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Intuitionistic modal logics
Formulas: A::=a| AANA|AVA|L|ADA|OA|CA
Logic IK: Intuitionistic Propositional Logic

kl: o(A>B)>(0A>0OB)
k2: O(ADB)D>(CADOB)

+ k3: O(AvB) > (0Av OB) +  necessitation: A
k4: (CAD>oB)>O(ADB) " DA
kb: ¢1LD 1

(Plotkin and Sterling 1986)
Kripke semantics: (Bi)relational structures (W, R, <) (Fischer-Servi 1984)
> a non-empty set W of worlds;
> a binary relation R C W x W,

» and a preorder < on W, such that:

(F1) u v/ (R) u v
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Sequent system:

r=A NA=B
“or = oA Cor,0A= o8B

Problem? k3, k4 and k5 are not derivable.

> not a problem for modal type theory...

Labelled sequent system: (Simpson 1994)

xRy, x :0A,y :A=2z:B xRy, =y : A
O ORr y is fresh
xRy,l,x :0A=2z:B N=x:0A

xRy,ly:A=z:B xRy, =y : A
oL yis fresh Op ————
Mx:0A=2z:B xRy, = x : CA
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Extensions - Semantics

Scott-Lemmon axioms: for h, i, j, k natural numbers,
h_i j Ak
Bhijk : < O'ADXOA

Theorem: (Plotkin and Sterling 1986)

Intuitionistic modal frame (W, R, <) validates g iff the frame satisfies:

if wR"u and wR/v then there exists v’ s.t. u < v’
and there exist x s.t. u'R'x and vR*x
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Extensions - Labelled system

For the special case: pyj: (O"ODADA) A (GFADOMCA)
Corresponding rule: (Simpson 1994)

wRv, wRiu, vRu,T = z : C

wR'v, wRiu,T =z: C

X

Phj

Theorem:
lablK + X, sound and complete for IK + py; and for frames satisfying
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Extensions - Going further

For the general case: guij: O"0'A D> D OFA
Idea: Reintroduce the < relation into the syntax!

Labelled sequent system:

x <y, yRz,I x:0A,z: A=A x<y,yRz,T =2z: A A

ORr v, z is fresh
x<y,yRz,,x :0A= A MN=x:0AA
xRy, T,y : A=A xRy, T =y A A
OL——————————yisfresh <R
Mx: A=A xRy, = x : OAA
xRy,y < z,x < u,uRz,T = A xRy, x < z,y < u,zRu,l = A
1 u fresh Fj u fresh
xRy,y <z, = A xRy, x <z, = A
’ R ’ / R ’
u v u v
< < < <
R R
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Extensions - Contributions

For the general case: guij: O"0'A D> D OFA

Idea: Reintroduce the < relation into the syntax!

Corresponding rule:

wR v, wRiu, u < ', u'R'x, vR*x,T = A

X, . :
Ehije wRv, wRu,T = A

Results: Soundness, completeness, cut-elimination.

u’, x fresh



