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Abstract

Graph layout problems are a special class of combinatorial optimisation problems,

aiming at discovering a linear layout of an input graph such that a certain objective

function is optimised. A linear layout is a labeling of the nodes of a graph with

unique integers. Graph layout problems are mainly NP-complete, meaning that a

guaranteed optimal solution cannot be reached in polynomial time. Because a large

number of problems in science and engineering can be formulated as graph layout

problems, a variety of methods have been proposed for addressing them.

These methods are mainly heuristic in nature and based on graph-theoretic

concepts. The best graph-theoretic heuristic algorithms can produce good-quality

solutions in a short time, but, of course, they do not guarantee the optimality of

the solutions obtained, and the solutions may be far from ideal. Meta-heuristic

and Hyper-heuristic approaches are popular alternatives to classical optimisation

techniques in a variety of domains. However, in the case of graph layout problems,

there has been a limited exploration of such methods. Although meta-heuristics ap-

plied to these problems have shown to typically produce better results than graph-

theoretic heuristics, in practice, graph-theoretic heuristics are much more preferred

due to being substantially faster and more reliable.

This thesis presents Genetic Hyper-Heuristics, which are heuristic search algo-

rithms, exploring the space of problem solvers. They are designed to automatically

evolve heuristic algorithms for graph layout problems. The evolved heuristics are

reusable, meaning that they are intended for use on unseen problems. The central

organising element of the genetic hyper-heuristics is a specialised Genetic Pro-

gramming system. In addition to its application as a hyper-heuristic, our proposed



genetic programming system can be utilised as a meta-heuristic in order to solve

this class of problems. This is also presented in the thesis.

In this study, we particularly focus on two of the most important graph lay-

out problems, namely bandwidth and envelope reduction problems, and use them

as testbeds for our algorithms. In order to assess the performance of the heuristics

generated, we evaluate them on a large set of standard benchmark matrices from the

Harwell-Boeing sparse matrix collection against the best bandwidth and envelope

reduction algorithms from the literature. The results obtained show that the evolved

heuristic algorithms are able to outperform state-of-the-art human-designed algo-

rithms. In addition to being highly effective, the heuristics generated by our hyper-

heuristic methods are very fast, and therefore suitable for practical use.
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Chapter 1

Introduction

1.1 An Overview of the Relevant Concepts

An optimisation problem is a computational problem in which the aim is to find the

best of all feasible solutions, or, in other words, to discover a solution in the search

space corresponding to the optimal (minimum or maximum) value of the objective

function [131]. Optimisation problems can be categorised in several ways based on

the existence or type of constraints, nature of design variables, physical structure of

the problem, nature of the equations involved, deterministic nature of the variables,

permissible value of the design variables, separability of the functions and number

of objective functions [145]. Optimisation problems are also naturally divided into

two distinct classes: those with continuous variables, and those with discrete vari-

ables, which are called combinatorial problems [131]. In general, in the continuous

problems, we search for a set of real numbers, while in the combinatorial problems,

we search for an object from a finite set or possibly countably infinite set, which

may be an integer, set, permutation or graph [131]. Combinatorial optimisation

problems are among the most difficult problems faced by computer scientists.
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Graph layout problems are a special class of combinatorial optimisation prob-

lems, aiming at discovering a linear layout of an input graph such that a certain

objective function is optimised [50]. A linear layout is a labeling of the nodes of a

graph with unique integers from the set {1, ...,n}where n is the number of nodes in

the graph. The list of important graph layout problems includes Bandwidth, Min-

imum Linear Arrangement, Cutwidth, Modified Cut, Vertex Separation, Sum Cut,

Envelope, Edge Bisection and Vertex Bisection problems [50]. Graph layout prob-

lems are mainly NP-complete, meaning that a guaranteed optimal solution cannot

be reached in polynomial time [49].

In this study, we particularly focus on two very important graph layout prob-

lems, i.e., bandwidth and envelope reduction problems, and employ them as

testbeds for our proposed algorithms.

The bandwidth of a sparse matrix is the distance (in columns) from the main

diagonal beyond which all elements of the matrix are zero [136]. The bandwidth re-

duction problem for a matrix consists of finding a permutation of rows and columns

of the matrix which reduces the bandwidth. A suitable nodal numbering scheme

can reduce the bandwidth in such a way as to bring all non-zero elements into the

smallest possible band around the main diagonal.

The sum of the distances between the first non-zero element in each row and the

main diagonal of a matrix is a property assessed by a quantity called the envelope

size of the matrix [136]. Finding a permutation of rows and columns of a matrix

which reduces the envelope size is a problem known as the envelope reduction

problem. It should be noted that both of the problems mentioned above can also be

stated in the context of graphs as we will see in the next chapter.

With respect to the fact that there are N! possible permutations for an N×N

matrix, the bandwidth and envelope reduction problems are considered, in general,

very hard combinatorial optimisation problems. Indeed, minimising the band-

2



width and envelope of symmetric sparse matrices have been proved to be NP-

complete [14, 130].

The bandwidth and envelope reduction problems have a large number of appli-

cations in scientific and engineering fields, e.g., large linear systems, finite element

methods, large scale power transmission systems, circuit design, VLSI design, data

storage, chemical kinetics, network survivability, numerical geophysics, industrial

electromagnetics, saving large hypertext media and topology compression of road

networks [45, 47, 136]. The same is true for the other graph layout problems.

As a result, numerous approaches, including exact, heuristic, and meta-heuristic

methods have been proposed for the solution of these problems.

The exact methods can find optimal solutions (global optima), but they are ex-

tremely computationally intensive. By contrast, the heuristic methods, which are

mainly graph-theoretic-based, cannot guarantee the optimality of the generated so-

lutions, but they are generally very fast. Meta-heuristic methods are viable alterna-

tives to classical optimisation algorithms, and capable of producing better solutions

than the heuristic methods. However, in the case of graph layout problems, meta-

heuristics are not generally preferred in practice, since they are stochastic in nature

and extremely slow in execution compared to graph-theoretic heuristic methods.

It should be noted that practically graph-theoretic heuristic algorithms are still the

most widely used strategies for solving graph layout problems. We will discuss

this in more detail in the next chapter.

Hyper-heuristics are considered as an emerging direction in modern search

technology. Despite the fact that the term hyper-heuristic is relatively new, intro-

duced by Cowling et al. [37] in 2001, the first research in this area dates back to

the early 1960s. Hyper-heuristics can be defined as "heuristics to choose heuris-

tics" [20]. The above definition is the most widely accepted definition of hyper-

heuristics. In this context, a hyper-heuristic is, in fact, a high-level method capable

3



of selecting and applying a suitable low-level heuristic at each decision-making

point. Note that such a system needs a number of low-level heuristics, which

should be provided by the human designer. Hyper-heuristics can also be thought

of as "heuristics to generate heuristics" [26]. In this case, the high-level method

is designed to intelligently combine simpler heuristics (provided by the human

designer) in order to evolve new heuristics. The main distinguishing feature of

hyper-heuristic approaches is that they search a space of heuristics rather than a

space of candidate solutions directly, which is the case with most meta-heuristics.

Research in the area of hyper-heuristics is motivated by the aim of increasing the

level of generality at which search methodologies can operate.

Over the past decade, hyper-heuristics have been successfully applied to a va-

riety of problems such as scheduling, timetabling, space allocation, bin packing,

SAT, TSP, nurse rostering and vehicle routing [82]. However, to the best of our

knowledge, no prior attempt to investigate the application of hyper-heuristics to

the graph layout problems has been reported in the literature.

1.2 Objectives and Contributions

Considering the main characteristics, advantages and disadvantages of the algo-

rithms proposed in the literature (see the previous section), it seems that there is

a need for developing more effective, accurate and generally applicable graph-

theoretic heuristics for solving graph layout problems. The main objective of this

thesis is to address this need.

Developing effective and efficient heuristics for graph layout problems is gen-

erally hard, and such heuristic methods are often the result of years of research by

a number of experts. Therefore, in this study, we aim to automate the process of

heuristic generation in order to reduce the development time and the need for hu-

4



man intervention. However, the human designer still needs to identify the building

blocks for heuristics, which is a crucial task.

This thesis presents Genetic Hyper-Heuristics, which are heuristic search algo-

rithms, exploring the space of problem solvers. They are designed to automatically

evolve heuristic algorithms for graph layout problems. The evolved heuristics are

reusable, meaning that they are intended for use on unseen problems. The key

component of the architecture of the genetic hyper-heuristics is a specialised Ge-

netic Programming system. In addition to its application as a hyper-heuristic, our

proposed genetic programming system can be utilised as a meta-heuristic in order

to solve this class of problems. This is also discussed in the thesis.

In order to assess the performance of the heuristics generated, we evaluate them

on a large set of standard benchmark matrices from the Harwell-Boeing sparse

matrix collection against the best bandwidth and envelope reduction algorithms

from the literature. The results obtained show that the evolved heuristic algorithms

are able to outperform state-of-the-art human-designed algorithms. In addition,

the heuristics generated by our hyper-heuristic methods are very fast, and therefore

suitable for practical use.

The main contributions of this thesis can be summarised as follows:

• Presenting the first genetic programming system for addressing graph layout

problems.

• Solving the bandwidth and envelope reduction problems using the proposed

genetic programming system.

• Presenting the first hyper-heuristic framework capable of automatically gen-

erating heuristic algorithms for graph layout problems.

• Evolving human-competitive heuristics for the bandwidth and envelope re-

5



duction problems using the genetic hyper-heuristics.

• Proposing new ideas for using a level structure system without its conven-

tional constraints, and also employing novel features in the process of priori-

tising nodes for the construction of permutations.

• Presenting a genetic hyper-heuristic approach to evolving a highly enhanced

version of the well-known Sloan algorithm.

• Presenting a local search algorithm capable of being integrated with graph

layout solvers in order to refine the ordering produced by them.

1.3 Publications

The following papers have reported subsets of the results presented in this thesis:

1. B. Koohestani and R. Poli. A genetic programming approach to the matrix

bandwidth-minimization problem. In R. Schaefer, C. Cotta, J. Kolodziej, and

G. Rudolph, editors, Parallel Problem Solving from Nature, PPSN XI, vol-

ume 6239 of Lecture Notes in Computer Science, pages 482–491. Springer

Berlin / Heidelberg, 2010.

2. B. Koohestani and R. Poli. A hyper-heuristic approach to evolving al-

gorithms for bandwidth reduction based on genetic programming. In

M. Bramer, M. Petridis, and L. Nolle, editors, Research and Development

in Intelligent Systems XXVIII, pages 93–106. Springer London, 2011.

3. B. Koohestani and R. Poli. A genetic programming approach for evolv-

ing highly-competitive general algorithms for envelope reduction in sparse

matrices. In C. Coello, V. Cutello, K. Deb, S. Forrest, G. Nicosia, and
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M. Pavone, editors, Parallel Problem Solving from Nature - PPSN XII, vol-

ume 7492 of Lecture Notes in Computer Science, pages 287–296. Springer

Berlin / Heidelberg, 2012.

4. B. Koohestani and R. Poli. On the application of genetic programming to

the envelope reduction problem. In Computer Science and Electronic Engi-

neering Conference (CEEC), 2012 4th, pages 53–58. IEEE, 2012.

5. Two journal articles under review.

1.4 Thesis Outline

The outline of this thesis is as follows:

Chapter 2 provides background information about graph layout problems with

particular attention to two important graph layout problems, namely the bandwidth

and envelope reduction problems, which, as indicated above, are used as testbeds

for the algorithms proposed in this study.

Chapter 3 presents a comprehensive review of the relevant literature on hyper-

heuristics. The fundamentals of genetic programming are also presented, since in

this work genetic programming is used both as a meta-heuristic and as a hyper-

heuristic.

Chapter 4 describes a specialised genetic programming system, designed to act

as the central organising element of genetic hyper-heuristics. The application of

the proposed genetic programming system as a meta-heuristic to the bandwidth

and envelope reduction problems is also discussed in detail.

Chapter 5 introduces a general framework for genetic hyper-heuristics. Also,

based on the proposed framework, two genetic hyper-heuristic approaches are de-

signed for evolving graph-theoretic bandwidth and envelope reduction heuristic
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algorithms. The heuristics generated are then compared to well-known human-

designed algorithms.

Chapter 6 presents a genetic hyper-heuristic for evolving a highly enhanced

version of the well-known Sloan algorithm, which is the most widely-used and

promising algorithm for reducing the envelope size of sparse matrices and graphs.

Finally, the conclusions and future work are discussed in Chapter 7.
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Chapter 2

Graph Layout Problems

2.1 Introduction

As indicated in Chapter 1, Graph layout problems are a special class of combina-

torial optimisation problems. In order to address such problems, a linear layout of

an input graph should be discovered in such a way that a particular cost function

is optimised [50]. A linear layout is a labeling or a numbering of the vertices of a

graph with distinct integers from the set {1, ...,n} [50]. Note that n is the number

of vertices in the graph. Most of the graph layout problems have been proved to be

NP-complete, which implies that there are no known polynomial time algorithms

to guarantee finding optimal solutions to these problems. Since a wide range of

problems in various disciplines can be formulated as graph layout problems, a va-

riety of algorithms have been developed for solving this class of problems [49]. In

this study, two of the most important graph layout problems, i.e., the Bandwidth

and Envelope reduction problems are the focus of attention, and we use them as

testbeds for our algorithms.

This chapter is organised as follows: In Sec. 2.2, graph theoretic definitions
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and notations of graph layout problems are presented. Sec. 2.3 provides a brief

historical overview of graph layout problems together with some of their important

applications. Sec. 2.4 briefly describes the advantages and disadvantages of the

existing methods developed for addressing graph layout problems. In Sec. 2.5,

the bandwidth and envelope reduction problems are presented in detail. Finally,

Sec. 2.6 summarises this chapter.

2.2 Graph Theoretic Definitions and Notations

Given an undirected graph G, its vertex set is denoted by V (G) and its edge set by

E (G). The notation uv stands for an undirected edge {u,v}. The degree of a vertex

u in G is denoted as deg(u) = degG (u) and the maximal degree of all the vertices

in G as ∆(G). Note that the degree of a vertex is the number of vertices connected

to that vertex. The notation Γ(u) = ΓG (u) stands for the neighbourhood of u in G,

which is the set {v ∈V (G) : uv ∈ E (G)} [155].

A linear layout of an undirected graph G = (V,E) with n = |V | vertices is a

bijective function ϕ : V → [n], where [n] = {1, ...,n}. The set of all layouts of G

is denoted by Φ(G). A layout is also called a linear arrangement, a labeling or a

numbering of the vertices of a graph [155].

Given a layout ϕ of a graph G and an integer i, first, the sets L and R are defined

as: L(i,ϕ,G) = {u ∈V : ϕ (u)6 i} and R(i,ϕ,G) = {u ∈V : ϕ (u)> i}.

According to [155], layout measures for ϕ of G are then defined as follows:

• The edge cut at position i of ϕ:

θ (i,ϕ,G) = |{uv ∈ E : u ∈ L(i,ϕ,G)∧ v ∈ R(i,ϕ,G)}|.

• The modified edge cut at position i of ϕ:

ζ (i,ϕ,G) = |{uv ∈ E : u ∈ L(i,ϕ,G)∧ v ∈ R(i,ϕ,G)∧ϕ (u) 6= i}|.
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• The vertex cut or separation at position i of ϕ:

δ (i,ϕ,G) = |{u ∈ L(i,ϕ,G) : ∃v ∈ R(i,ϕ,G) : uv ∈ E}|.

• The length of uv on ϕ:

λ (uv,ϕ,G) = |ϕ (u)−ϕ (v)|.

In order to represent a layout ϕ of a graph G, a common way is to align its

vertices on a line, mapping each vertex u to position ϕ(u). This representation

together with the definitions presented earlier are illustrated in Fig. 2.1.

Given a layout ϕ of a graph G = (V,E), the reversed layout of G is denoted by

ϕR, and for all u ∈V , it is calculated as ϕR (u) = |V |−ϕ (u)+1.

A layout cost is a function F , associating to each layout ϕ of a graph G an inte-

ger F (ϕ,G). If F is a layout cost, then the layout optimisation problem associated

with F consists in discovering a layout ϕ∗ ∈ Φ(G) of an input graph G such that

F (ϕ∗,G) = min
ϕ∈Φ(G)

F (ϕ,G) [155].

The important graph layout problems include Bandwidth, Minimum Linear Ar-

rangement, Cutwidth, Modified Cut, Vertex Separation, Sum Cut, Envelope, Edge

Bisection and Vertex Bisection problems [49, 50, 155]. The layout costs, which

correspond to these problems are summarised in Table 2.1.

2.3 A Brief Historical Overview and Applications

The Minimum Linear Arrangement problem was first introduced in 1964 by

Harper [78]. His aim was to create error-correcting codes with minimal average

absolute errors on certain classes of graphs [78, 79]. Mitchison and Durbin [123]

also considered this problem as an over-simplified model of some neural activity

in the cortex. In addition, the Minimum Linear Arrangement problem has appli-

cations in single machine job scheduling [2, 146]. Note that the Optimal Linear
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Fig. 2.1: (a) a graph G = (V,E), (b) a graphical representation of the layout

ϕ = {(a,1),(b,5),(c,3),(d,7),(e,8),( f ,6),(g,4),(i,9),(h,2)} of G and its related

measures.

12



Table 2.1: Important graph layout problems together with their costs.

Problem Cost

Bandwidth BW (ϕ,G) = max
uv∈E

λ (uv,ϕ,G)

Minimum Linear Arrangement LA(ϕ,G) = ∑
uv∈E

λ (uv,ϕ,G)

Cutwidth CW (ϕ,G) = max n
i=1 θ (i,ϕ,G)

Modified Cut MC (ϕ,G) =
n

∑
i=1

ζ (i,ϕ,G)

Vertex Separation V S (ϕ,G) = max n
i=1 δ (i,ϕ,G)

Sum Cut SC (ϕ,G) =
n

∑
i=1

δ (i,ϕ,G)

Envelope ENV (ϕ,G) = ∑
u∈V

(
ϕ(u)− min

v∈Γ∗(u)
ϕ(v)

)
Edge Bisection EB(ϕ,G) = θ

(⌊n
2

⌋
,ϕ,G

)
Vertex Bisection V B(ϕ,G) = δ

(⌊n
2

⌋
,ϕ,G

)

Ordering, Edge Sum and Minimum-1-sum are alternative names for this problem.

The Bandwidth and Envelope problems have generated a great deal of interest

since their discovery in the sixties. The Bandwidth and Envelope problems were

originally presented for speeding up several computations on sparse matrices and

reducing the amount of storage of sparse matrices respectively [136]. These two

problems are closely related and have a wide range of applications in scientific

and engineering fields, e.g., numerical analysis, large linear systems, finite element

methods, large scale power transmission systems, circuit design, VLSI design, data

storage, chemical kinetics, network survivability, numerical geophysics, industrial

electromagnetics, saving large hypertext media and topology compression of road
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networks [34, 45, 47, 72].

The Cutwidth problem was first considered in the seventies as a theoretical

model for the number of channels in an optimal layout of a circuit [1, 120]. The

cutwidth of a graph multiplied by the order of the graph generally provides a mea-

sure of the area required to represent the graph in a VLSI layout [110]. Other ap-

plications of this problem include network reliability [84], automatic graph draw-

ing [126] and information retrieval [17].

The Sum Cut problem was originally proposed in 1979 as a simplified version

of the δ -operator problem [48]. This problem is approximately equivalent to the In-

terval Graph Completion problem [146], which has applications in archeology [87]

and clone fingerprinting [85].

The Vertex Separation problem was motivated by the problem of discovering

suitable separators for graphs [118], and it has applications in VLSI design [109].

The Edge Bisection problem has practical applications in parallel computing

and VLSI circuits [16, 108]. This problem is also related to the complexity of

sending messages to processors in interconnection networks via vertex-disjoint

paths [95].

In section 2.5 of this chapter, the bandwidth and envelope reduction problems

are described in detail.

2.4 Advantages and Disadvantages of Existing Methods

As mentioned earlier, graph layout problems have connections with a wide range

of other problems in scientific and engineering fields, and therefore a variety of

methods have been developed to tackle this class of problems. These methods

can be classified into three main categories: Exact, Heuristic and Meta-heuristic

methods.
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The exact methods, such as dynamic programming, linear programming and

branch-and-bound techniques are designed to discover the exact optimal solution

(the global optimum) [137]. However, these techniques are extremely costly and

time-consuming due to their high computational complexity. Therefore, the exact

methods are very rarely used in practice for graph layout problems.

The heuristic methods proposed for graph layout problems are mainly based

on graph-theoretic concepts. The best graph-theoretic heuristic algorithms can pro-

duce good-quality solutions in a short time, but they do not guarantee the optimality

of the solutions obtained.

Meta-heuristic methods such as genetic algorithms, tabu search and simulated

annealing are search techniques, mostly based on natural metaphors [154]. Meta-

heuristic approaches are viable alternatives to classical optimisation techniques in

a variety of domains. However, in the case of graph layout problems, there has

been a limited exploration of such methods. Although meta-heuristics applied to

graph layout problems have shown to typically produce better results than graph-

theoretic heuristics, in practice, graph-theoretic heuristics are much more preferred.

For instance, the Cuthill-McKee and GPS algorithms introduced in 1969 and 1976

for bandwidth reduction problem [44, 67], and the Sloan algorithm introduced in

1989 for envelope reduction problem [156] are still the most widely used strategies

for addressing these problems.

There are two main reasons for this preference. First, the meta-heuristic ap-

proaches proposed in the literature are extremely slow in execution compared to

graph-theoretic heuristics, and therefore, they may be highly ineffective on large

problem instances usually encountered in practice. Second, due to the stochastic

nature of meta-heuristics, they normally generate a different solution in each run,

so multiple runs may be required in order to obtain the desired result. The fol-

lowing is a typical example of the practical applications of graph layout problems,

15



which can help illustrate the point.

A bandwidth reduction algorithm is generally used in conjunction with direct

methods such as Gaussian elimination for finding efficient solutions to large sys-

tems of linear equations. In this case, the bandwidth reduction algorithm plays a

key role in decreasing the complexity of the direct techniques used to solve the

main problem, which results in substantial savings in computational time. It is

clear that in such scenarios, algorithms specifically designed to address graph lay-

out problems need to be as effective and efficient as possible. Otherwise, they may

add a significant overhead to the main system, which is by no means desired.

2.5 Bandwidth and Envelope Reduction Problems

In this section, we start with a concise definition of the bandwidth and envelope.

The bandwidth of a given symmetric square matrix A of order N with entries ai j

can be defined as the maximum of its row bandwidths, where the row bandwidth

bi(A) for row i is the number of columns from the first non-zero entry in the row to

the diagonal. Considering the fact that the envelope of A is the set of elements ai j

such that 0 < i− j ≤ bi(A) ( j is the column index), the envelope size of A can be

defined as the number of elements in the envelope, or in other words, the sum of

its row bandwidths. Note that the envelope size is also referred to as variable band

or profile [14, 41]. In the next subsections, the bandwidth and envelope reduction

problems are described in detail.

2.5.1 Bandwidth Reduction Problem

The Bandwidth Reduction Problem (BRP) is a very well-known problem, familiar

to applied mathematicians and arising in many applications in science and engi-

neering. The BRP consists of labeling the vertices of a graph with integer labels
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Fig. 2.2: CAN_96 undirected graph (from the Harwell-Boeing collection).

in such a way as to reduce the maximum absolute difference between the labels of

adjacent vertices. The problem is isomorphic to the important problem of reorder-

ing the rows and columns of a symmetric matrix, such that its non-zero entries are

maximally close to the main diagonal [136]. The mathematical definition of the

BRP is provided in Sec. 2.5.3. Figs. 2.2–2.4 show an undirected graph together

with its associated sparse matrix structure before and after reordering.

As mentioned in section 2.3, the BRP has many applications in different fields.
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Fig. 2.3: Non-zero entries of the matrix associated with CAN_96 before reordering

(the original matrix structure). A cyan dot indicates a nonzero entry.
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Fig. 2.4: Non-zero entries of the matrix associated with CAN_96 after applying an

appropriate nodal numbering scheme. A cyan dot indicates a nonzero entry.
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Among these applications, finding efficient solutions to large systems of linear

equations through direct methods such as Gaussian Elimination is one of the most

common applications of the BRP. The complexity of the direct techniques with an

n× n matrix is O(n3), while for a banded matrix with bandwidth β , it is O(β 2n)

and if β � n, a substantial saving in computational time can be achieved [116].

The problem of minimising the bandwidth size has been proved to be NP-

complete [130]. This means that it is highly unlikely that there exists an algo-

rithm, which finds the minimum bandwidth of a matrix in polynomial time. It has

also been proved that this problem is NP-complete even for trees with a maximum

degree of three, and only in very special cases it is possible to find the optimal

ordering in polynomial time [61].

The first exact method for the BRP was proposed by Harary [77]. Gurari and

Sudborough [73] and Del Corso and Manzini [35] also presented three other exact

methods for addressing the problem. Note that these methods have been applied

only to matrices of relatively small size, i.e., up to 100×100.

One of the earliest heuristic approaches for reducing the bandwidth of sparse

symmetric matrices was introduced by Cuthill and McKee [44]. Their method is

still one of the most widely used methods to (approximately) solve this problem. In

this method, the nodes in the graph representation of a matrix are partitioned into

equivalence classes based on their distance from a given root node. The partition

is known as level structure for the given node (see Sec. 2.5.4 for more details). In

Cuthill-McKee algorithm (CM), the root node for the level structure is normally

chosen from the nodes of minimum degree in the graph. The permutation chosen

to reduce the bandwidth of the matrix is then simply obtained by visiting the nodes

in the level structure in increasing-distance order.

Gibbs, Poole and Stockmeyer [67] proposed a heuristic algorithm, known as

GPS, that made more extensive use of level structures. They also provided a novel
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heuristic algorithm for finding the endpoints of a pseudo-diameter (i.e., a pair of

vertices that are at nearly maximal distance) to be used as an appropriate start-

ing node. The algorithm is substantially faster than the CM algorithm, and it can

occasionally outperform it. However, it is significantly more complex to imple-

ment. The GPS algorithm has been shown to be an efficient method, in terms of

both the quality of the solutions produced and the required computational effort,

for the reduction of the bandwidth of finite-element matrices arising from struc-

tural engineering problems [55]. A new variant of the GPS algorithm has also been

presented by Wang and Shi [159] in which a heuristic parameter called the “width-

depth ratio” is incorporated into the original GPS algorithm for finding suitable

pseudo-peripheral nodes.

Recently, meta-heuristic approaches have been tested to see if they can be vi-

able alternatives to solve the BRP. Tabu search was employed by Marti et al. [121],

while Lim et al. [114] used a hybrid between a genetic algorithm and hill-climbing

to solve this problem. Piñana et al. [135] addressed the BRP by a greedy random-

ized adaptive search procedure combined with a path relinking strategy (GRASP-

PR). Lim et al. also introduced two other hybrid algorithms: one combining ant

colony optimization with hill-climbing [112] and one combining particle swarm

optimization with hill-climbing [113]. A simulated annealing approach was pro-

posed by Rodriguez-Tello et al. [148] to attack the problem. More recently, a

Variable Neighbourhood Search meta-heuristic has also been presented for the

BRP [124].

2.5.2 Envelope Reduction Problem

The Envelope Reduction Problem (ERP) consists of labeling the vertices of a graph

with integer labels in such a way as to reduce the sum of the maximum positive
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difference between the labels of adjacent vertices. This problem can also be stated

in the context of matrices, in which the objective is to find a reordering of the rows

and columns of a symmetric matrix that reduces the sum of the distances of non-

zero elements from the matrix’s main diagonal [136]. The mathematical definition

of the ERP is provided in Sec. 2.5.3.

An important class of nodal numbering schemes attempts to reduce the enve-

lope size of sparse matrices. This is an essential task for solving a variety of real-

world problems in science and engineering such as fluid mechanics simulations,

finite element analysis and network analysis. Envelope reduction algorithms are

still the method of choice for a large number of structural engineering applications,

e.g., in the computational structural mechanics testbed (CSM) [96]. In fact, the ma-

jor advantage of solving a system with reduced envelope size is that the solution

requires a smaller number of arithmetic operations and/or storage locations.

Identical to the bandwidth, minimising the envelope size has been proved to

be NP-complete [14, 117]. Because the ERP has connections with a wide range

of other problems in different fields as mentioned in Sec. 2.3, a variety of methods

have been proposed for reordering the rows and columns of sparse matrices in order

to reduce the envelope size. These methods are mainly graph-theoretic heuristics.

George [64] in the study of envelope reduction algorithms observed that renum-

bering the CM ordering in a reverse way (RCM) often yielded a result superior to

the original ordering in terms of reducing the envelope size without changing the

bandwidth. Experimental evidence confirming the superior performance of the

RCM over CM for matrices arising from the finite element method has been re-

ported in [43, 119].

The GK (Gibbs-King) algorithm [66, 111] which is a variant of the GPS al-

gorithm provides considerably better reduction of the envelope size in comparison

with the original GPS, but it is often much slower in execution. Armstrong [4] re-
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ported that near-minimal envelope sizes could be obtained for a range of finite el-

ement grids by using a simulated annealing technique. The algorithm is extremely

slow and thus unsuitable for practical use.

The Sloan algorithm [156, 157] offered a very significant improvement over

the previous methods by introducing a new step in which the ordering obtained

from a variant of the GPS algorithm was locally refined. This algorithm is one of

the most important and widely used envelope reduction methods, because it is fast,

accurate and capable of generating quality solutions. A number of enhancements

to the original algorithm have also been proposed in [53, 147].

A very different algorithm was presented by Barnard et al. [15], who proposed

the use of spectral analysis of the Laplacian matrix associated with the graph rep-

resenting the non-zero elements in a sparse matrix as an effective method for the

reduction of the envelope size of sparse matrices. In particular, the method per-

mutes a sparse matrix based on the eigenvector associated with the first non-zero

eigenvalue of the Laplacian matrix. This algorithm is iterative in nature and can

simply be implemented in parallel.

Kumfert and Pothen [107] observed that the spectral algorithm could perform

poorly on some problems. In order to fix this, they proposed a hybrid method

that combined the spectral ordering with a modified version of the second phase

of Sloan’s algorithm. Numerical experiments have shown that, for large problems,

the hybrid method with an appropriate choice of weights is superior to both the

spectral and the Sloan algorithms in terms of the quality of the solutions produced.

However, it requires significantly more CPU time than Sloan’s algorithm.

Hu and Scott [81] introduced a multilevel algorithm for wavefront and envelope

reduction. This algorithm is based on the multilevel algorithms used for graph

partitioning and employs Sloan’s algorithm. The algorithm does not appear to

offer any improvement over the hybrid method proposed by Kumfert and Pothen
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(see the previous paragraph) in terms of ordering quality, but it is faster.

2.5.3 Mathematical Definitions of the BRP and ERP

Let A be an N ×N symmetric matrix with entries ai j. For the ith row of A, the

following relations can be defined:

fi(A) = min
{

j : ai j 6= 0
}

, (2.1)

bi(A) = i− fi(A) , (2.2)

wi(A) = |{k : (k > i)∧ (∃l ≤ i : alk 6= 0)}| . (2.3)

in which, fi(A) is the column index of the first non-zero entry of the ith row of A,

bi(A) is the bandwidth of the ith row of A and wi(A) is the frontwidth of the ith row

of A. According to [44] the bandwidth of A is defined as:

B(A) = max
(i, j):ai j 6=0

|i− j| , (2.4)

or, equivalently,

B(A) = max{bi(A)} . (2.5)

As stated in [119], the envelope and transpose envelope of A can be formulated

as:

Env(A) = {(i, j) : fi(A)≤ j ≤ i} , (2.6)

EnvT (A) =
{
(i, j) : ( j ≤ i)∧ (∃k ≥ i : ak j 6= 0)

}
, (2.7)
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EnvT (A) = Env(AT ) , (2.8)

where AT is the transpose of A about its minor diagonal. As a function of bi(A) or

wi(A), the size of the envelope of A can be expressed as:

|Env(A)|= N +
N

∑
i=1

bi(A) = N +
N

∑
i=1

wi(A) . (2.9)

With respect to the definitions presented earlier, the BRP consists of finding a

permutation of rows and columns of A which reduces B(A), while the ERP consists

of finding a permutation of rows and columns of A which reduces |Env(A)|. The

ultimate aim, of course, is to reduce these quantities as much as possible. Since

there are N! possible permutations for an N ×N matrix, the BRP and ERP are

considered, in general, very difficult combinatorial optimisation problems. The

definitions in Eqs. (2.1)–(2.9) as well as the process of bandwidth and envelope

reduction are illustrated in Fig. 2.5.

While the equations reported above state the mathematical definitions of the

bandwidth and envelope of a matrix, in order to develop fast algorithms for sparse

matrices, one really needs to calculate such quantities from graphs associated with

the matrices. An n-node graph can be associated with an n×n matrix A such that

if element ai, j is non-zero then there is an edge from a vertex i to a vertex j in

the graph. It should be noted that in this case, the diagonal entries of A are not

considered as edges of the graph.

Algorithm 1 presents the process of calculation of the bandwidth and envelope

of a graph G = (V,E) with N vertices associated with a given matrix. The algo-

rithm uses the function Ad j(i), which returns a list of integers that indicate which

vertices of a graph are adjacent to vertex i (step 2). The list is simply constructed by

reading the adjacency list of the graph. This list can also be generated by using the
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Fig. 2.5: Example illustrating the definitions of the bandwidth and envelope, as

well as the process of bandwidth and envelope reduction: (a) a matrix of order 6

with some non-zero entries (marked with *), (b) its corresponding graph, (c) the re-

lated bandwidth and envelope size calculations, (d) the same matrix after applying

the permutation P = (1,6,3,4,5,2) to its rows and columns, (e) the corresponding

graph of the new matrix obtained, (f) the bandwidth and envelope size calculations

for the new matrix obtained.
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Algorithm 1 Calculation of the bandwidth and envelope size for a graph G=(V,E)

with N vertices.
1: for i = 1, · · · ,N do

2: li = Ad j(i) {Ad j(i) returns the list of all vertices adjacent to vertex i}

3: for each vertex k ∈ li do

4: bk
i = i− k

5: if bk
i < 0 then

6: bk
i = 0

7: end if

8: end for

9: bi = maxbk
i

10: end for

11: return maxbi {the bandwidth of G} or N +
N

∑
i=1

bi {the envelope size of G}

adjacency matrix of the graph, which is not recommended because of the need for

scanning the entire matrix. For example, the function would return the following

results if applied to nodes 1 through 6 in the graph shown in Fig. 2.5 (b): {3,6},

{4,5}, {1,5,6}, {2}, {2,3}, {1,3}.

Next, for each vertex k in the list l, the maximum positive difference between

the labels of adjacent vertices are calculated (steps 3-9). This process should be

repeated for each vertex of graph G. The bandwidth/envelope size is then computed

and designated as the final output of the algorithm (step 11).

2.5.4 Some Useful Definitions Related to the BRP and ERP

Level Structures. One of the most important concepts in many graph-theoretic

bandwidth and envelope reduction algorithms is that of level structure [67]. A level
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structure, L(G), of a graph G is a partition of the set V (G) into levels L1,L2, . . . ,LK

such that:

1. all vertices adjacent to vertices in level L1 are in either level L1 or L2,

2. all vertices adjacent to vertices in level LK are in either level LK or LK−1,

3. for 1 < i < K, all vertices adjacent to vertices in level Li are in level Li−1, Li,

or Li+1.

To each vertex v ∈ V (G), there corresponds a particular level structure Lv (G)

called the level structure rooted at v. Its levels are determined by:

1. L1 = {v},

2. for i > 1, Li is the set of all those vertices adjacent to vertices of level Li−1

not yet assigned to a level.

Note that if a vertex belongs to L j, then the distance between that vertex and the

root vertex is j−1. Fig. 2.6 illustrates an example of level structures.

For any level structure L, a numbering fL of G assigns consecutive integers

level by level, first to the vertices of level L1, then to those of L2, and so on [67].

In a nodal numbering scheme based on the level structures such as [44, 64, 67],

there are then two important elements that influence performance. The first is the

method used to specify a suitable starting vertex. This tends to be chosen from

either the vertices of minimum degree or the pseudo-peripheral vertices [63] in a

graph. Recall that vertices v1 and v2 are called pseudo-peripheral vertices if they

are at nearly maximum distance, i.e., the length of a shortest path connecting them

is close to the diameter of G. The second element is the method of numbering the

vertices located in each level. One of the most effective approaches is to number the

vertices of each level based on their increasing degree. This is the method adopted
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Fig. 2.6: An example of level structures: (a) an 8-node graph, (b) its corresponding

rooted level structure at vertex X6.

by the RCM algorithm. In this process, it is very likely that a level contains ties,

which are vertices with the same degree. The most common strategy for dealing

with this issue is to break ties randomly.

Laplacian Matrix. Consider an undirected, connected graph G = (V,E) and

the adjacency matrix A(G) of G. Let d(v) denote the degree of a vertex v ∈ V ,

and let D(G) denote the diagonal matrix with diagonal entries d(vi). The matrix

L = L(G) = D(G)−A(G) is called the Laplacian matrix of G. In other words:

L = li j =


−1 if i 6= j & ai j 6= 0 ,

0 if i 6= j & ai j = 0 ,

d(vi) if i = j .

(2.10)

For example, the Laplacian matrix of the graph shown in Fig. 2.7 is obtained

as follows:
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Fig. 2.7: An undirected, connected graph G = (V,E).

A(G) =



0 1 0 0 0 0

1 0 1 0 1 0

0 1 0 1 0 0

0 0 1 0 0 1

0 1 0 0 0 1

0 0 0 1 1 0


D(G) =



1 0 0 0 0 0

0 3 0 0 0 0

0 0 2 0 0 0

0 0 0 2 0 0

0 0 0 0 2 0

0 0 0 0 0 2



L(G) =



1 −1 0 0 0 0

−1 3 −1 0 −1 0

0 −1 2 −1 0 0

0 0 −1 2 0 −1

0 −1 0 0 2 −1

0 0 0 −1 −1 2


Let λ2 denote the smallest positive eigenvalue of L. An eigenvector corre-

sponding to λ2 is called a Fiedler vector. Barnard et al. [15] observed that by

30



sorting the components of the Fiedler vector in monotonically non-decreasing (or

non-increasing) order, a permutation vector is obtained by which the envelope size

of a sparse matrix could be reduced.

2.6 Chapter Summary

The aim of this chapter was to provide an overview on a special class of combi-

natorial optimisation problems, i.e., graph layout problems. These problems have

been introduced and discussed from a graph-theoretic point of view in this chapter.

Their historical background and applications together with a brief overview of the

advantages and disadvantages of existing methods developed for addressing them

have also been presented. The main focus of the chapter was on two of the most

important graph layout problems, namely the bandwidth and envelope reduction

problems, since they were employed as testbeds for this research.

The next chapter presents a comprehensive review of the relevant literature on

hyper-heuristics. The fundamentals of genetic programming are also presented.
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Chapter 3

Hyper-Heuristics and Genetic

Programming

3.1 Introduction

Hyper-heuristics represent a search methodology, which is motivated by the aim

of automating the process of selecting or combining simpler heuristics in order

to tackle hard computational problems. Unlike meta-heuristics, hyper-heuristics

operate on a search space of heuristics rather than directly on a search space of

candidate solutions. Hyper-heuristics can be classified into two main categories.

The first category aims to intelligently choose heuristics from a set of human de-

signed heuristics, usually taken from the literature. The second category aims

to generate new heuristics (which do not exist at present) from a set of poten-

tial heuristic components. The main focus of the work presented in this thesis

is on the second category. Genetic programming, which is an evolutionary com-

putation technique, is used in the present study in order to automatically gener-

ate graph-theoretic heuristic algorithms for the bandwidth and envelope reduction
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problems. The reason for choosing genetic programming is that a number of ex-

perts [13, 26, 102, 103, 104, 150] have pointed out the suitability of genetic pro-

gramming over other machine learning methods for automatic heuristic generation.

This chapter is organised as follows: In Sec. 3.2, a very brief description of

heuristics and meta-heuristics is presented. Sec. 3.3 provides a detailed review of

the key literature on hyper-heuristics considering the two main categories of this

methodology. In Sec. 3.4, a brief introduction to genetic programming is presented,

which provides an explanation of its main concepts and fundamentals. Finally,

Sec. 3.5 summarises this chapter.

3.2 Heuristics and Meta-Heuristics

Since hyper-heuristics are closely related to heuristics and meta-heuristics, it is

useful to start with a very brief description of these methods.

According to Pearl [133], heuristics are intelligent search strategies for com-

puter problem solving. A heuristic can also be considered as a rule-of-thumb or

educated guess, which reduces the search required for finding a solution. Heuris-

tic algorithms are designed to speed up the process of discovering a satisfactory

solution. However, the optimal solution is not guaranteed to be obtained.

Meta-heuristic methods such as genetic algorithms [80], tabu search [68, 69]

and simulated annealing [94] are heuristic search techniques, mostly based on natu-

ral metaphors. These methods are designed to address complex optimisation prob-

lems where classical optimisation techniques fail to be effective. According to Os-

man and Laporte [129], a meta-heuristic can be defined as an iterative generation

process, which guides a subordinate heuristic by intelligently combining different

concepts for exploring and exploiting the search space, and uses learning strategies

to structure information in order to find near-optimal solutions.
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Despite the fact that meta-heuristics are generally effective, there can often

be some reluctance to employ them for addressing real-world problems, and in

practice very simple search techniques are often preferred even if those techniques

produce relatively inferior results. In Sec. 2.4 of the previous chapter, we described

two main reasons for such a preference in relation to addressing graph layout prob-

lems. According to [149], other reasons might include:

1. In these kinds of search methods, the need for making a significant range

of parameter or algorithm choices may cause difficulties for inexperienced

users.

2. The state of the art in these techniques for coping with real world problems

tends to represent problem-specific special purpose techniques, which are

principally resource intensive to develop and implement.

3. Two identical runs may produce different answers to the same problem,

which is mainly due to the fact that these methods often involve making

some probabilistic choices.

4. There is a limited knowledge or understanding of the average or worst-case

behaviour of some of these methods.

5. These techniques are typically very slow in comparison with simple heuristic

methods.

Research on hyper-heuristics is an effort to answer these justifiable criticisms,

as we will see in the next section.
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3.3 Hyper-Heuristics

Hyper-heuristics are considered as an emerging methodology in search and opti-

misation. The term "hyper-heuristic" was first introduced by Cowling et al. [37].

According to their definition, a hyper-heuristic manages the choice of which low-

level heuristic method should be applied at any given time, depending upon the

characteristics of the heuristics and the region of the solution space currently un-

der exploration. Burke et al. [20] also defined hyper-heuristics as "heuristics to

choose heuristics". The latter definition is the most widely accepted definition of

hyper-heuristics, which has frequently appeared in the literature since 2003.

Although the term hyper-heuristics is relatively new, the first research in this

area dates back to the early 1960s. For instance, Fisher and Thompson [57, 58]

developed a method that combined local job shop scheduling rules using a prob-

abilistic learning technique. This method can be considered as a hyper-heuristic,

since the learning algorithm first selects which of two heuristics to apply, and then

the chosen heuristic selects the next job for the machine.

In a classic hyper-heuristic framework, there is a high-level method serving

as central control unit and a set of low-level heuristics. The high-level method

first examines each state of the target problem and then selects which low-level

heuristic to apply to the problem in any particular state. Considering the fact that

each problem-specific heuristic has its own weaknesses and strengths, combining

a set of heuristics in such a way as to allow one heuristic to compensate for the

weakness of another may lead to a better algorithmic performance [149].

A meta-heuristic operates directly on a search space of candidate solutions in

order to find optimal or near-optimal solutions, while a hyper-heuristic operates

on a search space of heuristics used to solve the target problem, and the aim is to

find or generate high-quality heuristics for a problem, a certain class of instances
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of a problem or even for a particular instance. This is actually the main difference

between meta-heuristics and hyper-heuristics [20, 143].

The broad aim of research on hyper-heuristics is to develop algorithms for

addressing a whole range of problems, which are fast, reliable in terms of both

quality and repeatability and with good worst-case behaviour, and more generally

applicable compared to heuristics and meta-heuristics [149].

Hyper-heuristics can be placed into two main categories [22]. In the follow-

ing subsections, these two categories together with a comprehensive review of the

literature relevant to each category are presented.

3.3.1 First Category: Heuristics to Choose Heuristics

In this category, a hyper-heuristic is provided with a set of effective human-

designed heuristics. These heuristics can be obtained from the literature. The

hyper-heuristic then tries to choose which heuristic or sequence of heuristics to ap-

ply to a given problem instance in any particular state. In the following paragraphs,

a review of the key literature on this category of hyper-heuristics is presented.

In 2001, Cowling et al. [37] introduced the concept of a hyper-heuristic as an

approach that operates at a higher level of abstraction than current meta-heuristic

approaches. In this research, they presented three different categories of hyper-

heuristic approaches, namely random approaches, greedy approaches and choice-

function-based approaches. Their hyper-heuristic methods do not employ problem-

specific information other than that provided by a range of simple, easy and cheap

to implement, knowledge-poor heuristics. Each low-level heuristic communicates

with the hyper-heuristic using a common problem-independent interface architec-

ture. This hyper-heuristic framework can either select to call a low-level heuristic

in order to see what would happen if the low-level heuristic were used, or to permit
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the low-level heuristic to change the current solution. They applied their proposed

hyper-heuristics to a real-world sales summit scheduling problem. The results re-

ported were far superior to those provided by the previous system used to generate

schedules. Some work similar to this has been reported in [20, 38, 39]

A Genetic Algorithm (GA) based hyper-heuristic (hyper-GA) for scheduling

geographically distributed training staff and courses was presented by Cowling et

al. [36]. The aim of the hyper-GA was to evolve a good-quality heuristic for each

given instance of the problem and use this to find a solution by applying an ap-

propriate ordering from a set of low-level heuristics. The hyper-GA employs a

GA as the high-level method, with low-level heuristics as the genes in the chro-

mosome. In this system, there are twelve problem-specific low-level heuristics,

which are designed to accept a current solution and modify it locally in an attempt

to return an improved solution. At each generation, the hyper-GA can call the set

of low-level heuristics and apply them in any sequence. These low-level heuristics

are considered in three groups: add, add-swap, and add-delete. The evolution re-

sults in sequences of these low-level heuristics, and these low-level heuristics are

applied to the problem according to the sequence specified. The nature of the low-

level heuristics applied varies from one generation to the next, and the hyper-GA

seems to have some ability to determine when to call each heuristic, across a num-

ber of different problem instances. The reported results showed that the hyper-GA

considerably outperformed both a GA and MA (Memetic Algorithm), and very

significantly outperformed its component heuristics. Han et al. [74, 75, 76] also

presented three different hyper-GA approaches for the trainer scheduling problem.

Burke et al. [21] developed a new hyper-heuristic method using Case-Based

Reasoning (CBR) for solving course timetabling problems. The overall goal of

their approach was to investigate CBR as a selector to choose (predict) the best (or

a reasonably good) heuristic for the problem in hand according to the knowledge
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obtained from solving previous similar problems in order to avoid a large amount

of computational time and effort on the comparison and choosing different heuris-

tics. In their CBR system, the previous most similar cases provide information

that facilitates the prediction of the best heuristic for the target case. Knowledge

discovery techniques are also employed in order to extract knowledge of mean-

ingful relationships within the case-based heuristic selector via iterative training

processes on cases of course timetabling problems. There are two iterative training

stages used in this system. The first stage attempts to discover the representation of

cases with an appropriate set of features and weights. The second stage trains the

case base such that it contains the appropriate collection of source cases. Both pro-

cesses are performed iteratively with the aim of obtaining the highest accuracy on

retrievals for predictions of heuristics for target cases. The results from this study

indicated the possible advantages of employing knowledge discovery techniques

in the course timetabling domain. This work has been extended in [33].

A tabu-search hyper-heuristic was introduced by Burke et al. [31]. They ap-

plied their method to two different domains of nurse scheduling and university

course timetabling. Different sets of local search heuristics were employed for

each of the two problems, but the hyper-heuristic was left unchanged. This hyper-

heuristic maintains a ranking of its low level heuristics based on their performance,

and applies the one with the highest rank at each decision point to the problem.

If a heuristic is applied and does not result in a better solution, it is placed in the

tabu list, and therefore it is not used for a number of iterations. The tabu search

hyper-heuristic does not receive any information about the domain in which it op-

erates. Therefore, this makes it possible to apply the hyper-heuristic to a different

problem domain without the need for modification. Similar work on a tabu search

hyper-heuristic was presented by Kendall and Hussin [88]. They also presented

an improved version of this algorithm and applied it to a real world timetabling
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problem from the MARA University of Technology [89].

Kendall and Mohamad [90] proposed a hyper-heuristic system for the channel

assignment problem, which is very important in the mobile communications in-

dustry. Their objective was to find the minimum frequency bandwidth considering

different traffic demand distributions within the mobile network. In that research,

the channel demand requirement and the minimum channel reuse distance are si-

multaneously considered in order to avoid the effect of call interference within

the same cell or adjacent cells. In this system, there are four low level heuristics

(LLHs), defined as simple local search operators, which are problem dependent.

LLHs are called to produce a move from the current solution to the new solution.

The proposed hyper-heuristic is responsible for the acceptance of a new solution

with respect to 4 different types of acceptance criteria. These are as follows. Ac-

cept all moves (AM): all the returned solutions from the LLHs are accepted. Only

improving moves (OI): only moves improving the current solution are accepted.

Monte Carlo (MC): the acceptance of the worst solution is based on a probabil-

ity distribution. Record-to-Record Travel (RRT): any configuration, which is not

much worse than the current solution, is accepted. The idea of the RRT accep-

tance criterion was proposed by Dueck [52], and it is a variant of the Great Deluge

acceptance criterion. Based on the experimental results reported, the RRT hyper-

heuristic seems to be superior to the other hyper-heuristics proposed in this study.

An Ant algorithm hyper-heuristic for the project presentation scheduling prob-

lem was designed by Burke et al. [30]. This algorithm is based on a network in

which vertices represent heuristics, and directional transitional arcs exist between

heuristics if it is possible to apply one immediately after the other. A number

of ants are then created, each of which represents a hyper-heuristic agent supplied

with an initial solution in the solution space and access to the heuristics and evalua-

tion functions. The ants are scattered uniformly among the vertices of the network.
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The ants then build a sequence of heuristics (a path) by traversing the network. At

each decision point, each ant chooses the next vertex that it will visit, traverses the

arc to that vertex, and applies the heuristic represented by that vertex to its current

solution. Vertices and arcs may recur within the path. After visiting a certain num-

ber of heuristics, the ant pauses to evaluate the traversed path and to lay an amount

of pheromone on each edge in that path according to the improvement in the quality

of the solution during the entire path. Each ant then proceeds to generate its next

path. This algorithm continues for as many cycles as required. Note that according

to [30], a cycle is defined as the time taken between all ants beginning their paths

and all ants completing their paths. Another ant algorithm hyper-heuristic has been

presented in [42].

Burke et al. [32] proposed a graph-based hyper-heuristic for educational

timetabling problems. In this study, an investigation of a simple generic hyper-

heuristic approach on a set of broadly used constructive graph colouring heuristics

in timetabling is presented. A tabu search approach is utilised within the hyper-

heuristic framework to search for permutations of graph heuristics. These heuris-

tics are then used for generating timetables in exam and course timetabling prob-

lems. In fact, their method has two stages, and the tabu search employs permuta-

tions upon a different number of graph heuristics during these stages. The proposed

hyper-heuristics were tested on both exam and course benchmark timetabling prob-

lems and were compared against state-of-the-art approaches. The results were

within the range of the best results reported in the literature.

Simulated annealing was used as a hyper-heuristic in [51] for determining ship-

per sizes for storage and transportation. This simulated annealing algorithm is

based on the tabu search hyper-heuristic presented in [31]. The difference is that

when the heuristic is chosen by the tabu search, the move it generates is accepted

according to the simulated annealing algorithm. Issues related to memory length
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in a simulated annealing hyper-heuristic are addressed in [11].

Bai et al. [12] investigated heuristic, meta-heuristic and hyper-heuristic ap-

proaches for fresh produce inventory control and shelf space allocation. For

brevity, here we only focus on three types of hyper-heuristics applied to the above-

mentioned problem. Tabu search-based hyper-heuristic (TSHH): the main idea

behind this algorithm is the incorporation of a tabu list into the heuristic selection

mechanism which prevents the selection of some low-level heuristics at certain

stages of the search. Simulated annealing hyper-heuristic (SAHH): in this algo-

rithm, a simulated annealing algorithm is used as an acceptance criterion. At each

iteration, the algorithm selects a heuristic from the set of low-level heuristics avail-

able and applies it to the current solution. If the solution generated by this heuristic

is better than the current solution, it is accepted. Otherwise, it is accepted ac-

cording to a Metropolis probability. The temperature of the simulated annealing is

then modified. When the stopping conditions are met, the system terminates and

produces the best solution found so far. Tabu search simulated annealing hyper-

heuristic (TSSAHH): this hybrid hyper-heuristic is, in fact, a compound of the tabu

search hyper-heuristic and the simulated annealing hyper-heuristic described above

in which the low-level heuristics are selected using the same rule as in TSHH, but

candidate solutions are accepted according to the simulated annealing probability

(similar to [51]). In this study, TSSAHH and SAHH performed significantly better

than the other algorithms under test.

3.3.2 Second Category: Heuristics to Generate Heuristics

This category of hyper-heuristics aims to generate new heuristics by intelligently

combining potential heuristic components, supplied by a human designer. The

main focus of the work presented in this thesis is on the second category, which
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is less well studied in the literature. There is a clear distinction between this cat-

egory and the first category described in Sec. 3.3.1, in which the hyper-heuristic

is provided with a set of complete functioning heuristics, and it must then choose

between them. The newly generated heuristics may be "disposable" in the sense

that they are produced to address just one problem instance (or a single set of prob-

lems). In other words, they are not intended for use on unseen problem instances.

Alternatively, the generated heuristics may be "reusable", meaning that they are

produced for the purpose of reusing them on unseen instances of a certain class of

problems.

This approach has a number of potential advantages. Considering the fact that

every problem instance is different, a new heuristic or a variation of a previously

created heuristic may be required in order to find the best possible solution to an

instance of a problem. There is no doubt that it would be inefficient or even impos-

sible for a human to manually create a new heuristic for every problem instance. In

general, human-created heuristics are designed to effectively address many prob-

lem instances rather than only one problem instance. For example, "best-fit" is

a general human-designed heuristic for addressing one dimensional bin packing

problem [91], and performs well on a wide range of bin packing instances. How-

ever, over a set of instances with piece sizes defined over a certain distribution, the

"best-fit" algorithm can be easily outperformed by heuristics, which are tailored to

that distribution of piece sizes [27].

A reasonable solution to the problem mentioned above is automating the

heuristic design process by a computer system. This offers the chance to simply

specify the range of problem instances that a heuristic will be applicable to, and

then generate that heuristic with minimal human effort spent in the process. Such

a heuristic may be cable of producing better solutions than any human-created

heuristic, because it is designed specifically to address that range of problem in-
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stances. Although a highly specialised heuristic can produce the best possible so-

lution to an instance or a single set of problems, in practice, heuristic algorithms,

capable of effectively addressing a wider range of problems are more desirable.

This is, in fact, in agreement with the broad aim of research on hyper-heuristics.

In the rest of this section, a review of the key literature on the second category of

hyper-heuristics is presented.

Fukunaga [59, 60] proposed an automated heuristic discovery system for the

SAT problem. The most effective heuristics for the SAT problem can be expressed

as different combinations of a particular set of components. It is argued in [59]

that humans are particularly good at identifying suitable heuristic components, but

the process of combining them can benefit from automation. In that paper, an evo-

lutionary algorithm (i.e., a heavily modified genetic programming system named

CLASS) is used to evolve human-competitive heuristics which consist of a number

potential components. This research can be considered the first to examine a ge-

netic programming system as a hyper-heuristic. Some issues related to [59] were

addressed in [60] by implementing the system in Lisp for faster evaluation, and

demonstrating that good quality heuristics could still be generated without initial-

ising the population with complex hand-coded heuristics and components.

Tavares et al. [158] presented a methodology for evolving an evolutionary al-

gorithm. They specified the main components of a generic evolutionary algorithm,

including initialisation, selection, and the use of genetic operators, and described

how each of these components could be evolved individually by a genetic pro-

gramming approach. Oltean [127] also introduced a linear genetic programming

approach in order to generate evolutionary algorithms. A standard individual in a

linear genetic programming system represents a series of instructions which ma-

nipulate values in a memory array. The memory positions are referred to as "reg-

isters". He describes an evolutionary algorithm population as the memory array,
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with each member of the population stored in one register. The genetic operators

are the instructions operating on the memory array.

Burke et al. [24] employed genetic programming in order to evolve Bin-

Packing heuristics. In this approach, a genetic programming system selects be-

tween a set of low level building blocks to create a heuristic that performs well

in the environment provided for it. In this case, the building blocks are the func-

tion and terminal sets, and the environment is the data set provided for the system.

Their system evolves a control program which decides whether or not to put a given

piece into a given bin. An individual in the population is evaluated by rating the

results produced when the algorithm is run. It should be noted that each individual

in the population is not constrained by whether or not it is allowed to put the cur-

rent piece in the current bin. However, this may result in the creation of an illegal

solution with a high penalty. In this study, they indicated that a heuristic created

by a human, namely the "first fit" heuristic (a well-known human-designed heuris-

tic for the bin-packing problem), could also be evolved by genetic programming.

They generated the heuristic without any human input except for the specification

of the building-blocks. It was reported that the generated heuristics were the same

as high quality heuristics created by humans. Some similar work on bin-packing

problem has been reported in [3, 23, 27, 28, 29, 83].

Poli et al. [144] also proposed to use a form of genetic programming as a hyper-

heuristic to attack the one-dimensional bin-packing problem with discrete item

sizes. The structure in which their heuristics operate is based on matching the item-

size histogram with the bin-gap histogram, and it is motivated by the observation

that space is wasted when placing a piece in a bin leaves a smaller available space

than the size of the smallest piece still to be packed. This method is controlled by

a heuristic function which decides how to prioritise items in order to minimise the

difference between histograms. They employed genetic programming to evolve
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such a function. This work differs from that presented in [24], since in [144] a

form of linear register-based genetic programming system is used, and the problem

addressed is offline bin packing rather than online. Another hyper-heuristic based

on linear genetic programming was introduced by Keller and Poli [86]. They used

their genetic programming system as a hyper-heuristic for addressing Travelling

Salesman Problem (TSP) (see also [128] for another study on the TSP).

Bader-El-Den and Poli [5] presented a hyper-heuristic based on genetic pro-

gramming for evolving local-search 3-SAT heuristics. The aim of this research

was to produce disposable heuristics, which are evolved and used for a specific

subset of instances of a problem as defined earlier. The genetic programming sys-

tem used in this study was grammar-based. In order to construct an appropriate

grammar to guide the hyper-heuristic, a number of well-know local-search heuris-

tics were employed and decomposed into their basic components. These heuristics

are as follows: GSAT [153], HSAT [62], GWSAT [151] and WalkSAT [152]. Next,

a simple but flexible grammar was designed in order to give the hyper-heuristic

enough freedom for evolving new heuristics. They compared their method with

other well-known evolutionary and local search heuristics and reported that the

proposed approach was competitive with the methods under test. Some work simi-

lar to this has also been presented in [6, 7, 9]. Subsequent studies by the same team

of researchers indicated that the hyper-heuristic system proposed in [5] could also

evolve constructive heuristics for timetabling problems [8, 10].

Kumar et al. [106] introduced a genetic programming system for evolving

bi-objective knapsack heuristics. This is the first work in which heuristics for a

multi-objective problem have been automatically generated by a hyper-heuristic

approach. The technique used in that research has several similarities with the

bin packing methodology presented in [82]. Further work by Kumar et al. [105]

has indicated that heuristics can also be generated by genetic programming for a
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multi-objective minimum spanning tree problem.

Recently, Burke et al. [25] have proposed a grammatical evolution approach

in order to automatically evolve good quality local search heuristics, which are

capable of maintaining their performance on new problem instances. The main

aim of this research was to automatically generate effective neighbourhood move

operators producing landscapes where it was easy to reach a good quality solution.

The evolved move operators could only accept moves that did not deteriorate the

solution. The results reported indicated that this approach was effective.

3.4 Genetic Programming

Genetic Programming (GP) [102, 122, 143] is an evolutionary algorithm inspired

by biological evolution. GP is capable of solving problems automatically without

the need for the user to specify the structure of the solutions in advance. In fact,

it is a specialisation of Genetic Algorithms (GAs) in which the evolving individu-

als are computer programs rather than fixed-length vectors of parameters. GP has

a random nature identical to GAs and is able to stochastically transform popula-

tions of programs into new and, hopefully better, populations of programs. GP has

been utilised as an automatic programming tool, a machine learning tool, and an

automatic problem-solving engine since its early beginning.

As described in Sec. 3.3.2, GP has also been successfully used as a hyper-

heuristic. For example, GP has evolved competitive SAT solvers [9, 59, 92], state-

of-the-art or better than state-of-the-art bin packing algorithms [24, 144], particle

swarm optimisers [142], evolutionary algorithms [127], TSP solvers [86, 128], 2-

D strip packing heuristics [23], bi-objective knapsack heuristics [106] and local

search heuristics [25]. In this thesis, GP is employed as a hyper-heuristic in order

to automatically generate graph-theoretic heuristic algorithms for the bandwidth
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and envelope reduction problems. The fundamentals of GP are described in detail

in the following sections.

3.4.1 Program Representation

In GP, individuals (computer programs) that form the population are generally rep-

resented as tree structures. A program tree is composed of terminals and functions.

The terminals are the leaves of the tree (nodes without branches), and as stated

in [143] they typically include:

• Variables (e.g., x, y, z),

• Constant values (e.g., 3, 6.5, Boolean constant NIL),

• Functions with no arguments (e.g., rand, go_left).

The functions are the internal nodes of the tree (nodes with branches), and accord-

ing to [102] they may comprise:

• Arithmetic operations (e.g., +, −, ∗),

• Mathematical functions (e.g., sin, cos, exp, log),

• Boolean operations (e.g., AND, OR, NOT),

• Conditional operators (e.g., If-Then-Else),

• Functions causing iteration (e.g., FOR, REPEAT, WHILE),

• Any of other domain-specific functions defined by the designer.

Note that unlike the leaf nodes having no successors, the internal nodes can have

one or more children nodes, and they return a value, which is the result of per-

forming different operations (e.g., arithmetic, Boolean etc) on the values returned
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Fig. 3.1: Tree representation of the program sin((x∗2)+(y−3)).

by their children nodes. The functions and terminals selected for generating pro-

gram trees together form the primitive set of a GP system. Fig. 3.1 shows an

example in which the tree representation of the program sin((x∗2)+(y−3)) is

illustrated. In this example, terminals = {x,y,2,3}, functions = {+,−,∗,sin} and

primitive set = {x,y,2,3,+,−,∗,sin}.

Tree representations are the most common type of representation in standard

GP. However, there are other forms of GP in which programs are represented in

different ways. For instance, linear GP [18, 134] in which programs are linear

sequences of instructions, and graph-based GP [138, 139] that evolves graph-like

programs.

3.4.2 Initialisation

GP is similar to other evolutionary algorithms in terms of the initialisation of the

population, in that the individuals (program trees) in the initial population are nor-
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mally generated randomly. There are different approaches for the generation of a

random initial population in GP. The full, grow and ramped half-and-half meth-

ods are the most widely used tree-creation techniques [102, 143]. For the three

approaches mentioned here, a predefined maximum depth needs to be specified in

order to limit the size of the initial trees.

The full method randomly selects a function from the function set for every

node until the maximum depth is reached, where only a terminal can be selected.

This leads to the generation of a tree in which all of the terminal nodes (leaves) are

at the same depth. On the contrary, the grow method randomly selects a primitive

(function or terminal) from the primitive set for every node until the maximum

depth is reached, where a terminal must be selected. This results in trees with

varied structures. The ramped half-and-half method, proposed by Koza [102] is

actually a combination of the full and grow methods in which the first half of the

initial population is generated with the full method, and the second half is generated

with the grow method. This is performed using a range of depth limits to guarantee

that trees having a variety of sizes and shapes are generated [143].

3.4.3 Fitness Evaluation

By initialising the population, in fact, the search space that GP will explore is

defined. At this stage, computer programs in the population need to be assessed in

order to determine their merits. This is, of course, a problem specific issue. The

fitness measure is actually an indication of how good a computer program is at

addressing a given problem. This quantity is then used in the selection phase as we

will see in the next section.

There are a number of different ways of measuring the fitness. For instance,

it can be measured in terms of the amount of error between system’s output and a
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desired output, the amount of time needed for a system to reach a desired state, the

accuracy of a program in identifying patterns or categorising objects, the payoff

that a game-playing program produces, the compliance of a structure with user-

defined design standards and so on [143].

Since individuals are represented as computer programs in a GP system, the

obvious method of testing the effectiveness of the solutions is to execute all the

programs in the population. To achieve this goal, the most common strategy is to

incorporate an interpreter into the algorithm to evaluate the evolved programs. In

the process of interpreting a given program tree, all nodes in the tree should be

executed in such a way as to ensure that nodes are executed only after the value of

their arguments is determined. This is normally achieved by traversing the tree in a

recursive way starting from the root node, and suspending the assessment of each

node until the values of its children (i.e., arguments) are determined [143].

3.4.4 Selection

In the selection phase, individual programs are probabilistically selected from the

population based on their fitness values. This means that better computer pro-

grams are normally favoured over inferior programs. The genetic operators (e.g.,

crossover and mutation) are then applied to the selected individuals for creating a

new generation of individual programs.

Tournament selection [102, 143], is the most commonly used method for the

selection of individuals in a GP system. However, any standard evolutionary-

computation-based selection method can also be employed for this purpose.

In tournament selection, a group of individuals (determined by the tournament

size parameter) are chosen randomly from the population, and the one with the

best fitness value is then selected to be the parent. This selection method auto-

50



matically rescales fitness, and therefore the selection pressure on the population

remains constant [143].

3.4.5 Genetic Operations

In GP, the genetic operations are applied to the program trees chosen by a selection

process for creating a new generation of individual programs. The fundamental

genetic operations in a GP system are as follows:

Crossover

Subtree crossover [102, 143] is the most common form of crossover in GP. This

operator requires two parent individuals and produces one offspring. A crossover

point (a node) is chosen at random in each parent, and as a result two subtrees

rooted at the crossover points are defined. The offspring is then created by re-

placing the first parent’s subtree with the second parent’s subtree [143]. It should

be noted that in this process copies of the parents are normally utilised in order

to avoid disrupting the original parents. Note also that it is possible to define a

crossover operation producing two offspring, but this is not common in practice.

Fig. 3.2 illustrates an example of subtree crossover.

Mutation

In GP, subtree mutation and point mutation [102, 143] are the most widely used

mutation techniques. The subtree mutation operator needs one parent individual

and generates one offspring. A mutation point (a node) is chosen randomly in

the parent. The subtree defined by the mutation point is then deleted, and a new

subtree is randomly generated in its place [143]. Fig. 3.3 illustrates an example

of subtree mutation. The point mutation is approximately the same as the bit-flip

mutation [70], which is generally used in genetic algorithms. In point mutation,

first, a random node is chosen. A new primitive with the same arity is then selected

51



Fig. 3.2: An example of subtree crossover.

52



Fig. 3.3: An example of subtree mutation.

at random from the primitive set, and the primitive stored in the random node is

replaced with the new primitive.

Reproduction

The reproduction operation copies a single individual, probabilistically selected

based on fitness, into the next generation of the population without any alter-

ation [143]. This operator provides a mechanism for retaining good program trees

in the population.

Elitism

During a GP run, there is a high probability of losing the best program tree(s) in

the population after applying the genetic operations. Elitism is used to prevent this

problem by directly copying one or a few program trees having the best fitness

value(s) in the current population, into the new population [143].
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3.4.6 Termination and Solution Designation

The termination condition may be specified as a maximum number of generations

or a problem-specific success predicate [143]. Normally, the best-so-far individual

is then designated as the result of a run. However, it may be required to return

additional individuals and data if necessary for the target problem [143].

3.4.7 Flowchart of Genetic Programming

In order to apply a GP system to a given problem, first, the terminal set, the function

set, the fitness measure, the run parameters (e.g., the population size, the maximum

program size etc) and the termination criterion should be determined, and after that

a run of GP can be launched [143]. GP is problem-independent in the sense that

the flowchart specifying the basic sequence of executional steps is not modified for

each new run or each new problem [102]. In addition, there is usually no human

intervention or interaction during a run of GP. Fig. 3.4 is a flowchart illustrating the

executional steps of a run of GP.

3.5 Chapter Summary

The main aim of this chapter was to give an overview of hyper-heuristics: an

emerging methodology in search and optimisation. In this chapter, first, heuristics

and meta-heuristics have been briefly introduced because of their close relation-

ship with hyper-heuristics. Then, a comprehensive review of the key literature on

hyper-heuristics considering the two main categories of this methodology ("heuris-

tics to choose heuristics" and "heuristics to generate heuristics") has been provided.

Because in this thesis genetic programming is used both as a meta-heuristic and as

a hyper-heuristic, its main concepts and fundamentals have also been presented in
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Fig. 3.4: Flowchart of GP (reproduced from [102]).
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this chapter.

The next chapter describes a specialised genetic programming system, de-

signed to act as the central organising element of the genetic hyper-heuristics —

our own approach to the graph layout problems. The application of the proposed

genetic programming system as a meta-heuristic to the bandwidth and envelope

reduction problems is then discussed in detail.
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Chapter 4

A Specialised Genetic

Programming System for Graph

Layout Problems

4.1 Introduction

In the previous chapter, hyper-heuristics were defined, and a comprehensive re-

view of the key literature on this methodology was provided. Considering the

importance of Genetic Programming (GP) in the current study, a brief introduction

to this evolutionary computation technique, providing an explanation of the main

concepts was also presented. This chapter describes our initial work towards de-

veloping Genetic Hyper-Heuristics (the main contribution of this thesis). The cen-

tral organising element of the genetic hyper-heuristics is a specialised GP system,

which incorporates a large number of components required for addressing graph

layout problems. The proposed GP system can be utilised both as a meta-heuristic

and as a hyper-heuristic in order to solve this class of problems. In this chapter,
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we describe the system and its utilisation as a meta-heuristic in detail. Both as a

sanity check and also due to a total lack of any previous application of GP to graph

layout problems, we employ this GP system as a meta-heuristic in order to address

the bandwidth and envelope reduction problems (BRP and ERP, see Sec. 2.5 for

more details). This allows us to explore the benefits and drawbacks of a meta-

heuristic GP approach to these problems. The results obtained on a wide-ranging

set of standard benchmark matrices from the Harwell-Boeing sparse matrix collec-

tion show that the proposed method compares very favourably with state-of-the-art

algorithms from the literature.

This chapter is organised as follows: In Sec. 4.2, our specialised GP system

for addressing graph layout problems is described in detail. Sec. 4.3 presents the

application of the proposed GP system as a meta-heuristic to the BRP followed by

the related experimental results. Sec. 4.4 details the application of the proposed

GP system as a meta-heuristic to the ERP and provides a description of our ex-

periments and the interpretation and discussion of the results. Finally, Sec. 4.5

summarises this chapter.

4.2 Our Specialised GP System

We designed a tree-based GP system with additional decoding steps required for

graph layout problems and our particular choice of representation for its solutions.

As we will see later, this GP system can be used both as a meta-heuristic and as

a hyper-heuristic in order to address graph layout problems. The system is im-

plemented in C# utilising the Microsoft .NET technology. The system also works

under Linux using Mono. A high-level description of the main operations of the

proposed GP system is given in Algorithm 2. Below, the elements of the system

are described in detail.
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Algorithm 2 The main operations of the proposed GP system.
1: Randomly generate an initial population of programs.

2: repeat

3: Execute each program in the population.

4: Create the permutation represented by each program.

5: Apply each permutation to the adjacency list of the initial graph (or the initial ma-

trix) and generate new adjacency lists.

6: Compute the layout cost for the adjacency lists obtained in the previous step.

7: Determine the fitness value of each program in the population.

8: Perform selection to choose individual program(s) from the population based on

fitness to participate in genetic operations.

9: Create a new generation of individual program(s) by applying genetic operations

with specified probabilities.

10: until the maximum number of generations is reached.

11: return the permutation represented by the best program in the last generation.

4.2.1 Representation

Individuals in our GP system are tree-like expressions. However, for efficiency

reasons, they are internally stored as linear arrays using a flattened representation

for trees. One may wonder then how we transform program trees into permutations,

which are needed to actually solve graph layout problems. We accomplish this

using a simple trick: we interpret the outputs produced by a program tree when

executed over a set of fitness cases as a permutation.

To understand how this works, let us imagine that GP was used to evolve a

function of one variable X , and that the fitness cases tested the function for input

values X1, X2, X3, X4. If a GP program produced the values 2.3, 3.5, 0.7 and −0.4,

we could interpret them as a permutation by adopting the following approach.

First, we associate with each element in the sequence its position. Thus, in the
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sequence mentioned above 2.3 is in first position, 3.5 is in second position, etc.

This can be expressed more explicitly as 2.31, 3.52, 0.73, −0.44, where the sub-

scripts refer to the positions associated with each element in the sequence. Then,

we sort the sequence in ascending order, but we still remember the original posi-

tions. This leads to the sequence −0.44, 0.73, 2.31, 3.52. We finally construct the

permutation from the subscripts, which can be expressed as 4, 3, 1, 2.

In this study, we adopt the procedure explained above for the representation of

permutations. This decoding process will be described in more detail and further

exemplified in Sec. 4.2.3.

4.2.2 Generating an Initial Population

The initial population in our GP system is generated randomly (Algorithm 2, step

1) using a modified version of the ramped half-and-half method (see Sec. 3.4.2 for

more details). In our system, during the process of tree initialisation, terminals

are not drawn with equal probability from the terminal set. Instead, we artificially

increase the chance of selecting the variables, ensuring that each program tree con-

tains at least one variable. Trees without variables are a problem for our system

because they produce a constant output and, thus, they represent the permutation

σ = (1,2, · · · ,n). Such a permutation is useless, since it produces no change in the

layout cost.

4.2.3 Fitness Evaluation

Since, individuals are represented as computer programs in a GP system, the ob-

vious method of testing the effectiveness of the solutions is to execute all the pro-

grams in the population (Algorithm 2, step 3). As briefly mentioned in Sec. 4.2.1,

in the GP system described, we need to transform the individuals (program trees)

60



in the population into permutations, which are used for solving graph layout prob-

lems. The decoding process proposed for the creation of a permutation from a

given program tree (Algorithm 2, step 4) is as follows.

For each program tree, the interpreter is called N times, where N is the number

of nodes of a given graph or the dimension of a given matrix. Each call of the

interpreter executes the selected program with respect to the different values of

the independent variables. The outputs obtained from each execution of the given

program tree are stored in a one-dimensional array. This array is then sorted in

ascending order while also recording the position that each element originally had

in the unsorted array. Reading such positions sequentially from the sorted array

produces the permutation associated with the original program tree. The decoding

process, as explained above, is exemplified for a 6×6 matrix (or its corresponding

6-node graph) in Fig. 4.1.

Next, the permutations obtained from the previous phase should be applied to

the adjacency list of the initial graph (or the initial matrix), leading to the genera-

tion of new adjacency lists (Algorithm 2, step 5). The layout cost for the adjacency

lists obtained is then computed (Algorithm 2, step 6). A list of well-known graph

layout problems together with their cost functions was presented in Table 2.1. Sub-

sequently, in order to determine the fitness value of each program in the population

(Algorithm 2, step 7), the standard objective function (or a better figure of merit)

of the related graph layout problem can be utilised. For example, the standard ob-

jective function of the bandwidth and envelope reduction problems (our testbeds in

this study) are given in Eq. (2.5) and Eq. (2.9) respectively.
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Fig. 4.1: Example illustrating the process of generating a permutation from a pro-

gram tree for a 6× 6 matrix or its corresponding 6-node graph: (a) a program

tree with three input variables X, Y and Z, (b) six fitness cases and the corre-

sponding outputs produced by the program tree, (c) execution results stored in a

one-dimensional array, (d) sorted results, (e) the permutation generated from (a).
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4.2.4 Selection and Genetic Operations

In our GP system, tournament selection is used to choose individual program(s)

from the population based on fitness to participate in genetic operations (Algo-

rithm 2, step 8). New individual programs are created by applying the genetic

operations of reproduction, sub-tree crossover and point mutation with specified

probabilities (Algorithm 2, step 9). Elitism is also used to ensure that the best

individual in one generation is transferred unaltered to the next.

4.2.5 Termination

The termination criterion used is based on the predetermined maximum number of

generations to be run (Algorithm 2, step 10). Finally, the permutation extracted

from the best program tree appearing in the last generation is designated as the

final result of a run (Algorithm 2, step 11). Because we use elitism as mentioned

earlier, this also corresponds to the best program evolved throughout the run.

4.3 Application of our GP System to the BRP

Our initial experiments to test the effectiveness of the proposed GP system were

carried out on the Bandwidth Reduction Problem (BRP) (for more details, see

Sec. 2.5.1). In order to address the BRP, we employed the GP system presented

in Sec. 4.2 as a meta-heuristic. In that case, our GP system operates directly on

a search space of candidate solutions, i.e., permutations represented by program

trees. The primitive set used includes the functions +, −, ×, % (protected divi-

sion), sin and abs. The terminals include three floating-point input variables X ,

Y and Z as well as c1, · · · ,c100 which are uniformly-distributed random constants

with floating-point values in the interval [−5.0,+5.0].
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The values of X , Y and Z for each fitness case are carefully chosen during the

initialisation of the system in such a way as to maximise the chance that their val-

ues across the fitness cases represent suitable permutations. This is performed with

the aim of assisting the GP system by biasing its search. More specifically, the X

values were set to be the components of the eigenvector associated with the first

non-zero eigenvalue of the Laplacian matrix (see Sec. 2.5.4) related to the matrix

to be optimised. The incorporation of such components into the GP system as the

values of an external input is motivated by the concept of the algebraic connectiv-

ity of graphs (for more details, see [15, 46, 56]). The values of Y and Z, instead,

were obtained by using the notion of the level structures (see Sec. 2.5.4), which is

at the basis of other high-performance BRP and ERP solvers, e.g., the CM, GPS

and RCM algorithms. We used the approach followed in [116, 124], in which the

initial solutions were generated by picking random nodes in a graph and building

permutations using their associated level structures. In other words, for initial-

ising Y and Z, we picked two random nodes and built their level structures. By

traversing these structures, we constructed two permutations. Then, we converted

these permutations into two floating point arrays such that if sorted as explained

in Sec. 4.2.1, they would produce those permutations back. Finally, we used such

arrays to provide the fitness case inputs associated with the Y and Z variables.

It should be noted that the time required for the process of the initialisation of

the independent variables X , Y and Z is negligible compared to the total computa-

tional time.

The standard objective function for the BRP is simply that given in Eq. (2.5)

and its calculation is straightforward. However, although this is precisely the value

that needs to be minimised, it is not an ideal fitness function for a metaheuristic

search. The main reason for this is that there may be many candidate solutions

which have formally the same bandwidth, but which are quite different, with some
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being much closer to better solutions than others.

For example, in Fig. 4.2, at first sight it might seem that labeling 1 and 2 have

no priority over each other considering the bandwidth measures produced, which

are both equal to 4. However, there is no doubt that the labeling 1 is much closer

to an ideal solution (labeling 3) than labeling 2. In fact, by a simple exchange of

vertices 1 and 6, we can easily obtain labeling 3 from labeling 1.

A more effective approach is to use a fitness function which incorporates infor-

mation about how close the candidate solution is to better areas of the search space.

As suggested in [97], the incorporation of the profile into the fitness function used

for the BRP can help capture this information. Therefore, in this work, we used the

product of the bandwidth and profile as our fitness function, i.e.,

f (p) = B(Aσ(p))×P(Aσ(p)) . (4.1)

where B(A) and P(A) are the bandwidth and profile (see Sec. 2.5 for details) of a

matrix A obtained after applying σ(p), which is the permutation associated with

program tree p.

4.3.1 Experimental Results

In the experiments conducted, we used a set of 15 instances from the well-known

Harwell-Boeing sparse matrix collection (available from http://math.nist.

gov/MatrixMarket/data/Harwell-Boeing). As mentioned briefly in

Sec. 1.2, this collection includes benchmark matrices arising from problems in

linear systems, least squares and eigenvalue calculations.

In order to evaluate the performance of our GP method, we compared it against

two high-performance methods. Firstly, we used the RCM algorithm contained in

the MATLAB library (RCMM). This is based closely on the SPARSPAK imple-

mentation described by George and Liu [65]. This algorithm is still one of the best
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Fig. 4.2: The effect of different labeling of a graph on bandwidth reduction.

and most widely used methods for the BRP. Indeed, the results reported in [54]

and [115] indicate that the RCMM is also superior to the well-known GPS algo-

rithm. In addition, we compared our method with the widely-used spectral analysis

approach presented in [15].

The parameters of the runs are given in Table 4.1. Note that we do not claim any

optimality in relation to the parameters reported. They were selected from a range

of possible initialisation parameters, after conducting a number of experiments on

the test problems, considering both the quality of solutions and run times. In gen-

eral, the parameter set used in the experiments produces good-quality solutions in

reasonable times. Note also that by increasing the population size and the maxi-
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Table 4.1: Parameters used in our experiments for assessing the performance of

the proposed GP system employed as a meta-heuristic for the BRP and ERP.

Parameter Value

Maximum Number of Generations 100

Maximum Length of any GP Program 500

Maximum Depth of Initial Programs 3

Population Size 1000

Tournament Size 5

Elitism Rate 0.1%

Reproduction Rate 0.9%

Crossover Rate 70%

Mutation Rate 29%

Mutation Per Node 0.05%

mum length of each program tree, considerably better results could be produced by

our GP system, but this also increases the execution time of the algorithm.

All the experiments were performed on an Intel Celeron(M) Processor 1.86

GHz. Each method was tested on our set of 15 benchmark matrices, which had

sizes of up to 100× 100. Considering the non-deterministic nature of GP, 10 in-

dependent runs were executed for each of the selected benchmark instances and

performance values (bandwidth values) were averaged across such runs. Table 4.2

shows a performance comparison of the algorithms under test.

A simple inspection of the results of the experiments reported in Table 4.2

reveals that our GP approach is superior to both the RCMM algorithm and the

spectral algorithm with respect to the mean of the bandwidth values and the number

of the best results obtained. We also performed a paired Wilcoxon signed-rank
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Table 4.2: Performance comparison of our GP approach with the RCMM and

Spectral algorithms.

Harwell-Boeing Matrix Dimension RCMM Spectral GP Approach

B(A) B(A) Mean B(A) (10 runs)

ash85 85×85 13 17 12.0

bcspwr01 39×39 5 11 5.0

bcspwr02 49×49 13 12 10.4

bcsstk01 48×48 27 20 24.5

can_24 24×24 7 6 5.6

can_61 61×61 19 14 13.4

can_62 62×62 9 10 8.0

can_73 73×73 27 27 23.3

can_96 96×96 23 18 15.6

dwt_59 59×59 8 10 7.2

dwt_66 66×66 3 3 3.0

dwt_72 72×72 7 12 6.0

dwt_87 87×87 17 19 13.3

lap_25 25×25 9 7 6.0

nos4 100×100 12 11 11.3

Mean of B(A) values 13.27 13.13 10.97

Standard deviation 7.73 5.98 6.16

Standard error of the mean 2.00 1.54 1.59

B(A) = bandwidth of a matrix A
Best results are shown in boldface, while ties are shown in italics.
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test in order to determine the statistical significance of the results and obtained a

two-tailed p-value of 0.000 for the RCMM algorithm, and 0.007 for the Spectral

algorithm, which indicate that performance differences between our approach and

these algorithms are statistically significant.

To give an idea of the reliability of the GP system, in Table 4.3 we provide its

run-by-run results over the 15 benchmark problems. As one can see, the algorithm

has produced very good results in all runs. It is useful to note that the total running

times for the GP approach were approximately 2 hours. We will provide more

details on the run times in the following section.

4.4 Application of our GP System to the ERP

Following the success of our initial experiments on the BRP, we decided to apply

the proposed GP system to the ERP (for more details, see Sec. 2.5.2) in order

to further analyse our method and examine its applicability to other graph layout

problems. We employed the same GP system as described in Sec. 4.3. The only

change made to the system was the replacement of the fitness function used with the

standard objective function of the ERP given in Eq. (2.9). We also replaced the test

problems used in the previous work with much larger and more diverse benchmark

matrices with sizes ranging from 59× 59 to 2680× 2680 from Everstine’s sparse

matrix collection (DWT) [55], included in the Harwell-Boeing database.

4.4.1 Experimental Results

In this section, the experiments carried out to evaluate the performance of our GP

system employed as a meta-heuristic for addressing the ERP are presented. All

the experiments were performed on an AMD Athlon(tm) Dual-core Processor 2.20

GHz. We report the envelope size obtained for each of the benchmark problems
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as well as the time required to solve each problem instance on this computer. The

evolution of fitness related to a subset of benchmark instances during runs for the

best, worst and average fitness values obtained is also presented and discussed.

Comparison between our GP System and Reference Algorithms

In order to assess the performance of the proposed GP system, we compared it

against four best-known and high-performance algorithms, i.e., RCM, GK, Spec-

tral and Sloan as summarised in Sec. 2.5.2. Each method was tested on our set

of benchmark matrices, i.e., the DWT set. After performing a number of experi-

ments on the DWT set, we decided to employ the same set of parameters used for

the BRP as listed in Table 4.1. Because of the non-deterministic nature of GP, 20

independent runs were executed for each of the selected benchmark instances.

In order to objectively judge how well our GP system performed compared to

the other algorithms under test, which are all deterministic, we divided the results

obtained from 20 runs on each of the test problems into 4 separate groups of 5.

Then, the best solution found in each group was picked, leading to four best-of-

group solutions for each problem. These are a sample from the distribution of

solutions that one might expect in a realistic situation where users would run the

system a few times (5 in this case) and pick the best permutation overall as their

final result. We, therefore, subjected them to statistical analysis. Tables 4.4 and 4.5

report the run-by-run results obtained from our GP system over the benchmark

problems and the grouping system used.

Table 4.6 shows the envelopes resulting from the permutations produced by the

GP system, together with the envelopes produced by the RCM, GK, Spectral and

Sloan algorithms for the DWT test problems. Note that all the results associated

with the RCM, GK and Sloan algorithms were taken from [156] and [157], and

for the Spectral algorithm, we used a MATLAB program to compute the related
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envelopes. In terms of our GP system, we report the mean of the best candidate

solutions selected from each group (GPm) as well as the best result obtained from

the 20 runs for each benchmark problem (GPb). We also report the mean of the

envelopes obtained by each algorithm over the 24 DWT test problems and the num-

ber of wins and draws obtained by each algorithm.

Statistical Analysis

Non-parametric statistical tests were carried out in order to see if the relative perfor-

mance differences observed in Table 4.6 are statistically significant. We proceeded

as follows. First, the results obtained by our GP system in the groups (whose mean

was labelled GPm in Table 4.6) and the results produced by each of the reference

algorithms (RCM, GK, Spectral and Sloan) were paired resulting in four paired

samples: GP/RCM, GP/GK, etc. Then, we ran the Wilcoxon signed-rank test,

which is a reliable and widely used nonparametric test for paired data. The test

was performed using the SPSS software package (ver. 16.0). The results of the

tests are summarised in Tables 4.7–4.9, which report the descriptive statistics and

the ranks and test statistics, respectively.

In this study, we used the Monte Carlo method for computing the significance

levels of the statistics based on n= 24 (problem instances) ×4 (groups of runs) =

96 degrees of freedom, with starting seed 2000000 and the confidence interval

of 95% as shown in Table 4.9. It should be noted that the Z values reported in

Table 4.9 are based on the negative ranks (see Table 4.8).

A simple inspection of the results reported in Table 4.6 reveals that when taking

the best result out of 5 runs (GPm configuration), our GP system outperforms all

four algorithms under test with respect to the mean of the envelope values and the

number of the best solutions obtained, even more so considering GPb. The statisti-

cal analysis performed on the best-of-group results also confirms the superiority of
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Table 4.6: Comparison of the proposed GP approach against the RCM, GK, Spec-

tral and Sloan algorithms.

Envelope size

DWT RCM GK Spectral Sloan GPm GPb

DWT 59 314 314 290 294 279.25 278

DWT 66 217 193† 195 193† 193† 193†

DWT 72 244 244 245 244 234.00 233

DWT 87 696 682 622 525 526.50 520

DWT 162 1641 1579 1751 1554 1557.75 1506

DWT 193 5505 4609 5149 4618 4690.75 4604

DWT 209 3819 4032 3323 3316 3132.75 3125

DWT 221 2225 2154 2030 2052 1979.50 1976

DWT 245 4179 3813 2874 2676 2653.00 2626

DWT 307 8132 8132 7722 7550 7368.50 7275

DWT 310 3006 3006 3102 2982 2998.50 2976

DWT 361 5075 5060† 5339 5062 5063.75 5060†

DWT 419 8649 8073 8953 7255 7650.00 7577

DWT 503 15319 15042 14814 14436 13781.25 13581

DWT 592 11440 10925 10782 10073 10231.50 10193

DWT 758 8580 8175 7563 7598 7386.75 7369

DWT 869 19293 15728 16261 14909 14810.50 14260

DWT 878 22391 19696 19896 20537 19229.00 19194

DWT 918 23105 20498 18603 17236 17930.75 17885

DWT 992 38128 34068 35748 33928 33207.50 33134

DWT 1005 43068 40141 32613 36396 31612.50 31494

DWT 1007 24703 22465 21474 22669 20715.25 20650

DWT 1242 50052 52952 43661 36822 41632.75 41220

DWT 2680 105663 99271 92513 89686 91559.25 91083

Mean 16893.50 15868.83 14813.46 14275.46 14184.34 14083.83

Wins/Draws 0/0 2/1 0/0 8/1 13/1 n/a

(excluding GPb)

Wins/Draws 0/0 0/2 0/0 5/1 n/a 17/2

(excluding GPm)

† = ties
GPm = mean of the best results obtained by GP in each group
GPb = best result obtained by GP in 20 independent runs
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Table 4.7: Descriptive statistics.

Percentiles

Algorithm n Mean Std. Deviation Minimum Maximum 25th 50th (Median) 75th

GPm 96 14184.3438 19758.69114 193.00 91941.00 2144.5000 7382.0000 18899.5000

RCM 96 16893.5000 23244.54168 217.00 105663.00 2420.2500 8356.0000 22926.5000

GK 96 15868.8333 22086.21071 193.00 99271.00 2367.0000 8102.5000 20297.5000

Spectral 96 14813.4583 20138.26281 195.00 92513.00 2241.0000 7642.5000 19572.7500

Sloan 96 14275.4583 19463.98680 193.00 89686.00 2208.0000 7402.5000 19711.7500

Table 4.8: Ranks.

n Mean Rank Sum of Ranks

RCM−GPm

Negative Ranks 0a .00 .00

Positive Ranks 92b 46.50 4278.00

Ties 4c

Total 96

GK−GPm

Negative Ranks 6d 12.00 72.00

Positive Ranks 80e 45.86 3669.00

Ties 10 f

Total 96

Spectral−GPm

Negative Ranks 0g .00 .00

Positive Ranks 96h 48.50 4656.00

Ties 0i

Total 96

Sloan−GPm

Negative Ranks 34 j 50.51 1717.50

Positive Ranks 58k 44.15 2560.50

Ties 4l

Total 96

a. RCM < GPm b. RCM > GPm c. RCM = GPm

d. GK < GPm e. GK > GPm f. GK = GPm

g. Spectral < GPm h. Spectral > GPm i. Spectral = GPm

j. Sloan < GPm k. Sloan > GPm l. Sloan = GPm
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Table 4.9: Test statistics.

RCM−GPm GK−GPm Spectral−GPm Sloan−GPm

Monte Carlo Sig. (1-tailed) P-values .000 .000 .000 .031

95% Confidence Interval Lower Bound .000 .000 .000 .000

Upper Bound .031 .031 .031 .066

Z -8.329 -7.744 -8.507 -1.641

our GP system over the other methods tested by providing the related p-values. As

indicated in Table 4.9, this analysis yielded a one-tailed p-value of p = 0.000 for

the RCM algorithm, p = 0.000 for the GK algorithm, p = 0.000 for the Spectral

algorithm and p = 0.031 for the Sloan algorithm, which clearly demonstrates that

the performance differences between our GP approach and these algorithms are

statistically significant.

According to [156, 157], the RCM algorithm is typically 140% faster than

the GK algorithm and 50% faster than the Sloan algorithm. The Spectral algo-

rithm [15] is the slowest of our four reference algorithms. Overall, in our tests, the

execution times of these algorithms were very short, ranging from a fraction of a

second to a few seconds. Instead, on average, GP took of the order of hundreds of

seconds. This is illustrated by Table 4.10, which presents computing times for the

GP approach and Sloan algorithm for each problem instance. As one can see there

is a 3-order-of-magnitude difference between the two algorithms.

This, of course, is not surprising with respect to the fact that the reference

algorithms are heuristic and based on graph-theoretic concepts, while our algo-

rithm is based on GP, which is a metaheuristic algorithm. Indeed, metaheuristics

have been applied successfully to the BRP, which has similarities with the ERP

(see Sec. 2.5.1 and Sec. 2.5.3), typically producing better results in comparison

with classic graph theoretic-based methods (e.g., CM, RCM, GPS etc). However,

the the most successful graph-theoretic BRP heuristic solvers can be thousands to
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Table 4.10: Computing times for the GP approach and Sloan algorithm for each

problem instance.

CPU time (seconds)

DWT Sloan GP approach

DWT 59 0.02 12.01

DWT 66 0.02 12.65

DWT 72 0.01 13.23

DWT 87 0.03 22.18

DWT 162 0.07 30.22

DWT 193 0.22 54.22

DWT 209 0.12 59.32

DWT 221 0.11 69.21

DWT 245 0.14 68.97

DWT 307 0.20 107.69

DWT 310 0.17 44.58

DWT 361 0.16 74.92

DWT 419 0.26 155.82

DWT 503 0.40 207.36

DWT 592 0.38 278.20

DWT 758 0.44 332.28

DWT 869 0.48 417.18

DWT 878 0.58 484.76

DWT 918 0.61 610.15

DWT 992 1.09 540.37

DWT 1005 0.81 604.85

DWT 1007 0.71 745.94

DWT 1242 0.98 881.73

DWT 2680 2.41 3900.50

Mean 0.4341 405.3475

SD 0.5120 772.8665

SEM 0.1045 157.7607

SD = Standard Deviation
SEM = Standard Error of the Mean
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hundreds of thousands of times faster than the corresponding metaheuristics [148].

While this high computational effort limits the applicability of our algorithm,

there are still many situations, where the method is very valuable. Firstly, we

should remember that if P 6= NP, there exists no efficient algorithm for determin-

ing the minimum envelope and bandwidth of a matrix (indeed, for all problems

tackled in this work, these quantities are unknown). So, any algorithm capable of

further reducing these quantities is valuable regardless of execution-time issues.

For example, the results obtained by our algorithm can now be used as a refer-

ence for comparing the performance of other algorithms. There are also situations,

where one really needs to care about the accuracy and quality of the solutions rather

than computational times. Finally, we should note that, unlike traditional methods,

our system can easily be parallelised to exploit the power of modern multi-core

machines and GPUs, so that runs that now take a few minutes could be completed

in a few seconds or less.

Fitness Evolution

In order to analyse the evolution of fitness during our runs, we divided the 24 test

problems used in our experiments into 3 groups, including small-sized (59 up to

221), medium-sized (245 up to 758) and large-sized (869 up to 2680) problems.

Then, we selected the largest instance in each group as a representative problem to

report fitness evolution. For each run, the best, worst and average fitness values in

each generation were recorded. The mean of these fitness values (best, worst and

average) for each generation were then computed and used in order to visualise the

fitness evolution as illustrated in Figs. 4.3–4.5. Note that due to the big differences

in the best, average and worst fitness values, in these figures, we used three scales

in each plot. Also, note that the error bars represent the standard error of the mean.

Starting from the plots of the best fitness, it is clear that in all three problems,
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Fig. 4.3: The best, worst and average fitness values (based on 10 independent runs)

associated with the DWT 221 as a function of the number of generations.

the best fitness continues to improve until the end of runs, showing no signs of

stagnation, although the rate of improvement slows down slightly in the larger

instances. As shown by the very small standard errors, the process is very reliable,

effectively leading to good quality solutions in most runs. Turning to the worst

fitnesses, we see that they start by improving slightly to later either plateauing or

then getting slightly worse again and then plateauing. A similar profile is followed

by the average-fitness plots. However, the upward trend shown by the averages in

the late stages of a run is not present in the medians (not reported), which are much

more robust to outliers. All this is an indication that as the solutions (permutations)

get more and more optimised, they become more and more fragile to changes,

leading to a substantial fraction of really bad offspring. Since such offspring have

fitnesses one order of magnitude worse than the average, the average is heavily
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Fig. 4.4: The best, worst and average fitness values (based on 10 independent runs)

associated with the DWT 758 as a function of the number of generations.

influenced by such individuals.

4.5 Chapter Summary

In this chapter, we have detailed our initial work towards the development of

the Genetic Hyper-Heuristics. We have also introduced a specialised GP system,

which forms the core of the genetic hyper-heuristics as we will see in the next

chapter. The proposed GP system is capable of being used as a meta-heuristic and

also as a hyper-heuristic in order to tackle graph layout problems. Our prelimi-

nary experiments for testing the effectiveness of the GP system were performed

on the BRP. The system was employed as a meta-heuristic and compared with two

widely-used and high-performance methods, i.e. the RCMM (RCM algorithm con-
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Fig. 4.5: The best, worst and average fitness values (based on 10 independent runs)

associated with the DWT 2680 as a function of the number of generations.

tained in the MATLAB library) and Spectral algorithms. The results obtained were

very satisfactory and encouraged us to further analyse our method and examine its

applicability to other graph layout problems. We therefore applied the GP system

to the ERP and performed a substantial number of experiments with much larger

and more diverse benchmark matrices.

Our method was evaluated against four of the best-known and broadly used

envelope reduction algorithms, namely the RCM, GK, Spectral and Sloan. These

graph-theoretic heuristic algorithms were significantly faster than our approach,

which was expected given that the approach requires runs of a GP system. How-

ever, from the point of view of envelope reduction, the results obtained indicate that

the proposed method compares very favourably with the four reference algorithms,

outperforming them in most cases.
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The experiments conducted also reveal that the GP system presented can gen-

erally be applied to other graph layout problems with some small modifications or

additional decoding steps, as expected.
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Chapter 5

Evolving Heuristic Algorithms

for Graph Layout Problems

5.1 Introduction

In Chapter 4, a Genetic Programming (GP) system, specifically designed for ad-

dressing graph layout problems was introduced. The idea behind the development

of this GP system was that it would be the key component of the architecture of

Genetic Hyper-Heuristics as mentioned earlier. The application of the proposed

GP system as a meta-heuristic to the bandwidth and envelope reduction problems

(BRP and ERP) was also discussed in detail. In this chapter, a general framework

for genetic hyper-heuristics, aimed at automatically evolving reusable heuristic al-

gorithms for graph layout problems is presented. The framework acts as an offline

learning mechanism which generates heuristics by learning from a set of training

instances. This framework falls into the second category of hyper-heuristic meth-

ods, in which the aim is to generate new heuristics from a set of potential heuristic

components (see Sec. 3.3.2 for more details).
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Based on the proposed framework, two genetic hyper-heuristic approaches

are designed for evolving graph-theoretic bandwidth and envelope reduction al-

gorithms respectively. These two approaches are, in fact, specialisations of the

genetic hyper-heuristic framework. We test the best of such evolved algorithms

on a large set of standard benchmarks from the Harwell-Boeing sparse matrix col-

lection against the best-known human-designed methods from the literature. Our

algorithms outperform these methods by a significant margin, clearly indicating the

promise of the approaches presented. To the best of our knowledge, there has been

no research investigating the application of hyper-heuristics to the graph layout

problems thus far.

In addition, in this chapter, we propose new ideas for using a level structure

system without its conventional constraints, and also employing novel features in

the process of prioritising nodes for the construction of permutations.

This chapter is organised as follows: In Sec. 5.2, a general framework for ge-

netic hyper-heuristics is presented. Sec. 5.3 and Sec. 5.4 detail two genetic hyper-

heuristic approaches for the BRP and ERP and provide a complete description of

our experiments as well as the interpretation and discussion of the results. Finally,

Sec. 5.5 summarises this chapter.

5.2 Genetic Hyper-Heuristics

As we described in Sec. 4.1 of the previous chapter, the hyper-heuristic methods

proposed in this thesis are generally termed Genetic Hyper-Heuristics. We also

use the abbreviation GHH to denote a genetic hyper-heuristic. The key component

of GHHs is the specialised GP system presented and analysed in Chapter 4. The

proposed GP system uses a set of low level building blocks (primitive set) to gen-

erate a new heuristic that performs well in the environment (training set) provided
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for the system. In fact, a GHH acts as an offline learning [19] mechanism which

generates new heuristics by gathering knowledge from a set of training instances

and intelligently combining the building blocks given to the system in the evolu-

tion process. This leads to the creation of reusable heuristic algorithms, which are

intended for use on unseen problems. More specifically, a GHH approach is first

applied to an independent training set of graphs/matrices (learning takes place in

this phase), and then the best evolved algorithm is employed to directly address the

targeted problem instance(s) (from a totally different set of data).

The pseudocode in Algorithm 3 shows a general framework for the genetic

hyper-heuristics. The proposed framework is, in fact, the result of the transforma-

tion of the GP system presented in Chapter 4 into an offline learning method. This

is accomplished by incorporating a loop, that iterates for each graph (or matrix) in-

stance in the training set, into the GP system (Algorithm 3, step 6). Consequently,

the fitness of a program tree is computed as the total of the layout costs of the

solutions that it creates when run on each problem instance in the training set (Al-

gorithm 3, step 12). Note that if there is a significant difference in size between

each problem instance in the training set, it would be reasonable to normalise the

layout cost of each instance with respect to the size of the matrix. Otherwise, there

might always be a bias towards larger instances, since the layout cost associated

with a large matrix could be much bigger than a small matrix. One possibility for

dealing with this issue is to divide the layout cost of each matrix in the training set

by its size. Note also that in our framework, program trees in the population rep-

resent heuristic algorithms (which are compositions of the functions and terminals

suitable for graph layout problems), and the outputs produced by a program tree

can be interpreted as a permutation (see Sec. 4.2.1 and Sec. 4.2.3 for details).

As mentioned earlier, GHHs are designed to generate reusable heuristics, since

having such heuristics can increase the speed of solving new unseen instances of
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Algorithm 3 The general framework for genetic hyper-heuristics.
1: Randomly generate an initial population of programs.

2: repeat

3: for each program p ∈ population do

4: f itness[p] = 0

5: end for

6: for each graph (or matrix) instance i ∈ training set do

7: for each program p ∈ population do

8: Execute p.

9: Create permutation σ represented by p.

10: Apply σ to the adjacency list of i, and generate a new adjacency list.

11: Compute the layout cost for the adjacency list thus obtained.

12: f itness[p] = f itness[p] + LayoutCost(i, p).

13: end for

14: end for

15: Perform selection to choose individual program(s) from the population based on

fitness to participate in genetic operations.

16: Create a new generation of individual program(s) by applying genetic operations

with specified probabilities.

17: until the maximum number of generations is reached.

18: return the best program tree appearing in the last generation.

graph layout problems. Although, in this study, it is not our intention to create

disposable heuristics, which are generally produced just for a specific instance of

a problem, this is easily possible by employing a GHH as an online learning [19]

method. In that case, the GHH learns while solving a given instance of a problem,

and there is no need to train the system before using it.

In the next sections, two genetic hyper-heuristic approaches based on the pro-

posed framework are presented for evolving graph-theoretic bandwidth and enve-
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lope reduction algorithms respectively.

5.3 A Genetic Hyper-Heuristic Approach for the BRP

As mentioned in Sec. 2.5.4, the concept of level structures is of great importance to

most graph-theoretic bandwidth and envelope reduction algorithms (e.g., the CM,

RCM and GPS algorithms). The key element of such algorithms that significantly

influences performance is a particular strategy by which they prioritise nodes in a

level structure for insertion into a permutation (i.e. a numbering scheme). This

strategy is, in fact, the "brain" of algorithms of this type.

In order to generate graph-theoretic heuristic algorithms for the BRP (see

Sec. 2.5.1), we designed a Genetic Hyper-Heuristic (GHH1) by employing the gen-

eral framework proposed in the previous section. In this work, our aim is to evolve

more intelligent brains rather than common components of these algorithms (i.e., a

level structure system plus a method for finding a suitable starting vertex). There-

fore, we incorporate such components into GHH1 to be used as the basic structure

of a BRP solver. By adopting this approach, GHH1 can concentrate on evolving the

most important part of the algorithm, i.e., its brain. A description of the operations

of the system is given in Algorithm 4.

Naturally, the key component of GHH1 is the specialised GP system presented

in Chapter 4. Therefore, the methods used in GHH1 for initial population genera-

tion, fitness evaluation, selection, genetic operations and termination are the same

as in that GP system.

Note that in GHH1, the fitness of a program tree is the total of the bandwidths

of the solutions that it creates when run on each problem instance in the training set

(Algorithm 4, step 21), and the fitness, rather obviously, needs to be minimised by

the system. Note also that in order to control excessive code growth or bloat, the
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Algorithm 4 GHH1 for the BRP.
1: Randomly generate an initial population of programs from the available primitives.

2: repeat

3: for each program p ∈ population do

4: f itness[p] = 0

5: end for

6: for each instance i ∈ training set do

7: Select a starting vertex s.

8: Construct level structure L rooted at s.

9: for each program p ∈ population do

10: Insert s into array perm [1...n].

11: for each level l ∈ L do

12: for each vertex v ∈ l do

13: Execute p.

14: end for

15: Create permutation σ represented by p.

16: Sort vertices in l in order given by σ .

17: Store the ordered vertices in perm [ ] sequentially.

18: end for

19: Apply perm [ ] to the adjacency list of the graph (or matrix) i, and generate a

new adjacency list.

20: Compute the bandwidth for the adjacency list thus obtained.

21: f itness[p] = f itness[p] + bandwidth(i, p).

22: end for

23: end for

24: Perform selection to choose individual program(s) from the population based on

fitness to participate in genetic operations.

25: Create a new generation of individual programs by applying genetic operations with

specified probabilities.

26: until the maximum number of generations is reached.

27: return the best program tree appearing in the last generation.
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Table 5.1: Primitive set used in GHH1.

Primitive set Arity Description

+ 2 Adds two inputs

- 2 Subtracts second input from first input

∗ 2 Multiplies two inputs

N 0 Returns the number of vertices of a given graph (or the dimension of a given matrix)

SDV 0 Returns the sum of degrees of vertices connected to a vertex

Constants 0 Uniformly-distributed random constants with floating-point values in the interval [−1.0,+1.0]

Tarpeian method (which artificially weeds out a proportion of above-average-size

trees) [140, 141] was utilised in the system.

5.3.1 Specialised Primitives

In nodal numbering schemes based on the level structures such as the CM and

RCM, the vertices in each level are numbered in order of increasing degree. We

should note, however, that our primitive set (shown in Table 5.1) does not include

a function which returns the degree of the nodes in a graph. We did this for the

following reason. In preliminary runs with such a primitive, we obtained relatively

weak results. This is somehow surprising, since the degree of a node is what the

CM and RCM algorithms use for prioritising nodes within a level. We believe that

evolution found it particularly difficult to use such a primitive due to the problem

of ties.

In a level, there are often nodes with the same degree which result in ties.

As mentioned in Sec. 2.5.4, the normal strategy for dealing with this issue is to

break ties randomly. Although this can resolve the problem somehow, it leads to a

strong non-determinism in the fitness evaluation. This may hamper the evolution-

ary search in that a lucky fitness evaluation may lead to an inferior individual to be

selected over and over again. The problem is particularly severe if the number of
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ties is large.

By using the sum of the degrees of the vertices connected to a vertex, SDV, in

place of a vertex degree, the likelihood of ties in a level is considerably reduced.

Also, some additional information related to the vertices located in the following

level is captured by SDV, which is effectively equivalent to the product of a vertex

degree and the mean degree of the vertex’s children.

In addition, the primitive N, which returns the number of vertices of a given

graph (or the dimension of a given matrix) is designed to capture information about

problem size. Note that N is constant for each problem.

5.3.2 Numbering Vertices Located in Each Level

As shown in Algorithm 4, first, a level structure rooted at a suitable starting vertex

is constructed (Step 8). The root vertex is then assigned the number 1, and inserted

into the first position of array perm [1...n], which is the result array (Step 10).

For each vertex v located in level l, the GP interpreter is called k times, where

k is the number of vertices in l. Each call of the interpreter executes the selected

program with respect to the different values returned by SDV (Step 13). The outputs

obtained from each execution of the given program are stored in a one-dimensional

array, and the permutation associated with the original program tree is produced as

described in Sec. 4.2.1 (Step 15). The vertices located in l are then ordered based

on the permutation generated (Step 16).

The ordered vertices are sequentially assigned the number 2 for the first ele-

ment, number 3 for the second element, etc., and are stored in perm [ ] (Step 17).

This process is repeated for each successive level in the rooted level structure until

the vertices of all levels have been numbered. Note that after the termination of this

process, the indices of perm [ ] correspond to the numbers assigned to the vertices.
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In order to compute the bandwidth, perm [ ] should be applied to the adjacency list

of the initial graph (or the initial matrix) (Steps 19 and 20).

5.3.3 Training Set

We used a training set of 25 benchmark instances from the Harwell-Boeing sparse

matrix collection. This is a collection of standard test matrices arising from prob-

lems in finite element grids, linear systems, least squares, and eigenvalue calcu-

lations from a wide variety of scientific and engineering disciplines. The bench-

mark matrices were selected from 5 different sets in this collection, namely BC-

SSTRUC1 (dynamic analyses in structural engineering), BCSSTRUC3 (dynamic

analyses in structural engineering), CANNES (finite-element structures problems

in aircraft design), LANPRO (linear equations in structural engineering), and

LSHAPE (finite-element model problems) with sizes ranging from 24× 24 to

960× 960. Note that we employed this training set only to evolve the heuristics.

The performance of the evolved heuristics was then evaluated using two completely

separate test sets, as discussed in the next section.

5.3.4 Test Problems

In order to compare the performance of the algorithms evolved by our proposed

hyper-heuristic methods with high-performance algorithms from the literature, we

employed Everstine’s sparse matrix collection (DWT set) [55] and BCSPWR set

as test sets. In Sec. 4.4, the DWT set was referred to briefly. Below, we provide

more information on this set.

The DWT set consists of 30 sparse matrices from NASTRAN (a finite element

analysis program) users working in U.S. Navy, Army, Air Force and NASA lab-

oratories. The collection has been widely used in benchmarks, and it is, in fact,
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a subset of the Harwell-Boeing sparse matrix collection. Since the DWT bench-

mark matrices have been collected from a diverse range of finite element grids in

a variety of engineering disciplines, they seem large and diversified enough to be

used reliably for assessing the performance of bandwidth and envelope reduction

algorithms. DWT set is comparable with the CANNES and LSHAPE sets used in

our training set in terms of its discipline and the class of problems. Note that 6 ma-

trices out of 30 in this collection, namely DWT 198, DWT 234, DWT 346, DWT

492, DWT 512 and DWT 607 were not included in our experiments because we

found that the Laplacian matrix associated with each of these matrices had more

than one zero eigenvalue.1

The BCSPWR set (power network patterns) consists of 10 sparse matrices in-

cluded in the Harwell-Boeing database, and it has been broadly used as examples

of networks rather than grid problems. This set is entirely in a different class com-

pared to the training set used and the DWT set. Our aim of selecting the BCSPWR

set was to assess the ability of the evolved algorithms to generalising to unseen

situations. A complete description of the 34 test problems used in our experiments

is presented in Table 5.2. This collection includes benchmark matrices of sizes

ranging from 39×39 to 5300×5300.

5.3.5 Experimental Results

We performed ten independent runs of GHH1 with the training set specified above,

recording the corresponding best-of-run individual in each.2 The parameters of the
1This, in fact, means that their corresponding graphs have more than one component and in such a

scenario, studying each component of the system separately is more likely to result in an efficient

analysis. It is probable that in the original process of generating these 6 matrices from their actual

numerical values, a rounding error has occurred leading to some entries being ignored.
2Note that due to the high computational load involved in the use of hyper-heuristics, one can nor-

mally only perform a very small number of runs. However, this is normally considered acceptable,
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Table 5.2: Test problems from Everstine’s sparse matrix collection (DWT) and

BCSPWR set together with their statistics.

Set Instance Dimension Entries Original Envelope Comment

DWT

DWT 59 59 × 59 267 464 PSI, 2D frame

DWT 66 66 × 66 320 640 PSI, Truss

DWT 72 72 × 72 222 244 PSI, Grillage

DWT 87 87 × 87 541 2336 PSI, Tower

DWT 162 162 × 162 1182 2806 PSI, Plate with hole

DWT 193 193 × 193 3493 7953 PSI, Knee prosthesis

DWT 209 209 × 209 1743 9712 PSI, Console

DWT 221 221 × 221 1629 10131 PSI, Hull-tank region

DWT 245 245 × 245 1461 4179 PSI, Carriage

DWT 307 307 × 307 523 8132 PSI, Power supply housing

DWT 310 310 × 310 2448 3006 PSI, Hull with refinement

DWT 361 361 × 361 2953 5445 PSI, Cylinder with cap

DWT 419 419 × 419 3563 40145 PSI, Barge

DWT 503 503 × 503 6027 36417 PSI, Baseplate

DWT 592 592 × 592 5104 29397 PSI, CVA bent

DWT 758 758 × 758 5994 23871 PSI

DWT 869 869 × 869 7281 20397 PSI

DWT 878 878 × 878 7448 26933 PSI, Plate with insert

DWT 918 918 × 918 7384 109273 PSI, Beam with cutouts

DWT 992 992 × 992 16744 263298 PSI, Mirror

DWT 1005 1005 × 1005 8621 122075 PSI, Baseplate

DWT 1007 1007 × 1007 8575 26793 PSI

DWT 1242 1242 × 1242 10426 111430 PSI, Sea chest

DWT 2680 2680 × 2680 25026 590543 PSI, Destroyer

BCSPWR

BCSPWR01 39 × 39 85 331 PSI, Standard IEEE test power system – New England

BCSPWR02 49 × 49 108 426 PSI, Small test power system – WSCC

BCSPWR03 118 × 118 297 1406 PSI, IEEE standard 118 bus test case power network

BCSPWR04 274 × 274 943 21289 PSI, Equivalenced representation of US power network

BCSPWR05 443 × 443 1033 36691 PSI, Equivalenced representation of western US power network

BCSPWR06 1454 × 1454 3377 77060 PSI, Western US power network – 1454 bus

BCSPWR07 1612 × 1612 3718 90669 PSI, Western US power network – 1612 bus

BCSPWR08 1624 × 1624 3837 96410 PSI, Western US power network – 1624 bus

BCSPWR09 1723 × 1723 4117 474238 PSI, Western US power network – 1723 bus

BCSPWR10 5300 × 5300 13571 6127500 PSI, Western US power network – 5300 bus

PSI = Pattern Symmetric Indefinite
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Table 5.3: Parameters used in our experiments with GHH1.

Parameter Value

Maximum Number of Generations 100

Maximum Depth of Initial Programs 3

Population Size 1000

Tournament Size 3

Elitism Rate 0.1%

Reproduction Rate 0.9%

Crossover Rate 80%

Mutation Rate 19%

Mutation Per Node 0.05%

runs are presented in Table 5.3.3

We then selected as our overall best evolved heuristic the best program tree

from these ten best-of-run results. The simplified version of this evolved heuristic

for ordering nodes in a level is as follows:

0.179492928171×SDV3 +0.292849834929×SDV2−0.208926175433×N

−0.736485142138×N×SDV−1.77524579882×SDV−1.75681383404

which is also shown graphically in Fig. 5.1. What is interesting about this re-

sult is that the function evolved is not monotonically increasing in SDV (for any

since whenever focusing on human-competitive results one is more interested in the algorithms

resulting from the application of a hyper-heuristic than the analysis of the hyper-heuristic itself.
3It should be noted that the parameters reported were chosen from a range of possible initialisa-

tion parameters after performing a number of experiments on the DWT and BCSPWR sets, taking

into consideration both the quality of solutions and run times. However, we cannot guarantee the

optimality of these parameters.

95



 10
 20

 30
 40

 50
 60

 70
 80

 90
 100

 500
 1000

 1500
 2000

 2500
 3000

 3500
 4000

 4500
 5000

-250000
-200000
-150000
-100000
-50000

 0
 50000

 100000
 150000
 200000

SDVN

Fig. 5.1: Plot of the best heuristic evolved by GHH1 for the BRP.

given N). Indeed, the minimum of the function as N varies is given by SDV =
√

1.5863264966×N+4.16677290311/1.07695756903−0.543846560629.

In other words, for small values of N, the system tries to select first nodes with

minimum SDV, which is consistent with the standard strategy of sorting nodes by

degree, as it is done, for example, in the CM and RCM algorithms. However, as

N increases, the heuristic function evolved by GHH1 becomes concave and the

system starts favouring nodes with intermediate values of SDV over either very

big or very small SDVs. Presumably, while preferring nodes with small degrees is

generally a good strategy, it can sometimes force the algorithm along very narrow

paths (where one low degree node is followed by another low degree node) which

do not give enough choice to the algorithm.

We then incorporated this heuristic into a level structure system as explained
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in Sec. 2.5.4, and carried out a substantial number of experiments. Note that in

the experiments conducted in this work, we used 24 instances from the DWT set

as well as the six largest instances from the BCSPWR set as test problems (see

Sec. 5.3.4 for details).

In order to assess the performance of the best heuristic evolved by GHH1, we

compared it against two well-known and high-performance algorithms, i.e., the

RCM contained in the MATLAB library (RCMM), and spectral (see Sec. 4.3.1

for details). All the experiments were performed on an AMD Athlon(tm) Dual-

core Processor 2.20 GHz. In addition to reporting the bandwidth obtained by each

method under test for each benchmark problem, we also measured the time re-

quired to solve each problem instance on this computer.

Table 5.4 shows a performance comparison of the algorithms under test. The

results of the tests reveal that the best heuristic generated by GHH1 is far superior

to both the RCMM algorithm and the spectral algorithm with respect to the mean

of the bandwidth values, the run times and the number of the best results obtained

under both criteria (shown in the “Wins/Draws” row). A Wilcoxon signed-rank

test, which is a reliable and widely used nonparametric test for paired data, also

reveals that the performance differences between GHH1’s best evolved heuristic

and these algorithms are highly statistically significant (p = 0.000).

5.4 A Genetic Hyper-Heuristic Approach for the ERP

Following the strategy adopted in the previous section, we designed a Genetic

Hyper-Heuristic (GHH2) in order to generate graph-theoretic heuristic algorithms

for the ERP. A description of GHH2 is given in Algorithm 5.

Note that unlike most of the previous nodal numbering schemes for sparse

matrices (including the best heuristic evolved by GHH1) which prioritise nodes
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Table 5.4: Comparison of GHH1’s best evolved heuristic against the RCMM and

Spectral algorithms.

Bandwidth Run time

Instance Dimension RCMM Spectral GHH1 RCMM Spectral GHH1

DWT 59 59 × 59 8 10 8 0.00923 0.01445 0.00169

DWT 66 66 × 66 3 3 3 0.00608 0.03477 0.00189

DWT 72 72 × 72 7 12 7 0.00762 0.02110 0.00210

DWT 87 87 × 87 18 19 18 0.00951 0.03599 0.00135

DWT 162 162 × 162 16 26 16 0.00738 0.04329 0.00273

DWT 193 193 × 193 54 45 49 0.00965 0.06501 0.00381

DWT 209 209 × 209 33 52 34 0.01079 0.07493 0.00318

DWT 221 221 × 221 15 23 19 0.01220 0.07522 0.00953

DWT 245 245 × 245 55 90 43 0.00845 0.09125 0.00844

DWT 307 307 × 307 44 64 39 0.01178 0.21649 0.00990

DWT 310 310 × 310 15 18 13 0.01040 0.18425 0.00932

DWT 361 361 × 361 15 24 15 0.01054 0.32843 0.00761

DWT 419 419 × 419 34 65 33 0.01516 0.41680 0.00754

DWT 503 503 × 503 64 91 51 0.01707 0.86690 0.00991

DWT 592 592 × 592 42 101 41 0.01976 1.21548 0.01009

DWT 758 758 × 758 29 40 26 0.03121 2.49725 0.01988

DWT 869 869 × 869 43 149 41 0.03846 3.53698 0.01102

DWT 878 878 × 878 46 214 44 0.03831 3.73173 0.01127

DWT 918 918 × 918 57 82 44 0.04098 4.13962 0.02502

DWT 992 992 × 992 65 60 63 0.05488 4.44688 0.01661

DWT 1005 1005 × 1005 104 148 101 0.05092 5.86841 0.01711

DWT 1007 1007 × 1007 38 81 38 0.04824 5.56310 0.02455

DWT 1242 1242 × 1242 92 142 94 0.07462 9.96307 0.02809

DWT 2680 2680 × 2680 69 161 69 0.36711 91.7894 0.03876

Mean 40.25 71.67 37.87 0.03793 5.63420 0.01172

BCSPWR05 443 × 443 68 132 56 0.02329 0.460892 0.01886

BCSPWR06 1454 × 1454 126 204 103 0.10788 15.5191 0.02912

BCSPWR07 1612 × 1612 140 192 119 0.12310 19.1069 0.03150

BCSPWR08 1624 × 1624 135 341 111 0.12659 18.4791 0.03898

BCSPWR09 1723 × 1723 133 241 126 0.14560 22.4614 0.04590

BCSPWR10 5300 × 5300 285 554 278 3.19833 674.3833 0.05982

Mean 147.83 277.33 132.17 0.62079 125.06844 0.03736

Wins/Draws 3/8 2/1 17/8 0/0 0/0 30/0

Numbers in bold face are the best results.
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Algorithm 5 GHH2 for the ERP.
1: Randomly generate an initial population of programs from the available primitives.

2: repeat

3: Initialise the fitness of each program p ∈ population to 0.

4: for each instance Gi ∈ training set of ERPs do

5: Select a starting vertex s and construct a level structure rooted at s.

6: for each program p ∈ population do

7: l← empty list

8: for each vertex v ∈V (Gi) do

9: Insert s into array perm [1...n] and update l.

10: Scan l and if l.count = 0, then break.

11: for each vertex v′ ∈ l do

12: Execute p.

13: end for

14: Create permutation σ represented by p.

15: Sort vertices in l in order given by σ .

16: s← first element of the ordered list l; l.remove(s).

17: end for

18: Apply perm to the adjacency list of the graph Gi.

19: Compute the envelope.

20: f itness[p] = f itness[p] + envelope(Gi, p).

21: end for

22: end for

23: Apply selection.

24: Produce a new generation of individual programs.

25: until the termination condition is met.

26: return the best program tree.
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Table 5.5: Primitive set used in GHH2.

Primitive set Arity Description

+ 2 Adds two inputs

- 2 Subtracts second input from first input

∗ 2 Multiplies two inputs

ED 0 Returns the number of unvisited vertices connected to each vertex

DFSV 0 Returns the distance from starting vertex for each vertex

Constants 0 Uniformly-distributed random constants in the interval [−1.0,+1.0]

at each level in a level structure independently, heuristics evolved by GHH2 are

capable of exploring and sorting vertices located beyond a specific level. More

details on Algorithm 5 are provided below.

5.4.1 Specialised Primitives

To make it feasible for GHH2 to exploit the new possibilities offered by its ability

to explore and prioritise vertices located at different depths in a level structure, we

provided it with two specially designed primitives, ED and DFSV (see Table 5.5).

The primitive ED, which stands for Effective Degree, is motivated by the com-

mon method of sorting vertices in a level structure based on their degree in classical

bandwidth and envelope reduction algorithms. The degree of a vertex is the number

of vertices connected to that vertex, and there is no doubt that it is of fundamental

importance to nodal numbering schemes, e.g., ERP solvers. However, we found

that prioritising nodes with the primitive ED, which does not include the vertices al-

ready visited when counting the number of vertices connected to a vertex, provides

more accurate guidance.

In a level structure system, all vertices in a level are located at the same dis-

tances from the root vertex. Since in most ERP solvers based on the level structures

nodes are sorted only within each level before moving to the next, node distance
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from the root is an irrelevant feature for such algorithms. However, in GHH2, while

we use the notion of level structures, after the first step of the algorithm, nodes from

different levels will be present in the list l. These nodes will thus have different

distances from the root node. The primitive DFSV captures this information, and

use it as a criterion for prioritising vertices.4 In fact, by incorporating the primitive

DFSV into the system, we aim to take into consideration the global structure of a

graph.

5.4.2 Vertex Selection

Let us analyse Algorithm 5 from a vertex selection point of view. First, a level

structure rooted at a suitable starting vertex s (vertex of minimum degree or a

pseudo-peripheral vertex as explained in Sec. 2.5.4) is constructed (Step 5). Next,

an empty list l is formed for each program p in the population (Step 7). The vertex

s is then inserted into the first position of array perm, and l is updated (Step 9).

The update process includes finding all unvisited vertices connected to s and in-

serting them into l. Note that further vertices will sequentially be assigned to s and

inserted in the second, third, etc. positions in perm.

Next, the GP interpreter is called k times, where k is the number of vertices

in l (Step 12). Each call of the interpreter executes the selected program with

respect to the different values returned by ED and DFSV. The outputs obtained from

each execution of the given program are stored in a one-dimensional array, and the

permutation associated with the original program tree is produced as described

in Sec. 4.2.1 (Step 14). The vertices located in l are then sorted based on the

permutation produced (Step 15).

In Step 16, the first element of l is then removed and considered as a new

4Sloan [156] also uses a distance quantity in his algorithm, but he computes distances from the end

node of a pseudo-diameter.
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starting vertex. This process is repeated for each vertex in V (Gi) until all the

vertices of graph Gi have been numbered. Finally, perm is applied to the adjacency

list of the initial graph (or matrix) (Step 18), a new adjacency list is generated, and

its envelope is computed (Step 19).

5.4.3 Results

In this work, we used the same training and test sets as described in Sec. 5.3.3 and

Sec. 5.3.4. Ten independent runs of GHH2 with the training set were performed,

and the corresponding best-of-run individual in each was recorded (see footnote 2

on page 93). The parameters of the runs are given in Table 5.6 (see also footnote

3 on page 95). The best program tree from these ten best-of-run results was then

selected as the overall best evolved heuristic.

The simplified version of the best heuristic evolved by GHH2 is as follows:

(((((((DFSV + ED) + (ED * ED)) * (((DFSV * ((0.616301555473498 + (DFSV

* (DFSV - -0.156489470580821))) + ((DFSV - -0.778113556456805) * ((DFSV

* 0.680593788009413) + (DFSV * ED))))) - (DFSV - -0.778113556456805))

- 0.273723254573403)) - 0.616301555473498) + (((ED - ED) + DFSV)

- -0.163010843639733)) + ((DFSV + (0.316761550175381 * DFSV)) -

0.889497244679135)) + -0.00709300954225148)

This function is also shown graphically in Fig. 5.2. The function is monotonic

in both ED and DFSV. For small values of ED, nodes closer to the root are preferred

over nodes further away. So, in a highly sparse matrix the algorithm behaves sim-

ilarly to the RCM algorithm. However, if there are significant differences in ED

values, the algorithm looks ahead and may prefer a deeper node with a lower ED

to a closer one with a higher ED, thus exhibiting a previously totally unexplored

strategy.
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Table 5.6: Parameters used in our experiments with GHH2.

Parameter Value

Maximum Number of Generations 100

Maximum Depth of Initial Programs 3

Population Size 2000

Tournament Size 4

Elitism Rate 0.1%

Reproduction Rate 0.9%

Crossover Rate 70%

Mutation Rate 29%

Mutation Per Node 0.05%

Next, the best heuristic evolved by GHH2 was incorporated into a level struc-

ture system, and experiments were carried out in order to evaluate its performance

against the RCM and GK algorithms. In practice, both algorithms are still among

the best and most widely used methods for envelope reduction. This heuristic was

also tested against GHH1-E, which is the best heuristic produced by an envelope-

minimising version of GHH1 described in Sec. 5.3. Unlike GHH2’s heuristics,

GHH1-E is constrained to operate at only one level of a level structure at a time.

A performance comparison of the algorithms under test is shown in Table 5.7.

All the results associated with the RCM and GK on the DWT set were taken

from [156]. Because there were no results available in the literature for the

BCSPWR set, we used a highly enhanced version of the RCM algorithm contained

in the MATLAB library to compute the related envelopes. Note that we do not

report the results of GK algorithm on the BCSPWR problems as we did not have

access to the original code, or a reliable reimplementation.
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Table 5.7: Comparison of GHH2’s best evolved heuristic against the RCM, GK

and GHH1-E.

Envelope size

Instance Dimension RCM GK GHH1-E GHH2

DWT 59 59 × 59 314 314 327 297

DWT 66 66 × 66 217 193 193 194

DWT 72 72 × 72 244 244 355 291

DWT 87 87 × 87 696 682 685 556

DWT 162 162 × 162 1641 1579 1611 1610

DWT 193 193 × 193 5505 4609 4851 5196

DWT 209 209 × 209 3819 4032 3851 3580

DWT 221 221 × 221 2225 2154 2335 2053

DWT 245 245 × 245 4179 3813 4884 3081

DWT 307 307 × 307 8132 8132 8644 7693

DWT 310 310 × 310 3006 3006 3045 2974

DWT 361 361 × 361 5075 5060 5060 5060

DWT 419 419 × 419 8649 8073 8635 7411

DWT 503 503 × 503 15319 15042 15139 13759

DWT 592 592 × 592 11440 10925 11933 11160

DWT 758 758 × 758 8580 8175 8479 8250

DWT 869 869 × 869 19293 15728 16942 15296

DWT 878 878 × 878 22391 19696 22074 21572

DWT 918 918 × 918 23105 20498 22032 22471

DWT 992 992 × 992 38128 34068 37288 37288

DWT 1005 1005 × 1005 43068 40141 41525 38107

DWT 1007 1007 × 1007 24703 22465 24692 24156

DWT 1242 1242 × 1242 50052 52952 50515 44666

DWT 2680 2680 × 2680 105663 99271 105967 92500

Mean 16893.50 15868.83 16710.92 15384.20

Wins/Draws 0/1 8/3 0/2 13/1

BCSPWR05 443 × 443 11227 NA 10246 5377

BCSPWR06 1454 × 1454 64636 NA 55897 29499

BCSPWR07 1612 × 1612 75956 NA 65675 32664

BCSPWR08 1624 × 1624 79811 NA 80057 33045

BCSPWR09 1723 × 1723 80983 NA 76222 42477

BCSPWR10 5300 × 5300 672545 NA 655482 296313

Mean 164193.00 NA 157263.20 73229.16

Wins/Draws 0/0 NA 0/0 6/0

Numbers in bold face are the best results.

104



 1

 100

 10000

 1e+06

 1e+08

 1e+10

 1e+12

 1e+14

 10  20  30  40  50  60  70  80  90  100

ED

DFSV=1

DFSV=5

DFSV=10

DFSV=20

DFSV=50

DFSV=100

Fig. 5.2: Plot of the best heuristic evolved by GHH2 for the ERP.

As indicated in Table 5.7, the results of GHH2 are extremely encouraging,

considering both the mean of the envelope sizes and the number of the best results

obtained (presented in the “Wins/Draws” rows). GHH2’s best evolved heuristic

outperforms the RCM, GK and GHH1-E by a significant margin, and produces

extremely good results for the BCSPWR set.

We also measured the time required for our method to solve each problem

instance on an AMD Athlon(tm) Dual-core Processor 2.20 GHz. The running

times for DWT59 (the smallest instance) and BCSPWR10 (the largest instance)

were 0.0307 and 1.0094 seconds, respectively, while the average running time was

0.1605 seconds. This reveals that our evolved algorithm is not only very effective

but also extremely efficient.
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5.5 Chapter Summary

In this chapter, we have introduced a general framework for genetic hyper-

heuristics, which are heuristic search algorithms designed to generate new heuris-

tics for graph layout problems from a set of potential heuristic components. We

have also proposed two genetic hyper-heuristic approaches (GHH1 and GHH2)

based on our framework for evolving graph-theoretic bandwidth and envelope re-

duction algorithms. The best heuristic produced by GHH1 for the BRP is very

interesting and unconventional, and it essentially goes against the accepted prac-

tice of ordering nodes by degree, particularly for large BRP instances. The best

heuristic generated by GHH2 for the ERP is also novel, since it incorporates new

ideas for using a level structure system without its conventional vertex numbering

scheme and employs new features for prioritising vertices.

We tested the generated heuristic algorithms against the best-known human-

designed methods from the literature on a large set of standard benchmarks from

the DWT and BCSPWR collections. Our algorithms performed extremely well

both on benchmark instances from the same class as the training set and also on

large problem instances from a totally different class, clearly confirming the effec-

tiveness of the proposed approaches. In addition, the results obtained showed that

the evolved heuristics were highly efficient considering the fact that their average

running times were very short, i.e., a fraction of a second.
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Chapter 6

Evolving a Highly Enhanced

Version of the Sloan Algorithm

6.1 Introduction

As we described in Chapter 2, the Envelope Reduction Problem (ERP) is an ex-

ceptionally hard graph layout problem, which has a considerable number of appli-

cations in various scientific and engineering disciplines. As a result, several meth-

ods have been developed for reducing the envelope size of sparse matrices among

which the Sloan algorithm, introduced in 1989, offered a substantial improvement

over previous algorithms. This sophisticated algorithm is still considered the best

option for the solution of the ERP, because it can generally produce quality so-

lutions for different types and sizes of problem instances in a short time. In this

chapter, a hyper-heuristic approach based on the framework proposed in Chapter 5

is presented for automatically evolving an enhanced version of the Sloan algorithm.

We also present a local search algorithm and integrate it with the new algorithm

produced by our hyper-heuristic in order to further improve the quality of the so-
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lutions. The new algorithms are evaluated on a large set of standard benchmarks

against six state-of-the-art algorithms from the literature. Our algorithms outper-

form all the methods under test by a wide margin. To the best of our knowledge,

no prior attempt to utilize a hyper-heuristic method for evolving ERP solvers has

been reported in the literature.

This chapter is organised as follows: Sec. 6.2 briefly describes the general

structure of the Sloan algorithm. In Sec. 6.3, our proposed hyper-heuristic method

is described in detail. In Sec. 6.4, a hybrid algorithm for tackling the ERP is in-

troduced. Sec. 6.5 provides some information about handling graphs with multiple

connected components. In Sec. 6.6, the numerical experiments and the related

statistical analysis are discussed. Finally, Sec. 6.7 summarises this chapter.

6.2 The General Structure of Sloan Algorithm

As mentioned earlier, our hyper-heuristic method evolves a variant of the Sloan

algorithm. It is therefore useful to first consider the general structure of this algo-

rithm. The two distinct phases of the original Sloan algorithm are as follows.

6.2.1 Finding a Pseudodiameter

The algorithm starts with finding a pseudodiameter and then uses it to provide the

second phase (vertex labelling) with a start vertex and a target end vertex. Note that

for a graph G, a pseudodiameter can be either a diameter or a shortest path between

two nodes in G such that their distance apart is slightly less than the diameter

length. Following [63, 67], Sloan found a pseudodiameter by constructing level

structures (see Sec. 2.5.4 for more details).

In addition, Paulino et al. [132] proposed the use of the first and last nodes

of the spectral permutation to define a pseudodiameter, without constructing level
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structures. This approach was incorporated into the hybrid algorithm presented by

Kumfert and Pothen [107] (see Sec. 2.5.2).

6.2.2 Labelling the Vertices of a Graph

In the labelling phase, the vertices of a graph G are divided into four groups based

on their status, i.e., post-active, active, pre-active and inactive. Any vertex which

has been assigned a new label is defined as post-active. A vertex is considered

to be active if it is adjacent to a post-active vertex without having a post-active

status. Any vertex adjacent to an active vertex with no post-active or active status

is labelled as pre-active. If a vertex is not post-active, active or pre-active, it is

inactive.

Then, the start vertex s selected in the first phase is relabelled as vertex one, and

a list of eligible vertices to be labelled next is constructed. This list is composed

of vertices which are either active or pre-active. The next vertex to be labelled is

selected from the list in such a way as to maximise the priority function

P(i) = (W1×d (i,e))− (W2× ci) . (6.1)

where W1 and W2 are positive integer weights, and ci is the current degree [156,

157] of vertex i. The current degree of a post-active vertex equals zero. For an

active vertex, this quantity is equal to the number of its pre-active neighbours.

Each pre-active vertex has a current degree equal to the number of its pre-active

and inactive neighbours plus one, while the current degree of an inactive vertex

equals its degree plus one.

In the first term of the priority function, d (i,e) is the distance between vertex i

and the target end vertex e (selected in the first phase). Considering P(i), it is clear

that a small ci and a large d (i,e) ensures a high priority. After the selection of a

vertex for labelling, it is deleted from the list, and then the list is updated based
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on the connectivity information for the graph. The second phase of the algorithm

is repeated until all the vertices have been labelled. Note that Sloan recommends

the pair (1,2) for (W1, W2), and updates the priority function by incrementing it

by W2 (updating value). However, the best choice for the weights seems to be

problem-dependent.

6.3 Our Hyper-Heuristic Method

In order to automatically generate an enhanced version of Sloan’s algorithm, we

designed a Genetic Hyper-Heuristic (GHH3) by utilising the general framework

presented in Chapter 5. Algorithm 6 shows how GHH3 works.

As mentioned in Sec. 6.2.2, the Sloan algorithm has a priority function for

determining the next vertex to be labelled at each stage. This priority function

together with its updating value play a critical role in influencing the quality of

the solutions obtained. For example, by setting W1 = 0 and W2 = 1 in the prior-

ity function, Sloan’s robust algorithm becomes almost identical to the King algo-

rithm [93], which is not considered a powerful ERP solver, and may produce very

poor orderings. Therefore, we decided to focus on the priority function and the

related updating value of the Sloan algorithm rather than the general structure of

the algorithm.

In our system, GHH3 is given a training set of matrices as input, and it pro-

duces an improved version of the Sloan algorithm as its output. To cope with such

a complex task, following the strategy described in Sec. 5.3, we provide GHH3

with the “skeleton” of the Sloan algorithm, and then we ask GHH3 to evolve the

“brain” of this algorithm, which is its decision-making element or in other words,

its priority function and updating value. The best algorithm created by the GHH3

in our experiments is called S?.
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Algorithm 6 Our proposed hyper-heuristic method (GHH3).
1: Randomly generate an initial population of programs from {primitives}.

2: Assign each program p in the population a floating-point random constant cp.

3: repeat

4: for each p ∈ population do

5: f itness[p]← 0

6: end for

7: for each instance Gi ∈ training set of sparse matrices do

8: Find the endpoints of a pseudo-diameter, vertices s and e.

9: Construct a level structure rooted at e.

10: for each p ∈ population do

11: for each vertex v ∈V (Gi) do

12: status[v]← inactive

13: P[v]← Execute p

14: end for

15: status[s]← preactive; l← empty list; l.add(s); j← 1

16: repeat

17: Find vertex top which has the highest priority value.

18: Update l and P.

19: Insert top into array perm[ j]; j++

20: Update l and P.

21: until l.count 6= 0

22: Apply perm to the adjacency list of graph Gi.

23: Compute the envelope for the adjacency list thus obtained.

24: f itness[p]← f itness[p] + envelope(Gi, p)

25: end for

26: end for

27: Perform selection.

28: Create a new generation of individual programs.

29: until the maximum number of generations is reached.

30: return the best program tree.
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Since the key component of GHH3 is the specialised GP system introduced in

Chapter 4, obviously the methods employed in GHH3 for initial population gener-

ation, fitness evaluation, selection, genetic operations and termination are the same

as in that GP system.

Note that in GHH3, during the process of generating the initial population,

we assign each program tree in the population a floating-point random constant

cp in the interval [−1.0,+1.0] (Algorithm 6, step 2). In fact, cp is designed to

finally form the updating value of the algorithm evolved by the GHH3. Note also

that we mutate the cp assigned to each program tree. This is simply performed

by replacing the value of cp with another floating-point random constant in the

interval [−1.0,+1.0]. We applied this type of mutation randomly to 25% of the

new individuals produced by the reproduction, crossover and mutation operations.

As in GHH1 and GHH2 presented in Chapter 5, GHH3 computes the fitness of

all individuals in a new generation incrementally, by testing the whole population

on a problem in the training set before moving to the next (Algorithm 6, step 24).

GHH3 also uses the Tarpeian method described in Sec. 5.3 for limiting bloat.

6.3.1 General and Specialised Primitives in the Primitive Set

The primitive set used in GHH3 together with the definition of each primitive is

indicated in Table 6.1. In this set, the general primitives comprise +, −, × and

uniformly-distributed random constants, which are very common in a GP system.

The specialised primitives include D, DFEN and FVL. These are specifically de-

signed for addressing the ERP.

The degree of a vertex reflects the number of vertices connected to that vertex.

There is no doubt that the degree of a vertex is of fundamental importance to graph

theory and plays a key role in nodal numbering schemes. In GHH3, the primitive
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Table 6.1: Primitive set used in GHH3.

Primitive set Arity Definition

+ 2 Adds two inputs

- 2 Subtracts second input from first input

∗ 2 Multiplies two inputs

D 0 Returns the degree of each vertex

FVL 0 Returns the component of the Fiedler vector of Laplacian matrix associated with each vertex

DFEN 0 Returns the distance from end vertex e for each vertex

Constants ∅ Uniformly-distributed random constants with floating-point values in the interval [−1.0,+1.0]

D returns the degree of each vertex.

The notion of distance is an important concept in level structures (see

Sec. 2.5.4). In nodal numbering schemes, it is typically used for finding a pseudo-

diameter. Sloan [156, 157] employed the distance quantity for determining the

endpoints of a pseudo-diameter, and included it in the priority function of his algo-

rithm. In GHH3, the primitive DFEN, which is motivated by the Sloan algorithm

returns the distance from end vertex e for each vertex. We incorporated DFEN into

our system as a primitive with the aim of taking into account the global structure

of the graph associated with a given symmetric sparse matrix.

The inclusion of the primitive FVL in the GHH3 is motivated by the alge-

braic connectivity of graphs [15, 56, 125]. Barnard et al. [15] discovered that by

sorting the components of the Fiedler vector (see Sec. 2.5.4) in monotonically

non-decreasing (or non-increasing) order, a permutation vector is generated by

which the envelope size of a sparse matrix could be reduced. This means that

these components contain valuable information regarding the vertices of a given

graph. Therefore, we designed the primitive FVL and included it in our system

with the aim of enhancing the performance of the priority function evolved by the

GHH3 and also reducing the number of ties.

As shown earlier in Table 6.1, FVL simply returns the component of the Fiedler
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vector of Laplacian matrix associated with each vertex. The GHH3 produces a

real-valued priority function, while the Sloan algorithm and the hybrid algorithm

proposed by Kumfert and Pothen [107] use an integer priority function. This is

because the primitive FVL in our algorithm employs the Fiedler vector which is a

real-valued vector.

6.3.2 Vertex Labelling

In this section, we analyse the GHH3 from a vertex labelling point of view as

follows:

1. First, the endpoints of a pseudo-diameter, vertices s and e are found (Algo-

rithm 6, step 8), and then a level structure rooted at e is constructed (Algo-

rithm 6, step 9).

2. For each vertex v which is an element of the set of vertices of graph Gi,

first, an inactive status is assigned to each vertex (Algorithm 6, step 12),

then the interpreter of the GP system is called (N calls in total, where N is

equal to the number of vertices in Gi). Each call of the interpreter executes

the selected program tree with respect to the different values returned by

primitives D, FVL and DFEN. The outputs obtained from each execution of

the given program are then stored in a one dimensional array P (Algorithm 6,

step 13). In fact, at this stage, we store the initial priority value of each vertex

in P.

3. A pre-active status is assigned to s (start vertex), and it is then inserted into an

empty list l. In addition, a node count variable j ∈ {1,2, ...,N} is initialised

to 1 (Algorithm 6, step 15).
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4. The main loop of the vertex labelling procedure is a repeat...until loop (Al-

gorithm 6, step 16), in which the following steps are performed until l is not

empty (termination condition) (Algorithm 6, step 21).

5. The vertices in l are scanned, and vertex top ∈ l which has the highest prior-

ity value is selected (Algorithm 6, step 17).

6. The top is removed from l. If top is not pre-active, then go to the next step.

Else, for each vertex k, which is adjacent to top, P[k] is updated (increment-

ing the priority value of k by cp). If vertex k is inactive, then it is added to l

with a pre-active status (Algorithm 6, step 18).

7. Vertex top is inserted into array perm, and its status is changed to post-

active. Next, the vertex count j is incremented by 1 (Algorithm 6, step 19).

In this step, we actually label the vertex top.

8. For each vertex n, which is adjacent to top, if n is pre-active, then its status

is changed to active, and P[n] is updated. Next, for each vertex r, which is

adjacent to n, if r is not post-active, then P[r] is updated. Else if r is inactive,

then it is added to l with a pre-active status (Algorithm 6, step 20).

Note that after the termination of the process described earlier, a permutation is

produced. This permutation is, in fact, stored in array perm. The permutation array

is then applied to the adjacency list of the initial graph or the rows and columns

of the initial sparse matrix (Algorithm 6, step 22). These processes result in the

generation of a new adjacency list or a reordered matrix, which is then used for

computing the envelope size (Algorithm 6, step 23).
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6.3.3 Training Set of Sparse Matrices

In this work, we used a training set comprising 24 benchmark matrices selected

from 6 different sets in the Harwell-Boeing sparse matrix collection, 5 of which

were the same as in our previous work (see Sec. 5.3.3 for details). The new set

employed in the training set was JAGMESH containing finite-element model prob-

lems. The benchmark instances of the training set selected for the present work

were slightly larger than those reported previously. Overall, sizes ranged from

61×61 to 1089×1089.

6.4 Augmenting S? with a Local Search Algorithm

We also present a hybrid algorithm for the ERP. This algorithm is a compound of

the S? and our local search algorithm. We call it S?+.

6.4.1 Local Search Algorithm

Algorithm 7 shows the structure of our local search algorithm. The input of this

algorithm is an undirected graph G(V,E) with vertex set V , edge set E and a la-

belling of vertices f : V → {1, . . . ,n}, where n = |V |. In Algorithm 7, for each

vertex v which is an element of the set V , first, a set of suitable swap vertices X is

constructed.

Marti et al. [121] in their Tabu Search approach designed for addressing the

BRP introduced three quantities for generating the set X as follows: the largest

vertex label (l) in the set of vertices adjacent to vertex v, the smallest vertex la-

bel (s) in the set of vertices adjacent to vertex v, and the best label (m) for v in

the current labeling f which is equal to b(l + s)/2c. The set X is then defined as

X = {x : |m− f (x)|< |m− f (v)|}. We have also adopted this strategy in our algo-
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Algorithm 7 Our Local Search Algorithm.
1: repeat

2: for each vertex v ∈V (G) do

3: Find quantities l and s ∈ {Ad jacent(v)}.

4: m← b(l + s)/2c

5: Find a set of suitable swap vertices X .

6: for each vertex x ∈ X do

7: swap( f (v), f (x)).

8: Compute the envelope size.

9: if envelope_a f ter_swap≤ current_envelope then

10: current_envelope← envelope_a f ter_swap

11: break

12: else

13: swap( f (v), f (x)).

14: end if

15: end for

16: end for

17: until the termination condition is met.

rithm for finding a set of suitable swap vertices (Algorithm 7, steps 3-5).

After the determination of set X , for each vertex x which is an element of X , we

swap the label of vertex v with the label of vertex x in the adjacency list of graph

G, and then compute the envelope size for the updated adjacency list obtained

(Algorithm 7, steps 7-8).

If the envelope size obtained after swapping is less than or equal to the current

envelope size (considering a pass rate of 25% for equal cases), then the current

envelope size is assigned the new envelope size, and the related loop is terminated.

Else, the label of vertex v is swapped with the label of vertex x in order to reverse

the change made to the adjacency list of graph G in step 7 and restore the previous
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state (Algorithm 7, steps 9-14).

This whole process is repeated until the termination condition is met (Algo-

rithm 7, step 17). The termination condition could be a fixed number of iterations,

a number of non-improving iterations, CPU time etc.

The motivation behind this local search method is to refine the ordering pro-

duced by S?. However, as our method is general, it could be integrated with any of

other ERP solvers in order to further improve the quality of the solutions.

It is useful to mention here that in addition to the point-swap operator used

in our local search algorithm, there are more sophisticated operators such as 2-

opt [40] and PMX [71], which can be generally employed to deal with permutations

in evolutionary algorithms.

6.4.2 Speeding up the Search

Although our local search algorithm has a simple structure, its application to larger

problem instances might be very time-consuming. This is mainly because each

swap operation should be performed on the adjacency list of a given graph, and

this calls for a full scan of the whole adjacency list. In addition, after each swap,

the envelope size for the updated adjacency list should be computed in order to

evaluate the effect of that swap. It is also obvious that by increasing the dimension

of a graph, the number of swaps performed increases.

In order to deal with this issue, we have developed a new data structure for the

representation of graphs. This data structure is capable of substantially reducing

the number of operations, required for swapping a large number of vertices and

updating the envelope size after each swap in a dense graph, which leads to a very

significant decrease in computational time. Considering the lack of direct relevance

of this data structure to the present research, we skip the related details here.
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Algorithm 8 S?+.
1: Run S?.

2: Apply the permutation returned by S? to the adjacency list of a given graph.

3: OrderedAdj← the adjacency list obtained in step 2.

4: Compute the envelope size.

5: current_envelope← the envelope size obtained in step 4.

6: Run the local search algorithm.

7: RefinedAdj← the adjacency list obtained in step 6.

8: f inal_envelope← current_envelope

9: Return RefinedAdj and f inal_envelope.

6.4.3 Structure of S?+

As stated above, S?+ is a compound of S? and the local search algorithm. Algo-

rithm 8 indicates how these two methods are integrated.

We first run S? on a given problem instance Gi. As mentioned earlier, the

output of S? is a permutation, which is then applied to the adjacency list of Gi, and

this leads to the creation of a new adjacency list OrderedAdj. Next, we compute

the envelope size based on OrderedAdj and store it in a variable current_envelope,

which is then employed by our local search algorithm (Algorithm 8, steps 1-5).

After this stage, we run our local search algorithm on OrderedAdj in order to

refine the ordering produced by S?. This process leads to the generation of a refined

adjacency list RefinedAdj, which is then returned by the hybrid algorithm. Note that

the final envelope size returned is computed based on RefinedAdj (Algorithm 8,

steps 6-9).
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6.5 Handling Graphs with Multiple Connected Compo-

nents

There are cases where the graph associated with a given sparse matrix may have

multiple connected components (i.e., its nodes can be partitioned into subsets with

no edges between the subsets). Recall that in Sec. 5.3.4 we have seen six bench-

mark matrices of this type included in the DWT set. In this section, a detailed

discussion on this issue is given as follows.

A single level structure cannot be constructed for such graphs and, so, in prin-

ciple most of the envelope reduction algorithms (as well as bandwidth reduction

algorithms) discussed in Sec. 2.5 would not be applicable. However, in practice

this problem is easily solved. Implementations typically handle the multiple com-

ponents in two (logically equivalent) ways. Some first do a traversal of the graph

associated with the matrix to identify the connected components and then apply

their core envelope reduction method to the components. Others identify and deal

with the components at run-time. That is, when they find that a level structure has

entirely been explored but there are still unlabelled nodes in the graph, they build

a new level structure for the next component and restart adding nodes one by one,

until all the components are dealt with.

We should note, however, that algorithms that deal with multiple components

this way are actually hybrids of a connected component detection algorithm and

an envelope reduction algorithm. Of course, the really difficult task (and the focus

of this work) is envelope reduction, not connected component detection. Nonethe-

less, in the presence of multiple components, the connected component detection

element of an algorithm typically contributes to a marked reduction of the enve-

lope size of a matrix on its own. The reason is that this element orders nodes in the

output permutation by component, which corresponds to turning the matrix into

120



Table 6.2: The influence of block-diagonalisation process on the performance of

envelope reduction algorithms.

DWT Number of Components Original Envelope Size Envelope Size after Block-diagonalisation Envelope Size after RCM

DWT 198 6 5817 1707 1409

DWT 234 7 1999 1939 1596

DWT 346 4 9054 8392 8184

DWT 492 2 34282 18348 7294

DWT 512 32 6530 5471 5449

DWT 607 4 30615 27711 17907

block diagonal form. So, even if one kept the original ordering of the nodes within

each component, the envelop size would be reduced.

In order to illustrate this, we report the envelope size of the 6 DWT matrices

with multiple components before and after block-diagonalisation (via connected-

component detection) as shown in Table 6.2.

To avoid contaminating results with a mix of the performance of the two algo-

rithms, in this study we do not consider benchmark matrices that their correspond-

ing graphs have more than one component. However, our proposed envelope reduc-

tion algorithms could trivially be extended with a connected-component detection

wrapper and would, thus, have no problems dealing with multiple components.

6.6 Numerical Experiments

In this section, we present the experiments carried out on the GHH3, S? and S?+.

In these experiments, we employed the DWT and BCSPWR sets described in

Sec. 5.3.4, as test sets on which to compare the proposed algorithms with six high-

performance algorithms. Our algorithms were implemented in C#. With the ex-

ception of the quicker runs reported in Section 6.6.2, which were performed on

an Intel Xeon(R) X5680 3.33 GHz computer, all the experiments were performed
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on an AMD Athlon(tm) Dual-core Processor 2.20 GHz. We report the envelope

size obtained for each of the benchmark problems as well as the time required

to solve each problem instance on this computer. The results associated with the

RCM, GK, Sloan, Sloan-MGPS and Hybrid-Perm algorithms on DWT set were

taken from [147, 156, 157], and for the Spectral algorithm, we used MATLAB to

compute the related envelopes.

Since there were no results reported in the literature on BCSPWR set, MAT-

LAB library and our own implementation of the Sloan algorithm were used in

order to produce the results related to the RCM, Spectral and Sloan algorithms re-

spectively. MATLAB is a powerful and reliable tool for scientific computing, and

our Sloan algorithm’s implementation is also very reliable, such that it can exactly

produce all the results reported in Sloan’s paper. In terms of the Gibbs-King algo-

rithm (GK), we did not have access to the original code or a trustworthy software

package to report the results on BCSPWR.

The algorithms under test were programmed in different languages and run

on different machines. Therefore, it was not possible for us to draw meaningful

comparisons between their run-times. However, as mentioned earlier, we report all

the run-times associated with our algorithms.

6.6.1 Experiments on GHH3 and S?

Using the training set specified in Sec. 6.3.3 and the parameters listed in Table 6.3,

we executed ten independent runs of the GHH3 (see footnote 2 on page 93). Note

that the parameters of these runs were originally selected in our previous work (see

Sec. 5.3) after conducting experiments on the BRP, considering both the quality of

solutions and run times. In general, these parameters produced good-quality solu-

tions in reasonable time also for the ERP. We will further explore the dependency
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Table 6.3: Parameters of the runs related to GHH3.

Parameter Value

Maximum number of generations 100

Maximum depth of initial programs 3

Population size 2500

Tournament size 4

Elitism rate 0.1%

Reproduction rate 0.9%

Crossover rate 80%

Mutation rate 19%

Mutation per node 0.05%

Constant (cp) mutation rate 25%

of performance on parameter values in Sec. 6.6.2.

Note also that elitism, reproduction, mutation and crossover are mutually ex-

clusive operators, and so their rates of application must add up to 100%. Since we

chose a crossover rate of 80%, the remaining 20% is shared (with unequal propor-

tions) between mutation, reproduction and elitism. With the parameters reported

in Table 6.3, each run took approximately 9 days of CPU time.

We selected as our overall best evolved heuristic the best program tree (together

with its associated constant value cp) out of the best results obtained in our runs.

The simplified version of the best evolved heuristic, h, and its related cp value are
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as follows:

h(D,DFEN,FVL) =

0.239680968337×DFEN

−0.706902944552×FVL

−0.767697461307×D

−DFEN×FVL

+0.382742287304×D×DFEN×FVL2

cp = 0.792495691141345

Simplification was performed using the Maxima symbolic algebra system.

Let us briefly study the function h. As we can see, the function has a linear

component (the first three terms) and a non-linear element (term 4 and 5). To

understand which components dominate, we need to get an idea of the range of

the variables D, DFEN and FVL. Since our benchmark matrices are sparse, typical

values of D are between a few units to about 30. Values of DFEN depend on the

size of a matrix, but cannot be smaller than 0 and are very rarely bigger than 60 in

our benchmarks. Finally, the Fiedler vector is normalised to be a unit vector and its

components, FVL, have a zero-mean and are rarely bigger than 0.1 in magnitude

(the fact that the norm of the Fiedler vector is 1, implies that, for large matrices, on

average its components are very very small).

We plotted the function h for these ranges of values and found that it is almost

always planar, except for values of DFEN above 30 or 40 when it starts developing a

concavity. If we do a Taylor expansion of the function h around D= 15, DFEN= 30
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and FVL= 0.0, we obtain the linear approximation

ĥ(D,DFEN,FVL) =

0.239680968337×DFEN

−30.7069029446×FVL

−0.767697461307×D

If we tabulate h and ĥ for values of their arguments within the ranges indicated

above, we find that these values are very similar. This is illustrated graphically in

Fig. 6.1. As one can see, rarely the ranking of nodes produced by ĥ would be very

different from the one produced by h.

This implies that GHH3 has approximately evolved a weighted averaging

heuristic. High distance from the end vertex, small degree and negative Fiedler

components are all elements that vote in favour of the insertion of a vertex in a per-

mutation and vice versa. However, not all these criteria have the same importance.

Generally, FVL plays a minority role except for a small fraction of the nodes where

its magnitude is significantly different from 0 or when D and/or DFEN is very small.

For a given FVL, since the weight of D is approximately 3 times bigger than the

weight of DFEN, one might think that the former is more important in determining

rank than the latter. However, DFEN values can be twice as big as D values in our

benchmarks. So, the relative importance of the two criteria is quite similar.

We incorporated the best heuristic evolved by the GHH3, h, into the skeleton

of the Sloan algorithm in order to form a new algorithm (S?). In fact, the best

heuristic obtained and its associated constant value act as a priority function and

its updating value in the S?. In order to assess the performance of the S?, it was

evaluated on a large set of standard benchmarks against six of the best envelope

reduction algorithms from the literature.
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Fig. 6.1: Relationship between the best heuristic function evolved by GHH3, h,

and its first order Taylor expansion around D= 15, DFEN= 30 and FVL= 0.0.

Table 6.4 shows a comparison of the S? against the RCM, GK, Spectral and

Sloan algorithms on DWT and BCSPWR sets. The results reported on both test sets

clearly reveal that the S? outperforms all four algorithms by a significant margin

with respect to the mean of the envelope sizes and the number of the best solutions

obtained. In addition to achieving a noticeably low mean envelope size, overall, the

S? yields the lowest envelope size on 27 benchmark instances out of 34, while the

Sloan algorithm produces the lowest envelope size on only 6 benchmark instances.

The RCM, GK and Spectral algorithms perform much less favourably than the

Sloan and S? algorithms. For the reasons mentioned in Sec. 6.6, we do not compare

our algorithm with the other algorithms under test in terms of CPU time. However,
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a simple inspection of the run-times of S? reported in Table 6.4 reveals that the S?

is not only very effective but also extremely fast.

Table 6.5 demonstrates a comparison of the S? against the Sloan-MGPS and

Hybrid-Perm algorithms on the nine largest Everstine problems. The Sloan-MGPS

algorithm is the Sloan algorithm combined with a modified version of the GPS

algorithm, and the Hybrid-Perm algorithm is a compound of the Sloan and Spec-

tral algorithms [147] (see Sec. 2.5.2 for more details). The results related to the

Sloan-MGPS and Hybrid-Perm algorithms are reported exactly as they appear in

the original source, i.e., in thousands. We only report performance on a subset of

the test problems because smaller DWT instances were not studied in [147].

Although the envelope sizes produced by these two algorithms are not reported

precisely, it is still possible to draw a comparison between the S? and these methods

on the test problems specified. As shown in Table 6.5, the Sloan-MGPS algorithm

gives slightly better mean envelope size than the Hybrid-Perm algorithm, while the

Hybrid-Perm performs better than the Sloan-MGPS considering the number of the

best solutions obtained. On the other hand, the S? yields a noticeably low mean

envelope size in comparison with both algorithms under test, and it also produces

the lowest envelope size on 4 benchmark instances (out of a total of 9), which is

equal to the number of the best solutions obtained by the Hybrid-Perm algorithm.

As it is clear, there is a significant difference between the envelope sizes produced

by the S? and the other two algorithms on the two largest instances of the Everstine

problems, i.e., DWT 1242 and DWT 2680.

6.6.2 Sensitivity of GHH3 to Parameter Choices

In order to get some insights as to the extent to which the results obtained by GHH3

are sensitive to the choice of parameters, we performed a series of quicker runs
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Table 6.4: A comparison of the S? against the RCM, GK, Spectral and Sloan

algorithms on DWT and BCSPWR sets.

Envelope size CPU time

DWT RCM GK Spectral Sloan S? S?

DWT 59 314 314 290 294 274 0.0485659

DWT 66 217 193 195 193 193 0.0466174

DWT 72 244 244 245 244 241 0.0443534

DWT 87 696 682 622 525 549 0.0460990

DWT 162 1641 1579 1751 1554 1506 0.0491389

DWT 193 5505 4609 5149 4618 4487 0.0506573

DWT 209 3819 4032 3323 3316 3299 0.0599485

DWT 221 2225 2154 2030 2052 1980 0.0504165

DWT 245 4179 3813 2874 2676 3095 0.0564288

DWT 307 8132 8132 7722 7550 6920 0.0748792

DWT 310 3006 3006 3102 2982 2954 0.0754029

DWT 361 5075 5060 5339 5062 5067 0.0628419

DWT 419 8649 8073 8953 7255 7088 0.0858158

DWT 503 15319 15042 14814 14436 13187 0.1231712

DWT 592 11440 10925 10782 10073 9691 0.0868744

DWT 758 8580 8175 7563 7598 7268 0.0953332

DWT 869 19293 15728 16261 14909 14048 0.1008546

DWT 878 22391 19696 19896 20537 19639 0.1304005

DWT 918 23105 20498 18603 17236 17289 0.1490151

DWT 992 38128 34068 35748 33928 33448 0.2459142

DWT 1005 43068 40141 32613 36396 31953 0.2542567

DWT 1007 24703 22465 21474 22669 21749 0.1650062

DWT 1242 50052 52952 43661 36822 35728 0.2687483

DWT 2680 105663 99271 92513 89686 87900 0.5642004

Mean 16893.50 15868.83 14813.46 14275.46 13731.37 0.1222891

Wins/Draws 0/0 2/1 1/0 4/1 19/1

BCSPWR01 138 N/A 144 126 125 0.0458540

BCSPWR02 263 N/A 197 166 174 0.0447663

BCSPWR03 892 N/A 698 575 571 0.0449469

BCSPWR04 4605 N/A 3399 2915 2821 0.0558754

BCSPWR05 11227 N/A 5238 3645 3804 0.0581744

BCSPWR06 64636 N/A 20653 18754 17473 0.1637185

BCSPWR07 75956 N/A 21547 18879 17861 0.1320252

BCSPWR08 79811 N/A 25014 21621 19912 0.1474253

BCSPWR09 80983 N/A 31404 24019 22014 0.1637689

BCSPWR10 672545 N/A 177431 194017 174794 1.8733869

Mean 99105.60 N/A 28572.50 28471.70 25954.90 0.2729941

Wins/Draws 0/0 N/A 0/0 2/0 8/0

N/A = not available
All CPU times are in seconds.
Numbers in bold face are the best results.
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Table 6.5: A comparison of the S? against the Sloan-MGPS and Hybrid-Perm

algorithms on the nine largest Everstine problems.

Envelope size

DWT Sloan-MGPS Hybrid-Perm S?

DWT 758 7.3 × 103 7.5 × 103 7268

DWT 869 13.9 × 103 15.7 × 103 14048

DWT 878 19.4 × 103 19.2 × 103 19639

DWT 918 17.0 × 103 17.3 × 103 17289

DWT 992 33.5 × 103 33.4 × 103 33448

DWT 1005 34.7 × 103 30.8 × 103 31953

DWT 1007 22.7 × 103 20.4 × 103 21749

DWT 1242 36.5 × 103 39.8 × 103 35728

DWT 2680 89.7 × 103 91.4 × 103 87900

Mean 30.52 × 103 30.61 × 103 29891.33

Wins/Draws 2/0 4/1 4/1

Numbers in bold face are the best results.
The results related to the Sloan-MGPS and Hybrid-Perm algorithms are reported

exactly as they appear in the original source, i.e., in thousands. However, for

clarity, we have multiplied them by 103.

using only one problem instance, the largest instance in the DWT set (DWT 2680),

to form a training set. We then tested on the remaining 23 problem instances in the

DWT set and on the 10 problem instances in the BCSPWR set. We expected one

problem instance to be insufficient to obtain general high-performance solutions.

However, to our surprise, as we will see, this was not the case.

In this configuration, we performed 10 independent runs with the parameter

settings listed in Table 6.3 and three new sets: one as in Table 6.3 but with a
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higher mutation rate (39%) and a correspondingly lower crossover rate (60%), one

as in Table 6.3 but with a smaller population (of size 500), and, finally, one as in

Table 6.3 but with both a higher mutation rate (39%) and smaller population.

Results of our runs are summarised in Table 6.6. For each condition and prob-

lem, we report the median, minimum and maximum envelope size recorded when

using the best evolved program in each of our 10 runs. It is apparent from this data

that varying the parameters within the small range we explored had relatively little

influence on the typical end-of-run results.

Also, surprisingly, we see that training on just DWT 2680 was sufficient to

produce high quality ERP solvers which generalise to other instances both within

and outside the training problem class. We suspect this is due to the fact that

DWT 2680 is a finite element model of a Destroyer including a considerable variety

of configurations (with its 2680 nodes, 3172 rod elements, 134 triangular plate

elements, and 2793 quadrilateral plate elements).

While the results thus obtained are not in the same league as the best program

evolved with our larger training set (compare Table 6.6 with Table 6.4), they are

not far behind. In particular, they are far superior to Sloan’s algorithm. As a

result of a smaller training set, runs with populations of 2500 individuals required

approximately 17 hours of CPU on our faster computer, while runs with the smaller

population typically lasted 3.5 hours.

6.6.3 Experiments on S?+

Table 6.7 presents a comparison of the S?+ against the Sloan and S? algorithms

on DWT and BCSPWR sets. In order to take the non-deterministic nature of the

S?+ into consideration, 20 independent runs were executed for each of the selected

benchmark instances, and the best, worst and mean envelope sizes obtained were
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Table 6.6: The influence of parameter variations on the performance of GHH3.

population size 2500,

19% mutation, 80%

crossover

population size 2500,

39% mutation, 60%

crossover

population size 500,

19% mutation, 80%

crossover

population size 500,

39% mutation, 60%

crossover

Instance Median Best Worst Median Best Worst Median Best Worst Median Best Worst

DWT 59 284.0 279 290 284.5 274 290 284.5 276 290 283.0 279 289

DWT 66 193.0 193 193 193.0 193 194 193.0 193 197 193.0 193 193

DWT 72 242.5 238 244 238.5 230 247 240.0 228 247 244.0 237 252

DWT 87 534.5 526 557 534.5 528 560 541.0 524 556 534.5 524 560

DWT 162 1523.0 1458 1576 1528.0 1460 1607 1520.0 1456 1613 1526.0 1460 1600

DWT 193 4543.5 4491 4701 4517.5 4493 4556 4515.5 4481 4684 4509.5 4481 4557

DWT 209 3349.0 3099 3404 3287.5 3035 3410 3297.5 3100 3439 3188.0 3114 3404

DWT 221 2007.0 1965 2025 1991.0 1968 2012 1987.0 1956 2028 1998.0 1963 2019

DWT 245 2813.5 2640 2945 2857.5 2688 3575 2863.0 2740 3471 2791.0 2688 3220

DWT 307 7040.0 6935 7380 7039.0 6950 7426 6999.0 6905 7462 7020.5 6928 7206

DWT 310 2952.0 2951 2966 2952.0 2951 2996 2952.0 2951 2992 2952.5 2951 2967

DWT 361 5067.0 5060 5096 5063.5 5060 5089 5063.5 5055 5114 5063.5 5052 5080

DWT 419 7222.0 7081 7337 7224.5 6902 7333 7206.0 6994 7304 7185.5 7017 7320

DWT 503 12920.5 12736 13874 12943.0 12740 13752 13071.0 12700 14072 13029.5 12679 13866

DWT 592 9848.0 9684 10080 9811.5 9684 10045 9854.0 9677 10256 9857.0 9684 10153

DWT 758 7600.0 7343 7749 7455.5 7280 7689 7514.0 7254 8428 7507.5 7281 7700

DWT 869 14455.0 14242 14915 14363.0 13784 14657 14417.0 14095 15480 14514.5 14022 14787

DWT 878 19944.0 19378 20235 19942.5 19099 20169 19778.5 19112 20169 20070.5 19174 20169

DWT 918 17189.5 16987 17891 17220.5 16941 17906 17251.5 16998 18429 17140.5 17004 17598

DWT 992 33686.0 33448 33948 33612.0 33508 33888 33676.0 33448 34044 33888.0 33620 34248

DWT 1005 32852.0 31728 33931 32735.0 31790 34169 32337.0 31480 34082 32867.0 31861 35391

DWT 1007 22446.0 21875 22725 22457.5 21246 22703 22252.0 21288 22703 22571.0 21542 22743

DWT 1242 37412.5 36018 42039 37021.5 35979 40283 36935.0 35775 43861 37204.0 36575 40638

DWT 2680 88616.0 88109 88890 88354.0 88058 88748 88682.0 87986 89258 88758.0 88064 88914

BCSPWR01 126.0 125 128 126.0 122 136 126.0 124 133 126.5 125 135

BCSPWR02 169.0 166 188 168.5 166 186 171.0 166 205 169.5 166 179

BCSPWR03 590.5 578 605 585.0 572 603 593.0 570 618 595.5 572 599

BCSPWR04 2839.0 2677 3965 2817.5 2496 3739 2778.5 2601 5812 2821.0 2531 3938

BCSPWR05 3803.0 3639 4041 3796.5 3617 4029 3836.5 3685 4701 3823.5 3703 3896

BCSPWR06 17944.5 17673 19321 17924.5 17509 18531 18050.5 17467 19516 18196.0 17309 18917

BCSPWR07 18648.5 17591 19212 18718.5 17457 19355 18941.5 18032 21454 18863.5 17366 19499

BCSPWR08 21471.0 20450 22851 20951.5 19352 22185 21231.0 19246 23439 21037.5 19260 22671

BCSPWR09 23561.0 23026 24801 23589.5 21683 24710 23749.0 21428 26129 23999.0 21204 24756

BCSPWR10 189730.0 174727 199343 180866.5 164871 198898 183580.5 168598 218014 185497.0 169147 206049

Mean 18047.74 17326.94 18807.24 17740.32 16902.53 18696.35 17837.87 17017.32 19711.76 17941.93 17052.24 18985.68
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recorded. We used the mean envelope size related to each benchmark problem

in order to compare S?+ with the Sloan algorithm. As it is clear from Table 6.7,

the S?+ is far superior to the Sloan algorithm considering both the mean of the

results and the number of the best solutions obtained. The worst results of S?+ are

also quite good in comparison with the Sloan’s results. This was expected, since

the S?+ benefits from a high-performance envelope reduction algorithm (S?) and

an effective local search algorithm at the same time. The small standard errors

obtained for the means also reflect that the process is very reliable.

In Table 6.7, the quantity ∆ refers to the difference between the best envelope

size obtained by the S?+ and the envelope size produced by the S? for each bench-

mark problem. In other words, the ∆ shows the improvement achieved by the S?+

over the S? on each problem instance. We report the ∆ values within 1000 seconds

(the termination condition of our local search algorithm). Note that by increasing

the time period specified as the termination condition, much better solutions could

be obtained by the S?+. For instance, we experimented with the largest benchmark

problem in our test sets (BCSPWR10, 5300 × 5300) and obtained ∆ = −9038,

which is significantly less than that reported in Table 6.7. However, there is no

doubt that this can increase the cost of our algorithm, which might not be desirable

especially in a situation, where the execution-time is of critical importance.

6.6.4 Statistical Analysis of the Results

In order to investigate whether or not the relative performance differences observed

in our experiments are statistically significant, we carried out non-parametric sta-

tistical tests. First, the results obtained by the S? and S?+ and the results produced

by each of the algorithms under test (RCM, GK, Spectral and Sloan) were paired

(S?/RCM, S?/GK, etc) on a problem-by-problem basis. Note that as mentioned
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Table 6.7: A comparison of the S?+ against the Sloan and S? algorithms on DWT

and BCSPWR sets.

S?+

DWT Sloan Best Worst Mean SD SEM ∆

DWT 59 294 273 273 273 0 0 -1

DWT 66 193 193 193 193 0 0 0

DWT 72 244 236 238 236.5 0.67 0.21 -5

DWT 87 525 548 548 548 0 0 -1

DWT 162 1554 1506 1506 1506 0 0 0

DWT 193 4618 4485 4486 4485.2 0.40 0.12 -2

DWT 209 3316 3218 3222 3219.1 1.51 0.47 -81

DWT 221 2052 1957 1958 1957.3 0.45 0.14 -23

DWT 245 2676 3055 3058 3056.2 0.97 0.30 -40

DWT 307 7550 6857 6859 6858.4 0.91 0.28 -63

DWT 310 2982 2950 2950 2950 0 0 -4

DWT 361 5062 5060 5065 5061.7 1.79 0.56 -7

DWT 419 7255 7038 7041 7039.7 1.10 0.34 -50

DWT 503 14436 13047 13055 13048.8 2.44 0.77 -140

DWT 592 10073 9638 9640 9639 0.89 0.28 -53

DWT 758 7598 7250 7258 7251.6 2.45 0.77 -18

DWT 869 14909 14031 14035 14033.2 1.66 0.52 -17

DWT 878 20537 19585 19592 19587.7 2.68 0.84 -54

DWT 918 17236 17107 17123 17110.6 5.18 1.63 -182

DWT 992 33928 33448 33448 33448 0 0 0

DWT 1005 36396 31493 31500 31497.6 2.76 0.87 -460

DWT 1007 22669 21472 21485 21476.5 4.15 1.31 -277

DWT 1242 36822 35343 35382 35359.4 15.58 4.92 -385

DWT 2680 89686 87534 87587 87546 15.49 4.89 -366

BCSPWR01 126 122 122 122 0 0 -3

BCSPWR02 166 174 174 174 0 0 0

BCSPWR03 575 561 561 561 0 0 -10

BCSPWR04 2915 2749 2750 2749.1 0.3 0.29 -72

BCSPWR05 3645 3727 3732 3729.1 2.21 0.69 -77

BCSPWR06 18754 17104 17122 17109.5 6.65 2.10 -369

BCSPWR07 18879 17256 17293 17270.7 12.93 4.08 -605

BCSPWR08 21621 19480 19493 19485.2 4.48 1.41 -432

BCSPWR09 24019 21468 21529 21488.7 22.29 7.05 -546

BCSPWR10 194017 173970 174139 174015.7 60.51 19.13 -824

Mean 18450.82 17179.04

Wins/Draws 5/1 30/1

SD = Standard Deviation
SEM = Standard Error of the Mean
∆ = S?+ (Best) − S?

Numbers in bold face are the best results.
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Table 6.8: Statistical Analysis of the Results.

Table Algorithm Z Asymp. Sig. (2-tailed) Exact Sig. (2-tailed) Exact Sig. (1-tailed)

Table 6.4 (DWT)

S? — RCM -4.286 .000 .000 .000

S? — GK -4.136 .000 .000 .000

S? — Spectral -3.714 .000 .000 .000

S? — Sloan -3.315 .001 .000 .000

Table 6.4 (BCSPWR)

S? — RCM -2.803 .005 .002 .001

S? — Spectral -2.803 .005 .002 .001

S? — Sloan -1.988 .047 .049 .024

Table 6.7
S?+ — Sloan -4.315 .000 .000 .000

S?+ — S? -4.782 .000 .000 .000

earlier, the results related to the Sloan-MGPS and Hybrid-Perm algorithms are not

reported accurately (i.e., divided by 1,000 and probably rounded) in the original

source and are only available for a subset of our test set. Therefore, we did not

consider them in our statistical analysis.

Then, we ran the Wilcoxon signed-rank test, which is a reliable and widely

used non-parametric test for paired data. The tests were performed using the SPSS

software package (ver. 16.0). The results of these tests are summarised in Table 6.8.

We used the Exact method for computing the significance levels of the statistics,

since the exact significance is always reliable, regardless of the size, distribution,

sparseness, or balance of the data. Note that the Z values reported in Table 6.8 are

based on the positive ranks.

The statistical analysis performed on the results confirms the superiority of

the S? and S?+ over the other methods tested by providing the related p-values.

A simple inspection of the p-values presented in Table 6.8 clearly demonstrates

that the performance differences between our algorithms and these methods are

statistically significant.
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6.7 Chapter Summary

In this chapter, we have presented a genetic hyper-heuristic approach (GHH3) for

automatically evolving a highly enhanced version of the Sloan algorithm, which is

a very powerful technique for addressing the envelope reduction problem (ERP).

The GHH3 is a search algorithm that explores the space of ERP solvers, and it

is based on the general framework introduced in the previous chapter. The new

version of the Sloan algorithm produced by the GHH3 benefits from a sophisticated

decision-making element as its priority function, which incorporates new ideas

inspired by the algebraic connectivity of graphs in order to guide the algorithm

towards better solutions.

We have also presented a local search algorithm and integrated it with the best

algorithm evolved by the GHH3 in order to further improve the quality of the so-

lutions obtained. Our local search algorithm is a general method. Therefore, it

could be integrated with any other envelope reduction solver in order to refine the

ordering produced by them. The new version of the Sloan algorithm (S?) and the

hybrid algorithm (S?+) were evaluated against six of the best envelope reduction al-

gorithms from the literature, namely the RCM, GK, Spectral, Sloan, Sloan-MGPS

and Hybrid-Perm on a wide-ranging set of standard benchmark matrices from the

Harwell-Boeing sparse matrix collection. Both our algorithms showed remarkable

performance on benchmark matrices from the same class as the training set as well

as problem instances from a completely different class. This confirms the ability

of our algorithms to generalising to unseen situations. The S? algorithm is also

computationally very fast.
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Chapter 7

Conclusions

This chapter presents some conclusions on the work described in this thesis and

suggests directions for future research.

7.1 Motivation and Key Result of the Thesis

As we have seen, graph layout problems belong to an important class of combinato-

rial optimisation problems with a large number of applications in various domains.

Therefore, many algorithms have been proposed in the literature for the solution of

this class of problems among which only graph-theoretic heuristics are appropriate

for practical use. These heuristic algorithms are generally fast and reliable. How-

ever, they are very hard and time-consuming to design, and there is usually plenty

of room for improvement in the solutions that they produce.

This motivated us to develop algorithms, termed Genetic Hyper-Heuristics, ca-

pable of automatically generating more effective, accurate and generally applicable

graph theoretic heuristics for addressing graph layout problems. Two very impor-

tant graph layout problems, namely bandwidth and envelope reduction problems

136



(BRP and ERP) were employed as testbeds, and a substantial number of experi-

ments were then carried out in order to determine the effectiveness of the heuris-

tics generated. The results obtained showed that the evolved heuristic algorithms

could outperform state-of-the-art human-designed algorithms. This confirms that

the main objective of this study has been achieved.

In the following section we will review the contributions of this thesis in more

detail, and in Sec. 7.3 we will describe possible avenues for future work.

7.2 Detailed Contributions of the Thesis

7.2.1 Specialised GP System for Graph Layout Problems

In Chapter 4, we have introduced a specialised genetic programming system, which

is in fact the first GP system designed to solve graph layout problems. It is a tree-

based GP system capable of transforming program trees into permutations, which

are then applied to the adjacency list of the initial graph (or the initial matrix) in

order to address the target problem. The proposed GP system can be utilised both

as a meta-heuristic and as a hyper-heuristic. The aim of developing this GP system

was to form the central organising element of genetic hyper-heuristics (the major

contribution of this study).

7.2.1.1 GP as a Meta-heuristic for the BRP and ERP

We initially applied the GP system (as a meta-heuristic) to the BRP. In order to

test its performance, we compared it with two high-performance BRP solvers, i.e.,

the RCMM and Spectral. The results obtained were very encouraging. For further

analysis, and to check its applicability to other graph layout problems, we then ap-

plied it to the ERP, but this time we used much larger and more diverse benchmark
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problem instances. We evaluated our method against four of the best performing

ERP solvers, i.e., the RCM, GK, Spectral and Sloan. In terms of reducing the en-

velope size, the proposed GP approach outperformed the four reference algorithms

in most cases. However, it performed poorly compared to the algorithms under test

(which are graph-theoretic heuristics) in terms of execution speed. This is not sur-

prising, given that our meta-heuristic approach requires runs of a GP system. Note

that previous studies on similar problems have generally reported that successful

graph-theoretic heuristic algorithms can be thousands to hundreds of thousands of

times faster than corresponding meta-heuristics.

7.2.2 Genetic Hyper-Heuristics

In Chapter 1, we have defined a Genetic Hyper-Heuristic (GHH) as a heuristic

search algorithm which explores the space of problem solvers. The key compo-

nent of GHHs is the specialised GP system described earlier. In Chapter 5, we

have presented a general framework for genetic hyper-heuristics. This framework

is actually the first hyper-heuristic framework that has the ability to automatically

generate heuristic algorithms for graph layout problems. The proposed framework

is an offline learning methodology that produces new reusable heuristics by acquir-

ing knowledge from a set of training instances.

More specifically, we first applied a GHH approach to an independent training

set of graphs/matrices (learning phase), and we then employed the best evolved

heuristic in order to directly solve the target problem instance(s), which would

obviously be from a totally different dataset. As mentioned above, GHHs were

originally designed to produce reusable heuristics, since having such heuristics

increases the speed of solving new unseen instances of graph layout problems.

However, a GHH can also easily be used as an online learning method to produce
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disposable heuristics.

In this thesis, we have presented three hyper-heuristic approaches, namely

GHH1 (Chapter 5), GHH2 (Chapter 5) and GHH3 (Chapter 6). These are, in fact,

specialisations of the proposed genetic hyper-heuristic framework.

GHH1 was designed to generate graph-theoretic heuristic algorithms based on

the level structures for the BRP. The common components of level-structure-based

solvers (i.e., a level structure system plus a method for finding a suitable starting

vertex) were incorporated into the GHH1. The algorithm was then asked to evolve

the key element of such solvers (i.e., a numbering scheme) using a set of primitives

compatible with the algorithm. More specifically, in GHH1 we used a small set

of standard primitives (addition, subtraction, multiplication and random constants)

and two problem-specific specialised primitives, i.e., SDV and N. The best heuristic

generated by GHH1 is very interesting and unconventional, since it goes against

the accepted practice of ordering vertices by degree, especially for large problem

instances.

Following the strategy adopted in GHH1, we designed GHH2 to produce

graph-theoretic heuristic algorithms for the ERP. Unlike GHH1, GHH2 is capable

of exploring and prioritising vertices located at different depths in a level struc-

ture. Therefore, although GHH2 uses the notion of level structures, the algorithms

generated by GHH2 are entirely different from conventional level-structure-based

nodal numbering schemes. In GHH2, we used the same set of standard primitives

as in GHH1 as well as two specialised primitives, i.e., ED and DFSV.

GHH3 was designed with the aim of automatically generating an enhanced

version of Sloan’s algorithm (a very powerful ERP solver). We provided GHH3

with the skeleton of the Sloan algorithm, and then we asked GHH3 to evolve the

decision-making element of this algorithm or, in other words, its priority function

and updating value. Three specialised primitives, i.e., D, DFEN and FVL were em-
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ployed for this purpose. The new version of the Sloan algorithm evolved by the

GHH3 (S?) benefits from a sophisticated decision-making element, which incorpo-

rates new ideas inspired by the algebraic connectivity of graphs in order to guide

the algorithm towards better solutions.

We evaluated the best heuristic algorithms generated by GHH1, GHH2 and

GHH3 against state-of-the-art human-designed BRP and ERP solvers, namely the

RCM, RCMM, GK, Spectral, Sloan, Sloan-MGPS and Hybrid-Perm on a wide-

ranging set of standard benchmark matrices from the DWT and BCSPWR col-

lections. Our algorithms showed remarkable performance on benchmark matrices

from the same class as the training set as well as problem instances from an entirely

different class. This clearly confirms that our algorithms are capable of general-

ising to unseen situations. The results obtained also indicated that the evolved

heuristics were highly efficient, having very short average run times.

Our experiments with the GHH3 have also led to the unexpected conclusion

that training on just one problem instance may be sufficient to generate high quality

reusable heuristics, which generalise to unseen problems, provided that the selected

problem instance includes a variety of configurations. This is interesting, since it

contradicts conventional expectations. This is also important, because by adopting

this strategy one can significantly reduce the CPU time required for running hyper-

heuristic algorithms.

7.2.3 Meta-heuristic GP versus Hyper-heuristic GP

As we mentioned before, in this thesis we have used genetic programming (GP)

as a meta-heuristic (in Chapter 4) and also as a hyper-heuristic (in Chapter 5 and

Chapter 6). In order to draw a direct comparison between these two methodolo-

gies, we selected two of our experiments, which were performed under exactly the
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same conditions. Table 7.1 illustrates the results associated with the experiments

chosen. In this table, GPb represents the best result obtained by our specialised GP

system (meta-heuristic GP) for each benchmark problem in 20 independent runs,

and S? represents the best envelope reduction algorithm created by our genetic

hyper-heuristic approach, i.e., GHH3.

The analysis of the results reported on the DWT set shows that the S? is far su-

perior to the GPb configuration, taking into consideration the mean of the envelope

sizes, the number of the best solutions obtained, and the run times. It should be

emphasized that the results associated with the GPb configuration and the S? (both

the envelope sizes and their corresponding CPU times) for each benchmark prob-

lem were obtained in 20 runs (the best of which was selected for this comparison)

and one single run, respectively.

In Sec. 2.4 and Sec. 3.2, the main disadvantages of employing meta-heuristic

approaches for addressing real-world problems in general and graph layout prob-

lems in particular were described. Here, we have provided evidence that supports

those arguments. With respect to the results obtained in this study, we encourage

the use of GP as a hyper-heuristic for the solution of graph layout problems as well

as other similar problems.

7.2.4 Proposed Local Search Algorithm

In Chapter 6, we have proposed a local search algorithm. Unlike many previous

studies on graph layout problems, we did not employ our local search method as a

stand-alone solver. The reason was that previous attempts (including ours) had not

met with a great deal of success. The motivation for the development of this local

search algorithm was to refine the ordering produced by S? (the enhanced version

of the Sloan algorithm generated by GHH3). Therefore, we integrated it with the
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Table 7.1: A comparison of the S? against the GPb configuration on DWT set.

Envelope size CPU time

DWT GPb S? GPb S?

DWT 59 278 274 12.01 0.0485659

DWT 66 193 193 12.65 0.0466174

DWT 72 233 241 13.23 0.0443534

DWT 87 520 549 22.18 0.0460990

DWT 162 1506 1506 30.22 0.0491389

DWT 193 4604 4487 54.22 0.0506573

DWT 209 3125 3299 59.32 0.0599485

DWT 221 1976 1980 69.21 0.0504165

DWT 245 2626 3095 68.97 0.0564288

DWT 307 7275 6920 107.69 0.0748792

DWT 310 2976 2954 44.58 0.0754029

DWT 361 5060 5067 74.92 0.0628419

DWT 419 7577 7088 155.82 0.0858158

DWT 503 13581 13187 207.36 0.1231712

DWT 592 10193 9691 278.20 0.0868744

DWT 758 7369 7268 332.28 0.0953332

DWT 869 14260 14048 417.18 0.1008546

DWT 878 19194 19639 484.76 0.1304005

DWT 918 17885 17289 610.15 0.1490151

DWT 992 33134 33448 540.37 0.2459142

DWT 1005 31494 31953 604.85 0.2542567

DWT 1007 20650 21749 745.94 0.1650062

DWT 1242 41220 35728 881.73 0.2687483

DWT 2680 91083 87900 3900.50 0.5642004

Mean 14083.83 13731.37 405.3475 0.1222891

Wins/Draws 10/2 12/2 0/0 24/0

GPb = the best result obtained by our specialised GP system in 20 runs
S? = the best envelope reduction algorithm generated by GHH3
Numbers in bold face are the best results.
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S? to form a hybrid algorithm for the ERP (i.e., S?+).

In order to test the effectiveness of the proposed local search algorithm, S?+

was compared against the S? and Sloan algorithms. Even the worst results obtained

by S?+ were extremely good compared to the Sloan’s results. The improvement

achieved by the S?+ over the S? on each problem instance was also very significant,

confirming the efficacy of the local search algorithm. Note that our local search

algorithm is a general method, and that it could be integrated with any other nodal

numbering scheme for further improving the quality of its solutions.

7.2.5 Some Insights into Nodal Numbering Schemes

This study has also led to some insights regarding the performance of nodal num-

bering schemes (e.g., BRP and ERP solvers):

1. Undoubtedly, the degree of a vertex is of fundamental importance to nodal

numbering schemes. However, we found that this quantity might fail to pro-

vide accurate guidance in the process of prioritising nodes for the construc-

tion of permutations. We have introduced two specialised primitives (SDV

and ED) to deal with this issue.

2. Taking into consideration the global structure of a graph could have a very

beneficial influence on the performance of a numbering scheme. We have

presented two specialised primitives (DFSV and FVL) for this purpose.

3. The effect of ties (vertices with the same degree) on the performance of nodal

numbering schemes might be much worse than expected, especially for large

problem instances. By incorporating the specialised primitives presented in

this thesis into the decision-making elements of such schemes, this effect

could be reduced considerably.
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4. We have shown the possibility and promise of utilising a level structure sys-

tem without its conventional nodal numbering scheme.

5. We have shown that in graphs with multiple components, the connected com-

ponent detection element of an ERP solver could contribute to a significant

reduction in the envelope size of a given matrix on its own. We believe that

the same could be true for a BRP solver and the bandwidth.

7.3 Future Work

In this section, I suggest some research directions for extending the work presented

in this thesis.

Specialised GP System

• Building a parallel implementation of the current GP system for improving

its execution speed.

• Investigating if the performance could be further enhanced by mutating con-

stants, using non-random populations and hybridising the GP system by in-

corporating a local optimiser.

• Employing machine learning techniques in order to better guide the genera-

tion of new individuals.

Genetic Hyper-Heuristics

• Applying the methodology presented in this thesis to other graph layout

problems with the aim of automatically creating more effective heuristic al-

gorithms for addressing them.
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• Further automation of the design process in order to reduce the cost associ-

ated with identifying suitable heuristic components.

• Further extending the primitive set used and designing new primitives which

contain more general information.

• Investigating the effect of training set on the performance of the generated

algorithms in detail.

• Investigating the possibility of speeding up the heuristic generation process

by adopting different strategies, such as estimating the fitness value of indi-

vidual program trees in the population without the need for executing them,

implementing a distributed version of the proposed GP system and intelli-

gently selecting smaller but more effective training sets.

Local Search Algorithm

• Minimising the number of swap operations by predicting the effect of a swap

on the layout cost before performing it.

• Replacing the set X (the set of suitable swap vertices) with a more effective

one, which may be generated by a genetic programming approach.

Nodal Numbering Schemes

• Investigating the influence of block-diagonalisation process on the perfor-

mance of bandwidth reduction algorithms.
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