using the segment midpoint as 
the common end point. This was done to allow the 
algorithm to generate more complex or simpler liner 
shapes as required. 
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Figure 3 - A sample of evolved liner pairs

3.5 CONSTRAI NTS 

There are a variety of feasibility constraints upon 
potential designs. These can be categorised as follows: 

Physical constraints  The sequences of coordinate pairs 
must describe shapes that make sense operationally. In 
particular, the liners must have at least a certain thickness 
to be practical. We found that this constraint was violated 
so rarely that it is not worth the computational expense to 
do the checking. If the final solution returned violates this 
constraint, the algorithm can simply be re-run. 

Setting constraints  Each machine setting must be 
confined to a given range. This is done by repair — any 
value that is too low is set to the minimum value for that 
setting, and any that is too high is set to the maximum 
value. 

Modeling constraints  The crusher simulation is very 
complex and assumes (sometimes implicitly) that liners 
have “sensible” shapes. To keep our designs in the 
“sensible” region, we imposed a heuristic constraint that 
the sequence of x-coordinates and the sequence of y-
coordinates for each liner always change monotonically.  
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Figure 4 - Final Pareto fronts from five runs of the system 

This constraint is enforced by repairing any coordinate 
that violates the constraint, at the time of creation. Even 
so, the simulation occasionally fails. In these cases, the 
design is assumed to be nonsensical and both capacity 
and P80 are assigned an abysmal value of 0. 

3.6 SELECTION 

Selection is done using the standard (�O + �P)-selection 
mechanism of evolution strategies, with �O = �P = 1. Each 
member of the current generation becomes the parent of 
one child, and those with lowest rank are selected from 
the parents and children combined become the next 
generation. That is, each member of the current 
generation becomes the parent of one child, and the best 
individuals selected from the combined parents and 
children become the next generation. 

4 RESULTS AND DISCUSSION  
In this section, we describe an example set of runs of the 
system that is indicative of the performance on test 
problems. We ran the system five times with a population 
size of 50 for 200 generations on each run. 

Figure 4 shows the final Pareto fronts for the sample runs. 
In all cases a good range of designs is found, showing 
different tradeoffs of the two objectives.  

Figure 5 shows the movement of the Pareto front during 
Run 5 from Figure 4. Note that while the fronts for 
Generations 100 and 200 appear to cross, no design in 
Generation 200 is actually dominated by one in 

Generation 100. Some designs in Generation 100 are still 
present in Generation 200 (indeed one design in 
Generation 20 is still present), and the use of lines to 
interpolate between the population members creates the 
illusion of a cross-over. The situation is exacerbated by 
the difficulty in improving P80 values beyond a certain 
level: this has been confirmed by experiments where 
maximising P80 was the sole objective. 

Figure 3 shows a sample of evolved liner pairs and 
settings from another run. The first row shows liners from 
Generation 0, a selection of random mutations on the 
standard design. The middle rows show liners from part 
way through the run, and the final row shows liners from 
the final Pareto front. The first column shows the design 
with the best P80, while the last column shows the design 
with the best capacity. The second column shows the 
design with the highest fitness according to the composite 
measure used in (Hingston, 2002). 

Figure 6 shows the user interface during the execution of 
a typical run. The top right corner shows a scatter plot of 
the current generation in objective-space. The user can 
select a particular design in the plot to view its details 
elsewhere on the screen. The top left corner depicts the 
selected crusher in a circuit: it shows the liner shape and 
the material flows through each part of the circuit. The 
user can click on one of these flows to view a graph of 
the size distribution of the corresponding ore stream. The 
bottom left corner shows the settings and fitness for the 
selected design. The bottom right corner has various 
controls for the parameters of the system. 
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Figure 5 - Progressive Pareto fronts from Run 5 in Figure 4 

The true multi-objective approach used in this study 
offers clear benefits in this application over the simpler 
approach of using a combined fitness function as in 
(Hingston, 2002). It removes the need for arbitrary 
weightings, which engineers have trouble specifying in 
advance. There is no need to separately apply capacity 
constraints, as non-dominated solutions inevitably satisfy 
the constraints anyway. The user interface provides an 
intuitive visualisation for engineers, enabling them to see 
the effects of trading off the different objectives on the 
evolved designs.  

5 FUTURE WORK 
The work reported here is still in the early stages of its 
development. While the results obtained so far are 
excellent, many enhancements and extensions are 
envisaged.  

Planned enhancements to the crusher simulation are 
likely to make it run an order of magnitude slower. We 
may then need to develop special strategies to speed up 
the evolutionary algorithm. One possibility is to use 
faster, more approximate models early in the search, 
using a scheme similar to the injection island genetic 
algorithm described in (Eby, 1999). 

Another aim is to include, as part of the task, the design 
of the circuit itself - that is, to co-evolve crushers, screens 
and other processing units and their settings, as well as 
the pattern of conveyors connecting them together. This 

brings in elements of network design, another application 
area in which evolutionary algorithms have been 
successful (see e.g. (Gross, 1996)). The concurrent design 
of this network and the machines within it will be 
challenging, but the potential rewards are huge. 

6 CONCLUSIONS 
In this paper we have described a study in the application 
of multi-objective evolutionary algorithms to a difficult 
practical engineering design problem.  Our system 
determines the liner profiles and operating settings for a 
crusher in a comminution circuit.  Initial results promise 
significant financial benefits. 

In many ways, this problem is an ideal application for 
evolutionary algorithms - the pay-off is high; the problem 
is too complex to solve analytically; the search space is 
too large to explore unaided; we have a well defined 
evaluation function and a straightforward representation 
scheme, suitable for manipulation by genetic operators. 
Many challenges remain in incorporating more realism in 
the problem definition (for example, including variety in 
feed properties, interactions with other plant etc) and 
validating the predicted performance with field trials.  

 



 

 

 
Figure 6 - The user interface of the system 
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Abstract 
 

 

In this paper, we learn to discover composite 
operators and features that are evolved from 
combinations of primitive image processing 
operations to extract regions-of-interest (ROIs) in 
images. Our approach is based on genetic 
programming (GP). The motivation for using GP 
is that there are a great many ways of combining 
these primitive operations and the human expert, 
limited by experience, knowledge and time, can 
only try a very small number of conventional 
ways of combination. Genetic programming, on 
the other hand, attempts many unconventional 
ways of combination that may never be imagined 
by human experts. In some cases, these 
unconventional combinations yield exceptionally 
good results. Our experimental results show that 
GP can find good composite operators, that 
consist of primitive operators designed in this 
paper, to effectively extract the regions of 
interest in images and the learned composite 
operators can be applied to extract ROIs in other 
similar images. 

1 INTRODUCTION 

    Object detection is an important intermediate step to 
object recognition. The task of object detection is to 
locate and extract regions from an image that may contain 
potential objects. These regions are called regions of 
interest (ROIs) or object chips. The quality of object 
detection is dependent on the kind and quality of features 
extracted from an image. There are many kinds of 
features that can be extracted. The question is what are 
the appropriate features or how to synthesize features, 
particularly useful for detection, from the primitive 
features extracted from an image. The answer to these 
questions is largely dependent on the intuitive instinct, 
knowledge, previous experience and even the bias of 
human image experts. 

    In this paper, we use genetic programming (GP) to syn-
thesize composite features, which are the output of com-

posite operators, to perform object detection. A composite 
operator consists of primitive operators and it can be 
viewed as a combination of primitive operations on im-
ages. The basic approach is to apply a composite operator 
on the original image or primitive feature images gener-
ated from the original one, then the output image of the 
composite operator (called composite feature) is seg-
mented to obtain a binary image or mask to extract the re-
gion containing the object from the original image. The 
individuals in our GP based learning are composite opera-
tors represented by binary trees whose internal nodes 
represent the pre-specified primitive operators and the 
leaf nodes represent the original image or the primitive 
feature images. The primitive feature images are pre-
determined, and they are not the output of the pre-
specified primitive operators. 

2 MOT IVAT ION AND RELATED 
RESEARCH 

2.1 MOTIVATION 

    In most imaging applications, an expert designs an ap-
proach to extract ROIs from images. The approach can of-
ten be dissected into some primitive operations on the 
original image or a set of related feature images obtained 
from the original one. It is the expert who, relying on 
his/her rich experience, figures out a smart way to com-
bine these primitive operations to achieve good results. 
The task of finding a good approach is equivalent to find-
ing a good point in the search space of composite opera-
tors formed by the combination of primitive operators. 

   The number of ways of combining primitive operators 
is almost infinite. The human expert can only try a very 
limited number of combinations and typically only the 
conventional ways of combination are tried. However, a 
GP may try many unconventional ways of combining 
primitive operations that may never be imagined by hu-
man experts. In some cases, it is the unconventional ways 
of combination that yield exceptionally good results. The 
inherent parallelism of GP and the speed of computers al-
low the portion of the search space explored by GP to be 
much larger than that by human experts. Although only a 
very small portion of the space is tried by GP, the search 
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performed by GP is not a random search. It is guided by 
the goodness of composite operators in the population.  
As the search goes on, GP will gradually shif t the popula-
tion to the portion of the space containing good operators. 

2.2 RELATED RESEARCH AND OUR 
CONTRIB UTION 

    Genetic programming, an extension of genetic 
algorithm, was first proposed by Koza in [1]. In GP, the 
individuals can be binary trees, graphs or some other 
complicated structures of dynamically varying size. Poli 
[2] used GP to develop effective image filters to enhance 
and detect features of interest or to build pixel-
classification-based segmentation algorithms. Stanhope 
and Daida [3] used GP paradigms for the generation of 
rules for target/clutter classification and rules for the 
identif ication of objects. To perform these tasks, 
previously defined feature sets are generated on various 
images and GP is used to select relevant features and 
methods for analyzing these features. Howard et al. [4] 
applied GP to automatic detection of ships in low-
resolution SAR imagery using an approach that evolves 
detectors. Roberts and Howard [5] used GP to develop 
automatic object detectors in infrared images.  

Unlike the work of Stanhope and Daida [3], Howard et 
al. [4] and Roberts and Howard [5], the input and output 
of each node of the tree in our system are images, not real 
numbers. Also, the primitive features defined in this paper 
are more general and easier to compute than those used in 
[5]. In summary, the primitive operators and primitive 
features designed by us are very basic and domain-
independent, not specific to a kind of imagery. Thus, our 
system can be applied to a wide variety of images. 

3 TECHNICAL  APPROACH  

    In our GP based approach, individuals are composite 
operators, which are represented by binary trees. The 
search space of GP is the space of all possible composite 
operators. The space is very large. In order to illustrate 
this, consider only a special kind of binary tree, where 
each tree has exactly 30 internal nodes and one leaf node 
and each internal node has only one child. For 17 primi-
tive operators and only one primitive feature image, the 
total number of such trees is 1730. It is extremely difficult 
to find good operators from this vast space unless one has 
a smart search strategy. 

3.1 DESIGN CONSIDERATIONS 

   There are five major design considerations, which 
involve determining the set of terminals, the set of 
primitive operators, the fitness measure, the parameters 
for controlling the run, and the criterion for terminating a 
run. 
 

�� The Set of Terminals:  The set of terminals used in 
this paper are seven primitive feature images generated 

from the original image: the first one is the original 
image; the others are mean and standard deviation images 
obtained by applying templates of sizes 3� 3, 5� 5 and 7� 7. 
These images are the input to the composite operators. GP 
determines which operations are applied on them and how 
to combine the results. To get the mean image, we 
translate the template across the original image and use 
the average pixel value of the pixels covered by the 
template to replace the pixel value of the pixel covered by 
the central cell of the template. To get the standard 
deviation image, we just compute the square root of the 
pixel value difference between the pixel in the original 
image and its corresponding pixel in the mean image.  

�� The Set of Primitive Operators: A primitive 
operator takes one or two input images, performs a 
primitive operation on them and stores the result in a 
resultant image. Currently, 17 primitive operators are 
used by GP to compose composite operators. 

     In the following, A and B are images of the same size 
and c is a constant. For operators such as ADD_OP, 
SUB_OP, MUL_OP, etc that take two images as input, 
the operations are performed on the pixel-by-pixel basis.  

1. ADD_OP: A + B.  Add two images pixel by pixel. 

2. SUB_OP:  A – B.  Subtract image B from image A. 

3. MUL_OP: A * B.   Multiply images A and B. 

4. DIV_OP: A / B.   Divide image A by image B (If the 
pixel in B has value 0, the corresponding pixel in the 
resultant image takes the maximum pixel value in A). 

5. MAX2_OP: A max B. The pixel in the resultant 
image takes the larger pixel value of images A and B.                       

6. MIN2_OP: A min B. The pixel in the resultant image 
takes the smaller value of pixels in images A and B. 

7. ADD_CONST_OP:  A + c. Increase pixel value by c.    

8.    SUB_CONST_OP:  A - c. Decrease pixel value  by c. 
9.    MUL_CONST_OP:  A * c. Multiply pixel value by c. 
10.  DIV_CONST_OP: A / c. Divide pixel value by c. 

11.  SQRT_OP: sqrt(A). For each pixel p with value v, if 
v �  0, change its value to v . Otherwise, to 

v�� .  

12.  LOG_OP: log(A). For each pixel p with value v, if  v 
�  0, change its value to log(v). Otherwise, to –log(-v). 

13. MAX_OP: max(A). Replace the pixel value by the 
maximum pixel value in a 3� 3, 5� 5 or 7� 7 neighbor-
hood. 

14. MIN_OP: min(A). Replace the pixel value by the 
minimum pixel value in a 3� 3, 5� 5 or 7� 7 neighbor-
hood. 

15. MED_OP: med(A). Replace the pixel value by the 
median pixel value in a 3� 3, 5� 5 or 7� 7 neighbor-
hood. 

16. REVERSE_OP: rev(A).  Reverse the pixel value. 
Suppose the maximum and minimum pixel values of 



image A are Vmax and Vmin respectively. If a pixel 
has value v, change its value to Vmax – v + Vmin. 

17.  STDV_OP: stdv(A). Obtain standard deviation image 
of image A by applying a template of size 3�3, 5 �5 
or 7�7. 

�� The Fitness Measure: The fitness value of a 
composite operator is computed in the following way. 
Suppose G and G’ are foregrounds in the ground truth 
image and the resultant image of the composite operator 
respectively. Let n(X) denote the number of pixels within 
region X, then Fitness = n(G�G’) / n(G � G’). The 
fitness value is between 0 and 1. If G and G’ are 
completely separated, the value is 0; if G and G’ are 
completely overlapped, the value is 1. 

�� Parameters and Termination:  The key parameters 
are the population size M, the number of generations N, 
the crossover rate and the mutation rate.  

    The GP stops whenever it finishes the pre-specified 
number of generations or whenever the best operator in 
the population has fitness value greater than the fitness 
threshold. 

3.2 REPRODUCTION, CROSSOVER AND 
MUTATION 

    The GP searches through the space of composite opera-
tors to generate new operators, which may be better than 
the previous ones. By searching through the composite 
operator space, GP gradually adapts the population of 
composite operators from generation to generation and 
improves the overall fitness of the whole population. 
More importantly, GP may find an exceptionally good 
operator during the search. The search is done by per-
forming reproduction, crossover and mutation operations. 
The initial population is randomly generated and the fit-
ness of each individual is evaluated. 

    The reproduction operation involves selecting a com-
posite operator from the current population. In this re-
search, we use tournament selection, where a number of 
individuals are randomly selected from the current popu-
lation and the one with the highest fitness value is copied 
into the new population.  

    To perform crossover, two composite operators are se-
lected on the basis of their fitness values. These two com-
posite operators are called parents. One internal node in 
each of these two parents is randomly selected, and the 
two subtrees with these two nodes as root are exchanged 
between the parents. In this way, two new composite op-
erators, called offspring, are created.  

    In order to avoid premature convergence, mutation is 
introduced to randomly change the structure of some of 
the individuals to help maintain the diversity of the popu-
lation. Once a composite operator is selected to perform 
mutation operation; an internal node of the binary tree 

representing this operator is randomly selected, then the 
subtree rooted at this node is deleted, including the node 
selected. Another binary tree is randomly generated and 
this tree replaces the previously deleted subtree. The re-
sulting new binary tree represents a new composite opera-
tor. This new composite operator replaces the old one in 
the population. 

3.3 STEADY_STATE AND GENERATIONAL 
GENETIC PROGRAMMING 

In steady-state GP, two parental composite operators are 
selected on the basis of their fitness for crossover. The 
children of this crossover, perhaps mutated, replace a pair 
of composite operators with the smallest fitness values. 
The two children are executed immediately and their fit-
ness values are recorded. Then another two parental com-
posite operators are selected for crossover. This process is 
repeated until crossover rate is satisfied. In generational 
GP, two composite operators are selected on the basis of 
their fitness values for crossover. Then, two composite 
operators with the smallest fitness values, among those 
that have not been selected for replacement, are selected. 
They will be replaced by the children of the crossover. At 
this time, the replacement has not occurred. The above 
process is repeated until crossover rate is satisfied. A 
composite operator may be repeatedly selected for cross-
over, but it cannot be repeatedly selected for replacement. 
After crossover operations are finished, all the children 
resulted from the crossover operations replace all the 
composite operators selected for replacement at once. In 
addition, we adopt an elitism replacement method that 
copies the best composite operator from generation to 
generation.  The steady state and generational genetic 
programming algorithms are given in the following. 
 
�� Steady-state Genetic Programming: 

0.   randomly generate population P and evaluate each 
        composite operator in P. 
1. for gen = 1 to generation_num do 
2.         keep the best composite operator in P. 
3.     perform reproduction to generate population P’  
            from P.  
4.    number_of_crossover = population_size * cross 
           over_rate / 2. 
5.        for i = 1 to number_of_crossover do 
6.        select 2 composite operators from P’ based on  
               their fitness values for crossover. 
7.     select 2 composite operators with the lowest 
               fitness values in P’ for replacement. 
8.    perform crossover operation and let the 2 
              offspring composite operators replace the 2 
              composite operators selected for replacement. 
9.    if  mutation is performed on the composite 
                     operators from the crossover  then 
10.    perform mutation on the 2 offspring 
                     operators with probability mutation_rate. 
              end. 



11.       execute the 2 offspring composite operators and 
              evaluate their fitness values. 
          end // loop 5 
12.     if  mutation is performed on the composite 

         operators from the whole population P’  
then 

13.           perform mutation on each composite operator 
         with probability mutation_rate. 

14.          execute and evaluate mutated composite 
         operators. 
    end 

15.     let the best composite operator from population P 
    replace the worst composite operator in P’. 

16.     let P = P’ 
17.     if  the fitness value of the best composite operator 

        in P is above fitness threshold value then 
18.         stop. 
          end 
      end  // loop 1 

 

�� Generational Genetic Programming: 

 0.   randomly generate population P and evaluate each 
         composite operator in P. 
1. for gen = 1 to generation_num do 
2.     keep the best composite operator in P. 
3.     perform reproduction to generate population P’  

    from P.  (crossover and mutation are performed on 
    population P’)   

4.     number_of_crossover = population_size *  
    crossover_rate / 2. 

5.    perform crossover number_of_crossover times and 
   record 2 * number_of_crossover composite 
   operators to be replaced. 

6.    perform mutation on the composite operators 
   generated from crossover or on the composite 
   operators from the whole population. If a 
   composite operator is mutated, recorded it for later 
   execution. 

7.    execute offspring composite operators from cross-
over and the mutated composite operators and 
evaluate their fitness values. 

8.    put offspring composite operators from crossover 
in P’ and remove the composite operators selected 
for replacement from P’. 

9        let the best composite operator from population  
          replace the worst composite operator in P’. 
10.     let P = P’ 
11.    if  the fitness value of the best composite operator  

   in P is above fitness threshold value then 
12.        stop. 
          end 

end  // loop 1 

 
4 EXPERIMENTS 
    Various experiments were performed to test the effi-
cacy of genetic programming in extracting regions of in-

terest from real SAR (synthetic aperture radar) images 
and color images.  In this paper, we show some selected 
examples. It is to be noted that the training and testing 
images are different and the ground truth is used only dur-
ing training. In all the experiments, the maximum size of 
composite operator is 30 and the threshold value used in 
segmentation is 0. 

4.1 REAL SAR IMAGES 

    In the four experiments with real SAR images, the 
population size is 100, the number of generations is 100, 
the crossover rate is 0.6, the mutation rate is 0.1 and the 
selection type is tournament selection. In each experi-
ment, GP is invoked ten times with the same parameters 
and the experimental results from one run and the average 
performance of ten runs are reported in Table 1. We select 
the run in which GP finds the best composite operator 
among the composite operators found in all ten runs to re-
port. The first two rows show the fitness value of the best 
composite operator and population fitness value (average 
fitness value of all composite operators in the population) 
in the initial and final generations in the selected run. The 
numbers in the parenthesis in the “Best fitness” columns 
are the fitness values of the best composite operators on 
the testing SAR images. The last two rows show the aver-
age values of the above fitness values over all ten runs. 
The regions extracted during the training and testing by 
the best composite operator from the selected run are 
shown in the following examples. 

�� Example 1.  Road Extraction:  Three images con-
tain road. The first one contains horizontal paved road and 
field; the second one contains vertical paved road and 
grass; the third one contains unpaved road and field. 
Training is done using the image shown in Figure 1(a) 
and testing is performed on images shown in Figure 3(a) 
and 3(c). Figure 1(b) show the ground truth provided by 
the user, and the white region corresponds to the road. 

    The generational GP was used to generate a composite 
operator to extract the road. The fitness threshold value is 
0.90. Figure 1(c) shows the output image (corresponding 
to training image 1(a)) of the best composite operator in 
the initial population, and Figure 1(d) shows the binary 
image after segmentation. The output image has both 
positive pixels in lighter shade and negative pixels in 
darker shade. Positive pixels belong to the region to be 
extracted. The fitness value of the best composite operator 
in the initial population is 0.47 and the population fitness 
value is 0.19. Figure 1(e) shows the output image of the 
best composite operator after 100 generations and Figure 
1(f) shows the binary image after segmentation. The fit-
ness value of the best composite operator in the final 
population is 0.92 and the population fitness value is 0.89. 
The best composite operator has 30 internal nodes and its 
depth is 21. It has eight leaf nodes, two contains the origi-
nal image and the other six contain 5�5 mean images,  



 

 

 

 

 

 

 

 

 

 

 
Ta ramming on Vari ous Examples of SAR Images.
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which are very useful in the noise reduction. It is shown 
in Figure 2, where PM_IM0 is original image and 
PF_IM3 is 5� 5 mean image. It is possible to have a more 
compact tree representation of this composite operator. 
    We applied the composite operator obtained in the 
above training to the other two real SAR images shown in 
Figure 3(a) and 3(c). Figure 3(b) shows the region ex-
tracted by the composite operator from Figure 3(a) and 
the fitness value of the region, which is 0.92. Figure 3(d) 
shows the region extracted by the composite operator 
from Figure 3(c) and the fitness value of the region, 
which is 0.89. 

(a) paved ro

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
�� Example 2. Lake Extracti on: Two SAR images 
contain lake. The first one contains a lake and field, and 
the second one contains a lake and grass. Figure 4(a) 
shows the original image containing lake and field. Figure 
4(b) shows the ground truth provided by the user, and the 
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Figure 3. Testing real SAR images and corresponding 
road detection results. 
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white region corresponds to the lake to be extracted. Fig-
ure 5(a) shows the image containing lake and grass.  Learned composite operator tree in 

LISP notation. 



    We used the SAR image containing the lake and field 
as the training image and applied the composite operator 
generated by GP to the SAR image containing the lake 
and grass. The steady-state GP was used to generate the 
composite operator and the fitness threshold value is 0.95. 
Figure 4(c) shows the region extracted by the best com-
posite operator in the initial population after segmenta-
tion. The fitness value of the best composite operator in 
the initial population is 0.65 and the population fitness 
value is 0.42. Figure 4(d) shows the region extracted by 
the best composite operator in the final population (it is 
found after 65 generations) after segmentation. The fit-
ness value of the best composite operator in the final 
population is 0.93 and the population fitness value is 0.92.  

   We then applied the composite operator to the image 
containing a lake and grass. Figure 5(b) shows region ex-
tracted and its fitness value 0.92. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

�� Example 3.  River Extracti on: We have two SAR 
images containing river and field. Figure 6(a) and 7(a) 
show the original images and Figure 6(b) and 7(b) show 
the ground truth provided by the user. The white region in 
Figure 6(b) and 7(b) corresponds to the river to be ex-
tracted. The SAR image shown in Figure 6(a) was used as 
the training image by GP. GP generated a composite op-
erator to extract the river in the image. Then the compos-

ite operator was applied to the SAR image shown in Fig-
ure 7(a) to test its efficacy in extracting the river. 
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    The steady-state GP was used to generate the compos-
ite operator and the fitness threshold value is 0.85. Figure 
6(c) shows the region extracted by the best composite op-
erator in the initial population after segmentation. The fit-
ness value of the best composite operator in the initial 
population is 0.43 and the population fitness value is 0.21. 
Figure 6(d) shows the region extracted by the best com-
posite operator in the final population (it was found after 
40 generations) after segmentation. The fitness value of 
the best composite operator in the final population is 0.74 
and the population fitness value is 0.68. The fitness value 
of the best composite operator in the final population is 
not very good. Two reasons account for this. First, the 
river in Figure 6(a) accounts for only a small percentage 
of the total area in the image. Second, there are some is-
lands in the river. These islands are similar to the field, 

(a) lake vs. field (b) ground truth 

Figure 6.  Training real SAR images containing 
river. 

(b) ground truth(a) river vs. field

(d) final segmented
image 

(c) initial segmented 
image 

Figure 4.  Real SAR image containing lake and field. 

(c) composite 
operator output 

(d) segmented image 
(fitnesss 0.84) 

Figure 7. Testing real SAR images containing river. 

(a) lake vs. grass (b) segmented image 
(fitn ess 0.92)

Figure 5. Testing Real SAR image containing lake and 
grass. 



i.e., pixels belong to the islands have similar pixel values 
to those belong to the field, but they are not excluded 
from the ground truth. 

   We applied the composite operator to the image shown 
in Figure 7(a). Figure 7(c) shows the output image of  the 
composite operator. Figure 7(d) shows the region ex-
tracted after segmentation and its fitness value 0.84. This 
number is larger than the fitness value in the training. The 
main reason is that the river in Figure 7(a) accounts for a 
much larger percentage of the total area of the image than 
that in Figure 6(a). 
 
�� Example 4.  Field Extracti on: Two SAR images 
contain field and grass. Figure 8(a) and 9(a) show the 
original images and Figure 8(b) and 9(b) show the ground 
truth. The white region in Figure 8(b) and 9(b) corre-
sponds to the field to be extracted. We consider extracting 
field from a SAR image containing field and grass as the 
most difficult task among the four experiments with the 
SAR images, since the grass and field are similar to each 
other. We used the SAR image in Figure 8(a) as the train-
ing image and applied the composite operator generated 
by GP to the SAR image in Figure 9(a).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    The generational genetic programming was used to 
generate the composite operator and the fitness threshold 
value is 0.85. Figure 8(c) shows the output image of the 
best composite operator in the initial population. The fit-

ness value of the best composite operator in the initial 
population is 0.62 and the population fitness value is 0.44. 
Figure 8(d) shows the region extracted after segmentation. 
Figure 8(e) shows the output image of the best composite 
operator in the final population and Figure 8(f) shows the 
region extracted after segmentation. The fitness value of 
the best composite operator in the final population is 0.87 
and the population fitness value is 0.86. Figure 8(c) is 
very dark. One may not see anything meaningful in this 
image. The reason is that almost all the pixels in this im-
age have very low pixel values. Some pixels have positive 
pixel values, but the pixel values are close to 0. 

    We applied the composite operator to the image in Fig-
ure 9(a). Figure 9(c) shows the output image of the com-
posite operator. Figure 9(d) shows the region extracted af-
ter segmentation and its fitness value 0.68. 
 
 
 
 
 
 
 
 (a) field vs. grass (b) ground truth
 
 
 
 
 
 
 

(a) field vs. grass (b) ground truth  
 
 
 
 
 
4.2 COLOR IM AGES 

    In this subsection, we attempt to generate a composite 
operator to extract the shadow of a person from an RGB 
color image. The generated composite operator was then 
tested on two other similar images. 

     Figure 10 shows the image used for training and the 
ground truth provided by the user. We don’ t show a color 
image, rather the RED, GREEN and BLUE planes of the 
color image in Figure 10(a), 10(b), 10(c) respectively. 
The RED, GREEN and BLUE planes of the color image 
are gray scale intensity images and they are used as primi-
tive feature images in this experiment.  

    The generational genetic programming was used to 
generate the composite operator. The population size is 
200, the number of generation is 200, the fitness threshold 
value is 0.80, the crossover rate is 0.1 and the mutation 
rate is 0.05.  

     Figure 10(e) shows the region extracted by the best  

Figure 9. Testing real SAR image containing field and 
grass. 

(c) composite operator 
output 

(d) final segmentation 
(fitn ess 0.68) 

(c) composite operator 
output (initia l) 

(d) best initial 
segmentation 

(e) composite operator 
output (final) 

(f) best final 
segmentation

Figure 8.  Training real SAR image containing field 
and grass. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
composite operator in the initial population after segmen-
tation. The fitness value of the best composite operator in 
the initial population is 0.28 and the population fitness 
value is 0.16. Figure 10(f) shows the region extracted by 

the best composite operator in the final population after 
segmentation. The fitness value of the best composite op-
erator in the final population is 0.80 and the population 
fitness value is 0.76. GP found a good composite operator 
to extract the shadow. 
    The composite operator generated by GP was then ap-
plied to another two similar color images to test its effi-
cacy in extracting the shadow. The GREEN planes of 
these two color images are shown in Figures 11(a) and 
11(b). When the composite operator is applied to extract 
shadow regions in these two color images, the RED, 
GREEN and BLUE planes of the color images are the 
primitive feature images used by the composite operator. 
The testing results are shown in Figure 11(c) and Figure 
11(d). The fitness values for these two results were 0.76 
and 0.54 respectively. It can be seen from these images 
that the composite operator generated by GP is capable of 
extracting shadows in the color images similar to the 
color image used in training. 

(a) RED plane (b) GREEN plane

(c) BLUE plane (d) ground truth  

5     CONCLUSIONS 

    Our experimental results show that the primitive opera-
tors selected by us are effective. GP can find good com-
posite operators to extract the regions of interest in an im-
age and the composite operators can be applied to extract 
ROIs in other similar images. In our experiments, we did 
not find any significant difference between the steady-
state and generational genetic programming algorithms. 
In the future, we plan to extend this work by designing 
smart crossover and mutation operators and discovering 
new features within the regions of interest for automated 
object recognition. 

(e) initia l segmentation (f) final segmentation

Figure 10. RED, GREEN and BLUE planes of RGB 
color image used in training. 
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Abstract

This study examines the potential of Grammatical
Evolution to uncover a series of useful rules which
can assist in predicting corporate failure using in-
formation drawn from Þnancial statements. A sam-
ple of 178 publically quoted, failed and non-failed
US Þrms, drawn from the period 1991 to 2000 are
used to train and test the model. The preliminary
Þndings indicate that the methodology has much
potential.

1 Introduction

The objective of this study is to determine whether an evolu-
tionary automatic programming methodology, Grammatical
Evolution, is capable of uncovering useful structure in Þnan-
cial ratio information which can be used to predict corporate
failure.

Corporate failure is an essential component of an efÞcient
market economy, allowing the recycling of Þnancial, human
and physical resources into more productive organisations
[10] [32]. However, many parties including shareholders,
providers of debt Þnance, employees, suppliers, customers,
managers and auditors have an interest in the Þnancial health
of organisations as corporate failure can impose signiÞcant
privatecosts on all these groups. Even where total failure can
be averted by Þrm reorganization, the costs of major restruc-
turing can be as high as 12% to 19% of Þrm value [41]. If a
trajectory leading to corporate failure can be identiÞed sufÞ-
ciently early to allow successful intervention, these costs can
be reduced. [14] suggest that indicators of corporate failure
can be present up to ten years prior to Þnal failure, provid-
ing an opportunity for construction of models which predict
corporate failure.

Corporate failure can arise for many reasons. It may occur
due to a single catastrophic event or it may be the end result
of a lengthy process of decline. Under the second perspective,
corporate failure is a process which starts with management

defects, leading to poor decisions, leading to Þnancial dete-
rioration and Þnally resulting in corporate collapse [3] [20].
Most attempts to predict corporate failure implicitly assume
that management decisions critically impact on Þrm perfor-
mance [5] [20]. The premise of this paper is that a series of
poor decisions lead to a deterioration in the Þnancial health of
the Þrm and Þnally to its demise. Although the decisions are
not directly observable, their consequent affect on the Þnan-
cial health of the Þrm can be observed.

Previous studies have utilised a wide variety of explanatory
variables in the construction of corporate distress models1,
including variables drawn from the Þnancial statements of
Þrms, from Þnancial markets, general macro-economic vari-
ables [29], and non-Þnancial, Þrm-speciÞc information, in-
cluding director turnover [27]. In this study, we limit our at-
tention to information drawn from the Þnancial statements of
Þrms.

1.1 Potential for application of evolutionary automatic
programming

There are a number of reasons to suppose that the use of an
evolutionary automatic programming (EAP) approach such as
Genetic Programming (GP) or GE can prove fruitful in the
prediction of corporate failure. The problem domain is char-
acterised by a lack of a strong theoretical framework, with
many plausible, competing explanatory variables. The selec-
tion of quality explanatory variables and model form repre-
sents a high-dimensional combinatorial problem, giving rise
to potential for an EAP methodology. Use of EAP also facil-
itates the development of complex Þtness functions including
discontinuous, non-differentiable functions. This is of partic-
ular importance in a prediction domain as Þtness criteria may
be complex. Generally, the cost of misclassiÞcations of fail-
ing / non-failing Þrms will be asymmetric. Another useful
feature of an EAP approach is that it can produce human-
readable rules that have the potential to enhance understand-
ing of the problem domain.

1[3] and [22] provide good reviews of the development of empir-
ical research in bankruptcy prediction.



1.2 Motivation for study

This study was motivated by a number of factors. Although a
substantial volume of research utilising traditional statistical
modelling techniques has been undertaken in the corporate
failure domain, to date only a limited number of studies have
applied GA / GP methodologies [39] [19] [6]. This study
builds on these initial studies and adopts a novel evolutionary
automatic programming approach.

1.3 Structure of paper

This contribution is organised as follows. Section 2 provides a
short discussion of prior literature in the corporate failure do-
main and outlines the deÞnition of corporate failure employed
in this study. Section 3 provides an introduction to Grammat-
ical Evolution. Section 4 describes both the data utilised, and
the model development process adopted in this paper. Section
5 provides the results of the constructed model. Finally, con-
clusions and a discussion of the limitations of the contribution
are provided in Section 6.

2 Background

Formal research into the prediction of corporate failure has
a long history [12] [35] [16]. Early statistical studies such
as [7], adopted a univariate methodology, identifying which
accounting ratios had greatest classiÞcation accuracy when
identifying failing and non-failing Þrms. Although this ap-
proach did demonstrate classiÞcation power, it suffers from
the shortcoming that a single weak Þnancial ratio may be off-
set (or exacerbated) by the strength (or weakness) of other
Þnancial ratios. [1] addressed this issue by employing a lin-
ear discriminant analysis (LDA) model, which utilised both
Þnancial and market data concerning a Þrm, and this was
found to improve the classiÞcation accuracy of the developed
models. The discriminant function which produced the best
classiÞcation performance in AltmanÕs 1968 study was:

Z = : 012 X

1

+ : 014 X

2

+ : 033 X

3

+ : 006 X

4

+ : 999 X

5

where:
X

1

= working capital to total assets

X

2

= retained earnings to total assets

X

3

= earnings before interest and taxes to total assets

X

4

= market value of equity to book value of total debt

X

5

= sales to total assets

LDA assumes both multi-variate normality and the equality
of the covariance matrices of each classiÞcation group. Gen-
erally, these assumptions do not hold for Þnancial ratio data.
Other statistical methodologies which have been applied in-
clude logit and probit regression models [13] [42] [24]. In
recent times, methodologies applied to this problem domain

have included neural networks [34] [33] [40], genetic algo-
rithms [39] [19] and hybrid neural network / genetic algorithm
models [6].

2.1 De�nition of Corporate Failure

No unique deÞnition of corporate failure exists [3]. Possi-
ble deÞnitions range from failure to earn an economic rate of
return on invested capital given the risk of the business, to
legal bankruptcy followed by liquidation of the ÞrmÕs assets.
Any attempt to uniquely deÞne corporate failure is likely to
prove problematic. While few publicly quoted companies fail
in any given year2, poorer performers are liable to acquisition
by more successful Þrms. Thus, two Þrms may show a sim-
ilar Þnancial trajectory towards failure, but one Þrm may be
acquired and Ôturned-aroundÕ whilst the other may fail.

The deÞnition of corporate failure adopted in this study is
the entry of a Þrm into Chapter 7 or Chapter 11 of the US
Bankruptcy code. The selection of this deÞnition provides
an objective benchmark as the occurrence, and date of oc-
currence, of either of these events can be determined through
examination of regulatory Þlings. Chapter 7 covers corpo-
rate liquidations and Chapter 11 covers corporate reorgani-
zations, which usually follow a period of Þnancial distress.
Under Chapter 11, management is required to Þle a reorgan-
isation plan in bankruptcy court and seek approval for this
plan. When the court grants approval for the plan the Þrm is
released from Chapter 11 bankruptcy and continues to trade.
In most cases, Chapter 11 reorganisations involve signiÞcant
Þnancial losses for both shareholders [30] and creditors [11]
of the distressed Þrm. [23], in a study of the outcomes of
Chapter 11 Þlings, found that Ôthere were few sucessful re-
organisationsÕ (p. 125), despite a perception that some man-
agement teams were using Chapter 11 Þlings as a deliberate
strategy for dealing with certain Þrm speciÞc events such as
onerous labor contracts or produce liability claims3.

2.2 Explanatory variables utilised in prior literature

Five groupings of explanatory variables, drawn from Þnancial
statements, are given prominence in prior literature [4]:

i. Liquidity

ii. Debt

iii. ProÞtability

iv. Activity / EfÞciency

v. Size
2[42] reports that this rate is less than 0.75% in the US and [22]

suggests that the rate is below 2% in the UK.
3[23] report that out of a sample of 73 Þrms entering Chapter 11

between 1980 and 1986, only 44 were sucessfully reorganized with
only 15 of these Þrms emerging from Chapter 11 with more than
50% of their prebankruptcy assets.



Liquidity refers to the availability of cash resources to meet
short-term cash requirements. Debt measures focus on the
relative mix of funding provided by shareholders and lenders.
ProÞtability considers the rate of return generated by a Þrm, in
relation to its size, as measured by sales revenue and/or asset
base. Activity measures consider the operational efÞciency of
the Þrm in collecting cash, managing stocks and controlling
its production or service process. Firm size provides infor-
mation on both the sales revenue and asset scale of the Þrm
and also provides a proxy metric on Þrm history. The group-
ings of potential explanatory variables can be represented by
a wide range of individual Þnancial ratios, each with slightly
differing information content. The groupings themselves are
interconnected, as weak (or strong) Þnancial performance in
one area will impact on another. For example, a Þrm with a
high level of debt, may have lower proÞtability due to high in-
terest costs. Whatever modelling methodology is applied, the
initial problem is to select a quality set of model inputs from
a wide array of possible Þnancial ratios, and then to combine
these ratios using suitable weightings in order to construct a
high quality classiÞer. Given the large search space, an evo-
lutionary automatic programming methodology has promise.

2.3 Results of Prior Literature

Earlier studies [1] [2] [3] [4] [9] [6] have suggested that the
classiÞcation accuracy of failure models increases rapidly as
the date of Þnal failure approaches. Generally, results indi-
cate that the most signiÞcant deterioration in Þnancial ratios
occurs in the third year prior to eventual failure. Although
sample sizes, dates and methodologies differ between studies,
these Þndings have been replicated in a broad series of stud-
ies. In AltmanÕs 1968 study [1], the developed LDA model
correctly identiÞed (in-sample) 95% of failing Þrms one year
prior to failure. The classiÞcation accuracy fell to 72% and
48% in the second and third year prior to failure. [2] demon-
strated a classiÞcation accuracy (in-sample) of approximately
93% in the year prior to failure declining to 68% four years
prior to failure. [40] report in-sample classiÞcations of 98.7%
for a neural network model, one-year prior to failure, and 95%
for a logit model on the same data. [39] reports in-sample
classiÞcation accuracy for a GA based model of approxi-
mately 97%, one year prior to failure. In-sample classiÞcation
accuracies provide a limited assessment of model generalis-
ability. Enhanced in-sample classiÞcation accuracies could
result from data-mining. Hence, in this study, developed mod-
els are solely assessed based on classiÞcation performance on
out-of-sample data.

A description of the evolutionary automatic programming
system used to evolve rules for prediction of corporate fail-
ure is provided in the next section.

3 Grammatical Evolution

Grammatical Evolution (GE) is an evolutionary algorithm
that can evolve computer programs in any language. Rather
than representing the programs as syntax trees, as in tradi-
tional GP [18], a linear genome representation is adopted. A
genotype-phenotype mapping process is used to generate the
output program for each individual in the population. Each in-
dividual, a variable length binary string, contains in its codons
(groups of n-bits, where n equals 8 here) the information to se-
lect production rules from a Backus Naur Form (BNF) gram-
mar. The BNF is a plug-in component to the mapping process,
that represents the output language in the form of production
rules. It is comprised of a set of non-terminals that can be
mapped to elements of the set of terminals, according to the
production rules.

An example excerpt from a BNF grammar is given below.
These productions state that S can be replaced with either one
of the non-terminalsexpr , if-stmt , or loop .

S ::= expr (0)
| if-stmt (1)
| loop (2)

The grammar is used in a generative process to construct
a program by applying production rules, selected by the
genome, beginning from the start symbol of the grammar.

In order to select a rule in GE, the next codon value on the
genome is read and placed in the following formula:

R ul e = C odon V al ue M O D # R ul es

If the next codon integer value was 4, given that we have
3 rules to select from as in the above example, we get
4 M O D 3 = 1 . S will therefore be replaced with the
non-terminalif-stmt .

Beginning from the left hand side of the genome codon in-
teger values are generated and used to select rules from the
BNF grammar, until one of the following situations arise:

i. A complete program is generated. This occurs when all
the non-terminals in the expression being mapped, are
transformed into elements from the terminal set of the
BNF grammar.

ii. The end of the genome is reached, in which case the
wrapping operator is invoked. This results in the re-
turn of the genome reading frame to the left hand side
of the genome once again. The reading of codons will
then continue unless an upper threshold representing the
maximum number of wrapping events has occurred dur-
ing this individualÕs mapping process. This threshold is
currently set to ten events.

iii. In the event that a threshold on the number of wrap-
ping events is exceeded and the individual is still incom-



pletely mapped, the mapping process is halted, and the
individual assigned the lowest possible Þtness value.

GE uses a steady state replacement mechanism, such that,
two parents produce two children the best child replacing the
worst individual in the current population if the child has a
greater Þtness. In the case where both children have the same
Þtness and are better than the current population worst, a child
is chosen at random. The standard genetic operators of point
mutation, and crossover (one point) are adopted. It also em-
ploys a duplication operator that duplicates a random number
of codons and inserts these into the penultimate codon posi-
tion on the genome. A full description of GE can be found in
[26] [25] [31].

4 Problem Domain & Experimental Approach

This section describes both the data utilised by, and the model
development process adopted in, this study.

4.1 Sample De�nition and Model Data

A total of 178 Þrms were selected judgementally (89 failed,
89 non-failed), from the Compustat Database [8]4. The crite-
ria for selection of the failed Þrms were:

i. Inclusion in the Compustat database in the period 1991-
2000

ii. Existence of required data for a period of three years
prior to entry into Chapter 7 or Chapter 11

iii. Sales revenues must exceed $1M

The Þrst criterion limits the study to publicly quoted, US cor-
porations. The second criterion injects an element of bias into
the sample in that companies without a three year Þnancial
history prior to entering Chapter 7 or Chapter 11 are omitted.
Twenty-two potential explanatory variables, are collected for
each Þrm for the three years prior to entry into Chapter 7 or
Chapter 115. For every failing Þrm, a matched non-failing
Þrm is selected. They are matched both by industry sector
and size (sales revenue three years prior to failure)6. The set
of 178 matched Þrms are randomly divided into model build-
ing (128 Þrms) and out-of-sample (50 Þrms) datasets. The
dependant variable is binary (0,1), representing either a non-
failed or a failed Þrm.

4Firms from the Þnancial sector were excluded on grounds of
lack of comparability of their Þnancial ratios with other Þrms in the
sample.

5The date of entry into Chapter 7 or Chapter 11 was determined
by examining regulatory Þlings for each Þrm.

6It is recognised that the use of an equalised, matched sample
entails sampling bias and eliminates Þrm size and industry nature as
potential explanatory variables (see [22] for a detailed discussion of
these points). It is noted that utilising an unmatched sample imposes
its own bias.

The choice of explanatory variables is hindered by the lack of
a clear theoretical framework which explains corporate fail-
ure [5] [38] [40]. Most empirical work on corporate failure
adopts an ad-hoc approach to variable selection. Prior to the
selection of the potential explanatory variables for inclusion
in this study, a total of ten previous studies were examined
[7] [1] [2] [9] [24] [33] [17] [6] [37] [21]. These studies em-
ployed a total of 58 distinct ratios divided amongst the Þve
classiÞcations noted by [4]. A subset of 22 of the most com-
monly used Þnancial ratios was selected for this study. The
selected ratios were:

i. EBIT / Sales

ii. EBITDA / Sales

iii. EBIT / Total Assets

iv. Gross ProÞt / Sales

v. Net Income / Total Assets

vi. Net Income / Sales

vii. Return on Assets

viii. Return on Equity

ix. Return on Investment

x. Cash / Sales

xi. Sales / Total Assets

xii. Inventory / Cost of Goods Sold

xiii. Inventory / Working Capital

xiv. Fixed Assets / Total Assets

xv. Retained Earnings / Total Assets

xvi. Cash from Operators / Sales

xvii. Cash from Operations / Total Liabilities

xviii. Working Capital / Total Assets

xix. Quick Assets / Total Assets

xx. Total Liabilities / Total Assets

xxi. Leverage

xxii. EBIT / Interest

5 Results

Accuracy of the developed models is assessed based on the
overall classiÞcation accuracy arising in both the model-
building and out-of-sample datasets. For simplicity, the cost
of each type of classiÞcation error is assumed to be symmet-
ric in this study. The Þtness function could be easily altered
to bias the model development process to minimise a speciÞc
type of classiÞcation error if required, and later studies will
address this issue.

The classiÞcation problem which plays an important role in
decision-making, consists of assigning observations to dis-
joint groups [28]. The decision scenario faced in this study



comprises a binary classiÞcation. In general, the construc-
tion of classiÞer systems such as linear discriminant analysis,
logit or ANN models consists of two components, the deter-
mination of a valuation rule which is applied to each observa-
tion, and the determination of a Ôcut-offÕ value. The grammar
adopted in this study is given below and its output is inter-
preted using a Þxed 0.5 cut-off value to produce a classiÞca-
tion.

lc : output = expr ;
expr : ( expr ) + ( expr )

| coeff * var
var : var1[index] | var2[index] | var3[index]

| var4[index] | var5[index] | var6[index]
| var7[index] | var8[index] | var9[index]
| var10[index] | var11[index] | var12[index]
| var13[index] | var14[index] | var15[index]
| var16[index] | var17[index] | var18[index]
| var19[index] | var20[index] | var21[index]
| var22[index]

coeff : ( coeff ) op ( coeff )
| float

op : + | - | *
float : 20 | -20 | 10 | -10 | 5 | - 5 | 4 | -4

| 3 | -3 | 2 | -2 | 1 | -1 | .1 | -.1

The above grammar generates classiÞers of the form:

output = ( < some expr ession > � v ar X ) + ::

+ ( < some expr ession > � v ar Y )

Any combination of the twenty two explanatory variables can
be exploited by an evolved classiÞer, including zero or more
occurrences of any one variable. This is in contrast to an LDA
approach where classiÞers would generally utilise all the ex-
planatory variables within the expression. In the LDA case,
of course some of those variables could beswitched offby
multiplying their value by zero.

Three series of models were constructed using explanatory
variables drawn from one, two and three years (T1, T2 and
T3) prior to failure. For each set of models, 30 runs were
conducted using population sizes of 500, running for 100 gen-
erations, adopting one-point crossover at a probability of 0.9,
and bit mutation at 0.01, along with a steady state replacement
strategy.

A plot of the mean average and mean best Þtness values over
the 30 runs for each time period can be seen in Figure 1.

Years Prior to Failure In Sample Out Of Sample
1 85.9% 80%
2 82.8% 80%
3 75.8% 70%

Table 1: The best classiÞcation accuracies reported for each
of the three years prior to failure.

The best individuals evolved for each period are reported in
Table71. In-sample it can be seen that the performance of the

7Calculation of PressÕs Q statistic [15] for each of these mod-

models generated falls off gracefully as we move out each
year. It is interesting to note that out-of-sample there is no
performance difference between the evolved models in peri-
ods T1 and T2, both giving 80% correct classiÞcations.

The best classiÞers evolved for each period are given in Table
2.

5.1 Discussion

The classiÞcation results of the evolved models show
promise. Despite drawing a sample from a wide variety of
industrial sectors, the models demonstrate a high classiÞca-
tion accuracy in and out-of-sample, which degrades grace-
fully rather than suddenly in the third year prior to failure.
Although the evolved models were free to select from twenty-
two potential explanatory variables, it is notable that each
model only employed a small subset of these. This lends sup-
port to the proposition that many Þnancial ratios have similar
information content and that classiÞcation accuracy is not en-
hanced through the construction of models with a large num-
ber of these ratios. It is also notable that each model has (ap-
proximately) included one variable drawn from the four main
categories of explanatory variables suggested in the corpo-
rate failure literature (Liquidity, Debt, ProÞtability, and Ac-
tivity/EfÞciency), lending empirical support to earlier work8.

The risk factors suggested by each model differ somewhat and
contain some less-intuitive but nonetheless plausible Þndings.

Examining the best classifer evolved for T1 suggests that risk
factors include low return on assets, low retained earnings
and a high ratio of total liabilities to total assets, which con-
cords with Þnancial intuition. Less obviously, a high ratio
of inventory to net liquid assets (inventory+receivables+cash-
payables) is also a risk factor, possibly resulting from deple-
tion of cash or build-up of inventories as failure approaches.

Risk factors for Þrms at T2 include low return on assets and
a low ratio of earnings to interest costs. Less intuitive risk
factors indicated are a low ratio of Þxed assets to total assets
and a high ratio of sales to total assets. The former could in-
dicate Þrms with a lower safety cushion of saleable resources
which could be sold to stave-off collapse, the latter could be
serving as a proxy variable for Þrms with rapid sales growth.
Over-rapid sales growth can be a danger signal, indicating that
management resources are being spread too-thinly.

Finally, risk factors indicated for Þrms at T3 include low re-
turn on assets, a low ratio of proÞt to interest charge, a low
level of cash generated from operations and as for T2, a high
ratio of sales to total assets.

Although each model is evolved seperately, the general form
of each model appears consistent with the hypothesis that

els rejects a null hypothesis, at the 5% level, that the out-of-sample
classiÞcation accuracies are not signiÞcantly better than chance.

8Size, the Þfth category, is not considered in this study due to the
matching process utilized.
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Figure 1: A comparison of the mean best Þtness between T1, T2, and T3 (left), and of the mean average Þtness values (right)
for the same time periods.

Years Prior to Failure Best Classi�er
1 output = -3*var7-5*var8+3*var17-20*var19+4*var24
2 output = -2*var8+10*var15-10*var18-2*var25
3 output = -4*var8+20*var15-72.9*var20-10*var25

Table 2: The best classiÞers evolved for each of the years analysed.

there is a Þnancial trajectory towards failure. Low proÞts
and high interest payments as a percentage of proÞts in pe-
riods T3 and T2 indicate a Þrm in Þnancial difÞculties, with
an erosion of the safety cushion provided by high levels of
(saleable) Þxed assets indicated in the risk factors at T2. The
Þnal year prior to failure sees additional risk factors indicated
by high levels of debt and reducing cash balances / inventory
build-up.

6 Conclusions & Future Work

GE was shown to successfully evolve useful rules for pre-
diction of corporate failure with a performance equivalent to
that reported in prior studies. In assessing the performance of
the developed models, a number of caveats must be borne in
mind. The premise underlying this paper (and all empirical
work on corporate failure prediction) is that corporate failure
is a process, commencing with poor management decisions,
and that the trajectory of this process can be tracked using ac-
counting ratios. This approach does have inherent limitations.
It will not forecast corporate failure which results from a sud-
den environmental event. It is also likely that the explanatory
variables utilised contain noise. Commentators [5] [36] have
noted that managers may attempt to utilise creative account-
ing practices to manage earnings and / or disguise signs of
distress. Additionally, Þnancial data is produced on a time-
lagged basis. Although not undertaken in this preliminary
study, the incorporation of non-Þnancial qualitative explana-
tory variables or variables related to the ÞrmÕs share price per-

formance could further improve classiÞcation accuracy. An-
other limitation of all models of corporate distress is that the
underlying relationships may not be stationary [4] [17]. Ac-
counting standards and economic environment faced by Þrms
will vary over time. Finally, the Þrms sampled in this study
are relatively large and are publically quoted. Thus, the Þnd-
ings of this study may not extend to small businesses.

Despite these limitations, the high economic and social costs
of corporate failure imply that models which can indicate de-
clining Þnancial health will have utility. Given the lack of a
clear theory underlying corporate failure, empirical modelling
usually adopts a combinatorial approach, a task for which GE
is well suited. The results of this preliminary study indicate
that GE has useful potential for the construction of corporate
failure models.
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Abstract

The FIRST survey (Faint Imagesof the Ra-
dio Sky at Twenty-cm) is scheduled to cover
10,000 square degreesof the northern and
southern galactic caps. Until recently , as-
tronomers classi¯ed radio-emitting galaxies
through a visual inspection of FIRST im-
ages. Besidesbeing subjective, prone to er-
ror and tedious, this manual approach is be-
coming infeasible: upon completion, FIRST
will include almost a million galaxies. This
paper describes the application of six meth-
ods of evolving neural networks (NNs) with
genetic algorithms (GAs) to identify bent-
double galaxies. The objective is to demon-
strate that GAs can successfully address
somecommonproblems in the application of
NNs to classi¯cation problems,such astrain-
ing the networks, choosing appropriate net-
work topologies, and selecting relevant fea-
tures. The results indicate that most of the
methods we tried performed equally well on
our data, but using a GA to select features
produced the best results.

1 INTR ODUCTION

The Faint Images of the Radio Sky at Twenty-cm
(FIRST) survey (Becker et al., 1995) started in 1993
with the goal of producing the radio equivalent of the
Palomar Observatory Sky Survey. Using the Very
Large Array at the National Radio Astronomy Ob-
servatory, FIRST is scheduled to cover more than
10,000 square degreesof the northern and southern
galactic caps. At present, FIRST has covered about
8,000squaredegrees,producing more than 32,000two-
million pixel images. At a threshold of 1 mJy, there

are approximately 90 radio-emitting galaxies,or radio
sources,in a typical squaredegree.

Radio sourcesexhibit a wide range of morphological
types that provide clues to the source's class, emis-
sion mechanism, and properties of the surrounding
medium. Sourceswith a bent-double morphology are
of particular interest as they indicate the presenceof
clusters of galaxies, a key project within the FIRST
survey. FIRST scientists currently identify the bent-
double galaxies by visual inspection, which|b esides
being subjective, prone to error and tedious|is be-
coming increasingly infeasibleas the survey grows.

Our goal is to bring automation to the classi¯cation
of galaxiesusing techniquesfrom data mining, such as
neural networks. Neural networks (NNs) have been
used successfully to classify objects in many astro-
nomical applications (Odewahn et al., 1992; Storrie-
Lombardi et al., 1992;Adams & Woolley, 1994). How-
ever, the successof NNs largely depends on their ar-
chitecture, their training algorithm, and the choice of
features used in training. Unfortunately, determining
the architecture of a neural network is a trial-and-
error process; the learning algorithms must be care-
fully tuned to the data; and the relevance of features
to the classi¯cation problem may not be known a pri-
ori. Our objective is to demonstrate that genetic al-
gorithms (GAs) can successfullyaddressthe topology
selection, training, and feature selectionproblems, re-
sulting in accurate networks with good generalization
abilities. This paper describes the application of six
combinations of genetic algorithms and neural net-
works to the identi¯cation of bent-double galaxies.

This study is one of a handful that comparesdi®erent
methods to evolve neural nets on the same domain
(Roberts & Turenga, 1995; Siddiqi & Lucas, 1998;
GrÄonross, 1998). In contrast with other studies that
limit their scope to two or three methods, we com-
pare six combinations of GAs and NNs against hand-



designednetworks. Most of the methods we tried per-
formed equally well on our data, but using a GA to se-
lect featuresyielded the best results. The experiments
also show that most of the GA and NN combinations
produced signi¯cantly more accurate classi¯ers than
we could obtain by designingthe networks by hand.

The next section outlines the problem of detecting
bent-double galaxiesin the FIRST data. Section3 de-
scribesseveral existing combinations of GAs and NNs.
Section4 presents our experiments and reports the re-
sults. The paper concludeswith our observations and
plans for future work.

2 FIRST SURVEY DATA

Figure 1 has several examples of radio sourcesfrom
the FIRST survey. While somebent-double galaxies
are relatively simple in shape (examples(a) and (b)),
others, such as the onesin examples(e) and (f ), can
be rather complex. Note the similarit y between the
bent-double in example (a) and the non-bent-double
in example (c).

Data from FIRST are available on the FIRST web site
(sundog.stsci.edu).There are two forms of data avail-
able: imagemapsand a catalog. The imagesin ¯gure 1
are close-upsof galaxies. The catalog (White et al.,
1997)is obtained by ¯tting two-dimensionalGaussians
to each radio sourceon an image map. Each entry in
the catalog corresponds to a single Gaussian.

We decidedthat, initially , we would identify the radio
sourcesand extract the features using only the cata-
log. The astronomers expected that the catalog was
a good approximation to all but the most complex of
radio sources,and several of the featuresthey thought
were important in identifying bent-doubles wereeasily
calculated from the catalog.

We identi¯ed the features for the bent-double prob-
lem through extensive conversations with FIRST as-
tronomers. When they justi¯ed their decisionsof iden-
tifying a radio source as a bent-double, they placed
great importance on spatial featuressuch as distances
and angles. Frequently , the astronomerswould char-
acterizea bent-double as a radio-emitting \core" with
one or more additional components at various angles.

In the past, we have concentrated our work on in-
stancesdescribed by three catalog entries, becausewe
have more labeledexamplesof this type. Our previous
experiencewith this data suggestedthat the best ac-
curaciesare usually achieved using features extracted
considering triplets of catalog entries (as opposed to
pairs or single entries). Therefore, in the remainder

of this paper we focus on the 20 triplet features that
we extracted. A full list of features is described else-
where (Fodor et al., 2000).

Unfortunately, our training set is relatively small,
containing 195 examples for the three-catalog entry
sources. Since the bent- and non-bent-doubles must
be manually labeled by FIRST scientists, putting to-
gether an adequate training set is non-trivial. More-
over, scientists are usually subjective in their labeling
of galaxies,and the astronomersoften disagreein the
hard-to-classify cases. There is also no ground truth
we can use to verify our results. These issuesimply
that the training set itself is not very accurate, and
there is a limit to the accuracywe can obtain.

Among the 195labeledexamplesof 3-entry sources,28
are non-bent and 167 are bent-double galaxies. This
unbalanced distribution in the training set presents
problemsin estimating the accuracyof the NNs, which
are discussedin section 4.

3 GENETIC NEURAL NETW ORKS

Genetic algorithms and neural networks have been
usedtogether in several ways, and this sectionpresents
a brief review of previous work. In particular, GAs
havebeenusedto search for the weights of the network
and to selectthe most relevant featuresof the training
data. GAs have alsobeenusedto designthe structure
of the network. It is well known that to solve non-
linearly separable problems, the network must have
at least one hidden layer betweenthe inputs and out-
puts; but determining the number and the sizeof the
hidden layers is mostly a matter of trial and error.
GAs have been used to search for these parameters,
as well as for the pattern of connectionsand for de-
velopmental instructions to generatea network. The
interested reader may consult the reviews by Branke
(1995), Scha®er(1994) and Yao (1999).

3.1 TRAINING NETW ORKS WITH GAs

Training a NN is an optimization task with the goal of
¯nding a set of weights that minimizes an error mea-
sure. The search spaceis high dimensional and, de-
pending on the error measure,it may contain numer-
ous local optima. Somenetwork training algorithms,
such as backpropagation (BP), use someform of gra-
dient search, and may get trapped in local optima.

A straightforward combination of genetic algorithms
and neural networks is to use the GA to search for
weights that make the network perform as desired.
The architecture of the network is ¯xed by the user
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Figure 1: Example radio sources:(a)-(b) Bent-doubles, (c)-(d) Non-bent doubles, (e)-(f ) Complex Sources

prior to the experiment. In this method, each individ-
ual in the GA represents a vector with all the weights
of the network. There are two popular variations:

² Usethe weights found by the GA without any fur-
ther re¯nement (Caudell & Dolan, 1989;Montana
& Davis, 1988;Whitley & Hanson,1989).

² Usethe GA to ¯nd a promising setof weights from
which a gradient-based method can quickly reach
an optimum (Skinner & Broughton, 1995). The
motivation is that GAs quickly identify promising
regionsof the search space,but they may not ¯ne-
tune parametersvery fast.

These approaches are straightforward and numerous
studies report good results. However, since adjacent
layers in a network are usually fully connected,the to-
tal number of weights is O(n2), wheren is the number
of units. Longer individuals usually require larger pop-
ulations, which in turn result in higher computational
costs. Therefore, the GA may bee±cient for small net-
works, but this method may not scaleup well. Another
drawback is the so-calledpermutations problem (Rad-
cli®e, 1990). The problem is that by permuting the
hidden nodes of a network, the representation of the
weights in the chromosomewould change,but the net-
work is functionally the same.Somepermutations may
not be suitable for GAs becausecrossover might easily
disrupt favorable combinations of weights. To amelio-
rate this problem, Thierens et al. (1991) suggestedto

place incoming and outgoing weights of a hidden node
next to each other, which was the encoding we used.

3.2 FEA TURE SELECTION

Besides searching for weights, GAs may be used to
select the features that are input to the NNs. The
training examplesmay contain irrelevant or redundant
features, but it is generally unknown a priori which
featuresare relevant. Avoiding irrelevant or redundant
featuresis desirablenot only becausethey increasethe
size of the network and the training time, but also
becausethey may reducethe accuracyof the network.

Applying GAs to select features is straightforward
using what is referred to as the wrapper approach:
the chromosome of the individuals contains one bit
for each feature, and the value of the bit deter-
mines whether the feature will be used in the clas-
si¯cation (Brill, Brown, & Martin, 1990; Brotherton
& Simpson, 1995). The individuals are evaluated
by training the networks (that have a predetermined
structure) with the subsetof features indicated by the
chromosome. The resulting accuracy estimate is used
to calculate the ¯tness.

3.3 DESIGNING NETW ORKS WITH GAs

As mentioned before,the topology of a network is cru-
cial to its performance. If a network hastoo few nodes
and connections, it may not be able to learn the re-



quired concept. On the other hand, if a network has
too many nodes and connections, it may over¯t the
training data and have poor generalization. GAs have
beenusedsuccessfullyto design the topology of NNs.
There are two basic approaches for applying GAs to
the design of NNs: use a direct encoding to specify
every connection of the network or evolve an indirect
speci¯cation of the connectivity.

The key idea behind direct encodings is that a neu-
ral network can be regardedasa directed graph where
each node represents a neuron and each edgeis a con-
nection. A common method of representing directed
graphs is with a binary connectivity matrix: the i; j -
th element of the matrix is one if there is an edge
betweennodes i and j , and zero otherwise. The con-
nectivit y matrix can be represented in a GA simply
by concatenating its rows or columns (Miller et al.,
1989;Belew et al., 1990). Using this method, Whitley
et al. (1990) showed that the GA can ¯nd topologies
that learn faster than the typical fully-connected feed-
forward network. The GA can be explicitly biased to
favor smaller networks, which can be trained faster.

A simple method to avoid specifying all the connec-
tions is to commit to a particular topology and learn-
ing algorithm, and then usethe GA to ¯nd the parame-
ter valuesthat completethe network speci¯cation. For
example,with a fully-connected feedforward topology,
the GA may search for the number of layers and the
number of neuronsper layer. Another examplewould
be to code the parametersof a particular learning al-
gorithm, such as the momentum and the learning rate
of BP (Belew et al., 1990;Marshall & Harrison, 1991).
Of course, this method is constrained by the initial
choice of topology and learning algorithm.

Another approach is to use a grammar to encode
rules that govern the development of a network. Ki-
tano (1990) intro ducedthe earliestgrammar-basedap-
proach. He useda connectivity matrix to represent the
network, but insteadof encoding the matrix directly in
the chromosome,the matrix is generatedby a graph-
rewriting grammar. The chromosomescontain rules
that rewrite scalar elements into 2 £ 2 matrices.

In this grammar, there are 16 terminal symbols that
are 2 £ 2 binary matrices. There are 16 non-terminal
symbols, and the rules have the form n ! m, where
n is one of the scalar non-terminals, and m is a 2 £ 2
matrix of non-terminals. There is an arbitrarily desig-
nated start symbol, and the number of rewriting steps
is ¯xed by the user.

To evaluate the ¯tness, the rules are decoded and the
connectivity matrix is developed by applying all the

rules that match non-terminal symbols. Then, the
connectivity matrix is interpreted and the network is
constructed and trained with BP.

Other examplesof grammar-baseddevelopmental sys-
tems are the work of Boers and Kuip er (1992) with
Lindenmayer systems, Gruau's \cellular encoding"
method (Gruau, 1992), and the system of Nol¯, El-
man, and Parisi (1994) that simulates cell growth, mi-
gration, and di®erentiation.

4 EXPERIMENTS

This sectiondetails the experimental methods and the
results that we obtained with six combinations of neu-
ral networks and genetic algorithms.

The programswerewritten in C++ and compiled with
g++ version 2.96. The experiments were executedon
a singleprocessorof a Linux (Red Hat 7.1) workstation
with dual 1.5 GHz Intel Xeon processorsand 512 Mb
of memory. The programs used a MersenneTwister
random number generator.

All the GAs used a population of 50 individuals. We
used a simple GA with binary encoding, pairwise
tournament selection,and multi-p oint crossover. The
number of crossover points was varied in each exper-
iment according to the length of the chromosomes,l .
In all cases,the probabilit y of crossover was 1, and
the probabilit y of mutation was set to 1=l. The initial
population was initialized uniformly at random.

The experiments used feedforward networks with one
hidden layer. All neurons are connected to a \bias"
unit with constant output of 1.0. Unlessspeci¯ed oth-
erwise,the output units areconnectedto all the hidden
units, which in turn are connectedto all the inputs. In
feedforward operation, the units compute their net ac-
tivation as

net =
dX

i =1

x i wi + w0;

where d is the number of inputs to the neuron, x i

is an input and wi is the corresponding weight, w0

is the weight corresponding to the \bias" unit. Each
unit emits an output according to f (net) = tanh(¯ ¤
net); where ¯ is a user-speci¯ed coe±cient. Simple
backpropagation wasusedin someof the experiments.
The weights from the hidden to the output layer were
updated using ¢ wk j = ´ ±k yj = ´ (tk ¡ zk )f 0(netk )yj ;
where´ denotesthe learning rate, k indexesthe output
units, tk the desired output, zk the actual output, f 0

is the derivative of f , and yj is the output of the j -th
hidden unit. The weights from the i -th input to the



hidden layer were updated using

¢ wj i = ´

"
cX

k=1

wk j ±k

#

f 0(net j )x i :

In all experiments, each feature in the data was lin-
early normalized to the interval [¡ 1; 1]. The type of
galaxy was encoded in one output value (-1 for bent
and 1 for non-bent). When backpropagation wasused,
the exampleswere presented in random order for 20
epochs. All the results reported are averagesover 10
runs of the algorithms. Comparisonswere madeusing
standard t-tests with 95% con¯dence.

4.1 FITNESS CALCULA TION

One of the crucial designdecisionsfor the application
of GAs is the calculation of ¯tness valuesfor each mem-
ber of the population. Sincewe are interested in net-
works that predict accurately the type of galaxiesnot
usedin training, the ¯tness calculation must include an
estimate of the generalization abilit y of the networks.

There are multiple ways to estimate generalization.
Since we do not have much training data, hold-out
methods (dividing the data into training and testing
setsand perhapsan additional validation set) are not
practical. To calculate the ¯tness, we used the ac-
curacy estimate of ¯v e-fold crossvalidation trials. In
this method, the data D is divided into ¯v e non-
overlapping sets,D1; :::; D5. At each iteration i (from
1 to 5), the network is trained with DnD i and tested
on D i . The averageof the ¯v e tests wasusedasthe ¯t-
ness.A better estimate of accuracywould be to usean
average of multiple crossvalidation experiments, but
we found the cost excessive.

To correct for the unbalanceddistribution of bent and
non-bent examplesin our training data, we calculate
the accuracy as the geometric mean of the accuracies
of each classof galaxy (bent and non-bent) (Kubat &
Matwin, 1997). Using the geometric mean givesequal
weight to the accuracieson both types of galaxies in
the overall performance.

4.2 TRAINING NETW ORKS WITH GAs

We implemented the ¯rst of the methods described in
section 3.1: the GA was used to ¯nd the network's
weights. The network had 20 inputs that correspond
to each of the features in the data, 25 hidden nodes,
and one output. Each weight was represented with 10
bits, and the range of possibleweights was [¡ 10; 10].

For this experiment, the GA used a population of 50
individuals, each with a length of l = 5510bits (there

are 551total weights). The number of crossover points
was set at 25, and the mutation rate was 0.00018
(¼ 1=l). As in all experiments, pairwise tournament
selectionwithout replacement was used.

The secondtraining method described in section3.1 is
to run BP using the weights represented by the indi-
viduals in the GA to initialize the network. We imple-
mented this method and usedthe samenetwork archi-
tecture and GA parametersas in the ¯rst experiment.
Each network was trained using 20 epochs of BP with
a learning rate ´ of 0.1 and ¯ of 0.4.

The entries Weights and Weights+BP in table 1
present the average accuracy of the best networks
found in each run of the GA for thesetwo setsof exper-
iments. The results highlighted in bold in the table are
the best results and those not signi¯cantly worsethan
the best (according to the t-test, which may detect
more di®erencesthan there actually exist). The addi-
tion of BP producesa signi¯cant improvement in the
bent-double accuracyrate, which is of primary impor-
tance to the astronomers. However, the improvement
in the overall accuracy is not signi¯cant.

4.3 FEA TURE SELECTION

The next combination of GAs and NNs is to use the
GA to selectthe featuresthat will be usedto train the
networks, as described in section 3.2. As in the pre-
vious experiment, we set the number of hidden units
to 25, the learning rate ´ to 0:1 and ¯ to 0.4. The
networks were trained with 20 epochs of BP.

Our data has 20 features, and therefore the chromo-
somesin the GA are 20 bits long. The GA usedone-
point crossover and the sameparametersasin previous
experiments. The accuracy results are labeled Fea-
ture Sel and are signi¯cantly better than the other
results in table 1.

The GAs consistently selectedabout half of the fea-
tures, and frequently selectedfeatures that appear to
be relevant to the identi¯cation of bent-double galax-
ies, such as symmetry measuresand angles.

4.4 DESIGNING NETW ORKS WITH GAs

For our ¯rst application of GAs to network design,the
GA was used to ¯nd the number of hidden units, the
parameters for BP, and the range of initial weights as
described in section 3.3. The learning rate was en-
coded with four bits and the range of possiblevalues
was [0; 1]. The coe±cient ¯ for the activation function
wasalsoencodedwith four bits and its rangewas[0; 1].
The upper and lower rangesfor the initial weights were



encoded with ¯v e bits each and wereallowed to vary in
[¡ 10; 0] and [0; 10], respectively. Finally, the number
of hidden units was represented with seven bits and
could take values in [0; 127].

After extracting the parametersfrom a chromosome,a
network was built and initialized according to the pa-
rametersand trained with 20epochsof BP. There is no
explicit bias to prefer smaller networks, but there is an
implicit bias toward networks that can learn quickly,
sincewe are using only 20 epochs of BP. It is probable
that small networks learn faster than larger ones,and
so it is likely that the GA favors small networks.

The GA usedtwo-point crossover and the sameparam-
etersas in previous experiments. The accuracyresults
are labeled Parameters in table 1. On average,the
best learning rate found by the GA was 0.82 (with
0.06 std. error), which is higher than the usual rec-
ommendation of 0.1{0.2 (Duda, Hart, & Stork, 2001).
Perhaps the learning rate is high becauseof the im-
plicit bias for learning quickly. This bias may also
explain the averagenumber of hidden units being rel-
atively small at 15.6 (std. error 2.8). The average ¯
was 0.16 (0.01), and the range of initial weights was
[¡ 3:51; 3:45] (both with std. errors of 0.4).

The next experiment usedthe GA to search for a con-
nectivit y matrix as described in section 3.3. We ¯xed
the number of hidden units to 25, the learning rate to
0:1 and ¯ to 0.4. The neuronsare numbered consecu-
tiv ely starting with the inputs and followed by the hid-
den units and outputs. The connectivity matrix is en-
coded by concatenatingits rows. Sincewe allow direct
connectionsbetween the inputs and the outputs, the
string length is (hidden + outputs) ¤inputs + hidden ¤
outputs = (26¤20)+ (25¤1) = 545bits. For this longer
string, we use 10 crossover points, and the sameGA
parameters as before. The results corresponding to
this method are labeled Ma trix in table 1.

We also implemented Kitano's graph rewriting gram-
mar method. We limited the number of rewriting steps
to 6, resulting in networks with at most 64units. Since
the chromosomesencode four 2£ 2 binary matrices for
each of the 16 rules, the string length is 256 bits. The
GAs used ¯v e crossover points. The results obtained
with this method are labeled Grammar in table 1.

4.5 COMP ARISON AND DISCUSSION

Table 1 summarizes the results obtained with each
method. The results show few di®erencesamong the
various methods in the accuracyrate for bent-doubles.
While the direct encoding of connections (Ma trix )
has the best accuracy, four other methods do not ap-

pear to be signi¯cantly lessaccurate. In terms of the
accuracyon the non-bents and the overall accuracy, it
is clear that the feature selectionmethod obtained the
best results.

We also performed numerous experiments with net-
works designedby hand. The best parameters that
we could ¯nd for 20 epochs of backpropagation were
those usedin the experiments with the GAs: ¯ = 0:1,
the learning rate was 0.4, and the number of hidden
was 25. The averageof ten 10-fold crossvalidation ex-
periments resulted in an accuracyon the non-bents of
only 16.4% (with std. error of 1.7) and on the bents
of 99.69%(0.16). The overall accuracyestimated with
the geometric mean is a disappointing 23.41%(2.02).

Increasingthe number of training epochs to 100raised
the standard the geometric mean accuracy to 72.69%
(0.32). The accuracy on the non-bents also improved
to 56.7%, while the accuracy on the bents decreased
slightly to 94.38%.

5 CONCLUSIONS

This paper presented a comparisonof six combinations
of GAs and NNs for the identi¯cation of bent-double
galaxies in the FIRST survey. Our experiments sug-
gest that, for this application, some combinations of
GAs and NNs can produceaccurateclassi¯ers that are
competitiv e with networks designedby hand. For our
application, we found few di®erencesamong the GA
and NN combinations that we tried. The only consis-
tently best method wasto usethe GA to selectthe fea-
tures used to train the networks, which suggeststhat
someof the features in the training set are irrelevant
or redundant.

There are several avenues to extend this work. The
highly unbalanced training set presents somedi±cul-
ties that could be avoided or ameliorated by including
moreexamplesof the minorit y class. However, extend-
ing the training set is non-trivial, becausethe labeling
is subjective and disagreements amongthe experts are
common.

Other optimization techniques, evolutionary and tra-
ditional, can be used to train NNs. In this paper we
useda simple genetic algorithm with a binary encod-
ing, but other evolutionary algorithms operate on vec-
tors of real numbers that can be directly mapped to
the network's weights or the BP parameters (but not
to a connectivity matrix, a grammar, or a feature se-
lection application). There are other combinations of
GAs and NNs that we did not include in this study,
but appear promising. For instance, since evolution-
ary algorithms usea population of networks, a natural



Metho d Ben t-Doubles Non-Ben t Ov erall
Weights 86.34(2.83) 78.01 (4.13) 80.98(2.41)

Weights+BP 91.89 (0.67) 75.23(0.87) 81.68(0.53)
Feature Sel 92.99 (0.55) 83.65 (1.41) 87.51 (0.77)
Parameters 92.35 (0.89) 69.13(1.56) 78.76(0.57)

Ma trix 93.58 (0.46) 70.77(1.34) 80.22(0.69)
Grammar 92.84 (0.69) 73.73(1.40) 81.78(0.72)

Table 1: Mean accuracieson the bent and non-bent doubles and overall accuracy for di®erent combinations of
GAs and NNs using the geometric mean of class-wiseaccuraciesas ¯tness. The numbers in parenthesis are the
standard errors, and the results in bold are the best and those not signi¯cantly worsethan the best.

extension of this work would be to use evolutionary
algorithms to create ensembles that combine several
NNs to improve the accuracyof classi¯cations.

A disadvantage of using genetic algorithms in combi-
nation with neural networks is the long computation
time required. This can be an obstacle to applying
thesetechniques to larger data sets,but there are nu-
merousalternativ esto improve the performanceof ge-
netic algorithms. For instance, we could approximate
the ¯tness evaluation using sampling or we can exploit
the inherently parallel nature of GAs using multiple
processors.
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3.2 USING A NICHING METHOD TO FOSTER
THE DISCOVERY OF MULTIPLE RULES

As a result of the above-discussed increase in the
cardinality of the training set, one needs to discover
several rules to cover the examples of each class. (Recall
that this was not the case with the approach described in
section 2, since in that approach it was assumed that a
GA-Small run had to discover a single rule for each
class.) Therefore, in our new GA-Large-SN it is essential
to use some kind of niching method, in order to foster
population diversity and avoid its convergence to a single
rule. In this work we use a sequential niching method
(Beasley et al., 1993). We chose this kind of method for
two reasons. First, its simplicity. Second, and most
important, it does not require the specification of
additional parameters for its execution, unlike well-
known niching methods such as fitness sharing (Goldberg
& Richardson, 1987) and crowding (Mahfoud, 1995).

BEGIN
/* TrainingSet-2 contains all examples belonging to all small disjuncts */
  RuleSet = �‡;
  build TrainingSet-2;
  WHILE cardinality(TrainingSet-2) > 5
      run the GA;
      add the best rule found by the GA to RuleSet;
      remove from TrainingSet-2 the examples
          correctly covered by that best rule;
  END-WHILE
END-BEGIN

Figure 3: GA with sequential niching for discovering
small disjunct rules

The pseudo-code of our GA with sequential niching is
shown, at a high level of abstraction, in Figure 3. It starts
by initializing the set of discovered rules (denoted
RuleSet) with the empty set and building the second
training set (denoted TrainingSet-2), as explained above.
Then it iteratively performs the following loop. First, it
runs the GA, using TrainingSet-2 as the training data for
the GA. The best rule found by the GA (i.e., the best
individual of the last generation) is added to RuleSet.
Then the examples correctly covered by that rule are
removed from TrainingSet-2, so that in the next iteration
of the WHILE loop TrainingSet-2 will have a smaller
cardinality. An example is “correctly covered” by a rule if
the example’s attribute values satisfy all the conditions in
the rule antecedent and the example belongs to the same
class as predicted by the rule. This process is iteratively
performed while the number of examples in TrainingSet-2
is greater than 5. (It is assumed that when the cardinality
of TrainingSet-2 is smaller than 5 there are too few
examples to allow the discovery of a reliable
classification rule.)

It should be noted that the sequential niching method used
in this work is a variation of the one proposed by (Beasley
et al., 1993). The latter actually requires the specification
of a parameter, associated with a distance metric, for
modifying the fitness landscape according to the location
of solutions found in previous iteractions. In order to

implement this parameter, the author uses an Euclidian
distance.

By contrast, there is no need for this kind of parameter in
our version of sequential niching. In order to avoid that
the same search spaced be explored several times, the
examples that are correctly covered by the discovered
rules are removed from the training set. Hence, the nature
of the fitness landscape is automatically updated as rules
are discovered along different iterations of the sequential
niching method.

3.3 MODIFICATION OF THE METHOD USED
TO DETERMINE A RULE’S CONSEQUENT

Each run of GA-Large-SN still discovers a single rule,
and a rule’s consequent (the class predicted by the rule) is
not encoded into the genome, like in the GA-Small
described in section 2. However, unlike GA-Small, in
GA-Large-SN the consequent of each rule is not fixed
upfront for all rules (individuals) in the population.
Rather, the consequent of each rule is dynamically chosen
as a function of the rule’s antecedent. More precisely, a
rule’s consequent is chosen as the most frequent class in
the set of examples covered by that rule’s antecedent.

3.4 A NEW HEURISTICS FOR RULE PRUNING

The GA-Large-SN proposed in this paper uses a new
heuristic measure for rule pruning. This measure is based
on the idea of using the decision tree built by C4.5 to
compute a classification accuracy rate for each attribute,
according to how accurate were the classifications
performed by the decision tree paths in which that
attribute occurs. That is, the more accurate were the
classifications performed by the decision tree paths in
which a given attribute occurs, the higher the accuracy
rate associated with that attribute, and the smaller the
probability of removing that a condition with attr ibute
from a rule. The computation of an accuracy rate for each
attribute is performed by the procedure shown in Figure 4.

The computation of the accuracy rate associated with
each attribute is performed as follows. For each attribute
Ai, the algorithm checks each path of the decision tree
built by C4.5 in order to determine whether or not Ai

occurs in that path. (The term path is used here to refer to
each complete path from the root node to a leaf node of
the tree.) For each path p in which Ai occurs, the
algorithm computes two counts, namely the number of
examples classified by the rule associated with path p,
denoted #Classif(Ai,p), and the number of examples
correctly classified by the rule associated with path p,
denoted #CorrClassif(Ai,p).



BEGIN
   Count_of_Unused_Attr = 0;
   FOR each attribute Ai, i=1,...,m
       IF attribute Ai occurs in at least one path in the tree
          THEN compute the accuracy rate of Ai, denoted Acc(Ai) (see text);
          ELSE increment Count_of_Unused_Attr by 1;
       END-IF
   END-FOR
   Min_Acc = the smallest accuracy rate among all attributes
                      that occur in at least one path in the tree;
   FOR each of the attributes Ai, i=1,...,m, such that Ai

            does not occur in any path in the tree
       Acc(Ai) = Min_Acc / Count_of_Unused_Attr;
   END-FOR
                        m

   Total_Acc = �6 Acc(Ai) ;
                        i=1

   FOR each attribute Ai, i=1,...,m
        Compute the normalized accuracy rate of Ai,
           denoted Norm_Acc(Ai), as:
           Norm_Acc(Ai) = Acc(Ai) / Total_Acc ;
   END-FOR
END-BEGIN
Figure 4: Computation of each attribute’s accuracy rate,

for rule pruning purposes

where Zi is the number of decision tree paths where
attribute Ai occurs. Note that formula (2) is used only for
attributes that occur in at least one path of the tree. All the
attributes that do not occur in any path of the tree are
assigned the same value of Acc(Ai), and this value is
determined by the formula:

Acc(Ai) = Min_Acc / Count_of_Unused_Attr ,               (3)

where Min_Acc and Count_of_Unused_Attr are
determined as shown in Figure 4.

Finally, the value of Acc(Ai) for every attribute Ai,
i=1,...,m, is normalized by dividing its current value by
Total_Acc, which is determined as shown in Figure 3.

Once the normalized value of accuracy rate for each
attribute Ai, denoted Norm_Acc(Ai), has been computed
by the procedure of Figure 4, it is directly used as a
heuristic measure for rule pruning. The basic idea here is
the same as the basic idea of the rule pruning procedure
mentioned in section 2. In that section, where the heuristic
measure was the information gain, it was mentioned that
the larger the information gain of a rule condition, the
smaller the probability of removing that condition from
the rule. In GA-Large-SN, we replace the information
gain of a rule condition with Norm_Acc(Ai), the
normalized value of the accuracy rate of the attribute
included in the rule condition. Hence, the larger the value
of Norm_Acc(Ai), the smaller the probability of removing
the i-th condition from the rule. The remainder of the rule
pruning procedure proposed in (Carvalho & Freitas
2000a) remains essentially unaltered.

Note that the accuracy rate-based heuristic measure for
rule pruning proposed here effectively exploits
information from the decision tree built by C4.5. Hence, it

can be considered as a kind of hypothesis-driven measure,
since it is based on a hypothesis (in our case, a decision
tree) previously constructed by a data mining algorithm.

By contrast, the previously-mentioned information gain-
based heuristic measure does not exploit such
information. Rather, it is a measure whose value is
computed directly from the training data, independent of
any data mining algorithm. Hence, it can be considered as
a kind of data-driven measure.

3.5 INCREASING THE GENOME LENGTH

Recall that in GA-Small (reviewed in section 2) the
genome contained only the attributes which were not used
to label any ancestor of the leaf node defining the small
disjunct being processed by the GA. That approach made
sense because GA-Small was using as the training set
only the examples belonging to a single leaf node.
Clearly, the attributes in the ancestor nodes of that leaf
node were not useful to distinguish between classes of
examples in the leaf node, since all those examples had
the same values for those attributes.

However, the situation is different in the case of the new
GA-Large-SN proposed in this paper. Now the training
set of the GA consists of all the examples belonging to all
the leaf nodes that are considered small disjuncts – i.e., all
those examples are effectively mixed into a single training
set. Hence, the above notion of “attributes in the ancestor
nodes of a single leaf node” is not meaningful any more.
Therefore, in GA-Large-SN the genome contains m
genes, where m is the number of attributes of the data
being mined. I.e., all attributes can occur in the rule
represented by an individual, so that in theory a rule can
contain at most m conditions in its antecedent. Of course,
in practice the number of conditions in a rule will be
much smaller than m, due to the use of the above-
discussed rule pruning operator.

4 COMPUTATIONAL RESULTS

We have evaluated the performance of GA-Large-SN
across eight public-domain data sets of the the well-
known data repository of the UCI (University of
California at Irvine), available at:

 http://www.ics.uci.edu/~mlearn/MLRepository.html.

The examples that had some missing value were removed from
these data sets. In the Adult data set we have used the
predefined division of the data set into a training and a
test set. In the Connect data set we have randomly
partitioned the data into a training and a test set with
47290 and 20267 examples, respectively. In the other
datasets we have run a well-known 10-fold cross-
validation procedure, which essentially works as follows.
The data set is randomly partitioned into 10 mutually-
exclusive and exhaustive partitions. Then the
classification algorithm is run 10 times. In the i-th run, i =
1,...,10, the i-th partition is used as the test set, and the
remaining nine partitions are grouped and used as the



training set. After the 10 runs are over, the reported
accuracy rate is the average accuracy rate over all those
10 runs.

In our experiments we have used a commonplace
definition of small disjunct, based on a fixed threshold of
the number of examples covered by the disjunct. The
definition is: “A decision-tree leaf is considered a small
disjunct if and only if the number of examples belonging
to that leaf is smaller than or equal to a fixed size S.”

In order to better evaluate the performance of GA-Large-
SN, it is important to compare it against other
classification method(s). In particular, we wanted to
compare the hybrid system against another method that
induces rules or trees (which can be straightforwardly
converted to rules). In this case the kind of knowledge
representation used by the systems being compared is the
same, and the difference in the results will reflect mainly
differences in search strategies. Hence, we can compare
the evolutionary search strategy of GA-Large-SN against
the local, greedy search strategy of a rule induction or
decision tree algorithm.

Within this spirit we report the results of experiments
comparing our hybrid C4.5/GA-Large-SN system with
two other classification methods. The first is C4.5 alone,
which is used to classify all examples – i.e., both large-
disjunct examples and small-disjunct examples. The
second is a “double run” of C4.5, hereafter called “double
C4.5“ for short. The later is a new way of using C4.5 to
cope with small disjuncts, as follows.

The main idea of our “double C4.5” is to build a classifier
running twice the algorithm C4.5. The first run considers
all examples in the original training set, producing a first
decision-tree. Once all the examples belonging to small
disjuncts have been identified by this decision tree, the
system groups all those examples into a single example
subset, creating the “second training set”, as described
above for GA-Large-SN (see Figure 2(b)). Then C4.5 is
run again on this second, reduced training set, producing a
second decision tree. In other words, the second run of
C4.5 uses as training set exactly the same “second
training set” used by GA-Large-SN. This makes the
comparison between GA-Large-SN and “double C4.5”
very fair.

In order to classify a new example, the rules discovered
by both runs of C4.5 are used as follows. First, the system
checks whether the new example belongs to a large
disjunct of the first decision tree. If so, the class predicted
by the corresponding leaf node is assigned to the new
example. Otherwise (i.e., the example belongs to one of
the small disjuncts of the first decision tree), the new
examples are classified by the second decision tree.

The motivation for this more elaborated use of C4.5 was
an attempt to create a simple algorithm that was more
effective in coping with small disjuncts.

Recall that the hybrid C4.5/GA-Large-SN method has an
important parameter, namely the small-disjunct size
threshold (S). In order to evaluate how robust the method

is with respect to this parameter, we have done
experiments with four different values of S, namely 3, 5,
10 and 15. For each of these four S values, we have done
ten different experiments, varying the random seed used
to generate the initial population of individuals. The
results reported below, for each value of S, are an
arithmetic average of the results over these ten different
experiments. Therefore, the total number of experiments
is 40 (4 values of S * 10 different random seeds). In
addition, recall that each of these 40 experiments actually
consists of a 10-fold cross-validation run for most data
sets (with the exception of the Adult and Connect data
sets, where a single division of the data into training and
test sets was used).

Each run of GA-Large-SN is relatively fast, so that each
of these 40 experiments took a processing time on the
order of six minutes for the biggest data set, Connect, and
for the largest value of S (15), on a Pentium III with
192Mb of RAM.

We now report results comparing the classification
accuracy rate (on the test set) of the proposed hybrid
C4.5/GA-Large-SN with C4.5 alone (Quinlan, 1993) and
with the above-described “double C4.5“. We have used
C4.5’s default parameters. In each GA-Large-SN run the
population has 200 individuals, and the GA is run for 50
generations.

Table 1: Accuracy Rate (%) of  C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 3

Data set C4.5 C4.5(2) C4.5/GA

Connect 72.60 (0.3) 78.06 (0.3) 77.86 (0.1) +  -

Adult 78.62 (0.3) 81.19 (0.3)85.45 (0.1) + +

Crx 91.79 (2.1) 92.57 (1.2)93.69 (1.2)

Hepatitis 80.78(13.3) 78.95 (6.9)89.25 (9.5)

House-votes 93.62 (3.2) 97.32 (2.4) 97.18 (2.5)

Segmentation 96.86 (1.1) 76.62 (2.8) 81.46 (1.1) -  +

Wave 75.78 (1.9) 68.18 (3.7)83.86 (2.0) + +

Splice 65.68 (1.3) 55.65 (6.0)70.62 (8.6)    +

The results are shown in Tables 1, 2, 3 and 4 referring to
S values of 3, 5, 10 and 15, respectively. In these tables
the first column indicates the data sets. The second
column shows the accuracy rate on the test set achieved
by C4.5 alone, classifying both large-disjunct and small-
disjunct examples. The third column reports the accuracy
rate for C4.5(2). The fourth column reports the accuracy
rate achieved by our hybrid C4.5/GA-Large-SN system,
using C4.5 to classify large-disjunct examples and our
GA classify small-disjunct examples. The values between
brackets are standard deviations. For each data set, the
highest accuracy rate among the three classifiers is shown
in bold.

(



In addition, in the fourth column we indicate, for each
data set, whether or not the accuracy rate of C4.5/GA-
Large-SN is significantly different from the accuracy
rates of the other two methods. More precisely, the cases
where the accuracy rate of C4.5/GA-Large-SN is
significantly better (worse) than the accuracy rate of each
of the other two methods is indicated by the “+” (“-“)
symbol. A difference between two methods is deemed
significant when the corresponding accuracy rate intervals
(taking into account the standard deviations) do not
overlap.

Let us now analyze the results of Tables 1, 2, 3 and 4
starting with Table 1 (where S = 3). In this table
C4.5/GA-Large-SN outperforms both C4.5 alone and
C4.5(2) in 5 of the 8 data sets. C4.5/GA-Large-SN is
significantly better than C4.5 alone in 3 data sets, and the
reverse is true in only 1 data set. In addition, C4.5/GA-
Large-SN is significantly better than C4.5(2) in 4 data
sets, and the reverse is true in only 1 data set.

Table 2: Accuracy Rate (%) of  C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 5

Data set C4.5 C4.5(2) C4.5/GA

Connect 72.60 (0.3) 77.09 (0.3)77.85 (0.2) + +

Adult 78.62 (0.3) 79.27 (0.3) 85.50 (0.2) + +

Crx 91.79 (2.1) 92.03 (1.0) 93.06 (1.6)

Hepatitis 80.78(13.3) 75.67 (17.1)89.48 (9.7)

House-votes 93.62 (3.2) 93.54 (3.9)97.44 (2.9)

Segmentation 96.86 (1.1) 74.49 (3.4) 80.41 (1.0) - +

Wave 75.78 (1.9) 65.59 (4.4) 85.31 (2.4) + +

Splice 65.68 (1.3) 57.45 (8.7) 70.44 (7.8)

In Table 2 (where S = 5) C4.5/GA-Large-SN outperforms
both C4.5 alone and C4.5(2) in 7 of the 8 data sets.
C4.5/GA-Large-SN is significantly better than C4.5 alone
in 3 data sets, and the reverse is true in only 1 data set.
C4.5/GA-Large-SN is significantly better than C4.5(2) in
4 data sets, and the reverse is not true in any data set.

Table 3: Accuracy Rate (%) of  C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 10

Data set C4.5 C4.5(2) C4.5/GA

Connect 72.60 (0.3) 76.19 (0.3)76.95 (0.1) + +

Adult 78.62 (0.3) 76.06 (0.3) 80.04 (0.1) + +

Crx 91.79 (2.1) 90.78 (1.2) 91.66 (1.8)

Hepatitis 80.78(13.3) 82.36 (18.7)95.05 (7.2)

House-votes 93.62 (3.2) 89.16 (8.0)97.65 (2.0)

Segmentation 96.86 (1.1) 72.93 (5.5) 78.68 (1.1) -

Wave 75.78 (1.9) 64.93 (3.9) 83.95 (3.0) + +

Splice 65.68 (1.3) 61.51 (6.6) 70.70 (6.3)

In Table 3 (where S = 10) C4.5/GA-Large-SN
outperforms both C4.5 alone and C4.5(2) in 6 of the 8
data sets. C4.5/GA-Large-SN is significantly better than
C4.5 alone in 3 data sets, and the reverse is true in only 1
data set. C4.5/GA-Large-SN is significantly better than
C4.5(2) in 3 data sets, and the reverse is not true in any
data set.

In Table 4 (where S = 15) C4.5/GA-Large-SN
outperforms both C4.5 alone and C4.5(2) in 6 of the 8
data sets. C4.5/GA-Large-SN is significantly better than
C4.5 alone in 3 data sets, and the reverse is true in only 1
data set. C4.5/GA-Large-SN is significantly better than
C4.5(2) in 3 data sets and the reverse is not true in any
data set.

Table 4: Accuracy Rate (%) of  C4.5, “double C4.5”
(C4.5 (2)) and our hybrid C4.5/GA-Large-SN for S = 15

Data set C4.5 C4.5(2) C4.5/GA

Connect 72.60 (0.3) 74.95 (0.3)76.01 (0.3) + +

Adult 78.62 (0.3) 74.29 (0.3) 79.32 (0.2) + +

Crx 91.79 (2.1) 90.02 (0.8) 90.40 (2.4)

Hepatitis 80.78(13.3) 66.16 (19.1)82.52 (7.0)

House-votes 93.62 (3.2) 88.53 (8.4)95.91 (2.3)

Segmentation 96.86 (1.1) 73.82 (5.8) 77.11 (1.9) –

Wave 75.78 (1.9) 65.53 (4.0) 82.65 (3.7) + +

Splice 65.68 (1.3) 64.35 (4.7) 70.62 (5.5)

We can summarize the results of the above four tables as
follows.

�x C4.5/GA-Large-SN outperformed C4.5 alone in
87.50% of the data sets for S = 3 and S =5, and in
75% for S  = 10 and S  = 15.

�x C4.5/GA-Large-SN outperformed C4.5(2) in 75% of
the data sets for S = 3, and in 100% for S = 5, S = 10
and S = 15.

�x Considering the results of the three methods for every
data set and every value of S, the best accuracy rate
was obtained by C4.5/GA in 78.2% of the cases, by
C4.5 alone in 15.6% of the cases, and by C4.5(2) in
only 6,2% of the cases.

Finally, a brief comment on computational time is
appropriate here. We have mentioned, at the beginning of
section 3, that one of our motivations for designing GA-
Large-SN was to reduce processing time, by comparison
with GA-Small. We have done an experiment comparing
the processing time of both GA-Large-SN and GA-Small,
on the same machine, in the same data set, namely the
Connect data set – which is the largest data used in the
above-reported experiments with GA-Large-SN. We
observed that GA-Large-SN takes about only 12% of the
processing time of GA-Small in the Connect data set.



5 CONCLUSIONS AND FUTURE
RESEARCH

In this paper we have described a new hybrid decision-
tree/GA (C4.5/GA-Large-SN) method. The GA
component of this method, called GA-Large-SN, consists
of major modifications of the original GA (here called
GA-Small) proposed by (Carvalho & Freitas 2000a), as
discussed throughout section 3.
We have compared the new hybrid C4.5/GA-Large-SN
system with 2 algorithms based on the use of C4.5 alone,
namely: (a) the default version of C4.5; (b) a “double run
of C4.5”, which uses the same training set as GA-Large-
SN. This comparison was performed across four different
values for a parameter defining the size of a small
disjunct.

Overall, the hybrid C4.5/GA-Large-SN obtained
considerably better accuracy rates than both above-
mentioned versions of C4.5 alone, in all the four
definitions of small-disjunct size used in this paper.

In this paper we have focused on comparing the
performance of the hybrid C4.5/GA-Large-SN with the
performance of C4.5 alone, since C4.5 is a very well-
known algorithm that is often used in comparison with
other algorithms in the literature. In future research we
also intend to compare the predictive accuracy of the rules
discovered by C4.5/GA-Large-SN with the predictive
accuracy of the rules discovered by the GA alone.
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Abstract
The paper presents the potential of genetic
programming (GP)-generated symbolic regression
for linearizing the response in statistical design of
experiments when significant Lack of Fit is detected
and no additional experimental runs are
economically or technically feasible because of
extreme experimental conditions.  An application of
this approach is presented with a case study in an
industrial setting at The Dow Chemical Company.

1 INTRODUCTION

The complexity of some industrial chemical processes
requires that first-principle or mechanistic model be
considered in connection with empirical models.  At the
basis of empirical models is that underlying any system
there is a fundamental relationship between the inputs and
the outputs that can be locally approximated over a
limited range of experimental conditions by a polynomial
or a linear regression model.  

Suitable statistical techniques such as design of
experiments (DOE) are available to assist in this process
(Box et al, 1978).  The capability of the linear model to
represent the data can be assessed through a formal Lack
of Fit (LOF) test when experimental replicates are
available (Montgomery, 1999).  Significant LOF in the
model indicates a regression function that is not linear;
i.e. the polynomial initially considered is not appropriate.
A more adequate model may be found by fitting a
polynomial of higher order by augmenting the original
design with additional experimental runs.  Specialized
designs such as the Central Composite Design are
available for this purpose (Box et al., 1978).

However, there are many practical cases where runs are
very expensive or technically unfeasible because of
extreme experimental conditions, thus making the fit of a
higher order polynomial impractical.  This problem can
be handled if appropriate input transformations are used,
provided that the basic assumption of least-square
estimation regarding the probability distributions of errors
is not affected. These assumptions require that errors be

uncorrelated and normally distributed with mean zero and
constant variance.

Some useful transformations are discussed in Box and
Draper.(1987). Unfortunately, transformations that
linearize the response without affecting the error structure
are not always obvious and are often developed based on
experience or theoretical insight.  Genetic programming
(GP)- generated symbolic regression provides a unique
opportunity to rapidly develop and test these
transformations.  Symbolic regression includes the
finding of a functional mathematical expression that fits a
given set of data (Koza, 1992). 

GP-generated symbolic regression is an evolution-based
algorithm for automatically generating nonlinear input-
output models.  Several possible models of the response
as a function of the input variables are obtained by
combining basic functions, inputs, and numerical
constants.  This multiplicity of solutions offers a rich set
of possible transformations of the inputs.  At the same
time, the most significant challenge of GP-generated
transforms is that most models are not parsimonious and
include chunks of inactive code or terms that do not
contribute to the overall fitness (Banzhaf et al, 1998) and
that may prove inefficient in producing a linearizing
transformation.  This problem can be managed to some
degree at the expense of extra-computation time by
appropriate algorithms that quickly test the ability of
transforms to linearize the response without altering error
structure.

The application of GP in DOE and the potential of
combining them offer a unique set of opportunities that is
beginning to grab the attention of researchers and
industry.  Experimental design techniques have already
been used to evaluate the effects of GP parameters
(Spoonger, 2000).  An excellent discussion of algorithm-
driven regression based on genetic programming for
solving supersaturated designs is presented in Cela et.al
(2001).
In this paper, a novel approach of integrating GP
with DOE is presented.  This approach has the
potential to improve the effectiveness of empirical



model building by saving time and resources in situations
where experimental runs are quite expensive or
technically unfeasible because of extreme experimental
conditions.  GP is applied to the development of variable
transforms that linearize the response in statistically
designed experiments for a chemical process in The Dow
Chemical Company.  

2 METHODOLOGY 

A series of experimental runs were performed in a lab
scale reactor in four variables.  The response variable was
the selectivity of one of the products.  These experiments
were statistically analyzed and the effect of the variables
as well as a prediction of the response within the area of
experimentation was well understood.  LOF was induced
by removing one experimental run to simulate a common
situation in which LOF is significant and additional
experimental runs are impractical due to the extreme cost
of experimentation or because it is technically unfeasible
due to extreme experimental conditions.  In this system
the potential of GP-generated transforms was studied
allowing the comparison of results with a well-known
system.

The appropriateness of GP-generated transforms to
linearize the response without affecting error structure
was assessed by performing the transformations presented
in the functional form of the GP model.  Then a linear
regression model was fit in the transformed inputs.  This
model, referred to as the transformed linear model, was
examined for Lack of Fit and appropriate error structure.
Both models, the transformed linear model and the GP
model, were tested considering 9 additional experiments
in the region of the design.  The validity of the results was
determined by comparing model predictions with the
previously analyzed experiments and with a fundamental
kinetic model (FKM) that was earlier developed.  The
results indicate that GP-generated transformations have
the potential of linearizing the response in those cases
where additional experimental runs are not possible.

3 THE EXPERIMENTAL DESIGN

The experiments conducted in lab-scale thermal
chlorination reactor system consisted of a complete 24

factorial design in the factors x1, x2, x3, x4, with three
center points.  A total of 19 experiments were performed.
The response variable, Sk, was the yield or selectivity of
one of the products.  The factors were coded to a value of
–1 at the low level, +1 at the high level, and 0 at the
center point.  The complete design in the coded variables
is shown in Table 1

To develop a base case and test for variable
transformations, LOF was induced by removing run
number 1 of the experimental design.  The response Sk,
was fit to the following first-order linear regression
equation

Table 1: 24 factorial design with three center points

RUNS x1 x2 x3 x4 Sk

1 1 -1 1 1 1.598
2 0 0 0 0 1.419
3 0 0 0 0 1.433
4 -1 1 1 1 1.281
5 -1 1 -1 1 1.147
6 1 1 -1 1 1.607
7 -1 1 1 -1 1.195
8 1 1 1 -1 2.027
9 -1 -1 -1 1 1.111
10 -1 1 -1 -1 1.159
11 -1 -1 -1 -1 1.186
12 1 -1 -1 1 1.453
13 1 1 -1 -1 1.772
14 -1 -1 1 -1 1.047
15 -1 -1 1 1 1.175
15 1 1 1 1 1.923
17 1 -1 -1 -1 1.595
18 1 -1 1 -1 1.811
19 0 0 0 0 1.412

considering only terms that are significant at the 95%
confidence level.
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Table 2 shows the corresponding Analysis of Variance
showing evidence of Lack of Fit (p = 0.0476).  Therefore,
the hypothesis that a first-order model can adequately
describe this system is rejected.

Table 2 - Analysis of variance for the linear model
Source DF Sum of Squares Mean Square F Ratio

Model 8 1.5091186 0.188640 107.6350

Error 9 0.0157733 0.001753 Prob > F

C. Total 17 1.5248919 <.0001

Lack Of Fit

Source DF Sum of Squares Mean Square F Ratio

Lack Of Fit 7 0.01555519 0.002222 20.3775

Pure Error 2 0.00021810 0.000109 Prob > F

Total Error 9 0.01577329 0.0476

Max RSq

0.99

The corresponding residual plot, presented in Figure 1,
suggested non-constant variance, which is one of the
necessary conditions of the error structure for least-square
estimation.



Figure 1 - Residual plot for first-order linear model
suggesting non-constant variance 

Under these circumstances, a variance-stabilizing power
transformation of the response (y) was performed (Box
and Cox, 1964).  The response was transformed to y��

where the parameter �� varies from –2 to 2 and the choice
of �� that results in the minimum residual sum of squares
of the transformed model is the maximum likelihood
estimation of �� and the best transformation of the
response.  In the present case, however, the power
transformation resulted in a �� value of 1 indicating that no
transformation of the response was helpful.  Cases like
this are quite common in industrial processes.  The next
alternative to be investigated is the transformation of the
input variables by means of GP-generated symbolic
regression.

3.1 THE GP-GENERATED
TRANSFORMATIONS

The GP approach will be used to search for potential
transforms of the input variables.  The GP algorithm was
applied to the original data set, considering the response
variable as the output and the four variables, x1, x2, x3, x4,
in uncoded form as inputs.  This resulted in a series of
non-linear equations that satisfied the data.  The
functional form of these equations produced a rich set of
possible transforms that were tested for the ability to
linearize the response without altering error structure.  An
advantage of this approach is that experience or physical
interpretation may be used to identify promising
transforms, which were previously unavailable to the
experimenter.  An additional advantage is that GP
generates a sensitivity analysis ranking all the input
variables in order of importance to the fitness of the
equations ( Kordon and Smits, 2001) allowing to verify
significant factors in the linearized models.

The GP algorithm is implemented as a toolbox in
MATLAB.  The initial functions for GP included:
addition, subtraction, multiplication, division, square,
change sign, square root, natural logarithm, exponential,

and power.  Function generation takes 20 runs with 500
population size, 100 number of generations, 4
reproductions per generation, 0.6 probability for function
as next node, 0.01 parsimony pressure, and correlation
coefficient as optimization criteria.  A snapshot of the
input/output sensitivity is shown in Figure 2, which shows
x1 as the most important input.

Figure 2 GP-based Input/output sensitivity of the four
input variables

The selection of the best candidates is based on a trade-off
between the fitness of the function and the ability to
linearize the response while producing an acceptable error
distribution.  From the set of potential non-linear
equations the best fit between model prediction and
empirical response was found for the following analytical
function:

Where x1, x2, x3, x4 are the input variables and Sk is the
output.

The correlation coefficient between the analytical
function and the empirical data was 0.95.  This nonlinear
equation indicates an exponential relationship with x1, a
logarithmic relationship with x3, a linear relationship with
x2, and an inverse relationship with x4, as shown in Table
3.  To test the capability of these transforms to linearize
the response, the following transformations were applied
to the input variables as supplied by the GP function (2).

Table 3 - Variable transformations suggested by GP
model

Original Variable Transformed Variable

x1 Z1 = �� ��12exp x

x2 Z2 = x2

x3 Z3 = ln[(x3)
2]

x4 Z4 = x4
-1
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Then a first-order linear regression model (i.e., the
transformed linear model) was fit to the transformed
variables.  Table 4 shows the corresponding parameter
estimates.  The analysis of variance, presented in Table
5,shows no evidence of LOF indicating that the GP-
generated transformations were succesful in linearizing
the response. 

Table 4 - Parameter estimates for transformed linear
model

Table 5 - Analysis of variance for transformed linear
model

The transformed linear model itself is less parsimonious
than the nonlinear GP model including even third order
iterations.  However, the model is very significant.
The corresponding residual plot for the transformed linear
model is presented in Figure 3.  This plot indicates no
violation regarding basic assumptions for the probability
distribution of errors required by least squares, indicating
that the GP-generated transformations linearized the
response without altering the error structure of the model
produced.  One observation is that the residual of one
center point is larger than the residuals of the other two
center points.  However, in the original analysis, this data
point had also been excluded due to problems with
experimental conditions during the run. 

The transformed linear model and the nonlinear GP model
were used to predict the selectivity to the output at the
conditions of experiment 1 (the experiment removed from
the original data set in order to induce Lack of Fit).

Figure 3 - Residual plot for the transformed linear model

Figure 4 shows the plot of predicted versus actual values
for the two models.  

 

Figure 4 - Predicted versus actual values for the
transformed linear and the nonlinear GP model
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The point corresponding to experiment 1 is indicated in
the figure by an asterisk.  The performance of both
models was very good.  The correlation coefficient was
0.99 for the transformed linear model, and 0.978 for the
GP model.
The nonlinear GP model gives a more accurate prediction
for the value of the removed point.  But both models
predict an increase response by operating at conditions of
high x1, x2, x3, and low x4.  These results were consistent
with the results obtained previously by analyzing the full
design and by a fundamental kinetic model. 

3.2 THE TESTING DATA SET

The prediction capabilities of the transformed linear
model and the GP model were tested with nine additional
experimental points within the range of experimentation.
This is a relative small data set because of the cost and
difficulty of experimentation.  Plots of the predicted
response for the transformed linear and the GP model
versus the actual values, presented in Figure 5, indicate
good performance of both models indicating that the
models are comparable in terms of prediction with
additional data inside the region of the design.  The
correlation coefficient was 0.99 for the transformed linear
model, and 0.98 for the GP model.  The selection of one
of these models over the other would be driven by the
requirements of a particular application.  For example, in
the case of process control, the more parsimonious model
would generally be preferred.

4 CONCLUSIONS

In the course of conducting designed experiments, Lack
of Fit is often encountered, indicating that the proposed
linear regression model fails to adequately describe the
data.  One traditional approach to address this problem is
to introduce higher order terms to the linear model.  This
is accomplished by adding experiments to the original
design, which can be time-consuming, costly, or may be
technically unfeasible because of extreme experimental
conditions.
A second approach is to use transformations to avoid
additional experimentation.  One technique is
transformation of the responses, but this is not always
effective.  In those cases, transformation of the input
variables may be the only alternative to remove Lack of
Fit and provide an appropriate model.  Unfortunately
these transformations are not always obvious and are
often developed based on experience or theoretical
insight. GP provides a way to rapidly develop and test
these transformations so that those appropriate linear
models are developed.
The genetic programming (GP) algorithm was
successfully applied to the results of DOE in a chemical
process in Dow Chemical Company.  Experimentation in
this system is difficult and time-consuming due to the
severe conditions of the experiments.  Data for the
interested output were manipulated to induce Lack of Fit.

Genetic programming was used to generate a nonlinear
model for the output as a function of four experimental
variables.  The form of the nonlinear model was used to
suggest input variable transformations for a linear model.
The resulting transformed linear model showed no
evidence of Lack of Fit.  No additional experimental data
had to be used in the analysis to achieve this result.  The
success of this industrial application illustrates the great
potential of using GP to address Lack of Fit in linear
regression problems. This approach can improve the
effectiveness of empirical model building by saving time 

Figure 5 - Predicted versus actual values for additional
data

and resources when experiments are expensive or
difficult. However, more systematic research in the area
of defining a methodology for robust nonlinear response
surface generated by GP is recommended.. 

References

Banzhaf W., P. Nordin, R. Keller, and F. Francone,
Genetic Programming: An Introduction, Morgan
Kaufmann, San Francisco, 1998.

Box, G.E.P, and Draper, N. R., Empirical Model Building
and Response Surfaces, John Wiley and Sons, New York,
1987.



Box, G.E.P., and Cox, D.R., “An Analysis of
Transformations”, J. Roy. Stat. Soc., Series B, V. 26, p.
211, 1964.

Box, G.E.P., Hunter, W.G., and Hunter, J.S., Statistics for
Experiments: An Introduction to Design, Data Analysis,
and Model Building, John Wiley and Sons, New York,
1978.

Cela, R., Martinez, E., and Carro, A. M, Supersaturated
experimental Design: New Approaches to building and
Using it Part II Solving Supersaturated Designs by
Genetic Programming Algorithms, Chemometrics and
Intelligent Laboratory Systems, 57, pp. 75-92, 2001

Kordon, A. K. and G. F. Smits, Soft Sensor Development
Using Genetic Programming, Proceedings of the
GECCO’2001, San Francisco, pp. 1346-1351.

Koza, J. Genetic Programming: On the Programming of
Computers by Means of Natural Selection, MIT Press,
Cambridge, MA, 1992.

Montgomery, D. C., Design and Analysis of Experiments,
John Wiley and Sons, New York, 1999.

Spoonger.  Using Factorial Experiments to Evaluate the
Effects of Genetic Programming parameters. In
Proceedings of EuroGP’2000, Edinburgh, LNCS Ul802,
pp. 2782, 2000.



Using Genetic Algorithms To Solve The Yard Allocation Problem

Ping Chen
Department of Computer Science
National University of Singapore

Singapore 117543
chenp@comp.nus.ed.sg

Zhaohui Fu
Department of Computer Science
National University of Singapore

Singapore 117543
fuzh@comp.nus.ed.sg

Andrew Lim
Department of Computer Science
National University of Singapore

Singapore 117543
alim@comp.nus.ed.sg

Abstract

The Yard Allocation Problem (YAP) is a real-life
resource allocation problem faced by the Port of
Singapore Authority (PSA). We Þrst show that
YAP is NP-Hard. As the problem is NP-Hard,
we propose a Genetic Algorithm approach. For
benchmarking purposes, Tabu Search and Sim-
ulated Annealing are applied to this problem as
well. Extensive experiments show very favorable
results for the Genetic Algorithm approach.

1 INTRODUCTION

Singapore has one of the worldÕs busiest ports in terms of
shipping tonnage with more than one hundred thousand
ship arrivals every year. One of the major logistical prob-
lems encountered is to use the minimum container yard
necessary to accommodate all different requests. Each re-
quest consists of a single time interval and a series of yard
space requirements during the interval. An interesting con-
straint applying to every request is that the length of the
required space can either increase or remain unchanged as
time progresses, and once yard space is allocated to a cer-
tain request, that portion of the yard space cannot be freed
until the completion of the request. The current allocation
is made manually, hence it requires a considerable amount
of manpower.

This paper is organized in the following way. Section 2
gives a formal problem deÞnition. This geometrical prob-
lem is then transformed into a graph problem in Section 3.
For benchmarking purpose, we brießy discuss two heuris-
tics, namely Tabu Search and Simulated Annealing, applied
on YAP in Section 4 and 5 respectively. Section 6 illustrates
our application of Genetic Algorithms on YAP in details,
and various genetic operators are presented in this section.
Section 7 compares the different experimental results ob-
tained by those three heuristics. In Section 8, we present
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2 PROBLEM DEFINITION

The main objective of the Yard Allocation Problem (YAP)
is to minimize the container yard used while satisfying
all the space requirements. The formal deÞnition of the
problem can be described as follows:

Instance: A set R of n yard space requests and an
inÞnite container yardE . 8 R
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In other words, the objective is to accommodate all requests
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with the minimum amount of yard space used.

We use an example to illustrate the deÞnition. Figure 1
shows a layout with only onevalid requestsR

3

. The yard
E is treated as an inÞnite straight line. TimeT becomes
a discrete variable with a minimum unit of1 . R

3

has
six space requirements within interval[6 ; 11] (T

3

star t

=

6 ; T

3

end

= 11 ). The Þnal position for Y

3

8

and Y

3

9

are
F ( Y

3

8

) = 4 and F ( Y

3

9

) = 3 respectively. The corre-
sponding output forR

3

will then be(5 ; 5 ; 4 ; 3 ; 3 ; 3) . Note
all our pre-deÞned constraints hold asF ( Y

3

8

) � F ( Y

3

9

)

andF ( Y

3

8

) + L

3

8

� F ( Y

3

9

) + L

3

9

. Themax comes from
Y

3

11

with the value ofF ( Y

3

11

) + L

3

11

= 12 .

We simply call each request a Stair Like Shapes (SLS)
throughout this paper. Figure 2 showsÞve valid requests
with the minimum yard required of13 . Though the pack-
ing in Figure 3 looks more compact, in fact, all allocations
areinvalid as the containment constraint is violated.

Theorem 1 The Yard Allocation Problem (YAP) is NP-

R3
R4

R1

R2 R5

Figure 4: Graph Transformation of Figure 2

Hard.

The Ship Berthing Problem (SBP) wasÞrst introduced in
[Lim98]. The SBP has a similar conÞguration except all the
requests are of rectangular shape instead of SLS. [Lim99]
has provided an NP-Hard proof for SBP by reducing the
Set Partitioning Problem to SBP. As SBP is special case of
YAP and YAP is in the class NP, YAP is NP-Hard.

3 GRAPH TRANSFORMATION

Figure 2 illustrates the problem geometrically. However,
the direct model may not be efÞciently manipulated. We
Þrst transform the geometrical layout into a graph. Figure 4
is the corresponding graph transformation of the conÞgura-
tion in Figure 2. Each requestR

i

is represented by a vertex
and there exists an edgeE

ij

connectingR

i

and R

j

iff R

i

andR

j

have an overlap at some time. The direction of the
edge determines the relative position of the two requests in
the physical yard. Take Figure 2 again as an example, both
R

1

and R

2

require some space at time3 ,4 ,5 and 6 , there-
fore in Figure 4 there is an edge betweenR

1

andR

2

. Since
R

1

is located aboveR

2

, the direction of edge is fromR

1

to R

2

. We name this edgeE
12

. Clearly, the transformed
graph is a Direct Acyclic Graph (DAG). In a DAG, each
vertex R

i

can be assigned an Acyclic Label (AL)L

i

and
the edgeE

ij

implies AL ( R

i

) < AL ( R

j

) . Note that each
AL ( R

i

)(1 � i � n ) is unique.

Lemma 1 For each feasible layout of the yard, there exists
at least one corresponding AL assignment of the vertices in
the graph representation.

A simple constructive proof can be obtained by the well-
known Topological Sort algorithm. An AL assignment can
also be interpreted as a permutation of1 ; 2 ; : : : ; n .

A ÒfreeÓSLS is the one with no other SLS above it, i.e.
there is no obstacle blocking it from being popped out from
the top of the layout. Again, use Figure 2 as example. At
the Þrst iteration of the loop,R

3

and R

4

are the only two
ÒfreeÓSLSs. If we assignAL ( R

3

) = 0 , in the second



iteration, R

1

will become a newÒfreeÓSLS. The process
continues until no more SLS is left inL .

The AL assignment only has the partial order property.
Each physical layout may correspond to more than one
AL assignments due to the lack of total order property.
[ R

1

: 2 ; R

2

: 3 ; R

3

: 0 ; R

4

: 1 ; R

5

: 4] and [ R

1

: 2 ; R

2

:

4 ; R

3

: 1 ; R

4

: 0 ; R

5

: 3] are two possible AL assignments.

This one-to-many relationship between physical layout and
AL assignments in the graph representation will incur a
huge amount of confusion in heuristic searches, including
Genetic Algorithms, etc. Heuristic methods tend to iden-
tify certain goodpatterns which may potentially lead to a
better solution while exploring the search space. Two very
different looking solutions, which may actually correspond
to the same physical layout, will make it very difÞcult for
the heuristic to indentify the correct patterns.

We can avoid such confusion by normalizing the AL as-
signment. When there are more than one SLSs to be
popped out, we break the tie by selecting the SLS with
the smallest label. Each un-normalized AL assignment is
used to construct the corresponding DAG. Then a Topo-
logical Sort with above-mentioned tie-breaker will give the
uniqueAL assignment. From this point onwards, all our
solutions are represented by their normalized unique AL
assignments.

Each physical layout now has a unique AL assignment.
Naturally, the optimal layout has an optimal AL assign-
ment. Our goal is toÞnd out such an optimal AL assign-
ment. One of the major operations, the evaluation of a
given AL assignment, turns out to be non-trivial. In SBP
[Lim98] [FL00], a longest path algorithm on a DAG was
used toÞnd the minimum berth length needed. However,
YAP deals with SLS, whose relative position and distance
cannot be calculated in a straight-forward way, unlike rect-
angles. We have to use a recursive procedure toÞnd the
minimum yard needed for a given AL assignmentA .

Evaluate-Solution (A )
1 while exists unallocated SLS
2 pick SLSS with largest AL
3 Drop(S; S

end

; 0 )
4 foreach time T

i

5 if T

i

> L

6 L := T

i

7 return L

Drop (S; t; l )
1 L := lowest position to drop all stairs (timet

0 )
2 if L < l

3 L = l

4 forall stair s after t

0

� 1

5 drops to positionL

6 Drop(S; t

0

� 1 ; L )
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Figure 5: Before dropping:R

i

is ceiling aligned
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Figure 6: Each stair ofR

i

drop by1 . Stairs at time10 and
11 are in theirÞnal positions. Those stairs which can drop
further are in dark color surrounded by a rectangle

The recursive functionD r op uses a greedy approach to
drop a given SLS to a position as low as possible. We illus-
trate the details through Figures 5, 6 and 7:R

i

has seven
space requirements starting from time5 till 11 . R

i

is Þrst
aligned to the ceiling before the process starts (Figure 5).
Then from time5 to 11 , weÞnd the maximum distance that
eachÒstairÓcan drop, without exceeding a lower bound of
0 . The minimum amongst all the maximum possible drop
is used. In this case, the minimum distance of1 is given
at time10 and hence every stair is shifted down by1 (Fig-
ure 6). Because of the initial ceiling alignment, no further
shifting down is needed for all stairs at time10 (inclusive)
onwards. Note that the surface was touched at time10 .

Stairs from time5 to 9 , which are surrounded by a rectan-
gle in Figure 6, can still be dropped further but this time
with a lower bound of3 , which is the height of the pre-
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Figure 7: Final layout

vious touching surface at time10 . The dropping process
completes after a few more recursions at time8 ,7 ,6 and5 .
TheÞnal layout is shown by Figure 7. Note the worst case
time complexity forD r op is n � T , wheren is the number
of requests andT is the average time span for all requests.

Lemma 2 For a given AL assignment, the greedy dropping
approach always returns the layout with minimum yard
used.

Proof. The proof of the correctness of a greedy algorithm
consists of two parts: First, the greedy choice always leads
to an optimal solution, or any optimal solution can be trans-
formed into a solution obtained by the greedy choice. Sec-
ond, the problem has an optimal sub-structure, i.e. the
global optimal implies local optimal. The optimal sub-
structure property is obvious for YAP. To show the greedy
choice property, we compare the solutionG obtained by
greedy dropping approach with any arbitrary optimal solu-
tion O . Consider the following algorithm:

Compact (A; G; O )
1 let L := set of SLSs;
2 while L is not empty
3 pick SLSS with largest AL
4 for ( i = S

beg in

; i � S

end

; i + + )
5 let G

s

i

:= position ofS

i

in G

6 let O

s

i

:= position ofS

i

in O

7 if O

s

i

> G

s

i

8 O

s

i

:= G

s

i

The algorithmC ompact will transform any optimal solu-
tion into a corresponding solution that can be obtained by
the greedy approach without increase the amount of the
yard used. Note line7 is based on the fact that no opti-
mal solution can allocateS

i

in a lower position than greedy
approach.

Up to now, we have built a one-to-one relationship between
physical layout and the AL assignment(0 ; 1 ; : : : ; n � 1) .
The problem is toÞnd the optimal AL assignment.

4 TABU SEARCH

Tabu Search [GL97] [Ham93] is a local search meta-
heuristic. According to the different usage of memory, con-
ventionally, Tabu Search has been classiÞed into two cate-
gories: Tabu Search with Short Term Memory (TSSTM)
and Tabu Search with Long Term Memory (TSLTM)
[GL97] [SY99]. Tabu Search can also be hybridized
with other heuristics, like Squeaky Wheel Optimization
[CFL02].

4.1 TABU SEARCH WITH SHORT TERM
MEMORY

Our TSSTM implementation consists of two major compo-
nents: neighborhood search and the tabu list. The neighbor-
hood solution can be obtained by swapping any two ALs in
the AL assignment. For example:

(2 3 0 1 4) ! (1 3 0 2 4)

by interchanging the positions of1 and2 . However, certain
swaps, after normalization, may be identical to the origi-
nal AL assignment. Such solutions are excluded from the
neighborhood for efÞciency.

Our solution is represented in an AL assignment, which is
just a series of numbers. Due to this simplicity, our Tabu
List is implemented to record the whole AL assignment for
a certain number of solutions recently visited. To be more
efÞcient, string matching algorithms are used to identify
thetabu activesolutions.

4.2 TABU SEARCH WITH LONG TERM
MEMORY

We implemented TSLTM in two phases: DiversiÞcation
and IntensiÞcation. We used two kinds of diversiÞcation
techniques, one is a random re-start and the other is to ran-
domly pick a sub-sequence and insert it into a random po-
sition. For example:

(0 j 1 2 j 3 4) ! (0 3 4 j 2 1 j )

if ( j 1 2 j ) is chosen as the sub-sequence and its inverse (or
original, if random) is inserted at the back. IntensiÞcation
is similar to TSSTM. TSLTM uses afrequencybased mem-
ory by recording bothresidencefrequency andtransition
frequency of the visited solutions. In our implementation,
residence frequency is taken as the number of times that the
AL ( R

i

) < AL ( R

j

) ; 1 � i; j � n in the selected solution



in each iteration. The transition frequency is taken as the
summation of the improvements whenAL ( R

i

) is swapped
with AL ( R

j

) . The sum can be either positive or negative.

DiversiÞcation and IntensiÞcation are interleaved and dur-
ing either phase, the residence frequency and transition fre-
quency are updated according to the current selected solu-
tion. The objective function has three contributors. Be-
sides the length of the yard space required, both residence
frequency and transition frequency are used to evaluate the
solution.

5 SIMULATED ANNEALING

Simulated annealing [Haj88], [KGV83], [OG89] is a very
general optimization method which stochastically simu-
lates the slow cooling of a physical system.

We used the following Simulated Annealing algorithm on
our problem:

Step 1. Choose some initial temperatureT

0

and a random ini-
tial starting conÞguration�

0

. SetT = T

0

. DeÞne the
Objective function (Energy function) to beE n () and
the cooling schedule� .

Step 2. Propose a new conÞguration, �

0 of the parameter
space, within a neighborhood of the current state� ,
by setting�

0

= � + � for some random vector� .

Step 3. Let� = E n ( �

0

) � E n ( � ) . Accept the move to�

0 with
probability

� ( � ; �

0

) =

�

1 if � < 0

exp ( �

�

T

) otherwise

Step 4. Repeat Step 2 and 3 forK of iterations, until it is
deemed to have reached the equilibrium.

Step 5. Lower the temperature byT = T � � and repeat Steps
2-4 until certain stopping criterion, for our caseT < � ,
is met.

Due to the logarithmic decrement ofT , we setT

0

= 1000 .
The Energy function is simply deÞned as the length of the
yard required. The probabilityexp ( �

�

T

) is known as the
Boltzmann factor. The number of iterationsK is propor-
tional to the input sizen . The neighborhood is deÞned sim-
ilarly as the one in Tabu Search, which are swapping of any
two AL and re-positioning of a random AL subsequence.

6 GENETIC ALGORITHM

Genetic Algorithms [Hol75] are search procedures that use
the mechanics of natural selection and natural genetics.

It is clear that the classical binary representation is not
a suitable in YAP, in which a list of Acyclic Labels
(0 ; 1 ; : : : ; n � 1) is used as the solution representation. The
solution space is a permutation of(0 ; 1 ; : : : ; n � 1) . The
binary codes of these AL do not provide any advantage.
Sometimes the situation is even worse: the change of a
single bit may not result in a valid solution. We adopt a
vector representation, i.e. use the AL assignment directly
as the chromosome in the genetic process. We will illus-
trate the two major genetic operators used in our approach,
crossover and mutation.

6.1 CROSSOVER OPERATOR

Using AL assignment as chromosome, we have imple-
mented three crossover operators:

� Classical crossover with repair.

� Partially-mapped crossover.

� Cycle crossover.

All these operators are be tailored to suit our problem do-
main. A tiny change in the crossover operator may act in
totally different manners.

6.1.1 Classical Crossover with Repair

The Classical Crossover operator is the simplest among the
three methods mentioned above. It builds the offspring by
appending the head from one parent with the tail from the
other parent, where the head and tail come from random
cut of the parentsÕchromosomes. A repair procedure may
be necessary after the crossover [Mic96]. For example, the
two parents (with random cut point marked byÔj Õ):

p

1

= (0 1 2 3 4 5 j 6 7 8 9) and

p

2

= (3 1 2 5 7 4 j 0 9 6 8) :

will produce the following two offsprings:

o

1

= (0 1 2 3 4 5 j 0 9 6 8) and

o

2

= (3 1 2 5 7 4 j 6 7 8 9) :

However, the two offsprings are not valid AL assignments
after the crossover. A repair routine replaces the repeated
ALs with the missing ones randomly. The repaired off-
springs will be:

o

1

= (7 1 2 3 4 5 j 0 9 6 8) and

o

2

= (3 1 2 5 7 4 j 6 0 8 9) :

The classical crossover operator tries to maintain the abso-
lute AL positions in the parents.



6.1.2 Partially Mapped Crossover

Partially Mapped Crossover (PMX) wasÞrst used in
[GL85] to solve the Traveling Salesman Problem (TSP).
We have made several adjustments to accommodate our
chromosome (AL assignment) representation. The modi-
Þed PMX builds an offspring by choosing a subsequence
of an AL assignment from one parent and preserving the
order and position of as many ALs as possible from the
other parent. The subsequence is determined by choosing
two random cut points. For example, the two parents:

p

1

= (0 1 2 j 3 4 5 6 j 7 8 9) and

p

2

= (3 1 2 j 5 7 4 0 j 9 6 8) :

would produce offspring as follows. First, two segments
between cutting points are swapped (symbolÔuÕrepresents
ÔunknownÕfor this moment):

o

1

= ( u u u j 5 7 4 0 j u u u ) and

o

2

= ( u u u j 3 4 5 6 j u u u ) :

The swap deÞnes a series of mappings implicitly at the
same time:

3 $ 5 ; 4 $ 7 ; 5 $ 4 and6 $ 0 :

The ÔunknownÕs are thenÞlled in with AL from original
parents, for which there is no conßict:

o

1

= ( u 1 2 j 5 7 4 0 j u 8 9) and

o

2

= ( u 1 2 j 3 4 5 6 j 9 u 8) :

Finally, theÞrst u in o

1

(which should be0 , who will cause
a conßict) is replaced by6 because of the mapping0 $

6 . Note such replacement is transitive, for example, the
second u ino

1

should follow the mapping7 $ 4 ; 4 $

5 ; 5 $ 3 and is hence replaced by3 . TheÞnal offspring
are:

o

1

= (6 1 2 j 5 7 4 0 j 3 8 9) and

o

2

= (7 1 2 j 3 4 5 6 j 9 0 8) :

The PMX crossover exploits important similarities in the
value and ordering simultaneously when used with an ap-
propriate reproductive plan [GL85].

6.1.3 Cycle Crossover

Original Cycle Crossover (CX) was proposed in [OSH87],
again for the TSP problem. Our CX builds offspring in
such a way that each AL (and its position) comes from one
of the parents. We explain the mechanism of the CX with
following example. Two parents:

p

1

= (0 1 2 3 4 5 6 7 8 9) and

p

2

= (3 1 2 5 0 4 7 9 6 8) :

will produce theÞrst offspring by taking theÞrst AL from
theÞrst parent:

o

1

= (0 u u u u u u u u u ) :

Since every AL in the offspring should come from one of
its parents (for the same position), the only choice we have
at this moment is to pick AL3 , as the AL from parentp

2

justÒbelowÓthe selected0 . In p

1

, it is in position3 , hence:

o

1

= (0 u u 3 u u u u u u ) :

which, in turn, implies AL5 , as the AL fromp

2

ÒbelowÓ
the selected3 :

o

1

= (0 u u 3 u 5 u u u u ) :

Following the rule, the next AL to be inserted is4 . How-
ever, selection of4 requires the selection of0 , which is
already in the list. Hence the cycle is formed as expected.

o

1

= (0 u u 3 4 5 u u u u ) :

The remainingÔuÕs areÞlled from p

2

:

o

1

= (0 1 2 3 4 5 7 9 6 8) :

Similarly,

o

2

= (3 1 2 5 0 4 6 7 8 9) :

The CX preserves the absolute position of the elements in
the parent sequence [Mic96].

Our experiments shows Classical crossover and CX have a
stable but slow improvement rate according to time while
PMX demonstrates an oscillating but fast convergence
trend. In our later experiments, majority of the crossover
is done by PMX. Classical crossover and CX are applied at
a much lower probabilities.

6.2 MUTATION OPERATOR

Mutation is another classical genetic operator, which al-
ters one or more genes (portion of the chromosome) with
a probability equal to the mutation rate. There are several
known mutation algorithms which work well on different
problems:

� Inversion: invert a subsequence.

� Insertion: select an AL and insert it back in a random
position.

� Displacement: select a subsequence and insert it back
in a random position.

� Reciprocal Exchange: swap two ALs.



In fact the Inversion, Displacement and Reciprocal Ex-
change are quite similar to our neighborhood solution and
diversiÞcation techniques used in Tabu Search and Simu-
lated Annealing in previous sessions. We adopt a relatively
low mutation rate at 1%.

The population sizeP = 1000 is set for most cases. The
evolution process starts with a random population. The
population is sorted according to the objective function, the
best the quality, the higher the probability it will be selected
for reproduction. At each iteration, a new generation with
population size2 P is produced and the better half, which
is of sizeP , survive for the next iteration. The evolution
process continues until certain stop criterion are met.

7 EXPERIMENTAL RESULTS

Table 1: Experimental results (Entries in the table shows
the minimum length of the yard required. Name of Data Set
shows the number of SLSs in theÞle; LB:Lower Bound)

Data Set LB TSSTM TSLTM SA GA
R126 21 28 26 25 24
R117 34 39 37 34 34
R145 39 50 45 42 39
R178 50 69 69 66 55
R188 74 105 98 102 79
R173 77 98 91 98 79
R250 83 141 119 117 89
R236 97 139 130 114 101
R213 164 245 246 245 187

We conducted extensive experiments on randomly gener-
ated data1 The graph for each test case contains one con-
nected components, in other words, the test cases cannot
be partitioned into more than one independent sub-case.
Due to the difÞculties of Þnding any optimal solution in
the experiments, a triviallower boundis taken to be the
sum of the space requirements at each time slot and used
for benchmarking purpose.

Table 1 illustrates the results. It is not surprising to see
that GA outperforms all other heuristics in all test cases
by a considerable margin. TSSTM has the simplest imple-
mentation with the worst results. TSLTM has an obvious
improvement from TSSTM, though the improvement is not
very stable. We believe one of the major difÞculties with
Long Term Memory is the assignment of relative weights to
yard length, residence frequency and transition frequency
in the objective function. SA is relatively easy to imple-
ment with comparable results to TSLTM. The most suc-
cessful approach, using Genetic Algorithm, gives the best

1All test data are available on the WWW with URL:
http://www.comp.nus.edu.sg/~ fuzh/YAP.

Table 2: Experiment running time (seconds) for Table 1.

Data Set TSSTM TSLTM SA GA
R126 594 3423 2023 302
R117 753 2521 1873 442
R145 1215 3693 2233 784
R178 2568 5362 2576 1023
R188 2523 7822 3529 1321
R173 3432 6743 3431 1675
R250 4578 10239 5031 3632
R236 5027 11053 5892 2453
R213 4891 10476 6342 4322

Figure 8: Physical layout of 117 SLSs (requests). Data Set:
R117

results, which are within 8% of the trivial lower bound at
most of the time.

Table 2 shows the running time for each of the test per-
formed in Table 1 on a Dual-CPU (Pentium III 800MHz
each) Linux machine. It is clear that GA is also the most
cost-effective approach.

Another interesting discovery from the experiments is that
the normalization routine does not improve the results of
GA as much as our expectation. Besides the slowing down
factor, it sometimes even degenerates the results. We be-
lieve that normalization should make the search process
more stable and focus by removing theconfusingfac-
tors. But its side effects, for example reducing the solution
space, sometimes overwhelm its merits.

Figure 8 and Figure 9 provide the graphic results obtained
by GA for inputÞle R117 andR145. The heavily-shaded
SLSs contain the region that is the densest (lower bound)
in both Þgures. Due to the stair-like shapes, the packing
layout looks sub-optimal. A closer look reveals further im-
provements to be very unlikely.



Figure 9: Physical layout of 145 SLSs (requests). Data Set:
R145

8 CONCLUSION

In this paper, we have shown the Yard Allocation Problem
(YAP) is NP-Hard by reducing the Ship Berthing Problem
(SBP) to it. The geometrical representation of YAP is then
transformed into a Direct Acyclic Graph (DAG) for efÞ-
cient manipulation. A normalization procedure is proposed
to guarantee a one-to-one relationship between geometric
layout and Acyclic Label Assignment of the DAG. Find-
ing the optimal layout is transformed to the search for the
optimal Acyclic Label Assignment. Two heuristic meth-
ods, Tabu Search and Simulated Annealing areÞrst applied.
The results obtained are not very attractive.

A Genetic Algorithm approach is applied after TS and SAÕs
failing to achieve good results against the lower bound.
Various genetic operators are proposed and applied. Exten-
sive experiments showed our GA approach, outperformed
both the original Tabu Search and Simulate Annealing by a
margin of more than 10%.
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Abstract

Gaph yl is an application of genetic al-

gorithms (GA's) to ph ylogenetics, an ap-

proac h used b y biologists to in v estigate the

ev olutionary relationships among organisms.

T ypical ph ylogenetic soft w are pac k ages use

heuristic searc h metho ds to na vigate through

a space of p ossible trees in an attempt to

�nd the most plausible ev olutionary h yp othe-

ses, as exhaustiv e searc h is not practical in

this domain. Gaph yl substitutes an ev olu-

tionary searc h mec hanism, with the result

that on a complex problem from the litera-

ture (the ma jor clades of the angiosp erms),

Gaph yl is able to �nd a more complete so-

lution (more equally plausible h yp otheses) in

less time than the standard approac h. Con-

tributions of GA op erators are in v estigated,

as are some p ossibilities for h ybrid systems.

1 INTR ODUCTION

The h uman genome pro ject and similar pro jects in bi-

ology ha v e led to a w ealth of data and the rapid gro wth

of the emerging �eld of bioinformatics, a h ybrid disci-

pline b et w een biology and computer science that uses

the to ols and tec hniques of computer science to help

manage, visualize, and �nd patterns in this data. The

w ork rep orted here is an application to biology , and

indicates gains from using genetic algorithms (GA's)

as the searc h mec hanism for the task.

Ph ylogenetics [6] is a metho d widely used b y biologists

to reconstruct h yp othesized ev olutionary path w a ys fol-

lo w ed b y sp ecies curren tly or previously inhabiting the

Earth. Giv en a dataset that con tains a n um b er of dif-

feren t sp ecies, eac h with a n um b er of attribute-v alues,

ph ylogenetics soft w are constructs ph ylogenies, whic h
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Figure 1: A to y example data set, sample ph ylogen y , and

sample net w ork. In this example, there are four sp ecies

and three features. The tree formed sho ws the h yp othesis

that sp ecies B is related to sp ecies A, gaining the third

feature. Similarly , C and D are more closely related to B

than to A, also acquiring new features.

are represen tations of the p ossible ev olutionary rela-

tionships among the giv en sp ecies. A t ypical ph y-

logen y is a tree structure: The sp ecies nearest the

ro ot of a tree can b e view ed as the common ances-

tor, the lea v es of a tree are the sp ecies, and subtrees

are subsets of sp ecies that share a common ancestor.

Eac h branc hing of a paren t no de in to o�spring repre-

sen ts a div ergence in one or more attribute-v alues of

the sp ecies within the t w o subtrees. In an alternate

approac h, sometimes called \unro oted trees" or \net-

w orks", the ro ot of the tree is not assumed to b e an

ancestral sp ecies, although these h yp otheses are often

dra wn as trees as a con v enience. Unro oted trees rep-

resen t h yp othetical relationships b et w een sp ecies, but

do not attempt to mo del ancestral relationships.

An example ph ylogen y for a to y data set is sho wn in

Figure 1. In this example, sp ecies A is the common

ancestor in the tree, and B is the common ancestor

of the subtree b elo w A (assuming the tree is ro oted).

The relationships b et w een sp ecies is also sho wn in the

net w ork represen tation, to b etter understand the un-

ro oted tree.

Ph ylogenies are ev aluated using metrics suc h as par-

simon y: A tree with few er ev olutionary c hanges is

considered b etter than one with more ev olutionary



c hanges. The w ork rep orted here used W agner par-

simon y . W agner parsimon y is straigh tforw ard to com-

pute (requiring only a single pass through the tree)

and incorp orates few constrain ts on the ev olutionary

c hanges that will b e considered. F or example, some

parsimon y approac hes require the assumption that

sp ecies will only gro w more complex via ev olution |

that features will b e gained, but not lost in the pro cess.

The t ypical ph ylogenetics approac h uses a determinis-

tic hillclim bing metho dology to �nd a ph ylogen y for a

giv en dataset, sa ving one or more \most parsimonious"

trees as the result of the pro cess. The most parsi-

monious trees are the ones with a minim um n um b er

of ev olutionary c hanges connecting the sp ecies in the

tree. Multiple \b ests" corresp ond to equally plausi-

ble ev olutionary h yp otheses, and �nding more of these

comp eting h yp otheses is an imp ortan t part of the task.

The tree-building approac h adds eac h sp ecies in to the

tree in sequence, searc hing for the b est place to add

the new sp ecies. The searc h pro cess is deterministic,

but m ultiple trees ma y b e found in the pro cess of the

searc h, and di�eren t trees ma y b e found b y running

the algorithm with di�eren t random \jum bles" of the

order of the sp ecies in the dataset.

This researc h is an in v estigation in to the utilit y of us-

ing ev olutionary algorithms on the problem of �nding

parsimonious ph ylogenies.

2 DESIGN DECISIONS

T o hasten the dev elopmen t of our system, w e used

parts of t w o existing soft w are pac k ages. Ph ylip [5]

is a ph ylogenetics system widely used b y biologists.

In particular, this system con tains co de for ev aluat-

ing the parsimon y of the ph ylogenies (as w ell as some

helpful utilities for w orking with the trees). Using the

Ph ylip source co de rather than writing our o wn tree-

ev aluation mo dules also helps to ensure that our trees

are prop erly comparable to the Ph ylip trees. Genesis

[7] is a genetic algorithms (GA) pac k age in tended to

aid the dev elopmen t and exp erimen tation with v aria-

tions on the GA. In particular, the basic mec hanisms

for managing p opulations of solutions and the mo dular

design of the co de facilitate implemen ting a GA for a

sp eci�c problem. W e named our new system Gaph yl, a

re
ection of the com bination of GA and Ph ylip source

co de.

The researc h describ ed here w as conducted using pub-

lished datasets a v ailable o v er the in ternet [4]. The

�rst dataset used is the families of the sup erorder of

Lamii
orae dataset [1], consisting of 23 sp ecies and

29 attributes. This dataset w as c hosen as b eing large

enough to b e in teresting, but small enough to b e man-

ageable. A second dataset, the ma jor clades of the

angiosp erms [3], consisting of 49 sp ecies and 61 at-

tributes, w as used for further exp erimen tation. These

datasets w ere selected b ecause the attributes are bi-

nary , whic h simpli�ed the dev elopmen t of the system.

As a preliminary step in ev aluating the GA as a searc h

mec hanism for ph ylogenetics, \unkno wn" v alues for

the attributes w ere replaced with 1's to mak e the data

fully binary . This minor alteration to the data do es

impact the meaningfulness of the resulting ph yloge-

nies as ev olutionary h yp otheses, but do es not a�ect

the comparison of Gaph yl and Ph ylip as searc h mec h-

anisms.

The t ypical GA approac h to doing \crosso v er" with

t w o paren t solutions with a tree represen tation is to

pic k a subtree (an in terior or ro ot no de) in b oth par-

en ts at random and then sw ap the subtrees to form

the o�spring solution. The t ypical m utation op erator

w ould select a p oin t in the tree and m utate it to an y

one of the p ossible legal v alues (here, an y one of the

sp ecies). Ho w ev er, these approac hes do not w ork with

the ph ylogenies b ecause eac h sp ecies m ust b e repre-

sen ted in the tree exactly once.

Op erators designed sp eci�cally for this task are de-

scrib ed in the follo wing sections and in more detail in

[2].

2.1 CR OSSO VER OPERA TOR

The needs for our crosso v er op erator b ear some simi-

larit y to tra v eling salesp erson problems (TSP's), where

eac h cit y is to b e visited exactly once on a tour. There

are sev eral approac hes in the literature for w orking on

this t yp e of problem with a GA, ho w ev er, the TSP

naturally calls for a string represen tation, not a tree.

In designing our o wn op erator, w e studied TSP ap-

proac hes for inspiration, but ultimately devised our

o wn. W e w an ted our op erator to attempt to preserv e

some of the sp ecies relationships from the paren ts. In

other w ords, a giv en tree con tains sp ecies in a partic-

ular relationship to eac h other, and w e w ould lik e to

retain a large degree of this structure via the crosso v er

pro cess.

Our crosso v er op erator pro ceeds as follo ws:

1. Cho ose a sp ecies at random from one of the par-

en t trees. Select a subtree at random that includes

this no de, excluding the subtree that is only the

leaf no de and the subtree that is the en tire tree.

(The exclusions prev en t crosso v ers where no in-

formation is gained from the op eration.)

2. In the second paren t tree, �nd the smallest sub-

tree con taining all the sp ecies from the �rst par-

en t's subtree.
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Figure 2: Tw o example paren t trees for a ph ylogenetics

problem with sev en sp ecies. A subtree for crosso v er has

b een iden ti�ed for eac h tree.
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Figure 3: A t the left, the o�spring initially formed b y

replacing the subtree from paren t1 with the subtree from

paren t2; on the righ t, the o�spring tree has b een pruned

to remo v e the duplicate sp ecies F.

3. T o form an o�spring tree, replace the subtree from

the �rst paren t with the subtree from the sec-

ond paren t. The o�spring m ust then b e pruned

(from the \older" branc hes) to remo v e an y dupli-

cate sp ecies.

4. Rep eat the pro cess using the other paren t as the

starting p oin t, so that this pro cess results in t w o

o�spring trees from t w o paren t trees.

This pro cess results in o�spring trees that retain some

of the sp ecies relationships from the t w o paren ts, and

com bine them in new w a ys.

An example crosso v er is illustrated in Figures 2 and

3. (Note that in the ph ylogenies, sw apping the left

and righ t c hildren do es not a�ect the meaning of the

ph ylogen y .)

2.2 CANONICAL F ORM

T rees are put in to a canonical form when sa ving the

b est trees found in eac h generation, to ensure that

no equiv alen t trees are sa v ed among the b est ones.

Canonical form is illustrated in Figure 4.

2.3 MUT A TION OPERA TORS

One of our m utation op erators selects t w o leaf no des

(sp ecies) at random, and sw aps their p ositions in the

tree. This op erator allo ws the GA to in v estigate sligh t

v ariations on a paren t tree.
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Figure 4: An illustration of putting a tree in to canonical

form. The tree starts as in the top left; an alternate repre-

sen tation of the tree as a \net w ork" is sho wn at the b ottom

left. First, the tree is rotated, so that the �rst sp ecies in

the dataset is an o�spring of the ro ot. Second, subtrees

are rearranged so that smaller trees are on the left and

alphab etically lo w er sp ecies are on the left.

A second m utation op erator pic ks a random subtree

and a random sp ecies within the subtree. The subtree

is rotated to ha v e the sp ecies as the left c hild of the

ro ot and reconnected to the paren t. The idea b ehind

this op erator is that within a subtree, the sp ecies migh t

b e connected to eac h other in a promising manner, but

not w ell connected to the rest of the tree.

2.4 IMMIGRA TION

The p opulation is sub divided in to a sp eci�ed n um b er

of subp opulations whic h, in most generations, are dis-

tinct from eac h other (crosso v ers happ en only within a

giv en subp opulation). After a n um b er of generations

ha v e passed, eac h p opulation migrates a n um b er of

its individuals in to other p opulations; eac h emigran t

determines at random whic h p opulation it will mo v e

to and whic h tree within that p opulation it will up-

ro ot. The upro oted tree replaces the emigran t in the

emigran t's original p opulation. The n um b er of p op-

ulations, the n um b er of generations to pass b et w een

migrations, and the n um b er of individuals from eac h

p opulation to migrate at eac h migration ev en t are de-

termined b y parameters to the system. Immigration

w as added due to problems with premature con v er-

gence iden ti�ed in early stages of dev elopmen t.

3 EXPERIMENT AL RESUL TS

Recall that b oth Gaph yl and Ph ylip ha v e a sto c hastic

comp onen t, whic h means that ev aluating eac h system

requires doing a n um b er of runs. In Ph ylip, eac h dis-

tinct run �rst \jum bles" the sp ecies list in to a di�eren t

random order. In Gaph yl, there are man y di�eren t ef-



fects of random n um b er generation: the construction

of the initial p opulation, paren t selection, and the se-

lection of crosso v er and m utation p oin ts. F or b oth

systems, a n um b er of di�eren t runs m ust b e done to

ev aluate the approac h.

3.1 COMP ARISON OF GAPHYL AND

PHYLIP

1. With the Lamii
orae data set, the p erformance of

Gaph yl and Ph ylip is comparable. Ph ylip is more

exp edien t in �nding a single tree with the b est

parsimon y (72), but b oth Gaph yl and Ph ylip �nd

45 most parsimonious ph ylogenies in ab out t w en t y

min utes of run time.

2. With the angiosp erm dataset, a similar pattern

emerges: Ph ylip is able to �nd one tree with

the b est �tness (279) quite quic kly , while Gaph yl

needs more run time to �rst disco v er a tree of �t-

ness 279. Ho w ev er, in a comparable amoun t of

run time, Gaph yl is able to �nd 250 di�eren t most

parsimonious trees of length 279 (appro ximately

24 hours of run time). Ph ylip runs for compara-

ble p erio ds of time ha v e not found more than 75

distinct trees with a parsimon y of 279, and runs

of nearly 3 da ys ha v e not turned up more than

95 distinct trees. F urthermore, the trees found b y

Ph ylip are a prop er subset of the trees found b y

Gaph yl.

In other w ords, Gaph yl is more successful than Ph ylip

in �nding more trees (more equally plausible ev olu-

tionary h yp otheses) in the same time p erio d. This

represen ts a more complete solution to the problem.

The Lamii
orae task is considerably easier to solv e

than the angiosp erm task. Example parameter set-

tings are a single p opulation of 500, 500 generations,

50% elitism (the 250 b est trees are preserv ed in to the

next generation), 100% crosso v er, 10% �rst m utation,

and 100% second m utation. Empirically , it app ears

that 72 is the b est p ossible parsimon y for this dataset,

and that there are not more than 45 di�eren t trees of

length 72.

The angiosp erm task seems to b ene�t from immigra-

tion in order for Gaph yl to �nd the b est kno wn trees

(�tness 279). Successful parameter settings are 5 p op-

ulations, p opulation size of 500 (in eac h subp opula-

tion), 2000 generations, immigration of 5% (25 trees)

after ev ery 500 generations, 50% elitism (the 250 b est

trees are preserv ed in to the next generation), 100%

crosso v er, 10% �rst m utation, and 100% second m u-

tation. (Immigration do es not happ en follo wing the

�nal generation.) W e ha v e not y et done enough runs

with either Ph ylip or Gaph yl to estimate the maxim um

n um b er of trees at this �tness, nor a more concise es-

timate of ho w long Ph ylip w ould ha v e to run to �nd

250 distinct trees, nor whether 279 is ev en the b est

p ossible parsimon y for this dataset.

3.2 BIG PICTURE: THE R OLE OF THE

GA IN THIS T ASK

In constructing Gaph yl, w e used the co de from

Ph ylip's ev aluation metric, but the searc h mec hanisms

are those of the GA describ ed in this section. In other

w ords, w e are in v estigating the use of the GA as an

alternate searc h metho d for this already established

task. There is an immediate gain to our approac h: Our

searc h for trees increases in complexit y with the n um-

b er of sp ecies in the dataset. The n um b er of attributes,

ho w ev er, do es not a�ect the searc h. Con v ersely , the

complexit y of the searc h in Ph ylip increases relativ e

to the n um b er of attributes as w ell as the n um b er of

sp ecies in the dataset. Biologists frequen tly run ph y-

logen y soft w are for w eeks at a time, so a sa vings in

sp eed has a measurable impact.

Both systems are far from optimized, so strong con-

clusions cannot b e dra wn from run time alone. Ho w-

ev er, the pattern that is emerging is that as the prob-

lems get more complex, Gaph yl is able to �nd a more

complete set of trees with less w ork than what Ph ylip

is able to �nd. The w ork done to date illustrates

that Gaph yl is a promising approac h for ph ylogenet-

ics w ork, as Gaph yl �nds a wider v ariet y of trees on

this problem than Ph ylip do es. This further suggests

that Gaph yl ma y b e able to �nd solutions b etter than

those Ph ylip is able to �nd on datasets with a larger

n um b er of sp ecies and attributes, b ecause it app ears

to b e searc hing more successful regions of the searc h

space.

While it is true that one cannot compare soft w are

on run time alone, recall that Gaph yl w as constructed

from existing systems, neither one of whic h w as opti-

mized for sp eed. In particular, Genesis w as designed to

simplify GA exp erimen tation and mo di�cations (m uc h

lik e the pro ject here). It is p ossible to mak e some com-

parisons of op erations done b y the t w o systems in their

searc h, but these are apples and oranges, since the

w ork done to get from one tree to the next v aries b e-

t w een the systems. In Ph ylip, eac h jum ble corresp onds

to a hillclim bing searc h, whic h (with the Angiosp erms

dataset) in v estigates on the order of 10,000 trees for

eac h random ordering of the sp ecies list, and 40,000

jum bles in the 24 hours, or on the order of 400 mil-

lion trees. In Gaph yl, 10 exp erimen ts (using di�eren t

seeds to the random n um b er generator) with 2500 to-

tal trees and 2000 generations in v estigates on the order

of 50 million trees in 24 hours, although the n um b er



should b e halv ed due to the 50% elitism.

3.3 CONTRIBUTION OF OPERA TORS

T o ev aluate the con tributions of the GA op erators

to the searc h, additional runs w ere done with the

�rst data set (and a single p opulation). Empiri-

cally , crosso v er and the second m utation op erator had

b een found to b e the largest con tributors to successful

searc h, so atten tion w as fo cused on the con tributions

of these op erators.

In the �rst set of exp erimen ts, the �rst m utation rate

w as set to b e 0%. First, the crosso v er rate w as v aried

from 0% to 100% at incremen ts of 10% while the sec-

ond m utation rate w as held constan t at 100%. Second,

the second m utation rate w as v aried from 0% to 100%

at incremen ts of 10% while the crosso v er rate w as held

constan t at 100%. 20 exp erimen ts w ere run at eac h

parameter setting; 500 generations w ere run.

Figure 5 illustrates the e�ects of v arying the crosso v er

rate (solid line) and second m utation rate (dashed line)

on the a v erage n um b er of generations tak en to �nd at

least one tree of the kno wn b est �tness (72). Exp er-

imen ts that did not disco v er a tree of �tness 72 are

a v eraged in as taking 500 generations. F or example,

0% crosso v er w as unable to �nd an y trees of the b est

�tness in all 20 exp erimen ts, and so its a v erage is 500

generations. This �rst exp erimen t illustrates that in

general, higher crosso v er rates are b etter. There is

not a clear preference, ho w ev er, for high rates of the

second form of m utation. T o lo ok at this op erator

more closely , the �nal p opulations of the 20 exp eri-

men ts w ere lo ok ed at to determine ho w man y of the

b est trees w ere found in eac h run.

Figure 6 illustrates the e�ects of v arying the crosso v er

rate (solid line) and second m utation rate (dashed line)

on the a v erage n um b er of b est trees found. Exp eri-

men ts that did not disco v er a tree of �tness 72 are a v-

eraged in as �nding 0 trees. F or example, 0% crosso v er

w as unable to �nd an y trees of the b est �tness in all 20

exp erimen ts, and so its a v erage is 0 of the b est trees.

As Figure 6 illustrates, runs with a higher second m u-

tation rate tend to �nd more of the b est trees than

runs with a lo w er second m utation rate.

The impact of the �rst m utation op erator had seemed

to b e lo w based on empirical evidence. So another set

of exp erimen ts w as done to assess the con tribution of

this op erator. In b oth, the crosso v er rate w as set at

100%; in one, the second m utation rate w as set at 0%

and in the other, the second m utation rate w as set

at 100%. The results of this exp erimen t clearly indi-

cate that higher rates of this form of m utation are not

b ene�cial. F urthermore, this op erator is not clearly
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Figure 5: The e�ect of v arying crosso v er rate while hold-

ing second m utation constan t and of v arying the second

m utation rate while holding the crosso v er rate constan t.

The a v erage generation at whic h the b est �tness (72) w as

found is illustrated.
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Figure 6: The e�ects of v arying crosso v er rate while hold-

ing second m utation constan t and of v arying the second

m utation rate while holding the crosso v er rate constan t.

The a v erage n um b er of b est trees (45 max) found b y eac h

parameter setting is illustrated.

con tributing to the searc h. The results are illustrated

in Figure 7.

In the �nal set of exp erimen ts, the �rst exp erimen ts of

v arying crosso v er rate while holding second m utation

rate constan t and vice v ersa w ere rep eated, but this

time with a �rst m utation rate of 10%. The results

are illustrated in Figure 8.
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Figure 8: The e�ect of v arying crosso v er rate while hold-

ing second m utation constan t and of v arying the second

m utation rate while holding the crosso v er rate constan t,

this time with a �rst m utation rate of 10%. The a v erage

generation at whic h the b est �tness (72) w as found is illus-

trated.

3.4 CONTRIBUTION OF OTHER

P ARAMETERS

An additional set of exp erimen ts w as designed to as-

sess tradeo�s in terms of putting a �xed n um b er of

trees in one p opulation or distributing them across a

n um b er of p opulations and tradeo�s b et w een ha ving

P opulation sizes for eac h exp erimen t

Gens Num b er of P opulations

1 2 4 8 16

1600 1024 512 256 128 64

800 2048 1024 512 256 128

400 4096 2048 1024 512 256

T able 1: The p opulation size for eac h exp erimen t de-

scrib ed in Section 3.4. When there are m ultiple p opula-

tions, the n um b er sho wn refers to the n um b er of trees in

eac h distinct p opulation.

larger p opulation sizes or doing more generations, for

a �xed n um b er of ev aluations in all cases. These ex-

p erimen ts w ere done using the angiosp erms dataset.

The base case ma y b e though t of as 1 p opulation of

1024 individuals, and 1600 generations. Then, along

one dimension, the p opulation is divided across 2,

4, 8, and 16 p opulations, a total of �v e v ariations.

Along the other dimension the n um b er of generations

is halv ed as the p opulation size is doubled, for a total

of three v ariations. This creates an arra y of 15 param-

eter settings, illustrated in T able 1. The horizon tal

axis sho ws the n um b er of p opulations, the v ertical axis

sho ws the n um b er of generations, and eac h in terior cell

sho ws the p opulation size.

Tw en t y exp erimen ts, with di�eren t seeds to the ran-

dom n um b er generator, w ere done for eac h setting.

When m ultiple p opulations are used, �v e p ercen t of

the p opulation immigrates after 25%, 50%, and 75%

of the generations ha v e completed.

The results of these exp erimen ts, illustrated in T able 2,

sho w the b est results with 2 p opulations of 1024 trees

run for 800 generations, with a total of 7 out of the

20 runs �nding trees of the b est kno wn �tness of 279.

In general, it app ears that t w o p opulations are b etter

than one, but that there migh t not b e great gains from

more than t w o p opulations. F urther, it app ears that

the system b ene�ts from a balance b et w een a large

p opulation size and a large n um b er of generations.

3.5 EXPLORA TION OF HYBRID

POSSIBILITIES

W e ha v e noted that Ph ylip is relativ ely quic k to �nd

at least one of the b est solutions, but that o v er a span

of time, do es not �nd as man y of the b est solutions

as Gaph yl do es. Therefore, it seems that in v estigating

the p ossibilit y of a h ybrid system w ould b e b ene�cial.

The h ybrid v ariation explored here is to use Ph ylip

runs to seed the initial p opulation of the GA run.

In these exp erimen ts, the p oin t of comparison is the



Num b er of runs that found a \b est"

Gens Num b er of P opulations

1 2 4 8 16 sum

1600 1 2 1 2 1 7

800 5 7 2 5 2 21

400 3 3 4 0 0 10

sum 9 12 7 7 3

Av erage �tness of �nal p opulations

Gens Num b er of P opulations

1 2 4 8 16

1600 281.70 281.55 281.10 280.85 280.95

800 280.60 279.95 280.25 279.95 280.15

400 280.45 280.15 280.45 281.15 281.95

T able 2: The n um b er of runs that found the b est solution

and the a v erage b est solution found across 20 runs, v arying

the n um b er of p opulations and n um b er of generations, with

a constan t 1024 trees (split across the sp eci�ed n um b er of

p opulations).

starting p oin t for the system. F our v ariations w ere

explored, using the angiosp erms dataset:

1. Starting with an en tirely random initial p opula-

tion.

2. Starting with an initial p opulation comprised of

a random selection of trees found b y running one

Ph ylip jum ble.

3. Starting with an initial p opulation comprised of

half Ph ylip trees from one jum ble and half random

trees.

4. Starting with an initial p opulation comprised of

20 Ph ylip trees, one of the b est from eac h of 20 dif-

feren t jum bles, and the remainder random trees.

25 exp erimen ts w ere run for eac h v ariation. One p op-

ulation w as used, so as not to confound the e�ects of

m ultiple p opulations. The p opulation size w as 2000

trees, run for 1000 generations. Other parameters are

as rep orted previously .

Of these runs, the 4th v ariation fared the b est, �nding

at least one tree with the 279 �tness in 14 of the 25

runs. Secondly , the �rst v ariation found at least one

tree with 279 �tness in 5 of the 25 runs. The second

and third v ariations did not �nd an y trees of 279 �tness

in the 25 runs. T ra jectories of a v erage �tnesses across

all runs are sho wn in Figure 9.

These exp erimen ts suggest that while seeding from

Ph ylip runs ma y help the progress of the GA, the ini-

tial seeds m ust b e su�cien tly div erse for this \jump
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Figure 9: T ra jectories for the four exp erimen ts with seed-

ing the initial p opulation. The second graph sho ws more

detail of the lo w er �tness v alues.

start" to b e helpful. It app ears that c ho osing the seed

trees from a single Ph ylip jum ble is comparable to

starting the GA with a p opulation that has already

con v erged. (Note: This exp erimen t w as rep eated with

�v e distinct Ph ylip jum bles, alw a ys with similar re-

sults.)

4 CONCLUSIONS AND FUTURE

W ORK

The GA searc h pro cess as implemen ted in Gaph yl rep-

resen ts a gain for ph ylogenetics in its abilit y to �nd

more equally plausible trees than Ph ylip in the same

run time. F urthermore, as the datasets get larger in



the n um b er of sp ecies and attributes, the e�ectiv eness

of Gaph yl o v er Ph ylip app ears to increase. One p os-

sible facet of this success is that the Gaph yl searc h

pro cess is indep enden t of the n um b er of attributes

(and attribute-v alues); the complexit y of the searc h

v aries with the n um b er of sp ecies (whic h determines

the n um b er of leaf no des in the tree). Ph ylip uses

attribute information in its searc h pro cess.

The �rst m utation op erator is p erhaps the \ob vious"

form of m utation to implemen t for this problem, and

y et, its use (at high lev els) app ears to detract from the

success of the searc h. While m ultiple p opulations ap-

p ear to help the system a v oid premature con v ergence,

to o man y p opulations are not helpful.

The creation of a h ybrid system that uses Ph ylip's

relativ ely fast but limited searc h strategy to seed the

initial p opulation is a promising approac h, as long as

care is tak en that the seeds are div erse.

There is ob viously a w ealth of p ossible extensions to

the w ork rep orted here. First, more extensiv e ev alu-

ations of the capabilities of the t w o systems m ust b e

done on the angiosp erms data set, including an esti-

mate of the maxim um n um b er of trees of �tness 279

(and, indeed, whether 279 is the most parsimonious

tree p ossible). This w ould en tail more extensiv e runs

with b oth approac hes.

Second, more w ork m ust b e done with a wider range

of datasets to ev aluate whether Gaph yl is consisten tly

able to �nd a broader v ariet y of trees than Ph ylip, and

p erhaps able to �nd trees b etter than Ph ylip is able to

�nd.

Third, Gaph yl should b e extended to w ork with non-

binary attributes. This is particularly imp ortan t in

that ph ylogenetic trees are increasingly used b y biolo-

gists primarily with the A, C, G, T mark ers of genetic

data.

Finally , w e need to compare the w ork rep orted here to

other pro jects that use GA approac hes with di�eren t

forms of ph ylogenetics, including [8 ] and [9]. Both of

these pro jects use maxim um lik eliho o d for construct-

ing and ev aluating the ph ylogenies. The maxim um

lik eliho o d approac h (whic h is kno wn as a \distance-

based metho d") is not directly comparable to the W ag-

ner parsimon y approac h (whic h is kno wn as a \maxi-

m um parsimon y" approac h).
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�v\�n4bcop•i\�uJ^i€�bcg½deopfzo‚deoÅ€‡\Òbc|z\Òf›k_d�ÃU\�`�gihJbckz`•fzgO•i\�`•€Ñ]U\�`

yM^ide\iÏ�F \‰^aˆÅ€‡g
k_€c\�¿Á€‡gMd/\�u$|_^Ob�¿zoÇÂ@\�`•\�f›b1]_|›ƒl€copn�€�¨1bc|_\

Ã_^iˆ‚ˆwdegO•i\�¿Ðbvu$oÅn4\‰^i€~hZ^i€‡b/^i€~bc|z\3b•^
ó

\�`•€�ÈTu$|_opn8|�degO•M\�¿

bvu$oÅn4\�^i€whZ^M€vb�^M€wbc|z\
ó

\�\�]U\�`8€�Ï

}�€copfzy½|zoÅ€~ÃU\�€‡b1ˆÅ^”ƒi\�`c\…¿�ˆp\�^i`cf_o‚fzy
yM\�fz\�bcoÅn­]z`•giyM`•^id/deopfzy

]_^i`•^id/\�bc\�`•€�È 6ªkD€vb8^OhZ€cgifô]_`cgl¿lk_n�\�¿r^-ïDf_^aˆe]Ugi]zkzˆÅ^Ob•o‚gMf

u$o‚bc|3^1de\�^if�ïzb•fz\�€•€wgah*°a‹�bck_`cfzgO•M\�`8€�È›^af_¿3^�ÃU\�€‡bwïzbcfz\…€c€

gahwŒ­bck_`cfzgO•M\�`8€�Ïª{J|z\�€c\�`•\�€ckzˆ‚b•€ª^a`•\�fzgib"\…^i€co‚ˆpƒ
n4gide]_^i`•^aÆ

Ãzˆp\$bcg/m›bcgMfz\b	 €�ÃU\�n�^ak_€c\$bc|_\ ]z`•giÃzˆp\�d ¿lgid­^io‚f­^afD¿/ïzbcfz\…€c€

\�•O^iˆ‚k_^abcopgif
^a`•\ªhÄkzf_¿z^id/\�f›b•^aˆpˆpƒÒ¿lo‚ÂU\�`c\�fMb…Ï
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�zgMˆ‚ˆpgOu$opfzy~m›bcgMfz\~Ö�0:Ø+ikjpÈ›uw\wyM\�fz\�`•^abc\…¿ ó \�\�]U\�`8€ChÄgi`�®ª•l€�Ïi¯

ó \�\�]_^”uJ^”ƒ$gif~^ ¯i‹ad I
¯i‹adö]zˆp^”ƒsopfzyJï_\�ˆp¿ÑopfÑbc|z\wÞ�ßià8ßzáCâ…×

€cgsn�n4\�`�€‡\�`c•M\�`…ÏÉ„Ð\$`c\…n4gifzï_yikz`•\�¿~bc|z\"€‡gln�n�\�`�€c\�`••i\�`Tb•g�k_€c\

øa‹id­€$n4ƒln4ˆp\�€�ÈloLÏ \iÏ�bcge`ck_f
^ab ¿lgikzÃ_ˆ‚\~€c]D\�\�¿žÈ_u$oÇb•|zgiklb gibc|lÆ

\�`•u$oÅ€‡\�n8|D^afzyMo‚fzy~bc|z\"d/\…n8|_^af_opn�€Qgihžbc|z\"yM^ade\MÏT„Ð\"ÃD^i€c\�¿

bc|_\�b8^
ó

\�`•€Qgif­b•|z\"hÄ`c\�\�ˆpƒMÆî^”•O^aopˆp^iÃzˆp\­á���
\3�� 0îÖH-,$����eËLmsbcgif_\

\4bC^aˆÜÏ‚È�¯i‹i‹M‹MÌU€‡gMkz`8n4\:n4gl¿l\*b•|_^ObT^iˆ‚uJ^”ƒl€@n�^aˆpˆp\�¿_X

˜bYz˜bZ_•l‘›‘\[5]

ËÄgM`1^

˜s‘Mœ�Z_•l‘›‘\[5]

oÇh*oÇb�^iˆ‚`•\�^M¿lƒ­|_^M¿�b•|z\�Ã_^aˆpˆtÌðÏ

„Ð\3¿l\�•i\�ˆpgi]U\�¿Î^Ô€‡gihtbvuw^i`c\�n�gM^in8|Ðb•g�€c\4b�kz]ÁyM^ade\…€�ÈC\�flÆ

hÄgi`8n4\wb•|z\J`ckzˆp\�€�ÈOb•\�`•d/opf_^abc\JyM^id/\…€�Èa^if_¿/]z`•gO•›oÅ¿l\�hÄ\�\…¿lÃ_^in
ó

bcgeb•|z\~]zˆÅ^”ƒi\�`•€�Ï�†�yM^ide\�\�f_¿l\…¿‰u$|z\�f‰bc|_\~Ã_^aˆpˆRuw\�f›b gikzb

gahTÃDgMkzf_¿z€�Èlgi`Ju$|z\�fÒb•|z\"ÃD^aˆpˆž|_^i¿ÒÃD\�\�f‰u$oÇb•|zo‚f3bc|_\
ó

oÅn
ó

Æ

^aÃ_ˆ‚\w^a`•\�^$gihD^ObCˆ‚\…^i€‡bCgMfz\�b8^
ó

\�`RhÄgM`*ø�gi`Td/gM`c\wn4gMf_€‡\…n4klb•o‚•M\

€c\�`••i\�`�n4ƒln4ˆp\�€�ÏT„Ð\�opf›bc`•gl¿lk_n4\…¿/bc|z\"^i¿z¿lo‚bcopgifD^aˆDn�gif_€‡bc`8^aopf›b

bc|D^Ob�o‚hT^�y›^ade\ ˆÅ^i€‡bc\…¿ehÄgi`JŠi‹M‹�€‡\�`c•M\�`Qn�ƒsn�ˆ‚\…€"ËZgifz\"deo‚fsklb•\

gahžÞ�ßMà•ßzá*â…×�y›^ade\�bcopd/\”ÌðÈMoÇb:uwgikzˆÅ¿�^iklbcgMde^abcoÅn�^iˆ‚ˆpƒ�ÃD\wb•\�`cÆ

deo‚fD^Obc\…¿žÏ�{J|zoÅ€Jn4gifD€vb•`•^io‚f›b�uJ^i€w^i¿_¿l\�¿�bcg/o‚de]UgM€c\Ñ^�ˆ‚opdeoÇb

gif­¿l\�yi\�fz\�`8^Ob•\�ˆpk_n
ó

opf/bc|z\$f_gioÅ€‡ƒeÞ�ßià8ßzáCâ…×�\�fs•›op`•gifzde\�f›b…Ï
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x�•MgiˆpklbcopgifD^a`•ƒ�n4gMd/]_klb•^abcopgif�oÅ€T^$Ã_`cg›^i¿"bc\�`cd¾bc|D^ObT\�f_n4gMd/Æ

]_^M€c€c\�€w^aˆpˆDde\�bc|zgl¿z€wgahRkD€‡opfzy1bc|z\ª]z`•o‚f_n�o‚]_ˆ‚\…€QgihÉÃzopgiˆpgiyioÅn�^iˆ

\�•MgiˆpklbcopgifÐËZ[ª^a`•u$o‚fÉÈž«�¬MøiŒMÌ:bcg­€‡gMˆ‚•M\"]_`cgMÃzˆ‚\�d­€�gMf3^en4gMd/Æ

]zklb•\�`…Ï

„Ð\-n8|zgM€c\W^af%\�•Mgiˆpklbcopgif_^i`cƒr^aˆpyigi`•o‚bc|zd ËLxQ†ªÌ�hÄgi`Îb•|zop€

€‡bck_¿lƒõÃU\�n�^ak_€c\�b•|z\�ƒ�^i`c\ ó fzgOu$fõb•gÔuwgi` ó uw\�ˆpˆwo‚fÀfzgioÅ€‡ƒ

^afD¿­kzf ó fzgOu$fÒ¿zgid­^aopf_€�ËL["^i`cuw\�fÉÈs¯i‹i‹i‹›ÌðÏTñîf3^af3xQ†~ÈMbc|_\

]Ugi]zkzˆÅ^Ob•o‚gMf3oÅ€Jdegl¿l\�ˆpˆ‚\…¿
^i€$^e€‡\�b$gah��8Ø,3%-���-MØ+0îÖ‹'ðÈU^af_¿3bc|_\

]_^i`•^id/\�bc\�`•€*b•|_^Ob�•”^i`cƒ/ÃU\4bvuw\�\�f­opf_¿lop•sop¿zk_^aˆÅ€�^i`c\$\�f_n4gl¿l\…¿

opfMb•gÐbc|z\½n�^af_¿loÅ¿z^abc\�€e^M€eyi\�f_\4bcoÅn
^Obcbc`•o‚Ãzkzbc\�€�ÏW{J|z\�€c\
^ObcÆ

bc`•opÃzklbc\…€ªde^”ƒ
ÃU\1opfzo‚bcoÅ^aˆpop€c\�¿Ôu$oÇb•|Ô`8^af_¿zgid gi`"gabc|_\�`Ñ•O^aˆ‚Æ

kz\…€�ÏC{J|z\�\�•MgiˆpklbcopgifD^a`•ƒ ]z`•gsn�\�€•€žoÅ€žbc|_\�f�€co‚d1kzˆÅ^Obc\…¿ªbcg ]_`cgiÆ

¿lk_n�\�fz\�u¾n�^if_¿loÅ¿z^Ob•\�€wbc|D^Ob `•\�]z`•\�€c\�f›b$ÃD\�b‡b•\�`�€cgiˆpklbcopgifD€�Ï

{Tg�opf_€vb8^af›bcoÅ^Ob•\$bc|_op€Qbc\…n8|zfzoÅÊMk_\ hÄgi`w^~]_^i`‡b•opn�kzˆÅ^a`Q]_`cgMÃzˆ‚\�d
È

uw\/|D^”•i\1bcg
€‡]U\�n�oÇhÄƒ½bc|z\­`•\�]z`•\�€c\�f›b8^ObcopgifÔk_€‡\…¿½hÄgM`~n�^if_¿lo‚Æ

¿z^abc\�€5	 ó \�\�]D^”uw^”ƒ
]Ugiˆpopn�o‚\…€�ÈÉbc|z\eïzb•fz\�€•€ÑhÄkzfDnðbcopgifõk_€c\�¿�b•g

\�•O^iˆ‚k_^abc\½]UgiˆpoÅn4op\�€�È ^af_¿Íb•|z\½gi]U\�`8^Ob•gi`8€�^afD¿G]_^a`8^ade\4b•\�`8€

k_€c\�¿/hÄgM`�`c\�]z`•gs¿zk_nðb•o‚gMfRÈid1klb•^abcopgif­^af_¿­€c\�ˆp\�n4bcopgifRÏC„Ð\�¿l\4Æ

€•n4`•o‚ÃU\ªbc|z\…€‡\~^M€‡]U\�n4b•€JgahCbc|_\~€‡\�b‡Æ¥kz]3opf½ms\�n4bcopgif_€$®_Ï‚«��s®_Ï ®_Ï
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„Ð\"k_€c\�¿‰^ÒË‡«�© «…ÌQ\�•igMˆ‚kzbcopgif_^i`cƒe€vb•`•^abc\�yiƒiÏCñîfÒ\…^in8|3yi\�fzÆ

\�`8^Ob•o‚gMfRÈC\�^in8|�n�^af_¿zop¿z^abc\�]_`cgl¿lk_n�\�€�gifz\Òn8|_o‚ˆÅ¿žÈCbc|z\�fÎbc|_\

]Ugi]zkzˆÅ^Ob•o‚gMf�de\�d�ÃU\�`8€žhÄgM`Rb•|z\�fz\�ä›bCyi\�fz\�`8^Ob•o‚gMfÑ^i`c\�n8|_gM€c\�f

hÄ`•gid b•|z\~n4gMd�Ãzopfz\�¿‰]_^i`c\�f›b•€J^af_¿
n8|zopˆÅ¿l`c\�f3]Ugi]_kzˆp^abcopgif_€�Ï

C$\�]z`cgl¿lkDnðbcopgifõoÅ€~€co‚d1kzˆp^abc\…¿�ÃsƒÐn4`•\�^Ob•o‚f_y½^
¿lkz]zˆpopn�^Ob•\­gah

bc|_\~n�^afD¿lop¿_^Obc\�u$o‚bc|
d1klb•^abcopgifRÏ:„Ð\�o‚de]zˆp\�de\�fMb•\�¿
d1klb•^aÆ

bcopgifÎkD€‡opfzy½^96Ñ^akD€c€cop^ifõ`•^if_¿lgid7¿lop€‡bc`•opÃzklbcopgifÎu$o‚bc| ��\�`•g

de\�^if3¿lo‚ÂU\�`c\�f_n4\MÏ:{J|z\ª€‡b•^if_¿z^i`•¿�¿z\�•sop^abcopgif3gahRb•|z\�¿lop€‡bc`•o‚Æ

Ãzklb•o‚gMf/¿z\4bc\�`cdeopfz\�€*|_gOuÀ^ayMyi`•\�€•€‡op•i\�ˆ‚ƒ�bc|z\ €cƒl€vb•\�dÿb•`cop\�€Tb•g

\�•Mgiˆp•i\MÏÉ„Ð\�k_€c\�¿�^~•”^iˆ‚k_\ gahÉ‹_Ï‚«MÈi`•\�€ckzˆÇb•o‚f_y~o‚f3^aÃUgiklbª«�¬ �

gah:n8|zopˆp¿z`c\�f‰€ckz`••›op•so‚f_y1opf›bcgebc|_\�fz\4äsb$yi\�fz\�`8^Ob•o‚gMfRÏ

{J|z\�€c\�ˆp\�n4bcopgiföhÄkzf_nðb•o‚gMfÿ¿l\4b•\�`•d/opfz\…€
u$|zoÅn8|�n�^af_¿zop¿z^abc\…€

u$opˆ‚ˆ:€ckz`c•sop•i\~opf›bcgÒbc|z\/fz\4äsbªyi\�f_\�`8^ObcopgifÎÈž^if_¿½u$|zoÅn8|½u$opˆ‚ˆ

¿lop\iÏ:„Ð\Ñk_€‡\…¿3^e€co‚de]zˆp\�€cn8|_\�de\Ñu$|z\�`•\�b•|z\"!�n�^af_¿zop¿z^abc\…€

u$o‚bc|
bc|_\~|zopyi|z\…€vb$ïzb•fz\�€•€$`8^Ob•o‚fzy›€$€‡k_`c•sop•i\�¿õËÄhÄ`cgMd bc|_\1¯�!

]_^i`c\�fMb8€8©ªn8|_o‚ˆÅ¿l`•\�f3^”•O^io‚ˆÅ^aÃzˆp\…Ì4Ï
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„Ð\Ñ^iˆ‚ˆpgOuw\�¿­gMkz`
ó

\�\�]D\�`•€�bc|_\ª€•^ade\ª|zo‚yM|lÆ¥ˆ‚\�•i\�ˆž^MnðbcopgifD€�^ab

\�^Mn8|�n�ƒsn�ˆ‚\­^M€Ñmsbcgif_\b	 €/ËL€‡\�\�ms\�n4bcopgifÎ¯lÏ ¯iÌðÏ F gOuw\�•M\�`…ÈUÃU\4Æ

n�^ik_€c\�b•|z\�€c\Ñ|zo‚yM|lÆ¥ˆ‚\�•i\�ˆU]z`•o‚deo‚bcop•i\…€ªËL^af_¿Òbc|_\Ñn�gi`•`c\…€‡]UgifD¿sÆ

opfzy3ˆpgOuJÆ¥ˆ‚\�•i\�ˆ*€
ó

opˆpˆp€8Ì uw\�`•\�opf_¿l\�]D\�f_¿l\�fMb•ˆ‚ƒÔo‚de]zˆp\�de\�f›b•\�¿žÈ

gik_`
ó

\�\�]U\�`8€~n4gMkzˆp¿õÃU\Ò\�äl]D\…nðbc\…¿Ðbcg½]U\�`chÄgi`•d ¿loÇÂ@\�`•\�f›b•ˆ‚ƒ

^afD¿ªbcg�ˆp\�^i`cf�¿lo‚Â@\�`•\�f›bC€‡bc`8^Ob•\�yiop\�€�Ï �zk_`‡b•|z\�`•degi`•\iÈ…u$|z\�`•\�^M€

m›b•gifz\ Ö�0ÔØ+ikj kD€‡\…¿rmy8ž†�C�Ë�V:\�ˆpgM€cg¾\�b�^aˆÜÏ‚Èe«�ŒMŒi¬›Ì
hÄgM`

bc|_\�op`9X

§M–�#%$_§a• [5]

hÄkzf_nðb•o‚gMfRÈÑu�\õk_€c\�¿¾^G€‡k_]D\�`copgi`
^aˆpyigiÆ

`•oÇb•|zdòyMo‚•M\�f‰o‚f
m›bcgMfz\~^afD¿‰¼Ôn�† ˆpˆp\�€‡bc\�`~ËÜ¯a‹M‹z«…Ì4Ï



under pressure

Opponent within
pressure distance

No opponent within
pressure distance

Decision not
under pressure

Decision

�Co‚yMkz`•\ ®z¨ {J|z\7†�yi\�fMb8€�	Wã"•i\�`•^iˆ‚ˆÓ["\�n�op€co‚gMflÆî¼½^ ó opfzy

�z`8^ade\�u�gM` ó Ï

passBall(1)

teammate 1
seems safe

Opponent
within
desperation
distance

Passing to
teammate 0
seems safe

passBall(0)

passBall(1)holdBall()

Passing to

�Co‚yMkz`•\�÷D¨Á{J|z\õ† yi\�f›b•€5	J["\�n�op€copgiflÆî¼½^ ó opfzy �_`•^ide\�uwgi` ó

„W|z\�f
}�f_¿l\�`U8�`•\�€•€‡k_`c\MÏ

ã"kz`
ó

\�\�]U\�`8€‰k_€c\�¿-bc|z\�€•^ade\õ]DgMˆ‚oÅn4ƒö€‡]_^Mn4\Î^i€
m›b•gifz\�	 €

Ë �Copyikz`•\Ò¯iÌ4ÈÉb•|sk_€�^
¿l\…n4oÅ€‡opgifõuJ^i€�`•\�Ê›kzop`•\�¿�gifzˆpƒÔhÄgM`�bc|_\

ó \�\�]U\�`/o‚fÍ]UgM€•€‡\…€c€co‚gMfÎgah b•|z\‰Ã_^aˆpˆLÏÎ„Ð\‰hÄkz`cbc|z\�`e¿z\�n4gMd/Æ

]UgM€c\�¿�bc|zoÅ€~n�^i€c\1k_€copfzy
bc|z\�¿z\�n4oÅ€co‚gMflÆÜd­^
ó

opfzy3hÄ`•^ide\�uwgi`
ó

€c|zgOu$f�opf �Co‚yMkz`•\�€�®_È*÷_È:ølÏÎ{J|zoÅ€�oÅ€e^Ô€co‚de]zˆpop€‡bcoÅn3o‚fzo‚bcoÅ^aˆ

hÄ`8^ade\�uwgi`
ó

bc|D^Ob�oÅ€$ˆpo
ó

\�ˆpƒ�bcgÒÃD\~\�äsbc\�fD¿l\�¿
opf
bc|z\~hÄklbckz`•\iÏ

� gibc\"bc|_^ab

–l§s•”ŽsŽ@•i–z§��

oÅ€Qb•|z\"bc\�^idede^abc\ªfz\�^i`c\…€vbwbcg1bc|_\

Ã_^iˆ‚ˆR^if_¿

–l§s•”ŽsŽ@•i–z§ d

oÅ€Jbc|_\�gabc|_\�`Jbc\…^aded­^Ob•\iÏ

ñ¥hªbc|z\�`c\
oÅ€­^afÍgi]z]Ugifz\�f›beu$o‚bc|_o‚fÍbc|_\‰×%&cÖ�'('8ây&•Ö9-��:'‹0îØ+3 �8Ö

ËZ^ifÁ\�•igiˆp•i\…¿Î]_^i`•^id/\�bc\�`8Ì4È:bc|z\
^iyi\�f›be^inðb8€��‡kzf_¿z\�`e]z`•\�€‡Æ

€ckz`c\���Ë �Copyikz`•\Ò÷sÌ‹"�gabc|_\�`•u$op€c\iÈ*o‚be^Mnðb•€��‡fzgib1kzfD¿l\�`/]z`•\�€‡Æ

€ckz`c\��3Ë��Co‚yMkz`c\�øMÌðÏ

„W|z\�f��ckzf_¿l\�`�]z`•\�€•€‡kz`•\	�_Èžbc|_\�^ayi\�f›bªuJ^af›b•€ªb•g
]_^i€•€ªbc|_\

Ã_^iˆ‚ˆÜÏ*ñ¥hÉ]_^i€•€co‚fzy~bcg

–l§s•”ŽsŽ@•i–z§��

€‡\�\�d­€
�c€•^OhÄ\	�_ÈMo‚bJu$o‚ˆpˆU¿zg

€cg#"Ugabc|_\�`•u$op€c\iÈUoÇbªu$o‚ˆpˆ*n4gifD€‡oÅ¿l\�`"]_^i€•€co‚fzyeb•g

–z§s•”Ž›Ž@•M–z§ d

Ï

ñ¥h�fz\�oÇb•|z\�`"]_^i€•€ €c\�\�d­€��c€•^OhÄ\	�_Èlbc|_\1^ayM\�f›b |zgMˆp¿z€ bc|z\�Ã_^aˆpˆLÈ

kzfzˆp\�€•€Cbc|_\�`•\$op€:^if1gM]z]DgMfz\�f›b�u$o‚bc|zopf/bc|z\�-MÖ‹'Ü×_Ö�&•Ø+0 �Zß+3�-��:'‹$

0îØ+3 �8ÖÔËZ^af_gabc|_\�`�\�•igiˆp•i\…¿Í]_^a`8^ade\4b•\�`ðÌðÈJopfWu$|zopn8|Ón�^i€c\½o‚b

n4ˆp\�^i`•€�b•|z\�Ã_^aˆpˆRÃsƒ�]_^M€c€copfzy/bcg

–z§›•”ŽsŽ@•M–l§ d

Ï

„W|z\�f��cfzgab�kzf_¿z\�`�]z`•\�€•€‡k_`c\��zÈUbc|z\­^iyi\�f›bÑu$o‚ˆpˆ:]_^M€c€ªgif_ˆ‚ƒ
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