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ABSTRACT

Numerical analyses have, in recent years, been widely used as a powerful tool in the
analysis of engineering problems. Conventionaly, in numerical analysis, the behaviour of
the actual material is approximated with that of an idealised material that deforms in
accordance with some consgtitutive relationships. Therefore, the choice of an appropriate
constitutive model that adequately describes the behaviour of the material plays an

important role in the accuracy and reliability of the numerical predictions.

In this thesis a new evolutionary polynomial regression (EPR) based approach is presented
for congtitutive modelling of soils. EPR is an evolutionary computing method that
generates a transparent and structured representation of the data provided. EPR can operate
on large quantities of data in order to capture the complex interaction between the variables
of the system. Furthermore it allows the user to gain additional insight into the constitutive
behaviour of the material by providing a structured representation of the data. Capabilities
of the EPR methodology in constitutive modelling of soils are illustrated by application to
modelling of the behaviour of soils under drained and undrained loading conditions. In
addition, an algorithm, so called feed-forward agorithm, has been developed to show that
the proposed EPR based constitutive model is capable of reproducing the behaviour of soil

over an entire stress path.

Moreover, a new approach is presented, for the first time, for constitutive modelling of
materials in finite element analysis, with potential applications in different engineering
disciplines. The proposed approach provides a unified framework for modelling of complex
materials, using evolutionary polynomial regression based constitutive model (EPRCM),
integrated in finite element analysis. The main advantage of EPRCM over conventional
congtitutive models is that it provides the optimum structure for the material constitutive
model representation as well as its parameters, directly from raw experimenta (or field)
data. The proposed algorithm provides a transparent relationship for the constitutive
material model that can easily be incorporated in a finite element model. The application of
the EPRCM for material modelling in finite element analysis will be illustrated through a

number of simple and complex examples.
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Chapter (1) Introduction

CHAPTER 1

INTRODUCTION

1.1 General background

The modelling of material behaviour is of vital importance in numerical anaysis of
various structures. With advancing developments in numerical methods such as finite
element (FE), analysing a wide variety of problems in different engineering disciplines
has become viable. One of the most fundamental aspects of FE analysis is the
constitutive model used to represent the mechanical response of the material involved. It
is generally accepted that the reliability of the results of FE analysisis largely dependant
on the suitability of the constitutive model utilised within the FE procedure.

Traditionally, constitutive modelling aim to construct mathematical models to describe
the relationship between stresses and strains in general. Conventional constitutive
models for determination of behaviour of different materials, have been developed more

or less in the same manner

1) A material istested to extract its behaviour.
i) A mathematically formulated model is postulated to represent the observed

behaviour of the material.
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i) The performance of the developed model is examined by its application to
predict unseen stress paths and compared against additional experiments.

iv) The mathematical model is modified to extend its application for behaviours
observed but not explained by the model.

Most of the mathematically developed constitutive models for various materials such as
soil, rock, concrete, etc., involve the determination of various material parameters, some
of which have a little physical meaning. Where the requirements for accuracy in
predicting the behaviours of materials become more crucial, the constitutive models
need to be more sophisticated. As the complexity of the material model increases, so
does the number of parameters to be identified. However, despite considerable
complexity of the conventional constitutive models, capturing the real materia
response, along all the stress paths and over a wide range of confining pressures, has not
been possible so far. In addition the increased complexity of some constitutive theories,
makes them difficult to implement in FE codes and therefore restrict their functionality

In engineering practice.

Following the successful application of artificial intelligent techniques, particularly
neural network (NN), (as a paradigm for computational knowledge representation and a
pattern recognition device) in modelling nonlinear processes in various engineering
fields, researchers have been encouraged to investigate the potential of NN in
constitutive modelling. Research on the application of neural networks to the problem
of material modelling wasfirst carried out by Ghaboussi et al. (1990). Since then alarge
number of intelligent NN based constitutive models (NNCMs) for different materials
has been introduced. From these works, it has been shown that awell trained NN can be
used to model the constitutive behaviour of an engineering material. However, as a so
called black box method, NN has its own drawbacks. Learning in NN involves tuning
the parameters (weights) of interconnections in a highly parameterised system. This
requires that the structure of the neural network to be identified a priori, which can be a
very time consuming procedure (i.e.,, determination of network type, kernel type,
transfer functions, number of hidden layers, etc.). Because the output of NNCM is not a
structured relationship, after the development of a NNCM, each time for its application
it has to be reproduced. However, the reproduced NNCM is not necessarily the same as
theinitially developed network. Thisis due to the high sensitivity of NN to the values of

its parameters. Although one of the main purposes of constitutive modelling is to be

2
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incorporated in numerical analysis, to date very few researchers have dealt with the
implementation of NNCM in numerical procedures such as the FE method. The main
reason for this appears to be the fact that there are considerable difficulties, like the one
described above, in incorporating a NNCM in FE analysis. Also the robustness of a
NNCM in FE analysisis avita issue; that is, it is essential that a FE code incorporating

aNNCM converges at each load increment otherwise the NNCM is worthless.

Thus, the application of an alternative intelligent based methodology which can
overcome the shortcomings of using NNCM, would be of great advantage. Accordingly,
for the development of the new methodology, at least the following three issues should
be addressed

1) Obtaining a structured and transparent relationship that represents the
material behaviour.

i) Training the intelligent based material model in such a way that it can
predict the materia behaviour for a wide range of unseen stress paths
objectively.

iii) Incorporation of such intelligent constitutive model in a FE code in an easy

and flawless manner.

In order to deal with the concerns listed above, for the first time in this thesis, a new
evolutionary based data driven technique called evolutionary polynomial regression
(EPR) has been utilised for the purpose of constitutive modelling of materials in general

and geomaterialsin particular.

1.2 Objectives

Evolutionary polynomia regression is a new hybrid paradigm which has been
developed and tested for data mining purposes in environmental related issues (Doglioni
2004, Giustolisi and Savic 2006). Further investigation of the methodology showed its
great performance in other fields of civil engineering as well (Rezania et al. 2008a).
Motivated by the capability of EPR in pattern recognition and data mining, the

objectives of thiswork are



Chapter (1) Introduction

e The full description and development of EPR based material modelling,
particularly aimed at modelling the behaviour of geomaterial; to investigate the
optimal learning agorithm for EPR for incorporation in material modelling; and
to verify the approach through modelling constitutive relations of soils in
different stress states (i.e., normal stress-strain and coupled stress-strain-flow
conditions).

e To set up a strategy for using the developed EPR based constitutive model
(EPRCM) of soils as a stand alone simulator and triaxial data generator. This
can help to maximise the value of information embedded in the EPRCM
especialy in cases where results from material tests are only available for a
limited number of stress paths.

* To develop and introduce the new EPR based finite element methodology in
computational mechanics and investigate technical aspects involved in the
incorporation of EPRCM in the FE code.

 To validate the proposed intelligent FE model through some illustrative

structural and geotechnical examples.

1.3 Structure of thethesis

With the above objectives, this thesis is organised in 7 chapters. The main text of each
chapter isintentionally kept as short as possible in favour of easy reading and is written

to include only the fundamental concepts and the new ideas.

In chapter 2, a literature review, of the efforts that have been made on neural network
based constitutive modelling, is provided. This chapter begins with the background
information relating to NNCM and follows by an overview of main published worksin
this field. The way that the data is treated at each work is studied and the merits and

deficiencies of each work are discussed in detail .

In chapter 3, the general concept of finite element method isillustrated. The architecture
of the method itself islooked at in some details and the common solution procedures for
dealing with linear and nonlinear problems in FEA are discussed. Also the mathematical
formulations and governing equations which are used in the development of the

required uncoupled and coupled FE programs for this thesis are provided.



Chapter (1) Introduction

Chapter 4 gives an insight into the most commonly used data mining techniques (i.e.,
neural network and genetic programming). The conceptual description of the
terminologies related to the operation of each of these techniquesis provided in separate
sections. Furthermore the main shortcomings of these approaches which have prevented
them from achieving their full potential are highlighted. Also the new EPR technique is
introduced in this chapter.

In chapter 5, which is one of the main chapters of this thess, the EPR based constitutive
modelling of soils is introduced. Two different conditions (drained and undrained) are
considered for EPRCM and the way that the data for each case is managed is discussed.
In addition, the results of the investigation which has been made to find the optimal
EPR structure for the purpose of constitutive modelling are presented in this chapter.
Furthermore, two separate feed-forward algorithms are introduced for simulating
triaxial experiments, from the already developed EPRCMs, in drained and undrained

conditions.

Chapter 6 is the second main chapter of this thesis, in which the EPR based intelligent
FE method is described in detail. The methodology in which the EPRCM is
incorporated in FE code is described and the procedure to identify the nonlinear elastic
constant from the trained EPRCM s depicted. Several different examples are analysed
using the proposed intelligent FE model, and for each example comparisons are made
between the results obtained from intelligent FE and those of a standard FEA using

conventional constitutive models.

Finally in chapter 7, the main conclusion of the thesis and recommendations for further

research are presented.
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CHAPTER 2

REVIEW ON NEURAL NETWORK
BASED CONSTITUTIVE MODELLING

2.1 Introduction

The engineering properties of soil and rock exhiaied and uncertain behaviour due
to the complex and imprecise physical processexceded with the formation of these
materials. Recognition of nonlinear behavioursalssand rocks becomes increasingly
important in design, stability analysis, predictamd control of failure for geotechnical
engineering projects. Conventionally in numericaalgsis like finite element method
(FEM) the behaviour of the actual material is appmated with that of an idealised
material that deforms in accordance with some d@oiise relationships. Therefore the
choice of an appropriate constitutive model whideguately describes the behaviour of
the material plays a significant role in the accyrand reliability of the numerical
predictions.

During the past few decades several constitutivelaisohave been developed for
different geomaterials based on mechanics (e.gaiDst al. 1986; Duncan and Chang
1970; Einstein and Hirschfeld 1973; Kawamoto et1888; Lade and Duncan 1975;
Roscoe and Schofield 1963). Most of these modeislve determination of material

parameters, many of which have no physical mea(8tgn and Pande 2000). For
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example in spite of considerable complexities ofstitutive theories, due to the erratic
nature of soils, rocks, composites, etc. none ef @Risting constitutive models can
completely describe the real behaviour of varigges$ of these materials under various
stress paths and loading conditions. In conventiooastitutive material modelling, an
appropriate mathematical model is initially seldctnd the parameters of the model
(material parameters) are then identified from appate physical tests on
representative samples to capture the material vimtlva When these constitutive
models are used in numerical analysis (e.g., FEM)accuracy with which the selected
material model represents the various aspectseoat¢kual material behaviour and also
the accuracy of the identified material parametfect the accuracy of the finite

element prediction.

Development of a unified approach for constitutivedelling that can be applied to any
type of soil would be extremely beneficial in theite element analysis of geotechnical
problems. Recently some researchers attemptediltb fanlinear constitutive models
based on computer-aided pattern recognition methadidicial neural network (ANN)

has been the most widely used pattern recognitiongaure to model the constitutive

material behaviour.

2.2 Organisation of literaturereview

The references reviewed for this evaluation of shigld literature are covered in two
categories. The first is the state of the art payer modelling of soil behaviour with
artificial neural network. The second categoryhis papers describing the performance
of the implementation of neural network based atriste models (NNCMs) in finite

element analysis.

2.3 Neural network based constitutive models

Modelling of soil behaviour plays an important rotedealing with issues related to soil

mechanics and foundation engineering. In addition conventional constitutive
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modelling, the application of artificial intelligea methods offers an alternative means

for the modelling of soil behaviour.

A neural network based constitutive model is fundatally different from the
conventional constitutive model (Zhu et al. 199&x)e of its distinctive features is that
it is based on experimental data rather than onnastons made in developing a
constitutive model. Also in an NNCM the materialnstants are not needed. These
features ascertain the NNCM to be an objective mduzt can truly represent the
natural connections among variables, rather thsubgective model which assumes the

variables obey a set of predefined relations.

The NNCM learns from experimental data and formgraleconnections stimuli from
the learning process. Because of its unique legynimaining and predicting
characteristics, the neural network model has gpesential in soil engineering
applications, particularly for the situations whegod experimental data are available

and where conventional constitutive modelling maydifficult and time consuming.

There are quite a few references regarding theicgioin of neural network (NN) in
modelling of soil behaviour. Initially the applican of NN for constitutive modelling
was proposed by Ghaboussi et al (1990; 1991) focrede. Later on Ellis et el. (1992)
and Ghaboussi et al. (1994) applied the concepiiNotonstitutive modelling to model
the behaviour of geomaterials. These works indéicateat neural network based
constitutive models can effectively capture nordinmaterial behaviour. These models
are versatile and have the capacity to continudeslsn as additional material response

data become available.

The very common procedure of using NNs for conwsrati constitutive modelling
involves training a neural network using laborat@yin-situ) data to learn the material
behaviour. The advantages of using NN when it &néd directly from some
experimental (or in-situ) data is obvious. Thertea network is then used to predict the
behaviour of the material under new loading condgi If the training data contains
enough and relevant information, the trained netwairould be able to generalise the

material behaviour to new loading conditions.
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Among various types of neural networks, multi-layeed-forward back-propagation
network is known to be the most suitable architectto describe the nonlinear
relationships, and so far, has been the only tyjpeearal network used to describe
material constitutive behaviour (Hashash et al.4200he role of the NN is to attribute
a given set of output vectors to a given set oluingectors. When applied to the
constitutive description, the physical nature asth input-output data is determined by
the measured quantities like stresses, straing, passures, temperatures, etc. A NN
based constitutive model consists of several lageromputational nodes, or neurons.

A typical NN based constitutive model is shown sohgcally in Figure 2.1.

€1 —» —» O1

&2 —» —» O2

€3 —» —» O3
(a)

&1 —» —» O3

&2 —» —» O2

&3 —» —» O3
(b)

Figure 2.1 A simple neural network based constitutive model the adaptive
determination of its hidden layers during trainprgcess, showing (a) initial neural
network based constitutive model at the beginningaining and (b) final neural

network based constitutive model at the end ohingi.

In the simple example shown in Figure 2.1 one idayer, two hidden layers and one
output layer are considered for the network. Thprgacipal strain components

(&,&,and &;) for an assumed 2-D medium are input and a forvpass through the
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network including very simple computations, resuits the prediction of three

corresponding principal stresses, (o,and g,) at the output layer. Every neuron in

each layer is connected to every neuron in the lagetr and each such connection has
associated with it a “connection weight”. The knedde stored in the developed
network is represented by the set of connectiorghiei The neural network is trained
by appropriately modifying its connection weightsrough the set of “training cases”,
until the predicted stress variables agree satfiac with the correct stress variables.
The “back-propagation” term (Rumelhart et al. 1988&grs to the algorithm by which
the observed error in the predicted stress vasaislaused to modify the connection

weights.

Encouraged by the attractive features of neuralvomrs, after exploration of the
potential of NN for constitutive modelling duringrly 90’s; a large number of NNCMs
for different materials including soils and rocksvb been developed. In the following a
detailed review of major published studies on dtutste modelling of soil and/or rock

using artificial neural networks is presented.

Millar and Clarici (1994) showed the capability MNs for modelling purposes in the
field of rock mechanics by modelling the deformatmf a particular rock sample with
NN, based on some laboratory test results of ssti@ss-axial strain measurements.
Four different NN models, in terms of number ofded neurons, were developed and it
was shown that they are able to predict the atialss-axial strain relationship with
good accuracy. In this work, the structure of deped NN was based on back-
propagation multilayer perceptron architecture, trainput-output set for training the

model was

Inputs: g,, &, & and (signhal})
£

1

Output: g,

where g, is the major principal stresgr, is the confining pressure, is the major

principal strain, &, is the minor principal strain andignmal} is the sign of the
é‘l

gradient of the stress-strain curve. Although theppsed models could predict the

10



Chapter (2) Reviewneural network based constitutive modelling

major principal stressy,, correctly; however the fact that the latter inpatameter was

required for the NN training implied that some iation of the history of stress state
was necessary as input in the training process Alwas not clear how such trained
NN model would be used in engineering practice.ohlimear constitutive model of
such form would seem sensible in that it indicatest the major principal stress is
related to the state of strain of the rock and Ymbethe rock has past its peak strength.
However it is difficult to imagine a situation wieerll such information would be
available within an analysis without the value lué tnajor principal stress being known

already.

Ellis et al. (1995) modelled the stress-strain tretaof sands using artificial neural
network and observed good agreement between lalpp@data and modelling results. A
series of undrained triaxial tests on mortar saad wsed to develop the models. Two
different types of architecture were used to evalube ability of NN for modelling
sand behaviour. They were the conventional newabark without feedback and the
sequential NN with feedback (Figure 2.2).

Plan unit—p

Plan unit—p — Next-state unit

Current-state unitx>

Figure 2.2 Architecture of a typical sequential NN.

Using this type of NN (i.e., sequential NN) at th#ial phase of the training a pattern is
input to the plan units. Feed forward process @ in standard back propagation,
producing the first output pattern. This outputhen copied back to the current state
units for the next feed forward process. The remirrNN has the potential in
incorporating the path dependency of mechanicaawiehr into the model. In order to
accommodate this aspect, the input-output paraméiethe model should be variables
of time. Based on the results it was found thatséguential NN worked better than the
regular NN. Thus the authors proposed a sequemi@ork with three layers which

had 10 neurons in the intermediate layer and isthoutput parameters were

11
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Inputs:'a,, g, ', 'u, OCR, D, andC,

Output: "', and'u

where uis the pore water pressu@CR is the over consolidation ratio which reflects

the previous stress historf, is the initial relative density an@, is the coefficient of

uniformity which characterises the grain size dsition of sand. Also a constant value
of 0.0405% was used for the axial strain incremaat, Figures 2.3(a) and 2.3(b) show

the NN predictions during training phase.

Although, based on the reported graphs, the resflthNN predictions were not
significantly attractive, even at training stagéswas stated that the developed NN
model was able to “effectively” capture stressistreelationship of mortar sand.
However, it was argued later that a prescribedrstate (0.0405% per minute) has to
be defined in order to make predictions with thisdel (Najjar and Basheer 1996). This
issue limits the developed network as applicablly ¢m the specific situation with a

strain rate of 0.0405% per minute.

12
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Figure 2.3 Neural network predictions on training data fdfetent sands showing (a)
deviator stress predictions and (b) pore watergorespredictions (Ellis et al. 1995).
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Millar and Calderbank (1995) showed that a singldtiayer feedforward artificial
neural network is able to predict the deformabitighaviour of rock. Data used to train
the neural network model in this work, was deriesim the results of a series of
simulations of triaxial tests using commercial éipfinite difference software, FLAC.
The authors made some modifications in their Ning approach in order to resolve
the deficiencies associated with the earlier wavklér and Clarici 1994) and make
their model worthy for immediate use as a stanaheloonstitutive relationship in a
numerical modelling code. For this purpose the anstlused the same NN architecture
as their earlier work, but they revised the wa tin@ input-output parameters were
introduced to NN for training procedure. The inputput parameter sets used for the

training of their revised NN based constitutive miogere

Inputsia;, 'g,, '(Ag) and'(As,)

Li+l i+1
Output: g, and'"g,

where (Ag)and (Ag;)are the increments of major and minor principakiss,

respectively. The data, which were produced bialaest simulation in FLAC using
strain softening model available within this softejahad to be scaled within the
interval between -0.5 and 0.5 for NN training pisseAlso the value of minor principal

stressg,, was considered not to be identical for a singst. tThis was done through the

superposition of a component of noise to the in@lties on each presentation of the
data to the NN. The optimum NN structure obtaineddonstitutive relationship was
then used to develop a user defined constitutiveéainaalled NN UDM, back in FLAC.
Although the accuracy of the NN model over thenirg data was good however its
prediction ability was so poor and the actual behavof the NN UDM was far from
desired behaviour when it was used in place obthedard strain softening constitutive
model within FLAC.

Amorosi et al. (1996) also tried to increase thessgme options for selection of
constitutive models for geotechnical applicatiom®tigh adoption of a neural network
based representation of the geomaterial consttuiehaviour. The data obtained from
undrained triaxial tests on a particular clay ty@ellericca clay) was used to develop
the NN model. The input-output parameter sets uséus work were

14
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Inputs:'a,, g, 'u, '(Ag,) andOCR

Output: "', and'*'u

The constitutive behaviour of Vallericca clay wémwn to be adequately represented
with the trained NN model. The developed model &dzhck propagation multilayered

perceptron architecture with three layers. Obvipuiie input and output layers used 5
and 2 nodes respectively. Also one intermediaterlayas used which contained four
nodes.

Logar and Turk (1997) presented the modelling abastitutive law for soft soils by
artificial neural network. The results from oedoerdbading tests on a silty soil were
used to train a feed forward neural network. Baséhe source of the available data the

following input-output set was used to developrtiael

Inputs:a’, Z, w,, w andw,

Output: e

where ¢'is effective stressZ is the depth from which the sample was takegnis
natural water contenty is liquid limit, w, is plastic limit ande is void ratio. The

optimum NN structure was obtained by a single hiddger consisting of 35 hidden
neurons. The results for approximation of oedometeves by NN were relatively
accurate compared to the experimental measuremghtsverage error of around 10%
for the training phase. The trained NN was usedetermine the tangential oedometer
modulus by the equation

A’ (1+i ‘*10'—:0

c.i-{1r95Z --

o (2.1)

The above equation was then used, instead of #stiecparameter, in a finite element
code to model the amount of settlement on top oémbankment. The results were
reported to be comparable with the results obtausg a cap model for deformation;
however, based on the information provided in tla@ep, it is not clear how the
Equation (2.1) was incorporated into the FE prooedu
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Penumadu and Chameau (1997) presented the soilibehenodelling within a unified
environment based on NN. The same triaxial datzsed in Ellis et al. (1995) was used
for training and testing of the NN sand model. Adess-strain data obtained from a
series of strain controlled undrained triaxial $eeh clay was used for training and
testing the NN clay model. The same type of NNh&sdne used in Ellis et al. (1995)
(feed back sequential NN) was again used in thikwithe NN architecture and results
for Mortar sand were identical to those presemefllis et al. (1995); however for clay
a different NN architecture including one hiddeyelawith 10 nodes was selected. The

input-output set for clay model was

Input: 't, &, ', (M)

Output: *'r

where '7 is shear stress andl is the rate of strain increment. The results @f KN
prediction of stress-strain relationship of clayridg training and testing phases are

shown in Figure 2.4.
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Figure 2.4 Neural network prediction of stress-strain relasioip of clay for (a) training
and (b) testing (Penumadu and Chameau 1997).

Zhu et al. (1998a) presented a recurrent neuralarkt(RNN) model for simulating and
predicting shear behaviour of two different kindsail. A recurrent neural network is a
neural network where the connections between thiés torm a directed cycle.
Recurrent neural networks must be approached €iffgr from feedforward neural
networks, both when analysing their behaviour aathing them. Hidden nodes in an
RNN can transmit their outcomes to both input laged output layer simultaneously
(Elman 1990). A typical architecture of an RNN withe hidden layer is shown in
Figure 2.5.
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Context unit—p.

Input unit—yp.
—» Output unit

Input unit—y,.

Context unit—yp

Figure 2.5 A typical recurrent neural network.

Laboratory based experimental data were used fatetiiog including a set of strain
controlled undrained tests and a set of stressalted drained tests performed on a
residual Hawaiian volcanic soil. The choice of itputput variables was different due
to different sources of data. For the strain cdledotest the goal was to measure stress
response of the specimen to a given strain vaheretore the selected input-output

variables for RNN training were

Input: 'q, 'g;, 'u, ', '(Ag,) and'e

Output: "*'q and"™u

whereq =g, - 0, is deviatoric stress.

In contrast, as for a stress controlled test, theas stress and stress increment were
known in advance, the goal was to measure thensteaponse of the specimen. Thus

for such test results, the selected input-outprdrpaters for RNN training were

Input: 'a;, ‘g, '(Ad)), '(Ady), 'u, g, 'g, and'e

Output: "¢, and'"',

In both models, RNN structure with one hidden lay@ntaining 20 nodes was found to
generate the minimal sum squared error. Good agneebetween modelling results
and laboratory experimental data showed the effayieof the RNN approach in
modelling complex soil behaviour. The authors assithat such an RNN model is
applicable to other soils if proper input and ottparameters are chosen, although this

can not be a very general conclusion based on o#eearchers findings.
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Zhu et al. (1998b) published a similar work in whithe same NNCM (in terms of
network type, architecture and input-output set} wsed to model soil behaviour, using
generally the same data as in Zhu et al.(1998ayveder in this work the authors
proposed that in the network structure one hiddgarlwith 20 and 35 nodes is suitable
for the modelling of the strain controlled undralnests and stress controlled drained

tests respectively.

Ghaboussi et al. (1998) described a new indirecthoak called autoprogressive
training, for training neural network material mégldrom structural tests to learn
complex stress-strain behaviour of materials. Tlhbaj data measured form a structural
load-deflection test was used to train the netwdhe main premise of the work was
that the structural tests usually generate a latgaeber of spatial patterns of stresses
and strains that can be used for training. The tautoprogressive training” referred to
a process in which the neural network is itselfraagral part of the iterative algorithm
that is used to create the stress-strain trainasg< from the global response data. This
method differs from common applications of NN madiel the sense that there is not a
known set of data to train the network, but theenat model is extracted iteratively
from global measurements using nonlinear finitanglvts (Haj-Ali et al. 2001). The
applications discussed in this paper show a praeethat can be used to create the
stress-strain training data for the neural netwaekerial model, having knowledge of
the global load vs. deflection response of the cttine. In contrast to previous
applications of neural networks to constitutive mididg, in this method there was not
“a priori” a set of directly measured informatidmat accurately represents the material
behaviour but this information must be extractenrfrthe recorded structural response.
Based on the results of two simple examples expthin this paper, the trained neural
network in this way looked consistent, but a trualeation of the trained neural
network material model would require comparisonghwneasured response data for
other structures, constructed of the same matbtitlof different geometrical forms,
which had not been used in the training. This waissimown in the paper. Also the
minimum number of measured structural responsesitair type and locations on the
structure, that are required in order to uniquedyedmine a neural network material

model is an important theoretical issue that reethto be addressed in this paper.

In addition, it should be noted that geotechnicaterals (e.g. soils and rocks) exhibit

varied and uncertain behaviour due to the comptek immprecise physical processes
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associated with the formation of these materialparticular and mediums that can be
formed from these materials (e.g., embankmentsteertthes) in general; this is in
contrast to most other civil engineering mater{elg., steel) and structures (e.g., truss)
which exhibit far greater homogeneity and isotropyus such methodology of training
a neural network material model is less likely te Pbffectively applicable to

geotechnical problems.

Sidarta and Ghaboussi (1998) modified the earllet®ussi et al. (1998) work in order
to develop a neural network based constitutive rmode geomaterials using
autoprogressive training. They used a non-uniforatemal test which had a non-
uniform distribution of stresses and strains withlle specimen. Then the measured
boundary forces and displacements were appliedimta element model of the test to
generate the input and output data for trainingngral network material model. Using
the data generated in that way, the autoprogressetbod was used to train the neural

network material model.

Three drained triaxial tests on Sacramento Rivad saere considered for their work.
The tests were performed with end friction conditiand the relative densities of the
samples ranged from loose to medium dense to d@hsemeasured axial forces and
confining pressures were directly from the testaddthe radial displacements of the
outer surface of each sample were determined bymasg a parabolic distribution.
These measured force and displacement boundaryitiomsd were used in the
autoprogressive method. The components of stredsstaain, which were required to
train the neural network material model, were camsed artificially in the finite
element model of the test. The developed neuralorkt material models with their

input-output parameters are schematically showkigore 2.6.
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Figure 2.6 The autoprogressively trained neural network nrgterodels showing (a)
neural network material model for loose sand (lirakenetwork material model for

medium dense sand (c) neural network material modelense sand (Sidarta and
Ghaboussi 1998).

21



Chapter (2) Reviewneural network based constitutive modelling

In Figure 2.6,& stands for all components of strain (ig., £,,, &, &,,),0 stands for

all components of stress (i.e,,, 0,,, 04, 0,,), & is the initial void ratio. Also the

indicesj-1 andj-2 denote the first history point module and the sechistory point
module, respectively. Figure 2.6 clearly indicatest the material behaviour becomes

increasingly more complex with increasing soil dsns

The trained neural networks were first used intdirdlement analysis of actual triaxial
test with end friction and next they were usedité element analyses of hypothetical
tests with no end friction. The results of the gs@l with end friction matched well
with those of the actual experiment. However thaults of the forward analysis of the
hypothetical tests with no end friction showed #igant differences with the actual

experimental results.

The work presented in this paper, introduced a ifsigmt improvement over
conventionally trained neural network based comstié models for geomaterials. The
attraction of the non-uniform test, used in thigdgt is that a range of stress levels and a
variety of stress paths may be represented in glesiest, therefore the test results
contain information on material behaviour for diffat stress levels and stress paths. If
that information could be extracted, then the tesaf a single non-uniform material
test may be sufficient for training a neural netkvoonstitutive model and there is no
need for a large number of conventional triaxiatsewith different stress paths to

produce the training data.

Ghaboussi and Sidarta (1998) explained a nestqutiaeaneural network (NANN) for
constitutive modelling. The issue presented in Wsk was in companion with what
was presented in Sidarta and Ghaboussi (1998).nfdterial behaviour data has an
inherent structure and one type of such inherdaetnal structure in data is the nested
structure. Basically nested adaptive neural netsvddke advantage of the nested
structure of the material test data, and refleict ihe architecture of the neural network.
A nested neural network consists of several modulae starting point of building a
NANN is to develop a base module to represent tateral behaviour in the lowest
function space in the data structure. This baseuheod a standard multi-layer feed-
forward neural network. The base module is thennaged by attaching added
modules to form higher level NANN. The processhisaretically open ended and more

and more modules can be added. The added modwdesdlves are also standard
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multi-layer feed-forward neural networks. Figure/ Zhows a general NANN in

symbolic form.
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Figure 2.7 Symbolic representation of a typical nested agtepteural network
(Ghaboussi and Sidarta 1998).

The developed NANNs were applied in modelling oé tdrained and undrained
behaviour of Sacramento River sand, using triaxiampression test results. The
objective was to model a material behaviour in kardined and undrained conditions
for a range of initial void ratios and initial camhg pressures. First a base module was
developed and then the history point modules welde@ The trained base module
together with the two successive levels of NANN ethivere obtained by attaching the

first and second history point modules are
As, =AsNN si1(l¢;, s, €,,6:8[2-12]2-12]3) (2.2)
As, =AsNNs2([Ag;, s, &, &1, [54, £4.8]1:8,6[2-12,28

2-12,2-8]3) 23)

As; =AsNN sz ([Ag;, s, &, &1, [S4, &4, &1, (S, &, &]:8,

(2.4)
6,6/2-12,2-8,2-30|2-12,2-83D4+3)
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In the above equations, the symbdN was intreduto denote the output of a

multilayer feed forward neural network. In thesaiaipnss={o,u}, o={p’.q}, u =
pore pressure¢ ={¢,,£,}, e,= initial void ratio, p' =(o; +20,)/3= mean effective
stress, =0, —0,= deviatoric stressg, =&, +2&,= volumetric strain, &, =&, —&;=

deviatoric strain. In Equations (2.3) and (2.4),jdedj-1 andj-2 denote the first history

point module and the second history point mod@spectively.

In Equation (2.2) the input layer has eight nodes e output layer has three nodes,
also the two hidden layers start with two nodes @mang the training their number of
nodes adaptively increases to 12. The number ot im@urons increases to 14 and 20 in
Equation (2.2) and Equation (2.3), respectively. Tidedn layers of the second history
point added module grew from two to 30 nodes eaging the training. This is an
indication that the effect of history points on tmeaterial behaviour becomes
increasingly more complex and difficult for the n&lunetwork to learn. This is clear
that with increasing the number of history poitl® number of inputs can significantly
increase, which after even a few steps this canentia& network massively complex
that can result in much higher time and computali@ost. Also there is no indication
that such network is able to capture the constiutielationship effectively and
generalise it to new loading conditions, avoidihg bverfitting problem. Figure 2.8
shows the performance of the trained nested adapaural network on drained triaxial
compression tests. Considerable errors, partigufarl higher confining pressures, are

visible.
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Figure 2.8 Results of trained NANN on drained triaxial comgsien tests (Ghaboussi
and Sidarta 1998).

Another neural network based constitutive relatigmsto model stress-strain and
volume change behaviour of sand and gravel undanehl triaxial compression test
conditions was presented by Penumadu and Zhao 1988 NN models presented in
this paper were developed based on a large databasgerised of nearly 250 triaxial
test data collected from literature. Two neuralwwek sand models (Sand-Low and

Sand-High) were developed to model the sand testtsein the low confining pressure
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(less than 700 kPa) and high confining pressurghéri than 700 kPa) range. The
division at 700 kPa was chosen arbitrarily by tlihars. Also a single model was

developed for gravel test results.

A sequential neural network structure (see Figu® @ias used and like other NN
based models, back-propagation algorithm was eredlofor training the neural

networks. The final optimum neural network architee had three layers with eleven
neurons in input layer, fifteen neurons in the kildayer and two neurons in output
layer. The fifteen hidden units were determinedgsa trial and error procedure. The

selected input-output variables for NN training gver

Inputs:'a,, '¢,, g3, 'g, '(Ag), €, n,, h, Dy, C,, C,
Output: "o, "¢,
Seven of the eleven inputs were used to describbdhdness of the minerdt ), shape

factor (n,), equivalent particle size and their distributiob,,,C,,C.), void ratio ()
and effective confining pressurey). The current state units of stress and strairewer
represented with three inputs using deviator strgsg), axial strain (g) and
volumetric strain {g,). For a given specimen conditions and currentestatits the
objective of neural network was prediction of twatmuts, deviator stress*ig;,) and

volumetric strain ("¢,) of the next state of an input axial strain incean( (Ag,) ).

An interesting feature for training the networktims research was that a fixed set of
axial strain increments were chosen consistentlaliche test data. This means that the
value of strain increment was chosen to increase @instant magnitude (e.g. 0.1%).
The original experimental data (deviator stressdagirain and volumetric strain-axial
strain) were not recorded at a specific strain dn@nt. The authors obtained the
training pattern corresponding to the consideregrsincrement by digitalising the data
and using cubic spline interpolation (Press el @82). It was observed that the neural
network material models obtained in this researehevable to represent the constitutive
behaviour of cohesionless soil with reasonable r@ogu This NNCM was later used in

Penumadu et al. (2000) to simulate triaxial tests.
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Habibagahi and Bamdad (2003) used neural networklescribe the mechanical
behaviour of unsaturated soils. A multilayer petomm sequential architecture with
feed back capability was chosen for their netwdrkaxial test results on Lateritic

gravel, reported by Toll (1988), were used as agetabThe final network which was
obtained through a trial and error procedure haekthayers with 9 neurons in the input
layer and three neurons in the output layer. THengb number of nodes in the hidden
layer was worked out to be five. The input-outpatgmeters set for this first neural

network constitutive model for unsaturated soilseve

Inputs:'q, '¢,, 'E(U,-U,), g, ' (P-U,), (P-U,), U.-U,), S, p, and6

Outputs:"“q, "¢, and'“E(U, -U,,)

In the input parameters set, four neurons, nansely water content, dry densityp, ,
degree of saturatios, , and soil suctiofU, -U ), represent the initial condition of the
specimen before shearing. The other six neuronsglya axial strain'e,, change in

suctioniE(Ua1 —UW) , mean effective stress with respect to pore airwaater pressures

('(P-u,) and'(P-U,)), volumetric strains,, and deviatoric stress| are the input

variables that must be updated incrementally dutinagning based on the outputs

received from the previous increment of training.

It was shown that the trained network was able tmehthe mechanical behaviour
(stress-strain, volume change and change in syctanunsaturated soils with

reasonable accuracy. The authors also proposeththatodel may be used to simulate
triaxial tests (artificial tests) under similar diions as those of the source of training
database; this could be time and cost saving cadp&r sophisticated laboratory

experiments.

In addition to the works that have already beentioead, some other researchers have
also applied NN for constitutive modelling of gederéls using different datasets
(Banimahd et al. 2005; Najjar et al. 1999; Wu et28l01). The results of these works

also show the capability of NN in stress-strairdprgon of different soils.
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2.4 NNCM implementation into finite element method

As has been described in the previous sectionate, tmany researchers attempted to
model the various modes of the constitutive behaviof geomaterials with neural
networks. Although these works are different inmerof their details and terminology;
however most of their results have indicated thhisNan reasonably represent these
materials response under different load paths. Rfos) in theory it is seen that, in a
numerical analysis tool such as FE, it is posdibleeplace a conventional (analytical)
constitutive model with a suitably trained NN. Hoxge the concentration of most of
the investigations has been on the descriptiohefconstitutive behaviour itself, as a
result little is known about the performance of NW<in engineering analysis. The
main reason for this appears to be the fact thatetlare considerable difficulties in

incorporating a general NNCM in finite element cod@8hin and Pande 2002).

Shin and Pande (2000) presented a self learningpBE in which a NNCM was used in
the code instead of conventional constitutive m®aeld showed that the application of
a constitutive law in the form of a neural operateads to some qualitative
improvement in the application of FE in engineeripmactice. They presented a
procedure where data for training neural networkedaconstitutive model (NNCM)
were acquired from planned monitoring of structdesits. Indeed, unlike conventional
procedures where generally material testing isgoeréd to extract the stress-strain
relationship and identify material parameters,heirt procedure inverse analyses were
carried out to identify material parameters fromnitared global structural response. In
this way the self learning capability of the softwavas expected; however for this
purpose the results of structure behaviour needebet available in advance. It is
obvious that depending on the mesh size of thelgmolunder consideration, huge
amount of data may be accumulated with increasiegiumber of self learning cycles
which can result in severe computer storage and @R& problems during training.
For this problem a limited number of monitoring misiin the structure are selected and
the data corresponding to these points are usdihito the NNCM. Selection of the
number and location of monitoring points is therefof considerable importance in
identifying a reliable NNCM. It was stated that Butained NNCM will need to be
treated with caution for modelling the behaviourotiier structures; as it is apparent
that a NNCM may predict the correct response a&wagoints, yet may be completely

inadequate to predict the response at others.
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Shin and Pande (2001) showed that in their sefhieg intelligent finite element code
the tangential constitutive matrix of the mategah be computed as it is possible to
obtain partial derivatives of the neural networlyieth has been trained through total
stress and strain data. The capabilities of theeldped intelligent FE code were
illustrated by analysing a rock specimen under xialecylindrical compression (with
fixed ends). Shin and Pande (2002) proposed a&girab generate additional data from
general homogeneous material tests in order to M&ICM. This was done by taking
advantage of isotropy when it is applicable to thaterial under consideration. A
boundary value problem of a circular cavity in ar@ stress plate was modelled with
the intelligent FE code using NNCM trained with #rghanced dataset. The intelligent
FE analyses showed comparable results with FE seslyusing conventional

constitutive models.

Drakos and Pande (2006) presented a NNCM and dtséthe model is equivalent of
the hardening soil model. Synthetic data for tragnthe NNCM was generated using
the Hardening Soil Model (HSM) available in the eoercial software PLAXIS and

choosing a set of arbitrary parameters, typicaaofds, for the HSM. The performance
of the trained NNCM was then validated by using tiniodel instead of HSM model for

numerical analysis of two simple foundation andasxation problems.

Also Lefik and Schrefler (2003) used a neural nekwior constitutive modelling of
nonlinear material behaviour and highlighted sorinthe difficulties in the constitutive

description in incremental form.

Hashash et al. (2004) described some of the issakged to the numerical
implementation of a NNCM in finite element analysiad derived a closed-form

solution for material stiffness matrix for the nalunetwork constitutive model.

Javadi and his co-workers carried out extensiveameh on application of neural
networks in constitutive modelling of complex maés in general and soils in
particular. They have developed an intelligenttéinelement method (NeuroFE code)
based on the incorporation of a back-propagatiomratenetwork (BPNN) in finite
element analysis. The intelligent finite elementdelovas then applied to a wide range
of boundary value problems including several gdutexal engineering applications
(2004a; 2005; 2004b; 2003; 2002) and has shownNh& can be very efficient in
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learning and generalising the constitutive behavajicomplex materials such as soils,

rocks and others.

Although it has been shown by various researche&sNNs offer great advantages in
constitutive modelling of materials in finite elemeanalysis; however, despite their
good performance on the available data, these mk$wave some shortcomings. One
of the disadvantages of the NNCM is that the optmatructure of the NN (such as
number of inputs, hidden layers, transfer functiogis.) must be identified a priori

which is usually obtained using a time consumingl gind error procedure. Also, the
main drawback of the NN approach is the large cemipy of the network structure, as
it represents the knowledge in terms of a weightrisnéogether with biases which are
not accessible to user. In other words NN modale go clue on the way inputs affect
the output and are therefore considered as a lidagkclass of model. The lack of
interpretability of NN models has inhibited thenorfr achieving their full potential in

real world problems (Lu et al. 2001).
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CHAPTER 3

FINITE ELEMENT METHOD

3.1 Introduction

This section gives insight into the finite elem@fE) method. It covers the history and
background of finite element analysis.

The finite element method is a numerical analysthhique for obtaining approximate

solutions to a wide variety of engineering probldiidaebner et al. 2001). This method
was designed to study stresses in airframe stegtmd then adapted to a wider field of
mechanics. Most of the problems encountered inneeging design and analysis can be
expressed in terms of differential equations thegcdbe the response of a physical
system subjected to external influences. The swiatto most of such equations are too
complex for analytical methods and are commonlyaietd using approximate

numerical techniques. Finite elements are usedlt@ @ complex problem by dividing

the problem into smaller problems and solving tsmparately. Thus this method looks
at a model as made up of small inter-connectedegions or elements. The idea of the
finite element method is that a “solution regioné.j a model can be analysed or
approximated by replacing the region with a fimiember of distinct elements. These

elements can then be placed in different ways tkenoig complex problems.
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3.2 Finite element procedure

In general the solution procedure for a continuumbjfem using the finite element
method involves the following basic steps (Cheung.€1996):

ii)

Vi)

vii)

viii)

Discretising the problem domain into a number db-segions known as
finite elements. The field variables are assigrte@tie@nodes of each element
with the nodal values of these field variables bdime unknown parameters
of the problem.

Selection of element interpolation functions toresent variation of the
field variables over the element.

Evaluation of individual element properties. Thigalves approximating the
governing differential equations using a simplerstegn of algebraic
equations over the element domain. The approximai® commonly
achieved using either variational techniques or gheid residual
approaches. Galerkin's weighted residual approachadopted in this
research for its simplicity and accuracy.

Formation of elements stiffness matrix.

Assembling the element properties to obtain théesysquations that will
represent the overall system.

Imposing boundary conditions to modify the globgbktem of equations
using the known values of the nodal variables atcttmtinuum boundary.
Solving the system of equations for the unknown ahodariables using
conventional numerical analysis techniques.

Finally, further computations to evaluate additiomaportant parameters
such as strains, stresses and other physically ingdahquantities from the
computed nodal variables and element properties.
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3.3 General formulation

3.3.1 Basics of FE Formulation

The basic idea behind the finite element methotbislivide the structure, body or
region being analysed into a suitable number ahelds with associated nodes and to
choose the most appropriate element type to modst iwlosely the actual physical
behaviour. The number of elements used and tlagiation in size and type within a
given region are primarily matters of engineeringgment. These elements may be
one, two or three dimensional. Discretisation ltesin the specification of the finite
element mesh and involves two distinct but relatasks: nodes definitions and
elements definitions. The nodes are always nundbeo@secutively from one to the
total number of nodes present. The nodal numbegyaigern has a strong influence on
execution time in a computer program (for largebpgms). Usually the nodes are
numbered in such a way so as to minimise the batitdwif the assemblage matrix.
Node definition completes when the coordinatesaacheof the nodes are also specified.
The element numbering scheme is completely arbitraro define the elements, one
needs to number them consecutively from one tarthemum number of the elements

present.

The nodes associated with each element must bdfisgecin addition, the material

property data to be used for each element shougpeeified (Stasa 1985). The choice
of appropriate element for a particular problenong of the major tasks that must be
carried out by analyst. However, the elements rbessmall enough to give usable
results and yet large enough to reduce computatiefiart. Small elements are

generally desirable where the results are changipglly, such as where changes in
geometry occur; large elements can be used whsuodtgare relatively constant (Daryl

2002). Figure 3.1 shows a quadratic, eight-nogetangular element, which has been
used in the developed FE programs for this workpeated with eight nodes per
elements, three at each side of the element. Suaiement has two unknowns (i.e.,
degrees of freedom) for uncoupled problems andethr&nowns for coupled problems

of flow and deformation in a region.
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Figure 3.1 The rectangular element (quadratic order).

For the deformation based finite element proceduset of so called shape functions
has to be considered so that they exclusively ddhe state of deformation within each
element in terms of its nodal displacement valddse shape functions for a typical
eight-node element are given below in terms of dbeendipity coordinates and s
(Stasa 1985)

=%(1 (A= 9)(=r —s-1)
N, =5 A-r5)-9
1
:Z(1+r)(1 s)(r—-s-1)
N, = @+1)1-?)
2 (3.1)
:%(1+r)(1+s)(r+s 1
Ny =2 @-r2)(L+9)
N, =3 =D+ (- +5-1
;(1—r)(1 )

So a typical shape function can be written as
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N; =N;(r,s) (3.2)

where,
r=r(xy)
s=5s(x,Y)

The components of displacement, andv , at any point within an element can be

defined in terms of their nodal values.

) I 3

The approximation of the displacement by EquatiB)(makes it possible to formulate
the equilibrium equation for each element which ¢hen be used to describe the
element’s deformational behaviour. Assuming planars conditions apply, the strains
within the element are related to the nodal dispiaents by Equation (3.4).

Ag, = 6(6Axu)
d(Av
Ag, = E)y )
Ay = a(Au) N a(Av) (3.4)
Yoy ox

Ag, =Ay,, = Ayzy: 0

{ag}" = { A, As, A yxy}

Replacing the displacements obtained from the aqmations given by Equation (3.3),

the following relationship is acquired.

(g =(e] {5, =[el{od,., @9

nodal

The matrix [B] in Equation (3.5) contains the datives of the shape functiohs The
derivatives of a typical shape functid\),, can be written as

ON, _ 0N, ax 0N, dy

or ox or oy or

(3.6a)
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and,

ON, _ 0N, dx 0N, dy

5s _ ox ds oy ds (3.6b)
or in matrix form as

N [ox ay[oN:

or [_|or o || OX (3.7)

oN, || ox ay| oN,
0s 0s ds]| oy

The 2x2 matrix on the right hand side of Equation (3.7ki®wn as the “Jacobian

matrix” and is denoted by, or

axﬂ

_|or ar
T= o oy (3.8)

%as

The infinitesimal area elemedi dyis related to an infinitesimal area element in the

(r,s) coordinates by

dxdy=|det J|drds (3.9)
Using the appropriate constitutive relationshig, stresses can now be determined as
{ag} =[D]{Ag} (3.10)
Where{Aa} is the vector of stress components {iDL]Iis the constitutive matrix.
For a single element the primary variable, displaeet, has now been related to the two

secondary variables, stress and strain. Theseorgdatps can then be used to calculate

the incremental potential energy of a single eleémehich is defined as

Incremental potential energyAE) = Incremental Strain energA\\W) —

Incremental work done by applied loadsd § (3.11)

The incremental strain energy in an element andnitremental work done by external
loads are given by Equations (3.12) and (3.13)aetsgely.

AW :% [{ag)" {ac} dvol (3.12)
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AL = [{ad} {aF} dvol+ [ {ad} {AT} dSurfac (3.13)

Vol Surface

where for problems with two degrees of freedomaatenode

{ad}" ={Au,Av} = displacements
{aF}" ={aF,,AF,} = body forces

{aT}" ={aT,,AT,} = surface tractions

Equilibrium requires that a body’s potential energyminimum. The condition when

this occurs can be found by differentiating the respion for incremental potential
energy and setting it to zero. The stress andnsteaims in Equation (3.12) can now be
replaced by the approximations found previously #mal resulting expression along
with Equation (3.13) substituted into Equation (3.10 give the potential energy in

terms of the unknown nodal displacements. The mimnpotential energy is then

found by summing up the potential energy of all thdividual elements and then
differentiating this expression with respect to thedal displacements. The result is
Equation (3.14), which becomes zero when the egresn square brackets is equal to
zero. This expression, when written in the formExfuation (3.15), represents the

equilibrium equation for the finite element assemgiel.

AE = z(md )D[B][D][ﬂdVoA(} [[N'{a# dvot

Vol Vol

(3.14)
J‘ [N] {aT) dSurfac% =0

Surface

z[KE] (ad},) = {aR) (3.15)

i =l
where

[Ke]= I [B]' [D][B] dVol = Element stiffness matrix.

Vol

{8R.} = [[N] {aF} dvol+ [ [N]'{A T} dSurfac= Right hand sid
Vol Surface load vector.

{ad}, = Vector of unknown displacements
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In Equation (3.9) the determinant of the Jacobiatrimis referred to abet J| which

can be replaced by

g = XY Oy O (3.16)

or 0s oOr E

Also the volume integral in Equation (3.14) can toansformed into the global

coordinate system by using the determinant of #teldian matrix as

dVol =tdx dy=t| J drds (3.17)

wheret is the thickness of the element. Therefore th#ne8s matrix of a single

element can be calculated in terms of the seretydipordinates ands as

[<.]= ] [t [B] [D][B]| 9] drds (3.18)

-1-1

The overall stiffness matrix of the finite elemenésh can then be found by summing
the contribution of each individual element. Beforegrating Equation (3.18), th8][
matrix which contains the derivatives of the shapetions must be transformed into

the natural coordinate system. This requires tleeofithe chain rule.

If Equation (3.7) is pre-multiplied b§*, the desired result will be

-1

N [ox oy’ [oN,
X [_|or oar or
N |%lox oy| |aN, #19
oy os 0s 0s

Since quadratic order rectangular elements areidenesl as isoparametric element, it

can be written as

X=> N;X (3.20a)
and,
y=> Ny, (3.20b)

where, the assumptions are made over the total @uoflnodes present in the element

and x., y, are the coordinates of the nodes. ThereforeJdhebian matrix becomes
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ON; 5 ON;
J= aal\f. aal\ﬁ. (3.21)
05 1 ~ps

3.3.2 Determination of thelocal element char acteristics

Element characteristics mean the element stiffmesisices and nodal unknown vectors.
The word “local” refers to the fact that the elemelmaracteristics are derived in a local
reference system, which usually change from elemtenelement and determined
numerically for each element. The element charisties, the local stiffness matrices
and nodal unknown vectors may be determined nuaibrifor each element (Stasa
1985).

3.3.3 Transformation of the element characteristics

The element characteristics are transformed froenldlcal coordinate system to the
global system. The transformation of the localmsdat characteristics needs to be
performed only when the unknown parameter funcisoa vector such as the (nodal)

displacements, and then only when the local coatdisystem is used (Stasa 1985).

3.3.4 Assemblage of the global element characteristics

The global element stiffness matrices and globaieht nodal force vectors must be
assembled to form the assemblage element stifimessx and nodal unknown vector
to find the properties of the overall system maetelby the network of elements. The
matrix equations for the system have the same #srthe equations for an individual
element except that they contain many more terrnause they include all nodes. The
unknown parameters functions have the same valaayagiven node regardless of the
element containing (Stasa 1985).
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3.3.5 Imposition of the boundary conditions

The boundary conditions of the problem must be idened to modify the system of
equations and prepare them for the solution phiststhis stage, known nodal values of

the dependent variables are imposed (Huebner 20@1.).

3.3.6 Solution

The assembly process gives a set of simultaneouatiegs that must be solved to
obtain the unknown nodal values of the problem. &wgineering applications of the
finite element formulation presented in section.B.3he material behaviour can be

assumed to be linear or nonlinear depending onmthterial parameters used in the

assembly of constitutive matri*D] . For each case the solution may be obtained by

any of the methods suitable to a system of algela@uations.

In linear finite element analysis, one of the mugbular methods to solve the system of
algebraic equations is direct Gauss elimination hoet However for nonlinear
problems a direct solution of the system of equetis generally impossible and an

iterative scheme must be adopted (Owen and Hire80)1

3.3.6.1 Gaussian elimination and back substitution

Gaussian elimination is the name given to a welbvkm method of solving
simultaneous equations by successively eliminatimgnowns. In this work, Gaussian
elimination and back substitution method of solutitas been used to find the final
values of unknown nodal vectors for linear probleinbas also been used to solve the
system of equations at every iteration, for nordmgroblems. The general concept of
Gaussian elimination and back substitution can éscribed by considering a liner

system of simultaneous equations in a matrix fosm a

Ax=Db
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where,A is (nxn), b andx are (hx1). If det A# o, then both sides of the above

equation are multiplied bg* to write the unique solution foras x = A™b. However,
the explicit construction ofA®, say by the cofactor approach is computationally
expensive and prone to round off errors. Insteadelimination scheme is preferred.
The Gaussian elimination approach for solvidx=b is discussed below. The
Gaussian elimination process can be considerech adgarithm suitable for computer

implementation as following

a, @, a; a; an, | % by
a21 a22 a23 a2j a2n X2 b2
Ay Qp Az 8y Ay || X5 | |y
_ (3.22)
a, a, a; & & | % b,
_anl ay, Qg3 anj ann__xn_ _bn_

Gaussian elimination is a systematic approach ¢oessively eliminate variables, xo,

X3 ) ereeinnnn , Xn-1 Until only one variablex, is left. This results in an upper triangular
matrix with reduced coefficients and reduced rigide. This process is called forward
elimination. It is then easy to determmeXn.1, .......... , X3, X2, X1 successively by the

process of back-substitution. The first step, wWithndb written as follows

_all a, ay; am_ bl
a21 a‘22 a23 azj a2n b2
A 8 a8y a,, b3
Start of step k = 1 (3.23)
a, &, &g a a;, b|
_a‘nl anz an3 anj ann 1 b
The reduction process at this step is
34, (3.24)
a,
b @ =h -3t (3.25)

1
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The reduction is carried out for all the elementthie shaded area in Equation (3.23) for
which i andj range from 2 tan. In this way the elements in rows 2nmf the first
column are changed to zero singés eliminated at the start of the second stepthén
computer implementation there is no need to sehttezero. The second stefpand

b can be written as follows

a;, &, aj 3y &, b,
@ @ @ (h) 1
0 a22 a22 a2j a2n bz()
(2 (2 (2) (2 1
0 af) af af; as bs
Start of step k =2 (3.26)
(48] @ @ @ 1
0 a? af 3 h b
(8] @ @ @ 1
0 anz an3 anj ann _brg ) i

The elements in the shaded area above are redtitieid atep. At step k, elements in

the shaded area below are reduced

a, a, a; a; ay, b,
) @ @ 1
0 0 ay ay; a;) b
@) @) @) 2
Start of step K (3.27)

k-1 (k-1) (k-1) k-1

0 0 0 ak+;|_,k+1 ak+lj a'k+1,n bl£+1 4
k-1 (k-1) (k-1) k-1

0 0 0 & & ay b
k-1 k-1 k-1 k-

0 0 0 &gy ai™ ag " | b |

The general reduction scheme with limits on indites be written as follows

k- _ B

(k)—q]

(k-1)
(k ET @,

A

WIELS ST N (3.28)

After (n-1) steps
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&, 8, &3 ay an | % b,

@ @ @ ) @
Ay Ay Ay n || X2 b,

(2) (2) (2) )
3 4 no || Xs b,

€] (©) 3

Ay n | Xa — b, (3.29)
X; b,
(n-1) (n-1)
L ann AL Xrl _ _bn |

The superscripts are for the convenience of pratient In the computer
implementation these superscripts can be avoidéde back-substitution process is

performed as

X, = b, 3.30

" ann ( )
b-> X%

X =— 152 i=nN-1Nn=2............. 1 (3.31)

| !

This completes the Gauss elimination algorithm (@hapatla and Belegundu 1991).
Since the finite element solution technique is eercal procedure, it is necessary to
assess the solution accuracy. If the accuraogriaiaire not met, the numerical solution
has to be repeated with defined solution parametets8 a sufficient accuracy is
reached (Klaus 1996). It is necessary to predemtkey information to the finite
element model. This information include the positof the element nodal coordinates,
the manner in which elements are connected, therrabhproperties of the elements,
boundary conditions or constrains and the kindnaflgsis to be performed. The model
then uses this information to generate and soleetjuations necessary to carry out the

analysis.

3.3.6.2 Iterative solution for nonlinear finite element

For nonlinear problems, the use of finite elemantrétisation results in a system of

simultaneous equations of the form
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[H]{ad}+{F} =0 (3.32)

in which {Ad} is the vector of unknown displacemen{s;}is the vector of applied

loads and[H] is the assembled stiffness matrix. Many technidquese been proposed

for the solution of non-linear finite element arsdg. One thing they all have in
common is that to overcome the constantly chandirgaviour of the nonlinear
material, the analysis is discretised into a sedgesncrements. The most popular
iterative techniques are the direct iteration (Bo©966), the tangent stiffness (Britto
and Gunn 1987) and the Newton-Raphson methods.didzelvantage of the direct
iteration method is that convergence of the satuioheme is not guaranteed and can
not be predicted at the initial solution stage (@vand Hinton 1980). The second
method is generally thought to be inferior, asrggults obtained when using it depend

on the size of the increment assumed in the amalysi

The Newton-Raphson method is relatively insensitovéhe increment size and is the
default non-linear solution technique used in thissis. In this method a system of

residual forces is assumed to exist, so that
g =[H]{ad} +{F} %0 (3.33)

The residual forceg/ can be interpreted as a measure of the deparfueuation

(3.32) from equilibrium. SincéH] is a function of{Ad} and possibly its derivative,

then at any stage of the processs a function of{Ad} too. For the first increment the

technique begins by solving the global system afatigns assuming the initial global
stiffness matrix is determined in the same mansedescribed in Section 3.3.1. If the
material behaviour was linear elastic the solutemd would be correct as the stiffness
matrix would be constant during the increment. Hesve for the general case the
material behaviour is not linear and thereforesthleition will not be correct because the
material properties will vary during the incremeiithe nodal displacements, and
therefore the element strains calculated from tifiness assumed for the first iteration
will not satisfy the constitutive model. The cotigive model is then integrated along
the incremental strain paths to obtain an estindatthe stress changes. These stress
changes are added to the stresses at the begiminihg increment and then integrated

to give equivalent nodal forces which are then carag to the externally applied loads.
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Because the first iteration did not give the cdrrealution, equilibrium will not be

satisfied and there will be a finite difference.id lifference, known as the out of
balance forces, is then added to the right hanel Isidd vector. The stiffness matrix is
then recalculated and the system of equations d@gain including the out of balance
forces found from the previous iteration. This t@doe is repeated until the correct
solution is found. It is possible to make the tegha more efficient by using the same
stiffness matrix for each iteration. This savesoasiderable amount of computation
effort as for each increment the stiffness matas ko be evaluated and inverted only
once, at the expense of possibly having to use rtenations to converge on the correct
solution. The technique, known as the modified M@wRaphson method, is illustrated

graphically in Figure 3.2.

A True Solution
I Out of Balance
Force ‘¥, for
ARi _l_ First Iteration
o\
Lo | Subsequent Iteration
§ | Using Initial Stiffness K
=
| |
|  First Iteration Using |
| Initial Stiffness K, |
| |
I |
Adi |
« »
| |
>
Displacement

Figure 3.2 Graphical representation of the modified Newtompiison scheme.

The accuracy of the Newton-Raphson method is degyegnapon the precision with
which the incremental stresses are determined.ofPa@rig this calculation is not
straightforward as the way in which the materiaparties, and hence the stresses and
strains, vary during an increment are not knowne Thathematical procedure that
performs this task is called a stress point algoriend there are many available in the
literature. The technique used in this work is hssepping stress point algorithm in

which the strains are assumed to vary linearlyrautihe increment and are then divided
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into smaller sub-steps. For each sub-step thessseare found by integrating the
constitutive equations using a numerical integrasoheme. The default option in this
work and chosen for the analyses presented irthibss is the modified Euler method.
The overall stress change during an incrementas flound by summing the stress
changes found from each sub-step. Due to theiiteraaiture of the solution technique
required to solve non-linear finite element proldertine results will never correspond
exactly to the correct solution. The Newton-Raphsoethod described here could
iterate indefinitely but may never reach the trakison. For this reason it is necessary
to define a convergence criteria, that when satistells the algorithm that the solution
found is accurate to an acceptable degree anchtigsés can now move on to the next
increment. Of course the true solution is not knpwime convergence criterion

employed in this work is based on the values ofés&lual forces and applied forces as

]
JZ ey ]

where N is the total number of degrees of freedom in theblem, r denotes the

x100< Tolerance (3.44)

iteration number. The convergence occurs if themof the residual forces becomes
less than “Tolerance” times the norm of the topglleed force. Also the tendency of the
norm of the residual force gives an indicationhe tonvergence of the solution. If the
value of the norm of the residual force is seeintwvease, the solution has begun to
diverge from the true solution and the analysisukhde aborted. If the value of the
norm of the residual force continues to reduces ihian indication that the solution is

converging.

3.4 Congtitutiverelationships

Over the years many different soil models have bi#reloped to capture important
aspects of soil behaviour. Although all these medaly in terms of their approach but
the common point among them is that they all invakeonlinear soil response. The
finite element codes developed for this work cantabnlinear elastic constitutive
model (Duncan and Chang 1970), elastic-plastic tdatise models with linear strain
hardening (Mohr-Coulomb and Drucker-Prager) andlinear elastic-plastic strain

hardening constitutive model (Modified Cam clayheTdetails and formulations of
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these practiced constitutive relationships candoed in many finite element reference
books (e.g., Owen and Hinton 1980).

3.5 Coupled stress-strain-flow analysis in saturated porous

media

The finite element theory presented in the previsestion is generally applicable to
any static problem of structural mechanics. Howgetresre are some features unique to
geotechnical engineering that must be added tthéay before any real problems can
be analysed. The most significant difference betweaturated soil and other
engineering materials is that it is composed of $@parate phases, the soil skeleton and
the fluid which fills the pores between the indivad soil particles. In soil mechanics the
term consolidation describes the volumetric defdgioms of soil that occur due to
changes in effective stress. The rate at which am&ion occurs in saturated soil is
determined by the rate at which the pore fluid flaw out of the soil. Hence the
processes of deformation and pore fluid flow inl soe coupled. Consolidation is
important in many geotechnical problems such asindations, excavations and
embankments. It is therefore often important tdude coupled consolidation finite

element analyses of geotechnical problems.

3.5.1 Principle of effective stress

All porous geomaterials are composed of solids pode fluids. Effective stress

mechanics involves the “explicit consideration bé tportions of the material stress
carried by soil or rock skeleton and by the flulthpe constituents”. Effective stress is
the portion of the material stress that is transdithrough the soil phase of the porous
skeleton. The pore fluid pressure or pore pressuthe portion of the material stress
transmitted through the pore fluids. In this worksi assumed that the only pore fluid

constituent is water and it does not transmit skgasses.

{ad} ={ac}+{ap} (3.35)
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where

{aa} = the change in total stress
{Aa'} = the change in effective stress

{Ap} = the change in pore water pressure

Two extreme cases can be considered. First, umdered! conditions, in the absence of
pore water pressure effective stresses and totdssts are the same. For this case the
theory presented in section 3.3 will suffice. Set;an an undrained case in which there
is no overall volume change allowed, new constitutnatrix should be considered by

coupling the stiffness of pore water and the st$hof soil skeleton.

3.5.2 Background

In 1941 Biot published his derivation of consolidat theory with an analytical
solution. He coupled the solution of equations famre fluid diffusion with the
equations of deformation for the porous solidstHis way, the calculation of time-
dependant displacements, strains, pore fluid presand effective stresses, became
feasible. Biot made the following assumptions & flormulation

)] The material is isotropic and made up of solid paitiicles and a fluid.
i) The pore water is incompressible.

iii) The soil is fully saturated.

iv) The material is linear elastic

V) Small strain theory applies.

Vi) Darcy’s law governs the flow of pore water througa soil.

The first assumption is not realistic; however,ist a good approximation for
engineering purposes. The second assumption isrra&lale since the pore fluid in soils
is typically water which is essentially incompréssi By recent developments in
numerical techniques and computational tools, siscthe finite element method, many
researchers expanded Biot's theory in order to iobtaore realistic answers for

complex geotechnical problems (Ghaboussi and Wil$8i3; Sandhu and Wilson
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1969; Simon et al. 1986a; Simon et al. 1986b; Zmmicz 1985; Zienkiewicz et al.
1980). Lewis and Schrefler (1987) developed a gegriermulation of multiphase flow
in a porous medium based on Biot’s formulation, akhincluded the cases of single
phase (consolidation), multiphase, and saturatsaturated flow. They discussed finite
element procedures for both the space and timeetisation aspects of consolidation

problems. They also presented linear elastic andime@r constitutive relationships.

3.5.3 Finite element formulation

The general equations developed from discretisatiospace of the equilibrium and
continuity equations have been documented by mesgarchers (Lewis and Schrefler
1987; Zienkiewicz 1985). Lewis and Schrefler depeld the following equations

au 1 1 9dp_ dF
[K] o +[L] il (3.36)
and
T dU dp _
L] oISl g+ Rl p=a (3.37)
where

[K] is the tangent stiffness matrix of the solidagk,
[K]=[[8] [P][B] d@ (3.38)
Q
[L] is the coupling matrix between the solid anaidl phases,
m
[L]=][] m{N] c-[[ & [0 .- [N @ (339
Q Q S
[H] is the permeability matrix of the porous skelet
[H]=][ON] - [ON] do (3.40)
2 H
[S] is the compressibility matrix,

S)=][N] s[N] @ By
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in which the scalar coefficiestis considered as

1, 9o 1
Ks Kuw (3Ks

S

? ' [D] m (3.42)
F is the external force vector,

[F]=£[N]T dbdQ+£[ N]" dtd (3.43)
Q is the vector of boundary flows,

Q:![N]qur+£[D N]T%Dp ghd (3.44)

In the above equationsand p are the approximate solutions, [N] is the shapetion,
[DN] is the shape function derivative, afdl is the element domain and is the
element boundary. Also in the equations ab{:Déa is the elastic-plastic constitutive

matrix, mis the vector equivalent of the Kronecker delta. (ithe identity vector which

iIs equal to unity for the normal stress componeamsd zero for the shear stress

components)b is the vector of body forces, is the vector of surface tractiorsis the
absolute permeability matrix of the material,is the dynamic viscosity of the pore

water pressureKg and K,, are the bulk moduli of the soil grains and poreena
respectively,¢ is the porosity of the soi] is the vector of applied fluid flux, and, g

andh are water density, gravity, and elevation heafdaetvely.

As it is mentioned in Equation (3.3) the approxienablutions are related to the nodal

values of the field variables through,

{a} =[N]{u}
{p}=[N]{"}

where{u} and{p} are vectors of the nodal values of soil matriphlisement and pore

(3.45)

water pressure, respectively, and their time déviea are the vector of displacement

increments and pore water pressure incrementsctgely.

Akers (2001) proposed modifications to Equation84B and (3.42), following the
issues he argued about the accuracy of these enqsiaiihe modified equations are
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[L]=][B] m[N] do (3.46)
and
S= 1;;6 +é (3.47)

3.5.4 Discretisation in time domain

In order to complete the numerical solution, thiee farms of the equations presented
for the coupled consolidation situation, must becudbtised in the time domain by

approximatingu and p with a linear variation within each time sin Using the
finite difference approach, integration of an adsy functiony over a time intervalt
is

t+At

tj yOdt=[(1-a) ¥, +@ Yo |At=(aDy+ y) At (3.48)

AY = Yin — Yy

where y, is the value ofy at timet, and a is the time interpolation parameter

(0O<a<1). a=0 is for forward (Euler) interpolatio, = 0.s for central (Crank-
Nicolson) interpolation and =1 is for backward interpolation. Lewis and Schrefler
(1998) showed that the solution is conditionallgbé¢ for 0O<a < 05and a = Jand

unconditionally stable fdd5<a < 1

Applying Equation (3.48) to the primary variablesEquations (3.36) and (3.37), the
following form of the coupled governing equatioebtained

(K}, L] P =[K]{T) +[L{B, + F (3.49)

and

(L] (o} #ISH B +a 2 U H [F o =T {D [ SR

ot [H][p], ~at [H][p]. +QAt (3.50)

In compact matrix-vector form these equations cangwritten as
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[[[I:J [S] +£rLA]t [ H]Hig} ) {(Q -[H ]F{ n,}) At} (3.51)

This is the system of equations that must be sdlwexhlculate displacements and pore

water pressure in a saturated deforming porousanedi
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CHAPTER 4

DATA MINING TECHNIQUES

4.1 Introduction

In recent years, by pervasive developments in céatipnal software and hardware,
several computer aided pattern recognition and-diavan approaches have been
emerged and developed. The main idea is that arpatcognition system (e.g., neural
network or genetic programming) learns adaptivelymf experience and extracts
various discriminants, each appropriate for itpsge. Although there are other general
purpose data-driven techniques, artificial neura@tworks (ANNs) and genetic

programming (GP) are the most widely used pattecognition methods that have been
utilised to model complex engineering problems aagture nonlinear interactions
between various parameters in a system. In thiptehaa general portrait of the

commonly used data-driven techniques is presemedrder to provide a better

understanding of the features of each technique.

An artificial intelligence based model constructisrusually divided into three stages,
these are: (i) identification, (ii) parameter esttran and (iii) validation.

A physical system with an outpyt dependent on a set of inpi{sand parameters,

can be mathematically formulated as
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y = F(X,0) (4.1)

whereF is a function in an m-dimensional space where thesnumber of inputs. Data-
driven techniques, like GP and ANN, tend to recartst- from input-output data. GP
generates a population of expressiondfactoded in tree structures of variable size, and
performs a global search of the best fit exprestoi-. ANN goal, on the other hand,

is to mapF rather than to find a feasible structure for it.

4.2 Artificial neural network

4.2.1 General theory

Artificial neural networks (ANNSs) are computationalodels broadly inspired by the
organisation of the human brain. The most importeatures of a neural network are its
abilities to learn and to be error tolerant. Inestivords an artificial neural network is
able to acquire, represent, and compute a mappmg fa multivariate space of
information to another given a set of data repriésgrthat mapping (Garrett 1994).
Artificial neural network models are adaptive arapable of generalisation. They can
handle imperfect or incomplete data, and can captoonlinear and complex
interactions among variables of a system. Becadsthese strengths, the artificial
neural network is emerging as a powerful tool fadelling.

4.2.2 The architecture of artificial neural network

4.2.2.1 ANN function

At the most abstract description, a neural netweak be considered as a black box,
where data is fed in on one side, and processethdyneural network which then
produces an output according to the supplied if@adill 1991). Although a neural
network can usually process any kind of data, (equalitative or quantitative
information) the data fed into the neural netwdnkdd be pre-processed (e.g., filtered,

transformed) to enable faster training and bettefopmance. In fact, the selection, pre-
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processing, and coding of information is one of thain issues to deal with when

working with neural networks. Figure 4.1 showsfilnection of the neural network.

Neural
Inputs Network Outputs

Figure 4.1 Neural network function.

4.2.2.2 Layers

A closer look at the black box reveals that itgiface to the outside domain consists of
an input layer and an output layer of neurons. mearons are the processing units
within the neural network and are usually arrangedayers. The information is
propagated through the neural network layer by rlayide layers of a multilayer
network play different roles. The layer that proelsiche network output is called an
output layer. The layer that gets the inputs isedainput layer. All other layers are
called hidden layers. The number of hidden layems be varied based on the
application. Figure 4.2 illustrates the simplifiacthitecture of a neural network with

one hidden layer.

Hidder
Layer

Figure 4.2 General architecture of a neural network with bigglen layer.

55



Chapter (4) Dat&ning techniques

4.2.2.3 Neurons, connections, weights and biases

As mentioned each layer is composed of severalegsitg units, i.e., neurons, and
these processing units are fully connected to @sing units of the succeeding layer.
Connections are the paths between neurons whetbealhformation flows within a
neural network. A neuron collects information frathpreceding neurons relative to the
flow of the information and propagates its outputhe neurons in the following layer.
The output of each preceding neura(i), is modulated by a correspondent weidit,
(S1,R), and biash; (S1) This process is realised by the following formula

n(i) =W (S1,Rxa,,(S)+h (S] (4.2)

where n(i) represents the activity of the neuron. This activg then modified by

transfer function,f, and becomes the final output of the neuron (Dayh@$0).

a,(81)= f(n(i))= f(W(S1.R>a.,(s)+b(S1) (4.3)

This signal is then propagated to the neurons efnixt layer. Figure 4.3 depicts this
process. It is common for the number of inputs t@ayer to be different from the
number of neurons. The network shown in Figurea8R inputs R neurons in the

input layer),S1neurons in the hidden layer, aB8neurons in the output layer.

s Y
P(l) @ WI(1,1) S
[ .
—’Lf— W2(1,1)

) a(1)

—p
>

. n(2)
al(sz)
L

P4y & %f

n(st) Where..

R = number of input variables;
S1 = number of hidden nodes;
52 = number of output nodes;

nl
———
S2x1
51 s2

R S1x
3 ¢ \ al= tansig (W1*P+b1) / \ al= logsig (W2*al+b2) /

§2x1

Figure 4.3 A detailed schematic view of different layers gmdcessing units in a
neural network (Rahman et al. 2001).
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The most frequently used and efficient learningcpdure for multi-layer neural
networks is the back-propagation learning algorittased on the generalised delta rule
by Rumelhart et al. (1994). In the next sectiorriaftdescription of back-propagation

learning algorithm is provided.

4.2.3 Learning rule

The learning rule refers to the mechanism thatseduo adjust the weights and biases
of the networks to achieve some desired networkawielr. Several learning rules have
been developed by different authors. The back-mgaten learning rule is the most
popular one that has been used to train nonlimeattilayered networks to perform
function approximation and pattern classificatidkaman et al. 2001). The back-
propagation learning rule can be used to adjusivdights and biases of networks in
order to minimise the sum-squared error of the ogtwThis is done by continually
changing the values of the network weights anddsias the direction of steepest
descent with respect to error. Derivatives of theorevector are calculated for the
network's output layer and then back-propagateautiit the network until derivatives
of error are available for each hidden layer. Tagidarchitecture of a back-propagation

processing unit is shown in Figure 4.4.

n
le[S] I [jS] = ZW][iS] xES-ll

i=1

[s] — [s]
XS = (1)

Activation
value

Xj [s]

Figure 4.4 The back-propagation processing unit.
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A back-propagation processing unit transfers pgiia as

X =f () = f[ZW}f]XES‘”j (4.4)
i=1

where the transfer functidncan be any differentiable function. Usuallys taken as a

sigmoid or a hyperbolic tangent function
f(Z)= (1.0+ e )_1 (sigmoid) (4.5)

f (2)- (1.0—e‘ )

hyperbolic tangent 4.6
(1l0+e—az) (hyp gent) (4.6)

wherel is called a ‘gain coefficient’ used to control #lepe of the transfer function.

4.2.4 Training

Training refers to the process that repeatedlyiepphput vectors to the network and
calculates errors with respect to the target veaaod then finds new weights and biases
with the learning rule. It repeats this cycle uthié sum-squared error falls beneath an
error goal, or a maximum number of epochs is redcf@aining a feed-forward
network with the back-propagation learning rulemsst frequently used in function
approximation and pattern recognition. The traingagameters specify the maximum
number of epochs to train, the sum-squared erral, gmd the learning rate. The sizes
of changes that are made in the weights and batseach epoch are specified with the
learning rate. Small learning rates result in laragning times but guarantee that the
network's values do not jump over valleys in th@resurface that lead to lower errors.
Normally the simple back-propagation is very slogcéuse it requires small learning
rates for stable learning. Some techniques sucm@sentum and adaptive learning
rate; and an alternative method to gradient destevenberg-Marquardt optimisation
(Demuth and Beale 1996) are used to improve thedspead general performance of
back-propagation. Momentum decreases back-promagseinsitivity to small details in
the error surface. This helps the network avoidimgstuck in shallow minima, which
would prevent the network from finding a lower erswmlution. An adaptive learning

rate can decrease the training time by trying tepkdée learning step size as large as

58



Chapter (4) Dat&ning techniques

possible while keeping learning stable. The leayniate is made responsive to the
complexity of the local error surface. Levenbergrflerdt optimisation is a more

sophisticated method than the gradient descentadethis much faster than gradient
descent, but requires more memory. It will caleldte derivatives for each error on a
network's output with respect to each weight odysef and returns the Jacobian matrix
of derivatives of each network error with respeceach weight in the layer. The rule

for updating can be expressed as

AW =TI+ 1) e (4.7)

whereJ is the Jacobian matrix of derivatives of eachreiweach weighyy is a scalarl,

is the unity matrix, ane is an error vector. If the scalaris very large, the above
expression approximates gradient descent, whilié i small the above expression
becomes the Gauss-Newton method. The Gauss-Newstmochis faster and more
accurate near an error minimum, so the aim is iti ghwards the Gauss-Newton
method as quickly as possible. Thusjs decreased after each successful step and

increased only when a step increases the error.

Usually eight training parameters need to be sgecitbefore the actual training. They
will dictate the maximum number of epochs, the regaal, the minimum error gradient,
the initial value for the scalas, the multipliers for increasing and decreasin@nd the
maximum value fog. Training continues until the error goal is még minimum error
gradient occurs, the maximum valuewobccurs, or the maximum number of epochs is

reached.

Explanation of more details relating to artificreural networks is out of the scope of
this thesis. Texts describing aspects and feafrdd\NN models and architectures in
greater detail can be found in the references, (eigpmann 1987; Flood and Kartam
1994).

4.2.5 The application of ANN in geomechanics

So far ANNs have been applied to a wide range ofegnical engineering problems
such as pile bearing capacity (e.g., Abu-Kiefa 1988h 1996), site characterisation
(e.g., Juang et al. 2001), soil behaviour (e.gy hal. 1998), liquefaction potential
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(e.g., Juang and Chen 1999), slope stability (elg, and Rosenbaum 2003),

underground openings (e.g., Benardos and Kaliangpak04; Javadi 2006) and many
others. Although it has been shown by various rebeas that ANNs offer great

advantages in the analysis of many geotechnicaheagng problems, but in general

they suffer from a number of drawbacks. One ofrtfaén disadvantages of the ANN is
that the optimum structure of the network (suchnamber of inputs, hidden layers,

transfer functions, etc.) must be identified a priewhich is usually done through a time
consuming trial and error procedure. Another majisadvantage of neural network
based models is the large complexity of the netwsirkicture, as it represents the
knowledge in terms of a weight matrix and biasesciwtare not accessible to user
understanding. In addition, as ANNs perform functiapproximation through large

parameterisation and the use of simple functiortalctires (transfer functions);

parameter estimation and overfitting problems regné other major disadvantages of a
model constructed by ANN (Giustolisi 2002).

4.3 Genetic programming

4.3.1 General theory and background

Genetic programming which was introduced in thdye@fs by Koza (1992), is an
evolutionary computing method that generates a spament and structured
representation of the data provided. Evolutionatgodthms (EAs) are search
techniques based on computer implementations ofesah the evolutionary
mechanisms found in nature (such as selectionsaves and mutation) in order to
solve a function identification problem. The fumctiidentification problem is to search

for a function in a symbolic form that fits a séeaperimental data.

Genetic algorithm (GA) and genetic programming (G the major types of
evolutionary algorithms. GP is a generalisation amdextension of GA. GAs are
generally used in parameter optimisation to evahe best values for a given set of
model parameters, whereas GPs give the basic wteuot the approximation model
together with the values of its parameters. Whil&A& uses a string of numbers to
represent the solution, the GP combines a high kexmabolic representation with the

search efficiency of the GA to form the best pdssibodel for the system.
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Representation schemes in genetic programming @mgased of nodes which are
elements from a terminal set (constants e.g., 2oandriables e.g.,1x X, etc.) and a
functional set (mathematical operators that gendts regression model e.g.ard X,
etc.). A typical genetic programming tree, représgnthe simple algebraic expression
(2/x1+x2)? is shown in Figure 4.5.

Root node .

Functional nodes..........

"
"

““““““

.
(Y
,,,,,
"""""""""
I

»
.,

“Hii Terminal nodes

.
.......

2
Figure 4.5Typical GP tree representing functiE)é + xzj :
1

The functional set can be subdivided into binarge®which take any two arguments
(like addition) and unary nodes which take one argnt (like a square root). The
solution domain is created by the recursive contfwsdf elements from the functional
set for any internal node and from the terminalfeetany external nodes (leaf nodes).
Whenever a node in a tree is created from the ifmait set, a number of links equal to
the number of arguments the function takes is etett radiate out from that node. The
result of this process is a set of random treegliffiérent sizes and shapes, each
exhibiting a different fithess with respect to thigective function. If the set of applied
functions is sufficiently rich, tree structures arapable of representing hierarchical
programs of any complexity. These functions mayuide arithmetic operators (like +,
x, =), mathematical functions (like sin, cos, IBpolean operators (like AND, OR),
logical expressions (like IF, THEN), iterative fiions (like DO, CONTINUE, UNTIL)
or other user defined functions (Sette and Boulfl).
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4.3.2 Overview of genetic programming process

The nature of genetic programming (GP) allows ther o gain additional information
on how the system performs, i.e. gives an insigiut the relationship between input and
output data. Once a population of computer prograassbeen randomly created, the
process of evolving the population proceeds usimgdimple principles as for GAs,
with the minor difference that, strings of functomnd terminals are reproduced,
crossed over and mutated rather than strings @frpioodes. Evolutionary algorithms
maintain a population of structures that evolveoading to the rules of natural selection
and some operators inspired from natural genetich ss reproduction or crossover.
Each individual in the population receives a measof its fitness in the current
environment. The fitness criteria are calculatedhgyobjective function i.e., how good
the individual is at competing with the rest of fiagpulation. At each generation a new
population is created by the process of selectividuals according to their fithess
and breeding them together using the genetic apsrétrossover and mutation). The
existing population will then be replaced with thew population. The procedure stops
when the termination criterion, which can be eithbe maximum number of
generations or a particular allowable error, issfiatd. After the termination criterion is
met, the single best program in the final poputat®odesignated as the result of the GP
process. A typical flow diagram for a genetic paogming procedure is illustrated in
Figure 4.6. The basic genetic programming operafagproduction, crossover and

mutation) are described in the following sections.
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Figure 4.6 Typical flow diagram for a genetic programming ggdure where M is the
number of generation®mis the probability of mutatiorPcis the probability of
crossover an@®s is the probability of reproduction (Rezania aadatli 2007).

4.3.3 Initial population

The first step in genetic programming is to create initial population ofn tree
structures (computer programs) by randomly selgdtinctions and terminals from the
user defined sets. The fitness of each structutesis evaluated according to how well it

performs the desired objective, and a corresporiitimgss value is assigned.
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4.3.4 Reproduction

The second stage in the process involves seleatprgportion of the initial population

to be copied to the next generation. This is dor@babilistically according to the
fitness of each tree structure. The method of selewsed is known as the Roulette
Wheel selection which is essentially a random s$eleavith some bias based upon the
fitness score. The overall result is that while theices are made at random, those trees
with high fitness scores have a higher probabdityoeing selected. Those with lower
scores can also be selected for further use; hawekiey are less probable. The
programs which are successfully selected for reprtion then enter to the new

population.

4.3.5 Mutation

In genetic programming the mutation procedure imeslselecting a casual node within
a randomly selected tree and replacing it with lamotandomly selected node from the
same function or terminal set, except by itselfe Belected nodes must have the same
number of arguments. Also, a functional node regsae functional node and a terminal
node (variable or constant) replaces a terminal ®hes procedure, which is shown in

Figure 4.7, is called the allele mutation.

GP before GP after
mutatior mutation

Figure 4.7 Typical mutation operation in GP.
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4.3.6 Crossover

To develop new genetic information, and hopefuliypiove the fitness of the
population, the tree structures in the mating poalergo crossover. Crossover is one of
the basic genetic operators that helps to evolhee riodel structures. In genetic
programming, the crossover operator creates nesprfiy that consist of genetic

material taken from the parents and is implememtede following way

)] Two trees are selected from the population.

i) One node is selected randomly within each of thesss.

i) The sub-trees under the selected nodes are swapipesdtwo offspring
belonging to the new population are obtained.

A typical cross over operation is shown in Figui@ 4

Parents

Children

Figure 4.8 Typical cross over operation in GP.
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4.3.7 The application of GP in geomechanics

Application of genetic programming strategy in fiedd of civil engineering is quite
new and original, and it has just started to beduse the field of geotechnical
engineering. Indeed the very pioneering works irgdato investigation of the capability
of genetic programming in the field of geotechriiesse been published recently by the
author of this thesis and his coworkers (Javadi Redania 2006; Javadi et al. 2006;
Rezania and Javadi 2007).

Javadi et al. (2006) used genetic programmingrad felationships to evaluate lateral
displacements due to liquefaction during an eadkqu This is a very complex
geotechnical problem because a large number ofmmdesas are involved (i.e.,
parameters describing the earthquake strength,oggobf the site and the soil
characteristics). Based on the details providethis paper, it was shown that the GP
based models for lateral spreading determinatiffer an improvement over the most
commonly used model, multi linear regression mo@¥bud et al. 2002) for this

problem.

Also Rezania and Javadi (2007) utilised the gengtagramming for prediction of
settlement of shallow foundations on cohesionless#s.slt was shown that the
application of the traditional methods for prediati of settlement of shallow
foundations could lead to very large errors. A e based model was developed by
the authors and the developed model was presentddsi paper. Comparison of the
results shows that the predictions by the propoS&d model provide significant
improvements over the traditional methods and astperforms the ANN based

models.

4.4 Evolutionary polynomial regression

4.4.1 Overview

Evolutionary polynomial regression (EPR) is a ddtaen method based on

evolutionary computing, aimed to search for polyramnstructures representing a
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system. Genetic programming and neural networkbatl very powerful non-linear
modelling techniques, but they have their own dasids. GP tends to search for
mathematical expressions fbrin Equation (4.1) using an evolutionary approaalt, b
the parameter values (vectrare generated as non-adjustable constants, edftrras
ephemeral random constants. Therefore the constimtaot necessarily represent
optimal values as in numerical regression methodbs good structures df can be
missed in the process. Furthermore the numberrofstén GP based expressions can
greatly exceed and the evolutionary search withthdan be quite slow. Some of the
disadvantages of ANN approach have been highlight#te previous section.

4.4.2 EPR model construction

In the context of artificial intelligence based natithg, EPR is classified as a symbolic
grey box technique which can construct clearlyctmed model expressions for a given
set of data. A schematic representation of EPRsifieation in comparison with other

modelling methods is shown in Figure 4.9.

A /\\/

White box

T

Grey box \

Black box

\

Understanding

Figure 4.9EPR classification among modelling techniques.

To avoid the problem of mathematical expressiomsvigrg rapidly in length with time
associated with GP, in EPR the evolutionary procedsi conducted in a way that it
searches for the exponents of a polynomial functvith a fixed maximum number of

terms, rather than performing a general evolutipregarch as used in normal GP.
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Furthermore, during one execution it returns a remdj expressions with increasing
numbers of terms up to a limit set by the usegllkmw the optimum number of terms to
be selected. The general form of expression usé&dPR can be presented as (Giustolisi
and Savic 2006)

y=3 F(X, F(X).a)+a 4.8)

j=1

wherey is the estimated vector of output of the process, a constantt- is a function

constructed by the process;isthe matrix of input variable$;is a function defined by
the user; andhis the maximum number of terms of the target exgpoes The first step
in identification of the model structure is to tsé&r Equation (4.8) into the following

vector form

YNXl(91Z):[I NxL Zg\lxm]x[ao a .. am]T:ZNxdxegxl (4.9)

where Y«1(8,2) is the least squares estimate vector ofNh@arget valuesf)iq is the
vector ofd=nt+1 parameters; andag (0" is the transposed vector); angk#is a matrix
formed by | (unitary vector) for bias, andm vectors of variables'#hat for fixedj are

a product of the independent predictor vectorsipliis, X = <X X,... X\>.

In general, EPR is a two-stage technique for canstrg symbolic modelsj)initially,
using standard genetic algorithm (GA), it searcfugsthe best form of the function
structure, i.e., a combination of vectors of indegent inputs, X and {i) secondly it
performs a least squares regression to find thestad)le parameters), for each
combination of inputs. In this way a global seaatgorithm is implemented for both the
best set of input combinations and related expansimultaneously, according to the

user-defined cost function. The matrix of inpsjs considered as:

X1 X2 X3 Xik
Xo1 Xy Xpz . Xogi

X =1 X3 Xgp  Xgz o Xgg =[X1 Xy X3 . XK] (4.10)
[ XN1 XN2 Xn3 XNk

where K" column of X represents the candidate variablettierj™ term of Equation

(4.9). Therefore thg" term of Z in Equation (4.9) can be written as
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Z'jM :[(Xl)Es(J ,1)EGX2)ES(1 ’Z)Eﬂx 3)ESG '3)D..[(>( k)ES!k )] Oj =1..m (4.11)

where, Zis thej™ column vector whose elements are products of careliddependent
inputs and ES is a matrix of exponents. The aintoidind the matrix EQ« « of
exponents whose elements can assume values wdéirdefined bounds. For example,

if a vector of candidate exponents for input paramss X, is chosen to be EX= [-2, -1,

0, 1, 2], the number of terms) is assumed to be 4, and the number of independent
inputs K) is 3, the polynomial regression problem is torsledor a matrix of exponent

ES,.s An example of such a matrix can be like the folftg

-1 0 1
2 -1
ESps = 0 0 (4.12)
-2 1 0

Each exponent in ES corresponds to a value frorngke defined vector EX. Also each
row of ES determines the exponents of the candidatables of" term in Equations
(4.8) and (4.9). By implementing the above valueEdquation (4.11), the following set
of expressions is obtained

Z,= (Xl)_l quz)o mxs)l = Xl_l [Xs
Z,= (Xl)o qxz)z EQX3)_1 = X% D(gl
Z3= (Xl)l quz)o qx3)o =X

Z, = (X)) P OX,) 0X5)° = X7P X,

(4.13)

Therefore based on the matrix given in Equatiod2}.the expression of Equation
(4.9) is given as

X X2 X
Y=gy taZ,ta,Z,+aZ;+ta,2, =9, +a1_3+a2_2+a3xl+a4_§ (4.14)
Xy X3 X3

The adjustable parameterg, can now be evaluated, by means of the lineart leas
squares (LS) method based on minimisation of tme sfisquared errors (SSE) as the

cost function. Note that each row of ES determitiess exponents of the candidate

variables ofj" term in Equations (4.8) and (4.9). Each of the omemts in ES

corresponds to a value from the user-defined vd€xarThis allows the transformation

69



Chapter (4) Dat&ning techniques

of the symbolic regression problem into one of iimgdthe best ES, i.e., the best

structure of the EPR equation, e.g., in Equatioh4}

The global search for the best form of Equatiorif}.is performed by means of a
standard GA over the values in the user definetbvext exponents (i.e., EX). The GA
operates based on Darwinian evolution which begiitis random creation of an initial
population of solutions. Each parameter set inptbigulation represents the individual’s
chromosomes. Each individual is assigned a fitbased on how well it performs in its
environment. Through crossover and mutation oparatiwith the probabilitieB. and
Pm respectively, the next generation is createdirfdividuals are selected for mating,
whereas weak individuals die off. The mated parentésite a child (offspring) with a
chromosome set which is a mix of parents’ chromasorior example if parent one has
chromosome ABCDE and parent two has chromosome §Geétle possible
chromosome for the child is ABHIJ where the positibetween B and H is the
crossover point. It is also possible that one pgactmomosome undergoes mutation
operation to form the offspring (e.g., ABCDO fromarpnt one). Standard GA uses
binary strings of 0's and 1's to form the chromossminstead, in EPR integer GA
coding is used to determine the location of thedate exponents of EX in the matrix
ES. For example the positions in EX= [-2, -1, 02Jlcorrespond to the following string
for the matrix of Equation (4.12) and the expressibEquation (4.14)

[234,352,433,14 3] (4.15)

Additionally, it is clear that the presence of @eeo in EX assures the ability to exclude
some of inputs and/or input combinations from tegression equation. The EPR
process stops when the termination criterion, wiceh be either the maximum number
of generations, the maximum number of terms inténget mathematical expression or
a particular allowable error, is satisfied. A tygdiflow diagram for the EPR procedure

is illustrated in Figure 4.10.
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Figure 4.10Typical flow diagram for the EPR procedure (Reaagtial. 2008).
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4.4.3 Least squares solution by singular value dexposition

Computingg; in Equation (4.14) is an inverse problem that egponds to solving an
over-determined linear system as a LS problem. problem is traditionally solved by
Gaussian elimination. However, an evolutionary c&eaprocedure may generate
candidate solutions (e.g., a combination of exptmen X) that correspond to an ill-
conditioned inverse problem. This often means ttiatrectangular matrixnq

— 1 2 3 m
Z‘['le Zle Z Nx1 Z Nx1 =** Z Nx1

j‘N x(m+1):Nxd

(4.16)

may not be of full rank (if a solution contains@umn of zeros) or the columns @re
linearly dependent. This could pose serious problémGaussian elimination and a
more robust solver is therefore needed. Paramstenaion ofg (or 0) in EPR is
performed by means of singular value decomposii®8¥D) of the matrix Z (Doglioni
2004). This approach makes the process of findiegsblution to the LS problem more
robust, although in general the SVD is slower t&aussian elimination (Golub and
Van Loan 1993).

4.4.4 Model selection

EPR is able to work with different objective furmts to optimise in order to get the
best symbolic model or set of symbolic models. ERR work both in single-objective
configuration and in multi-objective configuratidfigure 4.11 presents an overview of
main available objective functions/strategies INREFEPR introduces a kind of
multidimensional strategy for model selection, lobhse a comprehensive analysis of

complexity and fitness of models.
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Objective functions/strategigs
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Figure 4.110verview on main objective functions/strategieE PR.

It is widely accepted that the best modelling applois also the simplest that fits the
purpose of the application. The so-called principiigparsimony states that for a set of
otherwise equivalent models of a given phenomenun should choose the simplest

one to explain a set of data.

Therefore, the fitness in regression-based modaisild also include a measure of
trade-off between the model complexity (i.e. additiof new parameters) and the

quality of fit. This kind of trade-off can be baally achieved in two ways

i) Single-objective: an objective function is usedtisat it could control the
fitness of the models without allowing that unneegg complexities are
introduced in the models.

i) Multi-objectives: at least two objective functioase introduced; in this case
one objective function will control the fitness thle models, while at least
one objective function controls the complexity loé tmodels. This approach
implies the advantage of returning a set of nonidated models each one
presenting fitting and complexity features whichyalong the Pareto front

representative of the model solutions. Therefdre,user is not required to
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assume the number of building blockspriori, but he/she just sets the
maximum number of building blocks, while the cohtom the complexity

will let them vary according to the fitness. Théme Pareto front represents
the trade-off surface, or line, of complexity vénéss, which is required.
The trade-off surface allows the user to achievMetaof purposes of the

modelling approach to the phenomenon studied (Dogk004).

4.4.4.1 Single objective approach

For a given set of observations or data, a regrmedsased technique needs to search
among a large if not an infinite number of possibledels to explain those data. By
varying the exponents for the columns of matrixaXd by searching for the best-fit set
of parameterd); the EPR methodology searches among all those Imotedoes,
however, require an objective function that willsare the best fit, without the
introduction of unnecessary complexity. Unnecessamplexity is here defined as the
addition of new terms or combinations of inputstthasome noise in the raw data
rather than the underlying phenomenon. Therefére key objective here is to find a
systematic means to avoid the problem of ovemfittiThere are three possible

approaches to this problem

i) To penalise the complexity of the expression byimising the number of
terms;
i) To control the variance ofj constants (the variance of estimates) with

respect to the their values; and
iii) To control the variance o&-Zj terms with respect to the variance of

residuals.

A detailed description of the three possible apginea in single-objective configuration

IS now provided
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Complexity Penalisation

In order to choose a model of optimal complexityresponding to smallest prediction
(generalisation) error for future data, one needset able to compare two models with
different levels of complexity and model fit. Theins of squared errors (SSE) is

normally used to guide the search toward the bestedel

N
_ 2

wherey, are the target values in the training datasetygradte the model predictions
computed by using the polynomial expression obthioy EPR. In order to allow the
trade-off between the quality of fit (SSE) and thedel complexity (number of input
combinations), the following penalisation of comgie (PCS) fitness function was
proposed by Doglioni (2004)

SSE

PCS=
(Nd - px+1)° (4.18)

where Nd=kxm is the maximum number of inputs that can be camsid] px is the
actual number of inputs selected by the GA and an adjustable exponent, which
controls the degree of pressure to control compleXinis form of the fitness function
will be better understood if the derivative of thimess function with respect fax is

derived

9 SSE  |_ 1 (a SSE _al SSEJ (4.19)
opx| (Nd - px+1)° (Nd- p1)” )\ 9px  Nd- px+l '

The fitness decreases with respecpxaf the derivative in Equation (4.19) is negative

(see Figure 4.12).
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SSE

Figure 4.12SSE variations v§x.

Therefore the following inequality should hold

a[SSE _ 0SSE
<-225E_ VAR (ss :
NG px+1= apx Rx(SSE) (4.20

In other words, the addition of another combinatidrinputs X, needs not only to be
justified on the basis of decreasing SSE, but atsds to take into account the terms
(Nd-px) anda- SSE. The concept is shown in Figure 4.12. The liuddis the derivative
of SSE with respect tpx(P), while the curve is the natural SSE variatiare do the
increase in the number of input parameters. Equdt®0) requires a value of the SSE
derivative at P greater than or equal to the termtte left side of the inequality.
Equation (4.20) illustrates that when the actuainber of inputspx approaches to
maximum Nd the left term of the inequality increases and, seguently, a high
absolute-variation of SSE is requiredAR (SSE) is always negative). This results in
penalisation of complex structures by way of cdiitrg the total number of inputs in

the formula.

Variance of a
EPR may control the polynomial term contributionvriance of Y expressed through
their parameters during GA search. It might be adgthat low constant value with

respect to variance of estimates corresponds tosténat begin to describe noise in
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preference to the underlying function of phenomeiiherefore the variance of
estimated constant values is used to eliminateetlpgsameters whose value is not
sufficiently larger than the variance of the estmdlavalue. Hence the variance in

estimation of parameters obtained by EPR can bgutad as

var(0) =[var(a,) var@) var@,) .. varg, ) (4.21)

Assuming that constants are from a Gaussian priyadensity function, the following

expression is used

yQ/|var@ ) =y0istD@ ) >|g| =a; =0 (4.22)

where StD is the standard deviation of estimatedstamts,a; (from the diagonal
elements of the covariance matrix) ape2.578 is the value from the table of the
standard normal distribution related to the confaeinterval of 99%. Equation (4.22)

states that if, for example, the modulus of themested constant value is lower than

2.57%StD(aj ){ which corresponds to a confidence level of 99, ¢constant value is

assumed to be equal to zero.

Variance of a7

EPR may control the polynomial term contributionveriance of Y through evaluating
- Z; with respect to variance of the noise in the ratadduring GA search. Indeed, a
level of noise may exist under which the variantthe termsg- Z; will describe noise,
causing over-fitting related problems. This levélnoise is not knowra priori and,

therefore, the residual vector EE € (Y- Y(8, 2)) could be used to estimate noise. In

this manner, the standard deviation of E can bepemed with the standard deviation of

termsg;- Z, as
‘StD (a Z, )‘<,8[|]StD(E)‘ =a, =0 (4.23)

wheref is a user selected tuning parameter. It is not Bashooses, but it is possible
to considep=1 as giving a pressure to EPR for formulae havimgance of each term

greater than the variance of the residuals.
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4.4.4.2 Multi objective approach

The multi-objective approach in EPR (MO-EPR) is @ihat searching for those model
structures, which on one hand comply with the 8mand on the other hand limit the
structural complexity. In this approach the contadl fitness and complexity is
demanded to different singly acting objective fummts. The objectives represented by
the functions are mutually conflicting, then theptimisation returns a trade-off surface
of models. In this scenario, multi-objective moaglin hybrid evolutionary computing
enables the user to

)] Find a set of feasible symbolic models.
i) Make a robust choice.
iii) Gain in computational efficiency developing simakausly a set of models

with variable parsimony levels.

MO-EPR tackles a multi-model strategy by varying #iructural parsimony (i.e., the
number of constant values in the equation) and wgrkn the objective function used
in single-objective EPR. Then, MO-EPR finds the sktsymbolic expressions that
perform well according to two (or more) conflicticgteria considered simultaneously,
the level of agreement between simulated and obdemeasurements, and structural

parsimony of the expressions obtained. The objedtiactions used are

) Maximisation of the fitness.
i) Minimisation of the total number of inputs selectbg the modelling
strategy.

iii) Minimisation of the length of the model expression.

The solutions searched are ranked according tdP#reto dominance criterion. MO-
EPR reduces the computational time required byrthkiple executions of EPR, which
would otherwise be required for each one of theabje functions introduced in the
previous section. The user is presented with th@essions (models) that dominate
others in the population of solutions. The Paretioo$ solutions is likely to be the best

set of expressions required for the analysis optioblem.
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The objective functions commonly used to measur filness of the symbolic
structures are based on the sum of squared er&3E)(or on the penalisation of
complex structures (PCS). The result of the simffective EPR optimisation consists
of a set of equally good models. They might belgaanked according to their SSE,
rather than according to their structural compiexXm fact, sorting models according to
their structural complexity is usually a compleskaThe multi-objective strategy is
implemented to improve both the post-processings@hand the general modelling
framework of EPR. Such strategy allows ranking n®deccording to both the
coefficient of determination (CoD) and structuranplexity. The three objective

functions implemented in MO-EPR are

)] (1-CoD), which has the same meaning as the SSE.
N -1 Z(Y _Ymes)2
N
z (Ymes - avg(Ymes))2
N

2(N _1) (4.24)

2 (Vnes = aVG(Yre))

N

CoD=1- =1-k[BSE

k =

where N is the number of datauich the COD is computed.
i) The number of constant valuajs

iii) The total number of inputs involved in the symb@ipression (% oXi).

Note that the total number of inputs correspondfi¢onumber of times that each input
is involved in the symbolic expression. The userstrget the maximum number of
constant values, which puts an upper limit on theximum number of the symbolic

expression inputs. Therefore, MO-EPR looks for lileet non-dominated models with
respect to both structural complexity and fitnessfgpmance, i.e., placed on the best
Pareto front. Therefore, a direct multi-model aggio is provided where the post-
processing phase is improved by MO-EPR, which nstunodels ranked according to

both their fithess and their structural complexity.
A further advantage of MO-EPR is the increased qums to achieve structural

parsimony because a large numbeaj@flues or a large total number of inputs must be

justified by the fitness of the model (note thag thareto dominance criterion and the
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function are to be minimised). The introduced otiwec functions can be used all

together or in a two-objective configuration as

) (1 — CoD) vs. (% oKi).
i) (CoD) vs. (# ofa).

The choice of the Pareto dominance criterion ferrthulti-objective optimisation results

in the following main advantages (Doglioni 2004):

) It is reasonably fast for few objective functionscomparison with the total
amount of time required by multiple single-objeetsessions.
i) It dealssimultaneouslyvith multiple solutions.

iii) It is able to provide a uniformly distributed rangfePareto solutions.

4.4.5 Extension of evolutionary polynomial regresein

EPR allows pseudo-polynomial expressions as in tans (4.8) and (4.9), allowing

structures such as

Y= a0+za X )"0 Do ix, ) B o ((x ) B 1) ((xk) =3 "2)) case 1

Y :ao+Zaj i (( X,)™0 Vg, ) B )) case 2

Y = ao+2a EQX )ES(J 1)El EQX ES(k )[f( ESj(k+ 1h EQX ) ES( kzy case 3 (4_25)

= 9[30 £y a x,)™0 Yo, )= )j case 4
=

Thus, EPR’s model space may be extended by thetstes in Equations (4.25), which
remain based on polynomial regression as in Equdd®). User-specified functioris

reported in Equations (4.25) may be natural lobamt, exponential, tangent
hyperbolic etc. Note that the last structure in &mns (4.25) requires the assumption
of an invertible functiorg, because of the subsequent stage of parameteraésti.
The term pseudo-polynomial expression is used because the parameters of any of
the expressions in (4.25) can be computed as flinear problem and/or for true

polynomial expressions. Moreover, the Equation85yare transformed into the form

80



Chapter (4) Dat&ning techniques

of Equation (4.9) during evolutionary search. Hnahe inclusion of exponential and
logarithmic functions in the general expressionEafuations (4.25) allows EPR to
explore a large space of formulae where the arnalystderstanding of the physical
process warrants their inclusion. However, if stweictions are not naturally describing
the phenomenon being modeled EPR search woulcekpdnent values for such inputs

to be equal to zero.

4.4.6 The application of EPR in geomechanics

In the beginning EPR methodology was mainly usecfvironmental modelling by its

developers (Giustolisi and Savic 2006, Giustolisiak 2007, Doglioni et al. 2008).

However the capability and outstanding performasicEPR approach on dealing with
problems related to other disciplines of civil emgring including geotechnical,

structural and earthquake engineering have beasiigated by the author of this thesis
and his coworkers. The results of these studies Haeen published in several
conference and journal papers (Javadi and Rez&fi8, Javadi et al. 2007, Rezania
and Javadi 2006, Rezania and Javadi 2008a, Reaadidavadi 2008b, Rezania et al.
2008a, Rezania et al. 2008b).
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CHAPTER S

CONSTITUTIVE MODELLING OF
SOILS USING EVOLUTIONARY
POLYNOMIAL REGRESSION

5.1 Introduction

A constitutive law or a material model is the matia¢ical description of how a material
responds to various loadings. This is one of thetrimdensely researched fields within
soil mechanics because of its complexity and thpomance of accurate constitutive
models for practical engineering problems. Theaation of material modelling has
been enhanced significantly with the great incraasgevelopment and application of
modern and sophisticated computational methods asdhe finite element and finite
difference methods. In geomechanics, these cotigéitlaws play a crucial role in

providing reliable results from the numerical siatidns.

Recent advances in artificial intelligence methoespecially neural network based
algorithms, have provided a fundamentally new bdsrsa different approach to
material modelling. A comprehensive review of pshéd works in the field of neural

network based material modelling has been providethapter 2.
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The main difference between analytical and NN baspgroaches for material
modelling is that, while in the analytical approable material modelling consists of
mathematical formulation of constitutive equatioasd determination of material
parameters (Desai and Siriwardane 1984), the naetalork based constitutive models
directly acquire the information on the materiah&eour from the experimental data
sets (Jung and Ghaboussi 2006).

Although it has been shown by many researchersNh& offer great advantages in
constitutive modelling of materials; however despibeir good performance, these
networks have some shortcomings. The main drawbhtike NN approach is the large
complexity of the network structure, as it represd¢he knowledge in terms of a weight
matrix together with biases which are not accesdibluser; in other words NN models
give no clue on the way inputs affect the outpwt are therefore considered as a black
box class of model. The other major disadvantagth®fNNCM is that the optimum
structure of the NN (such as hidden layers, nurobereurons, transfer functions, etc.)
must be identified a priori. The lack of interptatly of NN based models has
restrained them from obtaining their full potential real world problems (Lu et al.
2001) as the credibility of the artificial inteléigce method depends on its ability to

explain its conclusion (Widham and Loparo 1989).

In this chapter the application of the new evoludity polynomial regression approach
for constitutive modelling of nonlinear materidi&e soils, is introduced. The strategy
uses polynomial structures to take advantage af féneorable mathematical properties.
As described in chapter 4, the key idea behindefPR modelling is to use evolutionary

search for exponents of polynomial expressions bgma of a GA engine. This allows

)] Easy computational implementation of the algorithm.
i) Efficient search for an expression (formula).

iii) Improved control of the complexity of the expressgenerated.

iv) A small number of search parameters to be pre-Gpeci

The performance of the new technique in capturiog sonlinear constitutive
relationships will be discussed with several exaspl
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5.2 Constitutive modelling of soilsusing EPR

Modelling of soil behaviour plays an important rodedealing with issues related to soil
mechanics and foundation engineering. Modelling #ieess-strain behaviour of
geomaterials, enables understanding of differeotegdinical phenomena, and makes
the required analyses possible. To evaluate thenpat of using EPR to derive
functions describing the constitutive behaviour siils, a feasibility study was
performed using real experimental data from coriveat triaxial tests. In a
conventional teriaxial test, the boundary condgicare imposed in a way that the
material within the sample is subjected to a umnifstate of stress; this is done by
putting no restriction for lateral displacementshet top and bottom of the sample; thus
the specimen represents a material point and uadasg one stress-strain path at each
confining pressure. A schematic view of such testich is the most common type of

triaxial experiment, is shown in Figure 5.1.

Stiff plate —»
Porous stone—»

| Specimen

Idealised —»,
Homogeneous
displacement

[==—=—=—======

Porous stone—» | ETETFIE N AT T
Stiff plate —»

Figure 5.1 A schematic view of conventional triaxial experime

5.2.1 Drained condition

A series of conventional drained triaxial tests wasducted to obtain the required data
for model development. The data consisted of tlsalt® from five separate triaxial

tests, each at a different confining cell pressuge,The range ot for the tests was
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between 50 kPa and 500 kPa. These tests were-stmairolled with a constant rate of

increment of axial strain.

5.2.1.1 Input and output parameters and data preparation

The choice of input and output quantities is deteeah by both the source of the data
and the way the trained EPR model is to be usedastshown in chapter (2) that a very
typical scheme to train most of the neural netwoaked material models includes an
input set providing the network with the informaticelating to the current state units

(e.g. current stresses and current strains) and dhrward pass through the neural
network yields the prediction of the next expedtde of stress and/or strain relevant to
an input strain or stress increment (Ghaboussil 988, Habibagahi and Bamdad

2003). The same idea has been utilised in thisareBe Thus the inputs to the EPR

model were chosen as; the current state of deviatess, g, the cell pressureg,, the

current axial strainig,, and the axial strain incrementAs,) . First three of these four

input parameters were used to describe the custate of the stress and strain to the
model. For the current stress-strain state, thecatibp of the EPR constitutive model

was to capture the output parameter: deviator stfes the next state ''{q),
corresponding to the input incremental axial straie,). The resultant input and

output vectors were therefore

Input: 'q, g, 'g, '(Ag)

Output: '*'q

The target, as stated before, was to find the ttatigeé relationship in the general form
of Equation (4.8), where the matrix of inputs (X&), for each particular confining

pressure, is
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1q g, l‘91 l(Agl)_
2q g, 2“'51 Z(Agl)
X = 3q g, 3‘91 S(Agl)

‘e, ()]
The input parameter for deviatoric strégs,is the input variable that must be updated

incrementally during the training process, basedtlmm outputs received from the

previous increment of training. Also the input paeder for axial straing,, is the input
variable that must be updated based on the preumusment of strairi*(Ag,), in the

input set. Confining pressue,, is a constant variable for each test.

As the original database was related to a seriesmfentional strain-controlled triaxial

tests (whereAg, was predetermined and constant); before trairfiegntodel with the

input data, the stress states relating to eachrangfpressure were randomly shuffled

in order to find different values dkg, at each state. In this way, the training database

can represent a much wider pattern for soil behawehich makes the trained model
capable of giving different output values for diffat axial strain increments at each
stress state. The algorithm for data shuffling wi&sply based on randomly selecting
two data rows and swapping them together. Thiscgmbr was also used to obtain more
data points in the region of small axial strainueal to better define the large changes
that are often observed in this region for the ®salwf deviator stress. The major
drawback of a fixed small constant value for astahin increment, which is commonly
used in training the neural network material modslghat it yields a very large training

set for each triaxial test. But with using varyidg, values, it was found that good

modelling capabilities were obtained without thecdéor a large size of training pattern
data. The original data corresponding to the fivess paths included 1126 stress states;
after the data preparation process the resultaaseiaconsisted of 1544 stress states.
Some part of the data became duplicated dependinigeorandom ranking of the stress
states in the shuffling process. In order to obtinefficient training any duplicated
stress-strain relationships in the expanded dateastremoved. This reduced the 1544
cases of stress states in the dataset to just &3¥.clt was observed that, in this way
not only the training data could represent moréufes of soil behaviour but the size of

data could also be reduced by half which is delgrab it minimises the computational
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time. It should be noted that unlike ANN based titutsve models (Zhu et al., 1998;
Hashash et al., 2004) in EPR the values of alig@pating parameters can be fed into

the model as they are, without any need for nosatbn or calibration.

5.2.1.2 Training and validation subsets

The database was divided into two separate sets.s@nhwas used as training part to
obtain the constitutive model and the other one wsel as validation part to appraise
the applicability of the trained constitutive mad€he training set included the triaxial
test results related to three confining cell pressof 50 kPa, 200 kPa and 500 kPa; this
consisted of 318 stress states of the preparedetataround 59% of the data). The
results from triaxial tests at 100 kPa and 400 kBafining pressures were kept to
examine the generalisation capability of the dgvetbEPR based constitutive model;
this consisted of the remaining 219 stress statdise prepared dataset (around 41% of
the data).

5.2.1.3 EPR procedureand results

After feeding the data and before starting the @vahary procedure, a number of
constraints can be put in place to control thewaimodels in terms of EPR structure,
type of functions used, length of equations, nundfeterms, range of exponents and
number of generations. It can be seen that thegeest potential in achieving different
models for a particular problem which enables theruo gain additional information

for different scenarios.

Finding the Optimal Structure

A series of single objective EPR analyses was densd in order to find the optimum
EPR algorithm for constitutive modelling in termé EBPR structure and type of the
function utilised. For simplicity, in all the analys the maximum number of terms was
set to 5 and the range of potential exponents wigsted as integer values between -2

and 2. Among the candidate exponents it is adwsabinclude the value zero, which
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helps in discarding those variables or inputs wladdh not useful for models (Doglioni
et al. 2008). For each analysis a specific conilginaof EPR structure and function
was selected. At each particular setting during ¢lelutionary process, different
participating parameters are gradually picked uporder to form the equations
representing the input-output relationship. Theeleof accuracy for the output EPR
models at each generation is evaluated based ditrthss function as described in the
previous chapter. If the model fitness is not atalgle or the other termination criteria
(in terms of maximum number of generations and maxrn number of terms) are not
satisfied, the current model should go through lagoevolution in order to obtain a
new model. The EPR analyses with these settinge werformed on a Pentium 4
personal computer with 3.00 GHz of processor speti 512 MB of memory. The

results of these analyses are summarised in Tadds 5.4.

Table 5.1 The summary of results obtained for EPR basedtitotise models using
EPR structure type 1.

. Maximum . Errorin  COD value for :

Function ) Duration L L Profile
generation training  validation (%)

None 303 03' 27" 23 8.00E-04 99.8999 Converging
Logarithm 1853 10' 25" 54 8.00E-04 99.8521 Convergin
Exponential - - - Stuck
Tangent 1232 10'26"23  6.00E-04 99.8682 Converging
hyperbolic
Secant 1447 11'40" 46  7.00E-04 99.9276 Converging
hyperbolic

Table 5.2 The summary of results obtained for EPR basedtitotige models using
EPR structure type 2.

Maximum Errorin  COD value for

Function generation Duration training  validation (%) Profile

None 303 03' 27" 23 8.00E-04 99.8996 Converging
Logarithm 754 04' 27" 55 9.00E-04 99.9118 Converging
Exponential 236 04' 02" 06 1.00E-03 99.9037 Converging
Tangent 289 04'20"37  9.00E-04 99.8727 Converging
hyperbolic

Secant 899 04'38"12  8.00E-04 99.8476 Converging
hyperbolic
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Table 5.3 The summary of results obtained for EPR basedtitoinge models using
EPR structure type 3

Function MaX|mu'm Duration E”.OT in CO.D yalue for Profile
generation training  validation (%)

None 448 09' 26" 08 9.00E-04 99.8996 Converging

Logarithm 1129 10'50" 73 9.00E-04 99.9118 Conveygin

Exponential - - - Stuck

Tangent 1798 10'01"05  8.00E-04 99.8727 Converging

hyperbolic

Secant 1158 12'24"52  7.00E-04 99.8476 Converging

hyperbolic

Table 5.4 The summary of results obtained for EPR basedtitoinge models using
EPR structure type 4

Maximum Error in COD value for

Function generation Duration training  validation (%) Profile

None 416 04'37" 78 8.00E-04 99.8538 Converging
Logarithm - - - - Stuck
Exponential - - - - Stuck
Tangent_ ) ) ) ) Stuck
hyperbolic

Secant

hyperbolic i i i i Stuck

Note: For EPR structure type 4 the data must bmalised between 0 and 1.

From the results shown in Tables 5.1 to 5.4, it banseen that generally making of
available functions in EPR, increases the comprati time while it does not
necessarily increase the accuracy of the preditidn should be noted that the
application of these functions also lead to mormmlex relationships for constitutive
modelling. For EPR structure type 4, the input antput data need to be normalised
between 0 and 1 which is not desirable as norntaisanakes the final model more
complicated. The best results, in terms of simglidower number of generations and
shorter computational time, were obtained with Effctures 1 and 2 without use of
available functions. The results of EPR analyseshiese two structures are identical as
without using a function these two structures a®dally the same. Consequently EPR
structure 2 without use of any function can beaelkas optimum combination of EPR
structure and function for constitutive modellinthis is also in agreement with the
findings reported in Rezania et al. (2008).
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EPR Based Material Model

To show the efficiency of the EPR approach in fimgdihe constitutive relationships for
the soil represented with the provided data, treulte for different stages of one
optimal analysis are presented here. For this Bpeaialysis the optimal EPR structure
for material modelling (i.e., EPR structure typwigh the use of no function) was used.
The multi-objective strategy was also employed imclv the fithess of models was
evaluated based on the trade-off between the numaplexity (i.e., addition of new
terms) and the quality of fit (i.e., COD valu&he range of exponents was set as integer
values between -5 and 5, including -0.5 and 0.® Maximum number of terms in an

eguation was set to 15, which was found to be aatequ

The EPR procedure with the setting outlined aboas found to be very efficient in
constitutive modelling. Figure 5.2 shows the vaomt of the coefficient of
determination (COD) with the number of generatidhss shown that the COD value

increases rapidly with increasing the number ofegatons, even at early generations.

0.9

0.6

Coefficient of Determination

0-5 T T T T
0 10 20 30 40 50

Generation Number

Figure5.2 Increase in COD value at early generations ugbteezonds after starting
the EPR procedure on drained triaxial data.

As mentioned above, during the evolutionary sedeftR model selection was lead by
a multi-objective strategy. The two objectives assd for this search weret) (the
number of constantai and {i) the model fithess to data, in term of coefficierft

determination estimated on the training set of .datas approach ranks the returned
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formulae according to the fitness to data and thmmber of constant values. This
represents a great advantage in the analysis wtsgesince sorting models according to
their structural complexity vs. fitting to trainindata is useful during the model
selection phase (Doglioni et al. 2008). After coatipin of EPR analysis the following

equations were obtained.

Q= 275,65 (5.1)
"q=1.01'q+ 15.8¢ (5.2)
" =0.090,\ Q& )+ 0.97q+ 11.9. (5.3)

uq=-7.80¢, Q&)+ 2.74f0, fe, ) 0.98q+ 7.8 (5.4)

=213 - 9"4"5—q(A5) 8.99, bz, v 3.500, Ke, ¥ 0.98+ A€ (5.5)
g = -1, 19$+ 28F- 10°\[z, As,  62.30 &, } 0.96-
o[ B) (5.6)
19. 01— 4.24
wq=-1.12/0, + 9.4Q[0," pe, - 0.44'q0," Ke, ¥ 6.28- 18,\c, D€, ¥
1.01q- 256—\'+ 7.65 (5.7)
g =-9.61E - 9%+ 9.4¢0," Af, ) 1300, + 58— 10.[c, A€, I
B (5.8)
0.38/'qo, ' Q¢ )+ 1.01q- 925—+ 9.60
g =-2.77E- 6#+2675A5 {P—M@T— 0.40q0, 1€, 9
(5.9)

9.56/0, (s, )+ 5.5% - 10/'e,” fe, ¥ 1.00- 12. 52—\'
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|+1q——0006802|53%+ 7143 &e, ¥ 41§0, e, } 2B- d.fe, oF, 9

g0.0t 94 7005 BN A_ 5 06—\'+ 0.99- 02fqo, a¢ o (010

U3 0-3
12.40

wq=-asa- 525 L o sqThe y asfor d )y 049 A@F *
3.2E-70%'s,' Qe )+ 12. 5?/7 0.2¢'qo,' Ne, ¥ 24.73-—
Y 2% o (5.11)

0.95'q+ 1.9 - 5% 41156
A&,

21310 i
wq = —1.54E w+ 120285 (BE) | 61 R 15.z\1/33 +
'q V'qo, g,
4 i i i i i Iq |(Aé-l)
55 - 10’5, 0f, )- 0.3¢ qo, A&, )} 0.94q- 27.64% =+ (5.12)
3
i ~3
4.24E - 6%— 1.5E- 10¢ - 14.08
0-3

'ﬂq——oooos—w+ 16143& + 69.75 A6, H 5.0, Af )
qo.

+2003—q+ 6.0E- 10°\c, &e, ¥ 03¢ qe, Ne, ¥ 0.94- (5.13)

Na (A£
31. 39—“+ 4.7€ - 6— 1.68- 10f - 23.42
\/Z

g = —2.80E - 6&+ 2928£\l/ (8z) ;(Z + 1098, € 9

195\/7+274/7q+ 6.7E— m‘W} 0.46 o, B¢, 4§ 0.88- (5.14)
0.001¢\/'qa, - 2880(“ )+ 0oat (¢ )‘/7++ 0.07's, - 847

0. 'l (Ag)?

Mg = -3.22E - 5—+ 273.4 (A&) + 104@ Ne, 3} 009\7(:
o’ a Ag

0.0009¢%,/'qo, + 4.2E- 7\'s,' e, ¥ 0.84+ 0.49) A(fu/)ﬂ+
.

3 (5.15)

3.05/'q- 0.45/'qo,” Qe ) 0.07,- 25. 49—V+ 0.018's, +

553 - 10—‘/_ 16.78

(Be)e

92



Chapter (5)  Constitutive modelling of soilsngsevolutionary polynomial regression

It should be mentioned that model selection from rilssults of EPR analysis requires
some subjective judgment as well. This process fisnobiased by the analyst’s
experience rather than being purely based on maitieah criteria (Rezania et al.
2008). As it can be seen in Equations (5.1), (&) (5.3) the first three evolutionary
steps do not include the effect of all input partaree Consequently these equations are
not appropriate for modelling purposes. Just atter fourth evolution EPR starts to
include all participating parameters to form thedels. The results of EPR training on
the three stress-strain curves are shown in FigudeFigure 5.3a shows the stress-strain
relationships predicted by Equation (5.4) (as mapgants) against those expected and
used as training data (as solid lines). Figure Si8iws the same results using Equation
(5.15). It can be seen that excellent agreementosned between the experimentally
determined values and the EPR predicted values p@rieular attraction of the results
is that even the model produced at early stag&sét evolution is capable of learning
the material behaviour with very good accuracy (Segrre 5.3a). However the model
precision improves noticeably with increasing thember of evolutions as shown in
Figure 5.3b.

Once the training is complete, the performancehefttained EPR model is validated
using the validation data which have not been wsed part of the model building
process. The purpose of validation is to examirectipabilities of the trained model to
generalise the training to conditions that havebe®n seen during the training phase.
In order to demonstrate the capability of traindgREmodels over the validation data,
Equations (5.4) and (5.15) were used to predictstiness-strain curves for the two
remaining confining pressures for which the dataewet used in the training process

and the results are shown in Figure 5.4.
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Figure 5.3 Results of training the EPR models using (a) BEquab.4) and (b)
Equation (5.15).
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Figure 5.4 Results of testing the EPR models using (a) Equdb.4) and (b) Equation
(5.15).

Excellent agreement between modelling results aborhtory experimental data are
observed in Figure 5.4, which demonstrates the lugpability of the EPR based
material model in generalising the constitutivatieinship for unseen cases.
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5.2.2 Undrained condition

For the undrained condition the results of triaxesdts performed on Nevada sand and
reported by Arulmoli et al. (1992) were used. Tlests were performed under
isotropically consolidated undrained condition. 8dreffective consolidation pressures
(40 kPa, 80 kPa and 160 kPa) were used duringetiteg program. The results of all

individual tests in terms of deviatoric stregs,versus axial straia, and pore pressure
changeu —u,, versus axial straing;, are plotted in Figure 5.5. As it can be seerhé t
figures the negative water pressure indicatesttigasamples had high pressures of over
consolidation. In all three cases, the tests wergirued until axial strain of about 20
percent; however, the samples yielded at axialnsoharound 10 to 15 percent, after
this strain the samples generally showed straireswig behaviour.

2400 +
2000 +
1600 -
1200 -

800 -

Deviatoric stress (kPa)

400

0 T T T 1

0 5 10 15 20
Axial strain (%)
(a)
200 -
O T T T 1
D 5 10 15 20

-200 -

-400 |

-600 -

Pore water pressure changes (kPa)

-800 -
Axial strain (%)

(b)
Figure 5.5 The results of undrained triaxial test on Nevaaladsn terms of (a)
deviatoric stress versus axial strain and (b) poessure change versus axial strain.
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5.2.2.1 Input and output parameters

With regard to the available data for EPR trainitigg inputs to the EPR model for

undrained triaxial tests were chosen as; the curs@te of deviator stress|, the
consolidation pressure,, the effective confining pressutey, the current axial strain

'e,, and the axial strain incremeift\s,). The first four of these input parameters were
used to describe the current state of the stredstain to the model. For the current
stress-strain state, the objective of the EPR @atise model was to capture the output

parameter: deviator stress for the next sfatg, corresponding to the input incremental
axial strain,'(Ag,). It should be noted that the effect of pore waterssure at every

stage of each test is implicitly considered in thput data as it is embedded in the
difference of the effective confining pressure watimsolidation pressure. The resultant

input and output vectors were therefore

Input: 'q, 'gy, g, g, (Ag)

Output: "*'q

Like the drained tests described in the previousi@® the undrained data were also
related to a series of strain-controlled tests, (¥, was predetermined and constant);
thus before training the model with the input daltee, same procedure as described in
section 5.2.1.1 was utilised in order to enhaneeddita by randomly shuffling the data

to find different values ofA¢, at each stress state.

5.2.2.2 Training and validation subsets

For undrained condition, the database was dividéal two separate subsets. One set
was used for training and the other one was used/dbdation of the trained EPR
model. The training set included the triaxial tessults related to two consolidation
pressures of 40 kPa and 160 kPa and the results fr@axial test at 80 kPa
consolidation pressure was kept to examine the rgbsation capability of each

developed EPR based material model.
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5.2.2.3 EPR procedureand results

The initial setting of EPR procedure for constitatmodelling of soil under undrained
condition was kept identical to those described tfag drained condition in section
5.2.1.3. Because the stress-strain response ohimedr tests on Nevada sand shows
more complex behaviour (including strain softenfegture), two different conditions
were consideredi)(first the part of data just related to straindearing behaviour of the
triaxial samples (strains up to 15 percent) wassitaned, if) secondly the entire data
(related to strains up to 20 percent) was examitwedrain the EPR models. The
following equations ((5.16) to (5.30)) were obtalrefter completion of EPR analyses

for the strain hardening part of the data.

"1 = 965.36 (5.16)

*19=0.3940% 05+ 154.8¢ (5.17)
*1q=14.03 (g, \Jo, + 0.97q+ 21.4 (5.18)
1q=15.92 Qg ) 82E- 110y’ &e, ) £,05' + 1.020- 182 (5.19)

A g3 | i ‘
4g= 720,15/ 0% (0_?)+185M£1 Yo+ 09%- 5@~ g (be)'s+ 320 (520

1q=1.78E - 50 51 (A‘gl) 108.02\3/%+ 0.9+ 18.610¢, \fp, -
3 (5.21)

14E-8¢ "0y Qg )‘/i£1+ 34.55

5i _
g = 5573ﬂ+ 5.76 - W+ 18.82 Jo, - 27.902
3 0-

(5.22)
1.01'g- L.7E- 7q 4g 2/ 4, 3317
U

4 i

i 5|
i+1q -0 (Agl)\/— -10. 5M+ 1.58 - M+ 21.73&(‘;‘1 \/)?3 -
I3 \/_ \/73 \/E

(5.23)
25.51/i—q,+ 1.0ig- 2.28- 8&F' Ag ¥ 30.87
O3
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i 4|
gz 702 8 B8 _gad%s B8) g5 38D, 1q4py Jos +
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—— i . o (5.24)
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i 4I i
g =1.67E- 100} (Afl) _ op.10%L (Be) | 2975.37 176.0203_(&1)_ 728.09

| !

| ]
'q ‘0303 3 O3 V93

1226 - 8% 8% 4 9534 e, w224 16510, Jou- 35~ '8 e, (5.30)
O3 \/E .

107£+ 1.02q- 2.02- '&F'(Ag)+140.66

555|193 q

Also the equations listed in below ((5.31) to (5)4ere obtained after completion of
EPR analyses using the entire undrained triaxstldata.

*1q = 965.36 (5.31)
"9 =0.3940% 05+ 154.8¢ (5.32)
'1q9=14.03 Qg \oz + 0.97g+ 21.4 (5.33)
1q=15.92' 0g, - 8.2E- 1168 03’ &¢e, W+ 1.02q- 18.2 (5.34)

A ig3 | i \
*1gq=-729, 15/ (Jil)+1858Aelf+ 09%- 5.6~ ‘o' (Ag)\ 5+ 32 (5.35)

g =1 78E - 507 /w - 108.03@ + 0.9%+ 18.610¢ ;-
q 03 O3 (536)
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oy

(5.37)
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|5| I i
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For the first case, where just the part of datateel to strain hardening behaviour was
considered, the EPR simulations associated withetperimental results used in the
training phase are shown in Figure 5.6. Figure SBaws the stress-strain curves
predicted by Equation (5.19) (as marker points)irmjathose expected and used as
training data (as solid lines). Figure 5.6b sholmes game results using Equation (5.30)
(at the final evolution). The accuracy of resultere at early evolutions reflects the

power of EPR in capturing the material behaviour.
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Figure 5.6 Results of training the EPR models using (a) Bqug6.19) and (b)
Equation (5.30).
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To demonstrate the predictive ability of the trairePR models, the same equations
were used to calculate stress-strain curves foraghmining test which did not form a
part of the training set. It can be seen from Fedaii7 that the trained models can predict
the stress-strain behaviour of the soil at a dffiérconsolidation pressure with a very
high precision.
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(b)
Figure 5.7 Results of testing the EPR models using (a) Equds.19) and (b)
Equation (5.30).

For the second case, where the data related t@ eatige of strain was used to train the

EPR based constitutive models, Equation (5.44) sescted to show the results of
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EPR predictions over training and testing data (@ets Figures 5.8 and 5.9).

Deviatoric stress (kPa)

Deviatoric stress (kPa)

2400 ~

2000 +

1600 +

1200 ~

800 -

400 -

2400 ~

2000 -

1600 +

1200 ~

800 +

400 -

Experiment
-+ EPR

5 10 15 20

Axial strain (%)

Figure 5.8 Results of training the EPR models using Equattof4).
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Figure 5.9 Results of testing the EPR models using Equabotd).

The purpose of the second trial was to assessudiéyqof EPR predictive capabilities

over the following regions

)

i)

The peak strength region (e.g., point A on stréssrs curve relating to

confining pressure of 160 kPa in Figure 5.8).

The post peak region (e.g., AB zone on stressrstcarve relating to
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confining pressure of 160 kPa in Figure 5.8).
iii) The residual strength region (e.g., BC zone orsststrain curve relating to

confining pressure of 160 kPa in Figure 5.8).

From the results shown in Figures 5.8 and 5.9 it lba seen that the trained EPR
constitutive model is capable of modelling the &idon from elastic to plastic and

strain softening behaviour with excellent precision

5.3 Application of EPR based material models for triaxial test

simulation

Triaxial tests, which are the most commonly usgokexnents to study the behaviour of
geomaterials, are generally known to be relativtpensive and time-consuming to
operate. Also, triaxial tests on one particulat ae usually repeated at different initial
conditions (e.g., different confining pressuresrelative densities) in order to obtain
comprehensive information on the material behaviblere the idea is to develop an
alternative approach (i.e., using a triaxial testnuator) to complement real

experiments and obtain additional information o $bil behaviour without the need to
perform numerous real tests. This can be very ussfuit saves a lot of effort needed to

perform the actual experiments.

In the previous sections, it was shown that evohary polynomial regression method
is effectively capable of finding the constitutibehaviour of soils if it is properly
trained with relevant data. In this section it Vo shown that an EPR based model
which has been trained to capture soil behaviogedan a limited number of triaxial

test results can be used as a stand alone toehtergte additional virtual triaxial data.

5.3.1 Drained triaxial test smulator

For drained condition, the final mathematical mao@ejuation) which was developed in
section 5.2.1.3, is used to show the EPR capabilitgenerating virtual triaxial data.
Basically the input parameters to the model areséhwhich were used in model
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development. In section 5.2.1.3 it was shown thBREaccurately modelled the
influence of confining pressure on the mechaniaaviour of soil. Therefore for a
given confining pressure the purpose of the EPRaii@dto predict the corresponding
stress-strain curve. From plasticity theory ofsatl is well known that the current state
of stress and strain have an important influencehennext state of stress and strain
increments. It is thus, important to use the sdedalfeed-forward” concept for
simulating stress-strain curves with an EPR basedein The feed-forward algorithm
also ensures that the simulation phase of thensodel will be similar to the expected
behaviour of soil in a real triaxial test. The EB&Sed simulator has to build the entire
stress-strain curves incrementally, this can be eddrased on the predictions
corresponding to the loading conditions of previetesp. At the initial phase of the
simulation, the preliminary values of the curretate units are fed into the EPR model.
Through the feed-forward process, using the EPReMmdlke output value (next stress
state) is produced; this makes the first patterntlie virtually generated stress-strain
path. The output value is then copied back to tireeat state units for the next feed-

forward sweep. This concept is described in stegdslbbws

) A particular value of confining pressurey) is considered.

i) A set of strain increment valued&,) is considered. These values are not
constant i.e., the value of strain increment isseimoto increase at a constant
magnitude (e.g., 0.5%). This ensures that the misdsdcurately responsive
at different strain increments.

iii) The value of axial strain is given for the initintrement {g, =E-07= 0,
after that at each stage the value of axial stiaiequal to the cumulative
value of all preceding values of strain incremehsphe initial value of

axial strain
) i-1
& 2151 + z n(Agl)
n=1
V) The value of deviator stress is given for the ahitincrement (e.g.,
'g=E-07=0), for this given value, using the EPR based maiteniodel
and other parameters’ values, the value of devistt@ss for the next step
(*q ) is calculated. This new value of deviator stredkitself be used for

the following increment’s calculation.
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V) Steps 3 and 4 will be repeated until the stressrspath for the entire

domain of axial strain is obtained.

The procedure explained above is schematically showigure 5.10.

'q(given

O

¢, (given)

1(A£1) -7

Figure 5.10 The schematic sketch of feed-forward algorithmdi@ined triaxial test
simulator.
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The virtual drained triaxial test results obtainedhis way are shown in Figures 5.11

and 5.12. As it can be seen in these figures, xtehgreement between the real data

and the virtually generated data, using EPR basettrial model and feed forward

concept, emphasises the great capability of tlaegty in simulating triaxial tests.

Experiment
-0 Virtual

Deviatoric stress (kPa)

Axial strain (%)

20

Figure 5.11 The comparison between the results of drainegiélitest simulator and

the tests used for training the EPR model.
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Figure 5.12 The comparison between the results of drainegiélitest simulator and
two real tests which have not been part of EPR inomtestruction.

109



Chapter (5)  Constitutive modelling of soilsngsevolutionary polynomial regression

5.3.2Undrained triaxial test smulator

Another attempt is made to develop a strategy ifmulating undrained triaxial tests
using EPR based material models. As it was discusséhe previous chapter, in all
works performed for neural network based materiatiefling in undrained condition
(e.g. Ellis et al. 1995, Amorosi et al. 1996, Zhwalke 1998, Penumadu and Zhao 1999),
two output parameters were considered for the méswvg.e., with the given values of
current state units, the next state of deviat@sstiand next state of pore water pressure
were sought). Indeed one of the advantages of haeetaorks is that they can have
more than one output parameter. However the matieaheodels constructed by EPR
can just have one output parameter. Because thd atane simulator needs to be able
to model both the changes of deviator stress amd p@ter pressure, and it is in
contrast with having just one output parameter,déeision was made to develop two
different models in order to obviate this problérhe model which, with a given set of
stress and strain units (including the effect afepeater pressure), is able to predict the
next state of deviator stress has already beenajmek and explained in section 5.2.2.
It is therefore necessary to develop a separateihodgredict the value of pore water
pressure, at each stage of the test, relevanetoufrent values of state units. Here this
later model is named “UT-EPR-A”" and the former mpdescribed in section 5.2.2, is
named “UT-EPR-B”.

The input-output parameters for model “UT-EPR-A’e atherefore considered as

follows

Input: g, g3, &

Output:d'3

The data division and initialisation criteria foPE procedure was kept identical as
those described in sections 5.2.1 and 5.2.2. laldhalso be noted that just the part of
undrained data related to strain hardening behawabtriaxial samples (strains up to 15
percent) was considered for this evaluation. Theaggns listed below have been

obtained after completion of EPR analysis for mgtal-EPR-A".
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The “feed-forward” concept as described in secidl was employed and extended to
be used for simulating undrained condition. Thecpdure is explained in details as

follows

) A particular value of consolidation pressutg,] is considered.

i) A set of strain increment valued4,) is considered. These values are not

constant but they increase at a constant magn{aide 0.5%). This ensures

that the model is accurately responsive at diffesénain increments.
iii) The value of axial strain is given for the initintrement {g, =E-07= 0,

after that at each stage the value of axial stimiequal to the cumulative
value of all preceding values of strain incremehusphe initial value of

axial strain

i1
2151 +> " (A‘gl)

n=1
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V) The value of deviator stress is given for the ahitincrement (e.g.,
'g=E-07=0), however after the first step, the calculatetbouof each
step will be used as the input value for next stépng the model UT-EPR-

A and other parameters’ values (i.er, and¢,), the value of effective

confining pressure' ¢;) for the current step is calculated.

V) Using all the existing values of stresses andr&rahe model UT-EPR-B is
utilised to calculate the next value of deviatoess (q) corresponding to
the current imposed strain disturbaﬁ((asl). This new value of deviator

stress will itself be used for next increment’scoddtions.
Vi) The stepsiii * to 'v' will be repeated until the stress-strain paththerentire

domain of axial strain is obtained.

Figure 5.13 gives an illustrative insight of thedeforward concept in generating

undrained triaxial data.
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Figure 5.13 The schematic sketch of feed-forward algorithmuiodrained triaxial test
simulator.
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The virtual undrained triaxial test results obtdime this way are shown in Figures 5.14
and 5.15. Again, it can be seen that the feed-fiafveancept is of great advantage in

simulating triaxil test results in undrained coratit

2400 - Experiment
~o EPR

Deviatoric stress (kPa)

20

Axial strain (%)

Figure 5.14 The comparison between the results of undrainaxiaf test simulator and
the tests used for training the EPR model.
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Figure 5.15 The comparison between the results of undrainaxiat test simulator and
the real test which has not been part of EPR moaledtruction.
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5.4 Discussion

Compared with mathematical constitutive modelliagtificial neural network based
constitutive models are known to have a signifiaisadvantage in that they are unable
to provide a clear understanding of the mechanigogerning the stress-strain
characteristics. This limitation has been tacklathvEPR based material modelling
approach as this method is capable of providingrsparent correlation for the general

stress-strain relationship.

EPR based constitutive modelling is a very uselt¢rmative when mathematical
constitutive modelling becomes very complex orrimdels contain parameters that are
difficult or expensive to measure in practice. LiktN based models, EPR based
constitutive models do not rely on an a priori aggtion of a physical model, but
instead, they rely directly upon observed or messuehaviour. As such when the
behaviour of representative elemental volumes othmlarger physical extent is
required to be modelled, data obtained from fidddesvations or in situ tests can be

used to train an appropriate EPR model.

Another major merit of EPR based models is theipi@t of predictions achieved from
this method. When the constitutive behaviour o&gtipular geomaterial is known to be
simple but better accuracy is required than whaavigilable with a corresponding

mathematical approach, the EPR offers a fundamatieahative.

Similar to NN based models, an additional advantsigePR based material modelling
is in the possibility of updating and improving thietained material model by retraining

the model when additional experimental data beccaaasable.

Like other artificial intelligence methods, one the most important aspects of EPR
models is the training phase. The dataset usdddioing must be as large as needed for
the EPR to capture (i.e., learn and model) the adteristics of the soil behaviour.
However it was observed that the optimum amoumtadh used for EPR training is not
necessarily the largest sum of data. If the trgimlata is properly organised in the way
that it covers and represents different featurethefsoil behaviour, it is desirable to
limit its size to control the complexity of traindePR models and the computational
effort needed for their training.
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It was shown that by using an appropriate strategys possible to employ the
developed EPRCM as a stand alone partial triavagh denerator. This is particularly
useful when the results from material tests arg anhilable for a limited number of

stress-strain curves.

It should be mentioned that the models describatiismchapter have been trained and
validated using limited number of data sets dewedofor two different conditions
(drained and undrained) and for specific typesaif svith an aim to demonstrate the
potential of EPR technique. The generic applicattdnEPR, however, will require

further testing.
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CHAPTER ©

INTELLIGENT FINITE ELEMENT
METHOD AND NUMERICAL
EXAMPLES

6.1 Introduction

Simulation techniques, and in particular the fingiement method, have been used
successfully to predict the response of systemesaca whole range of industries
including aerospace and automotive, biomedical,nite processes, geotechnical
engineering and many others. In these numericdysem the behaviour of the actual
material is approximated with that of an idealigedterial that deforms in accordance
with some constitutive relationships. Thereforeg tichoice of an appropriate
constitutive model that adequately describes theawieur of the material plays an
important role in the accuracy and reliability bBtnumerical predictions. During the
past few decades several constitutive models hage tdeveloped for various materials.
Most of these models involve determination of mateparameters, many of which
have no physical meaning. In spite of considerabtaplexities of constitutive theories,
due to the erratic and complex nature of some nadégesuch as soil, rock, composites,
etc, none of the existing constitutive models camgletely describe the real behaviour
of these materials under various stress pathsaauting conditions.
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The modelling of constitutive behaviour of matesiddas progressed by refining the
plethora of empirically based constitutive laws.uBtipns describing constitutive
behaviour have been developed from a need for proppate mathematical form to fit
an experimental observation rather than by impmpvihe knowledge of physical

mechanisms involved. This situation is characterigif the innate complexity

introduced when utilising natural materials (such soil, rock, etc) in engineering
applications. Important first-order effects suchtlas anisotropy or heterogeneity are

routinely ignored in analyses conducted by engmédee to their complexity.

Due to significant advances in computational poesed the development of efficient
solvers, the degree of sophistication and realismmaddels has increased dramatically.
Available packages offer new and improved interfadeetter visualisation of results,
more options for automation of the search for dessglutions, etc, however the
constitutive laws used in the analyses remain lprgechanged from those procedures
used decades ago. Application of powerful humerieahniques in new high growth

fields is being held back by the lack of approgriataterial models.

In this chapter the developed constitutive matenaddels based on evolutionary
polynomial regression, as described in chaptes Bitegrated in finite element analysis.
It should be emphasised that although the work ggeg here will mostly focus on

soils, the methodology proposed is generic anddcalll be applied to other materials
that have constitutive models that are difficultaicurately define in numerical codes

used in other engineering disciplines.

6.2 Background

In conventional constitutive modelling of materjads appropriate mathematical model
is initially selected and the parameters of thisdelomaterial parameters) are then
identified from appropriate physical tests on repreative samples to capture the
material behaviour. When these constitutive modetsused in finite element analysis,
the accuracy with which the selected material modptesents the various aspects of
the actual material behaviour affects the accurdcthe finite element prediction. As
discussed in chapter 2, in the past few yearsudleeof artificial neural networks has
been introduced as an alternative approach to itainst modelling of materials
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(Ghaboussi et al 1991, Ellis et el. 1992, Millad&dlarici 1994). The role of NNs in
constitutive modelling was also studied by a numtfeother researchers (Ellis et al.
1995, Penumadu and Chameau 1997, Zhu et al. 19%hadBssi et al. 1998, Sidarta
and Ghaboussi 1998, Ghaboussi and Sidarta 199&nRelu and Zhao 1999 etc.).
These studies indicated that neural network basetstitutive models can capture
nonlinear material behaviour with high accuracye Hotential advantage of using NN
based constitutive model in a finite element framdwwhen they are trained directly
from experimental (or in-situ) data is that in thlgase, an unknown conventional
analytical constitutive description can be direcplaced with a suitably trained neural
network. The source of knowledge for NN is not anbglic formula but a set of
experimental data in this case. However, as discugsschapter 2, NNCMs have shown
some drawbacks as well. For example Millar and &dlank (1995) used the data
produced by triaxial test simulation in FLAC usisgain softening model available
within this software for training their NNCM. Howerwhen the optimum NN structure
obtained for constitutive relationship was used aser defined constitutive model back
in FLAC, although the accuracy of the NNCM over thaning data was good but its
prediction ability was so poor and the actual benavof the NNCM was far from the
desired behaviour when it was used in place obtaAedard strain softening constitutive
model within FLAC. The problem relating to the rathnferior generalising capability
of NNCMs was also reported by other researchegs, (€llis et al. 1995, Penumadu and
Chameau 1997). Generally one of the main disadgastaf the NNCM is that the
optimum structure of the NN (such as number of ispunidden layers, transfer
functions, etc.) must be identified a priori which usually obtained using a time
consuming trial and error procedure. Another maawdack of the NNCM approach is
the large complexity of the network structure,tagpresents the knowledge in terms of
a weight matrix together with biases that are woeasible to user. As a black box class
of models, NN models give no information on the W inputs affect the output. The
lack of interpretability of NN models has inhibiteadem from achieving their full

potential in real world problems (Lu et al. 2001).

Although one of the main purposes of material miotglis to carry out structural
analysis, to date not many researchers considbeesthtegration of the neural network
based constitutive models (NNCMs) in structural lysia techniques such as finite
element method (Shin 2001). The main reason faradppears to be the fact that there

are considerable difficulties in incorporating angeal NNCM in finite element codes
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(Shin and Pande 2002). However, more recentlystbdeen shown that NNCM can be
practically incorporated in a finite element (onife difference) code as a material
model (e.g., Shin and Pande 2000, Javadi et aB#)0®\s it is already discussed in
chapter 2, Shin and Pande (2000) presented a hyBHANN model and showed that
the application of a constitutive law in the forrh @ neural operator leads to some
qualitative improvement in the application of FE éngineering practice. They
presented a procedure where data for training heetaork based constitutive model
were acquired from planned monitoring of structuesits. Indeed, unlike conventional
procedures where generally material testing isgoereéd to extract the stress-strain
relationship and identify material parameters,hieirtt procedure inverse analyses were
carried out to identify material parameters fromnitared global structural response. In
this way the self learning capability of the softevavas expected; however for this
purpose the results of structure behaviour needelet available in advance. It is
obvious that depending on the mesh size of thel@molunder consideration, huge
amount of data may be accumulated with increasiegnumber of self learning cycles
which can result in severe computer storage and @Re& problems during training.
For this problem a limited number of monitoring misiin the structure are selected and
the data corresponding to these points are userhito the NNCM. Selection of the
number and location of monitoring points is therefof considerable importance in
identifying a reliable NNCM. It was stated that Butained NNCM will need to be
treated with caution for modelling the behaviourotiier structures; as it is apparent
that an NNCM may predict the correct responsefatapoints, yet may be completely

inadequate to predict the response at others.

Javadi and his coworkers have carried out extensisearch into application of neural
networks in constitutive modelling of complex maés. They have developed an
intelligent finite element method (NeuroFE code3dxhon the incorporation of a back
propagation neural network (BPNN) in finite elemanalysis. (e.g., Javadi et al. 2002,
2003, 2004a, 2004b, 2005). In their work, they usethal material test results to
extract stress-strain relationship and to trainNhNECM. It has been shown that NNCMs
trained in this way can be very efficient in leagiand generalising the constitutive
behaviour of complex materials and give better Itesuhen they are employed in a
finite element code to analyse structures or dosmamade of the material under

consideration.
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6.3 Intelligent finite element method

Details of evolutionary polynomial regression hdeen described in chapter 4. EPR
has several features which make it suitable foemstmodelling. First, it has learning
capability. It can acquire, store and retrieve klealge. This feature gives the EPR a
self-organisation capability when new material mnfation is presented. Second, it has
an ability to generalise what it has learned, iadfter an EPR has been trained on
sufficient amount of test data it is able to gehseathe behaviour to unseen cases.
Third, it has fault tolerance capability. EPR islealbo generalise correct material
behaviour even if the training data are incomplateartially incorrect (noisy data).
This feature makes EPR especially suitable to eiraaterial behaviour directly from
noisy material test data. Fourth, EPR learns nwtdsehaviour directly from the
measured stress-strain relationship without anymaption or postulations. Finally and
most importantly EPR gives transparent and stredtuequations representing the
constitutive behaviour of the material which iglastraight forward to be incorporated

in the finite element procedure.

An intelligent finite element code has been devetbpased on the integration of an
EPR based constitutive model (EPRCM) in a finitenent framework. In the
developed methodology (EPR-FEM), the EPR is used asified framework for
constitutive modelling of materials in finite elemi@nalysis. In this model, the EPRCM
replaces the role of a conventional constitutivedeto The source of knowledge for
EPR is a set of raw experimental (or in-situ) dafaresenting the mechanical response
of the material to applied load. When EPR is usedconstitutive description, the
physical nature of the input-output data for theRER clearly determined by the
measured quantities, e.g., stresses, strains, The. manner, in which EPRCM s
incorporated in a FE code, is depicted in Figule 6.
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Figure 6.1 The incorporation of EPR based material modelfinite element code.
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The function of a suitably trained EPR based ctutste model in a FE model is

described in the following.

At every element’s integration point

) For a given initial point: {(q,), °(g,), °(€,), °(A¢,)} the role of the trained

EPRCM, is to generate the valt(g,) on the output.

i) For thei+1" load increment, the input pattern for the EPRCMtaims: (1)
the values of {(q,),' (g5),' (€,)} which have already been calculated in the
previous loading step, and (2) an arbitrary valug(&e,) . The new value of
""1(q,) is then calculated for the next step.

iii) During each load increment, at each iteration taéenal model modulus for

each element integration point can be calculated as

_ '(Aq)
EPR i (Afl)

where  '(Aq)=""(q)-'(q) and '(Ag)=""(g)-'(&)

(6.1)

The constitutive relationships are generally giwethe form (Owen and Hinton, 1980)
o =De¢ (6.2)

For an elastic materid is the elastic modulus tensor for the matrix. Assiy that the
matrix is elastic and isotropic, matilixis given in terms of Young’'s modulus, and

Poisson’s ratioy. For a plane strain case, for example

1-v v 0

1-v 0 (63)
0 0 (@1-w)/2

D= E
L+ v)(1- 2v)

for a plane stress case

1 v 0
D E v 1 0
- 1- 12 (6.4)
0 0 @A-v)/2

and for an axisymetric case
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1 vid-v) 0 viil-v)

_ EQ@-vu) |vl@d-v) 1 0 vil-v)

T @+o)a-) O 0 @)2tv) 0 (6.5)
vil-v) vil-v) 0 1

In the EPR based finite element procedure, duraghdoad increment the calculated
Eepr from Equation (6.1) is used as the young’s modtduorm the material stiffness
matrix D) for every particular element which is being cdesed at the time. Therefore
with Egpr being recalculated through the FE procedure, lment stiffness matrix for

every single element is updated at each load inenéas
J.Q B'DBdQ (6.6)

where B is the strain matrix an® is the elemental area. Consequently the global
stiffness matrix for a particular problem is refinéor each loading step. The whole
procedure ensures that the constitutive model ialdhe actual behaviour of the
material, both at the element level and at the gltdvel. This is schematically shown
in Figure 6.2.
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Figure 6.2 Finite element solution strategy in nonlinear gsial using EPRCM.
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In contrast to the procedure illustrated in Figbu2, in a conventional elasto-plastic FE
analysis, the element stiffness must be calculfiethe first iteration of the first load

increment assuming elastic behaviour. Every otimee the element stiffness matrix is
recalculated, it is controlled with a check thatetfter an element yielded in previous
step or not, if the answer is yes for a particdBement the corresponding element
stiffness matrix has to be refined to account foy plastic deformation of the material
and subsequently the elasto-plastic matfxy) must be employed for that element.
Apart from this change the element stiffness foatiah process is identical to that for

elastic materials.

It should also be mentioned that the incorporatbrEPRCM in a FE code is more
straightforward than a conventional constitutivedeloas such intelligent FE model
does not require complex vyielding/plastic poteffadure functions, flow rules, etc.
There is no need to check yielding, compute théigras of the plastic potential curve,
update the yield surface or redistribute stresbes.flow charts in Figure 6.3 compare
nonlinear FE procedures using a conventional ciise model and the developed
EPRCM.
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Figure 6.3 Comparison of conventional FEM and EPR-FEM.
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6.3.1 Numerical examples

When a material model has been developed, it shop&tate in a stable form in
numerical analyses. As EPRCM has been introducedhf first time in this work,

consecutively no research on this aspect of EPRGS! lbeen performed to date.
Therefore the focus of this section is to valididte EPRCM, which was generated in
chapter 5, in FE analyses and to illustrate theals#ifes of the developed

computational methodology, which was introducedpmevious section, in practice.
Initially the feasibility of using EPRCM in FE amais is examined through simple
linear and nonlinear structural examples. Then meophisticated geotechnical
examples are set up and using EPRCM which has toa@ed with experimental data
described in chapter 5 and incorporating it in avemtional finite element framework,
general FE analyses are carried out for the prablerne results of EPR based FE
analyses are compared with the results from coiweit material models with

parameters which have been obtained from the saae skts as those used for
developing the EPRCM. Finally the potential apglima of EPR based constitutive
modelling for coupled situations is presented tgfoan example. It is expected that
this will lead to a deeper understanding of thefggarance of an EPRCM in finite

element framework and provide the way for the U4RRCMSs in practical problems.

6.3.1.1 Example 1

This example involves a thick circular cylinder tmmming to plane strain conditions.
Figure 6.4 shows the geometric dimensions and lgmaent discretisation employed in
the solution. Due to the symmetry, only a quartethe domain has been analysed. 9
eight-node isoparametric elements have been usttkidiscretisation. The cylinder is
made of linear elastic material with a Young's modwf E=1000 kPa and a Poisson's
ratio of 0.3 (Hinton and Owen, 1980). This exampigs deliberately kept simple in
order to verify the computational methodology byngaring the results to available
analytical solutions as well as those of a lindaste finite element model. The loading
case considered involves an internal pressure dtPE)with boundary conditions as
shown in Figure 6.4. Figure 6.5(a) shows a linéaste stress-strain relationship with a

slope of 1000 that represents elastic modulus 6D 1KPa for the material. The data
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from this figure were used to train the EPR in ortkecapture the linear stress-strain

relationship for the material.

| 20 cn

Figure 6.4 Finite element mesh in symmetric quadrant of ektoiylinder with the
boundary conditions.
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(a) (b)
Figure 6.5 (a) Linear stress-strain relationship used faning, (b) the results of EPR
predictions for stress-strain values.

The EPR-based finite element model incorporatimgtthined EPR was used to analyse
the behaviour of the cylinder under the appliecerimal pressure. The results are

compared with analytical solutions as well as thobtained using a standard linear
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elastic finite element method. Figure 6.6 showsr#ttgal displacements, radial stresses
and tangential stresses along a radius of the dsfljnpredicted by the three different
methods. Comparison of the results shows thateselts obtained using the EPR based
FEM are in excellent agreement with those attaineh the analytical solution as well
as the standard finite element analysis. This shb@gotential of the developed EPR
based finite element method in deriving constiitrelationships from raw data using

EPR and using these relationships to solve bounddnge problems.
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—A— Theoritical Solution
—&— Standard FEM
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Figure 6.6 Comparison of the results of the EPR-FEM, stan&&#ll and theoretical
solution in terms of (a) radial displacement, @dial stress and (c) tangential stress.

6.3.1.2 Example 2

The second example is an arch bridge with dimessidri2 m length and 3.5 m height.
Due to symmetry just half of the bridge was analysehe geometry of the bridge
together with the FE mesh and boundary conditisashown in Figure 6.7. As seen in

the figure, 68 triangle elements have been uséukidiscretisation of the problem.
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Figure 6.7 Geometry of the bridge and the FE mesh showingdharty conditions.
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This example has been selected to verify the pexpasmputational methodology by
comparing the results of the linear elastic finglement solution with the results
obtained from an intelligent EPR based nonlinear rRédel. For the EPR based
nonlinear FE analysis the stress-strain curve faigle material shown in Figure 6.8
was adopted into the analysis.

50 ~
< Data points
Linear elastic model

40 — EPR based model
<
o 30
=
0
n
£ 20
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0 </ T T T T

0 0.0005 0.001 0.0015 0.002
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Figure 6.8 EPR based stress-strain curve passing throughimeqgal stress-strain
data points (adopted from Marsono 2000).

The stress-strain data points shown in Figure Ge8vobtained from the results of a
compression test over a concrete material. ThecteeleEPR model for the curve
passing through experimental data points is

0=(-5.3E+12)’ + (2.4E+ 103, (6.7)

By definition, in the nonlinear FE procedure thegential elastic modulus of the
material at each strain can be obtained from thévatere of the Equation (6.7),

therefore the EPR based elastic modulus of therematerial can be taken as

Eepr = (1.06E+ 13}, + (2.4%+ 10 (6.8)
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For conventional linear analysis the initial vabfeE equal to 24.5 GPa was taken as the
elastic modulus of the bridge material. The briglges analysed under a vertical point
load of 960 kN at point “A” as shown in Figure &3 well as its own weight. For both
analyses the Poisson’s ratio was kept constan} €h@ the unit weight of the bridge
material was taken as 25 kNinfFigure 6.9 shows the comparison between thetsesul
of linear finite element analysis and those of gneposed intelligent finite element
analysis. In order to clearly distinguish the réesubbtained by the two separate
analyses, the results were magnified by a factdO8f From the figure it can be seen
that EPR based model was able to capture the manmlisiress-strain relationship and

reflect this relationship inside the FE proceduriiwigh precision.
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Bridge original shape

= == Bridge deformed shape from linear elastic analysis

Bridge deformed shape from nonlinear EPR baseqsisal

Figure 6.9 Comparison of the results obtained from convemtitinear elastic analysis and intelligent nonlinE®R based analysis.
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The difference between the values of deflectiopa@nt “A” obtained from the two

separate analyses is highlighted in Figure 6.10.
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Figure 6.10 Comparison between the values of deflection atémre of bridge
calculated from conventional linear and EPR basedimear FE models.
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6.3.1.3 Example 3

This example involves the analysis of stressesqinstrand displacements in an
embankment of Mohr-Coulomb material subjected taviy loading. The finite
element mesh used included 225 eight-node isopanameéements and 736 nodes. This
is illustrated in Figure 6.11 together with the gdry of the embankment.

45 m

AELSLARNANNAN
\\ AN

A

45 m

A

Figure 6.11 Geometry of the embankment and the FE mesh.

The results from a series of triaxial tests, désctiin section 5.2.1.1, were used in this
example for the training of the EPR model with aorémental stress-strain (tangential
stiffness) strategy. It was assumed that the estketl was representative of the material
of the embankment. The test data were arranged@alaired in section 5.2.1.1 of
chapter 5 and used to model the stress-strainiae$hip for the soil. The obtained
EPRCM in the form of equation 5.15 was incorporatethe EPR based finite element
model. The developed FE model incorporating the ERR as described in the
previous section, was then used to simulate thavwietr of the embankment under the
gravity loading. For the conventional finite elerhanalyses, the Mohr-Coulomb model
was selected in which the material parameters fmethis model were obtained from

the triaxial test results over samples of siltyl oth 5 percent clay, as summarised in
Table 6.1.
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Table 6.1 Material parameters for Mohr-Coulomb model.

c' (kPa) ¢ (deg.) v E (kPa) y (KN/m®)
20 30 0.33 20000 16

The comparison of results in terms of surface exatint, contours of displacement in X
and Y directions, and major stresses and stramslaown in Figures 6.12 to 6.16. The
standard finite element results were obtained fammalysing the embankment using
Mohr-Coulomb elastic-plastic model and the intaht) based finite element results
were obtained where the raw data from the triabasts were directly used in deriving
the EPR based constitutive relationship and coresgtyuthis model was incorporated
into the intelligent finite element code. For bo#malyses, the total weight of
embankment was applied incrementally. From theltesibtained, it can be seen that
intelligent finite element method is capable of tcaimg the complex constitutive

relationships of the soil and offer very good pectidn of the behaviour of the

embankment under gravity loading.

0.70 - —=— Standard FEM
—— EPR-FEM
0.60 1 e ':‘:‘:‘:‘:‘:ﬁtm:.:m
} 10" increment

E 050

|5 } 8" increment

€ 0.40 1

5 ]

© } 6" increment

w

© 030 -

3} )

“cE = 4_H""—I~|-_.\. h .

US) 0.20 - } 4™ increment
0.10 ] == 3 } 2"increment
0.00 T T T T 1

0 10 20 30 40 50

Distance from the left border of the embankment (m)

Figure 6.12 Comparison of the computed results for the suréattbement of
embankment at different increments using standéid Bnd EPR-FEM.
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(b)

Figure 6.13 Comparison of the results for displacements irré@ion showing (a)
displacement contours from standard FE analysiglandisplacement contours from
EPR based FE analysis.
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(b)

Figure 6.14 Comparison of the results for displacements irréaion showing (a)
displacement contours from standard FE analysig@ndisplacement contours from
EPR based FE analysis.
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Figure 6.15 Comparison of the results for major principal s¢rehowing (a) stress
contours from standard FE analysis and (b) strestars from EPR based FE analysis.
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Figure 6.16 Comparison of the results for major principal istishowing (a) strain
contours from standard FE analysis and (b) stramazirs from EPR based FE analysis.
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6.3.1.4 Example 4

This example involves the analysis of deformatiocouad a tunnel subjected to gravity
and excavation loadings. The geometry of the tuamel the finite element mesh are
shown in Figure 6.17. The finite element mesh ideki 96 eight-node isoparametric
elements and 336 nodes. The depth of the tunnelncfeom the ground surface is 12

m.
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Figure 6.17 Geometry of the tunnel and the FE mesh.

The results from the same series of triaxial tastsised for the embankment example
were utilised in this analysis for the trainingtbe EPR based constitutive models. It
was assumed that the soil tested was representititree material around the tunnel.
The obtained EPRCM in the form of Equation (5.18swncorporated in the EPR based
finite element model. The developed FE model inccapng the ERRCM was then
used to simulate the behaviour of the tunnel ugdavity and excavation loadings. For
the conventional finite element analyses, the tesufl the triaxial tests were used to
derive the material parameters for the Mohr-Coulofalastic-plastic) and Duncan-
Chang (nonlinear elastic) models for the soil. Engarameters are summarised in
Table 6.2.
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Table 6.2 Material parameters for Duncan-Chang (19a19) Mohr-Coulomb models.
c' (kPa) ¢ (deg) R K n v E (kPa) y (KN/m®)
20 30 0.8121  159.44 0.6233 0.33 20000 16

Figure 6.18 shows a comparison between the defmmat the tunnel face predicted

using standard finite element analyses with the daoAChang nonlinear elastic and
Mohr-Coulomb elastic-plastic models as well asgh@posed EPR based finite element
method (EPR-FEM) where the raw data from the tabiests were directly used in

deriving the EPR-based constitutive model.

- FEM with Mohr-Coulomb Model (Elastic-Plastic)
1! 1);
5M H—— Intelligent FEM (EPR-Based FEM) 1):
it It
;| FEM with Duncan-Chang Model (Nonlinear-Elastic) 1
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Figure 6.18 Comparison of the results of the intelligent FEMI@onventional FE
analyses.

Figure 6.18 shows that the patterns of deformadiensimilar in all 3 analyses. The FE
analysis using the Duncan-Chang model seems to hawer-predicted the
displacements in the tunnel whereas the resuliseointelligent FE analysis and the FE
analysis using Mohr-Coulomb model are very closespite the relatively small
difference between the results from the differemtlgses, it can be argued that the
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EPR-FEM results are more reliable, as this mettsmtl uhe original raw experimental
data to learn the constitutive relationships fag thaterial and it did not assume any
particular constitutive relationships, yield comatis, etc. From the results obtained, it is
shown that the developed EPR based finite elemettiod is also capable of capturing
more complex constitutive relationships of matari@nd can offer very realistic

prediction of the behaviour of structures.

Furthermore, in order to examine the effect of ggiifferent EPRCM relationship on

the results, the simplest equation obtained toesapt the constitutive behaviour of the
soil under consideration (i.e., Equation (5.4)) waplemented into the FE procedure
and the analysis was repeated. Figure 6.19 shaveetlults of this analysis compared

to the results obtained using Equation (5.15).

L __ -» Intelligent FEM (Using Eqg. (5.15) as EPRCM)
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| ]
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Figure 6.19 Comparison between deformation results of thegbwall using two
different EPRCMs.
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As it can be seen in the Figure 6.19 the FE residitsg the simplest EPRCM and the
most complex EPRCM are very close to each othes dlso implies the robustness of
the intelligent FE procedure and indicates thatnettee very simple EPR based
constitutive relationship which is developed to rement the soil behaviour is
representative enough to give realistic results.

6.3.1.5 Example5

In this example the surface settlement and thecabdtress distribution under a circular
footing is modelled using the EPR based FEM. Thiepsoperties were considered the
same as those used in examples 3 and 4. Refletttengircular geometry of the
foundation, this problem was modelled using axiswtiia FE formulation. Figure 6.20
shows the finite element mesh of the problem whiotiudes 210 isoparametric
elements (eight-node) and 689 nodes. Smaller elsmesre used close to the region of
higher stresses. The problem was analysed undefotitang pressure of 200 kPa.
Figure 6.21 presents the resulting vertical stesgours due to the applied pressure,
obtained from (a) the pressure bulb charts predanteambe and Whitman (1979) and
(b) the EPR based finite element model presentéuisrstudy.

IN
3

-
-
-
=T

30 m

A
v

30m
Figure 6.20 Geometry of the footing and the FE mesh.
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Figure 6.21 Contours of vertical stress obtained from (a) tsharesented in Lambe and
Whitman (1979) and (b) results of EPR-FEM.
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As it can be seen in the Figure 6.21 contours dfoad stress obtained by the intelligent
FE model have the correct general shape, howewsetlcontours are not at exact
locations along the centre line beneath the foodsghose obtained from the charts.
This is due to the fact that in EPR based FE mthaketlasticity modulus is not constant
for the entire analysis but it is updated at eaeld lincrement and separately for every

single point in the mesh based on the resultsafipus increment.

A comparison between the EPR-FEM results and thkaltse of the design charts in
terms of the locations of the contours beneathctrgre line of the footing is also
presented in Table 6.3. In addition, Figure 6.2&shthe amount of footing settlement
obtained from the numerical analyses using threféerdint constitutive models
including Mohr-Coulomb, Duncan-Channg and EPRCMonfrrthe results shown in
Figure 6.22, it can be seen that the results asecPerhaps it could be argued that the
EPR-FEM results are more accurate as it does ropliree a priory any idealised
constitutive relationship for the soil, as it iethase for the other two models, and it

obtained the constitutive relationship directlynfrthe actual experimental data.

Table 6.3 Comparison of EPR-FEM and closed form result<iiaular footing.

Contour EPR-FEM Chart
0.9 0.38B 0.26B
0.8 0.46B 0.36B
0.7 0.53B 0.45B
0.6 0.63B 0.54B
0.5 0.79B 0.64B
04 0.95B 0.79B
0.3 1.04B 0.97B
0.2 1.29B 1.26B
0.1 1.94B 1.86
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Figure 6.22 Comparison of the results for surface settlemétitefooting obtained
from the intelligent FEM and conventional FE anak/s

6.3.2 Coupled stress-strain-flow analysis

The finite element formulation for coupled stressis-flow analysis, described in
chapter 3, was implemented into the developed Fig§rpm in order to analyse the
behaviour of saturated soils. Terzaghi’'s one dinwgrad consolidation problem was
analysed with the developed program and the restilise analysis were compared to
the analytical solution in order to verify the axt implementation of the coupled
formulation in the intelligent FE program.

6.3.2.1 Verification Example

Terzaghi one dimensional consolidation problem stse®f a column of soil restrained
from lateral displacement. In this problem, theodefation and flow of pore fluid occur
in only one dimension. One dimensional consolidatonditions apply when a layer of
saturated clay of uniform thickness is subjectedrtanstantaneous uniform surcharge,

g, of large lateral extent. Terzaghi derived thdofwing partial differential equation
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describing the dissipation of excess pore pressamesassociated deformation of the

soil in one dimensional consolidation

0u _ou

G %7 ot (6.9)

wherec, (L¥T) is the coefficient of consolidation which is telemined by the

compressibility and permeability of the sail(F/L?) is the excess pore pressure in the
soil, z is depth of the point under consideration in tb& andt is time. It should be
noted that the following assumptions were consuid¢oe the derivation of the above

analytical solution for the one dimensional cordgsaion problem

)] The soil medium is fully saturated.

i) The pore water in soil medium is incompressible.

iii) The soil particles are incompressible.

iv) The pore water flow through the soil medium is goeel by Darcy’s law.

V) The soil material has linear elastic behaviour.

Figure 6.23 illustrates the geometry, boundary iait@l conditions, material properties
and finite element mesh for the validation problére finite element mesh for this
problem includes 10 elements in which every elemh@steight nodes for displacement

and four nodes for pore water pressure.
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Figure 6.23 Geometry of the verification problem and the FESmshowing boundary
conditions.

Figure 6.24 shows the plot of excess pore pressheamges with depth and time
obtained from the results of FE analysis and coetgbavith the results of Terzaghi’'s
analytical solution. The results are shown at fiNflerent times which are represented

by the dimensionless time factor, T, defined as

t
T :% (6.10)
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The excess pore pressure is normalised by the toagnof the tractiong, and the
depth,z is normalised by the length of the longest drgénpath, H. As it is seen in
Figure 6.24 the level of agreement between thetseeBom FE analysis and analytical

solution is excellent.
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Figure 6.24 Pore water pressure changes for the verificattoblpm computed using
analytical solution and finite element analysis.

6.3.2.2 Intelligent coupled analysis

In this example, the behaviour of the soil is stddin a coupled condition. An
isotropically consolidated undrained triaxial coegsion test is simulated using the
developed finite element code and the data fonitrgiand validation of the EPRCM

are generated by repeating the test at differenstant cell pressures and using the
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Modified Cam Clay soil model (Roscoe and Burlan®8)9 The material parameters

assumed for the soil are

A = 0.14 (slope of the virgin consolidation line),

x=0.015 (slope of the unloading/reloading lineth@v:Lnp’ space),

M = 0.8 (slope of the critical state line in i@’ space),

P.= 100.0 kPa (isotropic preconsolidation pressumdicating the size of the yield
surface),

N = 2.68 (intercept of the virgin consolidation liwéh vertical axis).

The saturated specimen simulated for this test8igngn in diameter and 76 mm in
height, similar to that of a typical triaxial sarmaplThe finite element model is
schematically shown in Figure 6.25.

Apply the cell pressure and measure
the different variables.

L

Point A

I I I I I 1 I I I 1 The integration point in which the daf>a

monitored at this point is used for
EPRCM training and validatic

’

Figure 6.25 A schematic view of the finite element model usedenerate the required
data for development of EPR based constitutiveiogighip. For each particular cell
pressure the variations of different parameteridiog stresses, strains, pore water

pressure, velocity, hydraulic gradient and displaeet at the specific integration point

A are monitored and used for EPRCM development.
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The data generated by numerical simulation of dagtally consolidated samples at
different confining pressures of 50, 100, 200, 3800 and 500 kPa are shown in

Figures 6.26 and 6.27.
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Figure 6.26 The results of the numerical simulation of isotcogpnsolidation test
showing (a) the variation of effective stress withe at different applied pressures, (b)
the variation of pore water pressure with timeitiecent applied pressures, and (c) the

variation of velocity of flow with time at differémpplied pressures.
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Figure 6.27 The variation of surface settlement of the spenifm®rmalised) with
square root of time at different applied pressures.
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To examine the capability of EPR for analysing dedpconditions, the data from the
simulated isotropic consolidation tests at all aunfy pressures, except the one under
300 kPa pressure, were used to generate the rdqgewelutionary polynomial
regression based relationships. Two different EPBdets were considered with
separate sets of input-output variables. In tret §et, three variables including time (t),
confining pressures and axial straineg) were considered to predict the effective stress
(¢") at each time. In the second model the first timpat variables were the same as the
first model, also it included two additional inpedriables as velocity of flow) and
pore water pressurel)(at each time to predict the permeabiliky 6f the soil under
experiment. For each set, separate EPR models dereloped among which the
simplest and most ideal models were selected tesbd in the finite element procedure.
These models were obtained using EPR type 2, witifunction and the range of
exponents as [-1,-0.5,0,0.5,1]. Also the singlescotiye criterion was utilised for EPR
training. The selected models were

4.964F - 17[¢,

o' =-3.831F - 6./og, - 005+ 418 - dt+ t (6.11)
k =0.0403&, + 3.2946 - Bn/o - 1.4143- JAtv- 0.084521+
(6.12)

0.02665%/u + 4.0981

The selected EPR models for predicting effectivesst and permeability were then
incorporated into the intelligent finite elementaded From Equation (6.11) the elastic

modulus of the soil can be obtained by taking tevadtive of this equation as

7.6634E - 7t\/5+ 9.9288- 18 o,

Eepr =~ \/;1 t\/?l . (6.13)

The intelligent EPR based FE model was then ussdriolate the behaviour of the soil
at the confining pressure of 300 kPa which was inttbduced to the EPR during
training. Figures 6.28 and 6.29 show the comparisotine results obtained from the

intelligent FE as well as the conventional FE ughmgmodified Cam-Clay model.
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Figure 6.28 Comparison of the numerical results for the vaoret of the surface
settlement with square root of time using inteligePR based and conventional FE
models.
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Figure 6.29 Pore water pressure changes with time along tbeirsen computed using
coupled conventional FE model and coupled intetiigePR based FE model.
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As it can be seen in Figures 6.28 and 6.29, exdelgreement between the finite
element generated data and the results predictea ¢doupled intelligent FE code is
achieved which highlights the potential of the deped technique in more complex

situations.

6.4 Conclusions

An intelligent finite element method (EPR-FEM) hlasen developed based on the
integration of an EPRCM in a finite element framekvdn the developed methodology,
the EPRCM is used as a substitute for the conwvegitioonstitutive models for the

material. The efficiency and adaptability of theopwsed method have been
demonstrated by successful application to sevenahtbary value problems. The results
of the analysis have been compared to those obtdinen conventional FE analyses
using the Duncan-Chang nonlinear elastic model elé & Mohr-Coulomb (elastic-

plastic) model. The result shows that EPRCM carsiieessfully implemented in a
finite element model as an effective substitute domplicated conventional material
models. As compared with traditional constitutivedals, the EPR based constitutive

model has several advantages including

(1) It provides a unified approach to constitutive mtidg of all materials.

(i) It provides a transparent and structured relatipnsii the constitutive
behaviour of the material.

(i) It does not require any arbitrary choice of the stibative (mathematical)
model. The incorporation of an EPRCM in FE procedavoids the need for
complex yielding/plastic potential/failure funct®nflow rules, etc. There is
no need to check yielding, to compute the gradiehthe plastic potential
curve or to update the yield surface.

(iv)  There are no material parameters to be identified.

(v) As EPR learns the material behaviour directly frraw experimental data
the EPR based constitutive model is the shortagierérom experimental
research (data) to numerical modelling.

(vi)  The numerical parameters of the EPR based comatitatodels are easily
and automatically defined and EPRCM can be incateorin a FE code in a
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(Vi)

very natural manner. A trained EPRCM can be incaa in a FE

code/procedure in the same way as a conventiomatitative model. It can

be incorporated either as incremental or totalsstsdrain strategies. An
intelligent FE method can be used for solving ba@updsalue problems in
the same way as a conventional FEM.

An additional advantage of EPRCM is that as mota 8dacomes available,

the material model can be improved by re-trainhmgy EPR.
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CHAPTER 7

CONCLUSIONS AND
RECOMMENDATIONS

7.1 Concluding remarks

An EPR based material modelling methodology, paldity for geomaterials, is
developed in this study. The methodology is gerenit can be extended for other types
of materials, as well. With this material modellimgethodology, the stress-strain
behaviour of a material is captured within evolotioy based structured expressions
trained directly on the stress-strain data obtaiinech experiments. The feasibility of
this approach is validated through constitutive el of the behaviour of soils under
drained and undrained conditions. Also the optiEB@R structure for training the soil
behaviour is investigated. From the analysis aedogrformance of EPR based material
models, it can be concluded that the use of EPRhfomodelling of material behaviour
Is viable and promising. Such a method does notengakriori assumptions about the
material behaviour, but rather bases its predictbrstress-strain behaviour on the

experimental data with which it has been trained.

In addition, separate algorithms are proposed base@ feed-forward concept, for
drained and undrained conditions for utilising theveloped EPR based constitutive

models as stand alone triaxial data generators.sirhelators are successfully used in
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predicting material behaviour over stress paths llaae not been experienced by the

model during training.

This thesis presents a fundamentally different @@gn to constitutive modelling of
materials in finite element analysis. An intelligénite element method is presented for
modelling engineering problems. The method is basedhe integration of an EPR

based material model in the finite element procedur

The methodology was first tested on two structes@mples with linear and nonlinear
behaviours. As for the engineering applicationsjsitessential that a FE analysis
incorporating an EPRCM converges at each load ineng (otherwise the EPRCM has
no meaning). The application of the methodologyipalarly to the nonlinear structural
example showed a concrete evidence that this wbeldiable and it was useful in
forming the foundation of the methodology for apation to geotechnical problems
which have more complicated nonlinear behavioure Tdmsibility of the developed
intelligent FE model was then illustrated by sust@sapplications to a number of
geotechnical boundary value problems. For each, thseresults of the analysis were
compared with those obtained from conventional REly&es using some of the most
commonly used constitutive models. From the conspas of the results, the following

points can be highlighted

) The EPRCM based FE model is a robust methodologipraall cases it
gives realistic results,

i) EPRCM can be of efficient use in FE analysis asrthmerical solution
using EPR based material model converges at all ilnerements (does not
lead to impractical results),

iii) As EPRCM represents the real nonlinear behaviodheimaterial, literally
the results of the FE analyses incorporating an ®@®@Rhould give more

accurate predictions.

The Intelligent FE methodology was then extendestudy stress-strain-flow behaviour
in a coupled consolidation example. The data fis gtudy was generated by finite
element simulation of an isotropically consolidateidxial compression test. Unlike

neural networks, EPR can have just one outputptbss, two separate equations were

trained for predicting elastic modulus and permiggiparameters. Incorporating these
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equations in the FE model, the results from irdelit numerical analysis of the sample
under consolidation (at a confining pressure whigs not introduced to the model
during training) showed excellent agreement witle tiesults of conventional FE

simulation. This verification example provided andow of opportunity to expanding

this methodology to more complicated conditions.

The main advantages of using an EPR based modethateit provides a unified

approach to constitutive modelling of materials.(ievery aspect of material behaviour
can be implemented within a unified environment af EPR equation); the

incorporation of an EPR based constitutive mode iimite element procedure avoids
the need for complex yielding/plastic potentiallfee functions, flow rules, etc.; there
is no need to check yielding, to compute the gradief the plastic potential curve or to
update the yield surface; there are no materiahrpaters to be identified and the

network is trained directly from experimental data.

The EPR is capable of learning the material behawiirectly from raw experimental
data; therefore, EPRCM is the shortest route froqpeemental research (data) to
numerical modelling. It was shown that even if gwmplest EPRCM among several
available EPR based material models (trained frazartain set of data) is selected for
incorporating in FE, it can lead to reliable nuroatiresults. This emphasises the
effectiveness of the methodology whenever apprtpriaxperimental data are
available. Another advantage of evolutionary potyral regression based constitutive
model is that as more experimental data becomdadlai the quality of the model
prediction can be improved by learning from theitlolal data covering a wider range
of stress paths; therefore, the material modelb=oome more general and robust. It
should be noted that, for practical problems, tatadused for training the EPRCM
should cover the range of stresses and strainsatieatlikely to be encountered in
practice. This is due to the fact that EPR, likg ather artificial intelligence technique,
Is good at interpolation but not so good at extiapan. Therefore, any attempt to use
EPR based finite element model for loading condgidhat may lead to stresses or
strains outside the range of the stresses andistaed in training of the EPRCM may

lead to unacceptable errors.

A properly trained EPRCM can be incorporated inEadede in the same way as a

conventional constitutive model. It can be incogted either as incremental or total
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stress-strain strategies. An intelligent FE metlsad be used for solving boundary
value problems in the same way as a convention®.HEshould be highlighted that
although the work proposed here was mainly focusedsoils, the methodology
proposed is generic and could well be applied beotnaterials that have constitutive
models that are difficult to accurately define imnmrerical codes used in other

engineering disciplines.

7.2 Recommendationsfor further work

The EPR based approach to model the material balmawi computational mechanics,
provides an alternative way for modelling the coemplbehaviour of engineering
materials including soils. As has been discussedisstudy, there are many benefits to
use an EPR based material model; however this weok first step in developing
intelligent EPR based constitutive models and nmawek can be done in the future. A

list of further research needs arising out of gtigly are listed in the following

» The approach developed in this study can be extetalenodel the stress-strain
behaviour of geomaterials under cyclic loading,edefing on the existence of
relevant experimental results, and an approprigpeesentation scheme can be

designed.

» Considering the complex nature of some materialsh sas soil, rock,
composites, etc., in the modelling of the behaviofirthese materials the
coupling between macro and micro properties mayigeobetter understanding
of the mechanisms that dictate the constitutivealetur of these materials. This
can be studied with the approach developed invibik; however experimental
data on these aspects of such materials need torbpiled and processed. In
addition, the approach can be extended to studpehaviour of other granular
materials or any other engineering material eigmhterials.

» The illustrative examples presented using theligegit EPR based FE model,
have not considered the possibility of predictimgsBon’s ratio. The application
of the proposed method in calculating this paramst®uld be investigated

when the variation of this parameter is reflectethe experimental data.
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