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Abstract

The cart cen tering problem is w ell kno wn in

the �eld of ev olutionary algorithms and has

often b een used as a pro of of concept prob-

lem for tec hniques suc h as Genetic Program-

ming. This pap er describ es the application of

a grammar based, p osition indep enden t en-

co ding sc heme, Chorus , to the problem. It

is sho wn that using the traditional exp eri-

men tal setup emplo y ed to solv e the problem,

Chorus is able to come up with the solutions

whic h app ear to b eat the theoretically opti-

mal solution, kno wn and accepted for decades

in the �eld of con trol theory . Ho w ev er, fur-

ther in v estigation in to the literature of the

relev an t area rev eals that there is an inher-

en t error in the standard E.C. exp erimen tal

approac h to this problem, lea ving ro om for a

m ultitude of solutions to outp erform the ap-

paren t b est. This argumen t is v alidated b y

the p erformance of Chorus, pro ducing b etter

solutions at a n um b er of o ccasions.

1 In tro duction

The cart cen tering problem is a w ell kno wn problem

that often app ears in the in tro ductory literature of op-

timal con trol (see [A thans, F alb, 66 ]). In its most basic

form, it in v olv es a cart of mass m mo ving in one dimen-

sion on a frictionless horizon tal surface. The cart can

b e mo ving with an y v elo cit y v and can ha v e an y p o-

sition x along the x-axis. The problem is to bring the

cart to the origin in a p osition-v elo cit y space with the

v alues of b oth x and v approac hing zero in minim um

amoun t of time. The literature sho ws that the prob-

lem already has a w ell de�ned solution, whic h guar-

an tees that the cart is cen tered in minim um amoun t

of time. Genetic programming (GP) [Koza, 92 ] (pages

122 through 147) has b een sho wn to ha v e successfully

solv ed this problem. The exp erimen tal setup describ ed

therein sho ws the absence of an y success predicate,

meaning that the system is free to w ander in the solu-

tion space and come up with an ything that minimizes

the time required to cen ter the cart.

This pap er describ es the application of a relativ ely

new, p osition indep enden t, ev olutionary automatic

programming system, Chorus [Ry an et al, 02a ] on this

problem. The system in v olv es a genot yp e pheno-

t yp e distinction and lik e [Horner, 96 ], [P aterson, 97 ],

[Whigham, 95 ], and Grammatical Ev olution (GE)

[Ry an, Collins, O'Neill, 98 ] [O'Neill, Ry an, 01 ] ev olv es

programs using grammars. While our aim initially for

this pap er w as to demonstrate that Chorus could b e

successfully applied to the problem, w e w ere surprised

to disco v er that our results sho w ed that the system

pro duced expressions that w ere able to cen tre the cart

in less time compared to the theoretical optimal con-

trol strategy . Ho w ev er a closer examination of the

problem, as describ ed in the con trol genre, re
ects that

the approac h traditionally emplo y ed to solv e the prob-

lem in v olv es an inheren t error. As a result there is

no unique solution for this problem under the cir cum-

stanc es .

The pap er �rst describ es a con text free grammar in

Bac kus Naur form, whic h is used to partially sp ec-

ify the b eha viour of Chorus, similar to the w a y in

whic h one sp eci�es functions and terminals in GP .

W e then describ e the Chorus system and the pro cess

in v olving the mapping from a genot yp e to phenot yp e

is discussed, with an example. Section 5 describ es the

application of Chorus on the cart cen tering problem,

the theoretical bac kground, the exp erimen tal setup

and then discusses the results in the ligh t of literature

from con trol theory . Section 6 dra ws some conclusions

based on the exp eriences and results presen ted in the

pap er.



2 Bac kus Naur F orm

Bac kus Naur F orm (BNF) is a notation for describ-

ing grammars. A grammar is represen ted b y a tuple

f N ; T ; P ; S g , where T is a set of terminals, i.e. items

that can app ear in legal sen tences of the grammar, and

N is a set of non-terminals, whic h are in terim items

used in the generation of terminals. P is the set of

pro duction rules that map the non-terminals to the

terminals, and S is a start sym b ol, from whic h all le-

gal sen tences ma y b e generated.

Belo w is a sample grammar, whic h is similar to that

used b y Koza [Koza, 92] in his sym b olic regression and

in tegration problems. Although Koza did not emplo y

grammars, the terminals in this grammar are similar

to his function and terminal set.

S = <expr>

<expr> ::= <expr> <op> <expr> (0)

| ( <expr> <op> <expr>)(1)

| <pre-op> ( <expr> ) (2)

| <var> (3)

<op> ::= + (4) | - (5) | % (6)

| * (7)

<pre-op> ::= Sin (8) | Cos (9)

| Exp (A)| Log (B)

<var> ::= 1.0 (C) | X (D)

3 The Chorus System

Chorus[Ry an et al, 02a ] is an automatic programming

system based coarsely on the manner in whic h en-

zymes regulate the mo del of a cell. Chorus b elongs

to the same family of algorithms as Gr ammatic al Evo-

lution [Ry an, Collins, O'Neill, 98] [O'Neill, Ry an, 01 ],

and shares sev eral c haracteristics with it. In particu-

lar, the output of b oth systems is go v erned b y a BNF

grammar as ab o v e, and the genomes, v ariable length

binary strings, in terpreted as 8 bit in tegers (referred to

as c o dons ), are used to pro duce legal sen tances from

the grammar.

There is, ho w ev er, a crucial di�erence. It concerns

the in terpretation of eac h co don, whic h, when b eing

pro cessed is mo d ed with the total n um b er of pro duc-

tion rules in the grammar. Th us eac h co don repre-

sen ts a particular pro duction rule, regardless of its

p osition on the c hromosome. This b eha viour is dif-

feren t from GE, where an in teger is mo d ed with only

the n um b er of rules that are r elevant at that p oin t in

time, and the meaning of a co don is determined b y

those that precede it, leading to the so-called \ripple

e�ect"[Keijzer et al, 01 ].

F or example, consider the individual:

18 28 32 27 42 17 18 31 27 14

45 46 45 18 27 55 65

whic h can b e lo ok ed up on as a collection of hard co ded

pro duction rules. When mo ded with the n um b er of

rules in the grammar (see section 2), whic h in this

case is 14, the same individual can no w b e represen ted

as follo ws (using hexadecimal n um b ers):

4 0 4 D 0 3 4 3 D 0

3 4 3 4 D D 9

Eac h gene enco des a pr otein whic h, in our case is a pro-

duction rule. Proteins in this case are enzymes that

regulate the metab olism of the cell. These proteins

can com bine with other proteins (pro duction rules in

our case) to tak e particular metab olic p athways , whic h

are, essen tially , phenot yp es. The more of a gene that

is presen t in the genome, the greater the c onc entr a-

tion of the corresp onding protein will b e during the

mapping pro cess [Zuba y , 93 ] [Lewin, 99 ]. In a coarse

mo del of this, w e in tro duce the notion of a c onc entr a-

tion table. The concen tration table is simply a mea-

sure of the concen trations of eac h of the proteins at an y

giv en time, and is initialised with eac h concen tration

at zero. A t an y stage, the protein with the greatest

concen tration will b e c hosen, switc hing on the corre-

sp onding metab olic path w a y , th us, the switc hing on

of a metab olic path w a y corresp onds to the dev elop-

men t of the forming solution with the application of a

pro duction rule.

Man y decisions are made during the mapping pro cess.

F or example, the start sym b ol <expr> has four p ossi-

ble mappings. When suc h a situation o ccurs, the rel-

ev an t area from the concen tration table is consulted

and the rule with the maxim um concen tration is c ho-

sen. In case there is a tie, or the concen trations of all

the rules are zero, the genot yp e is searc hed for an y of

the applicable rules, un til a clear winner is found. This

is analogous to the scenario where there are a n um b er

of v oices striving for atten tion, and only the loudest is

heard.

While searc hing for an applicable pro duction rule, one

ma y encoun ter rules that are not relev an t at that p oin t

in time. In this case, the concen trations of those rules

are increased, so when that pro duction rule is in v olv ed

in a decision, it will b e more lik ely to win. This is what

brings p osition indep endence in to the system; the cru-

cial thing is the presence or absence of a gene, while

its p osition is less so. Imp ortan tly , absolute p osition

almost nev er matters, while o ccasionally , r elative p o-

sition (to another gene) is imp ortan t.



Once c hosen, the concen tration of that pro duction rule

is decremen ted. Ho w ev er, it is not p ossible for a con-

cen tration to fall b elo w zero.

Stic king to the left most non-terminal in the curren t

sen tence, mapping con tin ues un til there are none left

or w e are in v olv ed in a c hoice for whic h there is no

concen tration either in the table or the genome. An

incompletely mapp ed individual is giv en a �tness v alue

of exactly zero in the curren t v ersion of Chorus, th us

remo ving its c hances of indulging in to an y repro duc-

tiv e activit y .

3.1 Example Individual

Using the grammar from section 2 w e will no w demon-

strate the genot yp e-phenot yp e mapping of a Chorus

individual. The particular individual is enco ded b y

the follo wing genome:

18 28 32 27 42 17 18 31 27 14

45 46 45 18 27 55 65

F or clarit y , w e also sho w the normalised v alues of eac h

gene, that is, the genes mo d 14. This is only done

for readabilit y , as in the Chorus system, the genome is

only read on demand, and not deco ded un til needed.

4 0 4 D 0 3 4 3 D 0

3 4 3 4 D D 9

The �rst step in deco ding the individual is the creation

of the concen tration table. There is one en try for eac h

pro duction rule (0..D), eac h of whic h is initially zero.

The table is split across t w o lines to aid readabilit y .

Rule # 0 1 2 3 4 5 6

Concen tration

Rule # 7 8 9 A B C D

Concen tration

The sen tence starts as <expr> , so the �rst c hoice m ust

b e made from pro ductions 0..3, that is:

<expr> ::= <expr> <op> <expr> (0)

| ( <expr> <op> <expr>)(1)

| <pre-op> ( <expr> ) (2)

| <var> (3)

None of these ha v e a v alue y et, so w e m ust read the

�rst gene from the genome, whic h will cause it to pro-

duce its protein. This gene deco des to 4, whic h is not

in v olv ed in the curren t c hoice. The concen tration of 4

is incremen ted, and another gene read. The next gene

is 0, and this is in v olv ed in the curren t c hoice. Its con-

cen tration is amended, and the c hoice made. As this

is the only relev an t rule with a p ositiv e concen tration,

it is c hosen and its concen tration is reduced, and the

curren t expression b ecomes:

<expr><op><expr>

The pro cess is rep eated for the next leftmost non-

terminal, whic h is another expr . In this case, again the

concen trations are at their minimal lev el for the p os-

sible c hoices, so another gene is read and pro cessed.

This gene is 4, whic h is not in v olv ed in the curren t

c hoice, so w e mo v e on and k eep reading the genome till

w e �nd rule 0 whic h is a relev an t rule. Mean while w e

incremen t the concen trations of rule 4 and D . Similar

to the previous step, pro duction rule #0 is is c hosen,

so the expression is no w

<expr><op><expr> <op >< ex pr>

Reading the genome once more for the non-terminal

expr , pro duces rule 3 so the expression b ecomes

<var><op><expr>< op> <e xp r>

The state of the concen tration table at the momen t is

giv en b elo w.

Rule # 0 1 2 3 4 5 6

Concen tration 2

Rule # 7 8 9 A B C D

Concen tration 1

The next c hoice is b et w een rules #C and #D, ho w ev er,

as at least one of these already has a concen tration,

the system do es not read an y more genes from the

c hromosome, and instead uses the v alues presen t. As

a result, rule <var> -> X is c hosen to in tro duce �rst

terminal sym b ol in the expression.

Once this non-terminal has b een mapp ed to a termi-

nal, w e mo v e to the next left most terminal, <op> and

carry on from there. If, while reading the genome, w e

come to the end, and there is still a tie b et w een 2 or

more rules, the one that app ears �rst in the concen-

tration table is c hosen. Ho w ev er if concen trations of

all the relev an t rules is zero, the mapping terminates

and the individual resp onsible is giv en a suitably c has-

tening �tness.

With this particular individual, mapping con tin ues

un til the individual is completely mapp ed. The in-

terim c hoices made b y the system are in the order:

4 ; 3 ; D ; 4 ; 0 ; 3 ; D ; 4 ; 3 ; D . The mapp ed individual is

X + X + X + X

The state of the concen tration table at the end of the

mapping is giv en in the next table.

Notice that there are still some concen trations left in

the table. These are simply ignored in the mapping



Rule # 0 1 2 3 4 5 6

Concen tration 2

Rule # 7 8 9 A B C D

Concen tration

pro cess and, in the curren t v ersion of Chorus, are not

used again. Notice also that the rule #9 is not read

b ecause the mapping terminates b efore reading this

co don.

4 Genetic Op erators

The binary string represen tation of individuals e�ec-

tiv ely pro vides a separation of searc h and solution

spaces. This p ermits us to use all the standard genetic

op erators at the string lev el. Crosso v er is implemen ted

as a simple, one p oin t a�air, the only restriction b e-

ing that it tak es place at the co don b oundaries. This

is to p ermit the system to p erform crosso v er on w ell-

formed structures, whic h promotes the p ossibilit y of

using sc hema analysis to examine the propagation of

building blo c ks. Unrestricted crosso v er will not harm

the system, merely mak e this kind of analysis more

di�cult.

Mutation is implemen ted in the normal fashion, with a

rate of 0.01, with crosso v er o ccuring with a probabilit y

of 0.9. Steady state replacemen t is used, with roulette

wheel selection.

As with GE, if an individual fails to map after a com-

plete run through the genome, wrapping op erator is

used to reuse the genetic material. Ho w ev er, the exact

implemenation of this op erator has b een k ept di�er-

en t. Rep eated reuse of the same genetic material e�e c-

tively mak es a wrapp ed individual b eha v e lik e m ultiple

copies of the same genetic material stac k ed on top of

eac h other in la y ers. When suc h an individual is sub-

jected to crosso v er, the stac k is brok en in to t w o pieces.

When linearized, the resultan t of crosso v er is di�eren t

from one or the other paren t at regular in terv als. In or-

der to minimize suc h happ enings, the use of wrapping

has b een limited to initial generation. After wrapping,

the individual is 
attened or unr ol le d , b y putting all

the la y ers of the stac k together in a linear form. The

unrolled individual then replaces the original individ-

ual in the p opulation. This altered use of wrapping

in com bination with p osition 
exibilit y , promises to

main tain the exploitativ e e�ects of crosso v er. Unlik e

GE, the individuals that fail to map on the second

and subsequen t generations are not wrapp ed, and are

simply considered infeasible individuals.

5 The Cart Cen tering Problem

The cart cen tering problem is w ell kno wn in the area

of ev olutionary computation. Koza[Koza, 92 ] success-

fully applied GP to it, to sho w that GP w as able to

come up with a con troller that w ould cen ter the cart

in the minim um amoun t of time p ossible.

The problem, also referred to as the double in tegrator

problem, app ears in in tro ductory optimal con trol text-

b o oks as the classic application of Pontryagin 's Prin-

ciple (see for instance [A thans, F alb, 66 ]). There has

b een considerable researc h conducted in to the theo-

retical bac kground of the problem, and the theoreti-

cal b est p erformance can b e calculated, ev en though

designing an expression to pro duce this p erformance

remains a non-trivial activit y .

As Ev olutionary Computation metho ds are b ottom up

metho ds, they do not, as suc h, adhere to problem sp e-

ci�c (b e it theoretic or practical) information. This

means that E.C. can b e used as a testing ground for

theories - if one can break the barriers prop osed b y

theoreticians, then it probably means that there is a


a w in the theory concerned. Ho w ev er, another p ossi-

bilit y is that there is a 
a w in the exp erimen tal set up,

that mak es it app ear as though the theoretical b est

has b een surpassed.

This section describ es the application of Chorus to the

cart cen tering problem, an exercise whic h pp ears to

consisten tly pro duce individuals that surpass the the-

oretical b est, b efore discussing the implications of the

result.

5.1 Theoretical Bac kground

In its most basic form, w e consider a \cart" as a parti-

cle of mass m mo ving in one dimension with p osition at

time t of x ( t ) relativ e to the origin, and corresp onding

v elo cit y v ( t ). The cart is con trolled b y an amplitude

constrained thrust force u ( t ) ; j u ( t ) j � 1, and the con-

trol ob jectiv e is to bring the cart to rest at the origin

in minim um time on a frictionless trac k. The state

equations are

dx

dt

= v

dv

dt

=

1

m

u

or

d

dt

�

x

v

�

=

�

0 1

0 0

� �

x

v

�

+

�

0

1 =m

�

u (1)

The solution is a unique \Bang-Bang " con trol ( u ( t )

tak es only the v alues +1 or -1) with at most 1 switc h



whic h is expressible in feedbac k form ( u = u

�

( x; v ))

in terms of a \switc hing curv e" S in the x � v plane.

F ollo wing the approac h of [A thans, F alb, 66 ] w e �nd

that S is giv en b y

x +

m

2

v j v j = 0 ; (2)

the optimal con trol b y

u

�

=

8

<

:

� 1 ; if x +

m

2

v j v j > 0

+1 ; if x +

m

2

v j v j < 0

� v = j v j ; if x +

m

2

v j v j = 0

(3)

and the minim um time T to reac h (0 ; 0) from ( x; v ) b y

T =

8

<

:

mv +

p

2 m

2

v

2

+ 4 mx; if x +

m

2

v j v j > 0

� mv +

p

2 m

2

v

2

� 4 mx ; if x +

m

2

v j v j < 0

m j v j ; if x +

m

2

v j v j = 0

(4)

The ab o v e form ulae assume that the system can switc h

precisely when condition (2) is met. In practice, this

is only appro ximated. The engineering literature con-

tains analyses of what happ ens when non-ideal switc h-

ing (deadband and/or h ysteresis) o ccurs using real

hardw are with the resultan t cycling, c hattering and

steady state error. (see [Gibson, 63 ] for more details).

5.2 Exp erimen tal Setup

GP has b een sho wn to b e able to successfully ev olv e

the time optimal con trol strategy (see [Koza, 92]). The

same exp erimen tal setup is used b y Chorus except

where men tioned otherwise. The sim ulation essen-

tially en tails a discretisation of the problem so as to

enable a n umerical appro ximation of the deriv ativ es in-

v olv ed. This is referred to as an Euler appro ximation

of the di�eren tial equations giv en in (1), i.e.,

x ( t + h ) = x ( t ) + hv ( t ) ;

v ( t + h ) = v ( t ) +

h

m

u ( t ) ;

where m is the mass of the cart, h represen ts the time

step size, v ( t + h ) and x ( t + h ) represen t v elo cit y and

distance from the origin resp ectiv ely at time t + h and

v ( t ) and x ( t ) represen t v elo cit y and distance from the

origin resp ectiv ely at time t . The desired con trol strat-

egy should satisfy the follo wing conditions.

It should sp ecify the direction of the force to b e

applied for an y giv en v alues of x ( t ) and v ( t ).

The cart appro ximately comes to rest at the ori-

gin, i.e., the Euclidean ( x; v ) distance from the

origin is less than a certain threshold.

The time required is minimal.

The exact time optimal solution is c haracterised b y

the switc hing condition

� x ( t ) >

v

2

( t ) S ig n v ( t )

2 j u

max

j =m

; (5)

whic h applies the force in the p ositiv e x direction if the

ab o v e condition is met and in the negativ e direction

otherwise. Note that u

max

represen ts the maxim um

v alue of u ( t ), whic h is 1 here. The S ig n function re-

turns +1 for a p ositiv e argumen t and -1 otherwise. F or

the sak e of simplicit y m is considered to b e equal to

2.0 kilograms and the magnitude of the force u ( t ) is

1.0 Newtons, so that the denominator equals 1.0 and

can b e ignored. The exp erimen tal settings emplo y ed

b y Koza are summarised in table 1. Note that (5)

do es not incorp orate the equalit y condition men tioned

in (3).

T able 1: A Koza-st yle T ableau F or The Cart Cen tering

Problem.

Ob jectiv e: Find a time optimal bang-bang

con trol strategy to cen ter a cart on a

one dimensional frictionless trac k.

T erminal Set: The state v ariables of the system:

x (p osition of the cart along X

axis), v (v elo cit y V of the cart)

and -1.0.

F unction Set: +,-,*,%,ABS,GT.

Fitness cases: 20 initial condition p oin ts ( x; v )

for p osition and v elo cit y c hosen

randomly from the square in

p osition-v elo cit y space ha ving

opp osite corners, ( � 0 : 75 ; 0 : 75)

and (0 : 75 ; � 0 : 75).

Fitness: Recipro cal of sum of the time, o v er

20 �tness cases, tak en to cen ter the

cart. When a �tness case times out,

the con tribution to the sum is 10.0

seconds.

Hits: Num b er of �tness cases that did

not time out.

W rapp er: Con v erts an y p ositiv e v alue

returned b y an expression to +1 and

con v erts all other v alues

(negativ e or zero) to -1.

P arameters: M = 500, G = 75

Success Predicate: None.

The grammar used for the problem is:

S = <expr>

<expr> ::= <expr> <op> <expr>

| ( <expr> <op> <expr>)



| <pre-op> ( <expr> )

| <var>

<op> ::= + | - | % | * | GT

<pre-op> ::= ABS

<var> ::= X | V | -1.0

The randomly generated 20 �tness cases used b y Cho-

rus are giv en in the table 2.

T able 2: Randomly Generated 20 Starting P oin ts,

giv en as (( x; v ) pairs).

0.50,0.67 -0.65,0.40 -0.16,-0.57 0.10,0.50

-0.71,0.66 0.43,0.01 -0.28,-0.71 0.27,-0.73

-0.50,0.34 -0.57,0.32 0.43,-0.69 -0.52,-0.16

-0.33,-0.21 -0.16,-0.06 0.71,-0.69 -0.04,-0.63

0.39,0.70 -0.52,-0.42 -0.59,0.38 0.58,-0.35

The cart is considered to b e cen tered if the Euclidean

distance from the origin (0 ; 0) is less than or equal to

0.01. The total time tak en b y the strategy (5) o v er all

the giv en set of starting p oin ts is 56.07996 seconds. On

a v erage it tak es 2.803998 seconds p er �tness case for

the cart to b e cen tered. This means that an y strategy

whic h cen ters the cart in less time, do es b etter than

the theoretical solution (5) for this exp erimen tal setup.

5.3 Exp erimen tal Results

The w ork of Koza [Koza, 92 ] sho ws that the optimal

con trol strategy can b e ev olv ed using GP . Ho w ev er,

it has not b een sho wn that ev en in the absence of

an y success predicate, an y strategy w as ev olv ed whic h

could b eat the result as describ ed b y the inequalit y

(5). When the same task is giv en to the Chorus sys-

tem, 17 times out of 20 indep enden t runs, it ev olv es

what app ears to b e a b etter strategy in terms of time

minimisation. Out of those 17 runs, on the a v erage,

a b etter strategy is pro duced in the 39th generation,

the earliest b eing 20th and the latest b eing 65th.

One of the samples whic h brok e the barrier is giv en as

( � 1 : 0 � X ) GT ( V � AB S ( V ) + V � V � V ) ;

whic h can b e rewritten as

� x ( t ) > v

2

( t ) S ig n v ( t ) + v

3

( t ) ; (6)

returning +1 if the condition is satis�ed and � 1 oth-

erwise. T otal time recorded for this con trol la w men-

tioned b y inequalit y (6) is 50.799965 seconds o v er 20

�tness cases whic h is clearly less than the solution

sho wn b y the inequalit y (5). Ho w ev er, the least time

that w as recorded w as 49.919968 seconds. A plot of x

v ersus v for the con trol strategy giv en in (5) is sho wn

in Fig 1(a) for the starting p oin t (0 : 50 ; 0 : 67). A simi-

lar plot for the strategy ev olv ed b y the Chorus system

is sho wn in Fig 1(b). Notice that in (a) the con trol

strategy crosses the y-axis leading in to the negativ e

x -axis region and then it returns to the origin. This

sho ws the longer route tra v ersed b y (a) compared to

(b) where there is no suc h o ccurrence, th us re
ecting

the time di�erence b et w een the t w o strategies.

(a)
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Figure 1: . T ra jectories tra v ersed b y the t w o strategies

to reac h the origin. (a) represen ts inequalit y (5) and

(b) represen ts the ev olv ed strategy (6)

5.4 Discussion

It app ears from the results in the previous section

that a solution b etter than the theoretical has b een

ac hiev ed. Ho w ev er, a careful consideration of the

problem undertak en sho ws otherwise. This problem

has b een solv ed b y �rst discretising the main di�eren-

tial equations as men tioned earlier. The discretisation

brings with it an elemen t of error. The time step h



used no w pla ys a ma jor role, in the sense that a smaller

time step w ould lead to a b etter solution i.e., closer to

the theoretical solution (3), and as h ! 0 the solution

con v erges to (3).

The time step emplo y ed b y Koza [Koza, 92 ] is h =

0 : 02, and using this time step, the error in the deriv a-

tiv es is substan tial enough to cause the systems to con-

v erge to con trol la ws other than the theoretical result

in (3). In this sense Chorus actually v alidates this b y

ev olving to what is a b etter solution than (5).

A study of the appropriate literature in the con trol

theory genre indicates that the theoretical mo del is

just that, theoretical. Practical implemen tation of a

con trol system whic h brings the cart to the target p o-

sition is not ev en \bang-bang" (i.e u ( t ) is either +1 or

-1). Instead, the magnitude of the applied force is an y

real n um b er b et w een 0 and 1.

One approac h is to mo del the situation as one in whic h

the con trol can c hange only at discrete-time steps, ei-

ther as a sampled data system or a discretised v ersion

of eq(1). The former leads to state equations

x ( t + h ) = x ( t ) + � v ( t ) +

�

2

2 m

u ( t )

v ( t + h ) = v ( t ) +

�

m

u ( t )

where 1 =� is the sampling rate. The latter, using an

Euler discretisation sc heme, leads to state equations

x ( t + h ) = x ( t ) + hv ( t )

v ( t + h ) = v ( t ) +

h

m

u ( t )

where h is the step size.

When � = h , b oth mo dels are of the form

�

x ( t + h )

v ( t + h )

�

=

�

1 h

0 1

� �

x ( t )

v ( t )

�

+

�

b

h=m

�

u ( t )

(7)

where b = h

2

= 2 m for the sampled data mo del and

b = 0 for the discretised mo del.

The con trol ob jectiv e is again to bring the state of eq

(7) to the origin in minim um time using a sequence of

amplitude constrained con trols j u j � 1. Ho w ev er, due

to the discrete time steps, the solution of the problem

is fundamen tally di�eren t to that of the con tin uous

time problem of (1). The optimal con trol is in general

no longer unique, nor except for a set of isolated p oin ts

in the x � v plane is it Bang-Bang throughout. Hence

there are di�eren t approac hes and algorithms.

The more general problem in n dimensions w as

initially form ulated in [Kalman, 57 ], and then

analysed comprehensiv ely in [Deso er, Wing, 61a ] -

[Deso er, Wing, 61c ]. This analysis, when applied to

the cart cen tering problem recursiv ely constructs a se-

quence of con v ex sets f C

k

g , where C

k

is the set of

states for whic h there exists an admissible input se-

quence whic h transfers the state to the origin in k time

steps but no few er ( C

0

= f (0 ; 0) g ). F or instance, if w e

w an t to cen tre the cart in 1 time step then C

1

rep-

resen ts the region of in terest. F or an y ( x

1

; v

1

) 2 C

1

,

the cart is guaran teed to b e cen tered in exactly 1 time

step. In addition, a piecewise linear switc hing curv e

is constructed whic h divides the plane in to regions of

p ositiv e and negativ e con trol v alues (see �gure 2).

x

v

Figure 2: The sets C

1

- C

8

for the Euler discretised

system with a cart of mass m = 2 and h = 0 : 02

Later w ork has lo ok ed at describing the C

k

in

terms of their facets with asso ciated algorithms

[Keerthi, Gilb ert, 87 ], and there is still m uc h in terest

in impro ving the e�ciency of the existing algorithms

(see [Jamak, 00 ] for a go o d review).

6 Conclusions

W e ha v e describ ed the application of a p osition inde-

p enden t, represen tation sc heme for Ev olutionary Algo-

rithms, termed Chorus, on the cart cen tering problem.

Muc h to our surprise, Chorus apparen tly succeeded in

pro ducing individuals that p erformed b etter than the

theoretical b est. Ho w ev er, further analysis of the prob-

lem and traditional exp erimen tal set up rev ealed 
a ws

that c hanged the nature of the problem.



The pap er describ es ho w Chorus w as able to exploit

these 
a ws to pro duce surprisingly �t individuals, and

ho w an Ev olutionary Computation system can b e used

to help test mo dels of ph ysical systems. Also, it re-

emphasizes the p oin t that while attempting to solv e

con tin uous problems n umerically , w e should b e w are

of the resultan t discretisation errors. It is also w orth

noting that the w a y these problems are t ypically solv ed

b y con trol engineers is b y starting with the discretised

analogues of the con tin uous problems and then pro-

ceeding to solv e. It migh t b e w orth exploring what a

system lik e Chorus ma y ha v e to o�er in the solution

pro cess of suc h a discretised problem.

6.1 F uture W ork

The results sho wn in the cart cen tering problem en-

courage the use of Chorus for real w orld problems.

Coupled with the strengths of the system discussed in

[Ry an et al, 02a ], the system can b e applied but not

limited to the problems in the �eld of con trol theory

and 
uid dynamics.

Chorus div erges considerably from algorithms in the

same \family", e.g. Grammatical Ev olution and

GA UGE[Ry an et al, 02b ] in that it do es not exploit

the ripple e�ect, and instead uses p osition indep en-

den t, absolute genes. This mak es Chorus v ery suit-

able for sc hema analysis, and also p ossible that the

Genetic Algorithm Sc hema Theory could, with v ery

little extension, b e applied to an automatic program-

ming system.
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Abstract

This pap er presen ts a surv ey and comparison

of the signi�can t div ersit y measures in the

genetic programming literature. The o v er-

all aim and motiv ation b ehind this study is

to attempt to gain a deep er understanding

of genetic programming dynamics and the

conditions under whic h genetic programming

w orks w ell. Three b enc hmark problems (Ar-

ti�cial An t, Sym b olic Regression and Ev en-

5-parit y) are used to illustrate di�eren t di-

v ersit y measures and to analyse their corre-

lation with p erformance. The results sho w

that div ersit y is not an absolute indicator of

p erformance and that phenot ypic measures

app ear sup erior to genot ypic ones. Finally

w e conclude that in teresting p oten tial exists

with trac king ancestral lineages.

1 INTR ODUCTION

Main taining p opulation div ersit y in genetic program-

ming (Banzhaf et al., 1998) is referred to as the k ey

in prev en ting premature con v ergence and stagnation

in lo cal optima (McPhee and Hopp er, 1999)(Ry an,

1994)(Ek� art and N � emeth, 2000)(McKa y , 2000)(Rosca,

1995a). Div ersit y is the amoun t of v ariet y in the p op-

ulation de�ned b y what genetic programming indi-

viduals `lo ok' lik e or ho w they `p erform'. The n um-

b er of di�eren t �tness v alues (phenot yp es) (Rosca,

1995b), di�eren t structural individuals (genot yp es)

(Langdon, 1996), edit distances b et w een individuals

(Ek� art and N � emeth, 2000), and complex and com-

p osite measures (McKa y and Abbass, 2001)(Keijzer,

1996)(D'haeseleer, 1994) are used as measures of di-

v ersit y . A t the individual lev el, div ersit y measures dif-

ferences b et w een individuals and is used to select in-

dividuals for repro duction or replacemen t (Eshelman

and Sc ha�er, 1993).

In this study , w e examine the previous uses and mean-

ings of div ersit y , compare these di�eren t measures on

three b enc hmark problems and discuss the results. As

far as the authors are a w are, all the signi�can t div er-

sit y measures that o ccur in the genetic programming

literature are rep orted.

The ultimate goal is to determine a go o d measuremen t

of p opulation div ersit y and understand the e�ects of

its in
uence as the ev olutionary searc h progresses. The

o v erall motiv ation of this study is that a b etter under-

standing of div ersit y and div ersit y measures will lead

to a b etter understanding of genetic programming and

the adv an tages and disadv an tages of emplo ying it in

an y giv en situation.

The follo wing sections examine di�eren t measures of

div ersit y , ho w these measures relate to eac h other and

ho w they relate to the p erformance of three genetic

programming problems. Section 2 describ es measures

of p opulation div ersit y and previous metho ds of pro-

moting div ersit y in p opulations. Section 3 describ es

the exp erimen ts. Section 4 presen ts and discuss re-

sults. Section 5 dra ws some brief conclusions and Sec-

tion 6 outlines some ideas for future w ork.

2 DIVERSITY MEASURES

Some measures of div ersit y are in tended to quan tify

the v ariet y in a p opulation and others are used to

measure the di�erence b et w een individuals. The lat-

ter t yp e is used to attempt to con trol or promote high

div ersit y during a run. The follo wing section surv eys

b oth measures that pro vide a quan ti�cation of p opu-

lation div ersit y and metho ds used to activ ely promote

and main tain div ersit y within genetic programming.



2.1 POPULA TION MEASURES

The most common t yp e of div ersit y measure is that of

structural di�erences b et w een programs. Koza (1992)

used the term variety to indicate the n um b er of di�er-

en t programs his p opulations con tained. In this mea-

sure, t w o programs are structurally compared, lo oking

for exact matc hes. Landgon (1996) felt that genot ypic

div ersit y w as a su�cien t upp er b ound of p opulation

div ersit y as a decrease in unique individuals m ust also

mean a decrease in unique �tness v alues. More com-

plex genot yp e measures coun t subtrees, size, and t yp e

and frequencies of no des.

Keijzer (1996) measures program v ariet y b y the n um-

b er of unique individuals and subtree v ariet y b y coun t-

ing unique subtrees. P opulation div ersit y is a ratio of

the n um b er of unique individuals o v er p opulation size

and subtree v ariet y is the ratio of unique subtrees o v er

total subtrees. T ac k ett (1994) also measures struc-

tural div ersit y using unique subtrees and sc hemata fre-

quencies. D'haeseleer and Bluming (1994) de�ne the

frequency of terminals and functions as \genot ypical

div ersit y" and �tness case results as \phenot ypical di-

v ersit y", whic h are correlated within the p opulation

for their study of lo cal p opulations and demes.

When tree represen tations of genetic programs are

considered as graphs, individuals can b e compared for

isomorphism (Rosca, 1995a) to obtain a more accurate

measure of div ersit y . Determining graph isomorphism,

ho w ev er, is computationally exp ensiv e for an en tire

p opulation. W e could coun t the n um b er of no des, ter-

minals, functions and other graph prop erties in a rea-

sonable time and use this n-tuple to determine whether

trees are p ossible isomorphs of eac h other.

McPhee and Hopp er (1999) in v estigate div ersit y at the

genetic lev el b y tagging eac h no de created in the initial

generation with a unique id . Ro ot paren ts, the par-

en ts whose tree has a p ortion of another individual's

subtree sw app ed in to it during crosso v er, are assigned

new memid s, an auxiliary tag that is initially the same

v alue of the id . All the no des from the ro ot do wn to

the crosso v er p oin t are assigned new memid s to indi-

cate that these no des ha v e one new c hild. If there is

no m utation in the genetic programming system (as

here), then no new id s will b e created after the initial

generation, only memid s. McPhee and Hopp er found

that the n um b er of unique id s dramatically falls after

initial generations and, b y trac king the ro ot paren ts,

after an a v erage of 16 generations, all further individ-

uals ha v e the same common ro ot ancestor.

Phenot ypic measures compare the n um b er of unique

�tness v alues in a p opulation. When the genetic pro-

gramming searc h is compared to tra v ersing a �tness

landscap e, this measure pro vides an in tuitiv e w a y to

think of ho w the p opulation co v ers that landscap e.

Other measures could b e created b y using �tness v al-

ues of a p opulation, as done b y Rosca (1995a) with

en trop y and free energy . En trop y here represen ts

the amoun t of disorder of the p opulation, where an

increase in en trop y represen ts an increase in div er-

sit y . Bersano-Begey (1997) trac k ho w man y individu-

als solv e whic h �tness cases. By monitoring the p op-

ulation, a pressure is added to individuals to promote

the disco v ery of di�eren t or less p opular solutions.

2.2 PR OMOTING DIVERSITY

Sev eral measures and metho ds ha v e b een used to pro-

mote div ersit y b y measuring the di�erence b et w een in-

dividuals. These metho ds t ypically use a non-standard

selection, mating, or replacemen t strategy to b ol-

ster div ersit y . Neigh b orho o ds, islands, nic hes, cro wd-

ing and sharing from genetic algorithms are common

themes to these metho ds.

Esc helman and Sc ha�er (1993) use Hamming distances

b et w een individuals to select individuals for recom bi-

nation and replacemen t to impro v e o v er hill-clim bing-

t yp e selection strategies for genetic algorithms.

Ry an's (1994) \Pygmie" algorithm builds t w o lists

based on �tness and length to facilitate selection for

repro duction. The algorithm main tains more div er-

sit y and prev en ts premature con v ergence. The adv an-

tage of this algorithm is that it do es not attempt to

\o v er-con trol" ev olution and uses simple measures to

promote div ersit y .

De Jong et al (2001) use m ultiob jectiv e optimisa-

tion to promote div ersit y and concen trate on non-

dominated individuals according to a 3-tuple of

< �tness,size,diversity > . Div ersit y is the a v erage

square distance to other mem b ers of the p opulation,

using a sp ecialised measure of edit distance b et w een

no des. This m ultiob jectiv e metho d promotes smaller

and more div erse trees.

McKa y (2000) applies the traditional �tness sharing

concept from Deb and Goldb erg (1989) to test its fea-

sibilit y in genetic programming. Div ersit y is the n um-

b er of �tness cases found, and the sharing concept as-

signs a �tness based on an individual's p erformance

divided b y the n um b er of other individuals with the

same p erformance. McKa y also studies negativ e corre-

lation and a r o ot quartic ne gative c orr elation in (2001)

to preserv e div ersit y . Ek� art and N � emeth (2000) apply

�tness sharing with a no v el tree distance de�nition and

suggest that it ma y b e an e�cien t measure of struc-



tural div ersit y .

By surv eying previous w ork using div ersit y measures,

w e designed sev eral exp erimen ts to determine relation-

ships b et w een di�eren t p opulation measures of div er-

sit y and ho w they correlate to the b est �tness of a

run.

3 EXPERIMENTS

In this study w e w ould lik e to answ er t w o questions:

One, ho w do di�eren t measures of div ersit y relate to

eac h other, and t w o, ho w do those measures correlate

to the b est �tness of a run. Three common problems

are used with common parameter v alues from previous

studies. F or all problems, a p opulation size of 500 in-

dividuals, a maxim um depth of 10 for eac h individual,

a maxim um depth of 4 for the tree generation half-n-

half algorithm and in ternal no de selection probabilit y

of 0.9 for crosso v er is used. Additionally , eac h run

consists of 51 generations, or un til the ideal �tness is

found.

The Arti�cial An t, Regression and Ev en-5-P arit y

problems are used. All three problems are t ypical to

genetic programming and can b e found in man y stud-

ies, including (Koza, 1992). The an t problem is con-

cerned with �nding the b est strategy for pic king up

p ellets along a trail in a grid. The �tness for this

problem is measured as the n um b er of p ellets missed.

The regression problem attempts to �t a curv e for the

function x

4

+ x

3

+ x

2

+ x . Fitness here is determined b y

summing the squared di�erence for eac h p oin t along

the ob jectiv e function and the function pro duced b y

the individual. The parit y problem tak es an input of

a random string of 0's and 1's and outputs whether

there are an ev en n um b er of 1's. The ev en-5-parit y

�tness is the n um b er of wrong guesses for the 2

5

com-

binations of 5-bit length strings.

T o pro duce a v ariet y of run p erformances, where w e

consider the b est �tness in the last generation, w e

designed three di�eren t exp erimen ts, carried out 50

times, for eac h problem. The �rst exp erimen t r an-

dom p erforms 50 indep enden t runs. The exp erimen t

stepp e d-r e c ombination do es 50 runs with the same ran-

dom n um b er seed, where eac h run uses an increasing

probabilit y for repro duction and decreasing probabil-

it y for crosso v er. Initially , probabilit y for crosso v er

is 1 : 0, and this is decreased b y 0 : 02 eac h time, skip-

ping the v alue of repro duction set to : 98 to allo w for

exactly 50 runs and ending with repro duction prob-

abilit y of 1 : 0 and crosso v er probabilit y 0 : 0. The last

exp erimen t stepp e d-tournament is similar but w e b egin

with a tournamen t size of 1 and incremen t this b y 1

for eac h run, un til w e reac h a tournamen t size of 50.

In the r andom and stepp e d-tournament exp erimen ts,

crosso v er probabilit y is set to 1 : 0 and the tournamen t

size in r andom and stepp e d-r e c ombination is 7. The

Evolutionary Computation in Java (ECJ), v ersion 7.0,

(Luk e, 2002) is used, where eac h problem is a v ailable

in the distribution.

In analysing the results, w e compare the 50 runs for


uctuations of div ersit y lev els in the di�eren t mea-

sures and examine the standard deviation across ex-

p erimen ts for eac h problem. Additionally , the Sp ear-

man correlation co e�cien t (Siegel, 1956) is computed,

comparing the ranking of a run's p erformance and di-

v ersit y measure for that run (also tak en from the last

generation's p opulation).

The follo wing measures of div ersit y w ere in tro duced

previously and are describ ed next as they are collected

for eac h generation in ev ery run.

Unique No de id : T ag eac h no de with id:memid as

in (McPhee and Hopp er, 1999) and coun t n um b er of

distinct id s in eac h generation.

Size of Ancestral P o ol: Since eac h individual has

one ro ot ancestor, in an y generation eac h individuals'

line of ro ot ancestors can b e traced to the initial gen-

eration. It is p ossible to consider the size of the set

that is formed b y a set of ro ot paren ts from the ini-

tial generation, and then replacing this set with its

in tersection with the next generation's ro ot paren ts.

A common ancestor exists when the size b ecomes 1.

En trop y: Calculate the en trop y of the p opulation as

in (Rosca, 1995a). En trop y is represen ted as, where

\ p

k

is the prop ortion of the p opulation P o ccupied b y

p opulation partition k ":

�

X

k

p

k

� log p

k

Here a partition is assumed to b e eac h p ossible dif-

feren t �tness v alue, but could b e de�ned to include a

subset of v alues.

Pseudo-Isomorphs: Calculate pseudo isomorphs b y

de�ning a 3-tuple of < terminals,non terminals,depth > ,

for eac h individual and coun t the n um b er of unique

3-tuples in eac h p opulation. Tw o iden tical 3-tuples

represen t trees whic h could b e isomorphic.

Genot yp es and Phenot yp es: Coun t the n um b er

of unique trees for the genot yp e measure (Langdon,

1996). The n um b er of unique �tness v alues in a

p opulation represen ts the phenot yp e measure (Rosca,

1995b).

The Sp earman correlation co e�cien t is computed as



follo ws (Siegel, 1956):

1 �

6

P

N

i =1

d

2

i

N

3

� N

Where N is the n um b er of items (50 runs), and d

i

is

the distance b et w een eac h run's rank of p erformance

and rank of div ersit y in the last generation. A v alue

of -1.0 represen ts negativ e correlation, 0.0 is no cor-

relation and 1.0 is p ositiv e correlation. F or our mea-

sures, if w e see ideal lo w �tness v alues, whic h will b e

rank ed in ascending order (1=b est, : : : ,50=w orst) and

high div ersit y , rank ed where (1=lo w est div ersit y and

50=highest div ersit y), then the correlation co e�cien t

should b e strongly negativ e. Alternativ ely , a p ositiv e

correlation indicates that either bad �tness accompa-

nies high div ersit y or go o d �tness accompanies lo w di-

v ersit y .

4 RESUL TS AND DISCUSSION

Graphs of 50 runs for eac h of the three exp erimen ts

and eac h problem w ere examined. Graphs for the an t

and regression problems are sho wn in Figures 1-4. The

min, max and standard deviation of eac h measure (in-

cluding b est �tness) w ere calculated for eac h run and

the Sp earman correlation co e�cien t w as calculated for

eac h of the six div ersit y measures v ersus run p erfor-

mance, found in T able 1. This study in v olv ed 450 runs

of 51 generations eac h, with eac h p opulation consist-

ing of 500 individuals, or 13,500,000 individual ev alu-

ations.

W e found relativ ely stable standard deviations of

b est �tness in the an t problem exp erimen ts (11.8575,

12.9049, 12.0785) but there w ere large di�erence in

standard deviations of genot yp e div ersit y (14.4554,

124.7823, 37.3990). This v ariation in b est �tness is

not indicated b y the n um b er of unique trees (geno-

t yp es): There is a minim um v alue of 428 and a maxi-

m um of 489. This consisten tly high genot yp e div ersit y

do es not suggest a strong relationship with the v arying

p erformance.

Unique no de ids and ro ot ancestors con v erge early in

eac h run. This con�rms the results found in (McPhee

and Hopp er, 1999) that genetic-lev el div ersit y is lost

v ery quic kly , ev en with widely v aried p erformance, re-

com bination and tournamen t v alues. A further study

to consider when these measures con v erge could b e an

in teresting indicator of other div ersit y or run p erfor-

mance v alues. In nearly all of the graphs of div ersit y

measures and b est �tness, the most dramatic activ-

it y o ccurs when the n um b er of unique ids and ro ot

ancestors con v erges. This activit y can b een seen in

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 5 10 15 20 25 30 35 40 45 50

generation

 ant steptourns entropy 

0

10

20

30

40

50

60

70

0 5 10 15 20 25 30 35 40 45 50

generation

 ant steptourns fitness 

150

200

250

300

350

400

450

500

0 5 10 15 20 25 30 35 40 45 50

generation

 ant steptourns genotype 

0

1000

2000

3000

4000

5000

6000

7000

0 5 10 15 20 25 30 35 40 45 50

generation

 ant steptourns ids 

Figure 1: 50 runs of b est �tness p er generation (top

graph) for the an t stepp ed-tournamen t exp erimen t.

Here, lo w �tness is b etter. Also a graph for eac h of

the div ersit y measures of en trop y , genot yp e, unique

no de ids .
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Figure 2: 50 runs of the an t stepp ed-tournamen t ex-

p erimen ts, sho wing a graph for eac h of the div ersit y

measures of phenot yp e, pseudo-isomorphs, and ro ot

ancestors.

Figures 1 through 4. It is not clear, ho w ev er, ho w this

phenomenon e�ects ev olution and loss of div ersit y (ac-

cording to other measures) since, when the n um b er of

unique ids is reduced and ev en when a common ro ot

ancestor is found, runs are still capable of �nding go o d

solutions.

Using the Sp earman correlation co e�cien t w e in v es-

tigated whether runs that pro duced go o d �tness had

lo w/high div ersit y , where ties in ranks w ere resolv ed

b y splitting the rank among t ying items (add p ossi-

ble ranks and a v erage). Remem b ering that negativ e
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Figure 3: 50 runs of b est �tness p er generation (top

graph) for the regression random exp erimen t. Here,

lo w �tness is b etter. Also a graph for eac h of the di-

v ersit y measures of en trop y , genot yp e, unique no de ids .
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Figure 4: 50 runs of the an t stepp ed-tournamen t ex-

p erimen ts, sho wing a graph for eac h of the div ersit y

measures of phenot yp e, pseudo-isomorphs, and ro ot

ancestors.

correlation (v alues close to -1.0) suggest that high di-

v ersit y is correlated with go o d p erformance. T able 1

pro vides the data for all exp erimen ts. High negativ e

correlation is seen most consisten tly with en trop y and

phenot yp e div ersit y . Genot yp e div ersit y sho w ed high

negativ e correlation on the regression problem but oth-

erwise v aried b et w een little to p ositiv e correlation on

other problems. While phenot yp e and en trop y alw a ys

had a negativ e correlation with p erformance, v alues

ranged from -0.1608 to -0.8893 with an a v erage corre-

lation of -0.6019 for phenot yp e and -0.6054 for en trop y

div ersit y across all exp erimen ts. These w ere the only

T able 1: Problems an t (a), regression (r) and parit y (p)

with exp erimen ts r andom (rand), stepp e d-tournament

(step-t) and stepp e d-r e c ombination (step-r). V alues are

from the �nal p opulation. Best �tness (\b.�t") is the

b est �tness in the �nal generation. The Sp earman cor-

relation co e�cien t sho ws p erfect correlation with v alue

1.0 and p erfect negativ e correlation with v alue -1.0.

prob. expr. col. sp earman min max stand.dev

a rand b.�t 0.0 39.0 11.8575

a rand ids 0.1727 25.0 145.0 22.4092

a rand ro ots 0.5014 1.0 1.0 0.0

a rand phene -0.1608 16.0 59.0 8.0181

a rand gene 0.4081 428.0 489.0 14.5543

a rand isom 0.5391 121.0 350.0 63.3594

a rand en tro -0.4195 0.4215 1.1566 0.1702

a step-r b.�t 0.0 62.0 12.9049

a step-r ids 0.0155 15.0 110.0 24.1658

a step-r ro ots 0.1740 1.0 4.0 0.5291

a step-r phene -0.4088 1.0 47.0 9.6260

a step-r gene 0.0799 1.0 477.0 124.7823

a step-r isom 0.3532 1.0 348.0 83.0020

a step-r en tro -0.5590 -0.0 1.1457 0.2160

a step-t b.�t 0.0 65.0 12.0785

a step-t ids 0.2351 14.0 242.0 42.4240

a step-t ro ots 0.4253 1.0 15.0 1.9673

a step-t phene -0.2854 17.0 57.0 8.9314

a step-t gene 0.3040 294.0 488.0 37.3990

a step-t isom 0.3394 83.0 372.0 67.0498

a step-t en tro -0.3461 0.4525 1.5702 0.2155

r rand b.�t 0.0 0.9399 0.2310

r rand ids -0.6552 16.0 342.0 89.9100

r rand ro ots -0.6393 1.0 21.0 5.3113

r rand phene -0.7159 66.0 377.0 95.6887

r rand gene -0.5779 72.0 448.0 114.2444

r rand isom -0.5321 32.0 268.0 53.2196

r rand en tro -0.6882 0.9297 2.5029 0.4044

r step-r b.�t 0.0 2.8999 0.4552

r step-r ids -0.5228 4.0 99.0 14.9947

r step-r ro ots 0.0244 1.0 8.0 1.5133

r step-r phene -0.8703 1.0 303.0 61.0422

r step-r gene -0.8318 1.0 347.0 76.7983

r step-r isom -0.8082 1.0 165.0 36.1054

r step-r en tro -0.8430 -0.0 2.2878 0.4713

r step-t b.�t 0.0 2.8999 0.4338

r step-t ids -0.5199 8.0 208.0 39.7216

r step-t ro ots -0.0021 1.0 16.0 3.3859

r step-t phene -0.5797 22.0 428.0 88.6046

r step-t gene -0.5043 28.0 458.0 108.1168

r step-t isom -0.4479 17.0 249.0 49.4191

r step-t en tro -0.4001 1.0748 2.5894 0.3214

p rand b.�t 3.0 12.0 1.9267

p rand ids -0.0142 29.0 93.0 12.6820

p rand ro ots 0.5189 1.0 1.0 0.0

p rand phene -0.6950 7.0 16.0 1.9489

p rand gene 0.2001 422.0 478.0 14.2580

p rand isom 0.2635 46.0 92.0 11.5526

p rand en tro -0.6777 0.5138 0.9241 0.08773

p step-r b.�t 5.0 14.0 2.1462

p step-r ids -0.4573 15.0 57.0 12.4997

p step-r ro ots 0.5119 1.0 1.0 0.0

p step-r phene -0.8119 1.0 13.0 2.4278

p step-r gene -0.5957 1.0 471.0 103.8743

p step-r isom -0.0526 1.0 111.0 18.3605

p step-r en tro -0.7039 -0.0 0.8291 0.1801

p step-t b.�t 1.0 15.0 2.6510

p step-t ids 0.2629 20.0 225.0 32.6593

p step-t ro ots 0.5934 1.0 16.0 2.1344

p step-t phene -0.8893 3.0 17.0 2.5258

p step-t gene 0.4247 344.0 485.0 28.9229

p step-t isom 0.2311 39.0 102.0 13.9385

p step-t en tro -0.8115 0.0445 0.9432 0.1325

measures that did not sho w some p ositiv e correlation.

Correlation v alues w ere not consisten tly high (statis-

tical signi�can t) but indicate that a relationship ma y

b e presen t. Scatter plots sho w trends indicated b y the

Sp earman correlation, and Figure 5 sho ws plots for



the regression problem and stepp e d-r e c ombination ex-

p erimen t. Notice the ob vious correlation b et w een lo w

�tness rankings and high div ersit y rankings for eac h

of the 50 runs for the phenot yp e, genot yp e, pseudo-

isomorphs and en trop y measures. Results suggest that

one measure is not de�nitiv e but di�eren t measures

ma y pro vide useful information for di�eren t problems.

The app earance of consisten t negativ e correlations

suggests that b etter p erforming runs do ha v e higher di-

v ersit y . Also con�rmed b y the correlation study is that

the en trop y and phenot yp e measures, and the geno-

t yp e and pseudo-isomorph measures eac h ha v e similar

results. Since phenot yp e and pseudo-isomorphs w ould

seem to b e less computationally exp ensiv e, these mea-

sures ma y b e more desirable to trac k in ev olutionary

computation systems.

5 CONCLUSIONS

The measures of div ersit y surv ey ed and compared here

demonstrate that the t ypical genot yp e measure ma y

not b e su�cien t to accurately capture the dynamics

of a p opulation, whic h is also suggested in (Ry an,

1994)(Keijzer, 1996).

High v ariance in p erformance w as not indicated b y

genot yp e div ersit y . The phenot yp e and en trop y mea-

sures app ear to correlate b etter with run p erformance

and are less exp ensiv e to compute.

The pseudo-isomorph measure app eared to b e as in-

formativ e as genot yp e div ersit y and suggests that this

simpler measure ma y b e more desirable. Additionally ,

the consisten t early con v ergence of unique no de ids

and ro ot ancestors, coupled with signi�can t activit y

in the other measures and p erformance, sho w in terest-

ing p oten tial for more study .

The relationship b et w een div ersit y and run p erfor-

mance is not straigh tforw ard, and our results indicated

some measures had a stronger correlation than others,

but not in all exp erimen ts and in all problems. This

study illustrates the need to carefully de�ne div ersit y

and consider the e�ects of problem and �tness repre-

sen tation.

6 FUTURE W ORK

Sev eral extensions to this researc h w ere iden ti�ed and

are curren tly underw a y . F urther exp erimen ts on more

problems (including real-w orld) will pro vide a more

thorough in v estigation. By trac king the con v ergence

of unique id s, ro ot ancestors and other measures dur-

ing ev olution, it is hop ed that an early indicator for run
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Figure 5: Scatter plots of div ersit y measures (6=phe-

not yp e, 7=genot yp e, 8=pseudo-isomorphs, 9=en-

trop y) v ersus b est �tness from last generation.



success or failure can b e found. Also of in terest is using

metho ds to promote div ersit y and then applying these

di�eren t div ersit y measures to determine their e�ects

of impro ving div ersit y . Sev eral di�eren t and no v el di-

v ersit y measures are also b eing in v estigated. The last

item of curren t w ork examines the computation needed

for main taining the most e�cien t kno wledge (of the

ev olutionary computation system) to determine e�ec-

tiv e div ersit y measures. The researc h rep orted is b eing

extended and early exp erimen ts indicate that div ersit y

measures based on edit distances pro vide complimen-

tary and in teresting results.
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Abstract

The growth of program size during evolu-
tion (code \bloat") is a well-documented
and well-studied problem in genetic program-
ming. This paper examines the use of \size
fair" genetic operators to combat code bloat
in the PushGP genetic programming system.
Size fair operators are compared to naive op-
erators and to operators that use \node se-
lection" as described by Koza. The e�ects of
the operator choices are assessed in runs on
symbolic regression, parity and multiplexor
problems (2,700 runs in total). The results
show that the size fair operators control bloat
well while producing unusually parsimonious
solutions. The computational e�ort required
to �nd a solution using size fair operators is
about equal to, or slightly better than, the
e�ort required using the comparison opera-
tors.

1 INTRODUCTION

Code bloat in genetic programming has been docu-
mented since the �eld came into existence a decade
ago. In the past few years bloat has been studied
extensively, with researchers examining the causes of
bloat as well as testing new operators designed to
limit code bloat (D'haeseleer, 1994; Angeline, 1994;
Langdon and Poli, 1997; Poli and Langdon, 1997;
Banzhaf, et al., 1998; Soule and Foster, 1998; Lang-
don, et al., 1999; Francone, et al., 1999; Langdon,
1999; Luke, 2000). Recently, \size fair" operators
have been shown to limit bloat signi�cantly without
decreasing the problem-solving ability of the genetic
programming system (Langdon, et al., 1999; Langdon,
1999).

This paper extends Langdon's work by testing size fair
operators in a genetic programming system that uses
unusual representations for programs. The PushGP
system is conventional in most respects but it ma-
nipulates and produces Push programs rather than
the Lisp-like program trees used in more conventional
genetic programming systems (for example (Koza,
1992)). Push programs, like Lisp programs, are vari-
ably sized strings of symbols and balanced (possibly
nested) sets of parentheses. On the other hand, Push
programs are interpreted quite di�erently from Lisp
programs; Push program interpretation is more simi-
lar to the interpretation of stack-based languages like
Forth or Postscript. The applicability of Langdon's
work to PushGP is therefore an interesting test of the
generality of his �ndings.

A detailed description of the Push programming lan-
guage is beyond the scope of this paper; see (Spector
and Robinson, 2002) for a full introduction and lan-
guage reference, or (Spector, 2001; Robinson, 2001)
for brief introductions. The essential feature of the
Push language for the present study is just that the
programs are syntactically similar to, yet semantically
quite di�erent from, the Lisp-like programs used in tra-
ditional genetic programming systems. Push's unique
structure supports many enhancements to genetic pro-
gramming systems (for example, e�cient and fully au-
tomatic evolution of modular programs) but none of
these are relevant to the present study; see (Spector
and Robinson, 2002) for details.

In Langdon's prior work he tested a 50%-150% fair
mutation operator in stochastic problem solving sys-
tems (e.g., hill climbing and simulated annealing sys-
tems) but not speci�cally in genetic programming sys-
tems. In this study we apply a variant of this op-
erator in PushGP and demonstrate its utility for ge-
netic programming. We also describe a new size fair
crossover operator and describe the performance of the
size fair operators in all possible combinations with



naive operators and operators that use node selection
(a technique based on Koza's 90%-10% tree/leaf selec-
tion method (Koza, 1992)).

2 Bloat in PushGP

Nested parentheses in the Push syntax make it pos-
sible to model a Push program as a tree, and ther-
fore to apply standard, tree-based genetic operators in
PushGP. The original version of PushGP used what
we will call \naive" operators which were meant to
be as simple as possible while capturing the essential
ideas of traditional genetic programming operators.
The naive mutation operator selects a random \point"
of the program to replace, with each point having an
equal probability of being chosen. Each symbol and
each parenthesized expression in the program counts
as a point. The chosen point is then replaced with a
new randomly generated expression, which will have
a size uniformly selected from the range [1; n], where
n is a system parameter. The naive crossover oper-
ator selects random points in both parent programs
(again with all points having an equal probability of
being chosen) and returns a copy of one of the parents
with the chosen point from its mate replacing its own
chosen point.1

Bloat is quite strong in PushGP when the naive opera-
tors are used, in large part because the naive mutation
operator generates random subtrees that are larger,
on average, than the subtrees they replace. In order
to keep program lengths manageable, PushGP imple-
ments a size ceiling. Any program exceeding the size
ceiling is discarded, and a clone of one of its parents is
used in its place; in the tables below we refer to this
as a \size limit replication." Most runs with the naive
crossover and mutation operators exhibit rapid code
bloat, with program sizes climbing steadily toward the
size ceiling. It has been shown that when put to work
on simple symbolic regression problems, 20%-45% of
the children were over the size limit at Generation 50,
and thus discarded in favor of a clone of the parent
(Robinson, 2001). (Robinson, 2001) also discovered
that the naive crossover and mutation operators were
more likely to select leaf nodes than internal nodes,
resulting in little variation in the internal structure of
programs across the population.

3 What Causes Bloat?

Code bloat is not a phenomenon particular to GP. It
has been shown to occur in several non-GP stochastic

1The random code generator is described in (Spector
and Robinson, 2002).

search techniques (Langdon, 1998). There are many
studies on the origins of bloat. Some �ndings suggest
that because there are more large programs than small
ones in a search space, �tness-based selection on av-
erage �nds larger programs with better �tness than
smaller or equal-sized programs (Langdon and Poli,
1997). Others suggest that bloat occurs as an evolu-
tionary defense mechanism against destructive opera-
tors. Traditional crossover and mutation can often be
fatal when applied to a small, �t program as they ran-
domly rip out a chunk of the �t program and replace
it with a di�erent random chunk of program. Thus,
programs evolve \introns" (segments of neutral code)
as a means to preserve �tness when subjected to de-
structive evolutionary operators (Nordin and Banzhaf,
1995). Similar to defense theory, (Soule and Foster,
1998) suggest that individuals are penalized when a
large chunk of code is removed, but not so when a
large chunk is inserted, thus driving up the size of the
program. This is called \removal bias". More recently,
(Luke, 2000) suggested that introns are not the cause
of code growth, but rather a symptom, and that a bias
towards deeper crossover points drives code growth.

The underlying cause of bloat is still open to debate.
What is universally agreed upon, however, is that bloat
occurs and often has detrimental e�ects on the im-
provement in �tness in genetic programming runs. In
addition, it clearly slows down genetic programming
runs by consuming CPU cycles and large amounts of
memory.

4 New Operators

We studied four variations of the genetic operators
(two variations of mutation, two of crossover), in ad-
dition to the naive operators described above.

Node Selection, a method described in (Koza, 1992),
chooses an internal node 90% of the time and a leaf
node 10% of the time for either mutation or crossover.
Node selection was implemented both for mutation
and crossover in PushGP.

\Size Fair" crossover and mutation operators are op-
erators that on average produce children of the same
size as their parents. The size fair mutation operator
we use is identical to the 50%-150% operator described
in (Langdon, 1998; Langdon, et al. 1999), except that
it produces mutations of length ` � `

4 instead of ` � `
2 ,

where ` is the number of points in the subtree to be
mutated.2 The size distribution of the replacement

2The fraction `
4 was chosen arbitrarily, prior to reading

Langdon's work. We assume the speci�c fraction has little
e�ect on performance.



subtrees (and thus the resulting children) is uniform.

Our new crossover operator, Fair Crossover, di�ers
from the size fair crossover operator described in
(Langdon, 1999). Langdon's operator selects the �rst
crossover point at random from Parent 1. The size
(`) of the subtree at the �rst crossover point is cal-
culated, and the lengths of all subtrees in Parent 2
are also calculated. All subtrees from Parent 2 whose
size is larger than 1+2̀ are excluded. This limits the
amount by which the child can increase in size to 1+̀
larger than its parent. For the remaining subtrees, the
number that are smaller, the same size and larger than
` are each counted, along with the mean size di�erence
for the larger and smaller subtrees. A roulette wheel
is used to select the size of the subtree to be crossed
over. The selection method is biased using calculated
mean size di�erences such that on average there is no
change in program size after crossover is performed.

With our new Fair Crossover operator, the �rst
crossover point is selected at random from Parent 1,
and the length of the subtree at that point is mea-
sured. Then a randomly selected subtree from Parent
2 is measured. If its length is within the range` � `

4
(where ` is the length of the subtree from the �rst
parent), the subtree from Parent 2 replaces the sub-
tree in Parent 1. If not, another subtree is randomly
selected from Parent 2, and the test is repeated. If
no subtrees are found within the range` � `

4 after n
attempts, the subtree whose size was closest tò� `

4 is
used in crossover. The size distribution of replacement
subtrees is dependent on the parents, and may not be
uniform.3

For the experiments described in this paper, Fair
Crossover would perform 20 retries before giving up
and using the subtree with the closest length. We will
call this a \punt". In the 300 runs on symbolic regres-
sion of a sextic polynomial that used Fair Crossover,
the operator punted just over 80% of the time. This
means that if 2250 crossovers were performed, the
operator only found replacement subtrees within the
length ` � `

4 about 450 times. However, since the sub-
tree whose size isclosest to ` � `

4 is used after 20 tries,
Fair Crossover still has an e�ect close to that of a size
fair operator. In the same 300 runs, replacement sub-
trees found by Fair Crossover were on average only 0.8
points larger than the original subtree. Given the low
bloat observed when Fair Crossover is used, it appears
that while Fair Crossover may not be perfectly size
fair, it is quite close.

3Fair Crossover was used instead of Langdon's size fair
crossover operator because it was simpler to implement.

- push-base-type:
dup, pop, swap, rep, =, set, get, convert,
pull, pulldup, noop

- number: +, -, *, /, >, <
- integer: pull, pulldup, /

- boolean: not, and, or
- expression:

quote, car, cdr, cons, list, append, subst,
container, length, size, atom, null, nth,
nthcdr, member, position, contains, insert,
extract, instructions, replace-atoms,
discrepancy

- code: do, do*, if, map

Figure 1: Push function set used for the PushGP runs.

5 Results

All combinations of crossover and mutation operators
were used in sets of 100 independent genetic program-
ming runs on 3 di�erent problems: Sextic Regression,
Even-5 Parity, and 6-Bit Multiplexor.

For all problems, the population size was 5000, the
program size ceiling 50 points, and the runs were lim-
ited to 50 generations. The size of mutant subtrees
added by the Naive Mutation operator was limited to
10 points. The operator rates were 45% crossover, 45%
mutation and 10% straight reproduction. The tourna-
ment size was 7. The function set is listed in Figure 1.
See (Spector and Robinson, 2002) additional informa-
tion on the Push functions.

Computational E�ort was computed in the standard
way, as described by Koza on pages 99 through 103 of
(Koza, 1994). To summarize brie
y, one conducts a
large number of runs with the same parameters (ex-
cept random seeds) and begins by calculatingP(M; i ),
the cumulative probability of success by generationi
using a population of sizeM. For each generation i
this is simply the total number of runs that succeeded
on or before the ith generation, divided by the total
number of runs conducted. FromP(M; i ) one can cal-
culate I (M; i; z ), the number of individuals that must
be processed to produce a solution by generationi with
probability greater than z. Following the convention
in the literature we use a value of z=99%. I (M; i; z )
can be calculated using the following formula:

I (M; i; z ) = M � (i + 1) �
�

log(1 � z)
log(1 � P(M; i ))

�

The more steeply the graph ofI (M; i; z ) falls, and the
lower its minimum, the better the genetic program-
ming system is performing. Koza de�nes the mini-
mum of I (M; i; z ) as the \computational e�ort" re-



Table 1: Results for symbolic regression ofx6 � 2x4 + x2, sorted by computational e�ort.

Crossover Mutation Successful Average Average Average Computational
Method Method Runs Solution Size Limit Size Limit E�ort

Size Replications Replications
(Gen. 25) (Gen. 49)

Fair Node Sel 93/100 31.29 363.00 715.71 450000
Fair Naive 85/100 32.66 965.76 1456.47 480000

Node Sel Fair 87/100 39.29 725.46 948.71 495000
Naive Node Sel 88/100 37.10 941.20 1216.17 540000
Fair Fair 88/100 21.77 10.19 64.85 540000

Naive Fair 87/100 33.63 362.70 587.21 585000
Naive Naive 71/100 38.17 1519.24 1920.52 800000

Node Sel Node Sel 76/100 40.58 1328.78 1576.00 820000
Node Sel Naive 61/100 42.36 2024.82 2280.97 960000

Table 2: Results for Even-5 Parity, sorted by computational e�ort.

Crossover Mutation Successful Average Average Average Computational
Method Method Runs Solution Size Limit Size Limit E�ort

Size Replications Replications
(Gen. 25) (Gen. 49)

Fair Naive 100/100 34.85 318.50 * 240000
Naive Naive 98/100 36.62 1201.22 850.00 250000
Fair Node Sel 99/100 29.32 29.69 281.00 270000

Naive Node Sel 99/100 36.06 413.65 386.00 280000
Node Sel Naive 100/100 41.58 1659.48 * 290000

Naive Fair 96/100 29.56 214.06 258.60 310000
Node Sel Fair 96/100 31.75 342.15 793.50 320000

Fair Fair 97/100 20.99 8.23 0.00 330000
Node Sel Node Sel 98/100 37.89 657.51 1016.00 350000

* All runs completed before 49th Generation

Table 3: Results for 6-Bit Multiplexor, sorted by computational e�ort.

Crossover Mutation Successful Average Average Average Computational
Method Method Runs Solution Size Limit Size Limit E�ort

Size Replications Replications
(Gen. 25) (Gen. 49)

Fair Fair 30/100 19.80 0.46 28.56 1870000
Fair Node Sel 36/100 27.58 71.41 428.67 1885000

Naive Fair 32/100 27.53 127.00 410.82 2080000
Naive Node Sel 26/100 30.96 389.41 749.47 2520000
Fair Naive 26/100 32.27 623.75 1388.20 2635000

Node Sel Naive 23/100 37.57 1375.40 1725.29 2835000
Node Sel Fair 26/100 27.96 325.13 673.92 3120000

Naive Naive 26/100 37.92 972.08 1519.34 3200000
Node Sel Node Sel 18/100 31.11 697.06 1014.76 4320000



quired to solve the problem. Computational e�ort is
not a perfect measure (see, for example, (Luke and
Panait, 2002)) but we believe it is su�cient for the
modest uses to which it is put here.

5.1 Symbolic Regression of x6 � 2x4 + x2

As shown in Table 1, the combination of Fair Crossover
and Node Selection Mutation yielded the most solu-
tions, least computational e�ort and the second-most
parsimonious solution sizes. The combination of Fair
Mutation and Fair Crossover yielded the second most
solutions (tied with Naive Crossover and Node Selec-
tion mutation) and the most parsimonious ones as well
(by nearly 10 points), but scored in the middle of the
�eld in terms of computational e�ort. Notable also
is that the operators causing the greatest amount of
bloat (and thus the greatest number of replications due
to hitting the size ceiling) �nished in the last three
spots in terms of solutions found and computational
e�ort.

5.2 Even-5 Parity

Even-5 Parity is a fairly easy problem for PushGP
to solve, as shown by the high number of solutions
found. Interestingly, one of the least successful combi-
nations from the regression runs, Naive Crossover with
Naive Mutation, scored just behind Fair Crossover
with Naive Mutation in terms of computational e�ort.
Again, Fair Crossover with Fair Mutation found the
most parsimonious solutions by nearly 10 points, and
kept replications down to almost nothing, but scored
next to last in terms of computational e�ort.

5.3 6-Bit Multiplexor

When applied to the 6-bit Multiplexor problem dif-
ferent operators performed best. The pairing of size
fair mutation and crossover found the third most so-
lutions with the least computational e�ort. The size
fair operators also found the most parsimonious solu-
tions, beating the next best pair of operators by al-
most 8 points. The rest of the top performers all had
performed well in previous runs. Performing particu-
larly poorly was the pairing of Node Selection muta-
tion and crossover, which found the fewest solutions
and required the most computational e�ort.

6 Discussion

The e�cacy of the size fair operators in controlling
bloat and in producing parsimonious solutions is clear
from the data. Certainly for the cases in which fair

mutation and fair crossover were used together the
improvements in these measures were dramatic. Ad-
ditionally, in many cases the use of just one size fair
operator, in conjunction with a non-size-fair operator,
seems to confer advantages.

It should come as no surprise that it is impossible to
declare one operator or combination of operators as
clearly being better than the rest with respect to the
computational e�ort required to �nd a solution. How-
ever, we do note that all of the runs with size fair
operators performed at least reasonably well; the use
of size fair operators does not appear to be detrimen-
tal with respect to this measure. We also note that
the better combinations often included one size fair
operator and one non-size-fair operator. One could
speculate that size fair operators, used by themselves,
slow the genetic programming system in its progress
to larger areas of the search space (where solutions are
more plentiful) thus increasing the time it takes to �nd
solutions. If so then one might further speculate that
the judicious mixing of non-size-fair operators, which
can have more dramatic impacts on program size, with
size fair operators would be the best way to encourage
robust problem solving performance. More research
would be required to con�rm or falsify these specula-
tions.

7 Conclusions

The size fair operators examined in this work appear
to control bloat well and to encourage the production
of parsimonious solutions without negative impacts on
the computational e�ort required to �nd a solution.
This is important because unchecked bloat limits the
applicability of genetic programming by requiring ex-
orbitant computational resources, and because naive
approaches to bloat control can change the system's
evolutionary dynamics in ways that make it harder to
�nd solutions. Solution parsimony is also important
because it simpli�es the work of humans who must
interpret the output of genetic programming systems,
and because more parsimonious solutions may in some
cases also be more general.

This work was conducted using the PushGP system
which is similar to traditional genetic programming
systems in some ways but di�erent from them in oth-
ers. The reported work extends Langdon's earlier
work, demonstrating that the idea of size fair opera-
tors has utility across a broader range of program rep-
resentations. The obvious next step is to repeat this
study, using Langdon's operators and the new size fair
crossover operator that we have developed, in a more
traditional genetic programming system. If they per-



form as well in such a follow-up study, controlling bloat
and producing parsimonious solutions without sacri�c-
ing the problem-solving capacity of the system, then
we would recommend their wide-spread adoption.
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conditions above which plays an important part in our
system implementation.

Term rewriting [12, 15] can be considered an efficient
implementation of unidirectional equational deduction
by viewing equations as rewrite rules from left to right.
Given a Σ-equation (∀X)t = t′, consider: a term t0 can
be rewritten into a term t1 provided that t0 contains a
subterm that is a substitution instance of the left side
t of the equation. Then t1 is the result of replacing the
substitution instance of t with the appropriate substi-
tution instance of t′ in t0. Given this, every term can
be rewritten to a unique canonical form under mild
conditions on the set E of Σ-equations, such as every
variable of a right side of an equation must also appear
in the left side. This forms the basis of the operational
semantics of the OBJ specification language [5, 6].

3 INDUCTIVE LOGIC
PROGRAMMING

Traditionally, inductive logic programming has con-
cerned itself with the induction of first-order logic
theories from facts and background knowledge. The
normal semantics for ILP is usually stated as follows
[3, 20],

Definition 11 Given a set B of horn clause defini-
tions (background theory), a set P of ground facts to
be entailed (positive examples), a set N of ground facts
not to be entailed (negative examples), and a hypothe-
sis language L, then a construct H ∈ L is an hypoth-
esis if

B ∪H |= p, for every p ∈ P (Completeness),
B ∪H 6|= n, for every n ∈ N (Consistency).

Here, L is the set of all well-formed logical formu-
lae over a fixed vocabulary. Completeness states that
the conjunction of the background and the hypothesis
entail the positive facts. Consistency states that the
background and the hypothesis do not entail the neg-
ative facts or counter examples. Logical entailment is
derived by interpreting the clauses in the appropriate
Herbrand models [22].

Please note that this semantic definition does not say
anything about the quality of a particular hypothe-
sis. In fact, it is interesting to note that this seman-
tic definition admits a number of trivial solutions; for
instance, let H = P . Also consider the case where
B |= p for every p ∈ P . Typically, the weighing of
one hypothesis over another is left to the operational
or search semantics of an ILP system. In practical
ILP systems trivial solutions like the ones above are

typically immediately dismissed by the system on its
search for an “optimal” hypothesis, since these trivial
solutions tend not to pass a set of performance criteria
when compared to other more general hypotheses.

4 AN ALGEBRAIC SEMANTICS

The above semantics for ILP treats signatures implic-
itly. However, type information and signatures play
a central role in many-sorted equational logic. There-
fore, we recast the above semantics in an algebraic
setting based on signatures, equational theories, and
theory morphisms. We start by defining what we mean
by facts.

Definition 12 A theory (Σ, E) is called Σ-facts if
each e ∈ E is a ground equation.

This allows us to define our notion of induced theory.

Definition 13 Given a background theory B =
(ΣB , EB), positive facts P = (ΣP , EP ), and nega-
tive facts N = (ΣN , EN ), then an induced theory
H = (ΣH , EH), is a theory with a pair of mappings
φB and φP

H

B

φB

>>~~~~~~~~
P

φP

``@@@@@@@

such that

• φB : B → H is a theory morphism,

• φP : P → H is a theory morphism,

• and H 6|= φN (e), for all e ∈ EN , and signature
morphism φN : ΣN → ΣH .

Our induced theory is not unlike the hypothesis in the
normal semantics. In fact, by making φB an inclu-
sion morphism we have the algebraic equivalent for-
mulation of the normal semantics for ILP. We like the
added generality our semantics supports and will ex-
plore this in future implementations. Currently, the
prototype interprets φB as the inclusion morphism.

Taking a closer look at φB , from the definition we have
φB : B → H is a theory morphism if H |= φB(e), for
each e ∈ EB . This is equivalent of saying that in order
for this mapping to be valid the induced theory must
semantically entail the given background knowledge.
Of course this holds trivially if φB is the inclusion mor-
phism.

A closer look at the theory morphism φP that maps the
positive facts into the induced theory reveals a similar
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relationship. Again from the definition, φP : P → H
is a theory morphism if H |= φP (e), for each e ∈ EP .
This can be considered the algebraic formulation of
the completeness criteria of the normal ILP seman-
tics. Please note, by replacing the semantic entailment
with proof theoretic deduction which follows from the
soundness and completeness of equational logic we ob-
tain a computable relation. This is precisely what we
use in our system implementation below.

The last part of the definition above is the algebraic
formulation of the consistency statement: negative
facts should not be entailed by the induced theory.
Similar to the normal semantics our algebraic seman-
tics says nothing about the quality of the induced the-
ory. This is left to the search semantics of the system;
in our case this is left to the genetic programming en-
gine.

So far we have treated models that satisfy H implicitly.
It is interesting to take a look at the models per se.

Proposition 14 Given an induced theory H, with the
background theory B, the positive facts P , and the neg-
ative facts N , then each model m that satisfies the
induced theory H and is consistent with the negative
facts N also satisfies the background theory B and the
positive facts P .

Proof: From the previous section we know that for
every theory morphism φ : T → T ′ and a model m′ |=
T ′ there is a reduct φm′ such that φm′ |= T . Let
us assume that there exists a model m that satisfies
the induced theory H and is consistent with N , i.e.,
m |= H and m 6|= N . We then have two reducts along
the theory morphisms φB : B → H and φP : P → H,
namely φBm and φPm, respectively, where φBm |= B
and φPm |= P . Thus, consistent models that satisfy
the induced theory H have reducts along the theory
morphisms and behave as expected. 2

5 SYSTEM IMPLEMENTATION

We have implemented our prototype system within the
OBJ3 algebraic specification system [5, 6]. OBJ3 im-
plements many-sorted equational logic4 with algebras
as its denotational semantics and many-sorted term
rewriting as its operational semantics.

The following specification of a stack of elements can
be considered a prototypical OBJ3 specification.

4Actually, OBJ3 implements order-sorted equational
logic, which means that the sorts are related to each other
through a type lattice. In our current implementation we
do not support this type ordering.

obj STACK is sorts Stack Element .
op empty : -> Stack .
op push : Stack Element -> Stack .
op top : Stack -> Element
op pop : Stack -> Stack .
var X : Element . var S : Stack .
eq top(push(S,X)) = X .
eq pop(push(S,X)) = S .

endo

The first line of the specification names the theory and
also defines two sorts; namely, Stack and Element.
The following four lines define the operations on the
stack. We then define the variables we need in the
equations on the following two lines.

The current prototype incorporates a genetic program-
ming engine based on Koza’s canonical LISP imple-
mentation [14] into the OBJ3 system. The engine
performs the following steps given a (possibly empty)
background theory and the facts:

1. Compute initial (random) population of candi-
date theories;

2. Evaluate each candidate theory’s fitness using the
OBJ3 rewrite engine;

3. Perform candidate theory reproduction according
to the genetic programming paradigm;

4. Compute new population of candidate theories;

5. Goto step 2 or stop if target criteria have been
met.

This series of steps does not significantly differ from
the standard genetic programming paradigm. The
fittest individual of the final population is considered
to be the induced theory satisfying the given facts.

A couple of things are noteworthy. The signatures of
the candidate theories are computed using the signa-
ture morphism constructions underlying the algebraic
semantics outlined above. Both, for the background
theory as well as for the positive facts we let the sig-
nature morphisms be inclusions. In order to complete
the candidate theories the system adds equations to
the computed signatures according the to the genetic
programming paradigm.

For the negative facts we take advantage of OBJ3’s
builtin boolean operator =/=. This operator allows
us to recast negative facts as inequality relations that
need to hold in the candidate theories. In effect, these
inequalities become positive facts and we treat them
as such by adding them to the positive facts theory.
Consequently we set the negative fact theory to the
empty theory. This technique facilitates the coding
for the genetic programming engine, since the notion
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of positive facts aligns very nicely with the notion of
fitness cases in the genetic programming paradigm. An
example of this technique can be seen in the results
section.

The system uses the OBJ3 rewrite engine to evalu-
ate candidate theories against the positive facts. The
proof obligation arises from the theory morphism con-
dition for the positive facts. Given a fact equation
and a candidate theory, the theory morphism condi-
tion is tested by rewriting the left and right sides of
the fact equation to their unique canonical forms using
the equations of the candidate theory as rewrite rules.
If the unique canonical forms of the left and right sides
are equal then the fact equation is said to hold.

Since the equations in the candidate theories are gener-
ated at random, there is no guarantee that the theories
do not contain circularities throwing the rewriting en-
gine into an infinite rewriting loop when evaluating the
facts. To guard against this situation we allow the user
to set a parameter that limits the number of rewrites
the engine is allowed to do per fact evaluation. This
pragmatic approach proved very effective. The alter-
native would have been an in-depth analysis of the
equations in each candidate theory adding significant
overhead to the execution time of the evolutionary al-
gorithm. In some sense this is analogous to guarding
against division by zero when evaluating arithmetic
expressions within the canonical genetic programming
paradigm.

The fitness function used by the system to evaluate
each candidate theory is

fitness(T ) = (facts(T ))2 +
1

length(T )
,

where T denotes a candidate theory, facts(T ) is the
number of facts or fitness cases entailed by the can-
didate theory, and length(T ) is the number of equa-
tions in the candidate theory. The fitness function is
designed to primarily exert evolutionary pressure to-
wards finding candidate theories that match all the
facts (the first term of the function). In addition, in
the tradition of Occam’s Razor [8] the function also ex-
erts pressure towards finding the shortest theory that
supports all the facts (second term). The system at-
tempts to maximize this function in each generation
of candidate theories.

The genetic programming engine itself is implemented
as a strongly typed genetic programming system [18, 4]
in the sense that it knows about the syntactic structure
of theories and equations and does not have to redis-
cover these notions with every run. The only genetic
operators we have implemented so far are fitness pro-
portionate reproduction and a type sensitive crossover

operator. We found that mutation proved too disrup-
tive probably due to our incomplete type system im-
plementation, as the current prototype does not prop-
erly support user declared equational logic types. This
did not prevent us from performing some interesting
experiments, however. We are currently working on
the next generation system that supports user defined
types fully.

6 EXPERIMENTS AND RESULTS

To study the system we performed three experiments
with encouraging results. These experiments were in-
spired by case studies on the FLIP home page [2].

6.1 INFERRING STACK PROPERTIES
FROM EXAMPLES

In the first example we were looking for the general
concept of the stack operator top given a set of facts.
The facts are as follows:

obj STACK-FACT is sort Sort .
ops a b u v s: -> Sort .
op top : Sort -> Sort .
op push : Sort Sort -> Sort .
eq top(push(v,a)) = a .
eq top(push(push(v,a),b)) = b .
eq top(push(push(v,b),a)) = a .
eq top(push(push(v,u),s)) = s .

endo

Each ground equation in the fact theory gives a spe-
cific application instance of the operator top. We ex-
pect the equational inductive logic system to discover
a theory that generalizes the description the operator
beyond the seen instances. After 28 generations with
200 individuals the system discovered the following in-
duced theory:

obj STACK is sort Sort .
ops a b u v s: -> Sort .
op top : Sort -> Sort .
op push : Sort Sort -> Sort .
vars X1 X2 X3 X4 X5 : Sort .
eq top(push(X4,X2)) = X2 .

endo

This theory correctly characterizes all the ground
equations in the fact theory by stating that the top
of a stack is the last element pushed. The following
parameters were used during this run:

Maximum number of Generations: 60
Size of Population: 200
Maximum equations for theories: 4
Maximum Rewrites: 20
Maximum depth of new individuals: 5
Maximum depth of new subtrees for mutants: 5
Maximum depth of individuals after crossover: 10
Fitness-proportionate reproduction fraction: 0.1
Crossover at any point fraction: 0.8
Crossover at function points fraction: 0.1
Number of fitness cases: 4
Selection method: fit-prop
Generation method: ramped
Randomizer seed: 1.0

GENETIC PROGRAMMING 753



The Maximum Rewrites parameter limits the number
of rewrites the OBJ3 rewriting engine is allowed to
perform when evaluating a fact. Readers familiar with
Koza’s implementation will notice that the above pa-
rameter setting does not allow for mutation.

6.2 INFERRING A RECURSIVE
FUNCTION DEFINITION

In the following example we want to infer the recur-
sive definition of the function sum from a set of ground
equations. The fact theory is given in Peano nota-
tion where the naturals are represented as s(0) 7→ 1,
s(s(0)) 7→ 2, etc. The fact theory is as follows:

obj SUM-FACT is sort Sort .
op 0 : -> Sort .
op s : Sort -> Sort .
op sum : Sort Sort -> Sort .
eq sum(0,0) = 0 .
eq sum(s(0),s(0)) = s(s(0)) .
eq sum(0,s(0)) = s(0) .
eq sum(s(s(0)),0) = s(s(0)) .
eq sum(s(0),0) = s(0) .
eq sum(s(0),s(s(0)))= s(s(s(0))) .
eq sum(s(s(0)),s(s(0)))= s(s(s(s(0)))) .
eq sum(s(s(s(0))),s(0)) = s(s(s(s(0)))) .
eq sum(s(s(s(0))),s(s(0))) = s(s(s(s(s(0))))) .
eq (s(0) =/= 0) = true .
eq (s(s(0)) =/= 0) = true .
eq (s(s(s(0))) =/= 0) = true .
eq (sum(s(0),0) =/= 0) = true .
eq (sum(0,0) =/= s(0)) = true .
eq (sum(s(0),s(0)) =/= s(0)) = true .
eq (sum(s(0),0) =/= s(s(0))) = true .
eq (sum(0,s(0)) =/= s(s(0))) = true .
eq (sum(0,s(0)) =/= 0) = true

endo

The first half of the theory are positive facts and
the second half are negative facts coded as positive
facts taking advantage of OBJ3’s builtin boolean op-
erator =/=. As hinted at before, we take advantage
of this builtin capability to express everything as posi-
tive facts rather than trying to prove that the negative
facts do not hold in the induced theory. Additionally,
this is more inline with the notion of fitness cases in
the genetic programming engine.

After 10 generations with 200 individuals the system
converged on the following theory as the induced the-
ory:

obj SUM is sort Sort .
op 0 : -> Sort .
op s : Sort -> Sort .
op sum : Sort Sort -> Sort .
vars X0 X1 : Sort .
eq sum(X1,0) = X1 .
eq sum(X1,s(X0)) = s(sum(X1,X0)) .

endo

The first equation of this recursive definition of the
operator sum states that that adding 0 to a value leaves
the value unchanged. The second equation states that
adding a value to the successor of another value is the
same as the successor of the sum of the two values.

The parameters for the genetic programming engine in
this experiment were:

Maximum number of Generations: 20
Size of Population: 200
Maximum equations for theories: 8
Maximum Rewrites: 25
Maximum depth of new individuals: 5
Maximum depth of new subtrees for mutants: 5
Maximum depth of individuals after crossover: 10
Fitness-proportionate reproduction fraction: 0.1
Crossover at any point fraction: 0.8
Crossover at function points fraction: 0.1
Number of fitness cases: 18
Selection method: fit-prop
Generation method: ramped
Randomizer seed: 1.0

6.3 INFERRING ANOTHER RECURSIVE
FUNCTION DEFINITION

In this last example we would like to infer the concept
of even from a set of facts. Again we use the Peano
notation for naturals. The fact theory is given as fol-
lows:

obj EVEN-FACT is sort Sort .
op 0 : -> Sort .
op s : Sort -> Sort .
op even : Sort -> Bool .
eq even(0) = true .
eq even(s(s(0))) = true .
eq even(s(s(s(s(0))))) = true .
eq (s(0) =/= 0) = true .
eq (s(s(0)) =/= 0)= true .
eq (s(s(s(0))) =/= 0) = true .
eq (s(s(s(s(0)))) =/= 0) = true .
eq (even(s(0)) =/= true) = true .
eq (even(s(s(s(0)))) =/= true) = true .

endo

Please note that as in the previous example we employ
the convention of coding negative examples as inequal-
ities that must hold in the induced theory.

Unfortunately, here the system did not converge on
a sensible induced theory even after as many as fifty
generations with 200 individuals. We had expected
something like the following:

obj EVEN is sort Sort .
op 0 : -> Sort .
op s : Sort -> Sort .
op even : Sort -> Bool .
var X0 : Sort .
eq even(s(s(X0))) = even(X0) .
eq even(0) = true .

endo

We suspect that the failure to converge is due to the
fact that in this particular case it is paramount to dis-
tinguish between the user defined type Sort and the
builtin type Bool. Due to the incomplete implemen-
tation of our type system the genetic programming
engine is allowed to produce too many “junk” terms,
i.e., syntactically malformed terms, which prevents the
system from converging. We suspect that the system
will not have any problems with this specification once
we implement our type system fully.
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7 CONCLUSIONS

Starting with the general notion of concept learning
we developed an approach to inductive logic program-
ming based on many-sorted equational logic with ge-
netic programming as the underlying search paradigm.
Many-sorted equational logic has a strong notion of
signature and we accommodated this by developing an
algebraic semantics for inductive equational logic pro-
gramming using the the normal semantics for inductive
logic programming as a starting point. Based on these
underpinnings we implemented a prototype inductive
equational logic programming system within the alge-
braic specification language OBJ3. Results of initial
experiments looked encouraging and we expect that a
more complete implementation of the type system in
the prototype will remedy the current short comings.
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programming. In S. Džeroski and P. Flach, editors,
Proceedings of the 9th International Workshop on In-
ductive Logic Programming, volume 1634, pages 116–
127. Springer-Verlag, 1999.

[8] F. Heylighen. Principia cybernetica, July 1997.
http://pespmc1.vub.ac.be/OCCAMRAZ.html.

[9] J. H. Holland. Adaptation in Natural and Artificial
Systems. University of Michigan Press, Ann Arbor,
1975.

[10] R. Ichise. Inductive logic programming and genetic
programming. In H. Prade, editor, European Confer-
ence on Artificial Intelligence, 1998.

[11] C. J. Kennedy and C. Giraud-Carrier. An evolu-
tionary approach to concept learning with structured
data. In Proceedings of the fourth International Con-
ference on Artificial Neural Networks and Genetic Al-
gorithms, pages 1–6. Springer Verlag, 1999.

[12] J. W. Klop. Term rewriting systems. In S. Abramsky,
D. Gabbay, and T. Maibaum, editors, Handbook of
Logic in Computer Science, volume 2, pages 1–116.
Oxford University Press, 1992.

[13] J. R. Koza. Concept formation and decision tree in-
duction using the genetic programming paradigm. In
H.-P. Schwefel and R. Männer, editors, Parallel Prob-
lem Solving from Nature - Proceedings of 1st Work-
shop, PPSN 1, volume 496, pages 124–128, Dortmund,
Germany, 1-3 1991. Springer-Verlag.

[14] J. R. Koza. Genetic Programming: On the Program-
ming of Computers by Natural Selection. MIT Press,
Cambridge, MA, 1992.

[15] J. Meseguer and J. Goguen. Initiality, induction and
computability. In M. Nivat and J. Reynolds, editors,
Algebraic Methods in Semantics, pages 459–541. Cam-
bridge, 1985.

[16] T. M. Mitchell. Generalization as search. Artificial In-
telligence, 18(2):203–226, 1982.

[17] T. M. Mitchell. Machine Learning. McGraw-Hill,
1997.

[18] D. J. Montana. Strongly typed genetic programming.
Evolutionary Computation, 3(2):199–230, 1995.

[19] S. Muggleton. Inverse entailment and Progol. New
Generation Computing, Special issue on Inductive
Logic Programming, 13(3-4):245–286, 1995.

[20] S. Muggleton and L. De Raedt. Inductive logic pro-
gramming: Theory and methods. Journal of Logic
Programming, 19/20:629–679, 1994.

[21] J. R. Quinlan. Induction of decision trees. Machine
Learning, 1:81–106, 1986.

[22] L. Sterling and E. Shapiro. The Art of Prolog: Ad-
vanced Programming Techniques. The MIT Press,
1986.

[23] W. Wechler. Universal Algebra for Computer Scien-
tists. Springer-Verlag, 1992. EATCS Monographs on
Theoretical Computer Science, Volume 25.

[24] M. Wong and K. Leung. Genetic logic programming
and applications. IEEE Expert, October 1995.

GENETIC PROGRAMMING 755



������� ��	�
�� �
��
���� �
���
� ���� ������� ��
��������

������ ��	�
� ��� ��
�� �� ����
��
�������� 	
����
�� ������
��
��
�� ���� �
���
�

���
���� ������ ����  !�
��
��� "
����#

�$�����%&
���
&���#
!$���' (��)�*+�)+,��+�

����
 ����
��

���
�- �� .
#��
�/

.
#��
�/
0������

��	�����

1$
� 2�2�� 2��2���� �� ��
����� #��$�� ��
�34��� ������
�� ��
�� � ���� �������� �����)

�� ���# � 2���
#
���- 5�34��� 
����
6���
��7�
�$� ���� ������� �����
�
8�� �$� �34���7� ���)
�����
���� ��� 2����� 9��� �$��� 
�� 
�������
$�� 3��� �������� :�;�� �$� 3
���- #�2 ��)
6��� 3- �$��� 9��� 
� ����-8�� ����
��
����-
�� &����
�- �$� �����;� 
� �$
�$ �$� �34���
�22����� 1$� �������7� �
����� ���2�� 
��
)
����� �$��$�� �$� �34��� 
� � ��&�
��� ���)
��� �� � ����� ����#� 1$� �������7� ��

)
����� 2�����#� 
�� 9��)2����#��� 2�����#
��� 
�� ������ ������
�� 2�����#� ��� ��� ���)
������� 3- � ����)3���� <����
� !�����##
��
=<!> #��$�� �
�$ 6;�� ���$
������� ?���)
#��
����- @�6��� A����
��� =?@A�>�

� ����
�����
�

1$� 2�����
�� 2��3��# �
�$ #��$
�� 

�
�� 
� �� �
�)
�
� �������� �$
�$ �$�������
8� �� �34��� ���# � $���
�#���� �� �
�
��3�� 
����#��
��� 
��� �$� �2��
6���
��
�� �� 
�����
���� ���� ������
�� #��$��
�#� 1$
� ����
������
�� #��� 3� �
���
���� 3������ 
� ������ 3� ��)
���#
��� � 	�
��
�

�����
��� 
� �� �34��� 
� 

���� ��� ������-� �$��� 
� ���
�����$ �����;���� 
����#��
�� �2�� �$
�$ �� #�/� ��

����
6���
��� ���
�����-� 
� �� �34��� 
� ��� ��� ���-�

����#��
�� �
������ #�/�� 
����
6���
�� �&����- �
B)
����� 1� ���� �
�$ �$
� �����
� �� 
����#��
��� � ��- ��
������
�� � ��3)��� �� ����� �$
�$ 
� ��2��������

� ��
�� �34���� ����� �� 3� ���

�� �$
�$ ������ �$� �34���
�� 3� 
����
6���

0� �$� �����;� �� <!� =1��/���� �,, � !��
� �,,*� @�
��
�� ���� �,,*� C����� ��� ��3����� �,,,> ������� ���

��- 2����
��� ��$�#�� �$
�$ #��
2������ ����
��
��

��#2���� ���# 2
;�� ����� ��� =?����� �,,�� D�$����
�� ���� �,,�� 1����� ��� E������ �,,*� C���
� ��� ��;)
���� �,,*> 2������ ��$�� �
��
�3�� �34��� ������
��
�$�#��� =��3���� ��� C������ F���> ���� �;2��
���
�$� �
����
����- 2����
�# �� �3��
� �$� ��
�����
�� ��
2����- ��6��� �34���� ���$ �� 
�$
���� 
� 0� 
#����-�
=������� F���> �;2��
��� �$� �������� ����� 2����
�#
="�8�� �,,�> 3- �#3���
�� ���� <! 
��
�� �� �
��
)
�3�� A
�
�� ����� ���$
��� � ��$�#� �$�� 2��������
�$� ?���#��
����- @�6��� A����
��� =?@A�> 
����
=��3���� �� ���� F���> �����������- �;2��
��� 2��3��#
#������
�
�� ��� �������
�
�� ��� � �
B���� �34��� ��)
����
�� ���/ �
�$ �$� ��3���� ����2�����
�� 
����

1$
� 2�2�� ����� �� �$� ?@A 
��� �� ���

� �� �
#��$��
�# �� �;2���
�� �$� ��������
�� �����;� ��� �
#��� 
����#�� �34��� ������
�� =C����� �� ���� F��F>�
?� 2���)2�������� �� �$� =��3���� ��� C������ �,,,>
��$�#�� 
� �
#� �� 
�����
�����- ����� �$�� ��$�#�7�
����� ����# ����� 1$� =��3���� ��� C������ �,,,>
��$�#� 2�������� 
������� �
��)���� =0�.�> 
#����- ��)
&�
��� 3- ���)9-
�� �
������ �� ������ ���� 
�$
�����
1$� ��$�#� 2������� #��- ����� ����#� 3������ 
��
�
# 
� �� ������ ��- ���
�� �$
�$ ��2������� ��#� 2���
�� � 
�$
���� ����� �� �$
� ��$�#� /��� �$�� �34����
#�- 3� �3������ 3- ��$�� �34���� ���
�������- �� ��)
�
3������-� ��� �� � $
�$ ����� ����# ���� 
� ����2��3���
C���
��� �$� ��$�#� ������ ��#3
�� ����� �����$��
�� ��
#
���� �3

��� #
�
����
6���
���� ���� � 
�$
���
������ 3� 2��/�� �� � ���� ��2� �� �$� 2��2��
�
��

� �$�� �3

��� ����� ����#� #�- 3� ��
#
����� 3- �;)
2���
�� �$� �����;� �� #
�
����
6���
����

� � �� ��� ��� ��	������
�

0� 
� ������- 
#2���
3�� �� 
����
�- �$� 
�$
��� �34���
�$�� �$� 
#��� 
� 

���� ���# ��� ������ ��� �;�#2���
�� �$��� ��� �$� 
�$
��� ������
�� 2��3��# 
� A
���� ��

?�
#�� 

�
�� 2��3�3�- ����#2�� �� 
����
�- � ��#3��

GENETIC PROGRAMMING756



A
���� �' 1�� �
G����� 

���' �����)�2 ��� ���# �����

�� 
��- �2��
6� 
#��� ����� �$�� ����#3�� ��#� �����)
�2 ����
� �� �� �34���� 1$� 3��
� ��� �$�� 
����2���
�$��� ����� �� 5
#��
��7 �$� �34��� ���# ����� 0� ��$��
������ �34��� ������
�
�� 
�
��
�� ���������
�� � #��)
��� #���� �� �� �34���� ��� ��2��
#2��
�� �$
� #����
���� �$� �

����� 2����

�� ���# �$� ����)������ 1$�
��$�#� 2��2���� 
� �$
� 2�2�� 
� 3���� �� �$
� 
��� ��
��
�� 3��$ 

���� ���� ��� ���� ��� �� ��
�� � �#���
��#3�� �� 
#��� ����� �� ������� �$��� 

��� �� ������
�$� �34���� 1$� ������� 2��3��# �$�� 3���#�� $�� ��

����
�- �$� ��&�
��� 
#��� �����H

	
����
�� �
�$ <! ���/��� �$
� �
B���� 
����� �����)

�� ���# �$� �����
�� �� �� �34��� 
����
6���
�� 3- �$�
=��3���� ��� C������ �,,,> ��������� � 5���� �������7

��2���� �$� 
#��� ��������
��� �� �
���
�� � ��� ���)
��� ������ 0� #��/� � F@ 3
���- #�2 �� 9�� �$� �����
��
�� �
���
���� 5�����7� ��� ���������� ����
��
�� 3���� ��
�$�
� �
���
3��
��� 1$��� ����
��
�� ��� ���� ��#3
���
3- <! �� ���

� �� � ���
�
�� �������
�� �$� ��
�
���)

�� 2
;��' �$��$�� �� ���6�# �� ��4��� �$�� �$� 2
;��
3������ �� � ������ �34����

1$� �
����
����- 2������ 
� ��

�� 3- �$� ���3�� �34��)
�

� �� �����
�� #
���� ��� ����� ����#�� 0� 
� 
#2��)
#����� ��
�� <! �
�$ 6;�� ���$
������� ?@A� ="�8��
�,,�>� 1$� <! �-���# ���
��� �$� ������
��� C��
�$���� �$
� 
#��� ������� 3� ��
��� 
� 
�� �����$ ���
�$� �����H C�� ��� �$���� 
� ���
�� ��� ����H �$��
�$���� �;�
�� 
� ��B�
����- �� ����� 
� �� 9�� �$� �;
�)
����� �� �� 
#��� ����H

! "�������� ��� �����	������
�

	��$ 
��


���� ���� ������� 
� �$� 2�2����
�� 
� �
<! ���� ���������� �&�
22�� �
�$ ��� ������)2�����
��
3����$�� ��� ��� ?@A 3����$��'

� A
��� ������ �����$ =A��>

� 1��� @��
�
�� �����$ =1@�>

1�3�� �' A����
�� ����� �� ��2������� ���� �����
����

�
���� ���������
A�� ��F� �� � �@�
1@� (� )� I� J =��� K �>�

#
�=���>� #�;=���>�

� =� � �> �$�� 	 ���� 


�@� (� )� I� J =��� K �>�
#
�=���>� #�;=���>�

� =� � �> �$�� 	 ���� 
�
��01	�	�� �	?@�	�

��� (� )� I� J =��� K �>�
#
�=���>� #�;=���>�

� =� � �> �$�� 	 ���� 


� ���/ @��
�
�� �����$ =�@�>

� ������ ������ �����$ =���>

A�� 
� ������� �� ���� 1@� ��� �@� #��- �
#�� 3��
��$���
�� �$� 3����$�� ��� ���������� ��� ���/� ��
�$� F@ #�#��- ��

��� 3- A�� �� �
�� 3� �;2��
���
�$����-� 	��$ 3����$ �����#
��� � �2��
6� 2��2���- ��
�$� �������� ��� ���$ $�� 
�� ��� ��� �� ���#
���� ���
�����
���� �����
��� ��#� $�
� ������ �� ���/ �2��
6�
���/
�� #�#��
��'

� A.?< #�#��-

� �L�"0:< #�#��-

� �LE	 #�#��-

	��$ 
��


���� #�
���
�� �$��� #�#��
�� �� ��
� 
�)
���#��
�� �3��� 
�� 2��� �;2��
����� @��� ������� ��)
�
�
���� ���� �$��$�� �� ��� �� #��/ �$� 
#��� �
�$
� 9��� ��&�
�� � #�#��- �� 2��� �
���� �$
�$ ������
�$� ���� ������� �� ������� ��� 
�������� 2��

��� 
�)
���#��
�� 2�
�� �� � ���
�
���

A��� ���/
�� �
�$ �$� 1@� ��� �@�� ��
��� �$�
���� ������� �� �;2���� �$� 
#��� 
� �$� ���� 6���� ���
�� ��2��
� � ��#3�� �� 59���7 �� 
#��� ������ L��� �$
�
2������ 
� ��#2������ �$� �
���
#
���� ��� ���/� ���#
���� �� �$
� 3
���- F@ #�2 �� 59���7 ��� 5�� 9���7� 1$�
��� �$�� ���
��� �$��$�� �$� ��
�
��� �����
�� 2�
��
��� ��������- 
��
����� �� � ���� ������� �� �$��$�� 
�
��� � ����� ����#� 1�3��� � ��� F �

� �$� �����
��
��� ���#
��� ���� ��� ���$ <! 3����$�

��� ��
�� ������ �
���� �����

1$� ���� ������� $�� �
#
���
�- �
�$ �$� ����� A� ���
�
��� 
� ="�8�� �,,F>� ���� �$� ���� �����
��� ��F ���

GENETIC PROGRAMMING 757



1�3�� F' 1��#
��� ���� =��� ��;�>�

�
���� ��

�����
A�� �� 1@�
1@� �&

��
� �&

��
� �1

��
� �1

��
� �(

��
� �(

��
� �6

��
� �6

��
�

�:
��
� �:

��
� �	?@A.?<� �	?@�LE	�

���
���� 
� ���� =F��'*��>
�@� �GLVN� �GLVN�

���
���� 
� ���� =F��'*��>�
�	?@A.?<� �	?@�LE	

��� �� 9�� 3���� ���#
�����
���
���� 
� ���� =F��'*��>�
�� ��;����� ���� ����
��
��

�� ��� �$� � �� 5#�
� ���#
���7 �� #�
� �$� �������
��� 2
;�� 
� �$� �
����
�� �� 
�� ���
��� C���
��� �$� .
=����> ��� � =�
�$�> ���#
���� ���� �� ���� �$� �����
A� ���
� ��� ��� ��2����� 3- 1@� �$
�$ 6��� ����� ���
�$�� #�
�� �$� ��������

1$� A�� 
� �;������ ���
� �$� ���� ������� $�� #�
��
� 2�������#
��� ��#3�� �� �
#��� 
��� , � 
 �
#���
�$��� 
 
� �$� �
��$ �� � 
�$
���� 1$
� �
��$ 
� ����)
#��
����- ������ 3- �
������ ���
���� �� �$�� 
 �� *����

� $��� 
 ��  ���� =��3���� ��� C������ �,,,>� A��

� 
�����

��- �
������� ���
� �$� ������� �;������ �$�
2�������#
��� ��#3�� �� #�
��� 0� ������ �������$
�$� ��#3�� �� #�
�� �
�� ��� 3� 2�������#
��� 3��
�
�� ���� 3� ������� �� �
��
��

1$� ��#3�� �� 
#��� ����� �$�� ����� 3� 9����� ���
�
#
��� �� ��� �$�� �$
� �
#
� ��� �;������� �$� A��
�3����� ��� �������� �$� ����� ����� �� ����

��� ��
� �������� �
���� �����

1@� 6��� ���
��� �� � �
����
�� �� ���
�� ��� �$��
#�
�� �$� ������� 
� �$
� �
����
��� 1��#
���� �&

��
� �&

��

��� �
������ ��� �������� ��

��
��� �3��
��� ���#
�$� 2
;�� 
����� 
� �� ���
�� 2
;�� �&���� �
���� ���)
���� �� �$� �������� .�3��� 	����� ��� ����� ���
������� ����$� ����� ����$ ��� ���� �����
��� �� �$���

� A
���� F� 1$� �
���� �
8� 
� ����#��
����- ������
������
�� �� ���
�����

1@� 
� ����-� �
������� ���� �
#��� ���� ��� ���$ 2��)
#����
�� �� �$� ����� �� �$� ���#
���� �� �
����
��� :�
	� �� ��� �� ��� �$
� 2������� ���� ���2���� 0� �$�
������� 
#2��#�����
��� �$� �$���� ���� ������� �
���)
�
�� 
� �

�� 3- �$� 2��#����
�� ������
�� �$� �������
���2�� ��� ������� �����
� ������

1$� �LE	 #�#��- 
� �2����� ����� �
��- ����
������� #�
�� 
��� �$�� �$� A�� 
�
�/�� � �� 1@��
1$
� #�#��- ������� �$� ����� ����� �� �$� �������'

A
���� F' .���' 1@� ���#
����' #��� ��� ��������
��

��
�� ��#2���� �
�� �&���� ����� �3�
�� 3����� ��
�$� �
�$�� �� �$� ����� ��� ������� �� �$� 2
;��� 1$���
��� �$� 5�������7 �� �$� ���� �������� �
�$�' A��� ���)
�����
� 2
;�� �
��� ������� �� � 
�$
��� �
�$ �
�#�����'
���� ���� ��� ��� F�� 
�$
��� �
��$��

�������� �
�$�� 3��/� ���� =A� �� �� .> ���$�� �$�� �$�
�3������ �
����
��� :� 	� �� ��� �� !
;�� ����
��
�� ���
���� �������� ��� �� �$� �LE	 #�#��- ����
��� ��'

�� ���� �� �
����
���� ���� A�������A�A���.���. 
�
������ �� M��F� � ����� ���F��NO

F� ���� �� �&
��
O

 � ���� �� �&
��
O

?� �$� ����� �� ���
��� �$� �
����
�� #�#��- �����
���
��� 
�
�
��
8�� �� � ��� ��� ��� 
����� 
� ���$ ����
��
�
#�#��- �����
�� ��� ��� �� �$� 
�
�
�� �&

��
��� �&

��
�

���  �
! �������� �
���� � ���

�@� �����#
��� �$��$�� � 9�� �$���� 3� ���� �� �$�
������� 2
;�� 2��
�
�� 
� �$� ���
� �� 
��
���� �$� 2���)
���� �� �� 5
#��� ����7� 0� �$� �@� ������� � 2��
�

�
��#3�� 
� ��2��
�� � 9��� 1$
� ���
�
�� 
� 3���� ��
2
;�� ���� ��� ���
� ����� �@� ���� �� �� 50A7 �����)
#��� 
� �$� A��� !���
�� � 9�� �;������ � 1C	:
��3����� ��$���
�� �� 	.�	 ��3���� 
� �;������� 1$�
�;������ 2���
�� 
� �������� �� A���

1��#
���� �GLVN ��� �GLVN 
� 1�3�� F ��� �
������ ���
�������� ��

��
��� �$�� ��� ���������� �
�� � �#���
�
�/ ������� �� �$� ������� 2
;��� 1$� �
�/ �
�#���� 
�
$��� �$� �
��$ �� � ��� ��� ������2���� �� �$� �#������
�
�/ �� �$� �
�$� �� A
���� F� 1$
� �
�/ 
� ������ 3-
�
������ ���
����� ��� 
� 
� �
������� 
��� �� ���
2�� �$��
�$� 
#��� 
� �� 2���2���

� ��� �� �
������ �����

1$� A.?< #�#��- 
� �2����� ������
�� �$� ���� ��
�@�� 1$
� #�#��- ����
��� ��'

�� ���� �� �@� �������� ���� M)��)����������)����)��)�NO

GENETIC PROGRAMMING758



F� ���� �� �GLVNO

 � ���� �� �GLVNO

C��� �� ������ ��� 5�� 9��7� ��� � ������ ��� 59�� ���7�
0�
�
���-� ��� 
����� 
� �$� 
����� �� ������� ��� ��� ��
�� ��� 
� �$� ��$�� ��� #�#��- 
������ ��� ��� �� �$�

�
�
�� �GLVN ��� �GLVN ���2���

��-�

��01	�	� ��� �	?@�	� ��
�� �� ��� ���� ���#
�$� 
���;�� �L�"0:< #�#��-� �$
�$ ����
��� ��
�$��� �����
��� �� ������ ?�� �$��� �����
��� ��� 
�
)
�
��
8�� �� ��� 3����� �$� ������ :��� �$�� ������)
�

� ����� �� �@� ���# A�� �
�� ��� #�
� �$� ����
�������� 1$� ������ �� �$� ��2����� ������ $���
��� ���
�
G�� ���# ��� ����$�� 3������ �$� #�#��- ������ ���
�$���� 3������ ������ :��� ���� �$�� �$� ���� �������
#�- ��

�
� � 2
;�� ��� �$���� 
�� ���
�
�� �3��� 9��
2����#����

��" ������ ������ �
���� �����

��� ������� � ���� ��#3���� 
���� �$�� ��� 3� �
�$��
2��
�

� =������ 
� 2������> �� �����

� =�� ������ 
�
2������>� 1$� ��� 
� ���- �;������ ����� �$� A��
$�� ��#2������

1$� A�� ���� � F@ �&���� #�2 �� ����� �$� ��2��
���
9���� 1$� #�2 
� 
�
�
��
8�� �� � 
����� ��� 9�� ����)
�
��� ��� 
��
����� 3- � 
������ 1$� ���2
�
��� 2
;��
�$
�$ 
� �$� �����
�� 2�
�� �� �$� ������ 
� �� �$� ������
�� �$
� #�2� 0� �$� #�2 ������ ����� �$�� � �$���$���
��#3�� �� 9���� �) K �� �$�� �$� ���2
�
��� 2
;�� 
�
��3����� 5�����

�7 =�� ������ 2������>� ��� �$� ��� 
�
��� 
�
�/��� 0� �$� #�2 ������ �� ����� �) 9���� �$��
�$� ��� 2�������� ����
��
��� #������� 3���� �� �$�
�
���
3��
�� �� �$� 9����

1$� ��� 9�� 3���� ���#
���� 
� 1�3�� F ��&�
�� ��#)
2����
�� �� �$� ������ �� #��� �� �$� 9���� 1$�- ���
��3
����
�- 3���� �� ����
��
��� #������� �
�� �$� 
��)
��� �� �
������� 3������ �$� ������ �� #��� ��� ���$
9��� ?�� ��� ����
��
�� ��� 2��
�

� 
� 
����'

�� �$� ��#3�� �� 9���O

F� �$� �
������ ���# �$� ������ �� #��� �� �$� ���)
�$��� 9��O

 � �$� ������� �
������ 3������ ��- ��� 9���O

�� �$� �
����� �
������ 3������ ��- ��� 9���O

�� �$� �������� ��

��
�� 
� �
������ 3������ ��-
��� 9���O

*� �$� �
����� �
������ 3������ �$� ������ �� #���
��� ���$ 9��O

1�3��  ' <! 2���#������

#�
�
���
 ������$
/
�� ������#��� �
8� F ��� �����-)����� <!
3���� ������#��� �
8� � ��� �����-)����� <!
���������
�� ,�P ;)�
��� �P ������

��P �������
�� #����
��
2�2����
�� ���
#�; �������
��� ��
#�; 3����$ �
8� ���� �����

Q� �$� �������� ��

��
�� 
� �
������ 3������ �$�
������ �� #��� ��� ���$ 9��O

+� �$� ������ �� ��-##���- �� �$� �
������ �
���
3�)
�
�� =�/������>O

,� �$� �����

� �$�2� �� �$� �
���
3��
�� ��#2����
�
�$ � ���#�� �
���
3��
�� =/�����
�>O

��� �$� ��)
��
���� ����� �$� 
����� 
� ������ 
���
������
�� ����� ��� $��
�� �� ���# ��� ��3)
�
���
3��
����

1�;����� ����
��
�� �
�� � �
�� ���� ��� 
�2�� �� ��� ��
�$�� �$� 3����$ ��� ���# 
�� ��� 
#��� ���#�����
���
0� �$
� ��-� �$� ��� ��� �

� �
G����� ������
��� ���
�$� ��#� 9�� �
���
3��
�� �22���
�� 
� �
G����� ��;��)
��� �����;��� A�� �;�#2��� � $���� 
� � ����� ���� #�-
����

� �$� ��#� 9�� �
���
3��
�� �� � 
�$
��� 
� �� ��)
3�� ����� 3�� �$� ��� ����� �
���
#
���� �$� $���� ��
� ����� ����#� �$
��� ������
�� �$� 
�$
���� ��� �� �$�
�
G������� 
� ����� ��� ��3�� ��;����� =��3���� ���
C������ �,,,>� 1$��� ��;����� ����
��
�� ��� 3���� ��
� ��)���������� #���
; ��� ��� ��/�� �
�� �� ���� ��
� ���)�����$� �&�����

# �� ������������
�

1$� <! ��� 2���#����� ��� �

�� 
� 1�3��  �
������
�� ��� 3����$ �-2��� #���
�� �$�� 
� �����
���- �;�$���� �����
� #����
�� 3������ �
/� 3����$���
���� �� A�� ���- �
�$ ����$�� A��� 	��$ 3����$
��� ���
���� � 2��3�3
�
�- �� 2���
�
2��� 
� ������
���
1$� A�� $�� � 2��3�3
�
�- �� ��P ��� �$� ��$�� �$���
3����$�� $�� � 2��3�3
�
�- �� F�P� 1������
�� #���)
�
�� ������� ��- ���� =��� �$� �����
���� ��3����> ���
��2����� 
� �
�$ � ���#
��� ���# �$� ����
��� ���#
���
����

1$� ���2
�
��� 2�
��� �������� 3- �$� =��3���� ���
C������ �,,,> ��$�#� �����
����� �$� 6����� ������
1$��� 2�
��� ���� /���� �� 3� 5���� 2��
�

��7 =1!>
�� 5����� 2��
�

��7 =A!>� 
��� ����� ����#�� 1$� 6�����

GENETIC PROGRAMMING 759



A
����  ' 1��
� ���#
���
�� �� �$� �
�$� �� � 
�$
����

#������ ��� ��#2���� ���� ��� 6����� ����� $�� 3���
2��������'

6����� K
���

��� ( �E�$
����

1$� 2���#����� � ��� � 3������ �$� 
#2������� ��
1! �����

� �� A!� 1$��� 2���#����� ���� �2�
#
8��
�� #
�
#
8� A! �$
��� ����
�
�� ����)#�;
#�� 1!�

$ �
���������� %�	���	

1$� ��$�#� ��� 
#2��#����� �� 2������ 2��

����-
�������� 
�$
���� ��� ����� ����#� 
� �
�3���� �����)
��
������ 0�.� 
#����- =��3���� ��� C������ �,,,>�
1$� 
�$
���� �22��� 
� #��- �
8�� ��� ��
�����
���� 
�
#��- 2���2���

�� ��� �$��#�� ������� ��;� �� 
��
���
�34���� =���$ �� 3�
��
���> �$
�$ ���� �$��#�� �$��)
��� ���� �$� 
�$
����� ��� 
� #��- ��

���#���� ���
����$�� ����
�
���� C����� �$� 
�$
��� ������
�� ���/

� �$��� �2����
���� 
#���� 
� �;���#��- �$������
���

1$
� ����
�� 2������� �;�#2��� �� �$� ���
�� 2�������
3- � ���� ������� �
��
�� �
�$ � K F�* ��� � K ����
1$� ���
�� ��� ����� �� ��3)
#���� ���22�� ���# 0�.�

#����- �
�$ �22��;
#��� �
#���
��� ��  ������� ���
2
;���� 1$� ��� �� ���$ ���
� 
� 
��
����� �
�$ ��� �����
�;��2� �$�� �$� ���
� 
� 
�����

��

A
�����  ��� � �$�� �$�� �$� ������� ��� #�/� � �
#)

��� ���
� �� �
G����� 
�$
����� 	��$ ���
� ������ �� �$�

�$
���7� ���� 3������ �$
� ��� �$� �����
�� 2�
�� ��
�������� 3- �$� =��3���� ��� C������ �,,,> ��$�#��
0�������
���- $���
��� ���$ ���
� ���#
����� �� �$� 
�)
$
���7� �
��� �
�� �$���$ �$� 
�$
���� ��� ��
����� �
�)
�������-�

<�������-� �$�� �$� ������� 
� �22�
�� �� �$� ��
� 
�)

A
���� �' 1��
� ���#
���
�� �� �$� ���� �� � 
�$
����

A
���� �' �2
��� ���
� �� � 
�$
����

$
���� 3�� �
�$ �
G����� �����
�� 2�
���� 
� ��� ��/�
�
G����� ������ 3�� ��
�� ������ �$� 
�$
���� A
���� �
�
�2��-� � ���� �$��� �$� ������� $�#�� 
� �� � 
�$
)
���7� �
��)�������

1$� 2���� �� �$� ���� ������� 
� 
���������� 
� A
�)
���� * ��� Q� �$��� ����� ����#� ��� ��4����� ��� ��
�����;���� 
����#��
��� 0� ��$�� ������ �$� 5����� 2��)

�

��7 �� �������� 3- �$� =��3���� ��� C������ �,,,>
��$�#� ��� ��������- ���
����� �� 5���� �����

��7� 0�
A
���� *� �$� �����
�� 2�
�� ����� ����#3�� ��#� ���)
���� �� � 
�$
���� 3�� �����
�� ���� �� �2�� ���� �
�)
#
���� �$
� $-2��$��
�� �
#
����-� � #��� ��#2�
�����
���
� 
� A
���� Q ��4���� � ����� 
���� 3- �����
�� ����
�� �2�� ����
�����-� 1$� ����� 
���� ��� 2��3�3�-

�
�
���- �������� �� � ����� ����# 3������ 
� $�� �$�
�
��$ �� � ���� 1$
� ��3)
#��� ������- �$��� �$� 4
�)
��� 
� �$� 0�.� 
#����- �$
�$ $
����� �$� ������
��
���/� 	;2��
#���� ������� �$� ����� ����# ���� �-2
)

GENETIC PROGRAMMING760



A
���� *' ? 2�����
�� 
�$
��� ������� �� � ���� 
� ���)
�����- ��4������

A
���� Q' 1��
� ��##���
�� �� � ����� 
���� 3������
����
�����-�� :��� �$� ��� ���� �� �$� �
�$��

����- 3-  �P�

L�$�� ����� ����#� ��� ��4����� ��� 3- ������
�� ���
���
3�� 
������ 3- �
�$� ���
�� �$
�$ ���- ����� �� �$� �����)

�� 2�
��� �� �$��� 
� A
����� + �� ��� 0� �$��� ������
�$� �����
�� 2�
�� 
� �
�$
� �$� ���6��� �� �� �34���
�$
�$ 
� ��� �#��� �� 3� � ������� ��� �$�� �$��� 
�
�� ���� �� �;2���� �$� �34���7� ��������
���� :���
�$�� �$� ���� �� �$��� ���
�� ��� ��� �$��� 3������ �$�
���
�� ��� 
�����

�� �
�$ �$� ������� ������
�� 
�� ���2�
�� 2�����#
�� � �-��
� #��
���

�-���#��
� 9�� ���#��
��� �� �$�������
8� �34��� ��)
����
��� ��� ��� 

�
3�- �

���� 
� �$� �������7� ���
���
A�� �;�#2��� �$� ����� ����#� ��� ��� �$�������
8�� 3-
� �-2
��� 9�� �
���
3��
�� 2������� 1$
� 
� 2��3�3�-
3������ �$� 9�� 2����#���� ��� 
����� �$� ���
� 
������

A
���� +' 0�����

� ���
� �� �� �3�������� ����
�� ��
�����

A
���� ,' 0�����

� ���
� �� � ������ 2����

A
���� ��' �-��
� ���
� 
� � ����� ��

���- ���� � ����
��� ���)3�
��
����

GENETIC PROGRAMMING 761



��2���� �� �$� 2���
����� 5
#��� �����7 
� �� �34���7�


�
�
�-�

C���
��� ��#� �-2
��� 9�� �
���
3��
�� 2������� ���
�

����� 1$��� 
� � �������- ��� �$� ������� �� 2����
9��� �
�$ � ����)�&��� �
���
3��
�� ����� �$� ���
�� ���
�� 2����� 2����#���� �� ����
�� 2�
���� ���� ���
/)

���-� �$� ���� ��� ���2� 
� ���$ ���
� ��� ����� 9������
1$� ������� ��
���� �$� �����$ �� 
�� ���
� 3- 
����)
�

��- ������
�� 
�� 6��� ���2� �� �G���

��- �
#�)���
�$� A��� C����� �$��� 6��� ���2� ��� ����� ��	�������
9������

������ �$�� �� ����� �) K � 9��� $�� �� 3� ��� ��� �$�
��� �� 3� �;������� ��� �$�� ����� 9��� ��
� � �������
�����

� ������
�� =����
��  ��>� 	;2��
#���� �����
�$�� �$� ��#3�� �� 
��


����� �$�� 2���� �� ����� �)
9��� 
�������� ���
�� ���$ �
����
�� ���� 1$
� ���)
����� �$�� 
��


����� ����� ��� ��� �$� ��#3�� �� 9���
����� �� ������ �$� 
�$
����� 3- �
#2�- 
�
�/
�� ���
�� ���2�� � 2��
�

� 
����� 1$
� ���� �������� �$��
��� ��� �#2��-�� �� #��
2����� �$� 9�� �
���
3��
��
����
��
�� 
� � #��� ��2$
��
����� ��-�

A�� �;�#2��� ���$ ���2 
� �$� 
�����

� ���
�� 
� A
�)
���� + ��� , ��� 9������ �$�� -
���
�� �$��� �
�������
��� �$� 9�� �
���
3��
�� ����
��
��� 1$� ��� ����� �$��

����2��� �$��� ����
��
�� �� �� 
��
����� �� ��4��� �$���
����� ����#��

& �
����	�
�	

1$
� 2�2�� �����
3�� � ���� ������� �� 
#2��
� ���)
��� ������
�� 3- �;2���
�� �$� �����;� 
� �$
�$ ����
)
���� ������� �22���� 1$� ������� 
�
�
���- 2��������
�������	 

��� �� R�����S �� �34���7� ��������
���
��� �� 9�� �$��� 
� 3���#�� �������� 1$� �
���
3�)
�
�� �� �$��� 9��� �$�� ��2������� � �
����� 

�� ��
�$� �34���� �$��� �����;���� 
����#��
�� $�� �����)
���
�- 3��� ������- �������� 1$� ������� �$�� 
��
)
����� �$��$�� �$� �34��� 
� � ��&�
��� ������ �� � �����
����#� ?�� ��2���� �� �$� �������7� ���
�� ��� �
��
��
��
�� <! �
�$ 6;�� ���$
������� ?@A��

1$� ���� ������� 
#2��
�� �$� 2�����#���� �� � 2��)
�
#
���- ������ ������
�� ��$�#�� 3- �-2
����- �����)

�� �$� ����� ����# ���� 3-  �P �$
��� ����
�
�� #���
�� �$� ������ ��������

1$� 2������ ��$�#� 
� ��#2����
�����- ��#���
���
��� �� �$� ��������
�� �� 2
;�� ����
��
�� �
��- �
#�
�$� ������� #�
��� ��#2����
�� �2��� #�- 3� 
#)
2��
�� 3- �����
�� �$� ������� �� 4�#2� ��� 
�����
�$
� #�- 3� #��� 
�)/��2
�� �
�$ �$� ��- �$�� � �����

� ������� 
� ��
#�� 

�
��� L�$�� ��
����#���� �����
�;2���� 
�����
��� 3������ �$� ��� ��� A�� �� ��
�)

����� ������
�� ���
�
���� ��� R�����
��S �� ��������
����� 2���
�
2��� 

� 2$���#��� ���
���

��%�
�����

M?����� �,,�N @�

� ?���� =�,,�>� ?���#��
����-
@�6��� A�������' 1$� �
#��������� 	
����
�� �� F)
@
#���
���� A������ @�������� ��� �� ?����
�$# ���
��
�� 1$�#� 0� "�����$ 	� "
������ D�� =��>� ���
������ 
� �����
� ������


��� �������� �01 !�����

M������� F���N "��� ? ������ =F���>� 	
��

�� A
�
��
����� ���$
��� �
�$ 	#3����� <����
� !�����##
��
��� ?���#��
� 1����� @�����
�� �
�$
� �?� 0#����-�
0� �������
��� �� ��� ����  ������� �� !�����
�����
 �
	����
��  ! ��� "#�$�"#��� 0			 !�����

M@�
�� �� ���� �,,*N D���� �� @�
��� �� <� L������� 1�
A� �������)����-� �� D� ���� ��� D� A� E����/- =�,,*>�
0�� ����$���� �����
6���
�� ��� 	�� �?� 0#����- ��
?���
� ��� 0��' 	
�����
�� �� A������)	;�����
�� ?�)
���
�$#� 3- <����
� !�����##
��� 0� �������
��� ��
��� "��% &�������
���� �����
���� ��� '�
��� (����

�� (�
	��
�
� "#���"#��� 0			 !����� ���$
������

MC���
� ��� ��;���� �,,*N �$�
���2$�� C���
� ���
������� ��;��� =�,,*>� 	
��

�� 	��� @�������� �
�$
<����
� !�����##
��� 0� "�8�� <���3���� A���� ���
�
���� �����
� ������


�� "��%) �������
��� �� ���
*
��� ������  ���������� $���$"#� �01 !�����

MC����� �� ���� �,,,N @��
�� C������ �
#�� ��
��3���� ��� �
�$��� ����/
� =�,,,>� 	
����
�� ��
�$
2 @�������� ��� ������
�� �?� 0#����-� 0� !��
�
:���
�� .������ ��� A�����- =���>� �����
� ������
�


��� �������
��� �� !����� "���� "$#�"�+� .������
:���� 
� ��#2���� ��
���� ��,+� �2�
����)E������

MC����� ��� ��3����� �,,,N @��
�� C����� ��� �
)
#�� �� ��3���� =�,,,>� ? ������ <����
� !�����#)
#
�� �������- ��� 0#��� ?���-�
�� 0� ���8$��� @�
���
	
3��� <��8��� C���
��� D�/
��� ��� �#
�$ =���>� ����
����
��� �� ��� �����
� ��� !�����
�����  �
	����
��
 ���������� "����"�#�� ������ "���#����

MC����� ��� ��3����� �,,,3N @��
�� C����� ��� �
)
#�� �� ��3���� =�,,,>� 	
��

�� L34��� @��������
��� 0������� 0#����-' � ��#2��
��� �� 1�;����� ?���)
-�
� ?��
��� �
#2�� ����
��
��� 0� �
���
���� �T�/��T�
��� 1�

���� =���>� �������
��� �� !,'-�!.�� �
(����  ����� �� !�����
����� �����
��
� 
� !��
�����

�� ���  �
	���� (�
����� ���+%� @�2�� �� ���$�)
#��
��� 0� 1� �������
��� :�� ? FJ�,,,� ��

���
�- ��
D-
T��/-�T�� A
������ 0��: ,��) ,)��Q ) �

MC����� �� ���� F��FN @��
�� C������ �
#�� ��
��3���� ��� ����� �-�� =F��F>� 1$� �L�� @���
������� ��� L34��� @�����
�� 1��/� 
� ���$
�� E
)

GENETIC PROGRAMMING762



�
��� �		�
���
��� �� !�����
�����  �
	��
��) !����
	��� ! /��0���	 ����� 1
������ &������� �����$��
.������ :���� 
� ��#2���� ��
���� FFQ,� �2�
����)
E������

MD�$���� �� ���� �,,�N �
�$��� !���
�/ D�$����� !��)
�
� ���� ��� 1��
�� @������ =�,,�>� 	
��

�� E
����
����
���� 0� �����- ?� ����/� ��� !���
� ���� =���>�
�'2&*& &�3 3&*! &4� �������
��� �� ��� ������ &��
������
���� /��0���	 �� ��� (������
� ��� (

����
��
�� 3
�
�� (����
�� "�+����� �01 !�����

M"�8�� �,,FN D�$� �� "�8� =�,,F> <����
� !�����#)
#
��� �01 !�����

M"�8�� �,,�N D�$� �� "�8� =�,,�> <����
� !�����#)
#
�� 00' ?���#��
� @
���
��- �� �����3�� !�����#��
�01 !�����

M!��
� �,,*N �
������ !��
 =�,,*>� <����
� !�����#)
#
�� ��� 0#��� ?���-�
�� 0� "�8�� <���3���� A����
��� �
��� =���>� �����
� ������


�� "��%) ��������

��� �� ��� *
��� ������  ���������� $%$�$%+� �01
!�����

M��3���� ��� C������ �,,,N �
#�� �� ��3���� ���
@��
�� C����� =�,,,>� 	
����
�� �� E�$
��� @��������
��� 0������� .
������ 0#����-� 0� !��
� E�
��� ������
�
������ �#
�$ ��� A�����-� !�����
����� &
��� ������
�
�� (
���� �������
�� ��� 2�����

��
���
���) *
���
!���	��� /��0���	� !��&�(� "��� ��� !���!�2��
"���� ""��"�#� .������ :���� 
� ��#2���� ��
����
��,*� �2�
����)E������

M��3���� ��� C������ F���N �
#�� �� ��3���� ���
@��
�� C����� =F���>� <����
� !�����##
�� ��� 0#)
��� ?���-�
�' L�
�����
�� @�����
��� 0� �$
���-�
<���3���� �����)!�8� �2������ !��#�� ��� ��-���
�������
��� �� ��� �����
� ��� !�����
�����  �
	��
���
��  ��������� 5�!  -�����6� %#"�%#�� ������
"���#����

M��3���� �� ���� F���N �
#�� �� ��3����� @��
��
C����� ��� D�$� �� "�8� =F���>� 	
��

�� �������

� <����
� !�����##
�� 3- ��3���� 	���2�����
���
0� �
����� 1�#���
�
� .��8
� �-��� 1����#��8
 ���
.������ =���>� �����
� ������


��� �������
��� ��
!����� ���"� "%��"�#� .������ :���� 
� ��#2����
��
���� F� +� �2�
����)E������

M1��/���� �,, N ������ ?���� 1��/��� =�,, >� <����
�
!�����##
�� ��� A������ @
���
��- ��� 0#��� @
�)
��
#
���
��� 0� ���2$��
� A������ =��>� �������
���
�� ��� #�� &�������
����  ��������� �� �����
� �����
�
��
�� & ����$� $�$�$��� ������ "���#����

M1����� ��� E������ �,,*N ?���� 1����� ��� �������
E����� =�,,*>� !?@L' ? :�� .����
�� ?��$
���)

���� ��� L34��� ������
�
��� 0� "�����$
 0/���$
 ���
������� E������ (�
7��
� 4
���� 3����
��� L;����
��

���
�- !�����

GENETIC PROGRAMMING 763



Genetic Programming and
Multi-Agent Layered Learning by Reinforcements

William H. Hsu

bhsu@cis.ksu.edu
Department of Computing and Information Sciences

Kansas State University
Manhattan, KS USA 66506-2302

Steven M. Gustafson

smg@cs.nott.ac.uk
School of Computer Science and Information Technology

University of Nottingham
Jubilee Campus, Nottingham UK NG8 1BB

Abstract
We present an adaptation of the standard genetic
program (GP) to hierarchically decomposable,
multi-agent learning problems. To break down a
problem that requires cooperation of multiple
agents, we use theteam objective functionto
derive a simpler, intermediate objective function
for pairs of cooperating agents. We apply GP to
optimize first for the intermediate, then for the
team objective function, using the final
population from the earlier GP as the initial seed
population for the next. Thislayered learning
approach facilitates the discovery of primitive
behaviors that can be reused and adapted towards
complex objectives based on a shared team goal.
We use this method to evolve agents to play a
subproblem of robotic soccer (keep-away
soccer). Finally, we show how layered learning
GP evolves better agents than standard GP,
including GP with automatically defined
functions, and how the problem decomposition
results in a significant learning-speed increase.

1 INTRODUCTION

For complex problems with low-level primitive
operations, such as robotic soccer [Ki97, MNH97], it is
intractable to search for a direct solution using genetic
programming (GP). This is due in part to the
combinatorial explosion of the GP search space as a
function of the problem state space – e.g., the size of the
playing field. [SVR99] Other factors, such as operator
granularity, also contribute to this growth. Many of GP
researchers who have worked on robotic soccer have
simplified the GP search space through problem
redefinition: raising the level of terminals in order to
evolve higher-level behaviors [Lu98] or using a more
sophisticated fitness function [AT99]. Because robotic
soccer is a multi-agent system (MAS) problem that is
based upon a real game played by humans, it is helpful to
compare learning strategies with those of human teams,
even if we use a different approach to automatically
develop a solution. One important observation is that the

structure of team training in real soccer involves
individual, pair, and small group drills, resulting in a well-
defined hierarchy of behaviors. Traditional GP produces
hierarchical programs by evolving and reusing
automatically defined functions (ADFs). [Ko94, RB94]

In this paper, we show howlayered learningcan also
achieve reuse – faster and more reliably than GP with
ADFs – in developing a solution to an MAS subproblem
of robotic soccer. Just as ADFs provide reusable code
and subroutine structure [Ko94], layered learning
provides a way to build solutions using a divide-and-
conquer approach [St00, SV00a]. The difference between
ADF learning and layered learning, using GPs or other
methods, is that layered learning describes a way totrain
a learning intelligent agent, while ADFs describe a way to
implement structurein the agent representation – i.e.,
code.

Layered learning GP (LLGP ) [GH01] can be used to
break down MAS learning tasks by first evolving
solutions for smaller fitness cases or for smaller groups of
agents with a more primitive fitness criterion. While our
adaptation of layered learning to GP is based in part upon
Stone and Veloso’s work in reinforcement learning
[SV00a], similar approaches have been developed that
perform sequential evolution of populations using
different fitness functions [De90, HHC94].

This paper extends our previous study of LLGP for an
MAS task in the robotic soccer domain [GH01] with
further experiments and analysis of LL behavior. We
focus on automatic tuning and validation ofintermediate
representationsin incremental LL. The purpose of our
test bed is to facilitate development of fitness criteria for
“coaching” or training agents based upon their strictly
cooperative performance in a two-agent task. We then
use the evolved individuals to seed a population of agents
to be further improved in three-way competitive
interaction against a fourth agent, the opponent. This new
population and the associated GP form the second layer of
the LLGP system. The product of LLGP is an agent that
is evolvedusing highly fit primitive agents, but does not
necessarily contain exact copies of these primitive agents
as subroutines.
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Another advantage of layered learning is that it provides a
logical methodology for implementing a hierarchical
approach to teamwork. In order to evolve more complex
teamwork, we may be able to take advantage of the
dependency of behaviors involving three or more
teammates upon primitive behaviors involving just two.
For example, a low-level primitive in soccer is passing the
ball, a two-agent activity that is incorporated into several
multi-agent activities: guarding the ball; moving the ball
downfield; setting up for a goal attempt; etc. In the rest of
this paper, we shall explore LLGP for MAS problems
using keep-away soccer, a subproblem of robotic soccer
[SV00a, GH01] that shows how complex teamwork can
be hierarchical in nature and therefore can be learned
efficiently in a hierarchical fashion.

2 THE KEEP-AWAY SOCCER DOMAIN

2.1 DEFINITION AND JUSTIFICATION

We call keep-away soccerthe task of keeping the ball
away from a defensive player who is attempting to
capture it from multiple offensive opponents. We chose
keep-away soccer as a learning test bed for MAS because
it:

1. captures a compositional element of teamwork,
composing and refining passing behaviors to
achieve full keep-away soccer behavior, that
occurs in real and robotic soccer

2. elides some objectives of soccer (such as moving
the ball downfield and attempting to score) that,
while crucial, would overcomplicate our study of
basic low-level MAS

3. allows us to easily adjust opponent difficulty

Figure 1. Screen capture of simulator. 1, 2, and 3 are
offensive agents, 4 is the defender, and 5 is the ball,

which moves in trajectory 3-1-2-3-1.

Although there is a strong compositional element,
learning to pass the ball effectively is only part of the
keep-away soccer learning task. In real soccer, human
players learn to minimize the number of turnovers to the
offensive opponent by passing accurately, move to
receive a pass, and make themselves open to receive a
pass, and control the ball effectively. For 3 or more

agents to coordinate effectively, each must be able, when
in possession of the ball, to: select a teammate to pass to,
time the pass appropriately, and maintain open at least
one passing lane.

Figure 1 shows a text-mode screen capture from the
simple program that we used to visualize and animate
games of keep-away soccer. The figure depicts three
offensive agents passing the ball in a counterclockwise
motion (agent 3 passes the ball twice) about a defender.
The trail of the ball is denoted by ’-’. The symbols ’+’,
’;’, and ’*’ show the paths of agents 1, 3, and 4,
respectively. The simulation and visualization were run
for about 30 time steps to collect the screen capture.

Several MAS variants of robotic soccer exist; keep-away
soccer belongs to the category of multi-agent learning
with homogeneous, noncommunicatingagents [SV00b] –
those that share identical code but have no direct channels
of communication other than by observing the behavior of
teammates. This type of problem requires more robust,
autonomous solutions and is therefore an interesting
framework for teamwork learning.

Soccer, whether analyzed as a human or robotic game,
can be broken down into skill-optimization subproblems
such as ball control, passing, and moving. Keep-away
soccer can be decomposed in the same manner. A natural
way to reduce complex, MAS problems, such as that
investigated in keep-away soccer, could generalize to
other cooperative MAS problems [Ta97].

2.2 PROBLEM SPECIFICATION

Test beds for robotic soccer-playing agents have been
framed through theRoboCup competition [KAK+95,
As99]. These have been found to be rich experimental
environments for many MAS research areas, including
flexible teamwork learning [TAA+99], and
methodologies, including hierarchical sensing and
reinforcement learning by Q-learning, temporal
differences, team-partitioned algorithms [SV98], artificial
neural networks, and genetic programming [As99]. At
present, however, hand-coded and hybrid learning
techniques that employ a large amount of hand-coded
domain-specific knowledge still outperform strategies that
are learned automatically.

In keep-away soccer, three offensive agents are located on
a rectangular field with a ball and a defensive agent. The
defensive agent moves twice as quickly as the offensive
agents, and the ball, when passed, moves twice as quickly
as the defensive agent. This is similar to the predator-
prey problem in [LS96], where more than one agent is
required to solve the problem. The objective in keep-
away soccer is to minimize the number of times the ball is
turned over to the defender. A turnover occurs at every
discrete time step in which the defender is within one grid
unit of the ball. Thus, subsidiary objectives for offensive
agents are to continuously move and pass the ball to one
another in order to minimize turnovers.
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We think of keep-away soccer as consisting of two layers
of behavior: passing accurately with no defensive agent
present, and moving and passing with a defender to
minimize the number of turnovers that occur during a
game. The two layers of behaviors come from a human-
like view of soccer, but are not heavily dependent upon
domain knowledge. Both types of behavior are important
to playing good keep-away soccer, but the operational
definition does not necessarily give us a way to measure
the effectiveness of a team of agents who have just played
keep-away soccer, which would be useful for finding a
fitness function.

Next, we present the application of layered learning to GP
and explain further how the keep-away soccer is a good,
illustrative test bed for LLGP.

3 LAYERED LEARNING

Layered learningis a term used in the machine learning
and intelligent agents literature [St00, SV00a] to describe
a task-driven and often incremental approach to acquiring
hierarchies of behaviors by reinforcement learning.

de Garis [De90] introduced a very similar concept that he
called behavioral memoryfor a genetic algorithm that
encoded neural networks. Weights and signs of the
networks evolved for one behavior were used to construct
a new population, evolved for a second behavior. Some
of the initial network persisted in the solutions for the new
behavior. Schoenauer and Xanthakis [SX93] then later
applied this concept for constrained genetic algorithm
optimization.

Harvey et al [HHC94] used a layered, incremental
learning approach to robot control in a vision-based
navigation system. The authors achieved this by
sequentially evolving a population using a range of targets
from simple to complex. Winkeler and Manjunath
[WM98] and Eriksson [Er00] later analyzed this approach
toward incremental learning.

Dorigo et al [DC97] developed another hierarchical
learning system that is somewhat different from layered
learning as we have adapted it. In this method, inputs and
processing elements are organized into a hierarchy (from
simple to complex), each of whose layers is incrementally
trained and frozen. This is similar to previous work
applied in domains such as robot soccer, but is not
identical to layered learning or behavioral memory as
these methods do not arrest learning in a particular
portion of the hierarchical model.

Applying the layered learning paradigm to a problem
consists of breaking that problem up into a hierarchy of
subproblems. The original problem is then solved
sequentially, by using the learning results from all the
member problems of each layer in the next layer. This is
conceptually similar to many other divide-and-conquer
learning paradigms, but a key difference is that the
structure of thesolutiondoes not necessarily reflect this
procedural hierarchy oftraining. For example, programs

evolved for a subtask in LLGP are used to seed an initial
population for the next layer, but they may not be
incorporated verbatim in the overall solution as ADFs are.
This type of hierarchical solution is different from the
type that ADF-based GP learning proposes to find, which
focuses on code reuse and structure rather than on how
the subtasks are learned.

Problems that attempt to achieve human-competitive
behaviors [Ko98], such as robotic soccer and keep-away
soccer, lend themselves well to bottom-up decomposition.
This is because human task learning, especially of
cooperative multi-agent behavior, often occurs in a
bottom-up fashion where individuals or small groups first
learn smaller tasks, then how to compose and coordinate
them to solve larger tasks. When the problem is of this
type and we are already using a biologically motivated
method such as GP, it seems very natural to use a bottom-
up decomposition of the problem that simulates this
aspect of human learning and allows GP to learn each of
the smaller problems.

Table 1 is a variant of the table found in [SV00a], which
we have adapted to correlate each prerequisite of layered
learning with a property of genetic programming for
keep-away soccer.

Table 1: Requirements for using layered learning and GP
keep-away soccer justifications.

Layered Learning Genetic Programming

1. Learning from raw
input is not tractable

Complex MAS problems
for GP need to be defined
at multiple levels ÿ

2. A bottom-up
decomposition is given

MAS learning task is
compositional ÿ

3. Learning occurs
independently at each
level

GP can be applied to each
layer independently ÿ

4. The output of one
layer feeds the next
layer’s input

The population in the last
generation of one layer is
used as the next layer’s
initial population ÿ

When we modify standard GP for layered learning, we
need to develop a learning objective for each layer, i.e.,
the fitness at each layer that selects ideal individualsfor
the subtask. As seen in [Lu98], using a single-objective
fitness value often leads to the best performance, and is
much easier than trying to define multi-objective fitness
functions. While multi-objective fitness functions should
allow GP to evolve more complex behaviors, it becomes
more difficult to decide what the components of fitness
should be and how important each one is to the solution.
In preliminary experiments, we found that it was
infeasible to develop either a set of Pareto optimization
criteria or a weighted function over multiple objectives
for keep-away soccer. Instead, we chose to focus on
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automatically discovering how to composepassing agents
into keep-away soccer agents.

Another issue we addressed for layered learning in GP is
the transfer of the population from the last generation of
previous layer to the initial population of the next. The
ideal team will consist of individuals with high fitness on
the coordinated MAS task. Meanwhile, in every
population, there are certain individuals that have a better
fitness than others. We might therefore consider copying
that best individual only and seeding the entire initial
population of the subsequent layer with it. However, this
duplication removes the diversity that was evolved in the
previous layer, which may be detrimental because the best
individual on the subtask may be a suboptimal problem
solver for the overall coordinated team activity. Thus, we
designed two experiments using LLGP: one that
duplicates the best individual and one that simply copies
the entire population.

The final issue we address for LLGP is learning-speed
improvement: to what degree can layered learning
simplify the learning problem, allowing the target fitness
to be reached faster than with standard GP? This increase
in the slope of the learning-speed curve [Ka95] is to be
distinguished from speed-up learning, wherein the
efficiency of the learned problem solver is improved. We
show how layered intermediate and team fitness
objectives achieve greater learning-speed than a
monolithic fitness objective in the keep-away soccer test
bed. We also demonstrate a technique for empirically
choosing a point at which to stop learning primitive MAS
behaviors and switch to the high-level MAS behavior.

4 GP AND EXPERIMENT DESIGN

We designed four initial GP experiments to investigate
and benchmark the performance of LLGP: standard GP
(SGP), GP with ADFs (ADFGP), LLGP with the best
individual duplicated to fill initial populations (LLGP-
Best), and LLGP with the entire final population of the
first layer used to seed the next (LLGP-All ). SGP and
ADFGP use the singlemonolithic (i.e., non-layered)
fitness function of minimizing the number of turnovers
that occur in a simulation. ADFGP allows each tree for
kicking and moving to have two additional trees that
represent ADFs, where the first ADF can call the second,
and both have access to the full function set available for
SGP. LLGP-Best and LLGP-All both have two layers;
the fitness objective for the first layer is to maximize the
number of accurate passes (a two-agent task evaluated
over teams of three copies of the same individual, on the
same size field as the keep-away soccer task), while
fitness objective for the second layer is to minimize the
number of turnovers.

We developed two variations on each experiment, with
maximum generation values of 51 and 101. The stopping
criterion for both variations is achieved when an ideal
fitness measure of 0 (where fewer turnover turns are
better) is found, or the maximum generation is reached.

Our preliminary experiments indicated that a population
size of 2000 yielded good results for the keep-away
soccer domain using both SGP and ADFGP. We also
found that the 101-generation SGP achieved better
convergence in fitness and individual size and the 51-
generation SGP, with negligible fitness improvement after
101 generations.

The genetic crossover operator generates 90 percent of the
next generation; tournament selection generates the other
10 percent. [Ko92] The tournament size is 7, with
maximum depth 17. Table 2 summarizes the terminal set
used, consisting of vectors that are egocentric, or relative
to the agent whose tree is being evaluated. Table 3
summarizes the function set used, where all functions
operate on and return vectors. Both sets are similar to
those used in [Lu98] and [AT99].

Table 2: Keep-away soccer terminals (egocentric vectors)

Terminal Description

Defender Vector to opponent

Mate1 Vector to first teammate

Mate2 Vector to second teammate

Ball Vector to ball

Table 3: Keep-away soccer function set

Function
(arguments) Description

Rotate90(1) Rotate current vector 90 degrees
counter-clockwise

Random(1) New random vector with magnitude
between 0 and current value

Negate(1) Reverse vector direction

Div2(1) Divide vector magnitude by 2

Mult2(2) Multiply vector magnitude by 2

VAdd(2) Add two vectors

VSub(2) Subtract two vectors

IFLTE(4) if ||v1|| < ||v2|| thenv3 elsev4

The GP system we use was developed by Luke and is
called Evolutionary Computation in Java (ECJ) [Lu00].
The simulator we developed for keep-away soccer
abstracts some of the low-level details of agents playing
soccer from theTeamBots[Ba01] environment, which in
turn abstracts low-level details from theSoccerServer
[An98] environment. Abstractions of this type allow the
keep-away soccer simulator to be incorporated later to
learn strategies for theTeamBots environment and
SoccerServer.
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In SoccerServerand TeamBots, players push the ball to
maintain possession. To kick the ball, the player needs to
be within a certain distance. For keep-away soccer, we
eliminate the need for low-level ball possession skills and
allow offensive agents to have possession of the ball.
Once an agent has possession, it can only lose possession
by kicking the ball, i.e., by evaluating its kick tree.
Because we use vectors that have direction and
magnitude, this implementation would allow for dribbling
actions to be learned, where the agent simply passes the
ball a few units away. This abstraction greatly simplifies
the problem and still allows for a wide range of behaviors
to be learned.

At each simulation step that allows agents to act, if the
agent has possession of the ball – i.e., the agent and ball
occupy the same grid position – the agent’s kick tree is
evaluated. The kick tree evaluates to a vector that gives
the direction and distance to kick the ball. Otherwise, the
agent’s move tree is evaluated. Both trees are composed
of terminals listed in Table 2 and functions listed in Table
3.

For layered learning experiments, the first 5-50 percent of
the maximum number of generations are spent in Layer 1
learning accurate passing without a defender present. To
evaluate accurate passes, we count the number of passes
that are made to a location within 3 grid units of another
agent. The fitness function for thisintermediate objective
is then (200 –passes), where there are 200 time steps per
simulation; a fitness of 0 is best and one of 200 is worst.
The remaining 50-95 percent of the generations are spent
in Layer 2 with a fitness value that is inversely
proportional to the number of turnovers that occur with a
defender present. This is theteam objective. The
defender uses a hand-coded strategy, based upon one of
the standardTeamBots[Ba01] defensive agents, that
always moves towards the ball to cause a turnover.

Each evaluation of an individual in the simulator takes
200 time steps, where the ball can move on each step, the
defender moves on every other time step, and all
offensive agents move together on every fourth time step.
The initial configuration of the simulation places the
defensive agent in the center of a 20-by-20 unit grid. The
field is then partitioned into three sections: the top half
and the bottom left and right quadrants. One offensive
agent is placed randomly in each section, and the ball is
placed a few units from one of the offensive agents,
chosen at random.

Early runs of the system resulted in local optima being
achieved; the most common of these was a control policy
in which all offensive agents crowded the ball to prevent a
defender from stealing it, causing turnover. To eliminate
this “loophole”, the defender, if blocked from the ball, can
move through an offensive agent without the ball by
simply trading places with the opponent if the two are
adjacent on the grid.

5 RESULTS
Each experiment was run 10 times, and averages were
taken across the runs. For all experiments, we achieved
the best convergence behavior with 100 generations, so
this was used as the baseline for SGP, ADFGP, and all
LLGP variants.

Table 4 shows our initial experimental results. For
ADFGP, Good-Average represents the average of the 10
best runs selected from among 20. ADFGP experiments
converged to two clusters of fitnesses – one better than
SGP, the other much worse. When we considered the
individual size of the good cluster, we found that the poor
cluster contains individuals with about half the number of
nodes as individuals in the good cluster. Prefiltering
ADFGP runs based upon individual size may be an
appropriate remedy, but this is beyond the scope of this
paper, as we are focusing on LLGP. We report both
overall and good averages here, however, to show that
LLGP can achieve performance as high as the good
cluster’s.

As shown in Table 4, our first LLGP experiment divided
101 generations into 40 for Layer 1 (successful pass
criterion) and 61 for Layer 2 (minimum turnover
criterion). Copy-Best represents the LLGP-Best seeding
method for Layer 2; Copy-All, the LLGP-All method.
These initial results did not indicate any notable
advantage or disadvantage of LLGP, indicating only that
we can obtain comparable solutions using LLGP-All,
SGP, and ADFGP.

Table 4: Results for experiments with population size =
4000, max generations = 101, averaged over 10 runs.

Lower f (anti-fitness) values are better.

ADFGP LLGP, 40-61SGP

Avg. Good-
Avg.

Copy-
Best

Copy-
All

Best f
gen.
101

11.25 19.67 8.75 23.71 12.67

Mean f
gen.
101

66.89 60.21 64.27 82.03 64.64

Avg.
ind. sz.
gen.
101

228.74 113.25 123.07 161.71 171.40

First
gen. f
≤≤≤≤ 20

33 62 22 101 55

Best f
of run 9.0±

4.98

16.56
±

17.45
6.83 19.29 9.0±

2.73
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Table 5: Results for different Layer 1 durations
(population size = 2000), averaged over 10 runs.

Lower f (anti-fitness) values are better.

Layer 2
Start

Generation

First
Gen.
f ≤≤≤≤ 20

First
Gen.
f ≤≤≤≤ 15

Best f
Gen.
101

Best f
of Run

5 62 79 12 11.75

10 18 30 11.4 9.7

15 24 43 9.63 9.38

20 38 47 9.6 9.6

25 47 80 11.88 11.25

30 51 58 14.1 12.7

35 46 55 7.75 7.25

40 57 82 13.6 13.2

45 67 93 14.11 13.11

50 62 82 11.5 11.1

We hypothesized that we were not yet realizing the full
improvement in learning-speed that could be achieved
using LLGP. To test this hypothesis, we plotted the Layer
2 learning-speed curves [Ka95] shown in Table 5 and
Figure 1 for the following LLGP-All configurations: 5
generations in Layer 1 and 96 in Layer 2, 10 and 91, up to
50 and 51. The 10-91, 15-86, and 20-81 versions of
LLGP-All achieve better convergence than those that start
Layer 2 later, except for 35-66. Even accounting for the
“early start”, we can see that the convergence rate is faster
and the final fitness is better for LLGP when Layer 1 lasts
between 10 and 20 generations. We ran a second series of
Layer 2 learning-speed curves (6 through 15, step 1) that
indicated that the learning rates for 10 through 15 were
not significantly different. We have not yet evaluated the
inherent benefit to generalization quality – i.e., overfitting
control and reusability – of stopping Layer 1 earlier,

though this may be a good question for future
experimentation.

A population size of 2000 is used for the fitness curves, as
the performance for 2000 is similar to that for 4000, as
reported in [Gu00]. Note that if the learning-speed curve
for Layer 1 duration of 0 were plotted in Figure 2 above,
it would be equivalent to that of the SGP, because the
SGP runs for 101 generations with only the team
objective function (Layer 2 fitness).

Table 6: Results for experiments with population size =
4000, max generations = 101, averaged over 10 runs.

Lower f (anti-fitness) values are better.

SGP Good-
ADFGP

LLGP-All,
10-91

Best f
gen. 101 11.25 8.75 9.43

Mean f
gen. 101 66.89 64.27 70.39

Avg.
ind. sz.
gen. 101

228.74 123.07 249.21

1st gen.
f ≤≤≤≤ 20 33 22 26

Best f of
run 9.0± 4.98 6.83 5.78± 2.28

Having found that the 10-91 LLGP exhibited a better
learning speed curve, we repeated the LLGP-All
experiment with population size 4000 and found that it
was able to match the Good-ADFGP performance,
converged at least as quickly as any other GP, and
resulted in the lowest best-of-run fitness values we found
(fewer than 6 turnovers per simulation). This result is
shown in Table 6, with the SGP and Good-ADFGP results
repeated for comparison. We note that the Layer 2
individuals are much larger for LLGP-All-10-91 than for
LLGP-All-40-61. That is, while stopping Layer 1 early
yields a slight improvement in overall fitness and a
significant improvement in learning-speed, it does not
necessarily result in a more streamlined agent code. This
is intuitive because more learning is deferred to Layer 2,
where “passing” behavior is incorporated into the more
sophisticated “keep-away” agents.

6 CONCLUSIONS
We have shown that using layered learning, genetic
programming can evolve intelligent agents for a
cooperative MAS task such as keep-away soccer more
quickly, with better fitness. Additionally, layered
learning GP allows for a natural decomposition of the
MAS learning problem into subproblems, each of which
is more easily solved with GP. The keep-away soccer
problem is a good test bed for abstracting away the
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complexities of simulated soccer and allows for different
GP methods to be evaluated and their relative merits
compared. It is also easily extended to the full game of
robotic soccer, and is highly portable across platforms
because our simulator,TeamBots[Ba01], SoccerServer
[An99], andECJ [Lu00] are all written in Java.

Conceptually, we can liken our success with LLGP to the
success of human soccer teams. Successful teams are
usually made up of players with unique strategies, where
learning took place in a bottom-up fashion and individuals
first learned to play well together in pairs and small
groups, then as a coordinated team. The LLGP-All
experiments simulate this kind of behavior, where we
attempt to minimize the number of generations needed per
layer. Our results indicate that layered learning in GP
yields benefits over both standard GP and over hand-
coded hierarchical approaches that depend on a large
volume of domain knowledge. This is because it is easier
and more natural to use the team fitness function to derive
an intermediate fitness function, evolve primitive MAS
agents, then let the higher-level (Layer 2) GP discover
how to compose and refine primitive MAS behavior into
complex MAS behavior.

We have considered several extensions to this research.
First, developing a full-scale team for theRoboCup
competition using LLGP would be a good way to test its
abilities more thoroughly (however, the focus in this
paper was on evaluating MAS task decomposition and
improvement of learning accuracy and learning speed).
Diversity in populations is also an interesting issue, and
our continuing research in LLGP investigates how and
whether LLGP promotes diversity. A related question is
the degree to which LLGPreusescode versusrefining it
in higher layers. Other interesting modifications include
developing heterogeneous teams, adding additional lower-
and higher-level layers, and hybridizing ADFs and
layered learning GP.
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Abstract 
 
 

The HFC model for parallel evolutionary 
computation is inspired by the stratified 
competition often seen in society and biology.  
Subpopulations are stratified by fitness.  
Individuals move from low-fitness to 
higher-fitness subpopulations if and only if they 
exceed the fitness-based admission threshold of 
the receiving subpopulation, but not of a higher 
one. The HFC model implements several critical 
features of a competent parallel evolutionary 
computation model, simultaneously and 
naturally, allowing rapid exploitation while 
impeding premature convergence. The AHFC 
model is an adaptive version of HFC, extending it 
by allowing the admission thresholds of fitness 
levels to be determined dynamically by the 
evolution process itself. The effectiveness of the 
Adaptive HFC model is compared with the HFC 
model on a genetic programming-based 
evolutionary synthesis example.   

1 INTRODUCTION 
Parallel evolutionary algorithms (PEA’s) have gained 
increasing attention in many large-scale application 
problems including graph-partitioning problems, set 
partitioning problems, and many commercial efforts in 
analog circuit synthesis at Analog Design Automation Co. 
(Liang, 2001), Neolinear Inc (Ochotta, 1996; Krasnicki, 
1999) and Genetic Programming Inc. (Andre, 1996). 
Parallel evolutionary computation models can be largely 
categorized into three classes (Cantu-Paz, 1998; 
Nowostawski, 1999): (1) global single- population 
master-slave models (2) single-population fine grained 
models, and (3) multi-population coarse-grained (or 
island) models. As cluster computing and networked PC's 

have become available in many companies, 
multi-population parallel models (sometimes combined 
with master-slave models) have become increasingly 
popular. Parallel evolutionary algorithms have major 
advantages over single-population models, including 
parallel evaluation and rapid exploration with decreased 
risk of premature convergence. However, current parallel 
EA's are still not competent vis-a-vis scalability, either 
with respect to increasing degree of difficulty of the 
problem or to speedup with an increasing number of 
processors. It is clear that a competent parallel 
evolutionary algorithm should have the capability to: 

(1) quickly exploit high-fitness individuals as they 
are discovered. One of these mechanisms is 
Elitism, which is effective in preserving good 
individuals, as has been demonstrated in several 
of the most successful evolutionary 
multi-objective optimization algorithms, such as 
NSGAII and SPEAII (Zitzler, 2000). 

(2) keep multiple high-fitness individuals 
simultaneously to facilitate exploration in 
multiple search areas or directions 

(3) maintain diversity of the population to avoid 
premature convergence 

(4) be scalable with respect to increasing number of 
processors 

(5) adapt its parameters for autonomous 
evolutionary computation. 

Multi-population PEA’s can be classified into 
homogeneous models and heterogeneous models. Sprave 
(1999) proposed a unified model of population structures 
in PEAs, but his model doesn’t concern with the 
heterogeneity of the sub-populations. In homogeneous 
parallel EA models, each subpopulation is regarded as 
playing the same role in evolution. Homogeneous PEA’s 
often lack efficient mechanisms to exploit the newly 
discovered high-fitness individuals. Although they may 
keep several high fitness individuals in different demes, 
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they suffer from the fact that high-fitness individuals may 
easily dominate all subpopulations by means of the 
exchange (“migration”) process. Heterogeneous parallel 
EA’s are typically more resistant to this phenomenon. For 
example, the injection island GA (iiGA) (Lin, 1994; Eby, 
1999) uses a hierarchical structure, typically stratifying 
subpopulations according to the level of resolution of the 
representation, allowing control of the tradeoff between 
low-resolution exploration and high-resolution 
exploitation.  The iiGA has also been used with different 
fitness functions in various subpopulations, even if they 
used the same problem representation.   Aickelin (1999) 
also proposed such a PEA, which he called a pyramidal 
EA, in which the hierarchical structure of the 
subpopulations is defined by a hierarchy of fitness 
functions.  

In a recent paper (Hu and Goodman, 2002), we proposed 
the Hierarchical Fair Competition (HFC) model for 
parallel evolutionary computation. The HFC model is 
inspired by the observation of a strategy employed in 
some societal and biological systems to maintain different 
high-fitness individuals in a whole population. HFC turns 
out to have the features of a competent PEA cited above 
except the adaptability of (6). In this paper, we introduce 
an adaptive version of the HFC model, in which the 
admission thresholds are automatically determined and 
adjusted in the evolutionary process. In Section 2, the 
metaphor and the HFC model are described relative to the 
above features. In Section 3, an adaptive mechanism for 
determining the parameters of the HFC model is 
presented, along with the algorithm. We apply the AHFC 
model to a genetic programming problem and compare it 
with the static HFC model in Section 4. The conclusions 
and discussion are provided in Section 5.  

2 THE HIERARCHICAL FAIR 
COMPETION MODEL (HFC) FOR 
PARALLEL EVOLUTION 

2.1 MOTIVATION AND BACKGROUND OF 
HFC 

The HFC model originates from an effort to combat the 
premature convergence phenomenon in traditional genetic 
algorithms and genetic programming. In a traditional GA, 
as the evolutionary process goes on, the average fitness of 
the population gets higher and higher, so that new 
individuals tend to survive only if they have similarly 
high fitness.  New “explorer” individuals in fairly 
different regions of the search space usually have low 
fitness, until some local exploration and exploitation of 
their beneficial characteristics has occurred.  So a 
standard EA tends to concentrate more and more of its 
search effort near one or more early-discovered peaks, 
and to get “stuck” near these attractors (or local optima). 
It is clear that in a standard EA, there exists a severely 
unfair competition. That is, selection pressure makes 
high-fitness individuals reproduce quickly and thus 

supplant other individuals with lower fitness, some of 
which may lie in the vicinity of the global optimum, when 
if their neighborhood were explored more thoroughly, 
much higher-fitness individuals would be found. This fact 
holds true even when we find search points near a global 
optimum, as long as they are not close enough to have 
high fitness relative to those near other, earlier-explored 
local optima. This “unfair” competition contributes a lot 
to the slow search progress of many EA’s when 
confronted with difficult, high- dimensionality, 
multi-modal problems. To address this unfair competition 
problem, we need allow young but promising individuals 
(i.e., those in relatively newly-found regions, which may 
ultimately give rise to high-fitness offspring, but which 
are currently not of high fitness) to “grow up” and, at an 
appropriate time, join in the cruel competition process and 
be kept for further exploitation or be killed (as appropriate) 
when they are demonstrated with some confidence to be 
bad. At the same time, we hope to maintain the 
already-discovered high-fitness individuals and select 
from them even more promising individuals for 
exploitation without killing younger individuals. 
Following the tradition of getting inspiration from biology, 
we find that in some societal and biological systems, there 
exists an efficient mechanism that can maintain and foster 
potentially-high-fitness individuals (or, more accurately, 
potential progenitors of high-fitness individuals) 
efficiently. This is the hierarchical fair competition (HFC) 
principle as discussed below. 

2.2 THE METAPHOR OF HFC: 
HIERARCHICAL FAIR COMPETITION IN 
SOCIETAL AND BIOLOGICAL SYSTEMS 

Competition is widespread in societal and biological 
systems, but diversity remains large.  After close 
examination, we find there is a fundamental principle 
underlying many types of competition in both societal and 
biological systems: the Fair Competition Principle. 

2.2.1 The Fair Competition Principle in Societal 
Systems 

In human society, competitions are often organized into a 
hierarchy of levels. None of them will allow unfair 
competition – for example, a young child will not 
normally compete with college students in a math 
competition. We use the educational system to illustrate 
this principle in more detail. 

In the education system of China and many other 
developing countries, primary school students compete to 
get admission to middle schools and middle school 
students compete for spots in high schools. High school 
students compete to go to college and college students 
compete to go to graduate school (Fig. 1) (in many 
Western countries, this competition starts at a later level, 
but is eventually present, nonetheless). In this 
hierarchically structured competition, at each level, only 
individuals of roughly equivalent ability will participate 
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in any competition; i.e., in such societal systems, only fair 
competition is allowed. This hierarchical competition 
system is an efficient mechanism to protect young, 
potentially promising individuals from unfair competition, 
by allowing them to survive, learn, and grow before 
joining more intense levels of competition. Individuals 
that “lose” in these fair competitions were selected against 
while competing fairly only against their peers.  Students 
compete fairly against others in their grade level because 
they are usually of similar absolute fitness levels, having 
been exposed to similar amounts of education and 
experience. 

An interesting phenomenon sometimes found in societal 
competitions is the “child prodigy.” A ten-year-old child 
may have some extraordinary academic ability. These 
prodigies may skip across several educational levels and 
begin to take college classes at a young age.  An 
individual with sufficient ability (fitness) is allowed to 
join any level of competition.  This also suggests that in 
subpopulation migration, we should migrate individuals 
according to their fitness levels, rather than according to 
“time in grade.” 

With such a fair competition mechanism that exports 
high-fitness individuals to higher-level competitions, 
societal systems reduce the prevalence of unfair 
competition and the unhealthy dominance or disruption 
that might otherwise be caused by “early-achieving” 
individuals. 

2.2.2 The Fair Competition Principle in Biological 
Systems 

It is somewhat surprising that in “cruel” biological/ 
ecological systems, the fair competition principle also 
holds in many cases. For example, there are mechanisms 
that reduce unmatched or unfair competition between 
young animals and mature ones. Among mammals, young 
individuals often compete with their siblings under the 
supervision of parents, but not directly with other mature 
individuals, since their parents protect them against other 

adults. When the young grow up enough, they leave their 
parents and join the competition with other mature 
individuals. Evolution has found the mechanisms of 
parental care and sibling competition to be useful in 
protecting the young and allowing them to grow up and 
develop their full potentials. Fair competition seems to be 
beneficial to the evolution of many species. 

2.3 THE HFC MODEL 

Inspired by the fair competition principle and the 
hierarchical organization of competition within 
subpopulations in societal systems, we propose the 
Hierarchical Fair Competition parallel model (HFC), for 
genetic algorithms, genetic programming, and other forms 
of evolutionary computation.  

A cadem ic
level

Figure 1: In  education system s, low
level students com pete to  get

adm ission to  higher level schools.

prim ary
school

middle
school

high
school

college

graduate
school

Figure 2: HFC model extends the search horizontally in
search space and vertically in fitness dimension and kills

bad individuals at appropriate times while allowing
promising young individuals grow up continuously

level 0

level 1

level 2

level 3

level 4

fitness

Figure 3: In HFC model, subpopulations are organized in
a hierarchy with ascending fitness levels. Each level (with

one or more subpopulations) accomodates individuals
within a certain fitness range determined by the admission

thresholds

fitness

fmin

fmaxsubpop9

subpop8

subpop7

subpop5,6

subpop3,4

subpop0,1,2

ADT5

Admission
Buffers

random
individuals

ADT:
Admission
Threshold

ADT4

ADT3

ADT2

ADT1

GENETIC PROGRAMMING774



In this model (Fig 3), multiple subpopulations are 
organized in a hierarchy, in which each subpopulation can 
only accommodate individuals within a specified range of 
fitness. The entire range of possible fitnesses is spanned 
by the union of the subpopulations’ ranges. Conceptually, 
each subpopulation has an admission buffer that has an 
admission threshold determined either initially (fixed) or 
adaptively. The admission buffer is used to collect 
qualified candidates, synchronously or asynchronously, 
from other subpopulations. Each subpopulation also has 
an export threshold (fitness level), defined by the 
admission threshold of the next higher-level 
subpopulation. Only individuals whose fitnesses are 
between the subpopulation’s admission threshold and 
export threshold are allowed to stay in that subpopulation. 
Otherwise, they are exported to the appropriate 
higher-level subpopulation. Exchange of individuals is 
allowed only in one direction, from lower-fitness 
subpopulations to higher-fitness subpopulations, but 
migration is not confined to only the immediately higher 
level.  

Each subpopulation can have the same or different sizes, 
operators, and other parameters. However, considering 
that there are often more low-fitness peaks than 
high-fitness peaks, we tend to allocate larger population 
sizes or more subpopulations to lower fitness levels, to 
provide extensive exploration; and we tend to use higher 
selection pressures in higher-fitness-level subpopulations 
to ensure efficient exploitation.  As it is often easier to 
make a big fitness jump in a lower level subpopulation, 
we often end up using larger fitness ranges for low-level 
subpopulations, and smaller ranges for high-level 
subpopulations (Fig. 2), but, of course, that depends on 
the properties of the fitness landscape being explored. The 
critical point is that the whole range of possible fitnesses 
must be spanned by the union of the ranges of all levels of 
subpopulations.  Of course, the highest-level 
subpopulation(s) need no export threshold (unbounded 
above) and the lowest-level subpopulation(s) need no 
admission threshold (unbounded below). 

Exchange of individuals can be conducted synchronously 
after a certain interval, or asynchronously, as in many 
parallel models. At each moment of exchange, each 
individual in each subpopulation is examined, and if it is 
outside the fitness range for its subpopulation, it is 
exported to the admission buffer of a subpopulation with 
an appropriate fitness range. When a new candidate is 
inserted into an admission buffer, it can be inserted into a 
random position or inserted by sorting (or a null buffer 
may be used, inserting migrants directly into the receiving 
subpopulation, using some replacement rule). After export, 
each subpopulation imports the appropriate number of 
qualified candidates from its admission buffer into its 
pool. Subpopulations (especially at the base level) fill any 
spaces still open after emptying their admission buffers by 
generating new individuals at random to fill the spaces 
left by the exported individuals. 

The number of levels in the hierarchy or number of 
subpopulations (if each level has only one subpopulation) 
can be determined initially or adaptively. In the static 
HFC model, we must manually decide into how many 
levels the fitness range will be divided, the fitness 
thresholds, and all other GA parameters. In a dynamic 
HFC model, we can dynamically change the number of 
levels, number of subpopulations, size of each 
subpopulation, and admission and export fitness 
thresholds. As will be seen below, a benefit of the 
adaptive HFC model (an example of a dynamic HFC) is 
that it can adaptively allocate search effort according to 
the characteristics of the search space of the problem to be 
solved, thereby searching more efficiently (initial research 
on various methods for adaptation of thresholds is in 
preparation for reporting elsewhere).  However, even 
“coarse” setting of the parameters in a static HFC model 
has yielded major improvement in search efficiency over 
current EA’s on example problems.  

Another useful extension to HFC used here is to introduce 
one or more sliding subpopulations, with dynamic 
admission thresholds that are continually reset to the 
admission threshold of the level in which the current best 
individual has been found.  Thus, these subpopulations 
provide additional search in the vicinity of the advancing 
frontier in the hierarchy. 

2.3.1 HFC as a competent parallel model for 
parallel evolutionary computation 

(1) While low-fitness individuals can persist long enough 
to allow thorough exploration, as soon as they 
produce high-fitness offspring, the offspring can 
advance to higher-fitness levels immediately for 
further exploitation, to compete and be recombined 
with other high-fitness individuals. 

(2) The HFC model maintains a large number of 
high-fitness individuals in high-fitness-level 
subpopulations without threatening lower-fitness (but 
perhaps promising) individuals. Thus possibly 
promising new search locales can persist long enough 
to be appropriately exploited. 

(3) HFC provides another mechanism for maintaining 
diversity. First, the diversity of the population is 
ensured by the stratification in the fitness space. 
Second, continuous introduction of random 
individuals into the lowest-level subpopulations and 
the promotion of their high-fitness offspring to 
upper-level subpopulations can be regarded as the 
introduction of entropy and randomness into the 
overall evolutionary system. Actually, looking from 
low-fitness levels to higher-fitness levels, we observe 
increasing order in the population. The HFC 
evolution is thus a self-organizing process in which 
the highest order is achieved at the top fitness level. 
This mechanism reduces the chance of HFC 
becoming “stuck” at local optima and helps it explore 
new search areas. HFC thus implements implicitly a 
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multi-start or re-initialization mechanism on a 
continual basis.  

(4) The HFC model quickly captures superior offspring 
and moves them to a place where they are free to 
compete with, and be recombined with, each other.  
This produces an effect similar to the elitism often 
used in multi-objective evolutionary computation, 
such as NSGAII or SPEAII (Zitzler et al., 2000), in 
which superior individuals are also kept separately. 
At that level, we can control the intensity of selection 
to determine the tradeoff between exploitation of 
those high-fitness individuals and exploration in their 
neighborhoods.   

(5) HFC has a good scalability to more processing hosts. 
As more processors are available, they can be 
distributed to different fitness levels – either to 
low-level subpopulations for more extensive 
exploration, or to the higher-level ones for intensive 
exploitation of high-fitness individuals.  

One of the major difficulties in the HFC evolutionary 
algorithm is the determination of the admission thresholds 
for a given problem. As the fitness landscape is often 
unknown before evolutionary search, it is hard to define 
these admission thresholds initially. Considering that 
admission thresholds in HFC are only used to segregate 
the whole population to avoid unfair competition, the 
behavior of the search is generally not extremely sensitive 
to the values of these admission thresholds, so that it is 
not necessary to set them to exactly optimal values. The 
only requirement for these thresholds is that the union of 
the fitness level ranges (which is determined by these 
admission thresholds) span the entire range of possible 
fitnesses. Based on this analysis, we propose an automatic 
admission thresholds determination mechanism for HFC 
model. 

3 THE ADAPTIVE HFC MODEL 
In the static HFC model, we need to determine the 
number of subpopulations, the number of fitness levels, 
the relationship of subpopulations to fitness levels and the 
admission thresholds of each fitness level. All the 
admission thresholds are determined based on some initial 
exploration of the fitness landscape of the problem, such 
as the range of the fitness or distribution of 
early-discovered peaks. The threshold adaptation 
mechanism proposed here enables us to be relieved from 
this prerequisite expertise in the problem space. All we 
must decide is the number of admission levels ( lN ). 

Since in HFC, random individuals are continuously 
inserted into subpopulations of the base fitness level, the 
export threshold of the base fitness level can be set as the 
average fitness of the whole population after several 
(nCalibGen) generations. In AHFC, this is called the 
calibration stage, which determines the level of the 
fitness value of frequently encountered (“normal”) 
individuals with respect to random individuals. So the 
base level is used to export normal individuals to higher 

levels for further exploitation. At the end of the 
calibration process, the standard deviation fσ and the 
max fitness maxf of individuals at the highest level, the 
average fitness fµ of individuals at the base level are 
calculated. Then the fitness range of each level can be 
calculated by the following formula: 

Admission threshold of base level= -∞       (1) 

Admission threshold of the first level = fµ    (2) 

Admission threshold of the highest fitness level =  

maxf fσ−                       (3) 

Admission thresholds of other fitness levels iL , are 

determined by: 

 ( )/( 2) 1,..., 1maxf L f f N i Ni f l lσµ µ+ × − − − = −        (4) 

Table 1: Adaptive Heterogeneous HFC Algorithm for 
Parallel EA’s 

1. Initialization 
Determine EAP : parameters for standard
multi-population EA. (We assume here using one set
of parameters for all subpopulations) 

    lN :Number of levels of the hierarchy 
nCalibGen: calibration generations 
nUpdateGen: admission threshold update 

interval 
nExch: generations between admission process 

exchanges 
     gen = 1: current generation 
2. Do 

if gen < nCalibGen (in calibration stage)  
      run EA without exchange 
 else if gen = nCalibGen (calibration stage ends) 

determine the admission thresholds for each 
level by formulas (1) - (4) 

     else if gen% nExch = 0 
Do for each subpopulation from lowest level to
highest level { 

Examine fitness of each individual and
export to corresponding subpopulation at
higher level for which fitness range
accommodates this exported individual
(replacing worst individual in target
subpopulation)} 

end do 
else if gen % nUpdateGen =0 
update admission thresholds of all but the base
level by (3), (4) 
gen ++ 

until the stopping criterion is satisfied. 
return the highest-fitness individual(s) from the
highest-level subpopulation 

End 

GENETIC PROGRAMMING776



However, it is clear that as the evolutionary search goes 
on, higher-fitness individuals are continuously discovered 
that ruin the segregation by the above admission 
thresholds determined at the initial calibration stage. So a 
dynamic admission threshold updating mechanism is 
proposed here. After each nUpdateGen generations, the 
maximal fitness, maxf , and the fitness standard deviation 
of the top level sub-populations, fσ , are recomputed to 
determine the admission threshold of all the fitness levels 
except the base level and the first level, by (3) - (4).  

To enable efficient search, the mapping relationship of 
sub-populations to all levels also needs to be adapted 
dynamically. It is obvious that at initial stage, as all 
individuals are randomly generated, these individuals 
usually have low fitness. So most of the subpopulations 
should belong to the base level. As higher-level 
individuals discovered, more subpopulations should be 
allocated to higher levels to exploit high-fitness 
individuals. The following scheme is used in this paper: 
firstly, all subpopulations are allocated to base level. After 
the calibration stage, subpopulations are then evenly 
allocated to each level. Extra subpopulations can be 
allocated to higher levels (if aggressive exploitation is 
desired) or to lower level (if intensive exploration is 
desired).  

This AHFC algorithm works like a string. At the initial 
stage, it is quite compressed, but gradually, the string 
stretches to accommodate individuals with a larger range 
of fitness. The whole algorithm of AHFC is given in Table 
1. For simplicity, we give the pseudo code only for the 
adaptive HFC model with synchronous exchanges (no 
buffers).  

4 EXPERIMENTS 
The adaptive HFC model for Genetic Programming 
(HFC-GP) has been applied to a real-world analog circuit 
synthesis problem that was first pursued using GP with a 
static HFC (Hu, 2002). In this problem, an analog circuit 
is represented by a bond graph model (Seo, 2001; Fan, 
2001) and is composed of inductors (I), resistors (R), 
capacitors (C), transformers (TF), gyrators (GY), and 
Sources of Effort (SE). Our task is to synthesize a circuit, 
including its topology and sizing of components, to 
achieve specified behavior. The objective is to evolve an 
analog circuit with response properties characterized by a 
pre-specified set of eigenvalues. By increasing the 
number of eigenvalues specified, we can define a series of 
synthesis problems of increasing difficulty, in which 
premature convergence problems become more and more 
significant when traditional GP methods are used.  

Circuit synthesis by GP is a well-studied problem that 
generally demands large computational power to achieve 
good results. Since both topology and the parameters of a 
circuit affect its performance, it is easy to get stuck in the 
evolution process.  

4.1.1 Experiments on an Analog Circuit Synthesis 
Problem 

Four circuits with increasing difficulty are to be 
synthesized, with eigenvalue sets as specified in Table 2. 
Circuits were evolved with single-population GP, 
multiple-population GP, HFC-GP, and AHFC-GP. The GP 
parameter for the single-population GP is shown in cell 
(1,2) of Table 3. The GP parameters for the 
multi-population GP were the same as for the 
single-population GP, except that the total population is 
divided into subpopulations with sizes shown in cell (2, 2) 
of Table 3. A one-way ring migration topology was used.  

The parameters for the HFC-GP were the same as for the 
multi-population GP, except that the ring migration was 

replaced by the HFC scheme.  The fitness admission 
thresholds were set based on our prior experience with 
such eigenvalue problems. In this problem, we defined a 
fitness admission threshold for each subpopulation (one 
subpopulation per level, in this case) as shown in cell (2, 
3) of Table 3.  Subpopulation 15 was used as a “sliding” 
subpopulation to aggressively explore the fitness frontier. 

Table 3:  Parameter Settings for GP 

 
Parameters of 

Single Population 
GP 

Popsize: 2000 
init.method = half_and_half   
init.depth = 3-6    
max_nodes = 800 
max_depth = 13 
crossover rate = 0.9  
mutation rate = 0.1 
max_generation = 1000 

 
Additional 

Parameters of  
Multi-Population 

GP 

Number of subpopulations  = 15; 
Size of subpop 2 to 14 = 100  
size of subpop 1 = 300 
size of subpop 15 = 400 
migration interval = 10 generations 
migration strategy: migrate (copy) 10  
  best individuals to the next    
  subpopulation in the ring to replace its 
  10 worst individuals 

 
Additional 
Parameters
of HFC-GP 

admission_fitnesses of:  
  subpop 1 =  -100000.0 
  subpop 2 to 14: 0.65, 0.68, 0.72,  
     0.75, 0.78, 0.80, 0.83,  
     0.85, 0.87, 0.9, 0.92, 0.95  
  subpop 15 = varying 

Additional 
Parameters of 

AHFC-GP 

nUpdateGen= nCalibGen = 10 
nExch = 10 
Nl =8 

Table 2: Target Eigenvalues 
Problem 1:  6-eigenvalue problem 

2 3 .3 , 7 .5 4 .5 , 3 .5 12 .0i i i+ + +
− − −− − −  

Problem 2:  8-eigenvalue problem 
2 3 .3 , 7 .5 4 .5 , 3 .5 12 .0 , 3 .4 12 .0i i i i+ + + +
− − − −− − − −  

Problem 3:  10-eigenvalue problem 
2 3.3 , 7.5 4.5 , 3.5 12.0 , 3.4 12.0 , 10.0 8.0i i i i i+ + + + +

− − − − −
− − − − −
Problem 4:  12-eigenvalue problem 

2 3 .3 , 7 .5 4 .5 , 3 .5 12 .0 ,i i i+ + +
− − −− − −  

3 .4 12 .0 , 10 .0 8 .0 , 1 .5 3 .0i i i+ + +
− − −− − −  
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The parameters of AHFC-GP were nearly identical to 
those of the HFC, except that we don’t need to determine 
the admission thresholds of each level. 

The performances of the four approaches were assessed 
on four problems with increasing difficulty.  Each 
experiment was run ten times, with the average of the 
results reported in Fig.4, where the four GP methods are 
indicated by 
  OnePop: Single-population GP 
  MulPop: multi-population GP (ring topology) 
  HFC-GP: HFC model for GP 
  AHFC-GP: Adaptive HFC model for GP 

From Figure 4, it is impressive to see that in all four 
problems, both AHFC and HFC performed dramatically 
better than the other algorithms vis-à-vis best of run, and 
the improvement was more dramatic on the more difficult 

problems. The superior performance at the initial 
generations may have resulted from the rapid exploitation 
of superior individuals, in a single subpopulation, in 
comparison to the ring parallel GA. Yet convergence in 
the HFC and AHFC was much slower than in the single- 
and multi-population GP runs. In fact, we observe 
relatively steady improvement during the runs for this set 
of problems. For the easier problems, the (dynamic) 
AHFC actually out-performed the (static) HFC slightly, in 
spite of the rich experience on this class of problems that 
was used for setting the HFC thresholds.  The fact that 
the HFC ultimately surpassed the AHFC on the two 
harder problems indicates that there is room for 
improvement of the AHFC scheme used here.  However, 
the fact that it is competitive with human-determined 
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c) 10-eigenvalue problem 
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Figure 4. Fitness of Best Individual to Date vs. Generation: 
dashdot (OnePop), solid (MulPop), dashed (HFC) 
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static values based on prior experience shows that it is a 
step in a beneficial direction. 

5 CONCLUSIONS AND FUTURE WORK 
Based on our analysis of the role of admission thresholds 
used in the HFC model and our experiments on a series of 
difficult, highly epistatic real-world problems, it has been 
demonstrated that the adaptive HFC model can work 
nearly as well as the original HFC model, and even better 
in some cases, without any prerequisite knowledge of the 
fitness landscape of the problem. The dynamic allocation 
of the subpopulations to fitness levels also improves the 
search efficiency. These adaptation mechanisms make our 
algorithm to be easily plugged into new problems without 
much parameter tuning. Our experiments demonstrated 
the effectiveness of the HFC and AHFC models in 
improving significantly both the search speed and the 
quality of the best solutions found compared with 
standard EAs.  

This paper represents a first step toward autonomous 
parallel evolutionary computation based on the HFC 
model. The second step is the automation of the adaptive 
distribution of the computing resource among levels. We 
expect that the number of subpopulations, the number of 
fitness levels, the distribution of subpopulations to each 
level, along with the admission thresholds, can all be 
determined adaptively, in which case we would have an 
autonomous parallel evolutionary computation model in 
which the communication topology and migration scheme 
are all decided by the evolutionary process itself, 
according to the characteristics of the problem at hand.  

In this paper, we implemented the synchronous version of 
the AHFC model and simulated parallel genetic 
programming on a single PC. More consideration about 
the communication cost and asynchronous adaptation 
mechanism of the AHFC model in the case of a large 
population is needed. The scalability of the AHFC model 
with respect to more processors also needs to be proved 
with experiments on real parallel cluster computing 
facilities, which is on the top of our task list.  
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Structure Fitness Sharing (SFS) for Evolutionary Design by Genetic 

Programming 

 
 

Abstract 
 

Balanced structure and parameter search is 
critical to evolutionary design with genetic 
programming (GP). Structure Fitness Sharing 
(SFS), based on a structure labeling technique, is 
proposed to maintain the structural diversity of a 
population and combat premature convergence 
of structures. SFS achieves balanced structure 
and parameter search by applying fitness sharing 
to each unique structure in a population, to 
prevent takeover by the best structure and 
thereby maintain the diversity of both structures 
and parameters simultaneously. SFS does not 
require definition of a distance metric among 
structures, and is thus more universal and 
efficient than other fitness sharing methods for 
GP. The effectiveness of SFS is demonstrated on 
a real-world bond-graph-based analog circuit 
synthesis problem.  

1  INTRODUCTION  
Genetic programming has been applied successfully to a 
rich variety of problems such as machine code evolution 
(Nordin, 1997), quantum algorithm design (Spector, 
1999), cellular automaton rule discovery, and 
soccer-playing program evolution (Andre 1999). GP has 
been particularly effectively used as an efficient 
Darwinian Invention Machine that enabled Koza et al. to 
achieve human-competitive results in analog circuit 
design and in the transmembrane segment identification 
problem (Koza 1999). Indeed, one of GP’s most 
significant features is the ability to simultaneously evolve 
both a structure and its parameters, opening up promising 
applications in many real-world engineering design 
problems and in neural network design. In all of these 
problems, the objective is to search for an open-ended 
structure, together with its related parameters, to achieve 
several desired goals. Genetic programming – especially 
evolutionary design by genetic programming – is 
recognized as making a high demand on computational 

resources (Koza, 1999). To some extent, this demand can 
be traced to the premature convergence problem, 
especially convergence of the structures in a GP 
population; it can be ameliorated using diversity- 
maintenance techniques for the population. Based on an 
analysis of the weak causality of GP, the new concept of 
Structure Fitness Sharing (SFS), based on a structure 
labeling technique, is proposed to achieve balanced 
structure and parameter search by maintaining the 
diversity of both structures and parameters at all times.  
This method does not require definition of a distance 
metric, and is thus very efficient compared to other fitness 
sharing methods. Its effectiveness is demonstrated on a 
real-world bond-graph-based analog circuit synthesis 
problem using GP. 

2   THE DIVERSITY PROBLEM IN 
EVOLUTIONARY DESIGN BY GP 

2.1  CATEGORIES OF EVOLUTIONARY DESIGN 
PROBLEMS 

Most evolutionary design problems can be classified into 
one of three types: 

TYPE I: Fixed structure with fixed number of 
parameters. 

These problems are essentially parameter 
optimization problems – the task is to optimize the 
parameters of a given structure. Genetic algorithms, 
simulated annealing, evolutionary programming, 
evolution strategies, and even gradient-based 
optimization techniques are often used here.  

TYPE II: Variable structure with no parameters. 

This type includes problems such as algorithm 
design, program induction and logic design, in which 
only structure search is needed. These problems are 
well suited for GP, which intrinsically manipulates 
the program structure, often represented as a tree. Of 
course, some of these problems can be solved with 
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genetic algorithms, simulated annealing, and other 
techniques, by using a somewhat indirect 
representation of the structure.  

TYPE III: Variable structure with variable number of 
parameters (of course, there can also be variable 
structure with a fixed number of parameters, but that 
is not the typical case – number of parameters 
usually varies with the size of the structure). 

Many of the most interesting evolutionary design 
problems belong to this third category, in which a 
structure is sought within a topologically open-ended 
space, but the fitness of a structure can often only be 
evaluated after parameters are assigned to key variables 
associated with the structures evolved.  Since the structure 
is varied during the search process, the number of 
parameters and their semantics change frequently. Such 
problems include analog circuit design (Koza, 1999), 
mechanical system design (Fonseca, 1993), and neural 
network design (Oliker, 1992). Although a GA with a 
variable-length representation can be used here, GP, with 
its outstanding capability to search simultaneously for a 
good structure and for appropriate parameters, 
distinguishes itself as the most important tool for this kind 
of open-ended design problem. 

2.2  PREMATURE CONVERGENCE AND 
DIVERSITY IN THREE TYPES OF 
EVOLUTONARY DESIGN PROBLEMS 

TYPE I problems are often described as parameter 
optimization problems, readily addressable by GA.  
Premature convergence in GA has been well studied.  
Common diversity maintenance techniques include 
crowding (DeJong, 1975), deterministic crowding 
(Mahfoud, 1992), and fitness sharing (Goldberg, 1989).  
The fitness derating method (Beasley, 1993), a 
multi-objective method, employs fitness sharing in a 
popular and effective way.  

The premature convergence problem when GP is applied 
to TYPE II problems has also been well studied. Most of 
the resulting methods are derived from GA, but with some 
specific consideration of the GP context. In 
multi-objective genetic programming, Rodriguez 
(Rodriguez-Vazquez, 1997) uses the MOGA approach 
with fitness sharing being performed in the fitness space, 
and extends it to genetic programming. Though easier to 
implement, it remains an open question whether diversity 
of fitness values is generally a true indicator of the 
diversity of a population – a measure which should 
actually be based on the parameter space.  DeJong et al. 
(DeJong, 2001) use the multi-objective method to 
explicitly promote diversity by adding a diversity 
objective. In their method, a distance measure defined as 
follows is used in the diversity objective. The distance 
between two corresponding nodes is zero if they are 
identical and one if they are not. The distance between two 
trees is the sum of the distances of the corresponding 

nodes – i.e., distances between nodes that overlap when 
the two trees are overlaid, starting from the root. The 
distance between two trees is normalized by dividing by 
the size of the smaller of the two trees. The diversity 
objective is defined as the average squared distance to 
other members of the population. An improved version of 
the above distance metric between two trees is proposed in 
Ekart and Nemeth (2000) and used to do fitness sharing in 
GP. Their method includes the following three steps: 

1) The two GP trees to be compared are brought to 
the same tree-structure (only the contents of the 
nodes remain different). 

2) The distance between each pair of symbols 
situated at the same position in the two trees is 
computed. 

3) The distances computed in the previous step are 
combined in a weighted sum to form the 
distance of the two trees. 

The major improvement of this method is that it 
differentiates the types of nodes when calculating the 
distance between two nodes. It first divides the GP 
functions and terminals into several subsets. For nodes 
with types belonging to the same subset, it calculates the 
relative distance. For nodes with types belonging to 
different subsets, it uses a defined function to make sure 
that the distance between nodes from different subsets is 
larger than that between nodes of the same subset. It also 
considers the fact that a difference at some node closer to 
the root could be more significant than a difference at 
some node farther from the root, using a multiplier K to 
distinguish them.  Edit distance and phenotypic distance 
for fitness sharing for GP are also tested in their 
experiment. The former gets slightly better accuracy but 
with relatively high computational cost. The latter doesn’t 
provide much improvement over the original GP without 
fitness sharing.  

Implicit fitness sharing (McKay, 2000) has also been 
applied to GP. Instead of calculating the distance between 
the structures of GP trees, it is a kind of phenotypic 
(behavior-based) fitness sharing method. The fitness is 
“shared” based on the number of other individuals who 
have similar behaviors, capabilities or functions. Implicit 
fitness sharing provides selection pressure for each 
individual to make different predictions from those made 
by other individuals.  

Population diversity of TYPE III problems in GP has not 
been investigated thoroughly. These problems are 
characterized by the need for simultaneous optimization 
of topology and parameters. In a GP population, structure 
diversity is needed to enable efficient topology 
exploration, which is the main objective, in most case, for 
discovery of innovative designs. At the same time, the 
goodness (or fitness) of a structure can only be evaluated 
after sufficient parameter exploration within the same 
structure. Thus, the parameter diversity of each structure 
also needs to be maintained. As a result, in the context of 
variable structure and parameter design by GP, the 
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population diversity has some significant differences from 
that of a GA, in the following respects: 

• Number of peaks 

When applying fitness sharing in GA, two 
assumptions are made. One is that the number of 
peaks is known or can be estimated. The second 
is that the peaks are almost evenly distributed. In 
many problems of GA, a relatively limited 
number of peaks is expected to enable efficient 
use of fitness sharing. However, in TYPE III 
problems, each structure may have a huge 
number of peaks with respect to its parameter 
space, while in the structure space, each structure 
is a distinct peak, since the structure space is not 
a continuous space, but rather a highly nonlinear 
discrete space.  

• Continuity of search space 

In GA, many problems can be considered as 
defined in an approximately continuous space, 
although sometimes certain aspects have 
distinctly discrete behavior.  However, in TYPE 
III problems, GP deals with a highly discrete 
structure space that also has a huge continuous 
space (of parameter values), since for each 
structure, the search for appropriate parameters 
can be regarded as an instance of GA search.   

• Constraints 

In GA, only parameter constraints exist. 
However, in TYPE III problems, GP must deal 
with both structure constraints and parameter 
constraints. 

The demand for structure diversity as well as parameter 
diversity makes the existing fitness sharing methods 
inefficient for Type III problems. For fitness-space-based 
fitness sharing (Rodriguez-Vazquez, 1997) and the 
implicit fitness sharing (McKay, 2000) methods, 
significant parameter diversity is lost since they do not 
promote coexistence of  individuals with the same 
structure but with different parameters in order to enable 
efficient parameter search. Fitness sharing with the 
distance metric, as in (Ekart, 2000; KeJong, 2001), is also 
inefficient in this case.  First, the computational cost is still 
demanding, since in TYPE III problems, a complex 
structure and its parameters often require a big tree – 
perhaps 1000 - 2000 nodes in most of our experiments – 
especially when parameters are normally represented by a 
numeric subtree such as Koza uses (Koza, 1999). Second, 
but more importantly, the underlying assumption of the 
above distance metrics is that structural dissimilarity 
measured between two GP trees meaningfully reflects the 
dissimilarity in function between the two structures. 
However, as the structure space represented by a GP tree 
is a highly non-linear space, in most cases, a change of a 
single (non-parameter) node changes the behavior of the 
GP tree dramatically. This phenomenon can be traced to 
the weak causality of GP (Rosca, 1995), which means that 

small alterations in the underlying structure of a GP tree 
cause big changes in the behavior of the GP tree. So 
measuring a sort of "Hamming" distance between the 
structures of two GP trees to predict the difference of the 
behavior/function is not well founded, and thus inefficient. 
This makes a useful definition of a sharing radius hard to 
determine. It seems that distance metrics in the structure 
space and the parameter space and the association of a set 
of parameters with the structure to which they apply must 
be faithfully captured in order to most effectively maintain 
both structure diversity and parameter diversity and 
thereby to achieve efficient search.  Therefore, given the 
inherent difficulty of structure/function mapping, perhaps 
it is counterproductive to use any structural similarity 
measure beyond the most basic and completely faithful 
one – the identity mapping:  two structures are either 
identical, or they are not.  That is the structural distance 
measure used here.  While it is possible to define a broader 
relationship that still captures identity of function (for 
example, if swapping of the order of two children of a 
node has no effect on the function computed), such 
definitions depend on the semantics of the functions, and 
were not implemented here. 

3 BALANCED STRUCTURE AND 
PARAMETER SEARCH IN 
EVOLUTIONARY DESIGN BY GP 

In design problems involving both variable structure and 
variable parameters, search must be balanced between the 
structure and parameters. On one hand, each structure 
needs sufficient exploration of its parameters to develop 
its potential to some extent, which means that a reasonable 
number of individuals of the same structure must probably 
be kept in the population. On the other hand, no structure 
should dominate the population, or it would prevent 
sufficient future exploration of the structure space.  

Premature convergence of structures in evolutionary 
design by GP can be caused by neglecting the different 
roles of structure and parameter search. In standard GP, 
nodes at which to perform crossover and mutation are 
selected randomly from the entire set of nodes, treating 
those specifying structure modifications identically with 
those specifying numerical modifications (provided that 
numerical subtrees are used to define the parameters of 
components, as is often done). This means that a new 
circuit structure is often discarded by the selection process 
if its fitness is low with its initial set of parameters. The 
result is that often, structures of moderate quality with 
slightly better parameters proliferate and dominate the 
population, while inherently better structures with bad 
parameters are discarded.  This is called the premature 
structural convergence problem. This phenomenon arises 
from the fact that ’’promising’’ structures are often 
discarded just because their current parameters are not 
adjusted well enough to demonstrate their potential. 
Ideally, a structure should be discarded only when it is 
demonstrated to be bad after a sufficient effort to adjust its 
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parameters. In addition, since there are often many more 
numeric nodes than structure modifying nodes, premature 
structural convergence is accentuated, since there is a 
lower probability of choosing a structure modifying node 
that will generate a new structure than of choosing a node 
that changes only parameters. 

In order to address this problem, structure and parameter 
search must be controlled explicitly. In our work, a 
probabilistic method is first devised to decide whether GP 
does a structure modification (crossover or mutation on a 
structure modifying node) or does parameter modification 
(crossover or mutation on a parameter modifying node). 
Since structure changes have a more fundamental effect 
than the parameter changes on the performance of the 
system, we introduce a bias toward more parameter 
modifications than structure modifications by controlling 
the probability of selecting these types of nodes for 
crossover and mutation sites. The following example 
probabilities are defined to facilitate keeping the structure 
and its function stable and to allow parameters to be 
adjusted well enough to demonstrate the potential of a 
structure. 

We also use explicit control of the node selection process 
to achieve balanced parameter evolution for all 
parameters in a structure. During the parameter 
modification stage, we first establish a list of all variables 
whose values need to be established during evolution, 
then we randomly select a variable as the current variable 
to be changed. We then select a node in the numeric 
subtree of this variable and do a crossover or mutation 
operation. In this way, each variable has an equal 
opportunity to be changed during evolution. This 
improvement speeds the evolution of balanced numeric 
subtrees. All variables tend to have numeric subtrees with 
similar depths.  

Even with the methods above, premature structural 
convergence still often occurs as structures with 
well-fitted parameters quickly dominate the whole 
population. The Structure Fitness Sharing (SFS) method is 
proposed to control the reproduction of high-fitness 
structures. Our assumptions are that fitness sharing can 
profitably be based on the number of individuals with the 
same structure, and that distance between the structures of 
two GP trees with distinct structures is not generally an 
adequate predictor of the differences between their 
behaviors. Thus, any “counting of positions where the 
trees differ” distance metric is not well founded.  Instead, 
a simple labeling technique is used to distinguish 
structures.  

4 STRUCTURE FITNESSS SHARING 
(SFS)  

Structure Fitness Sharing is the application of fitness 
sharing to structures in GP. In contrast to the GA fitness 
sharing using a distance measure to identify peaks, in SFS, 
fitness sharing is based on the tree structures, treating each 
tree structure in GP as a peak in the space of parameters 
and structures.   

In SFS, each structure is uniquely labeled, whenever it is 
first created.  So long as GP operations on an individual do 
not change its structure, but only its parameters, the 
structure label of this individual is not changed.  
Parameter crossover and mutation, or replication of the 
individual, simply increase the number of individuals with 
this structure (label) in the population.  If structure 
modifications are conducted on an individual that change 
the structure – for example, we change a Rep_C (a GP 
function node replacing a resistor or inductor of the circuit 
with a capacitor) to a Rep_I (a GP function replacing a 
resistor or capacitor of the circuit with an inductor) node – 
then a new structure label (structureID) is created and is 
attached to this new individual. Our assumption is that the 
possibility that any particular structure-altering operation 
produces exactly the same structure possessed by other 
individuals in the current population is relatively low, so it 
is not necessary (or worthwhile) to check a new structure 
against all other existing structures to see if it is identical 
with one of them (and so could use its label), although a 
hashing technique might make this relatively easy to do. 
Furthermore, even if some newly created individual 
shares the same structure with another individual but is 
labeled with a different structure label, the algorithm is not 
strongly affected, so long as it occurs infrequently. 

In standard GP, individuals with certain structures will 
prosper while others will disappear because of their low 
fitnesses. If this process is allowed to continue without 
control, some good structures (usually one) tend to 
dominate the population and premature convergence 
occurs. To maintain diversity of structures, fitness sharing 
is applied to individuals of each structure. SFS decreases 
the fitness of the individual as follows:  SFS penalizes 
only those structures having too many individuals, 
according to the following fitness adjustment rule used for 
the experiments in this paper: 

sN : Number of structures to be searched simultaneously 

espN : Expected number of search points (individuals) 
for each structure in the whole population  

: Number of individuals with structure is (of 
which individual iind is one)  

 

For each individual iInd if then  
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With this method, each structure has a chance to do 
parameter search. Premature convergence of structures is 
limited, and we can still devote more effort to high-fitness 
structure search. 

4.1  LABELING TECHNIQUE IN SFS 

A labeling technique is used in SFS to distinguish 
different structures efficiently. A similar technique has 
been used by Spears (1994), in which tag bits are used to 
identify different subpopulations. Spears’s result suggests 
that in crowding and fitness sharing in GA, we only need 
to decide whether or not two individuals have the same 
label. The added precision of the distance metric for 
maintaining the diverse state of a subpopulation is often 
unnecessary. In SFS, the label is used only to decide 
whether or not two individuals have the same label (i.e., 
structure). We use simple integer numbers as labels rather 
than more complicated tag bits. Ryan (1994, 1995) also 
uses similar labelling ideas to decide which race an 
individual belongs to in his racial GA (RGA). 

4.2  HASH TABLE TECHNIQUE IN SFS 

In order to keep track of all individuals with each 
particular label, SFS uses a hash table is used -- this 
speeds up the access to the structure by each individual 
when we do crossover, mutation, and reproduction. Each 
time we create a new structure, we create an entry in the 
hashtable with the structureID (next integer) as the key. 
The size of the hash table is controlled to accommodate at 
most 500 structures in our experiments. Whenever the 
number of structure entries in the hashtable exceeds 500, 
those structure entries with no individuals in the current 
population or with a low fitness of its best individuals and 
with old ages (generations since their labels were created) 
are removed from the hashtable. The corresponding 
individuals of these structures are removed from the 
current population at the same time. 

4.3  THE STRUCTURE FITNESS SHARING 
ALGORITHM IN GP 

The following is the outline of the algorithm of SFS as 
applied to GP: 

Step 1: Initialize the population with randomly 
generated individuals. Initialize the structure hash 
table. 

Step 2: Assign each individual a unique label. Here a 
label is just an unassigned integer number 
incremented by one at each assignment. 

Step 3: Loop over generations 

3.1 Select the parents for a genetic operation 
according to their standard fitness 

3.2: If current operation is an operation that 
changes the structure from that of the parent(s), 
(including crossover and mutation at structure 
operator nodes of GP trees) 

Create a new label for each new structure 
created and add the new structure item to 
the structure hash table.  

3.3: If the current operation is a parameter 
modification (mutating the parameter nodes or 
crossing over at a parameter node) or only 
replication of an existing individual, do not 
create a new label. New individuals inherit the 
labels from their parents. Update information 
about the structure items in the hash table, 
including the best fitness of this structure, 
number of individuals, age, etc. 

3.4: If the maximum number of structures in the 
hash table is reached, first purge those structures 
that have no individuals in the current 
population. If there are still too many structures, 
then delete those structures whose best 
individuals have lower fitness and high age (>10 
generation, in our case) and delete their 
individuals in the population and replace them 
with new individuals formed by crossover or 
mutation until the maximum number of 
structures in hash table is kept. 

3.5: Adjust the fitness of each individual 
according to equation (1). 

Step 4:  If stopping criterion is satisfied, stop; else go 
to step 3. 

5  EXPERIMENTS  

5.1  PROBLEM DEFINITION 

GP with the SFS technique has been applied to an analog 
circuit synthesis problem that was previously approached 
using GP without SFS (Rosenberg, 2001). In this problem, 
an analog circuit is represented by a bond graph model 
(Fan, 2001) and is composed of inductors (I), resistors (R), 
capacitors (C), transformers (TF), gyrators (GY), and 
sources of effort (SE). The developmental evolution 
method similar to (Koza, 1999) is used to evolve both the 
structure and parameters of a bond graph representation of 
a circuit that achieves the user-specified behavior. With 
this method, a set of structure modifying operators (e.g. 
Rep_C, Rep_I) are provided to operate on the embryo 
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bond graph. A set of numeric operators (such as +, -, *, /) 
are provided to modify the parameters of the structure.  

In this paper, the design objective is to evolve an analog 
circuit with response properties characterized by a 
pre-specified set of eigenvalues of the system equation. 
By increasing the number of eigenvalues specified, we 
can define a series of synthesis problems of increasing 
difficulty, in which premature convergence problems 
become more and more significant when traditional GP 
methods are used. This eigenvalue assignment problem 
has received a great deal of attention in control system 
design.  Control over eigenvalues in designing systems, in 
order to avoid instability and to provide particular 
response characteristics, is often an important and 
practical problem.  

Circuit synthesis by GP is a well-studied problem that 
generally demands large computational power to achieve 
good results.  Since both the topology and the parameters 
of a circuit affect its performance, it is easy to get stuck in 
the evolution process.  

5.2  EXPERIMENTAL SETUP  

In the example that follows, a set of target eigenvalues 
was given and a bond graph model with those eigenvalues 
was generated. Table 1 shows the three sets of 6, 8, and 10 
target eigenvalues used as targets for example genetic 
programming runs:  

We applied single population GP with and without SFS 
and multi-population GP with and without SFS to all three 
problem instances. Each experiment was repeated 10 
times with different random seeds.  

The embryo model used is shown in Figure 1. It represents 
an embryo bond graph with three initial modifiable sites 
(represented as dotted boxes). In each case, the fixed 
components of the embryo are sufficient to allow 
definition of the system input and output, yielding a 
system for which the eigenvalues can be evaluated, 
including appropriate impedances. The construction steps 
specified in the GP tree are executed beginning from this 
embryo. The numbers in parentheses represent the 
parameter values of the elements. 

Three circuits of increasing complexity are to be 
synthesized, with eigenvalue sets as specified above. The 
GP parameter tableau for the single population method is 
shown in Table 2 below. 

These problems exhibit a very high degree of epistasis, as 
a change in the placement of any pair of eigenvalues has a 

strong effect on the location of the remaining eigenvalues.  
Eigenvalue placement is very different from “one-max” or 
additively decomposable optimization problems, and 
these problems become increasingly difficult with the 
problem order.  The performance of each of the three GP 
approaches is reported in Figure 2, in which the four GP 
methods are indicated by 

OneGP:  single population GP, no SFS 
MulGP:  multi-population GP, no SFS 
ONE.SFS: single population GP with SFS  
MULPOP.SFS: multi-population GP with SFS  

To observe the effect of structure fitness sharing, we 
monitor the number of distinct structures in the 
experiments with and without SFS techniques. From Fig 2, 
one can see that Structure Fitness Sharing can 
significantly improve the performance for single 
population GP and also does better in multi-population GP, 

Table 2. Parameter Settings for GP

 

Parameters of 
Single Population 

GP 

Popsize: 1000 
init.method = half_and_half   
init.depth = 3-6    
max_nodes = 1000 
max_depth = 15 
crossover rate = 0.9  
mutation rate = 0.1 
max_generation = 1000 

Additional 
Parameters of   

Multi-Population 
GP 

Number of subpopulations  = 10; 
Size of subpop  = 100  
migration interval = 10 generations 
migration strategy:  ring topology, 
migrate 10 best individuals to the 
next subpopulation in the ring to 
replace its 10 worst individuals 

SFS 
Parameters 

sN : 50 

espN : 20 = popsize/ sN  

Table 1.  Target Eigenvalues 

Problem 1:  6-eigenvalue problem 

0.1 5.0 , 1.0 2.0 , 2.0 1.0j j j− ± − ± − ±  

Problem 2:  8-eigenvalue problem 

0.1 5.0 , 1.0 2.0 , 2.0 1.0 , 3.0 0.7j j j j− ± − ± − ± − ±  

Problem 3:  10-eigenvalue problem 

0.1 5.0 , 1.0 2.0 , 2.0 1.0 , 3.0 0.7j j j j− ± − ± − ± − ±  

4.0 0.4 j− ±  

Figure 1.  The Embryo Bond Graph Model 
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though the difference is not as significant. The reason may 
be that multi-population runs already provide an inherent 
diversity maintenance mechanism. We also find that SFS 
can help to provide probabilistic control of structure and 
parameter modifications to maintain a stable number of 
search structures in the whole population, as illustrated in 
Fig 3.  

6  CONCLUSIONS 

  In this paper, Structure Fitness Sharing (SFS) is proposed 
to achieve balanced structure and parameter search in 
evolutionary design by Genetic Programming. SFS can 
effectively prevent the dominance of any specific 
structure and when combined with probabilistic control of 
structure and parameter modification, SFS can maintain a 
stable number of structures for simultaneous structure and 
parameter search. The labeling technique in SFS 
eliminates the necessity of computing the distance 
between two individuals, which saves computing effort 
that we believe is often largely wasted when attempting to 
measure GP structural similarity. The user parameters of 
the standard fitness sharing method are also eliminated 
(e.g. the sharing radius). All that must be done is to define 
the fitness adjustment scheme:  how to penalize the fitness 
of a structure when the number of individuals with that 
structure label grows large enough to threaten the 
diversity of the population. The hash table technique 
allows SFS to quickly update the structure information 
about the current population during evolution. More 
complicated balanced structure parameter search methods 
can be derived using the concept of structure diversity. For 
example, the authors intend to incorporate the age concept 
and the elitism method of multi-objective evolutionary 
computation into SFS. We also intend to explore use of a 
separate GA for explicit exploration of the parameter 
spaces of individual structures, with the expectation of a 
significant impact on the selection, crossover and 
mutation dynamics of the overarching simultaneous 
evolutionary search of structure and parameters.  
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Abstract

This paper describes an evolutionary method
for identifying a causal model from the ob-
served time series data. We use a system
of ordinary differential equations (ODEs) as
the causal model. This approach is well-
known to be useful for the practical applica-
tion, e.g., bioinformatics, chemical reaction
models, controlling theory etc. To explore
the search space more effectively in the course
of evolution, the right-hand sides of ODEs
are inferred by Genetic Programming (GP)
and the least mean square (LMS) method is
used along with the ordinary GP. We apply
our method to several target tasks and em-
pirically show how successfully GP infers the
systems of ODEs.

1 Introduction

Ordinary differential equations (ODEs) are one of the
easiest media for modeling complex systems, where
basic differential relationships are known between the
system components. Solving a set of differential equa-
tions to produce their equivalent functions is relatively
easy so as to obtain useful time-series data. On the
other hand, the inverse problem, i.e., the inference of
the system of ODE from the observed time-series data,
is not necessarily easy, although very important for
many fields. This is because there is no knowing the
appropriate form, i.e., the order and terms of ODEs,
beforehand.

In this paper, we deal with an arbitrary form in the
right-hand side of the system of ODEs to allow the
flexibility of the model. More precisely, we consider
the following general form:

dXi

dt
= fi(X1,X2, . . . ,Xn) (i = 1, 2, . . . , n), (1)

where Xi is the state variable and n is the number of
the observable components.

For the sake of identifying the system, we use Genetic
Programming (GP) to evolve the ODEs from the ob-
served time series. Although GP is effective in finding
the suitable structure, it is sometimes difficult to opti-
mize the parameters, such as constants or coefficients
of the polynomials. This is because the ordinary GP
searches for them simply by combining randomly gen-
erated constants. To avoid this difficulty, we introduce
the least mean square (LMS) method.

There have been several studies for identifying differ-
ential equation models by means of EAs (Evolution-
ary Algorithms). For instance, GP was used to find a
function in a symbolic form, which satisfies the differ-
ential equation and initial conditions [Koza92]. Cao
and his colleagues used hybrid evolutionary model-
ing algorithms [Cao00]. The main idea was to em-
bed GA in GP, where GP was employed to discover
and optimize the structure of a model, while GA
was used to optimize its parameters, i.e., coefficients.
[Babovic00] also applied GP to approximate several
ODEs from the domain of ecological modeling, e.g.,
Lotka-Volterra and logistic equations. They showed
that the GP-based approach introduced numerous
advantages over the most available modeling meth-
ods. In our previous researches [Sakamoto and Iba00]
and [Sakamoto and Iba01], we proposed another inte-
grated scheme, in which the least mean square (LMS)
method is used along with GP. In this scheme, some
individuals were created by the LMS method at some
intervals of generations and they replaced the worst
individuals in the population.

In this paper, we extend our previous approach so
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as to achieve the inference of the ODEs more effec-
tively. More precisely, we empirically show the follow-
ing points:

• The success in the acquisition of ODEs, which are
close to the observed time series.

• The inference of the exact equation form, i.e., the
exact causal relationship.

• The effectiveness of the LMS method.
• The superiority of our approach over the previous
methods.

The rest of this paper is organized as follows. In Sec-
tion 2, we describe the details of our method, i.e., how
GP and LMS methods are integrated to work in the
course of evolution. Three examples are used to exam-
ine the effectiveness of our method. Their experimen-
tal results are shown in Section 3. Then, we discuss
the results in Section 4 and give some conclusion in
Section 5.

2 Integration of GP and LMS

We use GP to identify a causal model in the form of
the system of ODEs. Though GP is capable of finding
a desirable structure effectively, it cannot always be
effective in finding the proper coefficients because GP
uses the combination of randomly selected ones. We
have chosen the least mean square method (LMS) to
tackle this defect of the ordinary GP. For this purpose,
coefficients are not included in the terminal set for a
GP individual tree. The coefficients of each term of
a GP tree are calculated by the LMS method and a
table of them composes a GP individual along with a
tree.

2.1 Inference of the form of equations using
GP

We use GP to identify the form of the system of dif-
ferential equations. For this purpose, we encode right-
hand sides of ODEs into a GP individual. Each in-
dividual contains a set of n trees, i.e., an n-tuple of
trees(f1, . . . , fn). For example, consider the two trees
in Fig.1. This shows the following system of ODEs:

{
Ẋ1 = aX1X

2
2 + b

Ẋ2 = cX1X2 + dX2,
(2)

where the coefficients a, b, c, d, are derived by LMS de-
scribed later. Note that the constant term b is added
to the right hand side of the first equation, because of

the constant terminal, i.e., 1. Thus, each equation uses
a distinct program. A GP individual maintains mul-
tiple branches, each of which serves as the right-hand
side of a differential equation.

Crossover operations are restricted to the correspon-
dent branch pairs. Actually, each tree, i.e., each right
hand side of the ODE sytem, is evolved independently
in parallel.

Figure 1: Example of a GP individual.

2.2 Optimization of models using LMS
method

Coefficients of a GP individual is derived by the LMS
method described below. Assume that we want to
acquire the approximate expression in the following
form:

y(x1 , . . . , xL) =
M∑

k=1

akFk(x1 , . . . , xL), (3)

where Fk(x1, . . . , xL) is the basis function, x1, . . . , xL

are the independent variables, y(x1, . . . , xL) is the de-
pendent variable, and M is the number of the basis
functions. Let a be the vector of coefficients, i.e.,
(a1, . . . , aM ). Then, our purpose is to minimize χ2

described in (4) to acquire a.

χ2 =
N∑

i=1

(
y(i)−

M∑
k=1

akFk(x1(i), . . . , xL(i))
)2

, (4)

where x1(i), . . . , xL(i) and y(i) are data given for the
LMS method and N is the number of data points. Let
b be the vector of (y(1), . . . , y(N)) andA be theN×M
matrix described below:



F1(x1(1), . . . , xL(1)) . . . FM (x1(1), . . . , xL(1))
F1(x1(2), . . . , xL(2)) . . . FM (x1(2), . . . , xL(2))

...
. . .

...
F1(x1(N), . . . , xL(N)) . . . FM (x1(N), . . . , xL(N))



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Then, (5) should be satisfied to minimize χ2.

(AT · A) · a = AT · b (5)

Thus, a can be acquired by solving this equation.

When applying to the time-series problem, y(i) for the
jth equation of the system of differential equations is
calculated according to the following discrete differ-
ence of the time-series xj(t):

y(i) = Ẋj |t=ti =
xj(ti +∆t)− xj(ti −∆t)

2∆t
, (6)

where ti is the time of the ith selected data point.
For example, consider the first ODE (Ẋ1) of the sys-
tem (2), in which the number of the components is
two (L = n = 2). In this case, we are using two
basis functions, i.e., M = 2 and (F1, F2)=(X1X

2
2 , 1).

Then, the ith row of the matrix A is determined as
(x1(ti)x2(ti)2,1).

The coefficients in the approximate expressions of the
right-hand sides of the equations can be derived by
using A and b(y(1), . . . , y(N)) acquired above.

2.3 Fitness definition

The fitness of each individual is defined as the sum of
the squared error and the penalty for the degree of the
equations:

fitness =
n∑

i=1

T−1∑
k=0

(x′
i(t0+k∆t)−xi(t0+k∆t))2+a·m,

(7)




t0 : the starting time
∆t : the stepsize
n : the number of the observable components
T : the number of the data points




where xi(t0+k∆t) is the given target time series (k =
0, 1, · · · , T −1). x′

i(t0+k∆t) is the time series acquired
by calculating the system of ODEs represented by a
GP individual. All these time series are calculated by
using the forth-order Runge-Kutta method. m is the
number of terms and a is the weight constant. In other
words, the individual which has a smaller number of
terms and is closer to the target time series has the
higher possibility to be selected and inherited to the
next generation. This fitness derivation is based on the
MDL (Minimum Description Length) criterion, which
has been often used in GP (see [Iba94], [Zhang95] and

Exp.1 Exp.2 Exp.3 Exp.4

Population size 1000 1000 1000 3000
Generation 100 100 100 100
Crossover rate 0.80 0.80 0.80 0.80
Mutation rate 0.10 0.10 0.10 0.10
# time series 1 1 3 3
Stepsize 0.01 0.01 0.01
# data points 100 40 30

Table 1: GP and LMS parameters for experiments.

[Nikolaev and Iba01] for examples). When calculating
the time series, some individuals may go overflow. In
this case, the individual’s fitness value gets so large
that it will be weeded out from the population.

We use several sets of time series as the training data
for GP. This is to acquire the equations as close to the
target as possible. Each data set was generated from
the same target by using different initial values.

3 Experimental results

We have prepared three different tasks to test the ef-
fectiveness of our method. Experimental parameters
are summarized in Table 1. Function and terminal sets
F and T are as follows:

F = {+,−, ∗}
T = {X1, . . . ,Xn, 1}

3.1 Example 1 : Chemical reaction model

The reaction between formaldehyde (X1) and car-
bamide in the aqueous solution gives methylol urea
(X2) which continues to react with carbamide and
form methylene urea (X3) (see [Cao00] for details).
The reaction equations are described as below:

HCHO + (NH2)2CO
k1−→ H2N · CO · NH · CH2OH

(8)

H2N · CO · NH · CH2OH + (NH2)2CO
k1−→ (NH2CONH)2CH2 (9)

As a kind of typical consecutive reaction, the concen-
trations of the three components in the system satisfy
the following system:




Ẋ1 = −1.4000X1

Ẋ2 = 1.4000X1 − 4.2000X2

Ẋ3 = 4.2000X2

(10)
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Experimental parameters for this task are shown in
Table 1. By applying our method, we have acquired
the system of eq.(11), which gave the sums of square
errors as (X1,X2,X3) = (0.000, 2.082 ∗ 10−11, 1.883 ∗
10−11). The time series generated by this system is
shown in Fig.2 along with that of the target.




Ẋ1 = −1.4000X1

Ẋ2 = 1.4004X1 − 4.2006X2

Ẋ3 = 4.1998X2

(11)
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Figure 2: Time series of the acquired model for chem-
ical reaction.

The best kinetic model acquired in [Cao00] was as fol-
lows:




Ẋ1 = −1.400035X1

Ẋ2 = 1.355543(X1 + t)− 4.482911X2

Ẋ3 = 4.069420X2 + t − 0.002812
(12)

where the sums of square errors were (X1,X2,X3) =
(1.600∗10−11, 3.240∗10−8, 3.025∗10−9). Note that the
terminal set used in [Cao00] included the time variable
t.

3.2 Example 2 : Three-species
Lotka-Volterra model

The Lotka-Volterra model describes interactions be-
tween two or more species, i.e., predators and preys,
in an ecosystem [Takeuchi96]. The following DOEs
represent a three-species Lotka-Volterra model:




Ẋ1 = (1− X1 −X2 − 10X3)X1

Ẋ2 = (0.992− 1.5X1 − X2 − X3)X2

Ẋ3 = (−1.2 + 5X1 + 0.5X2)X3

(13)

This system models the introduction of the third
species, i.e., a predator, into a two-species system of
competition, i.e., preys. More precisely, X1 and X2

are the number of preys competing with each other,
whereas X3 represents the number of predators.

The GP and LMS parameters we used are shown in Ta-
ble 1. As a result of experiments, the following DOEs
were acquired in a typical run:




Ẋ1 = −10.001X1X3 − 1.000X1X2 − 0.999X2
1 + 1.000X1

Ẋ2 = 0.992X2 − 1.500X1X2 − 0.996X2X3 − 1.000X2
2

Ẋ3 = 4.998X1X3 + 0.500X2X3 − 1.200X3

(14)

Note that the two systems of DOEs, i.e., eqs.(13) and
eqs.(14), are almost identical except for slightly dif-
ferent coefficients. In all runs, we have succeeded in
acquiring almost the same DOEs. The MES (Mean
Square Error) of the above DOEs are very small
(4.78 ∗ 10−11).

We have conducted the further experiments with this
Lotka-Volterra model to compare the performances of
the following methods:

• Standard GP
• Old version of GP with LMS
• Proposed method of GP with LMS

As mentioned in Section 1, in our previous papers
[Sakamoto and Iba01] and [Sakamoto and Iba00], we
used the least mean square (LMS) method along with
GP in a different way, i.e., some individuals were cre-
ated by the LMS method at some intervals of gener-
ations and they replaced the worst individuals in the
population. We compared the performance of the old
version to see the effectiveness of the approach pro-
posed in this paper.

The experimental results are given in Table 2. The ta-
ble shows the MSE data and hit percentages, i.e., the
ratios of successes in acquiring the target DOEs, aver-
aged over ten runs. As clearly shown in the table, GP
with LMS performed better than GP alone (standard
GP), in view of MSE values. Moreover, the superior-
ity of the proposed approach over the old version has
been confirmed by the hit percentage.

3.3 Example 3 : E-cell simulation

We have conducted the experiment on the data of a
metabolic network that consists of three substances.
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MSE Hit(%)
Standard GP 4.47 ∗ 10−5 0%
Old version 2.85 ∗ 10−7 0%
Proposed method 4.78 ∗ 10−11 100%

Table 2: Comparision of Three methods.

This target network is a part of the biological phos-
pholipid pathway. The data were derived from the E-
cell simulation model. E-cell Simulation Environment
(E-CELL SE) is a software package for cellular and
biochemical modeling and simulation (see [Tomita99]
for details of bioinformatics). This network can be
approximated as (15).




Ẋ1 = −k1X1X3

Ẋ2 = k1X1X3 − k2X2

Ẋ3 = −k1X1X3 + k2X2

(15)

Note that the parameters k1, k2, and k3 are unknown
for the simulation experiment.

Three sets of time series generated by E-cell with a
different initial value were used for the training of GP.
Experimental parameters are shown in Table 1. By
applying our method, we have acquired the following
equations in a typical run:




Ẋ1 = −10.3176X1X3

Ẋ2 = 9.7149X1X3 − 17.5084X2

Ẋ3 = −9.7018X1X3 + 17.4766X2

(16)

When we compare the two systems, i.e., eq.(16) and
eq.(15), we can confirm the success in acquiring the
almost identical model to the target ODEs. The time
series generated by eq.(16) is shown in Fig.3 along with
that of the target. The average MSE (Mean Square
Error) of 10 runs was 2.545 ∗ 10−3.

We have also conducted a comparative experiment
without the LMS method to confirm its effectiveness
(in this case, coefficients are added to the terminal
set). The average MSE of 10 runs is 5.328 ∗ 10−3,
whereas that of the experiment with the LMS method
is 2.545 ∗10−3. Besides, the correct form of ODEs was
not always acquired without the LMS method. For
example, in no runs, the correct ODE for X3 was ac-
quired without the LMS method.

3.4 Example 4 : S-system model

S-system is a type of power-law formalism and has
been proposed for the causality model. The concrete
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Figure 3: Time series of the acquired model for E-cell
simulation.

form of S-system is given as follows:

dXi

dt
= αi

n∏
j=1

X
gij

j − βi

n∏
j=1

X
hij

j (i = 1, 2, . . . , n),

where Xi is a state variable. The first term repre-
sents all influences that increase Xi, whereas the sec-
ond term represents all the influences that decrease
Xi [Savageau76]. S-system is commonly used in many
fields and its parameters were optimized by using GA
[Tominaga00].

We tested on the gene regulatory network which con-
sists of five nodes and had been generated from the
S-system. This causality model can be approximated
as follows (see [Tominaga00] for details):




Ẋ1 = 15.0X3X
−0.1
5 − 10.0X2.0

1

Ẋ2 = 10.0X2.0
1 − 10.0X2.0

2

Ẋ3 = 10.0X−0.1
2 − 10.0X−0.1

2 X2.0
3

Ẋ4 = 8.0X2.0
1 X−1.0

5 − 10.0X2.0
4

Ẋ5 = 10.0X2.0
4 − 10.0X2.0

5

(17)

Three sets of time series with a different initial value
were used for the training of GP. Experimental pa-
rameters are shown in Table 1. To cope with the real-
valued power of the component variables, we used the
following terminal set:

T = {X1,X
−1
1 ,X0.1

1 ,X−0.1
1 ,X2,X

−1
2 ,X0.1

2 ,X−0.1
2 ,

· · · ,X5,X
−1
5 ,X0.1

5 ,X−0.1
5 } (18)

By applying our method, we have acquired the follow-
ing equations in a typical run:
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Figure 4: Acquired and target time series data of S-system.




Ẋ1 = 14.926X3X
−0.1
5 − 9.941X2.0

1

Ẋ2 = 9.950X2.0
1 − 9.938X2.0

2

Ẋ3 = 10.010X−0.1
2 − 10.005X−0.1

2 X2.0
3

Ẋ4 = 7.880X2.0
1 X−1.0

5 − 9.826X2.0
4

Ẋ5 = 9.935X2.0
4 − 9.919X2.0

5

(19)

Note that two systems, i.e., eq.(19) and eq.(17), are
almost identical. The acquired and the given target
time series are shown in Fig.4. As can be seen, the
acquired time series is quite close to the target one.

For the above task, the average MSE (Mean Square
Error) of 10 runs was 4.532∗10−6. On the other hand,
that of the experiment without the LMS method was
6.145 ∗ 10−4. The equations of the correct forms were
acquired in 92% of the runs with LMS, whereas in no
runs the correct form of equations was acquired with-
out the LMS method. Fig.5 shows the fitness transi-
tions for both methods in typical cases. Thus, we can
confirm that the search became more effective by using
GP along with LMS method.
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Figure 5: Typical case of the evolution for S-sytem.

4 Discussion

Although the above section shows the effectiveness of
our approach in acquiring the exact form which is very
close to the target observed data, there is another
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factor to be considered, i.e., the robustness. To test
the robustness of our method to the real noisy world,
we conducted the E-cell experiment (i.e., Exp.2) with
noise-added data sets. 5% and 10% random noises
were added to the target time series. The acquired
time series are plotted in Fig.6 with the target data.
The MSE values and the success ratios averaged over
15 runs are shown in Table 3. The table compares
these values by our approach and the standard GP,
in which the right hand sides of ODEs are evolved in
a similar way to the symbolic regression (see [Koza92]
for details). We can observe that the proposed method
worked effectively to acquire the better individual with
noisy environments than the standard GP.
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Figure 6: Acquired time series of noisy data.

As can be seen in Section3.1, the proposed approach
is superior to the traditional method [Cao00]. Re-
member that the coefficients of ODEs were derived
by means of GA in Cao’s scheme, whereas we used
LMS for this purpose. Therefore, the superiority of
our approach can also be confirmed when we consider
the difference of computational burden of these tech-

niques.

As with many other proposed models, the solution
which fits the given time series quite well is not nec-
essarily determined uniquely. In other words, there
may exist more than one solution which behave consis-
tently with the target. Therefore, even if one system
of ODEs is acquired as a solution, we cannot disre-
gard other candidates. Our aim is to obtain the candi-
dates scattered in the huge search space and to propose
to users the possible causal relationship among the
observable components. Therefore, as future works,
we will concentrate on the construction of the inter-
active system, which proposes the possible solutions
and tells users what kinds of data are needed to de-
termine the relationship among the components (see
[Mimura and Iba02] for details).

5 Conclusion

We have proposed the inference method of the system
of ODEs from the observed time series by using GP
along with the LMS method. We showed how success-
fully our method can infer the causal model by several
experiments. More precisely, we succeeded in acquir-
ing the system of ODEs which is very close to the
observed time series and inferring the exact equation
form. The effectiveness of the LMS method and the
superiority of our approach over the previous method
were confirmed by comparative experiments.

As a future research, we will apply our approach to
some real-world tasks. For this purpose, we are work-
ing on the development of the interactive inference sys-
tem, in which users will be able to pick up the cor-
rect equations or discard the meaningless equations
from the suggested ones. We are trying to solve some
of the real biological problems by using this system
[Mimura and Iba02].
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ABSTENTION REDUCES ERRORS DECISION ABSTAINING 
N-VERSION GENETIC PROGRAMMING 

 
 Abstract 

 

Optimal fault masking N-Version Genetic 
Programming (NVGP) is a technique for building 
fault tolerant software via ensemble of 
automatically generated modules in such a way as 
to maximize their collective fault masking ability. 
Decision Abstaining N-Version Genetic 
Programming is NVGP that abstains from 
decision-making, when there is no decisive vote 
among the modules to make a decision. A special 
course of action may be taken for an abstained 
instance. We found that decision abstention 
contributed to error reduction in our experimental 
Escherichia coli DNA promoter sequence 
classification problem. Though decision 
abstention may reduce errors, high abstention rate 
makes the system of little use. This paper 
investigates the trade-off between abstention rate 
and error reduction. 

1 INTRODUCTION 

This paper investigates the effect of an abstention threshold 
on the trade-off between abstention rate and error 
reduction, using an N-Version Genetic Programming 
ensemble classifier [1].  

An ensemble binary classifier makes a yes/no decision 
based on votes from the participating ensemble member 
classifiers. A decision abstention occurs, when there is no 
decisive vote among the ensemble modules to make 
decision. An unanimous vote is the most decisive (highest 
ensemble confidence), while a tie vote is the least decisive 
(lowest ensemble confidence). The abstention threshold is 
set somewhere between these two extremes. If the vote 
count of either “yes” or “no” does not reach to this 
threshold, the ensemble abstains from decision-making. 
The ensemble, thus, produces three outputs: yes, no, and 
don’t know. A special course of action may be taken for an 
abstained instance (such as classification by human 
experts) [2]. Abstention reduces the number of errors, 

potentially avoiding overfitting [2]. However, if the 
ensemble classifier abstains too often, it is of little use. Our 
experimental test problem is Escherichia coli DNA 
promoter sequence classification. This problem has been 
explored with artificial neural networks [3][4][5] and 
genetic programming [6]. 

1.1  BRIEF INTRODUCTION OF N-VERSION 
GENETIC PROGRAMMING (NVGP) 

N-Version Genetic Programming (NVGP), which provides 
an optimal fault masking ensemble of automatically 
generated modules, is a new technique for building fault 
tolerant software that significantly reduces errors when 
applied to an E. coli promoter sequence classification 
problem [1]. Genetic programming is used to provide a 
large pool of candidate modules with sufficient diversity to 
allow us to select an ensemble whose faults are nearly 
uncorrelated. We find ensembles with a high degree of 
fault masking by randomly sampling from this large pool 
of modules. The ensembles that produce the expected error 
rate are retained. The expected failure rate f for n 
independent components, each of which fails with 
probability p, where the composite system requires m 
component faults in order to fail (initially derived for n-
modular redundant hardware systems [7]) is  

For an N-version classifier system, such as ours, the i-th 
individual fault rate pi is the ratio of misclassified examples 
to the total number of training instances. In this case, f is 
the failure rate of an ideal ensemble. If the fault rate is the 
same for every pi, f is an area under a binomial probability 
density function as shown in the above formula. The failure 
rate of an ensemble is close to the theoretically optimal rate 
f precisely when component failures are not correlated. 
This is our criterion for selecting the qualified ensembles. 
Explicit quantification of the module diversity with the 
theoretical failure probability is a distinct feature of NVGP, 
guaranteeing phenotypic diversity and the optimal 
ensemble. 
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N-version programming (NVP) was an early approach to 
building fault tolerant software that adapted proven 
hardware approaches to fault tolerance [8]. A fundamental 
assumption of the NVP approach was that independent 
programming efforts would reduce the probability that 
similar errors will occur in two or more versions [9]. But 
this assumption was questioned, because experiments 
showed that modules developed for NVP tended to fail 
under similar circumstances. For example, Knight and 
Leveson rejected the hypothesis of the assumed 
independence of faults by independently developed 
programs [10]. However, this conclusion does not 
invalidate NVP in general. Hatton showed that his 3-
version NVP system increased the reliability by a factor of 
45. Though this is far less than the theoretical improvement 
of a factor of 833.6, it is still a significant improvement in 
system reliability [11].  

The next section reviews previous work on abstention and 
ensemble methods. 

2 PREVIOUS WORK  
Different ensemble construction methods have been studied 
in an effort to enhance accuracy. This section reviews 
abstention, averaging, median selection, boosting, and 
bagging. All methods exploit heterogeneity of ensemble 
components in one way or another. 

2.1  ABSTENTION 

Freund, et al., showed the error bound of averaging 
classifier with abstention [2]. The abstention threshold is 
based on the log ratio of the weighted sum of positive 
predictions and negative predictions. If the absolute value 
of this log ratio is smaller than the threshold, the ensemble 
classifier abstains from predicting. They identify the region 
of abstention as the locations of potential overfitting. Their 
theoretical work shows that the error of such predictor 
cannot be worse than twice of the best individual.  

2.2 AVERAGE AND MEDIAN 

A simple averaging method gathers outputs from all 
component modules and calculates their arithmetic 
average. Imamura and Foster showed simple averaging 
reduces error margins in path prediction [12] and function 
approximation with evolved digital circuits [13]. Another 
approach is weighted averaging, in which component 
modules are assigned optimal weights for computing a 
weighted average of the module outputs. Linearly optimal 
combination of artificial neural networks takes this 
approach [14][15]. Zang and Joung proposed Mixing 
Genetic Programs (MGP). MGP chooses a pool of 
individuals from a population and the master unit assigns 
the voting weights to these individuals using an additive 
weighting scheme [16]. The median value of the outputs is 
then the ensemble output. Soule approximated the sine 
function by taking the median of individuals, which were 
evolved, with subset of the entire training set for 
specialization [17]. Brameier and Banzhaf evolved teams 

of predictors. The individuals are coevolved as a team as 
opposed to post-evolutionary combination [18].  

2.3 BOOSTING AND BAGGING 

Boosting and bagging are methods that perturb the training 
data by resampling to induce classifier diversity. The 
AdaBoost algorithm trains a weak learner (slightly better 
than random guessing) by iterating training while 
increasing the weights of misclassified samples and 
decreasing the weights of correctly classified ones [19]. 
The effect is that the weak learner focuses more and more 
on the misclassified samples. The trained classifiers in each 
successive round are weighted according to their 
performance.  The final decision is a weighted majority 
vote. Bagging (Bootstrap aggregating) replicates training 
subsets by sampling with replacement [20]. It then trains 
classifiers separately on these subsets and builds an 
ensemble by aggregating these individual classifiers. For 
evolutionary computation, Iba applied Boosting and 
Bagging to genetic programming and his experiment 
validated their effectiveness and their potential for 
controlling bloat [21]. Land used a boosting technique to 
improve performance of Evolutionary Programming 
derived neural network architectures in a breast cancer 
diagnostic application [22]. However, both techniques have 
limitations. Boosting is susceptible to noise, Bagging is not 
any better than a simple ensemble in some cases, neither 
Boosting nor Bagging is appropriate for data poor cases, 
and bootstrap methods can have a large bias [19, 23, 24, 
25, 26, 27].  

2.4 CLASSIFICATION OF ENSEMBLES 

Table 1 categorizes current ensemble methods in genetic 
programming in terms of their sampling technique in 
combination with the evolutionary approach. In cooperative 
methods [17][28], speciation pressure (such as that caused 
by crowding penalties [28]) plays a vital role in evolving 
heterogeneous individuals, while in isolation methods there 
is no interaction between individuals during evolution. 
Resampling methods create different classifiers by using 
different training sets (bagging) or varying weights of 
training instances (boosting). Non-resampling methods 
create different classifiers from the same training set with 
or without explicit speciation pressure. NVGP and 
Decision abstaining NVGP are non-resampling techniques 
based on isolated evolution of diverse individuals. 

   Table 1. Classification of ensemble creation methods. 

Evolutionary Training set selection 

Approach Resampling Non-resampling 

Non-Isolation Boosting Crowding 

Isolation Bagging NVGP 
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3 EXPERIMENT 
This section briefly summarizes the NVGP computational 
method (for detail description, see [1]) and presents the test 
results. We first run NVGP then incorporate abstention 
threshold to it. Our experimental problem is to classify 
whether a given DNA sequence is an E. coli promoter, 
using a decision abstaining NVGP. The data set is taken 
from UCI ML repository [29]. It contains 53 E. coli DNA 
promoter sequences and 53 non-promoter sequences of 
length 68. 

3.1 COMPUTING ENVIRONMENT 

The cluster supercomputing facilities from the Initiative for 
Bioinformatics and Evolutionary STudies (IBEST) is used 
to implement distributed computation. This device uses 
commodity computing parts to build substantial computing 
power for considerably less money than traditional 
supercomputers1. (http: //www.cs.uidaho.edu/ 
thecollective).  This machine enabled experiments that 
would normally run for a month to complete in half a day. 

3.2 INPUT AND OUTPUT 

We used 2-gram encoding for input [30]. The 2-gram 
encoding counts the occurrences of two consecutive input 
characters (nucleotides) in a sliding window. Since there 
are four characters in DNA sequences (“a”, “c”, “g”, “t”), 
we have 16 unique two-character strings to count. For 
example, a sequence “caaag” will be encoded as {ca=1, 
aa=2, ag=1}. The classifier clusters the positive instances 
and places the negative instances outside the cluster. The 
cluster is defined by the mean output value of postitve 
instances ± 3*(standard deviation). If an output value from 
a given sequence falls in the cluster, it is classified as a 
promoter. Otherwise, it is classified as a non-promoter.  

3.3 CLASSIFIER 

3.3.1 Target Machine Architecture  

Our classifier is a linear genome machine [31], which 
mimics MIPS architecture [32]. There are two instruction 
formats in this architecture: (Opcode r1,r2,r3) and 
(Opcode r1,r2,data). The instructions are ADDI, 
ADDR, MUL, DIV, MULI, DIVI, SIN, COS, LOG, EXP, 
NOP, MOVE, LOAD, CJMP, and CJMPI. The length of an 
individual program is restricted to a maximum of 80 
instructions. Each evolving individual (a potential 
component for our NVGP ensemble system) used sixteen 
read-only registers for input data, which contained counts 
for individual nucleotide 2-grams as described above, and 
four read/write working registers. 

                                                        
1 The total cost of the machine is about US$44,000. Micron Technology 
generously donated all of the memory for the machine. 
 

3.3.2 Genetic Programming  

We used 5 crossover methods. Methods (1) and (2) are 
traditional one and two point crossover, respectively. 
Method (3) is one point crossover with inversion applied to 
each crossover segment.  Methods (4) and (5) use four 
random crossover points, with (5) being a single parent 
recombination operator. Fitness is calculated by the 
following correlation formula  

where P and N are numbers of correctly identified positives 
and negatives, and Pf and Nf are the numbers of falsely 
identified positives and negatives [33]. Steady state is used 
for population replacement. Evolution continues until an 
individual of fitness 0.8 or above appears. 

3.3.3 Evolution and Ensemble Testing  

A common holdout test divides the dataset into 2 exclusive 
sets, 2/3 for the training set and 1/3 for the test set [27]. 
Our training sets used a random sample of 35 (53*2/3) 
positive and 35 negative examples, and used the remaining 
examples for the test sets. We performed experiments for 
10 different holdout sets. The evolution and ensemble 
procedures are described below: 

1. Create a training set and test set.  

2. Evolve 40 isolated islands with 100 individuals each in 
parallel. Add an individual whose fitness is 0.8 from 
each island to a set B of single best versions.  

3. Select N individuals by uniform-random sampling from 
B for N=15, 31 to form an NVGP ensemble. See 3.4.1 
for the sampling frequency. 

4. Evaluate the performance of each ensemble. If the 
ensemble is qualified, then retain it for a test set trial. 
Goto 3. The ensemble is qualified if the difference 
between the number of errors expected when versions 
have independent faults and the number of errors 
observed is small (less than one in our case). 

3.4 EXPERIMENTAL RESULTS 

The evolution and ensemble testing procedure described in 
section 3.3 is repeated for 10 different holdout tests in an 
attempt to reduce stochastic errors caused by sampling in 
performance estimation. We first show the performance of 
NVGP without abstention, then with abstention. We 
assume the number of errors have a normal distribution, 
since each test instance can be viewed as a Bernoulli trial 
[27]. 

3.4.1 Performance of NVGP 

There are 40×109 and 27×107 possible ensembles to be 
formed respectively for 15 and 31 voter systems out of 40 
candidate modules. Uniform random search sampled 
approximately 40×103 and 27×103 ensembles for 15 and 31 
voter ensembles respectively, from which we selected 
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qualified ensembles for statistics. Table 2 shows the 
numbers of qualified ensembles found for each test. For 
example, we found 23199 qualified 15-voter ensembles out 
of 40×103 samples for the test 1. Table 3 is the result of t-
test on the null hypothesis that average performance of the 
ensembles and the single best versions is not significantly 
different. Table 4 is the result of F-test on the null 
hypothesis that standard error of the ensembles and the 
single best versions is not significantly different. Table 5 
shows error reduction percentage observed in ensembles 
relative to the error rates of the single best versions in the 
set B (see 3.3.3). It represents the average error reduction 

achieved by NVGP over single modules produced by 
genetic programming.  

Figure 1 presents the performance distribution intervals of 
the single best versions and the corresponding N-voter 
NVGP ensemble at a 90% limit. For each holdout test, we 
present statistics for the single best versions, and for each 
of the four NVGP ensembles (N=15, 31). For example, the 
leftmost bar in holdout test 1 is the performance 
distribution of the 40 single best versions, showing that the 
best is estimated to be 20% error and the worst to be 48%, 
with a mean of 34%. The middle bar is 15-voter and the 
rightmost bar is 31-voter ensembles.  

Table 2. The number of sampled qualified-ensembles 

 test1 test2 test3 test4 test5 test6 test7 test8 test9 test10 

15-voter 23199 29370 11596 8601 15973 4267 30455 32141 13171 17279 

31-voter 19650 27205 9910 3197 13778 814 27340 27340 7672 23113 

 

Table 3.  The result of t-test, degree of freedom .≅ 40 for all the test cases. 

 test1 test2 test3 test4 test5 test6 test7 test7 test9 test10 

15-voter 11.07 9.10 3.27 8.67 9.67 10.21 8.80 6.06 6.64 5.46 

31-voter 14.08 10.47 2.14 8.17 10.54 13.53 9.30 5.78 6.62 6.94 

 

Table 4. The result of F test on error rate standard deviations 

 test1 test2 test3 test4 test5 test6 test7 test7 test9 test10 

15voter 3.15 4.10 4.98 3.53 4.01 2.22 2.71 4.37 7.22 3.76 

31-voter 7.17 6.47 12.03 9.36 10.89 4.71 8.13 24.11 47.44 8.07 

 

Table 5. Percentage error reduction of NVGP relative to set of best individual in isolation 

 

 

 

 test1 test2 test3 test4 test5 test6 test7 test7 test9 test10 

15-voter 44 33 14 31 40 31 37 22 25 24 

31-voter 56 38 9 29 43 42 39 21 25 31 

Figure 1. Error rate distribution intervals of the single best versions and the corresponding N-
voter NVGP ensemble at a 90% limit. Leftmost, middle, and rightmost bars are distribution of
single-version, 15-voter, and 31 voter system respectively.  
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3.4.2 Behavior of Decision Abstaining NVGP 

The abstention thresholds are incorporated into the NVGP 
outputs of 3.4.1. The decision abstaining ensemble 
requires abstention threshold, h, and needs ((N+1)/2 + h) 
votes, either positive or negative, to make a decision, 
where N (odd) is the number of vote participating 
individuals. The voting scheme is a simple majority rule, 
if h=0. Figure 2 and 3 are the plots of the abstention rates 
and the error rates of 15 and 31 voter ensemble for the 10 
holdout tests with respect to the abstention threshold, h. 
Figure 4 represents the average abstention and error rates 
from figure 2 and 3 for collective analysis. The error rate 
is a decreasing function and the abstention rate is an 
increasing function. 

4 DISCUSSION 

4.1 NVGP 

Though a holdout test is commonly used to measure 
performance of evolutionary algorithms, it is not reliable. 
Kohavi argues that holdout testing does not provide a 
good estimate of error rate [27]. Nonetheless, we repeated 
the holdout test 10 times with different training/test sets 
for somewhat fair statistics. In figure 1, the hold-out test 3 
does not exhibit apparent superiority of NVGP as in the 
test 1, though we reject the null hypothesis that average 
performance of single best version and NVGP are not 
significantly different at α=0.975. For all the other nine 
test cases, we reject the hypothesis virtually at 100% and 
conclude that NVGP is superior. NVGP error rates in all 
ten tests are far below the theoretical bound shown by 

Freund [2] even without abstention. Table 4 indicates that 
performance fluctuation of NVGP is statistically 
significantly smaller than single versions. Apparently, as 
the ensemble size approaches to the pool size, the 
performance fluctuation becomes smaller. If we combine 
all the individuals in the pool, there is no performance 
fluctuation. Therefore, a larger fluctuation may be 
expected for NVGP if the component pool size is huge. 
But, also true is that duplicate phenotypes start populating 
the pool as the pool size becomes larger. In fact, our 
experiment witnessed that an exhaustive search for an 
optimal ensemble of 39 voters from the pool failed in 
three out of the ten holdout tests.  This possibly indicates 
that the entropy of the pool may have reached a plateau 
with the given training data and training method. If this is 
the case, the small performance fluctuation for optimally 
sized NVGP will still hold regardless of the pool size 
increase. Further study is needed for an optimal size of 
NVGP. 

Notice that a single best individual has a chance to 
become practically a random classifier (error rate above 
0.4) roughly 10%-20% of the time on unseen data. 
Unfortunately, we have no way of knowing which 
individual would become a random classifier beforehand, 
because they all have the same fitness (0.8) on the 
training set. This is the risk we must bear with a single 
best classifier. Fluctuation in performance is the very 
reason why we compared the distributions, and why 
NVGP has superior performance.  

4.2 ABSTENTION 

Figure 4 shows (see dashed lines) that the decision 
abstaining NVGP achieved a near zero error rate, at high 
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cost of abstention rate, approximately 80%, for both 15-
voter and 31-voter ensembles. Abstention rates 29% of 
15-voter and 28% of 31-voter ensembles give 50% error 
reduction over NVGP alone (no abstention). Whether 
these abstention rates are acceptable for error reduction 
depends on how critical it is to have wrong predictions.  

The abstention rates and the error rates are monotonic 
with respect to the abstention thresholds, and the trade-off 
between abstention and error reduction can be estimated 
almost linearly. Consequently, there is no analytically 
measurable peak gain by abstention. Subjective judgment 
must be used to set the abstention threshold. The 
following formula may be used to numerically measure 
the effect of abstention: Q= Ea + ρN, where Ea is the 
number of errors with abstention, N is the number of 
don’t know outputs, and 0�ρ��� ,I ρ=1, then don’t know is 
as bad as wrong prediction and counted as an error.  On 
the other extreme, if ρ=0, it is as good as correct 
prediction. The larger the ρ value is the more penalties for 
don’t know outputs.  

Let the number of errors of NVGP alone (no abstention) 
be Ez. If Q � (z, then we are unconditionally better off 
with abstention. For example, setting ρ=0.5 (half way 
between correct and incorrect prediction), we obtain Q 
values for 31-voter ensembles as shown in Table 6. The Q 
values are fairly close to Ez when the threshold is 1, which 
gives 3.2% error reduction (Figure 4 data). In other 
words, threshold = 1 is a break-even point for the trade-
off between abstention and error reduction for ρ=0.5. For 
safety critical applications, such as medical diagnostics, a 
smaller ρ value would be appropriate for the trade-off 
analysis. That is to say, do not penalize heavily when an 
ensemble is trying to avoid a random guess. It may well 
be the case where the training set was inappropriate for 
particular instances. 

4.3 POST-EVOLUTIONARY COMBINATION 

Post-evolutionary combination is thought to be 
computationally inefficient, because many runs are 
required to obtain a sufficient number of individuals [18]. 
However, inexpensive cluster computing alleviates this 
problem (see section 3.1). Not only can the post-
evolutionary search for the optimal NVGP ensemble be 
performed in parallel, but also the search may no longer 
need to be continued after an optimal ensemble is found. 

5 CONCLUSION AND FUTURE 
RESEARCH 

We showed the experimental classification result by 
NVGP, which significantly improved accuracy and 
reduced the performance fluctuation. Then, we 
incorporated decision abstention to it. Abstention in effect 
avoids random guesses when the ensemble confidence is 
low, i.e., votes are too close to call. It is a viable method 
to reduce errors. The trade-off between abstention and 
error reduction is subjective. The abstention threshold 
value depends on how critical an application is. 

It is important to curve the abstention rate increase. We 
plan to embed the individual confidence to enhance the 
ensemble confidence. The individual confidence, in our 
case, can be measured by the distance of an instance from 
the cluster center. The further the distance, the lower the 
confidence. The ensemble confidence in prediction is 
measured by the level of disagreement among the voters. 
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Abstract

While the c hoice of a set of primitiv es can

strongly e�ect the p erformance of genetic

programming, the design of suc h a set re-

mains more of an art than a science. W e

lo ok at a join t approac h that com bines b oth

hand-co ding and genetic programming to de-

�ne and re�ne primitiv es in the con text of

a creating distribute con trol co de for mo du-

lar rob ots. W e giv e some rules of th um b for

designing and re�ning sets of primitiv es, il-

lustrating the rules with lessons w e learned

in the course of solving sev eral problems in

con trol co de for mo dular rob ots.

1 INTR ODUCTION

It is w ell-kno wn, from v arious \no free lunc h" the-

orems, that no single approac h can e�ectiv ely solv e

all problems (W olp ert, 1996; W olp ert and Mecready ,

1997). Th us it is necessary to tailor tec hniques to the

problem at hand. F or genetic programming this tailor-

ing can b e done in three primary w a ys: c ho osing the

primitiv es, c ho osing the �tness functions, and c ho osing

parameters for the algorithm suc h as the p ercen tage of

use of v arious op erators. Here w e lo ok at the problem

of e�ectiv ely c ho osing primitiv es.

W e describ e tec hniques for and exp eriences with the

join t use of genetic programming and hand-co ding to

design and re�ne sets of primitiv es for a v ariet y of mo d-

ular rob otics problems. The creation of decen tralized

con trol soft w are for mo dular rob ots is a di�cult prob-

lem due to b oth the decen tralized nature of the soft-

w are and the fact that the connectivit y relations b e-

t w een the mo dules constan tly c hange. Y et, in spite of

�

* Supp orted b y FXP AL

these di�culties, or p erhaps b ecause of them, mo dular

rob otics pro vides an ideal domain in whic h to exp er-

imen t with automated soft w are generation metho ds;

there are man y rob otic tasks that are easily sp eci�ed

but for whic h it is highly non-ob vious what distributed

soft w are w ould create the desired b eha vior.

Ideally , for the problem of rob otic con trol, a set of

primitiv es could b e deriv ed directly from a description

of the hardw are capabilities. While a description of

suc h capabilities is an excellen t place to start, �nd-

ing a solution giv en only the most basic actions can

b e prohibitiv ely time consuming. Another approac h is

to tailor the primitiv es to the task, whic h ma y require

signi�can t dev elopmen t time. In fact, the dev elopmen t

time required for the primitiv es can approac h that of

actually solving the problem. W e tak e an in termediate

approac h. Except for primitiv es that enco de informa-

tion sp eci�c to the problem (as opp osed to its solu-

tion), w e try to pro vide primitiv es that w ould app ear

to b e useful in a wide range of problems and are still

reasonably lo w-lev el. W e use insigh ts gained from b oth

h uman and mac hine attempts to solv e the problems to

design e�ectiv e sets of primitiv es.

2 MODULAR R OBOTIC

HARD W ARE AND SIMULA TOR

2.1 TELECUBE MODULES

Mo dular self-recon�gurable rob ots are systems consist-

ing of a collection of simple and iden tical rob otic mo d-

ules that can form connections to and mo v e relativ e

to eac h other (Yim, 1994; Murata et. al., 1994; Rus

and V ona, 2000). These mo dules function together to

pro duce an o v erall b eha vior of the rob ot, analogous

to the w a y cells in a b o dy function together. The fact

that b oth the connectivit y and relativ e p ositions of the

mo dules can c hange allo ws the o v erall rob ot to recon-

�gure and tak e on di�eren t shap es. Mo dular rob otic



Figure 1: One telecub e mo dule.

systems pro vide p ossible b ene�ts in terms of 
exibilit y ,

adaptabilit y , and robustness.

2.2 MODULE CAP ABILITIES

2.2.1 Ph ysical Capabilities

The rob ot mo dules w e consider are the T eleCub e mo d-

ules curren tly b eing dev elop ed at Xero x P AR C and

sho wn in Figure 1 (Suh et. al., 2002). They are sim-

ilar in design to mo dules b eing designed and build at

Dartmouth (Rus and V ona, 2000), whic h can expand

in t w o dimensions. The mo dules are cub e shap ed with

an extendable arm on all six faces. The arms are as-

sumed to extend indep enden tly up to half of the b o dy

length, giving the rob ot mo dules an o v erall 2:1 expan-

sion ratio. F or simplicit y , w e restrict the arms to fully

extended or fully retracted states. The expansion and

con traction of these arms pro vide the mo dules with

their only form of motion. Latc hes on the plates at

the end of eac h arm allo w t w o aligned mo dules to con-

nect to eac h other. The arm motion together with

the latc hing and unlatc hing capabilit y means that the

connectivit y top ology of a mo dular rob ot can c hange

greatly o v er time. As sho wn in (V assilvitskii et. al.,

2002), this motion is su�cien t to enable arbitrary re-

con�guration within a large class of shap es.

2.2.2 Sensors, Comm unication, and Memory

Eac h mo dule is assumed to ha v e simple sensing and

comm unication abilities that resem ble those that will

b e giv en to the T eleCub e mo dules curren tly b eing built

at Xero x P AR C. Mo dules can send limited bandwidth

messages to their immediate neigh b ors. Eac h mo d-

ule is also assumed to b e able to sense con tact at the

end of eac h arm, sense ho w far eac h of their arms is

extended, determine whether they are connected to a

neigh b oring mo dule, and detect nearb y , adjacen t mo d-

ules. Eac h mo dule has a small memory capacit y , whic h

is initialized to all zeros. W e also giv e the mo dules sim-

ple computational abilities suc h as the capabilit y to

determine the opp osite of a giv en direction, the abilit y

to generate a random direction, and to calculate and

store the v alue of eac h of its p osition co ordinates.

2.3 TELECUBE SIMULA TOR

The exp erimen ts rep orted here w ere run b y connecting

FXP AL's genetic programming system to a sim ulator,

written b y J. Kubica and S. V assilvitskii, for the T ele-

Cub e mo dular rob ots. The mo dule con trol co de is

represen ted in a LISP-lik e parse tree that is ev aluated

once p er time step for eac h mo dule.

3 PR OBLEM CONTEXTS

F or all of the problems describ ed here w e are in terested

in a completely decen tralized solution in whic h the de-

sired global b eha vior of the rob ot emerges from con trol

co de that is run lo cally on eac h of the mo dules that

mak e up the rob ot. Decen tralized con trol soft w are is

a c hallenging domain to b egin with, and the fact that

the connectivit y relations b et w een the mo dules con-

stan tly c hange mak es mo dular rob otic problems ev en

harder. The collab oration b et w een hand-co ding and

automatic generation of solutions is describ ed b elo w

in the con text of three sp eci�c mo dular rob otic con-

trol problems to whic h w e ha v e applied this tec hnique:

the tunnel problem, the �ltering mem brane problem,

and the sorting mem brane problem.

The tunnel pr oblem consists of a long thin w orld, 40

x 10 x 2 arm lengths, that is enclosed on all sides b y

w alls. During eac h of the trials an ob ject is placed

randomly \in" one of the long w alls. This means that

a mo dule adjacen t to this lo cation along the w all can

sense the ob ject, but will not b e blo c k ed b y it or stuc k

b ehind it while mo ving along the w all. The goal of the

mo dules is to �nd the ob ject and all mo v e as close to

it as p ossible. Th us, w e de�ne our �tness function as

the sum of eac h mo dule's distance to the ob ject at the

end of a run. The mo dules start out as a 3 x 3 x 1 grid

con�guration in one corner of the w orld.

The mem brane problems consist of a mem brane, a

three-dimensional lattice of mo dules, and a foreign

ob ject whic h, dep ending on its attributes, should or

should not b e accepted in to the mem brane and ma-

nipulated b y it. In the case of a �ltering membr ane ,

the ob ject is either accepted or rejected. Accepted ob-

jects are passed through the mem brane and out the

b ottom, whereas rejected ob jects remain on top. A

sorting membr ane accepts all ob jects, but sorts them



along some axis. W e lo ok ed at the case of a binary

sorting mem brane, whic h mo v es an ob ject to w ards one

of t w o opp osite ends dep ending on its v alue. F or b oth

mem brane problems w e use �tness functions that mea-

sure the distance of the ob ject from where it ough t

to end up and a p enalt y for the mem brane breaking

apart. Since the mo dules are unable to directly grasp

or pull the ob jects, all solutions to the mem brane prob-

lem require the use of gra vit y , b y ha ving mo dules mo v e

out from under the ob jects and allo wing them to fall

through the mem brane. F or more details on the mem-

brane problems, including some pictures, see (Kubica

and Rie�el, 2002).

4 RELA TED W ORK

A n um b er of researc hers ha v e lo ok ed at enabling a ge-

netic programming system to add primitiv es on its o wn

in the course of its runs. Approac hes include ADFs

(Koza, 1994), libraries (Angeline and P ollac k, 1994),

subroutines (Rosca and Ballard, 1996), and subtree

encapsulation (Rob erts et al., 2001). While suc h tec h-

niques migh t help with some of the problems w e de-

scrib e here, w e are particularly in terested in ho w to

add primitiv es that the system w ould b e unlik ely to

�nd for itself. F urthermore, there are man y situa-

tions, p erhaps the ma jorit y , in whic h one is most in-

terested in solving the problem at hand in an y w a y

p ossible, rather than b eing concerned ab out the ex-

ten t to whic h the solution w as automatically attained.

W e hop e that what w e write here can help others to

ha v e more pro ductiv e collab orations with a genetic

programming system in order to more e�ectiv ely solv e

practical problems of in terest.

The problem of automatic co de generation for mo d-

ular rob ots has also seen in terest recen tly . Kubica

et. al. (Kubica et. al., 2001) hand-co ded con trol

programs for in ternal ob ject manipulation with rob ots

made of T eleCub e mo dules. Bennett et. al. (Bennett

et. al., 2001) used genetic programming to generate

distributed con trol programs for mo dular rob ots con-

sisting of sliding-st yle mo dules (Bennett and Rie�el,

2000; P amec ha et al., 1996). It is imp ortan t to note

ho w ev er that this sliding-st yle mo dule design enables

mo v emen t with primitiv e op erations directly suggested

b y the hardw are. In particular, mo v emen t in that set-

ting, unlik e for the T eleCub e mo dules, do es not require

explicit connection and disconnection actions. Th us

mo v emen t in their case a v oids some of the di�culties

w e faced when attempting to generate e�ectiv e soft-

w are for rob ots made from T elecub e st yle mo dules.

5 DEVELOPING EFFECTIVE SETS

OF PRIMITIVES

5.1 BASIC PRIMITIVES

Eac h of the basic capabilities of the mo dules can b e

captured b y a primitiv e op eration.

� Ph ysical actions: (ExtendArm direction) ,

(RetractArm direction) , (Connect

direction) , (Disconnect direction)

� Comm unication: (SendMessage direction type

value) , (GetMessage direction type)

� Sensors: (HasNeighbor direction) ,

(ReadSensorNeigh bor Di st direction) ,

(ReadSensorObjec tDi st direction)

� Memory: (ReadReg index) , (SetReg index

value)

� Other: (OppDirdirection direction) ,

(RandDir) , and (GetX) , (GetY) , (GetZ) .

In addition to these mo dule sp eci�c primitiv e, w e al-

lo w the mo dule con trol programs to use the follo wing

basic programming primitiv es: (Add) , (Sub) , (If) ,

(ProgN) (LT) , (And) , and (Not) , and the n umeric

constan ts 0.0 , 0.1 , 0.2 , 0.4 , 0.6 , 0.8 , and 1.0 .

The primitiv es describ ed ab o v e all mirror basic hard-

w are capabilities of T elecub e mo dules. F or more de-

tails on these primitiv es, see (Kubica and Rie�el,

2002). Ho w ev er these primitiv es do not form an opti-

mal set of primitiv es for either a h uman or a genetic

programming system to construct e�ectiv e soft w are for

the tasks w e describ ed ab o v e. W e lo ok at ho w genetic

programming exp erimen ts and hand-co ding attempts

together enabled the dev elopmen t of e�ectiv e sets of

primitiv es.

5.2 INITIAL CHOICE OF PRIMITIVES

Ask the system only to disc over a solution, not asp e cts

of the pr oblem

One imp ortan t consideration when c ho osing primitiv es

is to giv e the system full information ab out the prob-

lem. Ev en researc hers more concerned with automati-

cally generating co de than solving problems p er se and

who are resisten t to giving the system an y hin ts as to

ho w to solv e the problem, should feel comfortable giv-

ing the system enough information so that it do es not

ha v e to guess the problem as w ell as the solution.
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Figure 2: Av erage solution p erformance on �ltering

mem brane problem with and without ReadSensor-

ShouldP ass primitiv e.

In the �ltering mem brane problem, the mo dules m ust

determine whether or not to accept an ob ject. In

our case the criterion for the �lter to accept an ob-

ject w as that the v alue returned b y (ReadObjectVal

direction) b e ab o v e 0.5 . In order to solv e the prob-

lem in our initial runs the GP system had to create a

subtree testing for the acceptance criterion.

As w e tried to gauge ho w the system w as doing, w e

realized that w e w ere using the existence of suc h a

subtree to determine ho w close the GP system w as to

a solution. W e so on realized that one should not re-

quire an automatic co de generation tec hnique to guess

the problem as w ell as the solution, ev en if it can.

Th us w e added a primitiv e that encapsulates the �lter-

ing criterion: the Bo olean (ReadSensorShou ldP as s

direction) primitiv e

(LT(Add(0.4 0.1))(ReadObject Val direction)) .

Figure 2 sho ws the p erformance of t w o GP runs,

one with the ReadSensorShoul dPa ss primitiv e and

one without it. While the system could solv e

the problem without the (ReadSensorShou ldP as s

direction) primitiv e, its addition certainly help ed.

F urther, for the ev olution of the mem brane con trol

there is no reason to withhold this t yp e of informa-

tion ab out the problem statemen t itself. Note that

this situation is di�eren t from one in whic h one migh t

b e trying to learn a go o d criterion, sa y for iden tifying

defectiv e parts or a distinguishing c haracteristic of a

set of ob jects.

A void lar ge ne e d le-in-the-haystack se ar ches

The tasks w e describ e ab o v e all require mo v emen t, as

Figure 3: Mo dule in white mo v es to w ards righ t.

do most mo dular rob otic tasks including recon�gura-

tion, lo comotion, and in ternal manipulation. But none

of the �tness functions w e used giv e an y rew ard to

programs that ha v e put together part, but not all, of

a sequence that w ould result in mo v emen t. Since no

rew ard is giv en, the genetic programming system has

nothing to guide it to w ards mo v emen t.

Ev en at its simplest lev el, mo v emen t of a single T ele-

Cub e mo dule is a complex pro cess, in v olving b onding

with and un b onding from neigh b ors, expanding and

con tract arms, and c hec king that the mo v e is p ossible.

T o get an impression the complexit y of a single mo v e-

men t, it is only necessary at lo ok at the mo v emen t

subtree in v olv ed in disconnecting from the p erp endic-

ular neigh b ors:

(ProgN (ProgN (Disconnect 0.0) (RetractArm

0.0)) (ProgN (Disconnect 0.2) (RetractArm

0.2)) (ProgN (Disconnect 0.4) (RetractArm

0.4)) (ProgN (Disconnect 0.6) (RetractArm

0.6)))

The co de ab o v e disconnects from the correct neigh-

b ors in the case the mo dule is mo ving along the � X

axis. Just to c ho ose Disconnect and Retract arm

from just the four ph ysical primitiv es has probablilit y

less than 10

� 3

. Cho osing the appropriate constan ts for

the Disconnect and Retract functions from the sev en

n umeric constan ts also has probabilit y less than 10

� 5

.

And c ho osing the �v e ProbN primitiv es has probabil-

it y less than 10

� 5

. So the probabilit y of �nding the

correct comp onen ts is less than 10

� 13

.

Up to no w w e ha v e only considered a subtree of the

sort that w ould correctly disconnect a mo dule. In ad-

dition, one w ould need appropriate if statemen ts to

determine the correct direction, the appropriate arm

expansions and con tractions to accomplish the mo v e-

men t, and a similar subtree to handle reconnection

with an y new neigh b ors. Th us, the simple mo v e il-

lustrated in Figure 3, giv en only the basic primitiv es

describ ed ab o v e, w ould require at least 12 di�eren t

primitiv es and w ell o v er 50 no des. More co de w ould

b e required to enable mo v es in all six directions, not

just one, and the graceful handling of mo v emen t fail-

ures w ould require considerably more co de. Th us the

lik eliho o d that suc h a program w ould b e created giv en



no guidance is impractically small.

With the basic primitiv es, and a simple �tness func-

tion with no gradien t to w ards mo v emen t from none,

the GP system w ould b e searc hing blindly . Th us it is

extro dinarily unlik ely that the GP system w ould suc-

ceed ev en in ev olving mo v emen t. In fact the problem

is harder still since only useful and used motion w ould

b e rew arded. By asking genetic programming to ev olv e

mo v emen t, w e are asking it to searc h for a needle, or

rather a few needles, in a v ery large ha ystac k.

A n um b er of solutions are p ossible. One solution

w ould b e to c hange the �tness function so that it re-

w ards partial programs out of whic h mo v emen t could

b e constructed. Another p ossibilit y is to simply ev olv e

mo v emen t �rst and then use that solution as a prim-

itiv e when ev olving solutions to more complex tasks.

Note that this approac h still requires determining a

�tness function that rew ards partial solutions. It is

highly non-trivial to see ho w to design a principled re-

w ard system. Figuring out principled approac hes to

this problem, and other similar problems, is an op en

researc h issue that ough t to b e of great in terest to an y-

one trying to automatically solv e problems. An un-

principled w a y of solving this problem is to hand-co de

a solution and then rew ard programs based on simi-

larit y with this solution. One migh t as w ell use the

hand-co ded solution as a primitiv e in the �rst place,

whic h is what w e do.

Ac hieving simple motion, for instance the motion illus-

trated in Figure 3, only requires reasoning at the lo cal

lev el and is th us easier for a h uman to do than solu-

tions to tasks that require global b eha vior to emerge

from the lo cal actions. F ollo wing basic op erations used

b y Kubica, et. al. (Kubica et. al., 2001), w e created

a mo v emen t primitiv e that enables mo dules to mo v e a

distance of one arm length in an y of the six directions.

The mo v emen t is accomplished b y sim ultaneously con-

tracting the fron t arm and expanding the bac k arm

to e�ectiv ely \slide along the arms." The mo v emen t

primitiv e also c hec ks whether mo v emen t is p ossible,

rev erses an y steps tak en prior to a failed c hec k, and

returns whether or not the mo v emen t has succeeded.

This example also serv es to illustrate another principle

useful for e�ectiv e collab oration with a GP system in

solving a problem.

Hand-design p arts that ar e e asy for a human to write

but har d for a GP system to disc over.

5.3 REFINING THE PRIMITIVES

Delete or r eplac e unuse d primitives

If the system is solving a problem without certain

primitiv es consider remo ving or replacing them. Use

this information to up date y our in tuition if p ossible.

Encapsulating suc h primitiv es is a particularly attrac-

tiv e c hoice in a n um b er of situations.

Enc apsulate har d-to-use primitives

If the system is not using a primitiv e, or a set of prim-

itiv es, e�ectiv ely , consider giving the system higher

lev el primitiv es that it ma y b e able to use more easily .

The b est time to encapsulate actions in to primitiv es is

when a certain subtree is needed.

The clearest case for remo ving a primitiv e is when a

higher lev el primitiv e replaces it. F or example, the

implied T eleCub e primitiv e (Disconnect direction)

is automatically handled b y suc h primitiv es as (Move

direction) and (RetractArm direction) . F urther,

main taining global connectivit y is vital for p o w er rout-

ing and facilitates alignmen t of connecting mo dules

and in ter-mo dule comm unication. Th us, w e wish to

main tain a high lev el of connectivit y at all times and

additional uses of disconnection ma y not only b e un-

necessary , but also detrimen tal. Th us, it can b e said

that the disconnect primitiv e w as replaced b y incorp o-

rating it in to higher-lev el primitiv es.

A second example of the remo v al of primitiv es is in

the more complex problem of mo dule comm unication.

Since con trol is lo cal, it w ould seem that comm unica-

tion b et w een the mo dules w ould b e required in order

for the rob ot to ac hiev e a task of an y complexit y . Mes-

sages w ould enable mo dules to share information and

co ordinate actions. Ho w ev er, comm unication ma y not

b e as necessary for mo dular rob otic tasks as h umans

tend to think. Bennett and Rie�el commen t in their

conclusions that none of the solutions to an y of the �v e

tasks they studied (Bennett and Rie�el, 2000) used the

comm unication capabilities pro vided. Similarly , while

the solution giv en in (Bennett et. al., 2001) con tains

t w o (SendMessage) commands, since it con tains no

(ReadMessage) commands, one can deduce that the

comm unication capabilities w ere not used.

The lac k of use of the comm unication primitiv es in

solutions to v arious problems suggest that a wider

class of problems can b e solv ed without comm unica-

tion than most h umans w ould generally think. Ho w-

ev er, it also suggests that the pro vided comm unica-

tion primitiv es ma y b e hard for a genetic program-

ming system to use. E�ectiv e comm unication requires

the generation of a quan tit y that w ould b e useful to

comm unicate, the sending of that quan tit y , the receipt

of that quan tit y , and the use of that quan tit y b y the

receiv er. In most cases, un til all of these steps are in



place and correct there is no b ene�t. So for a genetic

programming system, with a simple �tness function in

whic h there are no explicit rew ards for partial com-

m unication, the generation of e�ectiv e comm unication

is reduced to a large needle-in-the-ha ystac k problem

similar to the mo v emen t problem w e describ ed ab o v e.

Unfortunately , in this case it is less clear what to do

b y hand since what sort of comm unication w ould b e

useful is less clear.

One problem with the message primitiv es describ ed

ab o v e is that it is di�cult to send out information to

all neigh b ors or send direction dep enden t information,

suc h as \mo v e a w a y ." One in teresting extension to the

comm unications capabilities describ ed ab o v e is the ad-

dition of gradien ts. Gradien ts are messages that are

broadcast to all surrounding neigh b ors. These neigh-

b ors in turn rebroadcast them to their neigh b ors, with

the strength of the gradien t deca y ed with eac h broad-

cast.

Previous w ork with gradien t messages in hand-co ded

solutions w as sho wn e�ectiv e in (Bo jino v et. al., 2000;

Kubica et. al., 2001) and in (Shen et. al., 2000; Shen

et. al. 2000) where the gradien ts w ere called scen ts

and hormones resp ectiv ely . Of particularly in terest is

the use of gradien ts for in ternal manipulation of ob-

jects. The use of scen ts applied to the problem of

in ternal ob ject manipulation in (Kubica et. al., 2001)

limited the scen ts to p ositiv e and negativ e, where mo d-

ules w ere inclined to mo v e to w ards the p ositiv e scen t

and a w a y from the negativ e scen t. This implies further

sp ecializing the messaging primitiv es to:

� (SendPositiveGra die nt ) Emits a p ositiv e gra-

dien t

� (SendNegativeGra die nt ) Emits a negativ e gra-

dien t

� (HandleGradient) T ries to follo w the gradien ts,

mo v e to w ards p ositiv e gradien t and a w a y from

negativ e gradien t. Returns true if a gradien t w as

detected and the mo dule w as able to mo v e to fol-

lo w it.

These comm unication primitiv es illustrate ho w h uman

exp erience and in tuition can b e enco ded in general

primitiv es. These primitiv es ha v e the p oten tial to

greatly reduce the space of programs that migh t b e

searc hed in order to �nd a solution. F or example, the

p ositiv e and negativ e gradien ts ab o v e do not require

the use of constan ts, simplifying the co ordination and

handling of messages.

The tunnel w orld problem w as designed as a test of

the comm unication primitiv es. It is relativ ely easy for

0 50 100 150
500

1500

2500

3500

4500

Generation

A
ve

. F
itn

es
s

No Comm.  
Messages  
+ Gradient

Figure 4: Av erage solution p erformance on the tunnel

problem for runs with di�eren t sets of comm unication

primitiv es.

the mo dules to mo v e randomly around the w orld in

a group and for a single mo dule to stop mo ving if it

detects an ob ject. The problem gets increasingly non-

trivial when all of the mo dules are required to mo v e as

close as p ossible to the ob ject. This implies the need

for at least implicit comm unication b et w een the mo d-

ules. Sp eci�cally , when a mo dule detects the ob ject it

m ust b e able to sa y \mo v e to w ards me" or something

similar.

T o determine the e�ectiv eness of v arious comm uni-

cation primitiv es, the problem w as run 24 times in

eac h of three conditions: 1) no comm unication prim-

itiv es, 2) only the messaging primitiv es, and 3) only

the p ositiv e gradien t primitiv es ( SendPositive and

HandleGradients ). The a v erage cost for these trials

during eac h generation of the GP runs w as recorded

and is sho wn in Figure 4. Once again, the in tuitiv e dif-

ference is re
ected in the success of the runs that w ere

able to use the p ositiv e gradien ts. The solutions that

can con tain p ositiv e gradien ts p erform the b est after

the 150 generations, while the solutions that could not

ha v e an y message passing commands in them p erform

noticably w orse.

Consider deleting unuse d primitives

A case can b e made for k eeping primitiv es that imme-

diately app ear to ha v e no b ene�t. The argumen t go es

that if they are not needed, GP will ev olv e solutions

that do not use them. Despite this argumen t, it is

imp ortan t to place some restrictions on the n um b er of

primitiv es. As the n um b er of primitiv es increases, the

searc h space of p ossible programs increases. Th us one

should consider deleting un used primitiv es, as w ell as



replacing or encapsulating them.

In addition to using hand-co ding and genetic program-

ming to dev elop primitiv es, the com bination of tec h-

niques lead to cases where primitiv es w ere found to

b e ine�ectiv e and th us could b e remo v ed. F or ex-

ample, in the �ltering mem brane problem describ ed

ab o v e, the primitiv es (HasNeighbor direction)

and (ReadSensorNeigh bo rDi st direction) w ere

not used in early successful solutions. In addition,

early attempts to hand-co de the solution did not re-

v eal an y apparen t b ene�t to them. Th us, they w ere

remo v ed for later runs. A viable solution w as found

without these primitiv es.

Consider adding primitives

It ma y b ecome apparen t after some runs that certain

primitiv es migh t b e necessary or helpful. In particu-

lar, revisit the p oin ts of previous section. In our case,

it w as at this p oin t that w e realized a mo v emen t prim-

itiv e w as necessary , ev en though that could ha v e b een

clear at the start. Also, some of the gradien t primi-

tiv es could b e view ed in this w a y , since it is arguable

that they replace rather than encapsulate the initial

message primitiv es.

5.4 PRIMITIVES F OR RELA TED

PR OBLEMS

Consider using r esults, or p artial r esults, fr om similar

pr oblems as primitives.

Solutions, or piece of solutions, found b y genetic pro-

gramming to similar problems, including easier v er-

sions of problems or related subproblems, can pro vide

useful and robust primitiv es for more complex prob-

lems.

A sorting mem brane needs to b e able to pass ob jects

through its structure just as a �ltering mem brane do es.

The solution found for the �ltering mem brane prob-

lem con tains a quic k and e�cien t w a y to pass ob jects

through a structure of mo dules. By examining the

solution pro vided b y genetic programming, w e can re-

mo v e unnecessary sub-trees to obtain:

(If (ReadSensorObject Sh oul dP ass 0.0) (If (If

(ProgN (Move 1.0) (RetractArm 0.8)) (ProgN

(ProgN (Move 1.0) (RetractArm 0.8)) (Move

1.0)) (RetractArm 0.1)) Move 1.0) (Move

0.4)) NormalizeDensit y)

Although this program do es not pro vide for 100 % suc-

cess on all problems (Kubica and Rie�el, 2002), the

result is a relativ ely e�cien t �ltering program. A t the

highest lev el of the primitiv e is an If clause dep enden t

on the ReadSensorShoul dPa ss primitiv e. By simply

replacing (ReadSensorObject Sh oul dP ass 0.0) with

(ReadSensorIsObj ect 0.0) w e w ere able to pro vide

later mem brane problems with a robust (Drop) prim-

itiv e.

6 FUTURE W ORK

Ideally , a system for automatically generating mo du-

lar rob otic co de w ould only need a description of the

capabilities of the mo dules and the desired b eha vior

for the system to �nd a solution. Unfortunately , w e

are curren tly far from suc h a system. In particular,

curren t ev olutionary approac hs are not su�cien tly ad-

v anced to b e able to solv e man y complex problems on

their o wn.

One di�cult y facing suc h systems is that they are of-

ten not capable of deriving an e�ectiv e set of prim-

itiv es from the information they are giv en. Deter-

mining �tness functions is also a non trivial problem,

particularly ho w to rew ard useful pieces that are not

measured b y a �tness function coming directly from

a problem statemen t. The problem of mo dular rob ot

con trol, particular that of generating e�ectiv e comm u-

nication for mo dular rob otic systems, pro vides a go o d

area in whic h to explore approac hes to this problem.

A �rst step to w ards a more automated system is to

iden tify situation in whic h curren t systems need help.

A b etter understanding of ho w a h uman and a system

can collab orate to e�ectiv ely solv e a problem, can lead

not only to guidelines that can help h umans solv e prob-

lems more e�cien tly with the help of mac hines, but

could lead to insigh ts that could ultimately enable the

automation of some of the pro cesses curren tly requir-

ing h uman input. Our hop e is that our e�ort here not

only con tributes to this direction, but will also encour-

age others to do more w ork along these lines. These

problems are di�cult, but not so hard that progress

cannot b e made.
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Abstract

Fitness distributions (landscapes) of pro-
grams tend to a limit as they get bigger.
Markov chain convergence theorems give gen-
eral upper bounds on the linear program sizes
needed for convergence. Tight bounds (ex-
ponential in N , N logN and smaller) are
given for �ve computer models (any, aver-
age, cyclic, bit 
ip and Boolean). Mutation
randomizes a genetic algorithm population in
1
4 (l + 1)(log( l) + 4) generations. Results for
a genetic programming (GP) like model are
con�rmed by experiment.

1 INTRODUCTION

We have shown that the �tness distribution of su�-
ciently large programs will converge eventually[Lang-
don and Poli, 2002]. We now use standard results from
Markov chain theory, to give quantitative bounds on
the length of random linear genetic programs, such
that the distribution of their outputs is independent
of their size. The bounds depend heavily on the type
of computer, the �tness function, and scale with the
size of the computer's memory. Proving general con-
vergence rates for the �tness of programs requires de-
tailed consideration of the interaction within random
programs between di�erent input values. In some cases
we can do this, while in others we leave this for future
work.

The next section summarises the Markov model of lin-
ear genetic programming (GP). Sections 3.1{3.5 de-
scribe a wide range of models of computers for running
linear GP and prove their convergence properties. Sec-
tions 3.1 and 3.2 highlight the importance of internal
coupling. Section 3.3 and 3.4 use Markov minorization
to prove upper bounds for, �rstly any computer (3.3)

and secondly average computers (3.4). Section 3.5 is
close to some practical GP systems[Banzhaf et al.,
1998], while Section 3.6 gives an interesting result on
the convergence of bit string genetic algorithms. The
application of our results are given in Section 4 and
we conclude in Section 5.

2 MARKOV MODELS OF
PROGRAM SEARCH SPACES

[Langdon and Poli, 2002] deals with both tree based
and linear GP. For simplicity we will consider only
large random linear programs. However we anticipate
similar bounds also exist for large random trees.

In the following models, the computer is split in two.
The random program and all control circuitry form one
part, while the computer's data memory, inputs and
outputs form the second. The memory is treated as a
�nite state machine (FSM) with 2 N states. (WhereN
is the number of bits of data in the machine.) Each
time a program instruction is executed, data are read
from the memory, the result is calculated and written
into the memory. This changes the pattern of bits
inside the memory. This is modelled as moving the
FSM from one state to another. This is deterministic.
Given a bit pattern and an instruction, the bit written
to memory is also �xed. That is, given a particular
state, executing a particular instruction will always
move the FSM to the same state. Of course, in general,
executing a di�erent instruction will move the FSM to
a di�erent state.

Before starting a program, the memory is zeroed and
the inputs are loaded1. As each instruction in the pro-
gram is executed, the FSM is updated. If the program
is l instructions long, the memory (FSM) is updated
l times and then the program halts. The program's

1Some practical GPs, e.g. Discipulus, write protects the
inputs.
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answer is then read from the memory. I.e. the output
is determined by the last state reached by the FSM.

If there are I instructions then there are I l possible
programs of length l . Suppose we calculate each one's
�tness by running it on a �x set of tests and then
compare its answers with the tests' target values. The
�tness distribution is given by plotting a histogram
of the number of programs (divided by I l ) with each
�tness value. [Langdon and Poli, 2002] shows, for big
enoughl, the distribution for one length is pretty much
the same as for any another.

It is usually impractical to generate every program of
a given length. Instead we consider a large randomly
drawn sample of the possible programs. To generate a
random program of length l , we simply choose at ran-
dom l times from the instruction set. When this pro-
gram is executed, the FSM (i.e. the computer's mem-
ory) is updated randomly at each step. But note that
the FSM can only move to one of a small number of
possible states at each step. Which ones are possi-
ble dependsonly on its current state. These are the
conditions for a Markov process.

Provided it is possible for a program to set any pattern
of bits and there is an instruction which leaves a bit
pattern unchanged (no-op), then the Markov process
will converge. These conditions mean the FSM is con-
nected, i.e. it is possible to move, in a �nite number
of steps, from any state to any other. The require-
ment for at least one no-op keeps the maths simple
later by avoiding cycles but its not fundamental. If
these conditions hold, then the process of randomly
updating the FSM is a Markov process with nice lim-
iting properties. For example, this means if we run the
process for long enough (i.e. execute enough random
instructions) the probability of the FSM being in any
particular state will be a constant. I.e. the probability
does not change as more random instructions are exe-
cuted. (Although it may depend upon which state we
are considering.) Secondly it does not depend on how
the FSM was started. Since the program's answer is
read from the memory, it is determined by the FSM
�nal state. I.e. the probability of any particular an-
swer being given by a random sequence of instructions
does not depend on how many instructions there are
(provided there are su�cient). As the probability is
independent of starting conditions, which include the
program's inputs, it does not depend on them either.
However if the inputs are write protected, then they
are external to the computer's data memory. In which
case changes to the inputs have to be considered as
changes to the state machine and hence may change
the limiting distribution of its outputs.

This convergence applies to the whole of the com-
puter's memory. We expect shorter random programs
(i.e. fewer instructions) to be needed if less memory is
used. Therefore, depending upon the type of the com-
puter, we might expect much shorter programs to be
su�cient to give convergence of just the (small) output
register. Indeed, in some cases, we can prove this.

3 CONVERGENCE RESULTS

3.1 SLOW CONVERGENCE EXAMPLE

[Rosenthal, 1995] gives several results on the number
of random steps needed by a Markov process to reach
equilibrium. In this section we chose what appears
to close to a worst case, in order to show an exam-
ple where the random programs have to be very long
indeed. The example is a frog's random walk around
a circle of W lily pads. At each time step, the frog
can only jump clockwise, anti-clockwise or stay still.
[Rosenthal, 1995] uses Markov analysis to show that
after su�cient time steps the frog may be found on any
lily with equal probability ( 1

W ) and to show O(W 2)
steps are needed before the chance of any of them be-
ing occupied is approximately the same.

We shall use the total variation distance between two
probability distributions to indicate how close they
are. The total variation distance between probabil-
ity distributions a and b is de�ned as jja � bjj =
supx � � ja(x) � b(x)j. I.e. the largest value (supremum)
of the absolute di�erence in the probabilities [Rosen-
thal, 1995]. The sup is taken overall subsets, i.e. every
possible grouping of statesx, not just single points.
(Otherwise it would be small as long asa(x) and b(x)
are both always small, even if the distributions a and
b are not similar).

Suppose there are three instructions: do nothing, add
one to memory and subtract one from memory. We
have carry over from one memory word to the next and
wrap around if all memory bits are set or all are clear.
This corresponds to the frog jumping from lily pad W
to 1 or 1 to W . (Remember the lilies are arranged in
a circle.) Part of the memory is loaded with inputs
and part designated the output register. (Read only
inputs are not permitted in this example.)

[Rosenthal, 1995] shows that the actual probability
distribution � l after l random instructions is exponen-
tially close for large l to the limiting distribution � (in
which each of the 2N states is equally likely). Actually
(if there more than two bits of memory, i.e. N > 2)
we have both lower and upper bounds on the maxi-
mum di�erence (sup) between the actual distribution



of outputs of length l random programs and the uni-
form 2� N distribution:

1
2

�
1 �

4� 2

3 22N l
�

� jj � l � � jj �

vu
u
t e� 4 � 2

3 2 2N l

1 � e� 4 � 2

3 2 2N l

That is the programs have to be longer than O(22N ) for
the distribution of FSM states to be very close to the
limiting distribution. E.g. to make jj � l � � jj < 0:1 the
lower bound saysl must exceed 0:8 3

4� 2 22N , while the
upper bound says it need not exceed log(101)34� 2 22N .
For a computer with 1 byte of memory, programs with
between 4,000 and 23,000 random instructions need to
be considered before each state is equally likely.

The output is read from part of the whole computer's
memory (the m bit output register). Since in the limit
each of the 2N states is equally likely, each of the 2m

possible answers is also equally likely. The special in-
struction set means, the distribution of answers takes
just as long to converge as does the whole of the com-
puter. This is despite the fact that the output register
only occupies a fraction of the whole of the computer.

The output of any program is x + p mod 2m , where
x is the input and p is a constant (speci�c to that
program). Note this computer can only implement 2m

functions. The probability distribution of functions
clearly follows the distribution of outputs. So when l
is long enough to ensure each output is equally likely,
then so too is each function.

In general, the distribution of program �tnesses will
also take between 0:06 22N and 0:35 22N to converge
(assuming largeN ). Of course speci�c �tness func-
tions may converge more rapidly.

3.2 FAST CONVERGENCE EXAMPLE

The second example also uses results from[Rosenthal,
1995] (Bit 
ipping) [Diaconis, 1988, pages 28{30]. As-
sume a computer with N bits of memory and N + 1
instructions. The zeroth instruction does nothing (no-
op) while each of the others 
ips a bit. I.e. executing
instruction i , reads bit i , inverts it and then writes
the new value back to bit i . Again input ( n bits) and
output ( m bits) registers are de�ned (and read only
inputs are forbidden).

Once again the limiting distribution is that each of
the states of the computer is equally likely. How-
ever the size of programs needed to get reason-
ably close to the limit is radically di�erent. Only
1
4 (N + 1)(log( N ) + c1) program instructions are re-
quired to get close to uniform[Diaconis, 1988, page 28]
[Rosenthal, 1995]. In fact, for large N , it can also

be shown that, in general, convergence will take more
than 1

4 (N + 1)(log( N ) � c2) instructions.

Using the upper bound and settingc1 � 4 will ensure
we get su�ciently close to convergence. Since then
jj � k � � jj � 10%. I.e. random programs of length
1
4 (N + 1)(log( N ) + 4) will be enough to ensure each
bit of the computer is equally likely to be set as to be
clear, regardless of the programs' inputs. (Section 3.5
explains whyc1 = 4 is su�cient.) Again in the limiting
distribution each state is equally likely.

Returning to our computer with 1 byte of memory,
programs with no more than 14 random instructions
are needed to ensure each state is equally likely.

Only m=(N + 1) bit 
ips actually e�ect the output, so
1
4 (N + 1)(log( m) + 4) random instructions will su�ce
for the each of the 2m outputs to be equally likely (cf.
Section 3.5).

Assumes bits are shared by the input and output reg-
isters. We can construct a truth table for each pro-
gram. It will have 2 s rows. (The non-overlapping
bits of the input register are discarded.) The zeroth
row gives the output of the program (in the range
0: : : 2m � 1) when all s bits of the input register are
zero. Each bit of the row is equal to the number of
times the corresponding memory bit has been swapped
by the program, modulo two. Each of 2s � 1 other rows
is determined by the zeroth row. I.e. the complete
table and hence the complete function implemented
by a program, is determined by its output with input
zero. Therefore 1) for large programs, each of the 2m

functions is equally likely and 2) the distribution of
functions converges with the distribution of outputs.
Finally the distribution of program �tnesses converges
at least as fast. However, since a given �tness function
need not treat each of them output bits equally, its
limiting distribution need not be uniform and it can
converge faster.

This suggests 9 random instructions will be enough to
ensure the output of a 1 byte Boolean (i.e. one bit)
computer is random. Further that every Boolean �t-
ness function will also be close to its limiting distribu-
tion. Note this does not depend upon the number of
input bits n (although n cannot exceed 8 of course).

3.3 ANY COMPUTER

This section gives a quantitative upper bound on the
convergence of the distribution of outputs produced by
any computer which �ts the general framework given
in Section 2.

The general Markov minorization condition [Rosen-



thal, 1995] is fairly complex. Fortunately for this proof
(and Section 3.4) we can use a simpli�ed special case.

De�ne Pij to be the probability that starting in state i
the next operation will take us to state j . (If j cannot
be reached fromi in one move, then Pij = 0.) The
complete matrix P formed from all the Pij is known as
the transition matrix. A simple Markov minorization
condition is that there is at least one state which can
be reached from all the others in one step. That is,
there is at least one column of the transition matrix P
whose entries are all positive (not zero). Given this the
corresponding Markov chain converges geometrically
quickly [Rosenthal, 1995].

jj � k � � jj � (1 � � )k

where

� =
X

y=1 ::2N

min
x =1 ::2N

P(x; y)

I.e. � is the sum of the minimum values of the entries
in each column ofP.

All �ne and dandy, however, there are 2N elements
in each column of P but only a small number I of
possible instructions. Thus there will be at least 2N � I
elements in each column ofP that are zero. Thus
� = 0. This does not mean that the Markov process
will not converge or even that it will take a long time.
It just means the simple application of a minorization
condition does not take us very far.

One way round this di�culty is to replace P by P k

in the minorization condition. This means, instead of
looking at the available state transitions if each of the
I instructions is used once, we consider the transitions
possible when they are usedk times. For any given
state there are up to I k states the FSM could be in
after k instructions. (Ignoring overlaps, each is equally
likely.) So if I k � 2N it is now possible that in at least
one column ofP there will be no zero entries.

From the way that we constructed our computer, it is
possible, eventually, to move from the starting states0

to any state y. Let a be the number of steps required.
This meets the minorization condition for Pa . In fact
Pa(s0; y) � I � a > 0 8y. Therefore � � I � a and so for
any computer:

jj � k � � jj � (1 � I � a)bk=a c

Setting jj � jj to 10% yields a convergence lengthk for
any computer with I instructions k � 2:3025851aI a .
Where a is the number of instructions to reach any
state. (a < 2N ).

3.4 AVERAGE COMPUTER MODEL

Suppose given any possible data in memory each of
the I instructions independently randomises it.

Thus for any state x P (x; y) = 0 or 1 =I or 2=I
or : : : or I=I . Most elements of the transition ma-
trix P(x; y) will be zero but between 1 andI elements
in each column will be non zero. The chance of any
given P(x; y) being zero is (1� 2� N )I .

Consider two instructions chosen at random.
P2(x; y) = 0, or 1 =I 2 or : : : or 2I=I 2. The chance
of any given element of P2(x; y) being zero is
(1 � 2� N )2I .

For l instructions, each element ofP l (x; y) will be a
multiple i (possibly zero) of I � l . The values of i will
be randomly distributed and follow a binomial distri-
bution with p = 1=2N , q = 1 � p and number of trials
= I N . So the distribution of i 's mean isI l =2N and its
standard deviation is

p
I l � 1=2N � (1 � 1=2N ). For

large I l the distribution will approximate a Normal
distribution. If I l � 2N , even for large 2N , practi-
cally all i will lie within a few (say 5) standard devi-
ations of the mean. I.e. the smallest value ofi in any
column will be more than I l =2N � 5

p
I l � 1=2N . So

� will be at least 2N I � l (I l =2N � 5
p

I l � 1=2N ). I.e.
� � (1 � 5

p
I � l � 2N ).

Let � = 5
p

I � l � 2N . So � � (1 � � ). Next chose a
particular value of l so that � is not too small. E.g.
set � = 0 :5 so � � 0:5.

� = 5
p

I � l � 2N
p

I � l � 2N = �= 5

0:5(� l log I + N log 2) = log( �= 5)

l =
� 2 log(�= 5) + N log 2

log I

Now we have a practical value of� we can use the
minorization condition on P l to give

jj � k � � jj �
�

1 � (1 � 5
p

I � l � 2N )
� bk=l c

=
�

5
p

I � l � 2N
� bk=l c

= � bk=l c

Choosing a target value ofjj � k � � jj of 10% gives:

� bk=l c � jj � k � � jj = 0 :1

bk=lc log � � � 2:3025851

k �
� 2:3025851l

log �

=
� 2:3025851 (� 2 log(�= 5) + N log 2)

log � log I



=
� 2:3025851 (2 log 10 +N log 2)

� log 2 logI

k �
15:298044 + 2:3025851N

log I
(1)

Note this predicts quite rapid convergence for our ran-
domly wired computer. E.g. if it has 8 instructions
k � 7 + N . That is for a one byte 8 random instruc-
tion computer programs longer than 16 will be close
to the computer's limiting distribution.

Inequality (1) bounds the length of random programs
need to be to ensure, starting from any state, the whole
computer gets close to its limiting distribution. Again
we de�ne parts of the memory as input and output
registers. Each program's output is given bym output
bits.

Due to the random interconnection of states, on av-
erage we can treat each of the 2m states associ-
ated with the output register as projection of 2N � m

states in the whole computer, so Inequality (1) be-
comesk � (15:298044 + 2:3025851m)=log I . E.g. for
Boolean problems (m = 1). Only about 9 random in-
structions are need for an 8 random instruction com-
puter to have e�ectively reached the programs' outputs
limiting distribution.

As in Section 3.2, we can construct a look up table for
a particular program which contains the value it yields
for each input. It will have 2 n rows, each of which can
have one of 2m values. As in Section 3.2, the relation-
ship between each row is determined by the program.
However, the more powerful architecture means that
each row can have an apparently independent value.
So there are (2m )2n

possible tables (and hence 2m � 2n

possible functions). For a given input (i.e. row in the
lookup table) each output is equally likely. If each
row were independent then every complete table (and
hence each function) would be equally likely. A loose
argument says, we can �ll the table by running k ran-
dom instructions and storing the output register in
the table. We then re-use the current contents of the
memory (�rst noting the contents of the input regis-
ter). We run another k random instructions. This
yields another random output value, which is e�ec-
tively independent of the �rst. This is stored in the
table row corresponding to the intermediate value of
the input register. It will take at least 2 n such opera-
tions to �ll the table but each row will be independent
and so each of the 2m � 2n

possible tables will be equally
likely. I.e. running O(2 n m=log I ) random instructions
will ensure each function is equally likely (cf. no free
lunch, NFL [Wolpert and Macready, 1997]). Finally
the distribution of program �tness' will also have con-
verged by this point (though its distribution need not

be uniform and, for a speci�c �tness function, it may
have converged more quickly).

While such a random connection machine might seem
perverse, and we would expect it to be hard for a hu-
man to program, on the face of it, it could well be
Turing complete (taking into account its �nite mem-
ory). However since it lacks any particular regularities,
we would anticipate random search to be as e�ective
as any other technique (such as genetic programming)
at programming it.

3.5 FOUR BOOLEAN INSTRUCTION
COMPUTER

This model is the closest to actual (linear) GPs. The
CPU has 4 Boolean instructions: AND, NAND, OR
and NOR. Before executing any of these, two bits of
data are read from the memory. Any bit can be read.
The Boolean operation is performed on the two bits
and a one bit answer is created. The CPU then writes
this anywhere in memory, overwriting what ever was
stored in that location before.

Note the instruction set is complete in the sense that,
given enough memory, the computer can implement
any Boolean function.

As before, we look at the distribution of memory pat-
terns that are produced by running all programs of a
given length, l , by considering a large number of ran-
dom programs of that length. I.e. programs with l
randomly chosen instructions.

Each time a random instruction is executed, two mem-
ory locations are (independently) randomly chosen.
Their data values are read into the CPU. The CPU
performs one of the four instructions at random. Fi-
nally the new bit is written to a randomly chosen mem-
ory location.

Now it considerably simpli�es the argument to note
that the four instructions are symmetric. In the sense
that no matter what the values of the two bits read are,
the CPU is as likely to generate a 0 as a 1. That is,
each instruction has a 50% chance of inverting exactly
one bit (chosen uniformly) from the memory and a
50% chance of doing nothing. Thus we can update the
analysis in Section 3.2 based on[Diaconis, 1988, pages
28{30] and [Rosenthal, 1995].
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Figure 1: Convergence of outputs of random 3 bit
Boolean (AND, NAND, OR, NOR) linear programs
with di�erent memory sizes. Note the agreement with
upper bound

p
1=2(exp(me� 2l=N ) � 1) (dotted lines).
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Requiring jj � l � � jj not to exceed 10% gives the upper
bound l � 1

2 N (log(N ) + 4). That is, programs need
only be twice as long on this computer (which is capa-
ble of real computation) as on the simple bit 
ipping
computer of Section 3.2.

In this computer the chance of updating the output
register is directly proportional to its size. So the num-
ber of instructions needed to randomised the output
register is given by its size (m bits). But we need to
take note that most of the activity goes on the other
N � m bits of the memory. Therefore Inequality (2)
becomes

1
4

mX

j =1

m!
j !(m � j )!

�
�
�
�1 �

j
N

�
�
�
�

2l

which leads to l � 1
2 N (log(m) + 4). Figure 1 con�rms

this.

On this computer, the output of a program given one
input is strongly related to its output with another
input. This means the loose lookup table argument of
Section 3.4 breaks down. The distribution of functions
does converge (albeit more slowly than the distribution
of outputs) but in the limit each of the 2 m � 2n

possible
functions are not equally likely (see Figure 2). Detailed
modelling of this is left to further work.

How long it takes for a �tness distribution to con-
verge will depend upon the nature of the �tness func-

Figure 2: Convergence of Even-3 parity �tness. Even
in the limit some functions are more common than
others. Longer programs are needed to achieve conver-
gence of functions than of outputs, (Figure 1, 8 bits)

tion. Once its function distribution has converged, the
�tness distribution must also converge. However, it
could require substantially shorter programs.

3.6 CONVERGENCE IN BIT STRING GAs

The bit 
ipping model (in Section 3.2) is very close
to standard mutation in bit string genetic algorithms
(GAs). The principle di�erence is in GAs the num-
ber of bits 
ipped follows a Poission distribution (unit
mean is often recommended[B•ack, 1996]). Thus 0.38
(rather than 1=(l + 1) ) of chromosomes are not mu-
tated and 0.26 (rather than zero) chromosomes have
two or more bits 
ipped. (In this section, the length of
the bit string chromosome is denoted byl.) Ignoring
these di�erences, it takes only 1

4 (l + 1)(log( l) + 4) mu-
tations to scramble a chromosome from any starting
condition.

It is no surprise to �nd asymptotic boundsof O(l log(l))
reported before [Garnier et al., 1999], but note that
1
4 (l + 1)(log( l) + 4) is quantitative and does not re-
quire l ! 1 . Also it is a reasonably tight bound in
the sense that replacing \+4" by a modest negative
constant leads to a lower bound. However we include
this section mainly because the answer comes straight
from standard results without hard work.

Since each chromosome in a GA population is mu-
tated independently, the time taken to scramble an en-
tire GA population is scarcely more than to scramble
each of its chromosomes. Crossover makes the analysis
more complex but since it moves bit values rather than
changing them, we do not expect it to radically change
the time needed[Gao, 1998]. E.g. for a GA population



of 32 bit strings, mutation alone (note we turn o� se-
lection) will scramble it within about 61 generations.
(For standard mutation the value may be slightly dif-
ferent.) Notice this is independent of population size,
in contrast the number of generations taken by selec-
tion to unscramble the population depends on the size
of the population but not l [Blickle, 1996]. According
to [B•ack, 1996, Table 5.4] binary tournament selection
(without mutation or crossover) takes only 9 genera-
tions to remove all diversity from a population of 100.

4 APPLICABILITY

The results in Section 3 refer to speci�c types of com-
putation, nevertheless we feel they are useful, particu-
larly for common varieties of genetic programming.

The model does not cover programs that contain in-
structions that are executed more than once. I.e. no
loops or backward jumps. (Forward jumps are in prin-
ciple acceptable, as long as the number of executed
instructions remains large.) This is, of course, a big
restriction. However, many problems have been solved
by GP systems without such loops or recursive func-
tion calls [Banzhaf et al., 1998]. The di�culty for the
proofs is that, in general, repeating (a sequence of) ran-
dom instructions does not give, on average, the same
results as the same number of random instructions
chosen independently. (If the loop contains enough
random instructions to reach the limiting distribution
then the problem does not arise because the input to
the next iteration to the loop is already in the limiting
distribution and so will remain there.) Similarly, there
is no problem if the loop is followed by a large number
of random instructions.

While the proofs suggests that the program will halt
after l instructions, they can be made slightly more
general by extracting the answer from the output reg-
ister after l time intervals, allowing the program to
continue (or to be aborted). These have been called
\any time algorithms". They have been used in GP,
e.g. [Teller, 1994].

The dominant factors in determining length required
for near convergence are the type of computer consid-
ered and the size of its (data) memory. The scaling
law is given by the type. Comparing the four types in
Section 3 suggests that the degree of interconnections
in the state space is the important factor. The ability
to move directly from one memory pattern to another
leads to linear scaling, while only being able to move
to 2 adjacent data patterns lead to exponential scal-
ing. We suggest that the \bit 
ipping" and \4 Boolean
Function" models are more typical and so we suggest

O(N logN ) would be found on real computers.

Most computers support random access at the byte or
word level. This would suggestN should be the num-
ber of bytes or words in the data memory. However
then we would expect the individual bits in each byte
or word to be highly correlated, and so we would an-
ticipate the simple O(N logN ) law would break down.
I.e. further random instructions will be required to ran-
domise them. This might result in a multiplicative
factor of 8 log 8 or 32 log 32 but this yields the same
scaling law ((8 log 8)N=8 logN=8 = O( N logN )) pos-
sibly with di�erent numerical values.

Some linear GP systems write protect their inputs.
The proofs can be extended to cover this by viewing
the read-only register as part of the CPU (i.e. not part
of the data memory). Then we get a limiting distribu-
tion as before, but it depends on the contents of the
read-only register, i.e. the programs' input. In general
we would expect this to give the machine a very strong
bias (i.e. an asymmetric limiting distribution) and in
some cases this might be very useful.

All of the calculations in Section 3 have been explicitly
concerned with the distribution of answers produced
by the programs and the functions implemented by
them. In principle we can use the Markov arguments
to consider the distribution of functions implemented
by the programs in other types of computer. The
Markov process now becomes a sequence of changes
in function. We start with the identity function and
the distribution of functions rapidly spreads through

the 2N 2N

functions. An obvious di�culty is that the
size of the transition matrixes increases exponentially

(from 2N � 2N to 2N 2N

� 2N 2N

). This might lead to
an exponential (or worse) increase the upper bound
scaling laws.

The random computer (cf. Section 3.4) gives an in-
teresting model. Indeed it represents the average be-
haviour over all possible computers (of this type).

Finally an alternative view is to treat random instruc-
tions as introducing noise. Some instructions, e.g.
clear, introduce a lot of noise, while others e.g. NAND,
introduce less. So we start with a very strong, noise
free, signal (the inputs) but each random instruction
degrades it. Eventually, in the limiting distribution,
there is no information about the inputs left. Thus
the entropy has monotonically increased from zero to
a maximum.



5 CONCLUSIONS

The distribution of outputs produced by all comput-
ers converges to a limiting distribution as their (linear)
programs get longer. We provide a general quantita-
tive upper bound (2:31aI a , where I is the number of
instructions and a is the length programs needed to
store every possible value in the computer's memory,
Section 3.3). Tighter bounds are given for four types of
computer. There are radical di�erences in their con-
vergence rates. The length of programs needed for
convergence depends heavily on the type of computer,
the size of its (data) memoryN and its instruction set.

The cyclic computer (Section 3.1) converges most
slowly, � 0:35 22N , for large N . In contrast the bit 
ip
computer (Section 3.2) takes only1

4 (N +1)(log( m)+4)
random instructions (m bits in output register). How-
ever in both, the distributions of outputs and of func-
tions converge at this same rate to a uniform limiting
distribution.

In Section 3.4 we introduced a random, model of com-
puters. This represents the average behaviour over all
computers (cf. NFL [Wolpert and Macready, 1997]).
It takes less than (15:3 + 2:3m)=log I random instruc-
tions to get close to the uniform output limit. However
a less formal arguments suggests a multiplicative fac-
tor of 2n needs to be included before the distribution
of functions is also close its limit.

Section 3.5 shows the output of programs comprised
of four common Boolean operators converges to a uni-
form distribution within 1

2 N (log(m) + 4) random in-
structions. The importance of the pragmatic heuristic
of write protecting the input register, is highlighted,
since without it there are no \interesting" functions in
the limit of large programs.

Section 3.6 shows the number of generations
( 1

4 (l + 1)(log( l) + 4)) needed for mutation alone to
randomise a bit string GA (chromosome ofl bits).

Practical GP �tness functions will converge faster
than the distribution of all functions, since they typ-
ically test only a small part of the whole function.
Real GP systems allow rapid movement about the
computer's state space and so appear to be close to
the bit 
ipping (Section 3.2) and four Boolean in-
struction (Section 3.5) models. We speculate rapid
O(jtest setjN logm) convergence in �tness distribu-
tions may be observed.

It is ten years since Jaws 1, these are the �rst general
quantitative scaling laws on the space that genetic pro-
gramming searches. They provide theoretical support
for some pragmatic choices made in GP.
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Abstract

Much of the genetic programming literature
comparestechniquesusingcountsof ideal solu-
tionsfound. Thesecountsin turn form common
comparisonmeasuressuchasKoza's Computa-
tional Effort or Cumulative Probability of Suc-
cess. The useof thesemeasurescontinuesde-
spitepastwarningsthat they arenot statistically
valid. In this paperwe too criticize the mea-
suresfor seriousstatisticalproblems,andalsoar-
guethat their motivationaljusti�cation is faulty.
We thenpresentevidencesuggestingthat ideal-
solutioncountsarenot necessarilypositively re-
latedto best-�tness-of-runstatistics:in factthey
areofteninverselycorrelated.Thusclaimsbased
on ideal-solutioncountscanmisleadreadersinto
thinking techniqueswill provide superior �nal
results,whenin facttheoppositeis true.

1 INTRODUCTION

Thebestis theenemyof thegood.
— Voltaire(1694–1778)

He who is determinednot to be satis�ed with
anything short of perfectionwill never do any-
thing to pleasehimselfor others.
— William Hazlitt (1778–1830)

The researchmethodologyin the genetic programming
(GP)hasmany unusualfeatures.Someof thesefeaturesare
good.Somearenot. But wetendto stickwith thebadones
out of inertia: we do it that way becauseothersdid. Sur-
prisingly, theliteraturedoesnothavealargenumberof crit-
ics of theexisting methodology. Onenotableexceptionis
JasonDaida,who hascriticizedpoorrandomnumbergen-
eratorusage[1997], evaluationandveri�cation methodol-
ogy [1999a],andhistoricalmetaphors[1999b]. Paterson

andLivesey [2000] have decriedthepoorstatisticsbehind
many claims,notingthatmany papersdo nomeanstesting
atall. Angeline[1996]hascriticizedthestatisticalreliabil-
ity of Koza's Cumulative Probabilityof Successmeasure,
a criticismechoedin [PatersonandLivesey 2000].

Herewe will continuethecriticism of thepopularCumu-
lative Probabilityof Successandothermeasuresbasedon
countingthe numberof ideal solutionsdiscovered. There
are seriousstatistical�a ws with suchmeasures,but that
is not all. Thesemeasuresalsohave questionablemotiva-
tional philosophy, and most importantly, they are poorly
correlatedwith othermoreacceptedmeasuresof run qual-
ity in theevolutionarycomputationcommunity.

This paperwas born out of experimentsfor anotherpur-
pose: to testwhether�tness might be improved and tree
sizereducedby increasingthenoiseof a GPbreedingop-
erator. The operatorchosenwassubtreecrossover, andit
wasmadenoisierthroughincreasingthe numberof times
two parentswerecrossedover to createa child. Crossing
over more timesdoesin fact decreasethe meantreesize
by statisticallysigni�cant amounts,but it alsoworsensthe
best�tness of the run by a statisticallysigni�cant margin.
But theseexperimentsyieldedanotheroddfact: idealsolu-
tion countswerenot necessarilytied to �tness results,and
in somecaseswereinverselycorrelatedwith them.

The remainderof the paperwill discusscommonideal-
solution count measuresand their statisticalweaknesses,
and questionthe motivational philosophy behind them.
Then the paperwill presentthe evidencestemmingfrom
theseexperiments.Thepaperthen�nishes with discussion
andrecommendations.

2 A TALE OF TWO MEASURES

The non-GPevolutionary computationliteraturehas tra-
ditionally comparedtechniquesusing the meanbest �t-
nessesof a large (> 30) sampleof runsper technique,ac-
companiedwith so-called“best-so-far-curves”(plotsof the



meanbest�tness discoveredsofar), plusa t-test1 or other
difference-of-meanstest. Whengeneralizabilityis impor-
tant, the meanbest�tness resultsare supplementedwith
generalizationratingsona testset.

Koza[1992] presenteda very differentmetric for comput-
ing the“quality” of anevolutionaryprocedure:how often
andhow rapidly it discoveredtheidealsolution.Fromthis
datawerederiveda varietyof statisticalmetricsultimately
computinghow many individualswould needto beevalu-
atedbeforeanidealsolutionwasexpectedto befoundwith
someprobability.

Kozade�ned four dependentstatisticalmeasures,givenas
follows. Theinstantaneousprobability of successmeasure
Y(m; i) is theprobabilitythatarunwith apopulationsizeof
m will discover an idealsolutionfor the �rst time on gen-
erationi. From this it is simpleto determineP(m; i), the
cumulativeprobability of success, which is theprobability
thatarunwill discoveranidealsolutionbeforeor ongener-
ationi. KozawritesR(m; i;z) asthenumberof evolutionary
runsrequiredto havea probabilityz= 99%of discovering
a solutionbeforegenerationi. Hede�nesthis as

R(m; i;z) =
�

log(1� z)
log(1� P(m; i))

�

Sometimesthis is shortenedto justR(z). Theindividualsto
be processedmeasureI(m; i;z) is thende�ned straightfor-
wardly asI(m; i;z) = m(i + 1)R(m; i;z), at leastfor gener-
ationalevolutionaryprocedures.Thecomputationaleffort
measureE is theminimumof I (m; i;z) overall valuesof i.

Ideal-solutioncountmeasureshave sincetakenroot in the
GPcommunity. Of thesefour, thetwo mostcommonmea-
suresin the literatureareCumulative Probabilityof Suc-
cess,for which higher valuesare better, and its derived
measureComputationalEffort, for which lower valuesare
better. Weperformedaninformalsurvey of thegeneticpro-
grammingandevolvablehardwarenon-posterpapersin the
threeGECCOconferencesso far (1999,2000,2001). Of
these,44 comparedtwo or more techniquesfor solution
quality. Eighteencomparedthe meanbest�tness of run
betweentechniques.2 Twelve insteadusedstatisticsbased
on thenumberof idealsolutionsdiscovered(mostusedthe

1Thevalidity of thet-testandANOVA for GPwereexamined
in [PatersonandLivesey 2000].As thet-testandANOVA assume
normality, the authorshadexpectedto �nd themwanting in the
GPrealm,but astonishinglythey signi�cantly outperformednon-
parametrictests.Evenso,theauthorswarnedaboutthedangersof
relying too muchon t-testsfor theskeweddistributionscommon
to GP. We agree!Still, we think that t-testsandANOVAs should
at leastbethebare minimumfor meanstestingin GP.

2Of the eighteenexperimentswhich used �tness curves to
comparetechniques,only seven usedgoodstatistics. The other
eleven hadsamplesizesthatweretoo small (muchlessthan30)
or unreported,or they did not indicatestatisticalsigni�cancere-
sultsor varianceinformation. Oneof us (SeanLuke) hastensto

Koza measures).Fourteenuseda train/testmethodology
borrowedfrom themachinelearningcommunity:typically
they measuredhow long it took to discovera perfectsolu-
tion to a trainingset,thentestedgeneralizationability.3

We feel therearethreeproblemswith ideal-solutioncount
measures.First,they relyonunacceptablypoorstatistics,at
leastasgenerallypracticedin thecommunity, andto rem-
edy this would requirea very large samplesize. Second,
they are foundedon, in our opinion, an unclearmotiva-
tional philosophy. The third problem,andmosttroubling,
is that they appearto be uncorrelatedwith best-�tness-of-
run comparisons.Theseproblemscall a fair chunkof the
literatureinto question.

2.1 STATISTICAL PROBLEMS

Idealsolutioncountmeasuresarestatisticallysuspect.

First, the measuresarebasedon a singlepoint sampleof
thenumberof idealsolutionsandthegenerationsin which
they were found. A point sampledoesnot have a mean
test: thereis no acceptedprocedureto statethat two such
samplesdiffer in astatisticallysigni�cant way.

The point sampledif�culty might be alleviated by doing
a large numberof runs, then dividing them into at least
thirty piles, thencountingthe ideal solutionsin eachpile
andusingthemeannumberof idealsolutionsperpile asa
samplestatistic. For SymbolicRegressionthis is feasible,
asa largenumberof runsendin perfectsolutions.But for
many problemdomains,ideal solutionsare typically few
andfar between.In this paperwe gatheredsamplesof � ve
hundredeach,typically � ve to tentimesthenumberfound
in mostof theexperimentalliterature.And still, the ideal-
solutioncountsfor the Arti�cial Ant and11-Bit Boolean
Multiplexer weresosmall (at mostsixteenandtwelve re-
spectively) thatdividing into pileswasnotdoable.

Second,severalof themeasuresarestatisticallydependent
acrossgenerations.For example,to truly computestatisti-
cally independentCumulativeProbabilityof Successmea-
suresfor bothgeneration4 andfor generation8 would re-
quiretwo separate,independentsamples.

Third, changesin the Individuals to be Processedmea-
sureandits derivedComputationalEffort measureareboth
greatlyexaggeratedwhensmallchangesoccurin idealso-

notethathe too haspublishedpaperswith statisticaldif�culties,
thoughin hisdefensethey wereeithercorrected([LukeandSpec-
tor 1997] �x ed in [Luke andSpector1998])or openlyacknowl-
edgedandjusti�ed in thepaperitself [Luke 2001b].

3As many machinelearningalgorithmsaredeterministic,they
donot requirestatisticalmeantests.This is not truefor stochastic
evolutionarycomputationalgorithms:yet relatively few train/test
methodologypapersin this survey presentedstatisticalsigni�-
canceresults.



lution counts. For example,note that the Computational
Effort in Figure12 is a stronglynonlinearfunction of the
numberof idealsolutionsfound,shown in Figure10.

To overcome all the statistical problems detailed here
would requiremultiple independentsamplesacrossgener-
ations,plus dramaticallylarger samplesizesfor the more
dif�cult domains.We feel thesestatistical�a ws would be
forgivableonly if ideal-solutioncountsweretheonly feasi-
bleway to comparetechniques.But they arenot.

2.2 MOTIVATIONAL PHILOSOPHY

The evaluationfunctionsusedin the assessmentof a GP
individual's �tness do not correspondwell to a statedgoal
of anideal-solutionendresult.GPoptimizesfor asgooda
�tness asit canget,not for increasingprobabilityof attain-
ing the ideal. Many GP problemdomainsarehighly de-
ceptive, leadingtheevolutionarytrajectoryaway from the
idealratherthantowardit. ConsidertheSymbolicRegres-
siondomain:if theidealsolutionis not foundearlyon,and
thepopulationhas�xated on certainnear-solutions,it will
continueto tackon codeto thebottomof treeswhich can
make the solutionsonly incrementally�tter . Many Sym-
bolic Regressionruns will ultimately generatevery large
treeswith solutionsvery closeto the answer, but far (in
makeup)from anythingremotelyresemblingtheanswer.

Giventhis,andgiventhestatisticalproblemsbehindideal-
solutioncountmeasures,what is theGPcommunity'smo-
tivationaljusti�cation for usingideal-solutioncountsatall?
We believe that countsare popular becauseof a philo-
sophicalconceit that GP operatesover problemdomains
which demandcorrectprograms. More generallythis can
bethoughtof asanabsolutehardconstrainton thedesired
outcome:eithertheprogramworksor it doesn't work, and
a highly �t but suboptimalsolutionis not valuable.A term
peculiarto GP, “discovery”, reinforcesthis notion: either
GP“discovers” theanswer, or it doesn't.4

4In fact, though his in�uential text introduced the ideal-
solution count measuresdiscussedin this paper, Koza couched
his supportof thisphilosophy, writing:

“Several pagesago,whenI spoke of writing a computerpro-
gramto centerthecartin optimaltime,youprobablyassumedthat
I wastalking aboutwriting a correct computerprogramto solve
theproblem.Nothingcouldbefurtherfrom thetruth. In fact,this
bookfocusesalmostentirelyonincorrectprograms.In particular,
I want to develop the notion that therearegradationsin perfor-
manceamongcomputerprograms.Someincorrectprogramsare
very poor; somearebetterthanothers;someareapproximately
correct;occasionally, onemaybe100%correct.Expressingthis
biologically, onecouldsaythatsomecomputerprogramsare�t-
ter thanothersin their environment. It is rarefor any biological
organismto beoptimal.” [Koza1992,p. 130]

Regression 3 2 4 1 5 6 7 10 8 9

Multiplexer 2 1 3 4 5 6 7 8 9 10

Ant 2 1 4 6 3 5 7 8 9 10

Table 1: Statisticalsigni�cance groupingsfor the mean
best-�tness-of-runfor each problem domain, using the
Tukey post-hocANOVA test. Numbersindicatethenum-
ber of crossovers for a given multi-crossover technique.
Techniquesareorderedby increasing(poorer)meanbest-
�tness-of-run. Bars connecttechniqueswith statistically
insigni�cant differencesin meansamongthem. Note that
more crossovers generally results in worse mean best-
�tness-of-run.Compareto Figures1, 5, and9.

It is clear that there exist valid and important GP prob-
lem domainswherediscovery is of paramountimportance.
However, webelievethatmany, andlikely most,new prob-
lemsin GPrarelyrequire100%correctnessasa necessary
attribute. Theseproblemsincludeneuralnetworks,molec-
ular structures,soccersoftbotprograms,probabilisticand
quantumalgorithms,analogelectricalcircuits, etc. The
primary reasonfor this, we think, is that thesenew do-
mainsare signi�cantly harderand their optima are often
unknown. Discovering theoptimum,andparticularlydis-
coveringit enoughtimesto makestatisticalconclusions,is
a luxury usuallyreservedfor only thesimplestof problem
domains.

We arenow out of theproof-of-conceptperiodfor GP. For
thetechniqueto now beusedrealisticallyasatool, wemust
assumeit will typically beusedto attackhardproblemsfor
whichwedonotknow theoptimum,donotexpectit to dis-
cover theoptimum,nor evenknow if thereis anoptimum.
An engineerwould ask: if we alreadyknow the answer,
why botherto useGPto �nd it? Whatmattersis not if tech-
niqueA �nds moreperfectsolutionsthantechniqueB does
to EasyProblemC. Whatusuallymattersis that technique
A getsa betteranswerthanB doesfor Hard ProblemD.
We submitthat if onecan“discover” theoptimumenough
times to validly measurethe performanceof a technique
againsta givenproblemdomain,thenwe aredealingwith
a toy problem.

If pastliteratureuseda weakmethodology, we shoulddis-
continueits use. Nonetheless,we recognizethat for those
problemswhich demandperfection, ideal-solution-count
statisticsmayhavesomeusefulness.Laterin thispaperwe
will recommendexperimentalprotocolswhich may incor-
porateidealsolutioncountsasonepartof acomprehensive
analysis.At thesametime, we will proposeanalternative
whichwe think providesmoreusefulinformation.
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Figure 1: Boxplots of the distribution of best-�tness-of-
run, by numberof crossovers, Symbolic Regressiondo-
main.Lower �tness is better. Compareto Table1.
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Figure2: Numberof ideal solutionsfound,by numberof
crossovers,SymbolicRegressiondomain.

3 A TROUBLING LACK OF
CORRELATION

At �rst it seemsintuitive thata systemwhichsearchesbet-
ter for high-�tnesssolutionswould alsotendto �nd more
idealsolutions.An experimentgoneawry showsusthatin
factthis is notnecessarilythecase.

Theexperimentwe performedappliedwhatwe call multi-
crossover to GP. Ordinarily GPcrossoverselectstwo indi-
viduals,andperformsoneswap of randomly-chosensub-
trees,producingtwo children. If a child passesvalidity
constraints(suchasmaximaldepth),it thenentersthenext
generation;otherwisea copy of the child's motherenters
in its stead.Multi-crossoveris simplyacompositionof GP
crossoveroperators:two parentsareselectedandcrossover
is performed,includingvalidity constraints.Thenthechil-
drenbecomethe“parents”for thenext crossoveroperator,
which producestwo new children. This happensN times,
thenthe�nal resultsenterthenext generation.

Wehadtwo reasonsfor doingmulti-crossoverexperiments.
First, somemodelsof code bloat (our own depth-based
theory[Luke 2000],DefenseAgainstCrossover [Banzhaf
et al. 1998],andRemoval Bias [Langdonet al. 1999])as-
sumethat thereis a singlecrossover per individual; hence
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Figure3: Cumulative Probabilityof Successper genera-
tion, by numberof crossovers, Symbolic Regressiondo-
main.
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Figure4: ComputationalEffort by numberof crossovers,
SymbolicRegressiondomain.

theprobabilitiesof choosingcrossoverpointA or B respec-
tively were not independent.While increasingthe num-
berof crossovereventswouldnotbreakthisdependency, it
couldlower theeffect thedependency hadin causingbloat.

Second,adding more nonhomologouscrossover events
meantaddingmorevariation(morenoise)into the breed-
ing procedure.This gave usa dial to turn which would ef-
fectively changethe amountthat crossover “randomized”
individuals (an idea inspiredby argumentsmadein [An-
geline1997]). Would morerandomizationbebene�cial or
detrimentalto GP?

Theexperimentsweredoneasfollows. We ranfor 51gen-
erations,includingtheinitial generation,usingapopulation
of 500,andtournamentselectionof size7. Multi-crossover
was the sole operatorused. The threeproblemdomains
chosenwere Symbolic Regression,11-Bit BooleanMul-
tiplexer, and Arti�cial Ant. Symbolic Regressionused
no EphemeralRandomConstants.Arti�cial Ant usedthe
SantaFeTrail. All otherrun andproblemdomainparam-
etersweredoneasstipulatedin [Koza1992]. The evolu-
tionarycomputationsystemusedwasECJ[Luke2001a].
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Figure 5: Boxplots of the distribution of best-�tness-of-
run, by numberof crossovers,11-Bit BooleanMultiplexer
domain.Lower �tness is better. Compareto Table1.
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Figure6: Numberof ideal solutionsfound,by numberof
crossovers,11-Bit BooleanMultiplexerdomain.

We performed ten different experiments, with multi-
crossoversetto 1 through10crossoversrespectively. Each
experimentconsistedof 500 independentruns. This num-
ber of runs is much higher than is necessaryto produce
best-�tness-of-runresults,but we neededasmany runsas
possibleto feel at least partially con�dent in our ideal-
solution counts,and 15,000total runs was the most we
couldafford to do. For eachproblemdomainweusedbox-
plots5 to plot best-�tness-of-rundistributionsfor different
numbersof crossovers.Wealsoplottedthenumberof ideal
solutionsfound,andtheCumulativeProbabilityof Success
andComputationalEffort measures.

3.1 SYMBOLIC REGRESSIONRESULTS

SymbolicRegressiondid in fact lower treesize.But it did
soat thecostof a statisticallysigni�cant worseningof �t-
ness,thoughonly gradually:largeswathsof crossoverex-
perimentswerein thesamestatisticalequivalenceclass,as
shown in Table1. Increasingthe amountof noisein the
crossoverprocedure,thusmoving thesystemmoretowards

5In aboxplot,therectangularregioncoversall valuesbetween
the�rst andthird quartiles,thestemsmarkthefurthestindividual
within 1.5 of the quartile ranges,and the centerhorizontalline
indicatesthemedian.Dotsshow outliers,and� marksthemean.
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Figure7: Cumulative Probabilityof Successper genera-
tion, by numberof crossovers,11-Bit BooleanMultiplexer
domain.
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Figure8: ComputationalEffort by numberof crossovers,
11-Bit BooleanMultiplexerdomain.

randomsearch,yieldedworseresultsonaverage,usingthe
meanbest-�tness-of-runmeasureasshown in Figure1.

But onewouldnothaveknown this from theideal-solution
counts. As noise in crossover increased,the numberof
ideal solutionsincreasedrapidly from 150 per 500 runs
with a singlecrossover, to stabilizingat about350per500
runswith sevencrossoversor more,asshown in Figure2.
This in turn resultedin an unexpectedCumulative Proba-
bility of Successcurve, anda major decreasein Compu-
tational Effort as the numberof crossovers increased,as
shown in Figures3 and4.

SymbolicRegressionis theeasiestof thethreeproblemdo-
mainspresented:it �nds the ideal solutionvery often (no
lessthan30%of the time in theseexperiments).Thusour
countswerevery high and the Cumulative Probabilityof
Successcurvewasverysmooth.

This outcomewasvery disturbing. Werewe to have used
ideal-solutioncountmeasurementsasour basisof compar-
isonin thisexperiment,ourconclusionswouldn't justhave
been uncorrelatedwith best-�tness-of-runresults: they
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Figure9: Boxplotsof thedistributionof best-�tness-of-run,
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nessis better. Compareto Table1.
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Figure10: Numberof idealsolutionsfound,by numberof
crossovers,Arti�cial Ant domain.

would have beentheopposite. We would have concluded
thatincreasingnumberof crossoversdoesa betterjob.

3.2 11-BIT BOOLEAN MULTIPLEXER RESULTS

11-Bit BooleanMultiplexer wasto yield anothersurprise.
First, it too loweredtreesize,and like SymbolicRegres-
sion,it did soby statisticallysigni�cantly worseningthe�t-
nessresults.Again,increasingtheamountof noiseyielded
worseresultsonaverage,whenusingthemeanbest-�tness-
of-run measure,asshown in Figure5. This time, the �t-
nessesworsenedrapidly, with few in the samestatistical
equivalenceclass,asseenin Table1.

Given its tendency to bloat like Regressiondoes, we
fully expectedMultiplexer to have similar ideal-solution
counts. But this was not quite the case. As the number
of crossoversincreased,the numberof ideal solutionsin-
creased,but thenit thendecreasedagain.Multiplexer is a
relatively moredif�cult problemdomainto �nd ideal so-
lutions in: thuswe found no morethanthirteenideal so-
lutions in 500 runs,with the maximumpeakingwhenwe
applied� ve crossovers. The nadir was a single solution
discovered,whenwe appliedninecrossovers,asshown in
Figure6.
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Figure11: Cumulative Probabilityof Successpergenera-
tion, by numberof crossovers,Arti�cial Ant domain.
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Figure12: ComputationalEffort by numberof crossovers,
Arti�cial Ant domain.

TheCumulative Probabilityof Successsimilarly followed
a bell curve distribution, as is shown in Figure 7. The
relatively low numberof ideal solutionsresultedin the
expectedexaggeratedswingsin ComputationalEffort, as
shown in Figure8.

Here, while a best-�tness-of-runmeasurewould state
that increasingcrossoversgenerallydecreasedquality, an
ideal-solutioncountmeasurewould argue that increasing
crossovers somewhat (to � ve) made the result twice as
good.

3.3 ARTIFICIAL ANT RESULTS

Arti�cial Ant gave us yet anotherresult. Again, it low-
eredtree size, and onceagain, it also did so by statisti-
cally signi�cantly worseningthe �tness results(Figure9)
thoughlikeSymbolicRegressiontheresultsworsenedonly
slightly, resultingin large numbersof experimentsin the
samestatisticalequivalenceclass(Table1).

Figure10 revealsthat this time, the ideal-solutioncounts
followedthestatisticallysigni�cant �tness: increasingthe
amountof noisedecreasedthe numberof ideal solutions



discovered.As shown in Figure11, theCumulative Prob-
ability of Successfolloweda radicallydifferentcurve than
was the casein Symbolic Regression. Like Multiplexer,
Arti�cial Ant discoversrelatively few ideal solutions(no
morethansixteenout of 500). And like Multiplexer, this
exaggeratestheComputationalEffort results(Figure12).

Here,as in SymbolicRegression,onewould concludeon
thebasisof thebest-�tness-of-runmeasurethatthemeanis
gettingjust a little worse,thoughstatisticallysigni�cantly.
But herean ideal-solution-countmeasuresuggeststhat in-
creasingthe numberof crossovers considerablyworsens
theresult.

4 WHAT'S GOING ON?

For all threeproblems,�tness graduallyworsenedas the
numberof crossoversincreased.But eachproblemyielded
a wildly different result in the ideal-solutionscount, and
thusin theCumulativeProbabilityof SuccessandCompu-
tationalEffort metrics. In short,the ideal-solutioncounts
werenot correlatedwith thebest-�tness-of-runmeasure.

We think thereasonfor this phenomenonis that,asshown
in Figures1, 5,and9, thenumberof idealsolutionsis more
closelylinkedto thevarianceof — ratherthanthemeanof
— thebest-�tness-of-rundistribution. As thevariancein-
creases,�tness is increasinglyscatteredbothupanddown.
But thereis a boundat zero(onecannotbebetterthanper-
fect), whereasthereis no boundon gettingworse. Thusa
wider variancetendsto rackup moreperfectscores.This
trendis echoedin thedatafor all threeproblemdomains,
althoughtheideal-solutioncountsin theArti�cial Ant and
Multiplexerdomainsarelow enoughto makeuswaryabout
makingapronouncement.

In the SymbolicRegressiondomain,the distributionsare
skewed. As thenumberof crossoversincreases,themean
increasesa little, but not nearly as much as the variance
does. Thus a worseningin the meanis not able to pre-
vent idealsolutionsfrom piling up. In theMultiplexerdo-
main, the meanworsensonly a little initially but rapidly
at theend,while thevariancegenerallyincreasessteadily.
This allows the meanto lose to, then catchup with the
variance,which might explain the ideal-solutioncounts.
Lastly, the Arti�cial Ant domain's meanworsensslowly
while thevariancedecreases, whichcanexplain thesteady
decreasein ideal-solutioncounts.

This combinationof meanandvariancehasa closely re-
latedeffect: evenif low-variancetechniqueA hasa higher
expectedvaluethanhigh-variancetechniqueB for a single
run,B canstill haveahigherexpectedbestresultof N inde-
pendentruns(Figure13). This phenomenonwasexplored
in [Luke2001b].

Figure 13: Exampleof two distributions which differ in
meanandin variance. While onesamplefrom the �atter
distribution will give a lower expectedresult (the mean)
thanthetall distribution,in thiscasethebestof two or more
samplesfrom the �atter distribution will give a higherex-
pectedresult.

We will not venturea guessasto whyincreasingthenum-
berof crossoverschangedthemeanandvarianceresultsin
theway it did. Wehadexpectedthatincreasingthenumber
of crossoverswould consistentlyincreasethevariance,but
clearlyit doesnot.

Regardlessof theoutcome,wedonotbelievethattheseex-
perimentsbodewell for the body of GP literaturewhich
relies on ideal-solutioncountsto comparethe quality of
differenttechniques.We areconcernedthat uponreading
this literature,experimentersmaymistakenlyconcludethat
certaintechniquesarebetterthanotherson average,when
in somecasesbetterideal-solutioncountsareactually in-
dicativeof a worseresultin meanbest-�tness-of-run.

5 RECOMMEND ATIONS

One downside to mean-best-�tness-of-runresults is
demonstratedin the Symbolic Regressiondomain: tech-
niqueswhichproducelarge,bloatedtreesthatarefunction-
ally “close” to theidealaregivenhigh marks,eventhough
theresultsdonot remotelyresembleournotionof whatthe
ideal individual ought to look like. Ideal-solutioncounts
canbe somewhatusefulherein weedingthesepretenders
out. But giventheir statisticalproblems,we feel thatideal-
solutioncountresultsalonesimplycannotbejusti�ed.

If suchincrementalismis thecritical sticking-pointtempt-
ing anauthorto only reportideal-solutioncounts,we sug-
gestinsteadthat the authorproduceresultsshowing both
meanbest �tness of run and meantree size. If a tech-
niqueis superiorbothin treesizeandmeanbest�tness,it is
moredif�cult to arguethattheimprovementsin meanbest-
�tness-of-runaredueto incrementalism,sincethis would
likely alsoincreasetreesize. Anotherapproachwould be



to changethemethodologyto oneshowing generalization,
usingtrainingandtestingsets.Incrementalismtendsto re-
sult in solutionscustom-tailoredto the training set: such
poor generalizabilitywould then show up when the �nal
solutionis comparedto thetestingset.

If insteadonewereperformingrunsin a domainwhichde-
mandedperfection,then it would obviously be useful to
know how oftena techniquewaslikely to �nd theidealso-
lution. Anothersituationalsocommonlyarises:trying to
beatan existing record,whereit' s usefulto know not if a
techniqueis likely to �nd theideal,but whetheror not it is
likely to �nd any solutionbetterthanthe record. In these
situationswesuggestthatcountscouldsupplement,but not
replace,themeanbest-�tness-of-runresults.

But for most caseswe suggesta different point statistic
to useasa supplement.The procedurespeci�ed in [Luke
2001b]givestheexpectedmaximumbest-�tness-of-runfor
N total runs. This procedure,like the ideal-solution-count
procedure,suffersstatisticallyfrom theassumptionthatthe
sampleis exactlyrepresentativeof thepopulation,andfrom
its reuseof statisticallydependentdata.However, asasup-
plementto meanbest-�tness-of-runresults,we think it is a
moreusefulmetricthanidealsolutioncountsin mostcases.

Theprocedureisasfollows.Performalargenumbermruns
for agiventechniqueT. Sorttherunsby �tness andassign
ranks1; :::;m to theruns,whererank1 is theworst-�tness
run for the technique. Let F(r) be the �tness of the run
ranked r. Thenif onewereto performN runsandreturn
thebestrun, theexpectedbest�tness E(T;N) amongthose
N runswouldbe:

E(T;N) =
mX

r= 1

F(r)
rN � (r � 1)N

mN

This presumesthat higher �tness valuesare better. Now
considertwo techniquesA andB, wherebeyondsomepoint
N � C, E(B;N) is consistentlygreaterthan or equal to
E(A;N). Ideally, C would be1. This would lendevidence
to thebelief thatnotonly is A betterthanB onaverage,but
it is alsosuperiorno matterhow many runsyou arelikely
to perform. This givesstrongweight to the claim that A
really is betterthanB. Further, it seemslikely that if tech-
nique A �nds many more ideal solutionsthan technique
B, that E(A;N) will surpassE(B;N) above somepoint N
where�nding ideal solutionswith A becomessuf�ciently
common.

In any case,given their grievousstatisticalproblems,we
stronglyurge that an ideal solutioncountmeasuresnever
be usedaloneas proof that one techniqueis superiorto
another, exceptunderspecialcircumstancesandwith the
appropriatedisclaimers.If usedat all, they shouldbeonly
usedto bolstera morestatisticallyviable �tness compari-
sonprocedure.

Last,werecommendthatexperimentersmorecloselyadopt
difference-of-meanstests(at least t-testsand ANOVAs),
anda reasonablesamplesize (30 at a minimum) in pub-
lishedevolutionarycomputationexperiments,or givejusti-
�cations for doingotherwise.

6 CONCLUSION

Many papersin theGPliteratureuseideal-solutioncounts
in oneway or another, usually to comparethe quality of
techniques.This notionwaspopularizedby Koza'sCumu-
lative Probabilityof Success,Individualsto be Processed,
andComputationalEffort measures.Thisusecontinuesde-
spitewarningsthatcountsarepoorestimates,asthey area
point statisticwith no associatedmeanstest;asthey make
assumptionsaboutdependenciesacrossgenerations;andas
they areexaggeratedby smallcountsizes.

In this paperwe reiteratedthis warningaboutcounts,and
notedmotivationalconcerns.Speci�cally, wenotedthatfor
most“dif �cult” problems,thegoal is to �nd asgooda so-
lution aspossible.Countingthenumberof timesthe ideal
solutionis founddoesnot helpachieve this goal. Further,
if onecan�nd theidealreliably, thentheproblemis trivial.

Wealsodemonstratedthedisturbingfactthatidealsolution
countsare not well correlatedwith meanbest-of-�tness
measures.In fact, for someproblemdomains,we showed
that idealsolutioncountsmayleadto theoppositeconclu-
sion thatmeanbest-of-�tnessmeasuresleadto. This begs
a reevaluationof muchof the GP literature,aspublished
resultsmaybedubious,andin somecasestheoppositeof
their intendedmeaning.
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Abstract

We introducea techniquecalled lexicographic
parsimony pressure,for controlling the signi�-
cant growth of geneticprogrammingtreesdur-
ing the courseof an evolutionary computation
run. Lexicographicparsimony pressuremodi�es
selectionto prefer smaller treesonly when �t-
nessesare equal(or equal in rank). This tech-
niqueis simpleto implementandis not affected
by speci�c differencesin �tness values,but only
by their relative ranking. In two experimentswe
show that lexicographicparsimony pressurere-
ducestree size while maintaininggood �tness
values, particularly when coupled with Koza-
stylemaximumtreedepthlimits.

1 INTRODUCTION

Like many arbitrary-sizedrepresentationsin evolutionary
computation,geneticprogramming(GP) individuals tend
to grow signi�cantly in sizewhennocodegrowth counter-
agentsareapplied.Thisgrowth is relatively independentof
signi�cant increasesin �tness. Thephenomenon,known in
GP circles asbloat, is shapingup to be a major impedi-
mentto GP's scalabilityto moredif�cult problemswhich
necessitatelongerevolutionaryruns.

The chief way bloat is controlled in GP is through the
useof breedingrestrictionsstipulatingthemaximumdepth
of a GP parsetree individual. Lately other approaches
have taken root, most popularly variousforms of parsi-
monypressure, wherethesizeof anindividual is takeninto
considerationduringselection.Parsimony pressurehasto
date taken two basic forms: parametricparsimony pres-
sure,whereanindividual'ssizedirectlychangesits �tness,
andparetoparsimony pressure,wherean individual's size
is consideredas an additionalobjective in a paretoopti-
mizationscheme.

In this paperwe presenta new family of parsimony pres-
suretechniqueswhich we think may be particularlyapro-
posto GPandotherevolutionarysystemswith largenum-
bersof �tness-equivalentindividualsin a population.This
family is collectively known as lexicographic parsimony
pressure, andis basedon the ideaof placing�tness, then
sizein lexicographicorder;that is, preferringsmallerindi-
vidualsonly when�tness is identical(or in someversions,
similar). Lexicographicparsimony pressureis simple to
implement,and it is lesstied to the speci�c absolute�t-
nessvaluesin the populationthan parametrictechniques
are,muchin thesamewaythattournamentselectiontouted
over �tness-proportionateselection.

Weopenthepaperwith discussionsof currentbloat-control
techniques,followedby adescriptionof lexicographicpar-
simony pressureandvariationswehavetried. Wethengive
theresultsof anexperimentshowing thatin mostcaseslex-
icographicparsimony pressureproducesequivalent best-
�tness-of-run resultswith signi�cantly smallertreesthan
doesdepthrestriction,exceptin the SymbolicRegression
domain,whereit performspoorly. We then give the re-
sultsof asecondexperimentwhereweshow thatcombina-
tionsof lexicographicparsimony pressureanddepthlimit-
ing work verywell comparedto depthlimiting alone.

2 CONTROLLING BLOAT

Theevolutionarycomputationcommunityhastriedanum-
ber of approachesto controlling the growth of arbitrary-
sizedindividuals.Firstandforemostareanumberof parsi-
mony pressuretechniques,which includeconsiderationof
anindividual'ssizeaspartof theselectionprocedure.Ge-
neticprogramminghaspopularizedsomeothertechniques.
Below we list four suchtechniques,followedby arangeof
parsimony pressureapproaches.

Maximum Size or Depth Restriction This approach
simply limits the maximumsizeof an individual, usually
by rejectinglargechildrenaspartof thebreedingprocess.



For example,muchwork in GPfollows thetechniqueused
in Koza [1992], which restrictsmodi�cation operatorsto
producenew treesof depthlessthan17.

Explicitly De�ned Intr ons This GP-speci�c technique
allowstheinclusionof specialnodeswhichadaptthelikeli-
hoodof subtreecrossoveror mutationat speci�c positions
in thetree[Nordin et al. 1996].

Code Editing One easyway to attackgrowth is to di-
rectly simplify and optimize an individual's parsetree.
Souleet al. [1996] for examplereportstrongresultswith
this approach.However, Haynes[1998] warnsthatediting
canleadto prematureconvergence.

Pseudo-Hillclimbing This techniquerejectschildren if
they arenotsuperiorto (or simplydifferentfrom) theirpar-
entsin �tness. If a child is rejectedfrom joining thenext
generation,acopy of its parentjoins thenext generationin
its stead.Oneeffect of this techniqueis to replicatelarge
numbersof parentsinto futuregenerations;earlierindivid-
ualsaregenerallysmallerthanlater individuals(hencethe
bloat), this resultsin slower growth in averagesize. This
techniquehasbeenreportedwith somesuccessin [Lang-
donandPoli 1998;SouleandFoster1998b].

2.1 PARSIMONY PRESSURE

Unlike the techniquesmentionedearlier, parsimony pres-
sure is not GP-speci�c and has been used whenever
arbitrary-sizedrepresentationstendedto get out of hand.
Such usageto datecan be divided into two broadcate-
gories:parametricparsimony pressure,wheresizeis a di-
rectnumericalfactorin �tness,andparetoparsimony pres-
sure,wheresizeis consideredasa separateobjective in a
pareto-optimizationprocedure.

Parametric Parsimony Pressure This includes size
metrics,alongwith raw �tness, aspart of an equationin
computingthe�nal �tnessof anindividual. Forpurposesof
thediscussion,let f be the individual's raw �tness, where
higheris better, andg be the �tness afterparsimony pres-
sureis considered.Let s be an individual's size,and let
a;b;c bearbitraryconstants.

The most widely-usedapproachto parametricparsimony
pressureis to treattheindividual'ssizeasa linearfactorin
�tness, that is, g = af � bs. This techniquehasbeenused
in bothGP[Koza1992]andin non-GP[Burkeetal. 1998].
SouleandFoster[1998a]presentaninterestinganalysisof
linear parsimony pressureand when and why it can fail.
Linearparsimony pressureis occasionallyaugmentedwith
a limit, that is if s � c theng = af , elseg = af + b(c� s)
[CavarettaandChellapilla1999]. Belpaeme[1999] useda

similar limit, but consideredmaximaltreedepthratherthan
sizeastheparameter. Nordin andBanzhaf[1995] alsoap-
plied parametricparsimony pressure,believedto belinear,
to evolvemachinelanguageGPstrings.

Linear parsimony pressurehas been used in combina-
tion with adaptive strategies. Zhang and Mühlenbein
[1995] adjustedb basedon currentpopulationquality. Iba
et al. [1994] proposea similar technique,exceptthey use
information-theoreticfunctionsfor f and s. Linear par-
simony pressurehasalsobeenappliedin stages:�rst by
settingg = f , then factoring in size only after the pop-
ulation has reacheda suf�cient quality [Kalganova and
Miller 1999]. Somenon-GPpapers[Wu et al. 1999;Bas-
settandDeJong2000]useanonlinearparsimony pressure:
g = (1� as) f . BassettandDe Jongnotethat this hasthe
addedfeatureof increasingthe penaltyproportionallyto
the�tness.

Theproblemwith parametricparsimony pressureis exactly
that: it is parametric,ratherthanbasedon rank. Onemust
tune the parsimony pressureso as not to overwhelmthe
�tness metric. This can be dif�cult when the �tness as-
sessmentprocedureis nonlinear, asis usuallythe case:it
may well be that a differencebetween0.9 and0.91in �t-
nessis much more signi�cant than a differencebetween
0.7 and0.9. Parametricparsimony pressurecanthusgive
sizean unwantedadvantageover �tness whenthe differ-
encein �tness is only 0.01asopposedto 0.2. Unexpected
strengthin thesizeparametercanalsoarisewhenthepop-
ulation's �tnessesareconverging latein theevolution pro-
cedure.Theseissuesaresimilar to thosewhich gave rise
to the preferenceof tournamentselectionand other non-
parametricselectionproceduresover �tness-proportionate
selection.

Pareto Parsimony Pressure The recenttrend in parsi-
mony pressurehasbeento treatit asaseparateobjectivein
a nonparametric,paretooptimizationscheme.Paretoopti-
mizationis usedwhentheevolutionarysystemmustopti-
mizefor two or moreobjectivesat once,but it is not clear
which objective is “more important”. An individual A is
saidto pareto-dominateanotherindividualB if A is asgood
asB on all objectives,andbetterthanB in at leastoneob-
jective. Oneparetooptimizationschemeassumesthatone
individual hasa higher�tness thananotherif it dominates
theother. Anotherschemebasesthe �tness of individuals
on thenumberof otherindividualsthey dominate.

Paretoparsimony pressuretreatsraw �tness asoneobjec-
tive to optimize,andtheindividual'ssizeasanotherobjec-
tive. Oneparticularlyenticingfeatureof paretoparsimony
pressureis that there is nothing to tune. Unfortunately,
thetechniquehassofar hadmixedresultsin theliterature.
Somepapersreportsmallertreesandthediscoveryof more



idealsolutions[Bleuleretal.2001;DeJongetal.2001],but
tellingly they omit best-�tness-of-runresults.1 Ekart and
Nemeth[2001]reportthemeanbest-�tness-of-run,but it is
worsethanwhennotusingthetechnique.

3 LEXICOGRAPHIC PARSIMONY
PRESSURE

Lexicographic parsimony pressureis a straightforward
multiobjective techniquefor optimizing both �tness and
treesize, by treating�tness as the primary objective and
treesizeasa secondaryobjective in a lexicographicorder-
ing. The proceduredoesnot assigna new �tness value,
but insteadusesa modi�ed tournamentselectionoperator
to considersize.

To selectan individual, two individualsarechosenat ran-
dom,andtheir �tnessescompared.If anindividualhassu-
perior �tness, it is selected.If the �tnessesarethe same,
thensizesarecompared,andthe smallerindividual is se-
lected. If both �tness andsizearethesame,an individual
is selectedat random.

We think theprocedureis attractive becauseit is basedon
the relative rankof individualsin a populationratherthan
their explicit �tness values:thusspeci�c differencesin �t-
nessareimmaterial. All that mattersis that one�tness is
greaterthananother. Additionally, plain lexicographicpar-
simony pressurehasnothingto tune. However, theproce-
dureonly works well in environmentswhich have a large
numberof individualswith identical�tness. As it sohap-
pens,geneticprogrammingis just suchan environment,
thanksto a large amountof inviable code(regionswhere
crossover hasno effect) andother eventscausingneutral
crossoversandmutations.

Of course, there exist problem domainswhere few in-
dividuals have the same�tness. For thesedomainswe
proposetwo possiblemodi�cations of lexicographicpar-
simony pressure,both basedon the notion of sorting the
population,puttingit into rankedbuckets,andtreatingeach
individual in thebucketasif it hadthesame�tness. These
two modi�cationsare:

Dir ect Bucketing The numberof buckets, b, is speci-
�ed beforehand,andeachis assigneda rank from 1 to b.
Thepopulation,of sizep, is sortedby �tness. Thebottom
dp=be individualsare placedin the worst ranked bucket,
plus any individualsremainingin the populationwith the
same�tness asthebestindividual in thebucket. Thenthe
secondworst dp=be individualsare placedin the second

1As wearguein anaccompanying paper, ideal-solutioncounts
area very poormeasureof quality. Not only arethey statistically
invalid, but in factarenotcorrelated,or asbadlyasinverselycor-
related, with meanbest-�tness-of-runresults.

worst ranked bucket, plus any individuals in the popula-
tion equalin �tness to the bestindividual in that bucket.
This continuesuntil thereareno individuals in the popu-
lation. Note that the topmostbucket with individualscan
hold fewer thandp=be individuals,if p is not a multiple of
b. Dependingon the numberof equal-�tnessindividuals
in the population,therecanbe sometop buckets that are
never�lled. The�tness of eachindividual in abucket is set
to the rank of the bucket holding it. Direct bucketinghas
the effect of tradingoff �tness differencesfor size. Thus
thelargerthebucket,thestrongertheemphasisonsizeasa
secondaryobjective.

Ratio Bucketing Here the buckets are proportionedso
that low-�tness individuals are placed into much larger
buckets thanhigh-�tness individuals. A bucket ratio 1=r
is speci�edbeforehand.Thebottomd1=re fractionof indi-
vidualsof thepopulationareplacedinto thebottombucket.
If any individualsremainin the populationwith thesame
�tness asthebestindividual in thebottombucket,they too
are placedin that bucket. Of the remainingpopulation,
the next d1=re fraction of individualsare placedinto the
next bucket, plus any individuals remainingin the popu-
lation with the same�tness as the bestindividual now in
that bucket, andso on. This continuesuntil every mem-
ber of the populationhasbeenplacedin a bucket. Once
again,the�tness of everyindividual in abucketis setto the
rankof thebucket relative to otherbuckets.As theremain-
ing populationdecreases,thed1=refractionalsodecreases:
hencehigher-rankedbucketsgenerallyholdfewerindividu-
alsthanlower-rankedbuckets.Ratiobucketingthusallows
parsimony to have moreof aneffect on averagewhentwo
similar low-�tness individuals are consideredthan when
two high-�tnessindividualsareconsidered.

Both bucketing schemes�ll the buckets with remaining
individuals equal in �tness to the best individual in the
bucket. The purposeof this is to guaranteethat all indi-
viduals of the same�tness fall into the samebucket and
thushave thesamerank. This removesartifactsdueto the
particularorderingof the population. Bucketing schemes
requirethat theuserspecifya bucket parameter(eitherthe
numberof buckets or the bucket ratio). This parameter
guideshow stronganeffectparsimony canhave on these-
lectionprocedure.Notehowever that this parameteris not
a direct factor in �tness. Thus the speci�c differencein
�tness betweentwo individualsis still immaterial;all that
mattersis �tness rank.

We are aware of two papersin the literaturewhich have
usedvariationson lexicographicparsimony pressure.Lu-
cas[1994] useda linearparametricfunction to evolve bit-
stringsusedin context-free grammars:but the size was
multiplied by a constantsmall enoughto guaranteethat
the largestpossibleadvantagefor small sizewaslessthan
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Figure1: Boxplotsof distributionsof mean-tree-size-of-runfor variousparsimony pressuremethods,ascomparedcom-
paredto plain depthlimiting (labeledD). Lexicographicparsimony pressureis labeledL. Direct bucketing is labeledB,
with thegivennumberof buckets.Ratiobucketingis labeledR with thegivenratiovalue.

the smallestdifferencein �tness. We believe the �tness
wasthenfed into a �tness-proportionalselectionoperator.
In the pygmiesand civil servantsalgorithm[Ryan 1994],
crossover is always betweenone “civil servant” and one
“pygmy”. A pygmy is selectedusing linear parsimony
pressurewith a heavy weight for small size. A civil ser-
vant is selectedusingplain lexicographicselection. Both
papersmentionparsimony advantagesonly in passing.

4 EXPERIMENTS

Like mostparsimony pressureliterature,we choseto com-
pareagainstthe most popular techniquefor size restric-
tion, namelyKoza-styledepthlimiting. We performedtwo
setsof experiments.The �rst experimentcomparedlexi-
cographicparsimony pressureagainstdepthlimiting. The
secondexperimentusedlexicographicparsimony pressure
in combinationwith depthlimiting.

The experimentsusedpopulationsizesof 1000. Without
parsimony pressure,thedepthorderedrunsusedplaintour-
namentselectionwith a tournamentsizeof 2. We chose
four problemdomains:Arti�cial Ant, 11-bitBooleanMul-

tiplexer, SymbolicRegression,andEven-5Parity. We fol-
lowed the parametersspeci�ed in thesefour domainsas
set forth in Koza [1992]. Symbolic Regressionusedno
ephemeralrandomconstants.Arti�cial Ant usedtheSanta
Fe food trail. Statisticalsigni�cancewasdeterminedwith
ANOVAs at 95%. The evolutionarycomputationsystem
usedwasECJ7 [Luke2001].

As lexicographicorderingis in�uencedby likelihoodof in-
dividualshaving the same(or similar) �tness, it is useful
to notethe featuresof thesefour problemdomainsin this
respect. Arti�cial Ant evolves treesto control an ant to
eatasmany food pelletsaspossiblewithin 400time steps.
Fitnessis simply the numberof pellets,and the trail has
only 89 of them,so therearerelatively few �tness values
anindividualmaytakeon. The11-bitBooleanMultiplexer
andEven-5Parity problemsbothrequirethe individual to
learna complex booleanfunction. 11-bit BooleanMulti-
plexer hasinteger �tness valuesrangingfrom 0 to 2048.
It is known that 11-bit BooleanMultiplexer hasrelatively
little inviablecode,but mostindividuals' �tnessesfall into
multiplesof 32 or 64. Even-5Parity hasthe fewestnum-
ber of �tness values: only integer �tness valuesranging
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Figure2: Boxplotsof distributionsof best-�tness-of-runfor variousparsimony pressuremethods,ascomparedcompared
to plaindepthlimiting (labeledD). Lexicographicparsimony pressureis labeledL. Directbucketingis labeledB, with the
givennumberof buckets.Ratiobucketingis labeledRwith thegivenratiovalue. Lower �tness is better.

from 0 to 33. SymbolicRegressionaskstreesto �t a real-
valuedfunctionwithin thedomain[-1,1] but with any valid
range;thusindividualscantake on any real-valued�tness.
However, Symbolic Regressionsuffers from a very large
amountof inviablecode,somany individualsin thepopu-
lationhavethesame�tness.

4.1 FIRST EXPERIMENT

The�rst experimentcompareddepthlimiting againstpure
parsimony pressureapproaches. Speci�cally, the tech-
niquescomparedare:

� Lexicographicparsimony pressurewith directbucket-
ing, using10,25,50,100,250,or 500buckets.

� Lexicographicparsimony pressurewith ratio bucket-
ing, usingbucket ratiosof 1/2, 1/3, 1/4, 1/5, 1/6, 1/7,
1/8,1/9,or 1/10.

� Plainlexicographicparsimony pressure.

� Depthlimiting (to 17).

We did 50 runspertechnique,andplottedboxplots2 show-
ing thedistribution of thebest�tness per run, andalsoof
the averagetreesizeper run. Runscontinuedfor 51 gen-
erations,anddid notstopon thediscoveryof theoptimum.
Resultsareshown in Figures1 and2.

In theArti�cial Ant andEven5-Parity problems,all parsi-
mony pressuretechniquesyieldedstatisticallysigni�cantly
superiortreesizeresultsto depthlimiting, andhadstatis-
tically insigni�cant differencesin �tness, exceptfor direct
bucketnumbersof 10,25,and50 for Even5-Parity, which
hadworse�tness values. Small-numbereddirect bucket-
ing yieldedmuchbettertreesizes.For Even-5Parity, this
cameat the cost of muchworse�tness values. Arti�cial
Ant, therewasnodifferencein �tness.

For 11-bit Boolean Multiplexer, all parsimony pressure
techniqueshad smallermeantree sizesthan depthlimit-
ing, but only direct bucketing numbersof 10, 25, 50, and
100 hadstatisticallysigni�cant differences.Similarly, all

2In aboxplot,therectangularregioncoversall valuesbetween
the�rst andthird quartiles,thestemsmarkthefurthestindividual
within 1.5 of the quartile ranges,and the centerhorizontalline
indicatesthemedian.Dotsshow outliers,and� marksthemean.
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Figure3: Boxplotsof distributionsof mean-tree-size-of-runfor variousparsimony pressuremethodsin combinationwith
depthlimiting, ascomparedcomparedto plain depthlimiting (labeledD). Lexicographicparsimony pressureis labeledL.
Directbucketingis labeledB, with thegivennumberof buckets.Ratiobucketingis labeledR with thegivenratiovalue.

techniqueshadstatisticallyinsigni�cant differencesin �t-
nessexceptfor directbuckingnumbersof 10, 25, and50,
whichhadworse�tness.

Thesurprisecamewith SymbolicRegression.We hadex-
pectedlexicographicparsimony pressureto yield poortree
sizesin this domainrelative to depthlimiting, andit did.
But interestingly, bucketingalsohadpoortreesizes.Only
directbuckingwith 10 bucketsyieldedstatisticallysigni�-
cantlyworse�tness thandepthlimiting.

Growth Curves For the Even-5 Parity problem,parsi-
mony pressuretechniquesgenerallyheld treegrowth to a
standstillor beganloweringtreesizesit by generation30.
For Arti�cial Ant, this occurredby aboutgeneration10.
In 11-bit BooleanMultiplexer, generation40; mostparsi-
mony pressuretechniqueswereloweringtreesizesby then
as well. In Symbolic Regression,tree growth for all the
parsimony pressuretechniquesrose in a quadraticcurve
similar to that found for unrestrictedGP in this problem.
With depthlimiting in all four problemdomains,meantree
growth continuedto riselinearly.

Lexicographicparsimony pressurehasanAchilles' heel:if

GPcancreateincrementallybettertreesby tackingsubtrees
ontotheirperiphery, thenlexicographicparsimony pressure
cannotactagainstit. As longasthetreesarein�nitesimally
better, sizedoesnot comeinto play. SymbolicRegression
hasthis property, andwe hadexpectedplain lexicographic
parsimony pressureto do badly in this domain. But we
wereverysurprisedto seethepoorperformanceof bucket-
ing approachesaswell.

4.2 SECONDEXPERIMENT

If depthlimiting did well comparedto lexicographicparsi-
mony pressurein SymbolicRegression,andheld its own
reasonablyin 11-bit BooleanMultiplexer, we wondered
how the combinationof the two techniqueswould fare.
Our secondexperimentcomparedthe sametechniquesas
in the �rst experiment,but combinedthe parsimony pres-
suretechniqueswith depthlimiting. Again,wedid 50runs
pertechnique.Theseresultsareshown in Figures3 and4.

This time, parsimony pressureplus depthlimiting signi�-
cantlyoutperformeddepthlimiting alone.In theSymbolic
Regression,Arti�cial Ant, andEven-5Parity problems,all
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Figure4: Boxplotsof distributionsof best-�tness-of-runfor variousparsimony pressuremethodsin combinationwith
depthlimiting, ascomparedcomparedto plain depthlimiting (labeledD). Lexicographicparsimony pressureis labeledL.
Direct bucketingis labeledB, with thegivennumberof buckets. Ratiobucketingis labeledR with thegivenratio value.
Lower �tness is better.

applicationsof parsimony pressureplusdepthlimiting had
statisticallysigni�cantly superiortreesizeswhencompared
to plain depthlimiting. In the11-bit BooleanMultiplexer,
this wasalsothecaseexceptfor ratio bucketsof size1/5,
1/7, and1/10, which hadstatisticallyinsigni�cant differ-
enceswith depthlimiting.

As before,therewerenostatisticallysigni�cant differences
in �tness in the Arti�cial Ant problem. Direct bucketing
with 10, 25, and 50 buckets yielded statistically signi�-
cantlyworse�tness thandepthlimiting for theEven-5Par-
ity and11-bit BooleanMultiplexer problems.In theSym-
bolic Regressionproblem,only direct bucketing with 10
bucketshadstatisticallyworse�tness thandepthlimiting.

Growth Curves In the SymbolicRegressionandEven-
5 Parity problems,parsimony pressureplusdepthlimiting
�attenedout treegrowth by aboutgeneration25. In theAr-
ti�cial Ant problem,parsimony pressureplus depthlimit-
ing droppedsizesafteraboutgeneration5, �attening outat
aboutgeneration20. In the11-bitBooleanMultiplexer, the
sametechniquesbeganslowly loweringtreesizesat about
generation35.

5 CONCLUSIONS AND FUTURE WORK

In three of four problem domains, lexicographic parsi-
mony pressureand its variants(direct bucketing and ra-
tio bucketing, given reasonableparametervalues)main-
tainedthesamemeanbest-�tness-of-runasdid Koza-style
depthlimiting, with equivalentor signi�cantly lowermean
treesizes. But in SymbolicRegression,whereincremen-
tally larger treesareoften (just barely)superiorin �tness,
lexicographictechniqueswerepracticallyhelplessto stop
bloat. However, a combinationof depthlimiting andlex-
icographicparsimony pressureconsistentlyoutperformed
depthlimiting in cappingbloat,while maintainingstatisti-
cally equivalentmeanbest-�tness-of-runvalues.Givenits
simpleimplementationandgeneralapplicability, we hope
lexicographicparsimony pressuremayprovea popularap-
proachto bloat control. We plan to extend this work to
other techniquessuch as layeredtournamentswhich al-
ternatelyconsider�tness andsize. We alsoplan to com-
paredirectly to parametricparsimony pressureandpareto-
optimization-basedmethodsin thefuture.
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Abstract

This paper analyses the effect of using different
random number generators (RNG) in a hardware
implementation of Genetic Programming using
Field Programmable Gate Arrays. Hardware sys-
tems have typically used RNGs based on Logical
Feedback Shift Registers or Cellular Automata.
Different conÞgurations of these generators are
evaluated as well as using a source of true ran-
dom numbers and a standard multiply/add gener-
ator. The results show that using a more sophisti-
cated generator than a simple LFSR slightly im-
proves the performance of GP.

1 Introduction

Previous work [11] described an implementation of Ge-
netic Programming using a Field Programmable Gate Ar-
ray (FPGA) and a high level language to hardware compi-
lation system called Handel-C. Subsequent work [12] de-
scribed a pipelined implementation that improved the per-
formance and demonstrated that the technique could be
used to solve the artiÞcial ant problem . In both cases the
work concentrated on the implementation issues and im-
proving the clock speed of the implementation, but put to
one side the performance of the system with respect to its
ability to solve GP problems. Now that the raw through-
put issues have been addressed it is time to look at how
good the hardware implementation performs, in particular
the effectiveness of the Random Number Generator (RNG)
used.

A comment often made about Genetic Programming and
other stochastic search methods is that a good random num-
ber generator is needed. The evidence so far is that the
quality of the RNG is probably not as important as often
stated. Nevertheless, it is important to consider the effect of

design decisions and to investigate alternatives where prac-
ticable.

In the hardware implementation of GP, the random num-
ber generator is implemented using a Logical Feedback
Shift Register (LFSR) which has a number of known weak-
nesses. This suggests that other random number generators
should be investigated. This paper begins with a brief de-
scription of the hardware GP system and Handel-C. This
is followed by a review of previous work on random num-
ber generation that has been implemented in hardware. We
then present an analysis of the pseudo random number gen-
erator used in the original design, and investigate other ran-
dom number generators. We Þnish with a discussion of the
results and draw some conclusions.

2 A Hardware Implementation of GP using
FPGAs

Implementing GP in hardware is motivated by the potential
speedups that can be obtained. The platform chosen is an
FPGA which is a reconÞgurable logic circuit than can be
programmed to perform a wide range of logic functions. A
typical FPGA is arranged as an array of conÞgurable logic
cells, input-output circuits and programmable interconnec-
tions. A typical FPGA architecture is shown in Figure 1.

Traditionally FPGAs have been programmed using hard-
ware design languages such as VHDL1, but an alternative
approach using high level language to hardware compila-
tion techniques has been developed, which allows a high
level imperative language to be used to generate the con-
Þguration information for the FPGA. Handel-C is one ex-
ample of this technology, and has been used for the work
described in this paper.

1VHDL is a standard hardware design language. It stands
for VHSIC Hardware Design Language. VHSIC itself stands for
Very High Speed Integrated Circuit.



Figure 1: Typical FPGA architecture. The CLBs are
the conÞgurable logic blocks, IOBs are the Input Output
Blocks and the RAMs are on-chip Random Access mem-
ory blocks.

Handel-C is a high level language that is at the heart of a
hardware compilation system known as Celoxica DK1 [4]
which is designed to compile programs written in a C-like
high level language into synchronous hardware. The out-
put from Handel-C is a Þle that is used to create the con-
Þguration data for the FPGA. A description of the process
used by Handel-C to transform a high level language into
hardware and examples of the hardware generated can be
found in [19]. The C-like syntax makes the tool appealing
to software engineers with little or no experience of hard-
ware. They can quickly translate a software algorithm into
hardware, without having to learn about VHDL or FPGAs
in detail.

2.1 Target Hardware

The target hardware for this work is a Celoxica RC1000
FPGA development board Þtted with a Xilinx XCV2000E
Virtex-E FPGA having 43,200 logic cells and 655,360 bits
of block ram. The board also has a PCI bridge that commu-
nicates between the RC1000 board and the host computerÕs
PCI bus, and four banks of Static Random Access Memory
(SRAM). Fast switches isolate the FPGA from the SRAM,
allowing both the host CPU and the FPGA to access the
SRAM, though not concurrently.

2.2 Program Representation

The lack of a stack in Handel-C means that a standard tree
based representation is difÞcult to implement because re-
cursion cannot be handled by the language. An alternative
to a tree representation is a linear representation which has
been used by others to solve some hard GP problems [18].
Using a linear representation, a program consists of a se-

quence of words which are decoded by the problem speciÞc
Þtness function.

2.3 Previous work using FPGAs in Evolutionary
Computing

A detailed review of previous work using FPGAs in Evolu-
tionary Computing can be found in [11].

3 Previous Work on Pseudo Random
Numbers for Genetic Programming and
Hardware

This section reviews the types of random number genera-
tors that have been used by hardware implementations of
GA, GP and other applications of hardware to probabilistic
algorithms.

Linear Feedback Shift Register (LFSR) or Tauseworth gen-
erators have been used by Maruyama et al [14]. In their
paper they referred to the generator as a m-sequence, or
maximal sequence. This means that the generator of length
n generates 2n � 1 numbers. Graham [5] implemented a
single cycle LFSR.

An interesting hybrid approach was used by Tommiska and
Vuori [23] where three coupled LFSRs were used to pro-
vide a random sequence. An interesting feature of this
work is that the RNG was combined with a source of noise.
The ampliÞed noise from a diode was fed into an analogue
to digital converter, and the resulting digital values were
used to seed the RNG, and also added to the LFSR at inter-
vals.

The manufacturers of FPGAs provide example designs of
LFSRs to be used as random sequence generators. For ex-
ample Xilinx [25], and Altera [2] provide Hardware Design
Language (HDL) code for LFSRs.

Aporntewan [3] used a one dimensional 2-state Cellular
Automata (CA). Shackleford et al [21] implemented a CA
based on the work by Wolfram [24].

In the Þeld of GP, the behavior of GP and GAs has been
investigated using different RNGs. Meysenburg and Foster
considered the effect of different RNGs on GAs [16] and
GP [15]. Their conclusions were that there were no statis-
tically signiÞcant differences in the performance of GA or
GP when different RNGs were used.

4 Experimental setup

The performance of the various RNGs was evaluated using
three methods. Firstly, the Diehard test suite maintained
by Marsaglia [10] was used to gauge the general perfor-



mance of the RNG. This suite consists of up to 15 tests that
are modeled on applications of random numbers. All the
RNGs considered in this paper were implemented in ISO-
C and were submitted to all 15 tests. The test method for
Diehard is similar to that described in Meysenburg and Fos-
ter [15]. Each RNG was used to generate a binary Þle of
about 10 MiB2. Each Diehard test produces one or morep-
values. Ap-value can be considered good, bad, or suspect.
Meysenburg used a scheme by Johnson [6] which assigns
a score to ap-value as follows. Ifp � 0: 998 then it is clas-
siÞed as bad. If 0: 95 � p < 0: 998 then it is classiÞed as
suspect. All otherp-values are classiÞed as good. Every
bad p-value scores 4, every suspectp-value scores 2 and
good p-values score zero. For each RNG, the scores for
each test were summed, and the total for each RNG is the
sum of all the test scores for that RNG. Using this scheme,
high scores indicate a poor RNG and low scores indicate a
good RNG. The results for each test are given in Appendix
A.

Each RNG was then implemented using Handel-C and used
in the hardware implementation of the artiÞcial ant prob-
lem [8][12]. In the hardware implementation the function
set differs from the standard example in only having two
functions:F = f IF_FOOD; PROGN2g whereIF _FOOD
is a two argument function that looks at the cell ahead and
if it contains food it evaluates the Þrst terminal, otherwise
it evaluates the second terminal.PROGN2 evaluates its
Þrst and second terminals in sequence. The terminal set
T = f LEFT; RIGHT; MOVE; NOPg , whereLEFT and
RIGHT change the direction the ant is facing,MOVE
moves the ant one space forwards to a new cell, and if
the new cell contains food, the food is eaten.NOP is a
no-operation terminal and has no effect on the ant but is in-
cluded to make the number of terminals a power of 2, which
simpliÞes the hardware logic. Each timeLEFT; RIGHT or
MOVE is executed, the ant consumes one time step. The
run stops when either all the time steps have been used, or
the ant has eaten all the food. All the experiments use the
Santa Fe trail, which has 89 pellets of food. Each experi-
ment was run 500 times and the total number of 100% cor-
rect programs recorded. This is used as a measure of how
well the RNG performs. In all cases the population size is
1024, the maximum program length is 31 and all experi-
ments were run for 31 generations. The ant was allocated
600 timesteps. The probability of selecting crossover was
67%, mutation 10% and reproduction 23%. The crossover
operator used the truncating method of limiting the maxi-
mum program length, as described in [13].

Each RNG was also implemented as a stand alone appli-
cation for an FPGA using Handel-C, and the number of
slices used and the maximum attainable clock frequency

2The notation MiB indicates 220 (1048576) bytes. This paper
uses the binary preÞxes from the NIST.[17]

was recorded. This gives a measure of the hardware re-
sources needed to implement the RNG, and also an indica-
tion of the logic depth required.

5 Random Number Generator
Implementations

5.1 LFSR RNG

Figure 2 shows a schematic of the LFSR used in this work.

bit32 bit3bit4bit5bit6bit 8 .. bit30bit31 bit1bit2

Direction of shift

bit7

Figure 2: Logical Feedback Shift Register Random Num-
ber Generator

The random number is read from the highest bits as re-
quired. The obvious weakness of this type of RNG is that
sequential values fail the serial test described by Knuth [7,
pp 55-56]. At any time stept there is a 50% probability that
the value at timet + 1 can be predicted. If for an LFSR of
lengthn at timet the value isv, then at timet + 1 the value
will be v= 2 orv= 2 + 2n� 1. This is shown in Figure 3 where
pairs of valuesvt andvt+ 1 are plotted.
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Figure 3: Serial test of a simple LFSR RNG

It can be seen that for any valuevt there are only two pos-
sible values ofvt+ 1. Though the random number generator
runs in parallel with the main GP machine, it is possible to
access sequential values when creating an initial program,
or when choosing crossover points. There is then a possi-
bility of a potentially degrading bias by using such an RNG.



5.2 Multiple LFSRs

One method of obtaining better serial test results for the
LFSR of lengthn is to allow the LFSR to run forn cycles
before reading another number. Since this would limit the
rate at which random numbers could be generated in the
present design it is not explored any further. However, an
equivalent result can be obtained by implementingn LF-
SRs of lengthm and using a single bit from each LFSR at
each time step. This can also be done using a single long
LFSR of n � m bits, [22] effectively implementingn par-
allel LFSRs. However, implementing a long shift register
in a Xilinx Virtex FPGA is not efÞcient because the look
up tables can implement a 16 bit shift register very easily,
but longer shift registers require more extensive routing re-
sources.

The effect of using a better RNG was investigated by im-
plementing 32 16 bit LFSR machines that run in parallel,
and initializing each LFSR to a different value. Bit32 from
each LFSR is used to construct a 32 bit random number.
The serial test result is shown in Figure 4, which shows
the serial test result for 32 LFSRs is better than the single
LFSR. This generator is referred to as the 32LFSR.
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Figure 4: Serial test for an RNG using 32 parallel LFSRs

5.3 Cellular Automata RNG

Another popular RNG for hardware implementations is
based on Cellular Automata (CA). A one-dimensional (1D)
CA consists of a string of cells. Each cell has two neighbors
- left and right, or in some literature west and east respec-
tively. At each time step, the value of any cellc is given by a
rule. For this implementation, rule 30 is used, which states
that for any cellc at time t, ct+ 1 = (( westt+ct ) � eastt ) ,
where� denotes the exclusive OR function. In practice the
CA is implemented using a single 32 bit word, and for cell
0, its right-hand neighbor is cell 31, and similarly for cell
31 its left hand neighbor is cell 0. Figure 5 shows the result

of running this RNG using the serial test. As in the simple
LFSR RNG there is a distinct pattern to the numbers, but
for most values ofvt there are several possible values for
vt+ 1. This generator is referred to as 1DCA.
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Figure 5: Serial test for a 1DCA RNG

5.4 Multiple CA generators

As in the case of the LFSR RNG, if several CAs are com-
bined, the results should be much better. For this test, 32
CAs were implemented, and by taking one bit from each
CA, a 32 bit random number can be generated. The serial
test appears to be much more random, as shown in Figure
6. Each CA is initialized with a different pattern. This gen-
erator is referred to as the 32CA
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Figure 6: Serial test for a 32CA

5.5 Standard C RNGs

Another frequently used RNG is the linear congruential
(LC) generator that is often found in implementations of
the standard C library. The general equation for these is



I j + 1 = ( aI j + c) modm, wherea; c and m are constants
chosen to produce a maximal length RNG. However, as
pointed out by many authors (eg:[20]) these generators are
not good. Another factor against such a generator for im-
plementing in hardware is that it requires one addition,
one multiplication, and one modulus operator, which in
Handel-C would consume a large amount of silicon and
because of the deep logic produced, would be slow. An
alternative given by [20] avoids the modulus operator, and
is called the Even Quicker Generator (EQG). It is claimed
that this is about as good as any 32 bit linear congruen-
tial generator. Its equation isI j + 1 = aI j + c, and values for
a = 1664525 andc = 1013904223 are suggested.

As a sanity check that the experimental method of ranking
the RNGs using Diehard was the same as that used by Mey-
senburg, the generator known as Òthe mother of all gener-
atorsÓ was also implemented and run against the Diehard
suite. This is a multiply with carry generator and is de-
scribed by Marsaglia [9]. It was not implemented in the
hardware GP system.

5.6 Non random sequences

Until now we have considered pseudo random sequences.
These are sequences where it is hard to guess the next
number in a sequence. As an experiment, a further set of
runs were performed with an obviously non-random num-
ber generator. For this a sequential generator which gen-
erates the sequencen; n + 1; n + 2; : : : was used. Rather
surprisingly this also worked to produce 100% correct pro-
grams, though substantially fewer than the other generators
achieved.

5.7 Truly Random Sequences

All the RNGs considered so far are not true random se-
quences, relying on the manipulation of objects of Þnite
size, and so fail one or more of the Diehard battery of
tests. So a set of random numbers was obtained from a
source generated by using the atmospheric noise captured
by a radio receiver[1]. Each GP run for the ant problem
needs about half a million random numbers, so a block of
10 MiB was downloaded from www.random.org, and a ran-
domly selected 2 MiB block was transferred to one of the
SRAM on the FPGA system using DMA. The FPGA read
this block sequentially to get its random numbers.

As reported in [23], RNGs based on sampling a source of
noise are often slow, so they are not always applicable to
high speed systems.

6 Experimental Results

The results from running the Diehard tests are given in Ap-
pendix A and are summarized in Table 1. This shows the
total results for each test and ranks them according to the
Diehard score.

Table 1: Summary results of running the Diehard tests on
the RNGS.

RNG Score
Mother 20
True 22
32LFSR 162
EQG 288
32CA 640
CA 676
LFSR 756

The number of correct programs that were produced by
running the ant problem on the hardware using each ran-
dom number generator was recorded and is shown in Ta-
ble 2. The results are ranked according to how many cor-
rect programs were found and shows how each RNG per-
formed. The table also shows the slice count for the RNG
implemented using Handel-C and the maximum clock rate
as reported by the place and route tools. The slice count is
a vendor and device dependent measure of the number of
FPGA logic blocks that have been used. The clock rate is
an indication of the logic depth required to implement the
generator, with deeper logic having a greater gate delay,
and therefore a lower maximum clock rate. The slice count
and clock rate for the true RNG assumes that the source of
random numbers is supplied by an external device to the
FPGA, and that the FPGA simply reads the value from a
port and writes it to a register.

Table 2: Summary of GP performance for all random num-
ber generators tested from 500 runs of the artiÞcial ant
problem

RNG Rank Correct Slice Clock
rate Fmax
(MHz)

32CA 1 82 284 105
True 2 81 6 >200
32LFSR 3 79 130 134
EQG 4 78 288 42
ID CA 5 78 22 125
LFSR 6 68 18 188
Sequential 7 39 21 155



7 Discussion

The score obtained by the Mother RNG was close to that
obtained by Meysenburg (19), the difference being ex-
plained by the fact that Meysenburg used the average of
32 runs using 32 different seeds, while the work described
here used only a single run. It is likely that using 32 dif-
ferent seeds, that different scores would be observed. This
conÞrms that the experimental method used for ranking the
RNGs using Diehard is comparable.

Despite the apparently serious deÞciencies found in both
the simple LFSR used in the original implementation and
the simple one dimensional CA random number genera-
tor, the overall effect of implementing a more sophisticated
RNG on the overall GP performance appeared to be small.
This result generally agrees with the work by Meysenburg
and Foster [15], with the exception that they did not con-
sider a single-cycle LFSR or an obviously non-randomgen-
erator. The single-cycle LFSR performs the least well of
the RNGs considered in this paper.

A surprising result was the emergence of programs when a
non-random sequence was used. Clearly a non-random se-
quence does not allow GP to operate as efÞciently in terms
of producing 100% correct programs, presumably because
of the failure to explore some areas of the search space.

Despite the small differences in performance, from the re-
sults we can say that using a different RNG from the sin-
gle LFSR would improve the performance of the hardware
GP implementation by a measurable and therefore useful
amount, and that an RNG based on multiple LFSRs or mul-
tiple CAs would be a better choice for a hardware GP sys-
tem. The use of a truly random number source did not ap-
pear to improve performance over the 1DCA, 32CA and
32LFSR RNGs. This provides more evidence countering
the notion that GP needs a very high quality RNG.

Table 2 shows that the difference in GP performance be-
tween the 32CA, True, 32LFSR, EQG and 1DCA genera-
tors is small. However, these 5 generators have very dif-
ferent Diehard scores, so there does not appear to be a
straightforward relationship between the Diehard score and
the performance of GP. This raises a question about the role
that RNGs play in GP. Is a RNG that scores well in the stan-
dard tests for randomness the best RNG for GP?

When looking at the FPGA slice counts and maximum
clock rates, it is clear that the 32LFSR uses about half the
FPGA resources of the 32CA, and the 32LFSR exhibits a
smaller delay than the 32CA. As predicted, the EQG uses
the most FPGA resources and has very deep logic, mean-
ing that it can only run at a much slower rate than the other
generators. The EQG RNG could be re-implemented in the
FPGA using pipelines to achieve a higher clock rate, but

since it performed no better than the 32CA and 32LFSR,
this was not investigated any further.

Random numbers are used in several functions within a GP
system: Initial population creation, selection and crossover
point selection. In common with all reported GP systems,
the same RNG is been used for all these functions within
a run. From a practical point of view it would appear that
there is little point in using more than one type of RNG for
different functions, but from the result using a non-random
sequence a question arises about the role that random se-
quences play as opposed to sequences that simply enumer-
ate a set of numbers. From this it follows that different
stages in GP may use random number sequences in differ-
ent ways, and that using an enumeration may be helpful
when investigating the dynamics of GP.

8 Conclusions

The main conclusion from this investigation is that for the
hardware GP system, the simple LFSR used in the original
design can be improved upon by using a generator based on
multiple LFSRs, multiple CAs, or if available, a high speed
source of true random numbers. A secondary conclusion
is that with the exception of the non-random sequence and
the single LFSR, there is no signiÞcant difference in GP
performance when different hardware RNGs are used.
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Appendix A

Results of the Diehard Tests

This appendix contains the results of running the Diehard tests for all RNGs in this paper. Max score represents the case
where an RNG fails all the tests.

Table 3: Diehard test results for all RNGs considered in this paper.
Test Max

score
LFSR EQG 32LFSR IDCA 32CA True Mother

Birthday 36 36 8 2 0 8 0 0
Overlapping permutation 8 8 0 4 8 8 0 0
Binary Rank 32x32 8 8 2 8 2 6 0 0
Binary Rank 6x 104 104 40 8 140 70 4 6
Bitstream 80 80 0 0 80 80 4 0
Overlapping pairs tests 328 328 188 94 328 320 6 2
Count the ones (stream) 8 8 8 8 8 8 0 0
Count the ones (speciÞc) 100 100 42 30 100 100 2 4
Parking Lot 44 4 0 0 4 2 0 0
Minimum Distance 4 4 0 4 4 4 0 0
3D spheres 84 4 0 2 4 2 4 4
Squeeze 4 4 0 0 4 4 0 0
Overlapping Sums 44 44 0 0 6 0 2 2
Runs 16 16 0 2 16 8 0 2
Craps 8 8 0 0 8 12 0 0
Total 876 756 288 162 676 640 22 20
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Abstract

This paper analyses the behavior of the crossover
operator in a hardware implementation of Ge-
netic Programming using Field Programmable
Gate Arrays. Three different crossover operators
that limit the lengths of programs are analysed: A
truncating operator, a limiting operator that con-
strains the lengths of both offspring and a limit-
ing operator that only constrains the length of one
offspring. The latter has some interesting prop-
erties that suggest a new method of limiting code
growth in the presence of Þtness.

1 Introduction

Previous work has described an implementation of Ge-
netic Programming using a Field Programmable Gate Ar-
ray (FPGA) and a high level language to hardware com-
pilation system called Handel-C [6]. This was tested us-
ing the XOR and symbolic regression problems. Further
work described a pipelined implementation that improved
the performance and demonstrated that the technique could
be used to solve the artiÞcial ant problem [7]. In both cases
the work concentrated on the implementation issues and in-
creasing the clock speed of the implementation, but put to
one side the study of the behavior of the system. Now that
the raw throughput issues have been considered it is time
to look at the behavior, and investigate and analyse some
alternative implementation issues.

Because of limited hardware resources in an FPGA and to
keep the design simple and therefore efÞcient, the maxi-
mum program size is Þxed. To ensure that crossover al-
ways generates programs that are shorter than the maxi-
mum length, the crossover operator limits the program size
by truncating programs that exceed the maximum length.
The effect of this decision is investigated in this paper and
some other alternative methods of limiting program length

are explored.

The paper begins with a brief description of the implemen-
tation of a GP system using FPGAs. This is followed by
an analysis of the crossover operator, with comparisons to
standard tree based GP [3]. We then consider two alter-
native crossover operators and analyse their behavior. The
analysis is then discussed and Þnally some further work is
suggested and some conclusions are given.

2 A Hardware Implementation of GP using
FPGAs

Implementing GP in hardware is motivated by the potential
speedups that can be obtained. The platform chosen for
this work is a Field Programmable Gate Array (FPGA). An
FPGA is a reconÞgurable device than can be programmed
to perform a wide range of logic functions. A typical FPGA
is arranged as an array of conÞgurable logic cells, input-
output circuits and programmable interconnections, and is
shown in Figure 1.

Traditionally FPGAs have been programmed using hard-
ware design languages such as VHDL1, but alternative ap-
proaches using high level language to hardware compila-
tion techniques have also been developed, in which a high
level imperative language is used to generate the conÞgu-
ration information for the FPGA. Handel-C [1] is one ex-
ample of this technology, and has been used for the work
described in this paper.

For a detailed review of previous work using FPGAs in
Evolutionary Computing refer to [6].

2.1 Target Hardware

The target hardware is a Celoxica RC1000 FPGA devel-
opment board Þtted with a Xilinx XCV2000E Virtex-E

1VHDL is a standard hardware design language. It stands
for VHSIC Hardware Design Language. VHSIC itself stands for
Very High Speed Integrated Circuit.



Figure 1: Typical FPGA architecture. The CLBs are
the conÞgurable logic blocks, IOBs are the Input Output
Blocks and the RAMs are on-chip Random Access mem-
ory blocks.

FPGA having 43,200 logic cells and 655,360 bits of block
ram. The board also has a PCI bridge that communicates
between the RC1000 board and the host computerÕs PCI
bus, and four banks of Static Random Access Memory
(SRAM). Fast switches isolate the FPGA from the SRAM,
allowing both the host CPU and the FPGA to access the
SRAM, though not concurrently.

2.2 Program Representation

Handel-C does not support a stack, which means that a
standard tree based representation is not straightforward
to implement because recursion is not supported by the
language. An alternative to a tree representation is a lin-
ear representation which has been used by others to solve
some hard GP problems, for example [8]. Using a linear
representation, a program consists of a sequence of words
which are interpreted by the problem speciÞc Þtness func-
tion. The hardware design uses a linear program repre-
sentation with a Þxed maximum size. Choosing a Þxed
maximum size made the storage of programs in on-chip
RAM and off-chip RAM efÞcient and simple to implement.
Consequently a method of limiting the program size dur-
ing crossover was needed. The Þrst implementation used a
truncating crossover. This is compared to a second method
of limiting lengths, called the limiting crossover operator.

3 Analysis of the crossover operator

Two separate implementations were used for the analysis.
Firstly, a simple program that simulated the effects of GP
crossover was used to show the expected program length
distributions in the absence of Þtness. We refer to this as
the GP simulator in this paper. Secondly, the hardware im-

plementation was used to obtain results both with and with-
out Þtness. The test problem for all the experiments where
Þtness is used is the artiÞcial ant problem.

3.1 ArtiÞcial Ant

This popular test problem was originally described by Jef-
ferson [2] and in the context of GP by Koza [3]. It in-
volves Þnding a program for an ant-like machine that en-
ables it to navigate its way round a trail of food on a
32x32 toroidal grid of cells within a Þxed number of time
steps. In the hardware implementation the function set dif-
fers from the standard example in only having two func-
tions: F = f IF_FOOD; PROGN2g whereIF _FOOD is a
two argument function that looks at the cell ahead and if
it contains food it evaluates the Þrst terminal, otherwise
it evaluates the second terminal.PROGN2 evaluates its
Þrst and second terminals in sequence. The terminal set
T = f LEFT; RIGHT; MOVE; NOPg , whereLEFT and
RIGHT change the direction the ant is facing,MOVE
moves the ant one space forwards to a new cell, and if
the new cell contains food, the food is eaten.NOP is a
no-operation terminal and has no effect on the ant but is in-
cluded to make the number of terminals a power of 2, which
simpliÞes the hardware logic. Each timeLEFT; RIGHT or
MOVE is executed, the ant consumes one time step. The
run stops when either all the time steps have been used, or
the ant has eaten all the food. This test problem was chosen
because it is known to be a hard problem for GP to solve
[5].

All the results use the Santa Fe trail, which has 89 pellets of
food. Each experiment was run 500 times and the mean of
all the runs taken. Unless stated otherwise, the population
size is 1024, the maximum program length is 31 and all
experiments were run for 31 generations. The ant was allo-
cated 600 timesteps. The probability of selecting crossover
was 67%, mutation 10% and straight reproduction 23%.

3.2 Behavior Analysis

The measurement of overall GP behavior is frequently lim-
ited to plotting the mean population Þtness vs. genera-
tion. This is shown for the artiÞcial ant problem using the
hardware implementation in Figure 2 over 500 runs. This
will be used as a baseline when looking at changes to the
original design. However, when looking for the reasons
to explain why a feature of an operator or representation
has an effect, raw performance gives us a very restricted
view of what is happening, and more analytical methods
are needed. One such method is to consider one or more as-
pects of the internal population dynamics during a run. Re-
cently a lot of work has been done to develop exact schema
theories for Genetic Programming [10][11], which, among
other things, give us a description of the expected changes
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Figure 2: GP Performance of the artiÞcial ant problem us-
ing a hardware GP system. Average of 500 runs.

in the program length distribution during a GP run. The
asymptotic distribution of program lengths is important to
us because it is a way of comparing the sampling behavior
(search bias) of different crossover operators and replace-
ment strategies.

Starting with the GP simulator with a uniform initial length
distribution and ignoring the effects of Þtness, Figure
3 shows the expected length distribution for generations
0,1,10 and 31. In this case there is no maximum program
size. This agrees with the results in [11] where the distri-
bution asymptotically converges to a discrete Gamma dis-
tribution.
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Figure 3: Program length distribution for standard GP
crossover using a linear program representation, a global
replacement strategy, non-steady state without Þtness.

3.3 Truncating Crossover Operator

This crossover operator ensures programs do not exceed
the maximum program length by selecting crossover points
in two individuals at random and exchanging the tail por-
tions up to the maximum program length. Crossovers that
result in programs exceeding the maximum length are trun-
cated at the maximum length. This crossover operator was
devised to minimize the amount of logic required and the
number of clock cycles needed. This is illustrated in Fig-

ure 4. For two programsa andb that have lengthsla and

X1=1

X2=11

I

lb

Ia'

Ib'

Len=9

Len=12

Len=2

Len=16

Crossover

a

b

a'

b'

la

Figure 4: Truncating crossover operator

lb, two crossover pointsxa and xb are chosen at random
so that 0� xa < la and 0� xb < lb. The program size
limit is Lmax. After crossover the new lengths arel 0

a =

min(( xa + lb � xb) ; Lmax) andl 0

b = min(( xb + la � xa) ; Lmax) .

When the GP simulator is modiÞed to implement the trun-
cating crossover, the result is shown in Figure 5 without Þt-
ness. The behavior of the hardware implementation using
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Figure 5: Program length distribution with truncating
crossover for standard GP without Þtness.

the truncating crossover operator is shown in Figure 6. A
feature of these results is that there is initially a large peak
at the maximum program size of 31, but in subsequent gen-
erations the distribution tends to resemble a Gamma distri-
bution like the one in Figure 3. However, it is important to
note that it is not the same Gamma distribution, because the
mean program length tends to decrease with this crossover
operator. The reason is that with the truncation the amount
of genetic material removed from the parents when creating
the offspring may be bigger than the amount of genetic ma-
terial replacing it. The differences between Figures 5 and
6 are believed to arise because the simulator uses genera-
tional GP, while the hardware implementation uses steady
state GP.

When Þtness is used, the length distribution changes as
shown in Figure 7, but it still retains some of the features
of a Gamma distribution. The striking feature is the large
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Figure 6: Program length distribution using truncating
crossover using a linear program representation without Þt-
ness. From the hardware implementation.

peak at the maximum program length limit which repre-
sents nearly 10% of the total population.
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Figure 7: Program length distribution using truncating
crossover using a linear program representation with Þt-
ness. From the hardware implementation.

3.4 Limiting Crossover Operator

An alternative method of ensuring that programs do not ex-
ceed the Þxed limit is to repeatedly choose crossover points
until both programs are below the program size limitLmax.
For two programsa and b, with lengthsla and lb, two
crossover pointsxa andxb are chosen so that 0� xa < la
and 0� xb < lb. After crossover the new lengths are sim-
ply l 0

a = xa + lb � xb and l 0

b = xb + la � xa. If l 0

a > Lmax
or l 0

b > Lmax the selection ofxa and xb is repeated until
l 0

a � Lmax AND l 0

b � Lmax.

This is the approach taken in lilgp (versions 1.02 and 1.1)
when thekeep_trying parameter is enabled [12] to limit
the tree depth and the total number of nodes in a program
tree during crossover. When this crossover operator is im-
plemented in the GP simulator the program length distribu-
tion changes, as shown in Figure 8. A feature of this result
is that the mean program length moves towards smaller val-
ues. After 31 generations, the population size distribution
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Figure 8: Program length distribution using limiting
crossover operator and a global replacement strategy with-
out Þtness.

shape resembles the one produced with standard GP.

When this method of limiting the program length was im-
plemented in the hardware version, we obtained the distri-
bution shown in Figure 9. In contrast to the GP simulator
the program length distribution remains reasonably static
between generations 1 and 31. In an effort to understand
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Figure 9: Program length distribution using limiting
crossover without Þtness, from the hardware implementa-
tion.

the different behavior between the results in Figures 8 and
9 it was noted that the hardware implementation required
both of the offspring programsa0 AND b0 to be shorter than
Lmax but that the simulation only considered one offspring
at a time, effectively requiringa0 OR b0 to be shorter. The
latter case is referred to as the single-child variant in the
rest of this paper, and the original the dual-child variant. In
the case of the single-child variant, if one of the programs
was larger than the maximum, it was simply discarded and
the parent substituted in its place, and if both children were
larger than the limit, the two crossover points would be cho-
sen again. If both children were smaller than the limit, they
would both be available as candidates in the next gener-
ation. When the hardware implementation was modiÞed
to incorporate the single-child variant limiting method, the
result shown in Figure 10 was obtained, closely matching



that from the simulation. Again, the difference between
Figure 8 and Figure 10 is believed to be due to the use of
steady-state GP in the hardware implementation. When Þt-
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Figure 10: Program length distribution using limiting
crossover without Þtness and the single-child variant. From
the hardware implementation.

ness is enabled using the dual-child variant, there is a large
bias in favor of longer programs as shown in Figure 11.
An interesting artifact of this graph is the sharp rise in pro-
gram lengths for generations 10 and 31 above length 15.
This is likely to be due to the distribution of Þtness in the
program search space and can be seen as a form of what
is commonly termed bloat. However, when the program
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Figure 11: Program length distribution using limiting
crossover with Þtness and the dual-child variant. From the
hardware implementation.

length distribution using the single-child variant was plot-
ted, shown in Figure 12, the length distribution peaks at
around the mean ofLmax. This unexpected behavior is in-
teresting since it appears to have avoided the phenomenon
of bloat.

The effect of using the limiting crossover operator with and
without the single-child variant on the behavior of the sys-
tem is shown in Figure 13 together with the original be-
havior. This graph shows that all three crossover imple-
mentations have a similar rate of improvement, with the
limiting crossover operator with single-child variant maybe
performing slightly better on the ant problem.
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Figure 12: Program length distribution using limiting
crossover with Þtness and the single-child variant. From
the hardware implementation.
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Figure 13: Comparative GP behavior of the hardware
implementation for the ant problem using truncating
crossover and limiting crossover.

Finally, the distribution of 100% correct program lengths
was measured for truncating and both limiting crossovers.
The hardware implementation was run 500 times, and if
a 100% correct program was generated, the length was
recorded. These are shown in Figures 14, 15 and 16 re-
spectively.

From these plots we can see that truncating crossover has
allowed GP to Þnd more 100% correct programs than the
limiting crossover using the dual-child variant. However,
when using the single-child variant, limiting crossover
found the most 100% correct programs.

It is interesting to note that the results shown in Figure 13
do not obviously show this difference in the outcome, high-
lighting the weakness of using the standard measure of per-
formance.

The results shown in Figures 14,15 and 16 suggest that for
the artiÞcial ant problem implemented in hardware, pro-
grams of length 4 or 5 are most likely to be correct. It
was then observed that the peak program length in Figure
12 was larger than length 4. From this it was conjectured
that if the maximum program length was reduced from 32,
moving the peak closer to the program length that occurred
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Figure 14: Distribution of lengths of 100% correct pro-
grams using the truncating crossover operator.
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Figure 15: Distribution of lengths of 100% correct pro-
grams using the dual-child variant limiting crossover op-
erator.

most frequently, that GP may Þnd even more successful
programs. Two further experiments were therefore per-
formed using maximum lengths of 16 and 8. The results
of running the hardware implementation with these modi-
Þed lengths is shown in Figures 17 and 18.

This conÞrmed the idea that, by limiting the program
lengths that GP is allowed to create, that GP produced
more 100% correct programs. The corresponding program
length distributions are shown in Figures 19 and 20. These
both have similar characteristics to Figure 12 and show that
the program length distribution peaks close to the peak of
the successful programs.

4 Discussion

The differences between the dual-child and single-child
variants can be explained by considering Þrst the dual-
child case. Starting with a uniform distribution of program
lengths 0< l � Lmax, the average program length is given
by Lavg =

Lmax
2 and the average crossover point isLavg

2 . Ev-
ery crossover produces two offspring, the average length
of which is Lmax

2 , with one smaller and one larger program
produced. When one of the offspring exceedsLmax both
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Figure 16: Distribution of lengths of 100% correct pro-
grams using the the single-child variant limiting crossover
operator.
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Figure 17: Distribution of lengths of 100% correct pro-
grams using the the single-child variant limiting crossover
operator and a length limit of 16

crossover points are re-selected until both programs satisfy
the length constraint. The result is that the average pro-
gram length using this crossover will remainLmax

2 . How-
ever, in the single-child case, only one child needs to meet
the length constraint. With one long and one short off-
spring, the short offspring will be more likely to satisfy the
constraint and so be selected for propagation. Because the
shorter program is preferred, the mean program length will
tend to continually decrease. In summary, in the absence
of Þtness, the single-child variant selects programs that are
on average smaller thanLmax

2 . In the presence of Þtness
we believe that this pressure to decrease the mean program
length competes with the well documented tendency of GP
programs to grow in the presence of Þtness. The result is
that when using the single length constraint and an upper
bound on the program length, the program length distribu-
tion does not have a strong bias to longer lengths.

A side effect of using the single child variant is that when a
long program is rejected, a copy of the parent is propagated
to the next generation. This means that even if crossover is
used as the only operator, a proportion of straightforward
reproduction will be present.
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grams using the the single-child variant limiting crossover
operator and a length limit of 8
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Figure 19: Program length distribution using limiting
crossover with Þtness and the single-child variant. Maxi-
mum length limited to 16. From the hardware implementa-
tion.

A practical penalty of the limiting crossover approach
is that multiple passes may be required to obtain two
crossover points that satisfy the length constraints. De-
pending on the implementation this could have an impact
on the time needed to complete a GP run. In practice for
most problems the time required for crossover in a stan-
dard GP system is much smaller than the time for evaluat-
ing programs, and so will only extend the time required by
a small factor. In the hardware implementation, crossover
is performed in parallel with evaluation, so there will be
no impact for most problems where Þtness evaluation takes
longer than selection and breeding. For the artiÞcial ant
problem implemented in hardware, the limiting crossover
operators did not have any effect on the overall perfor-
mance of the design, both the clock speed and number of
clock cycles remained the same as the truncating crossover
implementation. It is worth noting that the single-child lim-
iting crossover will need fewer iterations to Þnd a legal off-
spring, so this will have a smaller effect on the overall per-
formance.

The effect of adjusting the program length limit so that the
peak in the length distribution is closer to the peak of opti-
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Figure 20: Program length distribution using limiting
crossover with Þtness and the single-child variant. Maxi-
mum length limited to 8. From the hardware implementa-
tion.

mal program lengths suggests that allowing programs to be
unlimited in length may be detrimental to using GP effec-
tively.

5 Further work

From the results in [10] we would expect similar behavior
when these techniques are applied to standard tree based
GP, and this is currently being investigated.

Other techniques have been suggested for controlling the
program size during evolution, such as the smooth oper-
ators [9], homologous and size fair operators [4] which
could also be adapted to a hardware implementation.

So far, only one problem has been analysed using the hard-
ware implementation of GP and to get a more complete
picture of the effects of the design decisions more problems
need to be implemented and analysed.

6 Conclusions

This analysis, based on measuring the program length dis-
tributions was prompted by the results from the work on
a general schema theory of GP. It has led us to an imple-
mentation of crossover that allows us to constrain the max-
imum program lengths. For the ant problem implemented
in hardware we have discovered a mechanism that avoids
the effects of unconstrained program growth, and indeed
allows us to obtain more correct programs.

In conclusion, all three crossover operators are effective
in the hardware implementation when applied to the arti-
Þcial ant problem, with the single-child limiting crossover
performing ahead of the other two. The behavior of the
single-child limiting crossover in the presence of Þtness is
interesting and suggests another mechanism for controlling
code growth.
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Abstract

In the last two years the schema theory for Ge-
netic Programming (GP) has been applied to the
problem of understanding the length biases of a
variety of crossover and mutation operators on
variable length linear structures. In these initial
papers, operators were studied in isolation. In
practice, however, they are typically used in var-
ious combinations, and in this paper we present
the Þrst schema theory analysis of the complex
interactions of multiple operators. In particular,
we apply the schema theory to the use of standard
subtree crossover, full mutation, and grow muta-
tion (in varying proportions) to variable length
linear structures in the one-then-zeros problem.
We then show how the results can be used to
guide choices about the relative proportion of
these operators in order to achieve certain struc-
tural goals during a run.

1 Introduction

Most (if not all) Genetic Programming (GP) operators have
a variety of biases with respect to both the syntax and the
semantics of the trees they produce. These biases can work
against or in favor of the biases implied by the Þtness func-
tion, which makes understanding these biases crucial to un-
derstanding the behavior of and relationships among the
various operators.

These interactions can be quite complex, however, and con-
sequently understanding them can be difÞcult. While there
is a considerable literature examining the interactions of
mutation and crossover in areas like Genetic Algorithms
(GAs), there is much less reported work on the interactions
of operators in GP. Notable exceptions include the work
of OÕReilly [10], Banzhaf,et al [1], and Luke and Spec-
tor [5, 6, 4]. These studies are primarily experimental in

nature, and all suggest that understanding operator interac-
tions is difÞcult. It would thus be useful to have a theoreti-
cal approach to these problems that might allow us to better
understand operator interactions, and choose combinations
of operators in a more principled manner.

In the last few years work on schema theory for GP has
made huge progress, generating not only an exact the-
ory, but also one applicable to a variety of operators used
in practice, including: one-point crossover [12, 14, 11,
13], standard and other subtree-swapping crossovers [14,
16, 7], different types of subtree mutation and headless
chicken crossover [15, 8], and the class of homologous
crossovers [17].

In [16, 7] we showed how these recent developments in GP
schema theory can be used to better understand the biases
induced by the standard subtree crossover when genetic
programming is applied to variable length linear structures.
In particular we showed that subtree crossover has a very
strong bias towards oversampling shorter strings and, in
some senses, works against bloat. In [15, 8] we derived ex-
act schema equations for subtree mutation on linear struc-
tures, using both the full and grow methods to generate the
new, random subtrees. Iterating those equations on both a
ßat Þtness landscape and a needle-in-a-haystack style prob-
lem, called the one-then-zeros problem, we showed that
both of these subtree mutation operators have strong biases
with regard to the populationÕs length distribution. Similar
to the bias of subtree crossover, we found that these muta-
tion operators are strongly biased in favor of shorter strings
in both these Þtness domains.

In this paper we combine the schema theory for different
operators and apply them to the problem of better under-
standing the behavior produced by their interaction. Study-
ing these complex interactions is particularly easy using
the schema formalization because we can simply use a
weighted sum of the schema equations generated for each
operator in isolation. We also show how the theory can be
used to design competent GP systems by guiding the choice



of combinations of operators together with their parameter
settings.

The work reported here is all on GP with linear structures
(not unlike those used in, e.g., [9, 2]), although the schema
theory on which it is based is much more general. We have
chosen in these applications to focus on linear structures
because the theoretical analysis is more manageable and
the computations are more tractable. This has yielded a
number of important results for the linear case, and prelim-
inary results further suggest that many of the key ideas here
are also applicable (at least in broad terms) to the non-linear
tree structures typically used in GP.

In Sec. 2 we will introduce the schema theorem for GP us-
ing linear structures, standard crossover and mutation, and
we will show how easily the theory for different operators
can be combined. We then apply the theory in Sec. 3 to
the one-then-zeros problem and use the theory to both pre-
dict and better understand the changes in the distribution of
Þt individuals and of sizes (Sec. 4). We Þnish with some
conclusions and ideas for future research (Sec. 5).

2 Schema theory for GP on linear structures

2.1 Operators

In this paper we will consider three common GP operators:
the standard subtree-swapping GP crossover operator, and
the full and grow mutation operators. Each operator acts by
removing a non-empty sufÞx of an individual and replacing
it with a new sufÞx, with the production of that sufÞx being
the primary difference between the operators.

More formally, in a linear-structure GP whereF is the
set of non-terminal nodes andT is the set of terminal
nodes, individuals can be seen as sequences of symbols
c

0

c

1

: : : c

N � 1

wherec

i

2 F for i < N � 1 andc

N � 1

2 T .
Each of the operators, then, starts by removing a non-empty
sufÞx c

j

c

j +1

: : : c

N � 1

(wherej is chosen uniformly such
that 0 � j < N ) and replacing it with a new non-empty
string.1

In the case of crossover, the new string is taken to be a
sufÞxd

j

0

d

j

0

+1

: : : d

N

0

� 1

of another parentd

0

d

1

: : : d

N

0

� 1

,
wherej

0 (which could differ fromj ) is chosen uniformly
such that0 � j

0

< N

0 .

1The requirement that sufÞxes be non-empty while preÞxes
are allowed to be empty comes from standard practice in GP. It
does, however, create a number of mild but annoying asymmetries
which often clutter up the analysis (see, e.g., [18]).

Both full and grow mutation generate the new sufÞx ran-
domly, and they differ in how the new random subse-
quences are generated, and in particular how their sizes are
determined. In full mutation, the subsequence has a spec-
iÞed lengthD ; thus non-terminals are selected uniformly
from F until lengthD � 1 is reached, at which point a ter-
minal is selected uniformly fromT . In grow mutation, on
the other hand, one chooses from the set ofall functions
and terminals every time, only terminating the creation of
the subsequence when a terminal is chosen; thus for grow
mutation there is noa priori limit on the size of the result-
ing sequences.

2.2 Schema theory deÞnitions

In this section we will present a series of crucial deÞnitions
that allow us to represent schemata, and count and build
instances of schemata.

Just as we deÞned a linear GP structure to be a sequence
of symbols, we will also deÞne a linear GPschemaas
the same kind of sequencec

0

c

1

: : : c

N � 1

except that a new
ÒdonÕt careÓ symbol Ô= Õ is added to bothF andT .2 Thus
schemata represent sets of linear structures, where the po-
sitions labelled Ô= Õ can be Þlled in by any element ofF (or
T if it is the terminal position). A few examples of schema
are:3

� (=)

N : The set of all sequences of lengthN .

� 1(=)

a : The set of all sequences of lengtha + 1 starting
with a 1.

� 1(0)

a : The singleton set containing the symbol 1 fol-
lowed bya 0Õs.

Now that we can represent schemata, we present a series of
deÞnitions that allow us to count instances of schemata.

DeÞnition 1 (Proportion in population) � ( H ; t ) is the
proportion of strings in the population at timet matching
schemaH . For Þnite populations of sizeM , � ( H ; t ) =

m ( H ; t ) = M , wherem ( H ; t ) is the number of instances of
H at timet .

DeÞnition 2 (Selection probability) p ( H ; t ) is the proba-
bility of selecting an instance of schemaH from the pop-
ulation at timet . This is typically a function of� ( H ; t ) ,
the Þtness distribution in the population, and the details

2This new Ô= Õ symbol plays a role similar to that of the Ô#Õ
ÒdonÕt careÓ symbol in GA schema theory. For historical reasons,
however, Ô#Õ has been assigned another meaning in the more gen-
eral version of the GP schema theory [14].

3We will use the superscript notation from theory of computa-
tion, wherex

n indicates a sequence ofn x Õs.



of the selection operators. With Þtness proportionate se-
lection, for example,p ( H ; t ) = � ( H ; t ) � f ( H ; t ) = f ( t ) ,
wheref ( H ; t ) is the average Þtness of all the instances of
H in the population at timet andf ( t ) is the average Þtness
in the population at timet .

DeÞnition 3 (Transmission probability) � ( H ; t ) is the
probability that an instance of the schemaH will be con-
structed in the process of creating a new individual for the
population at timet + 1 out of the population at timet . This
will typically be a function ofp ( K ; t ) , the various schemata
K that could play a role in constructingH , and the details
of the various recombination and mutation operators being
used.

DeÞnition 4 (Creation probability) � mut( H ; t ) is the
probability that some GP subtree mutation operator will
generate a new, random subtree that is an element of the
schemaH in generationt .

To clarify which operator we are working with, we in-
troduce specialized forms of the transmission probability
function� , namely� xo for the transmission probability due
speciÞcally to crossover,� FULL for the transmission prob-
ability due speciÞcally to subtree mutation using the full
method, and� GROW for the transmission probability due
speciÞcally to subtree mutation using the grow method.

We can now model the standard evolutionary algorithm as
the transformation

� ( H ; t )

select

� ! p ( H ; t )

m utate

X O

� ! � ( H ; t )

sample

� ! � ( H ; t + 1) :

Here the arrows indicate that some new distribution (on
the RHS of the arrow) is generated by applying the speci-
Þed operation(s) to the previous distribution (on the LHS).
So, for example, the process of selection can be seen as a
transformation from the distribution of schemata� ( H ; t ) to
the selection probabilityp ( H ; t ) . A crucial observation is
that, for aninÞnitepopulation,� ( H ; t + 1) = � ( H ; t ) for
t � 0 , which means we can iterate these transformations
to exactlymodel the behavior of an inÞnite population over
time.

To formalize the creation of instances of a linear schema
H = c

0

c

1

: : : c

N � 1

we deÞne

u ( H ; i; k ) = c

0

c

1

: : : c

i � 1

(=)

k � i

l ( H ; i; n ) = (=)

n � N + i

c

i

c

i +1

: : : c

N � 1

Hereu ( H ; i; k ) is the schema of lengthk matching the left-
mosti symbols ofH , andl ( H ; i; n ) is the schema of length
n matching the rightmostN � i symbols ofH .4 The impor-
tant property ofu andl is that if one uses standard crossover

4
u and l are based on operatorsU and L (see, e.g., [14])

which match theupperandlowerparts of general, non-linear, GP
schemata.

to crossoverany instance ofu ( H ; i; k ) at positioni with
any instance ofl ( H ; i; n ) at positionn � N + i , the re-
sult will be an instance ofH , provided5 k + n > N , and
0 " ( N � n ) � i < N # k . Further, these are theonly
ways to use standard crossover to construct instances ofH ,
so these deÞnitions fully characterize the mechanism for
constructing instances ofH .

2.3 The schema theorem

[7, 8] provide schema theorems for each of our three opera-
tors when used in isolation. Here we extend these results to
the case where all three operators can be used in the same
run, each with speciÞed proportions. Since we use exactly
one operator to generate any given individual, the probabil-
ity that we construct an instance of a schema (i.e.,� ( H ; t ) )
is simply the sum of the probabilities of each speciÞc op-
erator constructing such an instance, each weighted by the
likelihood of choosing that operator. This leads to the fol-
lowing:

Theorem 1 (Schema theorem for combined operators)
For GP on linear structures using standard crossover with
probability p xo, full mutation with lengthD and probability
p FULL, and grow mutation with probabilityp GROW, such that
p xo + p FULL + p GROW = 1 , we have

� ( H ; t ) = p xo � � xo( H ; t )

+ p FULL � � FULL ( H ; t ) + p GROW � � GROW( H ; t )

where

� xo( H ; t ) =

X

k > 0

n> 0

k + n>N

�

1

k � n

�

X

0 " ( N � n ) � i<N # k

p ( u ( H ; i; k ) ; t )

� p ( l ( H ; i; n ) ; t )

�

;

� FULL ( H ; t ) =

X

k > 0

0 � i<N # k

�

1

k

� p ( u ( H ; i; k ) ; t )

� � FULL ( c

i

c

i +1

: : : c

N � 1

)

�

� GROW( H ; t ) =

X

k > 0

0 � i<N # k

�

1

k

� p ( u ( H ; i; k ) ; t )

� � GROW( c

i

c

i +1

: : : c

N � 1

)

�

;

andq = jF j = ( jF j + jT j ) .

5We will use" as a binary inÞxmaxoperator, and# as a binary
inÞxminoperator.



Due to space restrictions we simply report the general ex-
pressions for the quantities� xo, � FULL, and � GROW for the
linear case without providing any proofs. The interested
reader can Þnd these, together with extensive characteriza-
tions of the behavior of crossover and mutation when used
separately, in [7, 8].

3 The one-then-zeros problem

We will now apply the Schema Theorem to theone-then-
zeros problem. We will start by deÞning and motivating the
problem, and then show how the schema theorem can be
used to better understand the effects of multiple operator
interaction on this problem.

3.1 One-then-zeros problem deÞnition

In this problem we haveF = f 0 ; 1 g andT = f 0 g , where
both 0 and 1 are unary operators. This gives us a prob-
lem that is essentially equivalent to studying variable length
strings of 0Õs and 1Õs, with the constraint that the strings
always end in a 0. Fitness in this problem will be 1 if the
string starts with a 1 and has zeros elsewhere, i.e., the string
has the form1(0)

a wherea > 0 ; Þtness will be 0 otherwise.

One of the reasons for studying this problem is that un-
der selection and crossover this problem induces bloat [7],
whereas this does not happen when using the full and grow
mutation operators [8]. The key advantage of this prob-
lem is that in order to fully and exactly describe the length-
evolution dynamics and the changes in solution frequency
of inÞnite populations, it is necessary to keep track of only
two classes of schemata: those of the form(=)

N and those
of the form1(0)

a . Unfortunately most problems are not so
restricted, and one is typically forced to track the propor-
tion of many (possibly intractably many) more schemata.

3.2 Analyzing one-then-zeros

To apply the schema theorem to the one-then-zeros prob-
lem one needs to calculate the probabilities� xo, � FULL, and
� GROW for both of the schema(=)

N and 1(0)

a , and the
probabilities� FULL and� GROW for both of the schema1(0)

a

and (0)

a . These can be calculated from the equations re-
ported above and are also provided in explicit form in [7, 8],
so we will not re-derive these results here.

If we assume an inÞnite population, we can numerically
iterate the equations in the Schema Theorem to better un-
derstand the behavior of an inÞnite GP population on this
problem. Tracking these distributions over time becomes
expensive in terms of computational effort.6 A crucial

6We have found, though, that ignoring values of� below some
small threshold (we have used10

� 10 ) seems to have little impact
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Figure 1:The distributions of lengths after 50 generations when
using the three recombination operators individually on the one-
then-zeros problem. The tail of the crossover distribution contin-
ues past the right hand side of the graph, with lengths above 300
still having proportions above10

� 10 .

point, though, is that these equations only need to be run
once, and have no stochastic effects. They areexactcal-
culations of the relevant quantities (up to the limitations
of the ßoating point representation), and once computed
need never be computed again. This is in contrast to typical
empirical results in evolutionary computation, where com-
binations of large populations and multiple runs are nec-
essary to smooth out the stochastic effects, and even then
there is no guarantee that any two sets of runs will have
similar behavior.

4 One-then-zeros results

We know (see, e.g., [7, 16, 8, 15]) that each of these op-
erators has signiÞcant biases when used on its own, and
Fig. 1 summarizes some of the earlier results by presenting
the Þnal length distributions for each of the operators when
acting alone on the one-then-zeros problem. This makes it
clear that the three operators all have very different length
biases, which suggests that they may indeed demonstrate
interesting behaviors when used in combination.

We can now iterate this new combined schema equation to
study these combined interactions and their biases, and to
use such results to guide the choices of the proportions of
operators to help satisfy a variety of goals. As an example
in this paper we will consider the following goals:

1. Avoid both bloating and shrinking, by having the av-
erage size after 50 generations be as close as possible
to the initial average size.

on the numeric results and can greatly speed up the calculations
since it signiÞcantly slows the growth of the number of strings
that need to be tracked.



2. Avoid both bloating and shrinking (as above), but also
maximize the number of correct individuals.

3. Maximize the proportion of small solutions (as op-
posed to just short strings).

4. Reach a state where the proportion of1(0)

30 exceeds
0.01 as early as possible.

In all these simulations we will be applying the three oper-
ators discussed earlier (standard subtree crossover, full mu-
tation, and grow mutation) on the one-then-zeros problem.
A depth limit D = 5 will be used for full mutation. Our ini-
tial population will consist of equal proportions (10% each)
of the strings1(0)

i for 1 � i � 10 ; thus the average length
in the initial population is 6.5.

To study the interaction of the operators, the schema equa-
tions from Theorem 1 were iterated 66 different times, us-
ing each of the legal combinations of proportions of (stan-
dard) crossover, grow mutation, and full mutation with val-
ues from the setf 0 ; 0 : 1 ; 0 : 2 ; 0 : 3 ; : : : ; 0 : 9 ; 1 g . WeÕll use
triples of the form( p xo; p FULL ; p GROW) to indicate a combi-
nation of parameter settings where the Þrst is always the
proportion of crossover, the second the proportion of full
mutation, and the third the proportion of grow mutation.

4.1 General observations

While the majority of these iterations had converged after
50 generations, there were several which had not. These
were typically those with sufÞciently high crossover prob-
abilities that bloat was occurring and the average lengths
were clearly still growing after 50 generations. As an ex-
ample, the conÞguration (0.8, 0, 0.2) has an average length
of 7.98 after 50 generations, and is thus not a terrible so-
lution to the problem of avoiding bloat and shrinkage as
deÞned in Sec. 4.2 below. It seems highly likely, how-
ever, that if we were to continue iterating the equations with
these parameters for another 100 generations we would get
higher average length, thereby doing a worse job of meet-
ing the goal of avoiding bloat and shrinkage. This isnÕt
necessarily a concern, however, since actual GP runs al-
ways have a Þnite number of generations. Thus if we know
weÕre likely to run our GP for 100 generations, we can it-
erate these schema equations and try to Þnd settings that
meet our goals (whatever they happen to be) at the end of
100 generationsregardless of whether further generations
would take us away from our goals.

It should also be noted that the initial uniform distribution
of lengths is very unstable in the sense that any combina-
tion of operators will generate a very different distribution
immediately in the Þrst generation. As an example, the
settings (0.1, 0.7, 0.2) have an average length after 50 gen-
erations thatÕs very close to the average length in the initial

distribution (6.5). The distribution itself (shown in Fig. 3)
is far from uniform, however. This seems to be a general
property of ÒinterestingÓ operators, namely that they have a
favored length distribution that they move to quite quickly,
and while Þtness can modify that tendency, it rarely elimi-
nates it entirely.

4.2 Avoid bloat and shrinkage

In our Þrst example the goal will be to avoid both bloat-
ing and shrinkage by searching for a collection of operator
probabilities such that the average length after 50 genera-
tions is as close as possible to the initial average size.

Out of our 66 conÞgurations, Þve had a Þnal average Þtness
that was less than 0.15 away from the initial average of 6.5
(see Table 1); the next closest combination of parameter
settings had an absolute difference of over 0.23. Note that
in each case the proportion of grow mutation was 0.2. In
fact the 20 conÞgurations whose Þnal average lengths were
closest to 6.5 all had small non-zero proportions for grow
mutation (between 0.1 and 0.4); at the same time, however,
those 20 conÞgurations had a broad range of full mutation
proportions (ranging from 0 to 0.9) and crossover propor-
tions (from 0 to 0.8). Those combinations where the pro-
portion of crossover was over 0.5, however, all had average
lengths that were still climbing after 50 generations, so itÕs
likely that they would continue to diverge from 6.5 if we
iterated the equations for more generations. Thus the cru-
cial factors for long-term size stabilityin this problemseem
to be a small non-zero proportion of grow, and a crossover
proportion of at most 0.5 so the sizes donÕt bloat above 6.5.

Most (but not all) of the conÞgurations where the pro-
portion of grow was 0.2 had Þnal average lengths close
to 6.5; the smallest average length after 50 generations
was 6.36 (for(0 : 4 ; 0 : 4 ; 0 : 2) ), and the largest was 7.98 (for
(0 : 8 ; 0 ; 0 : 2) ). As discussed above, however, those parame-
ter sets with higher crossover proportions probably hadnÕt
converged after just 50 generations, and their Þnal averages
would likely continue to grow if we iterated more genera-
tions. Taking that into account the range of Þnal average
lengths is quite small, being from 6.35 to 6.46 when the
proportion of grow is 0.2 and the proportion of crossover is
at most 0.5.

Looking at Fig. 2, we can see that in each of these cases
there was an initial jump away from 6.5 (caused by the in-
stability of the initial uniform length distribution), followed
by a fairly rapid convergence to an average value close to
6.5. The slowest to converge was the case where we had
50% crossover, and that curve in fact looks similar to the
bloating seen in [7], with an asymptote close to 6.5.

Fig. 3 shows the Þnal distribution of lengths for each of
these Þve parameter settings. While each of these distribu-



XO Full Grow Diff. from 6.5 Prop. Þt
0.1 0.7 0.2 0.081 0.19
0.2 0.6 0.2 -0.045 0.26
0.3 0.5 0.2 -0.131 0.31
0.4 0.4 0.2 -0.147 0.37
0.5 0.3 0.2 -0.045 0.43

Table 1:Parameter settings for the Þve conÞgurations that came
closest to having the same average length after 50 generations as
the average length of the initial distribution. ÒXOÓ is the pro-
portion of crossover, and ÒFullÓ and ÒGrowÓ are the proportions
of full and grow mutation. ÒDiff. from 6.5Ó is the difference be-
tween the actual Þnal average length for this set of parameters and
the initial average length (6.5); negative values mean that the Þnal
average length was less than 6.5. ÒProp. of ÞtÓ is the proportion
of the individuals produced in the last generation that were Þt.
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Figure 2: Average lengths over time for the Þve collections of
parameter settings leading to a Þnal average length closest to the
initial average length (6.5).

tions has an average length that is nearly equal to that of
the initial uniform distributions, none of these distributions
is remotely uniform. They instead exhibit combinations of
features seen in earlier studies of using single recombina-
tion operators on this problem (see Fig. 1). In each case,
for example, we see a peak at length=5 which is due to full
mutation with depth 5, and the height of the peak is clearly
correlated to the full mutation probability.

4.3 Avoid bloat and shrinkage, maximizing correct
proportion

In the preceding example we looked for parameter settings
that avoided both bloat and shrinkage. ItÕs possible, how-
ever, that this goal was met at the expense of correctness. A
given collection of parameter settings could, for example,
generate the desired average size, but have a very low pro-
portion of Þt individuals. This would in turn greatly reduce
the effective population size since most of the generated
individuals can never be selected for recombination.
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Figure 3:Final length distributions of the Þve parameter settings
whose Þnal average length was closest to the initial average length
(6.5).

We can assess this by looking at the proportion of correct
individuals in the Þnal generation for each set of parameter
values, and we indeed see that there are substantial differ-
ences among these Þve conÞgurations (see Table 1), with
the values ranging from 0.19 to 0.43. ItÕs also clear that
increased probabilities of crossover correspond with in-
creased proportion of Þt individuals. This is not surprising
since increased probabilities of crossover also correspond
to decreased probabilities of full mutation, and full muta-
tion is rarely going to produce a Þt offspring in this prob-
lem [8]. Crossover on the other hand, has a high probability
of generating correct offspring, especially when given two
correct, fairly long individuals as parents [7].

Another approach to optimizing these two criteria would
be to start by identifying the conÞgurations with high pro-
portion of Þt individuals in the Þnal generation, and then
choosing from those the parameter settings that also lead to
Þnal average lengths near 6.5. The settings with the highest
proportion of Þt individuals are those with high crossover
probabilities, but these conÞgurations also have the highest
Þnal average lengths (because high crossover probabilities
lead to bloat in this problem [7]). One of the best settings
is (0.8, 0.0, 0.2), which has a Þnal average length of 7.98
(nearly 1.5 nodes longer than the original average of 6.5)
but a Þnal proportion of Þt individuals of 0.65 (about 0.22
higher than the proportion generated by (0.5, 0.3, 0.2)).

4.4 Maximize proportion of small solutions

Now consider the case where we want to minimize the av-
erage size of theÞtindividuals (i.e., those of the form1(0)

a

for a > 0 ). There are quite a few combinations of param-
eter settings that lead to average size of Þt individuals that
are just above 3. The three smallest are (0, 0, 1), (0.1, 0,
0.9), and (0.2, 0, 0.8) with Þnal average sizes of Þt individu-



als 3.02, 3.04, and 3.07 respectively. This suggests that (for
this problem) the best way to make short correct solutions
is to primarily use grow mutation, with small amounts of
crossover being acceptable as well. Adding small amounts
of full mutation doesnÕt lead to much bigger average sizes
(the average size for (0, 0.1, 0.9), for example, is 3.13) de-
spite the fact that depth mutation always generates strings
of length at least1 + D (or 6 in our case). This is probably
due to the fact that full mutation will very rarely generate
correct individuals in this problem.

If one wanted to further maximize the proportion of Þt in-
dividuals, then the three candidate combinations have pro-
gressively increasing proportion of Þt individuals; the high-
est is (0.2, 0, 0.8), which has a proportion of 0.41. If we
look more broadly, we Þnd that (0.6, 0, 0.4) has a some-
what higher proportion of Þt individuals after 50 genera-
tions (0.49), with the average size of Þt individuals being
only slightly higher (3.54).

4.5 Find solutions of length 31 quickly

For our Þnal example we will consider the goal of Þnd-
ing solutions of the form1(0)

30 as quickly as possible.
There are a variety of motivations for this sort of goal,
but one might be that instead of only having a two level
Þtness function, we might have a three level Þtness func-
tion: Fitness 0 for individuals that donÕt have the Òone then
zerosÓ pattern, Þtness 1 for individuals of the form1(0)

a ,
a 6= 30 , and Þtness 2 for individuals of the form1(0)

30 . If
we further assume that our run will terminate as soon as we
discover a target individual1(0)

30 , then dynamics of such
a run are identical to the original one-then-zeros problem,
except they terminate upon discovery of a target individual.

Thus we can use our schema theory results to discover what
parameter settings lead most quickly to the discovery of
a target individual. Because of the inÞnite population as-
sumption, however, we may Þnd that early in a run there
is a very small, but still positive, proportion of target in-
dividuals, yet with such small proportions the likelihood
is minuscule of actually generating a target individual that
quickly in a ÒrealÓ (Þnite population) run. We will, there-
fore, look for the collection of parameter settings that Þrst
achieves a proportion of target individuals exceeding 0.01.

Only four of our tested parameter settings ever obtain a pro-
portion of at least 0.01 target individuals (see Table 2), with
all crossover (1, 0, 0) reaching the target the most quickly
(in 26 generations). Adding small amounts of full mutation
still allows the goal to be satisÞed, but even a proportion of
0.3 is enough to increase the number of generations by 12.
Grow mutation clearly interferes with this goal, as none of
the four parameter settings that achieve the goal have any
grow mutation.

XO Full Grow First gen to 0.01
1.0 0.0 0.0 26
0.9 0.1 0.0 28
0.8 0.2 0.0 32
0.7 0.3 0.0 38

Table 2:Parameter settings for the four conÞgurations that even-
tually achieve a proportion of 0.01 target individuals1(0)

30 . The
Þrst three columns are as in Table 1. ÒFirst gen to 0.01Ó is the Þrst
generation for a given collection of parameter settings where the
proportion of target individuals exceeded 0.01.

If we relax the target proportion to 0.001 there are a to-
tal of 12 parameter settings that achieve this new goal. Of
these only four have non-zero grow mutation probabilities,
all of which are the lowest possible value (0.1). Similarly,
all but three of these 12 settings have crossover probabil-
ities exceeding 0.5, although one (0.3, 0.7, 0) managed to
reach the target of 0.001 in 21 generations despite the low
crossover probability. ItÕs interesting to note, however, that
two of the settings with non-zero grow mutation probabili-
ties ((0.7, 0.2, 0.1) and (0.6, 0.3, 0.1)) both reached the goal
more slowly (in 23 and 29 generations respectively) despite
having much high crossover probabilities.

ItÕs not terribly surprising that crossover is useful in in-
creasing the length of Þt strings, since weÕve previously
seen that crossover can lead to bloat (presumably due to
replication accuracy) [7]. Further, one would expect both
mutation operators to at least slow down the process of gen-
erating a target string containing thirty 0Õs, and thus having
length 31 (see [18] for details):

� Given a parent string of lengthl , full mutation gener-
ates (on average) a string of length roughlyl = 2 + D , so
full mutation tends to generate shorter offspring once
l > 2 D . SinceD = 5 in our examples, full muta-
tion will tend to reduce the size of strings once their
lengths begin to exceed 10.

� Given a parent string of lengthl , grow mutation in the
one-then-zeros problems will generate (on average) a
string of length roughlyl = 2 + 3 . Thus grow muta-
tion will tend to reduce the size of strings once their
lengths begin to exceed 6.

WhatÕs perhaps more surprising is that grow mutation in-
terferes with the process of Þnding a target string so much
more than full mutation does. The likely reason is that
grow mutation is more likely to produce Þt offspring than
full mutation (see [8, 18] for details). Because of the inÞ-
nite population assumption, generating unÞt offspring has
no substantial effect on the dynamics of the system, as do-
ing so has no effect on the selection probabilities. Gen-
erating short, Þt individuals, however, will change the dy-



namics by increasing the probability that short individuals
are selected as parents in the next generation. In our case
its likely that grow mutation creates a sufÞcient number of
short, Þt strings that it can signiÞcantly hamper the process
of generating Þt strings of length 31.

5 Conclusions and future work

ItÕs clear, then, that there is a fairly complex set of interac-
tions between these three recombination operators, making
it quite difÞcult to guessa priori what proportions of oper-
ations would aid in satisfying goals that might be important
in a particular domain. For this problem, however, we were
able to iterate the schema equations on many different com-
binations of operator proportions, generating a useful map
of the interactions.

In this paper the number of different combinations of pro-
portions was small enough to make manual searches for de-
sirable values feasible. With more operators, or a larger va-
riety of different proportions, the number of combinations
would quickly grow out of control, making it prohibitive to
iterate the equations for every combination and then search
the results by hand. Since this is essentially just another pa-
rameter optimization problem, one possibility would be to
apply a GA, although in many cases something simpler like
a hill-climber would probably also work. Another possibil-
ity (which could potentially dramatically reduce the num-
ber of different combinations that would need to be iter-
ated) would be to use factorial design of experiments [3].

Perhaps the key observation here is that there is clearly no
ÒbestÓ set of operator proportions, and that the desirabil-
ity of a combination of operators will depend critically on
the speciÞc goals. It is therefore particularly important that
we have tools that help us understand not only the general
interactions of operators, but also understand the more spe-
ciÞc interactions in order to guide our choices.
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Abstract

W e presen t a new approac h for applying ge-

netic programming to lossless data compres-

sion. Unlik e programmatic compression the

ev olv ed programs are prepro cessors. These

prepro cessors aim at enhancing the compres-

sion rate of the giv en data b y transform-

ing it. The en trop y based �tness function

is b oth fast and indep enden t of the t yp e of

information b eing pro cessed. The obtained

results are encouraging in sense that signi�-

can t impro v emen ts can b e ac hiev ed. F urther-

more the required computation time is m uc h

smaller than in the case of programmatic

compression, making the presen ted approac h

more viable. W e used a strongly t yp ed GP

k ernel. The k ernel o�ers the extra adv an-

tage of b eing able to exploit parallel execu-

tion through the island mo del.

1 In tro duction

Compression has b een a researc h topic for man y y ears.

In 1940 Claude Shannon already studied what later b e-

came information theory . His researc h has determined

the theoretical limits of data compression. Curren t re-

searc h fo cuses mainly on the dev elopmen t of applica-

tion sp eci�c compression algorithms. Generic lossless

compression algorithms can ho w ev er b e considered at a

stand still. A recen t algorithm is the Burro ws-Wheeler

transform (1993) [1] whic h is used in the bzip2 com-

pression program.

Record compression rates can b e ac hiev ed using a go o d

mo del of the data, e.g. true color images. Here w e in-

v estigate ho w a program can b e ev olv ed to transform

the data so that it matc hes the mo del used b y a giv en

compression algorithm. The exact transformation is

not explicitly kno wn but one can form ulate certain

conditions the latter should p ossess (see section 3).

Our atten tion go es to w ard lossless compression algo-

rithms. Examples of p opular lossless compression pro-

grams are gzip [8] and Winzip [2].

This do cumen t is structured as follo ws. In section 2

related researc h is presen ted. The problem and the

c hosen approac h are describ ed in section 3. Section

4 details the exp erimen tal setup. Sections 5 and 6

presen t the results and the conclusion resp ectiv ely .

2 Related w ork

Ev olutionary algorithms ha v e b een used in the past

for data compression purp oses. Tw o approac hes can

b e distinguished.

Genetic algorithms w ere used to �nd parameters for

a compression algorithm in order to maximize com-

pression Driesen [4]. F eiel and Ramakrishnan [6 ] ha v e

used genetic algorithms to optimize the compression

of color images using v ector quan tization.

Genetic programming w as used for what is called pr o-

gr ammatic c ompr ession . This approac h is closely re-

lated to algorithmic complexit y w ere one lo oks for the

shortest program that pro duces the giv en data [13 ].

De F alco et al. [5 ] ha v e used genetic programming for

string compression. F ukunaga and Stec hert [7 ] ha v e

used genetic programming for lossless compression of

gra y-scale images. Nordin and Banzhaf [10 ] ac hiev ed

lossy programmatic compression of images and sound.

Notew orth y is the fact that [10 ] [7] b oth used a geno-

compiler for their exp erimen ts. This soft w are elimi-

nates the function call o v erhead incurred b y other sys-

tems during the ev aluation of the individuals. Luk e

[9] rep orts on a relativ e impro v emen t in sp eed of 2000

times compared to LISP co de and of 100 times com-

pared to in terpreted C (lik e used for this exp erimen t).



1

3 Prepro cessing

Data compression is already a highly sp ecialized do-

main. Therefore it seems to o far fetc hed to use genetic

programming to generate an algorithm that w ould

compress data and do so in a comp etitiv e w a y .

W e form ulate our ob jectiv e as follo ws: instead of aim-

ing for a program that reco des the data w e seek a

transformation.

This transformation is applied to the data b efore com-

pressing it. It is used as a prepro cessing step in the

en tire compression pro cess. Of course, after decom-

pressing the data the transformation needs to b e re-

v ersed in order to obtain the original data (since w e

fo cus on lossless compression).

P C C
-1

P
-1SEND

STORE

Figure 1: The prepro cessing tak es place b efore the ac-

tual compression and is rev erserd after decompression.

Suc h a prepro cessing program can b e formalized as a

function P that w orks on a string S o v er an alphab et.

The length of a string S is denoted as j S j . C repre-

sen ts a data compression algorithm. The result w e are

lo oking for is a transformation P , so that the condition

denoted in equation 1 holds.

j C ( P ( S )) j < j C ( S ) j (1)

Stating the problem in these terms mak es it easy to

fold it in to the genetic programming framew ork since

b oth the program w e are lo oking for, b eing P , and the

�tness function are easily iden ti�ed. F orm ulating the

problem in this w a y has some serious disadv an tages

though. First, computing the result of equation1 is

rather exp ensiv e. The compression algorithm has to

b e applied to the transformed data for ev ery individ-

ual in the p opulation. Second, the transformation will

dep end on the compression algorithm used. T o a v oid

this problem w e reform ulated it using a metric from

information theory , the en trop y .

1

Not withstanding the increase in computation sp eed [7 ]

[10 ] rep ort runs lasting sev eral tens of hours on p o w erful

w orkstations. The results presen ted here required far less

time while w orking on a bigger amoun t of data.

3.1 En trop y

Consider a message as a series of sym b ols. The en trop y

can b e though t of as a measure for the information

c ontent of a message. The en trop y giv es the a v erage

information con ten t of a sym b ol

2

, this is t ypically

expressed in bits p er sym b ols. The form ula for the

en trop y is giv en b elo w, note that P

i

represen ts the

probabilit y of sym b ol i in the message.

3

H = �

X

n

P

i

: log P

i

(2)

Using the en trop y (equation 2) w e ha v e a means to

determine ho w m uc h information is presen t in a giv en

message. The en trop y is the theoretical lo w er b ound

on the size of the data (in bits). An y represen tation

of the data with a size lo w er than the one pr e dicte d b y

the en trop y loses information. Imp ortan t is the fact

that this measure is indep enden t of the t yp e of data

b eing represen ted.

3.2 Reducing the en trop y

W e will ev olv e a transformation for the giv en data us-

ing the en trop y as an ob jectiv e criterion. The pur-

p ose of this transformation is: lo w ering the en trop y

of a message (data). The information con ten t can b e

reduced without loss b y exploiting redundancies that

migh t b e hidden in the data (as will b e sho wn in sec-

tion 5.2). By lo w ering the en trop y w e reduce the in-

formation con ten t, this means that the data can b e

reco ded to o ccup y less sp ac e . This prop ert y is inde-

p enden t of an y compression algorithm. Compression

algorithms are designed so as to reco de data in order

to matc h the r e al size of the data.

The instruction set of the genetic programming soft-

w are is designed to reduce the en trop y , alb eit under

the go o d circumstances. It is up to the ev olutionary

pressure to bring forth the b est transformation. Using

the en trop y w e no w can de�ne a new condition for the

transformation w e wish to ev olv e.

H

out

� L

out

H

in

� L

in

< 1 (3)

Equation 3 is a computationally c heap er �tness func-

tion. It is furthermore indep enden t of an y data com-

2

En trop y has a m uc h more rigorous mathematical foun-

dation but the description giv en here su�ces for the pur-

p ose of this text.

3

The mo del used here is a �rst order mo del (marginal

probabilit y). Higher order mo dels are based on conditional

probabilities.



pression algorithm. Since on the a v erage a sym b ol rep-

resen ts H bits of information, a message with length L

giv es H � L bits of information in total. The form ula

expresses that the total information of the transformed

data has to b e lo w er than the information of the initial

data. Note that w e imp ose no limit on the length of

the transformed data. Since w e do not immediately

compress the data, L

out

can either b e greater than or

equal to L

in

.

4 Exp erimen tal setup

The setup used for the exp erimen ts will no w b e pre-

sen ted. The transformation one seeks is represen ted b y

an S-expression. The function and terminal set used

here relies on a simple virtual mac hine. The use of

a virtual mac hine giv es a limited function and termi-

nal set with clear seman tics without sacri�cing p erfor-

mance or in tro ducing limits on the data size.

The instruction set of the virtual mac hine has b een

wr app e d to form the function and terminal set used b y

the genetic programming soft w are. T o structure the

S-expressions strong t yping has b een used.

4.1 Input data

F or the exp erimen ts the Can terbury Corpus [3] as w ell

as v arious bitmaps and w ord pro cessor �les w ere used.

This means that the size of the input tap e usually

exceeded the order of sev eral kilob ytes and grew ev en

up to more than 1 megab yte.

4.2 P arallel and strongly t yp ed

The approac h presen ted here uses a strongly t yp ed ge-

netic programming k ernel written in C that pro duces

LISP-lik e programs. This pac k age is a mo di�ed v er-

sion of the Lil-gp pac k age [12 ]. This mo di�ed v ersion

can run on parallel using m ulti pro cessor mac hines and

clusters of w orkstations [11 ].

4.3 Virtual mac hine

The virtual mac hine b ears some resem blance with an

automaton as it uses an input and an output tap e. The

instruction set can b e divided in to t w o categories. In-

structions that con trol the input tap e and instructions

that pro cess the data read from it. Note that there

are no op erations that directly in
uence the output

tap e in the instruction set. The output tap e is ma-

nipulated implicitly whenev er new data is read from

the input tap e. This is done through t w o bu�ers inside

the mac hine as depicted in the �gure 2. The pro cessed

data, whic h is stored in the output bu�er, is copied to

the output tap e when new data is loaded in the input

bu�er.

�������������
� ����������� �
�������������
� ����������� �

����������������
OUTPUT TAPE

INPUT TAPE

IN BUFFER

OUT BUFFER INSTR

Figure 2: A simple virtual mac hine has b een de�ned

whic h b ears some resem blance with an automaton.

The in ternal bu�ers are resized to accommo date the

data read from the tap e.

A status v ariable is used in order to con trol the correct

op eration of the virtual mac hine. In certain circum-

stances the execution of an instruction can b e illegal.

In this case the status of the virtual mac hine is set

accordingly . Whenev er an attempt has b een made to

p erform an illegal instruction the execution of subse-

quen t instructions is ab orted. The execution of the

program is thereb y limited to the correct p ortion of

the program.

4.3.1 T ap e op erations

The mac hine needs to read data from the input tap e.

T o that end t w o instructions w ere de�ned. Note that

the size of the in ternal bu�ers is adjusted so that it

can con tain all the sym b ols read from tap e.

� load : this instruction tak es 1 parameter, an in te-

ger. This instruction reads the sp eci�ed n um b er

of sym b ols from the input tap e and copies them in

the input bu�er. This op eration is alw a ys v alid.

� fwd : is iden tical to load except that it do es not

tak e an y parameter. Instead it uses the v alue of

the parameter passed to the last lo ad instruction.

If there w as no load instruction preceding the fwd

this op eration is in v alid.

A third rewind instruction mak es it p ossible to apply

sev eral op erations on data read from the input tap e.

� rew : no new data is read or written from or to the

tap es. Instead the previously read and pro cessed

data is pro cessed again. The con ten t of the output

bu�er is simply copied in the input bu�er.

4.3.2 Data op erations

Next to op erations for reading data, op erations w ere

de�ned for pro cessing the data. The data op erations



are p erformed on the data presen t in the input bu�er.

Data pro duced b y data op eration is stored in the out-

put bu�er.

Since w e are w orking with lossless compression eac h

of the data op erations needs to b e rev ersible. Eac h of

these op erations needs to b e rev ersible in order to b e

useful within the lossless compression con text. Hence,

for eac h data op eration there is a rev erse op eration

de�ned in the virtual mac hine. These op erations are

ho w ev er not made a v ailable in the instruction set of

the genetic programming soft w are.

The c hoice of the data op erations w as guided b y their

capabilit y to reduce the en trop y of the data. This is

t ypical done b y exploiting patterns that exist in the

data. A stride parameter w as in tro duced for some op-

erations. The stride sp eci�es the step size when going

o v er the data. F or example all the sym b ols 3 p ositions

apart (in this case the stride w ould b e 3). The stride

allo ws data op erations to w ork on patterns that ma y

b e spread within the data.

� dp cm : stands for di�eren tial pulse co de mo dula-

tion. f x

0

; x

1

; x

2

; x

3

; . . . , x

n

g ) f x

0

; x

1

� x

0

; x

2

�

x

1

; x

3

� x

2

; . . . , x

n

� x

n � 1

g This op eration has a

stride parameter.

� min : This op eration uses the a v erage of all

the sym b ols (binary represen tation) in the input

bu�er. A sym b ol is replaced b y the di�erence b e-

t w een the a v erage and the sym b ol. This op eration

do es expand the data b y 1 sym b ol, the sym b ol

whic h represen ts the a v erage

4

.

f x

0

; x

1

; x

2

; x

3

; . . . , x

n

g ) f x

av g

; x

0

� x

av g

; x

1

�

x

av g

; x

2

� x

av g

; x

3

� x

av g

; . . . , x

n

� x

av g

g This

op eration has a stride parameter.

� ra w : no transformation is applied at all to the

data. f x

0

; x

1

; x

2

; x

3

; . . . , x

n

g ) f x

0

; x

1

; x

2

; x

3

;

. . . , x

n

g This ma y seem lik e a quite useless in-

struction. But it allo ws for jumps in the data

pro cessing since w e ma yb e do not need to trans-

form the en tire tap e. An alternativ e w ould b e the

de�nition of a jump tap e instruction.

� p ec : pseudo exp onen tial co de. This op eration

pro duces an output with double size of the input.

The output data represen ts an input sym b ol as

a couple of n um b ers. The output is based on the

n um b er of the input sym b ol. A couple is a pseudo

exp onen t and a pseudo remainder. The pseudo

exp onen t is the largest exp onen t used as a p o w er

4

min (stride=1) c hanges the series 2 5 3 2 5 6 7 to -

2 1 -1 1 2 3 + 4 (the a v erage)

of 2 whic h do esn't exceed the input n um b er, e.g.

3 for 10. The remainder is the di�erence b et w een

the p o w er of t w o and the input n um b er, in the

previous example this w ould b e 2 (10 - 2

3

). The

reason for calling this pseudo

5

is that it has b een

mo di�ed for n um b ers bigger than 128.

� m tf : mo v e to fron t. This op eration is a stan-

dard enco ding sc heme whic h uses a map of all

the p ossible sym b ols. The sym b ols are replaced

b y their p osition in the map. Eac h time a sym-

b ol is replaced b y its curren t p osition in the map

the latter is up dated. The sym b ol is put in fron t

of the map thereb y assigning it a small n um b er.

This allo ws to enco de the sym b ols that app eared

recen tly with small n um b ers.

� in v : in v ersion. f x

0

; x

1

; x

2

; x

3

; . . . , x

n

g

) f M AX ( x ) � x

0

; M AX ( x ) � x

1

; M AX ( x ) �

x

2

; M AX ( x ) � x

3

; . . . , M AX ( x ) � x

n

g Here

M AX ( x ) represen ts the maxim um v alue that can

b e represen t b y the data t yp e used to represen t

the sym b ols. This op eration has a stride parame-

ter.

� sub : substitution. This op eration substitutes the

sym b ol that app ears most frequen tly in the in-

put bu�er with the most frequen t sym b ol in the

output tap e so far. This op eration has a stride

parameter.

4.4 T yp es

T yping is used in the �rst place to structure the pro-

grams that can b e ev olv ed. Ev aluating the functions

and terminals corresp onds to the execution of an in-

struction b y the virtual mac hine. F or the exp erimen ts

four t yp es w ere used for the functions and terminals

of the genetic programming soft w are. The �rst t w o

t yp es are in teger t yp es, in t and n um . The n um t yp e

represen ts small in tegers in the range [0,20]. In order

to in tegrate the instruction of the mac hine t w o t yp es

w ere de�ned for the op erations: tap e and data .

The reason for the de�nition of t w o separate t yp es for

the instruction is the need to com bine these instruc-

tions to mak e correct programs. Indeed, the data op-

erations are in v alid when no data has b een read from

the tap e. And for the same reason tap e op erations

mak e no sense if the data is not pro cessed afterw ards.

5

p ec The sym b ols 1 123 250 are replaced b y

(3,4) (6,59) (13,58). The last couple allo ws to repre-

sen t 250 with t w o smaller n um b ers ( 2

7

+ 2

6

+58) where

as log

2

w ould giv e the couple (7,122).



4.5 F unction and terminal set

Here w e presen t the function and terminal set pro vided

to the genetic programming system. Apart from the

op erations pro vided b y the virtual mac hine a few other

functionalities ha v e b een in tro duced.

The programs one can ev olv e consist of series of tap e

op erations. In order to obtain those series a sp ecial

function called SEQ has b een used. The SEQ func-

tion will ev aluate its �rst then its second argumen ts.

Argumen ts whic h in turn can b e other SEQ functions

or real op erations on the data.

The ER C INT and ER C NUM are used to create

ephemeral random constan ts. These v alues are either

used for the stride parameter exp ected b y some data

op erations or for the n um b er of sym b ols to read from

tap e using load . Related to this is the terminal END .

This terminal returns the n um b er of sym b ols remain-

ing on the input tap e. The in tro duction of this termi-

nal made it p ossible to ev olv e programs that pro cessed

the en tire input tap e.

T able 1: Ov erview of the return t yp es of the terminal

and function set.

Name ret t yp e t yp e arg1 t yp e arg2

LO AD tap e in t data

FWD tap e data /

REW tap e data /

SEQ tap e tap e tap e

END in t / /

DPCM data n um /

INV data n um /

MIN data n um /

SUB data n um /

MTF data / /

RA W data / /

PEC data / /

DIV in t in t n um

ER C INT in t / /

ER C NUM n um / /

4.6 P arameter settings

The exp erimen ts presen ted here w ere done using 2

p opulations of 500 individuals. The selection prob-

abilities of the di�eren t genetic op erations w ere:

� standard uniform subtree crosso v er 75%

� standard uniform m utation 20%

� repro duction 5%

� no depth or no de coun t limit

� The selection strategy for the 3 genetic op erators

w as tournamen t selection with a tournamen t size

of 4

The island mo del requires additional parameters:

� exc hange rate of 3 individuals ev ery 10 genera-

tions

� the exc hanged individuals (the ones b eing ex-

p orted) w ere selected using tournamen t selection

� The w orst individuals in destination subp opula-

tion w ere replaced b y the imp orted ones

5 Results

5.1 T o ol-b o x and deco der

T o v alidate the presen ted results a set of soft w are to ols

ha v e b een implemen ted. The functions and terminals

needed b y the gp soft w are are pro vided b y an imple-

men tation of the virtual mac hine.

In order to rev erse the transformation an enco ding for-

mat has also b een designed. When executing an in-

struction, the data pro duced b y the virtual mac hine

actually comprises a header and the pro cessed input

data. This header describ es the instruction used to

pro duce the data, the length of the data as w ell as

p ossible parameters required b y the instruction. In

the presen t implemen tation this header is 9 b ytes in

size. It is imp ortan t to p oin t out that the program

that pro duced the transformed data is enco ded in the

output data. The en trop y used as an ob jectiv e crite-

rion in the �tness function, is th us the en trop y of the

data and the program that created it.

Of course a deco der is required to reconstruct the orig-

inal data. Using the headers presen t in the data the

di�eren t transformations can b e rev ersed one b y one.

One can deco de the prepro cessed �les and compare

them with the original data with a program suc h as

di� . The size of the statically link ed deco der is 23534

b ytes on a Lin ux x86 platform. Both the data and the

deco der should b e transmitted to obtain the original

data. The gain in compression should exceed the size

of the deco der.

5.2 En trop y reduction

Files from the Can terbury Corpus w ere used as input

data and a separate prepro cessor ev olv ed for eac h of

them. The reduction of the en trop y obtained for some



of the �les is giv en in table 2. The standard image

compression image lena , for example, has b een trans-

formed so that is retains only 68.3% of its original

en trop y . And this without an y loss of information.

T able 2: Comparison b et w een the initial en trop y and

the en trop y after prepro cessing

File original H new H % reduction

k ennedy .xls 3.57 0.7 78.4

laptop.bmp 7.76 3.3 56.5

lena std.ppm 7.75 5.2 31.7

mosaic.pnm 7.78 4.1 46.6

p epp ers.ppm 7.66 5.3 30.1

This reduction in en trop y without loss of information

is not imp ossible. The ev olv ed prepro cessor exploits

the redundancy that is presen t in the data. This can

not b e mo deled b y the form ula for the en trop y giv en b y

equation 2. One w ould ha v e to use conditional proba-

bilities when computing the en trop y to accoun t for this

kind of redundancy . This higher or der r e dundancy is

ho w ev er v ery m uc h there and is (partially) exp osed b y

transforming the data. Although reducing the en trop y

of giv en data is not an easy task, it is of no immedi-

ate use as suc h. The idea b ehind reducing the en trop y

is to impro v e the compression rate. T o illustrate this

table 3 giv es a comparison b et w een the compression

ratio of the data with and without prepro cessing. The

compression algorithm used here is bzip2.

6

T able 3: Di�erence in compression ratio after prepro-

cessing. Initially the lena could b e compressed to 74%

of its initial size. After prepro cessing the compression

ration is 68% of the size.

File ratio new ratio % reduction

k ennedy .co ded 0.12 0.02 80.8

laptop.co ded 0.53 0.43 19.1

lena std.co ded 0.74 0.68 7.9

mosaic.co ded 0.72 0.52 28.3

p epp ers.co ded 0.80 0.69 14.3

One can notice some di�erence b et w een the gain in

en trop y and the gain in compression size. The gain in

compressed size can b e smaller than the reduction in

6

Bzip2 is free implemen tation of the Burro ws-Wheeler

transform. Bzip2 w as in v ok ed with the maxim um compres-

sion parameter -9.

en trop y b ecause Burro ws Wheeler transform [1] used

b y bzip2 can to some exten t mo del the redundancy b e-

y ond the single sym b ol probabilities. In other w ords,

bzip2 already breaks the theoretical limit computed

using the en trop y form ula in equation 2. That is wh y

the gain is somewhat lo w er in this case.

5.3 Filters

It w as initially exp ected that, giv en the op erations

whic h can pro cess c h unks of data, the ev olv ed pro-

grams w ould pro cess the en tire input data in a piece-

wise manner. That is, the programs w ould consist of a

sequence of op erations on con tiguous parts of the data.

The function set pro vided to the genetic programming

framew ork certainly w ould allo w for suc h programs to

b e ev olv ed.

This w as ho w ev er not the case, in the �rst exp erimen ts

only small fractions of the data w ere b eing pro cessed.

In their exp erimen ts Nordin and Banzhaf [10] ha v e

c hosen to ev olv e separate programs for segmen ts of

�xed size, chunking , to a v oid a similar problem.

The reason b ehind this phenomenon is that the en-

trop y is a global measure o v er the en tire output tap e.

Initial programs ma y indeed reduce the en trop y . But

the gro wth of these programs can adv ersely a�ect the

initial c hanges to the en trop y . Thereb y making the

results of the genetic op erations lik e crosso v er less �t.

This has b een observ ed ev en when the initial p opula-

tion w as seeded with full gro wn trees.

(SEQ (SEQ (SEQ (LOAD (DIV 67 2)(DPCM 1))

(SEQ (LOAD END (DPCM 1))

(REW (DPCM 3))))

(SEQ (REW (SUB 1))

(REW (DPCM 3))))

(SEQ (REW (SUB 1))

(REW (DPCM 3))))

Ho w ev er with the in tro duction of the sp ecial END

terminal in the set an in teresting result sho w ed up.

This dynamic terminal returns the n um b er of sym b ols

left on the input tap e. The ev olv ed programs b ecame

�lters. Most of the data go es through sev eral trans-

formations. In the example ab o v e, the program can

b e divided in 2 parts. First, 33 sym b ols are load in to

the mac hine and DPCM co ded using the (LO AD (DIV

67 2) (DPCM 1)) instruction. The second part of the

program pro cesses far more sym b ols. The instruction

(LO AD END (DPCM 1)) instruction loads al l the sym-

b ols remaining on the input tap e and DPCM co des

these. Using the (REW (DPCM 3)) instruction the

DPCM co ded data is used again as input. This time

the data is DPCM co ded again but only ev ery 3-th



sym b ol is b eing pro cessed. The data will undergo 4

more transformation after this step. The remain trans-

formation are in order: SUB, DPCM, SUB, DPCM.
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Figure 3: Ev olution of the adjusted �tness of the b est

individual for the di�eren t data �les, a v erage of 8 runs.

6 Conclusion

This exp erimen t presen ts a new approac h for com bin-

ing genetic programming and lossless data compres-

sion. The c hosen approac h dev elops prepro cessing pro-

grams whic h are tailored to the data one wishes to

compress. The obtained results are encouraging b oth

in terms of gain in compression as for the computation

time required to ev olv e the programs. One should note

that, although the exp erimen ts w ere done using a par-

allel soft w are pac k age, the sp eed impro v emen t results

from the �tness function as w ell as the fact that w e

fo cus on prepro cessors. Surprisingly the ev olv ed pro-

grams w ere mostly �lters although the pro vided func-

tions and terminals allo w ed to ev olv e to more complex

prepro cessors.
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Abstract

With a schema-theoretic approach and experi-
ments we study the search biases produced by
GP/GA homologous crossovers when applied
to linear, variable-length representations. By
specialising the schema theory for homologous
crossovers we show that these operators are unbi-
ased with respect to string length. Then, we pro-
vide a Þxed point for the schema evolution equa-
tions where the population presents a statistically
independent distribution of primitives. This is an
important step towards generalising GeiringerÕs
theorem and the notion of linkage equilibrium.

1 INTRODUCTION

Search algorithms typically include three main steps which
are iterated in succession: choosing one or multiple points
of the search space the neighbourhood of which to explore
further, applyingexpansion operatorsto obtain a new set
of points, deciding what to do with the points previously
visited and with the newly generated ones. For example, in
the case of genetic algorithms and genetic programming,
selection corresponds to the Þrst task, crossover and muta-
tion are the expansion operators, and the replacement strat-
egy corresponds to the third task. Note that many more
steps may be included if one looks at search algorithms at
a Þner level of abstraction (Poli & Logan, 1996), but this
is not particularly important for the purposes of this dis-
cussion. What is important is that different algorithms will
use different strategies to realise the different steps. This
leads to the sampling of the search space according to dif-
ferent schedules. With the exception of random search, this
means that some areas of the search space will be explored
sooner, will be allocated more samples, or will be ignored
altogether. This is what we mean bysearch bias.

Clearly the bias of an algorithm is the result of the interac-
tion of the biases of all its components. In the case of Þxed

length genetic algorithms, a lot of attention has been de-
voted to the biases of all such components: selection, muta-
tion and crossover, and replacement. Some of the resulting
studies apply also to the case of variable-length-structure
evolution. For example, the focusing effects of selection
will be exactly the same, since selection is representation-
independent. However, very little is known about the biases
of the genetic operators used to evolve variable length rep-
resentations, such as those used in linear GP (Nordin, 1994;
OÕNeill & Ryan, 2001) or in variable-length GAs.

Knowing the biases introduced by the operators is very
important, since it leads to a deeper understanding of the
search algorithm under investigation. This, in turn, allows
an informed choice of operators, parameter settings and
even initialisation strategies for particular problems. How
can one investigate these biases? One possibility is to use
carefully designed empirical studies. In the past these have
shed some light on the internal dynamics of GP (e.g. on
bloat (McPhee & Miller, 1995; Souleet al., 1996; Lang-
donet al., 1999)), but rarely has the evidence been general
and conclusive. This is because these studies can only con-
sider a limited number of benchmark problems, and so it
is impossible to know whether, and to which extent, the
observed behaviour is applicable to other problems. An al-
ternative is to perform theoretical studies. Often these may
lead to more general and precise conclusions, but they are
deÞnitely much harder and slower to carry out. Also, some-
times the complexity of the mathematics involved in these
studies forces the researcher to make simplifying hypothe-
ses which may limit the explanatory power of the results.

A class of recent theoretical results which require very
few, if any, simpliÞcations goes under the name ofexact
schema theorems.1 These provide probabilistic models (the
schema evolution equations) of the expected behaviour of
a GA or a GP system over one, or, under certain assump-
tions, multiple generations (Poli, 2001b; Langdon & Poli,

1The word ÒexactÓ refers to the fact that, unlike earlier results,
these theorems provide an exact value, rather than a lower bound,
for the expected number of individuals in a schema in the next
generation.



2002). The main advantage of these exact models is that
they provide a natural way of coarse graining the huge
number of degrees of freedom present in a genetic algo-
rithm (Stephens & Waelbroeck, 1997). Exact schema theo-
rems have recently become available for Þxed-length GAs
with one-point crossover and mutation (Stephens & Wael-
broeck, 1997; Stephens & Waelbroeck, 1999), and general
homologous crossover and mutation (Vose & Wright, 2001;
Stephens, 2001). Even more recent is the development
of exact schema theorems for variable-length GAs, linear
GP and tree-based GP. These cover a variety of crossover
and mutation operators including one-point crossover (Poli,
2000; Poli, 2001b), subtree-swapping crossovers (Poli,
2001a; Poli & McPhee, 2001b; McPhee & Poli, 2001),
different types of subtree mutation and headless chicken
crossover (Poli & McPhee, 2001a; McPheeet al., 2001),
and homologous crossovers (Poli & McPhee, 2001c).

These exact models can be used to understand an evolution-
ary system and study its behaviour in two different ways.
This can be done either through simulation (i.e., by numeri-
cally iterating the equations) or through mathematical anal-
ysis. Although exact GP schema equations have become
available only very recently, early studies indicate their use-
fulness, for example, in providing a deeper understanding
of emergent phenomena such as bloat (Poli & McPhee,
2001b; McPhee & Poli, 2001). Also, in general, as indi-
cated above the availability of exact models for different
operators allows a formal study of the biases of those op-
erators. Steps forward in this direction have recently been
made in (Poli & McPhee, 2001b; McPhee & Poli, 2001;
McPheeet al., 2001), where a class of Gamma program-
length distributions has been shown to represent a natural
attractor for variable-length linear systems under GP sub-
tree crossover and in (Poliet al., 2002) where we have ex-
tended the study to other biases of subtree crossover.

In this paper we study the biases of the whole class of ho-
mologous GP crossover operators for the case of linear GP
and variable-length GAs. These are a set of operators, in-
cluding GP one-point crossover (Poli & Langdon, 1997)
and GP uniform crossover (Poli & Langdon, 1998a), where
the offspring are created preserving the position of the ge-
netic material taken from the parents. These operators are
important because they are the natural generalisation of the
corresponding GA operators. So, the theory presented here
is a generalisation of corresponding GA theory.

The paper is organised as follows. We start by provid-
ing some background information on the exact GP schema
theory for homologous crossover and GeiringerÕs theorem
in Sections 2 and 3. Then, we simplify the theory for
the case of linear, but variable-length, structures in Sec-
tion 4, and show that homologous crossover is totally unbi-
ased with respect to string length (Section 5). In Section 6
we provide a Þxed point for the schema evolution equa-
tions which is a Þrst step towards generalising GeiringerÕs

theorem (Geiringer, 1944) and the notion of linkage equi-
librium, which, until now, were applicable only to Þxed-
length representations. The Þxed point and some experi-
mental evidence (reported in Section 7) indicate the pres-
ence of a bias which pushes the population towards a statis-
tically independent distributions of primitives, as discussed
in Section 8, where we also draw some conclusions.

2 SCHEMA THEORY BACKGROUND

Schemata are sets of points in a search space sharing some
syntactic feature. For example, for GAs operating on bi-
nary strings the syntactic representation of a schema is usu-
ally a string of symbols from the alphabetf 0,1,*g , where
the character * is interpreted as a ÒdonÕt careÓ symbol. Typ-
ically schema theorems are descriptions of how the number
of members of the population belonging to a schema vary
over time. If� ( H ; t ) denotes the probability that at timet a
newly created individual samples (or matches) the schema
H , which we term thetotal transmission probabilityof H ,
then an exact schema theorem for a generational system is
simply

E [ m ( H ; t + 1)] = M � ( H ; t ) ;

whereM is the population size,m ( H ; t + 1) is the num-
ber of individuals samplingH at generationt + 1 and
E [ � ] is the expectation operator. HollandÕs (Holland, 1975)
and other (e.g. (Poli & Langdon, 1998b)) worst-case-
scenario schema theories normally provide a lower bound
for � ( H ; t ) or, equivalently, forE [ m ( H ; t + 1)] . How-
ever, recently exact schema theorems (Stephens & Wael-
broeck, 1997; Stephens & Waelbroeck, 1999; Poli, 2000;
Poli, 2001b; Poli, 2001a; Poli & McPhee, 2001b; McPhee
& Poli, 2001; Poli & McPhee, 2001a; McPheeet al., 2001;
Stephens, 2001; Poli & McPhee, 2001c) which provide the
exact value for� ( H ; t ) have become available for GAs and
GP with a variety of operators. In the remainder of this
section we will introduce the various elements which are
necessary to understand the exact schema equations for GP
homologous crossover, since these will be the starting point
for the new results in this paper.

Let us start from our deÞnition of schema for GP. Syntac-
tically a GP schema is a tree composed of functions from
the setF [ f = g and terminals from the setT [ f = g , where
F and T are the function and terminal sets used in a GP
run. The primitive= is a ÒdonÕt careÓ symbol which stands
for a singleterminal or function. A schemaH represents
the set of all programs having the same shape asH and the
same non-= nodes asH . Particularly important for the GP
schema theory are schemata containing ÒdonÕt careÓ sym-
bols only, since they represent all the programs of a par-
ticular shape. LetG

1

, G

2

, � � � be an enumeration of such
shape-representing schemata.

In GP homologous crossovers the offspring are created
by exchanging genetic material (nodes and subtrees) taken



from the same position in the parents trees. To account for
the possible structural diversity of the two parents, the se-
lection of the nodes and the roots of the subtrees to swap
are constrained to belong to thecommon region. This is the
largest rooted region where the two parent trees have the
same topology.

In order to deÞne more precisely how GP homologous
crossovers work, we start by providing a formal deÞni-
tion of common region. The common region between
two generic treesh

1

and h

2

is the set C ( h

1

; h

2

) =

f ( d; i ) jC ( d; i; h

1

; h

2

) g , where ( d; i ) is a pair of coordi-
nates in a Cartesian node reference system (Poli, 2001a;
Poli & McPhee, 2001c). The predicateC ( d; i; h

1

; h

2

) is
true if ( d; i ) = (0 ; 0) (i.e., if ( d; i ) is the root node). It
also true if A ( d � 1 ; i

0

; h

1

) = A ( d � 1 ; i

0

; h

2

) 6= 0 and
C ( d � 1 ; i

0

; h

1

; h

2

) is true, whereA ( d; i; h ) returns the ar-
ity of the node at coordinates( d; i ) in h , i

0

= b i=a

max

c ,
a

max

is the maximum arity of the functions in the func-
tion set, andb�c is the integer-part function. The predicate
is false otherwise. The notion of common region can be
applied to schemata, too.

To complete our formal description of the class of GP ho-
mologous crossovers, we need to extend to GP the no-
tions of crossover masks and recombination distributions
used in genetics (Geiringer, 1944) and in the GA litera-
ture (Booker, 1992; Altenberg, 1995; Spears, 2000). Let
us Þrst brießy recall the deÞnition of these notions for a
GA operating on Þxed-length binary strings. In this case a
crossover mask is simply a binary string. When crossover
is executed, the bits of the offspring corresponding to the
1Õs in the mask will be taken from one parent, those corre-
sponding to 0Õs from the other parent. If the GA operates
on strings of lengthN , then2

N different crossover masks
are possible. If, for each maski , one deÞnes a probability,
p

i

, that the mask is selected for crossover, then it is easy
to see how different crossover operators can simply be in-
terpreted as different ways of choosing the probability dis-
tribution p

i

. The distributionp

i

is called arecombination
distribution.

For the more general case of GP and variable-length GAs,
for any given common regionc we can deÞne a set ofGP
crossover masks, �

c

, which contains all different trees with
the same size and shape asc which can be built with nodes
labelled 0 and 1 (Poli & McPhee, 2001c; Poli et al., 2001).
Each crossover mask represents one of the ways in which
one could generate an offspring through crossover: nodes
of the offspring corresponding to internal 1Õs in the mask
will be taken from the Þrst parent, nodes corresponding
to internal 0Õs from the second parent, subtrees of the Þrst
parent whose root corresponds to leaves labelled with a 1
in the mask will be transferred to the same position in the
offspring, and, Þnally, subtrees of the second parent whose
root corresponds to leaves labelled with a 0 in the mask will
be transferred to the same position in the offspring. TheGP

recombination distributionp

c

l

gives the probability that, for
a given common regionc , crossover maskl will be chosen
from the set�

c

. Each GP homologous crossover is char-
acterised by a different recombination distribution. Since
the size and shape of the common region can be inferred
from the maskl , in the following we will often omit the
superscriptc from p

c

l

.

Finally, before we introduce the exact schema equation for
GP homologous crossover developed in (Poli & McPhee,
2001c) we need to deÞne the notion of hyperschema. AGP
hyperschemais a rooted tree composed of internal nodes
from F [ f = g and leaves fromT [ f = ; # g . Again,= is
a ÒdonÕt careÓ symbols which stands for exactly one node,
while # stands for any valid subtree. In the theory we use
hyperschemata to represent the characteristics the parents
must have to produce instances of a particular schema of
interest.

The exact schema equations for GP with homologous
crossover are

� ( H ; t ) = (1 � p xo) p ( H ; t ) + p xo� xo( H ; t ) (1)

where

� xo( H ; t ) =

X

j

X

k

X

l 2

�

C ( G

j

;G

k

)

p

l

(2)

p (�( H ; l ) \ G

j

; t ) p (�( H ;

�

l ) \ G

k

; t ) ;

p

xo

is the crossover probability,p ( H ; t ) is the selection
probability of the schemaH and�

l is the complement of the
GP crossover maskl (i.e. it is a tree with the same structure
asl but with the 0Õs and 1Õs swapped).�( H ; l ) is deÞned to
be the empty set ifl contains any node not inH . Otherwise
it is the hyperschema obtained by replacing certain nodes in
H with either= or # nodes: (1) if a node inH corresponds
to (i.e., has the same coordinates as) a non-leaf node inl

that is labelled with a 0, then that node inH is replaced
with a =, (2) if a node inH corresponds to a leaf node inl

that is labelled with a 0, then it is replaced with a#, (3) all
other nodes inH are left unchanged.

As discussed in (Poli & McPhee, 2001c), it is possible
to show that, in the absence of mutation, Equations 1
and 2 generalise and reÞne not only approximate GA and
GP schema theorems (Holland, 1975; Poli & Langdon,
1997; Poli & Langdon, 1998b) but also more recent exact
schema theorems (Stephens & Waelbroeck, 1997; Stephens
& Waelbroeck, 1999; Poli, 2000; Stephens, 2001).

In the following we will use a slightly different form for
Equation 2 which exploits the symmetries in the process
of selection of the parent programs. This can be ob-
tained by dividing each set of crossover masks�

C ( G

j

;G

k

)

into two non-overlapping sets�

0

C ( G

j

;G

k

)

and ��

0

C ( G

j

;G

k

)

such that for each maskx 2

�

0

C ( G

j

;G

k

)

, there is a mask

y 2

��

0

C ( G

j

;G

k

)

such thaty = �x , andvice versa. Then, by
reordering the terms, it is easy to prove that:



Theorem 1.

� xo( H ; t ) =

X

j

X

k

X

l 2

�

0

C ( G

j

;G

k

)

( p

l

+ p

�

l

) (3)

p (�( H ; l ) \ G

j

; t ) p (�( H ;

�

l ) \ G

k

; t )

3 GEIRINGER’S THEOREM

In this section we brießy introduce GeiringerÕs theo-
rem (Geiringer, 1944), an important result with implica-
tions both for natural population genetics and evolutionary
algorithms (Booker, 1992; Spears, 2000). GeiringerÕs the-
orem indicates that, in a population of Þxed-length chro-
mosomes repeatedly undergoing crossover (in the absence
of mutation and selective pressure), the probability of Þnd-
ing a generic stringh

1

h

2

� � � h

N

approaches a limit distri-
bution which is only dependent on the distribution of the
allelesh

1

, h

2

, etc. in the initial generation. More precisely,
if �( h

1

h

2

� � � h

N

; t ) is the proportion of individuals of type
h

1

h

2

� � � h

N

at generationt and �( h

i

; t ) is the proportion
of individuals carrying alleleh

i

then

lim

t !1

�( h

1

h

2

� � � h

N

; t ) =

N

Y

i =1

�( h

i

; 0) : (4)

This result is valid for all homologous crossover operators
which allow any two loci to be separated by recombina-
tion. Strictly speaking the result is valid only for inÞnite
populations.

If one interprets�( h

1

h

2

� � � h

N

; t ) as a probability distri-
bution of the possible strings in the population, we can
interpret Equation 4 as saying that such a distribution is
converging towards independence. When, at a particular
generationt , the frequency of any string in a population
�( h

1

h

2

� � � h

N

; t ) equals
Q

N

i =1

�( h

i

; t ) , the population is
said to be inlinkage equilibriumor Robbins’ proportions.

It is trivial to generalise GeiringerÕs theorem to obtain
the expected Þxed-point proportion of a generic linear
Þxed-length GA schemaH for a population undergoing
crossover only:

lim

t !1

�( H ; t ) =

Y

i 2 �( H )

�( �

i � 1

h

i

�

N � i

; 0) ; (5)

where�( H ) is the set of indices of the deÞning symbols
in H , h

i

is one such deÞning symbols and we used the
power notationx

y to meanx repeatedy times. (Note that
�( �

i � 1

h

i

�

N � i

; t ) coincides with�( h

i

; t ) .)

4 EXACT SCHEMA THEORY FOR
LINEAR STRUCTURES

As indicated in Section 1 in this paper we will consider the
biases of the homologous crossovers in the case of variable-

size linear representations. We start by specialising Equa-
tion 3 to this case.

When only unary functions are used in tree-based
GP, schemata (and programs) can only take the form
( h

1

( h

2

( h

3

:::: ( h

N � 1

h

N

) :::: ))) whereN > 0 , h

i

2 F [ f =g

for 1 � i < N , andh

N

2 T [ f = g . Therefore, they can
be written unambiguously as strings of symbols of the form
h

1

h

2

h

3

::::h

N � 1

h

N

. It should be noted that these strings of
symbols do not have to be necessarily interpreted as rep-
resenting programs. If one uses a special terminal setT

including only one terminal, sayEOR(for End Of Repre-
sentation), which will be ignored when the representation
is interpreted, then strings of the formh

1

h

2

h

3

::::h

N � 1

h

N

can be interpreted as chromosomes of lengthN � 1 (since
h

N

can only beEOR). So, if F = f 0 ; 1 g , where 0 and 1 are
Òunary functionsÓ,2 our GP system will explore the space
of variable length binary strings. If insteadF includes
the Òunary functionsÓf ADD R0 R1; MUL R0 R1; : : : g ,
then our tree-based GP system explores the same search
space as a machine-code GP system with the same primi-
tive set (Nordin & Banzhaf, 1995). So, in general our spe-
cialisation of Equation 3 will be valid for variable-length
GAs and linear GP.

In the specialisation to the linear case we replace the ÒdonÕt
careÓ symbol Ò=Ó with the more standard symbol Ò*Ó. Also,
as we did previously, we represent repeated symbols in
a string using the power notation. Since in this case all
trees are linear, the space of program shapes can be enu-
merated byf G

n

g whereG

n

is �

n for n > 0 . Given this,
the common region between shapesG

j

and G

k

is simply
the shorter of the two schemata, i.e.C ( G

j

; G

k

) = G

j # k

=

�

j # k where the operator# returns the minimum of its two
arguments. Therefore, the set of crossover masks in the
common region,�

C ( G

j

;G

k

)

=

�

�

j # k , can be identiÞed with
the setf 0 ; 1 g

j # k . Below we will useN ( l ) to denote the
length of maskl , and the notationl

i

to indicate thei -th
element of bitmaskl . We will also use the operators

a � b =

�

a if b = 1

* otherwise,

a

1

a

2

� � � � b =

�

a

1

a

2

� � � if b = 1

# otherwise,

wherea andb are bits,a

1

a

2

� � � is a bit string and # stands
for any sequence of at least one primitive. With this no-
tation, it is easy to show that, in a linear representation, if
N ( l ) > N then�( H ; l ) is the empty set and�( H ; l ) \ G

j

=

; \ �

j

= ; . If N ( l ) � N , �( H ; l ) is

( h

1

� l

1

) � � � ( h

N ( l ) � 1

� l

N ( l ) � 1

)( h

N ( l )

� � � h

N

� l

N ( l )

)

and

2We are not interested in the output of these functions, but
simply in their topological organisation within the individual.



�( H ; l ) \ G

j

= �( H ; l ) \ �

j

= (6)
8

>

>

>

<

>

>

>

:

( h

1

� l

1

) � � � ( h

N ( l ) � 1

� l

N ( l ) � 1

) �

j � N ( l )+1

if j � N ( l ) andl

N ( l )

= 0 ;

( h

1

� l

1

) � � � ( h

N ( l ) � 1

� l

N ( l ) � 1

) h

N ( l )

� � � h

N

if j = N andl

N ( l )

= 1 ,
; otherwise.

Thus, p (�( H ; l ) \ G

j

; t ) = 0 for all j 6= N for all the
masksl for which l

N ( l )

= 1 . So, if we choose� 0

C ( G

j

;G

k

)

=

f 0 ; 1 g

j # k � 1

� f 1 g , in Equation 3 only the terms forj = N

can be non-zero. Using this simpliÞcation and the previous
results, one can transform Equation 3 into:

Theorem 2. If �

0

�

N # k

= f 0 ; 1 g

j # k � 1

� f 1 g , then

� xo( h

1

:::h

N

; t ) =

X

k > 0

X

l 2

�

0

�

N # k

( p

l

+ p

�

l

) (7)

p (( h

1

� l

1

) � � � ( h

N # k � 1

� l

N # k � 1

) h

N # k

� � � h

N

; t )

p (( h

1

�

�

l

1

) � � � ( h

N # k � 1

�

�

l

N # k � 1

) �

k � N # k +1

; t ) :

5 LENGTH EVOLUTION

Equation 7 can be used to study, among other things, the
evolution of size in linear GP/GA systems. This is because
it can be specialised to schemata of the form�

N obtaining:

� xo( �

N

; t ) =

X

k > 0

X

l 2

�

0

�

N # k

( p

l

+ p

�

l

) p ( �

N

; t ) p ( �

k

; t )

= p ( �

N

; t )

X

k > 0

p ( �

k

; t )

X

l 2

�

0

�

N # k

( p

l

+ p

�

l

) :

But
P

l 2

�

0

�

N # k

( p

l

+ p

�

l

) = 1 and
P

k > 0

p ( �

k

; t ) = 1 , so:

Theorem 3.
� xo( �

N

; t ) = p ( �

N

; t ) : (8)

This result indicates that in linear representations length
evolves under homologous crossovers as if selection only
was acting. So, homologous crossovers are totally unbiased
with respect to program length. The lack of length bias of
homologous crossovers is made particularly clear if one as-
sumes a ßat Þtness landscape in whichp ( H ; t ) = �( H ; t )

for all H . In these conditions all the dynamics in the system
must be caused by crossover or by sampling effects. In the
inÞnite population limit, the total transmission probability
� ( H ; t ) can also be interpreted as the proportion of individ-
uals in the population inH at generationt + 1 , �( H ; t + 1) .
So, for an inÞnite population and a ßat landscape Equa-
tion 8 becomes�( �

N

; t + 1) = �( �

N

; t ) , whereby

Corollary4. For a �at landscape, an in�nite population
and anyt > 0

�( �

N

; t ) = �( �

N

; 0) :

This equation is important because it shows that when a ho-
mologous crossover alone is acting, any initial distribution
of lengths is a Þxed point length distribution for the system.

6 EXTENSION OF GEIRINGER’S
THEOREM

A full extension of GeiringerÕs theorem to linear, variable-
length structures and homologous GP crossover would re-
quire two steps: (a) proving that, in the absence of mutation
and of selective pressure and for an inÞnite population, a
distribution�( h

1

h

2

� � � h

N

; t ) , where the alleles/primitives
can be considered independent stochastic variables, is a
Þxed point, and (b) showing that the system indeed moves
towards that Þxed point. In this paper we prove (a) mathe-
matically and provide experimental evidence for (b).

Theorem 5. A �xed point distribution for the proportion of
a linear, variable-length schemah

1

h

2

� � � h

N

under homol-
ogous crossover for an in�nite population on a �at �tness
landscape in the absence of mutation is

�( h

1

h

2

� � � h

N

; t ) = �( �

N � 1

h

N

; 0)

N � 1

Y

i =1

�( �

i � 1

h

i

# ; 0)

�( �

i

# ; 0)

;

(9)
where

�( �

i � 1

h

i

# ; 0) =

X

n> 0

�( �

i � 1

h

i

�

n

; 0)

and
�( �

i

# ; 0) =

X

n> 0

�( �

i + n

; 0) :

Proof. Since the Þtness landscape is ßat,p ( H ; t ) =

�( H ; t ) for any schema. Also, because the population is
inÞnite,� ( H ; t ) = �( H ; t + 1) . So, combining Equations 1
and 7 yields

�( h

1

:::h

N

; t + 1) (10)

= (1 � p xo)�( h

1

:::h

N

; t ) + p xo

X

k > 0

X

l 2

�

0

�

N # k

( p

l

+ p

�

l

)

� �(( h

1

� l

1

) � � � ( h

N # k � 1

� l

N # k � 1

) h

N # k

� � � h

N

; t )

� �(( h

1

�

�

l

1

) � � � ( h

N # k � 1

�

�

l

N # k � 1

) �

k � N # k +1

; t ) :

We prove that Equation 9 represents a Þxed point for Equa-
tion 10 by substituting the former in the latter and reorder-
ing the terms, obtaining

�( h

1

:::h

N

; t + 1)

= (1 � p xo)�( �

N � 1

h

N

; 0)

N � 1

Y

i =1

�( �

i � 1

h

i

# ; 0)

�( �

i

# ; 0)

+ p xo�( �

N � 1

h

N

; 0)

X

k > 0

�( �

k

; 0)



�

X
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�

0

�

N # k

( p

l

+ p

�

l

)

�

N # k � 1

Y

i =1

�

�( �

i � 1

( h

i

� l

i

)# ; 0)�( �

i � 1
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i

�

�

l

i

)# ; 0)

(�( �

i

# ; 0))

2

�

�

N � 1

Y

i = N # k

�( �

i � 1

h

i

# ; 0)

�( �

i

# ; 0)

:

Whatever the value of bitl

i

in the mask, eitherh

i

� l

i

= h

i

and h

i

�

�

l

i

= � , or h

i

� l

i

= � and h

i

�

�

l

i

= h

i

. In
either case�( �

i � 1

( h

i

� l

i

)# ; 0)�( �

i � 1

( h

i

�

�

l

i

)# ; 0) =

�( �

i � 1

h

i

# ; 0)�( �

i

# ; 0) . So, after reordering the terms,
we obtain:

�( h

1
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N

; t + 1)
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N � 1

h

N

; 0)
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2

It is important to note that, although Equation 9 provides a
family of Þxed points, this does not prove rigorously that
any population will always converge to one of them. Prov-
ing this is complex and requires much more space than is
available for this conference. We will provide the proof
in a future more extended publication. Instead, in the fol-
lowing section we will describe experimental results which
strongly suggest that indeed populations move toward an
independent allele/primitive distribution.

7 EXPERIMENTAL RESULTS

In order to check the theoretical results in this paper we
set up a population of variable length strings consisting of
1,000,000 individuals. All individuals had the same termi-
nal allele, 0, while two types of non-terminal alleles were
used: alleles of type 0 and alleles of type 1. The majority
of alleles were of type 0 and represented a ÒbackgroundÓ
against which alleles of type 1 (the Òcontrast mediumÓ we
used to study the dynamics of non-terminal alleles) could
be more easily traced. Initially, alleles of type 1 occupied
all the non-terminal loci of strings of a given length only
(which was varied between experiments). The terminal lo-
cus of those strings was occupied by an allele of type 0.
All other terminal and non-terminal alleles in the popula-
tion were of type 0.

In our experiments we used two different initial length
distributions: a Gamma distribution with mean 10.5, and
a uniform distribution with lengths between 1 and 20.
Each population was run for 100 generations. The system
was a generational GP/GA system with either one-point
crossover or uniform crossover (applied with 100% proba-
bility) and a ßat Þtness landscape. One-point crossover is a
homologous crossover operator which, for variable length
strings, is characterised by the recombination distribution

p

�

n

l

=

n

1 =n if l 2 f 0

n

; 10

n � 1

; 110

n � 2

; : : : ; 1

n � 1

0 g ,
0 otherwise.

Uniform crossover has the recombination distribution
p

�

n

l

= 2

� n .

Multiple independent runs were not required since the pop-
ulation size was sufÞciently large to remove any signiÞ-
cant statistical variability and therefore to approximate the
inÞnite-population behaviour (for each program length we
had tens of thousands of individuals on average).

We start by checking what happens to the length distri-
bution over time. Figure 1 shows that the distribution of
program length is at a Þxed point when the population is
initialised using either a uniform length distribution or a
discrete Gamma distribution. This corroborates our Þnding
that any length distribution is a Þxed point (Corollary 4).
Note that the small variations in the plots are due to genetic
drift (i.e. a Þnite population effect).

Let us now consider the allele dynamics. Figure 2 shows
how the distribution of alleles of type 1 varies over a num-
ber of generations in a population initialised with the uni-
form length distribution. In Figure 2(a) only strings of
length 2 included alleles of type 1 (in locus 1). However,
under one-point crossover within a few generations (see
Figures 2(b) and (c)) the relative proportion of strings with
a 1 in locus 1 reached the equilibrium value predicted by
applying Equation 9 to the schema1 �

N � 1 :
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The same asymptotic value is approached when only
strings of length 10 included alleles of type 1 at genera-
tion 0, as shown in Figures 2(d)Ð(g). Qualitatively the be-
haviour of other loci is the same, but the asymptotic values
reached are slightly different, which is predicted by Theo-
rem 5.

Figure 2 reveals that the speed with which alleles in dif-
ferent loci approach their asymptotic value varies. While
alleles in locus 1 move quickly towards their Þxed point,
the convergence speed decreases as the locus position in-
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Figure 2: Plots of the relative proportion of non-terminal alleles of type 1 vs. locus position and program length for different
generations under different crossover operators. The population was initialised with a uniform length distribution, where
only programs of length̀ contained non-terminal alleles of type 1. The value of` was 2 in (a)Ð(c) and10 in (d)Ð(i).
One-point crossover was used in (b), (c), (e), (f) and (g), uniform crossover in (h) and (i).

creases. This is due to the fact that alleles occupying non-
terminal loci that are present in a large number of individu-
als will be swapped more frequently than alleles occupying
loci present in a small number of individuals.

The behaviour of uniform crossover is almost identical.
Analysis of our results revealed that the only difference is
the speed with which alleles in different loci approach their
asymptotic value. Uniform crossover mixes alleles more
quickly as can easily be seen, for example, by comparing
Figures 2(e) and (f) with Figures 2(h) and (i), respectively.

To further verify that under homologous crossover the pop-
ulation tends towards an independent allele distribution, we
performed an experiment with exactly the same set up as in
Figures 2(h) and (i) but this time we kept track of the co-
occurrence of pairs of non-terminal alleles within the class
of programs of length 10. So, for each generation we ob-
tained a set of four9 � 9 co-occurrence frequency matrices,

one for each possible choice of a pair of the non-terminal
alleles 0 and 1. An element at position( r ; c ) of the co-
occurrence matrix for non-terminal allelesa and b , repre-
sented the average number of times allelea was present in
locus r while at the same time alleleb was present in lo-
cusc in strings of length 10. Once normalised by the total
number of strings of length 10, the diagonal elements of the
0/0 and 1/1 matrices represent the proportions of alleles of
type 0 and 1, respectively, present at each locus.

For all allele pairs the co-occurrence matrices tended to
those predicted by the theory. For example, for the allele
pair 0/0 the theoretical values for the off-diagonal elements
can be calculated using the following equation (obtained
from Equation 9)
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Figure 1: Plots of the number of programs vs. program
length for different generations for populations initialised
with a uniform (a) and a Gamma (b) length distribution.
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These values are extremely close to the frequency of 0/0
co-occurrence measured at generation 100 in our runs, the
root mean square error between the above-diagonal ele-
ments being 0.004 (note that the co-occurrence matrix is
symmetric). This is a tiny error considering that all fre-
quencies were bigger than 0.8.

8 DISCUSSION AND CONCLUSIONS

Characterisations of the genetic biases of the operators
(such as the ones offered in this paper and in (Poliet al.,
2002)) are important because they allow the users of
GP/GA systems to evaluate whether their operators provide
the desired search behaviour for the system. If this is not
the case, then the knowledge of the search biases of other
operators allows for an informed choice for an alternative.

Here we have focused our attention on the biases of ho-
mologous crossovers with respect to length and allele dis-
tribution in a population of variable length linear structures
and presented theoretical results describing the asymptotic
behaviour for a GP/GA system evolving in a ßat Þtness

landscape. In addition, we have provided experimental evi-
dence that Þrmly corroborates the theory, showing a perfect
match (within experimental errors) between the predictions
of the theory based on generation 0 data and the observed
length and allele frequencies at later generations.

The behaviour we have observed and characterised is sim-
ple: a) homologous crossovers are totally unbiased with
respect to program length, and b) crossover shufßes the al-
leles present in different individuals and pushes the string
distribution towards locus-wise independence.

A mixing behaviour is present in most crossover operators
described in the literature on Þxed length GAs. It is well
known that this destroys ÒlinkageÓ, i.e. correlations, be-
tween different allele positions in the population. In the
Þxed length case the asymptotic convergence towards in-
dependence described by GeiringerÕs theorem is the result
of the decay of correlations due to the mixing effect of
crossover. Because the representation and operators con-
sidered in this paper are generalisations of the correspond-
ing Þxed-length ones, it is not so surprising to see that lin-
ear GP is also moving towards an independent Þxed-point
string distribution. In other words, allele mixing is the rea-
son why the right hand side of Equation 9 is a product,
like the right hand side of Equation 4. We have no reason
to believe that the situation would be signiÞcantly differ-
ent in tree-based GP. Because our extension of GeiringerÕs
theorem is the result of specialising and studying the GP
schema theoremÕs equations, it is not unlikely that in the
future we will be able to provide a Geiringer-like theorem
for tree-based GP.

Our theoretical results were obtained for the extreme case
of inÞnite populations and ßat Þtness landscapes. So, why
should these be of any relevance to Þnite GP/GA popula-
tions and realistic landscapes? Firstly, because the biases
of homologous crossovers in the absence of selection indi-
cate the precise way in which this type of operators would
naturally tend to explore the search space. When selection
is added, the search bias will be modiÞed by the focusing
bias of selection, but, except in cases of very strong selec-
tion, many of the features of the search bias shown on a ßat
landscape will be retained. Secondly, because as shown in
our experiments, the results obtained with real (but large)
populations match very closely the inÞnite population the-
ory. For smaller populations, the theory can still be used to
give short term indications of the behaviour of the system.
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