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Abstract
This thesis investigates the problem of automatically designing controllers for vehicles that
can be represented as a rigid body. The approach is based on the idea of automatically
obtaining a dynamic model of the system of interest, and using it to design controllers
automatically. A novel aspect of our approach is that of not requiring any form of platform
specific knowledge, and being as a consequence both hands-off and very generic.
The acquisition of models is based on data logged when a human pilot was controlling
the vehicle, and is carried out by an evolutionary algorithm based on competitive coevolution. Models in the form of symbolic expressions are coevolved along with the portions
of the training data that are used to compute their fitness. This results in an effective and
computationally efficient way of constructing models.
The modelling method is applied to a small toy car, a full sized aeroplane and two
different types of small quadrotor helicopters. For comparison, models of the same vehicles
are also derived using standard modelling techniques that exploit platform knowledge.
The models produced by our technique are shown to be as accurate or better than those
produced manually. Importantly after a limited amount of rearrangement of terms, the
models also prove to be interpretable.
A method is presented for reproducing in the models the noise and uncertainties that
characterize real world platforms. The evolved deterministic models produced are augmented with a simple yet computationally efficient Gaussian noise model, and a principled
method based on unscented Kalman filtering is used to estimate the noise parameters. The
augmented models are demonstrated to reproduce most of the variability shown by real
vehicles.
The automatic design of controllers considers both monolithic and modular structures
based on recurrent neural networks. Conventional steady state evolution is used to evolve
monolithic controllers, and cooperative coevolution is applied to modular controllers. Manually designed controllers are also developed for purposes of comparison. Controllers are
mainly evolved for path-following tasks, but other tasks like imitating game players’ abilities are also considered.
In general monolithic controllers are shown to be very effective in controlling the toy
car, but have limitations when applied to the helicopters. Modular networks show a better
ability to scale to more demanding platforms, and in simulation reach levels of performance
comparable to or better than controllers designed manually.
Tests show that for both the toy car and quadrotor helicopters, the evolved controllers
successfully transfer to the real vehicles, although a certain amount of mismatch exists
between the performances predicted in simulation and those on the real platforms.
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Chapter 1

Introduction
One of the most challenging research questions in the field of robotics is how to provide
systems with the ability to perform tasks entirely on their own, or in other words how
to be autonomous. This is such a broad question that it is fair to say that most of the
research in robotics deals with at least some aspects of autonomy. Such important topics as
localization and mapping, vision and scene understanding, planning and control, learning
and adaptation all have the aim of extending the boundaries of what a robot is capable of
doing without human intervention.
In this thesis we deal with the topics of the modelling and control of robotic platforms,
but while models and control algorithms are often developed by roboticists and control
engineers as means of automatically performing a task, we instead consider the problem
of autonomously learning such models and control algorithms, and doing so in a platform
agnostic way, that is without using any platform knowledge at all.
Consider for example the situation in which a new platform has been built (e.g. a
flying machine) and, the experts who built it have also devised a way to control such a
machine as part of the design process. This is a reasonable assumption since producing a
new platform is a cyclic process of design, test and refinement which demands some form
of control; often this control is provided by a skilled human expert. This example includes
all the vehicles and robots that were first built to be controlled by a human, that we would
now like to make autonomous. In this setting, we can control the platform (at least to
a certain extent) and in this way collect data on its behaviour in response to the control
signals.
Importantly, we focus on platforms on which we cannot develop controllers directly
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since any inappropriate control input could lead to unsafe operation or to damaging the
platform; this is a common problem in most interesting real world systems.
Given this situation, we would like to use some automatic methodology to produce a
description of the behaviour of the platform (i.e. a model) that matches the experimental
data sufficiently accurately, and we would also like to synthesize a controller in order to
carry out an arbitrary but feasible task, a task that is not necessarily something we can
already do with the platform through the normal means of control.
The automatic modelling of systems and the automatic design of controllers are certainly not unexplored topics, but in this thesis we have chosen an unusual approach: we
have deliberately decided to avoid the use of any knowledge about the platform and to aim
at a platform independent methodology for developing both models and controllers.
Our central research questions is: how far can we get in automatically building models
and controllers without using any platform specific knowledge?
This is a great starting point for an interesting, and potentially useful research journey.

1.1

Motivations

Our interest in automatic modelling and control sprang out of the work carried out in
the School of Computer Science and Electronic Engineering in the domain of miniature
unmanned aerial vehicles (UAV) [101, 57, 58].
In such a context it is often the case that small electric aerial platforms (both fixed and
rotary wing) are readily available on the market in the form of ready to fly toy vehicles
(e.g. [135, 78]) or components that can be used to assemble custom platforms (e.g. [156]).
Batteries with higher energy density (i.e. Lithium-Polymer cells), cheaper sensors (i.e.
MEMS1 accelerometers and gyros) and more efficient electric motors (i.e. brushless motors)
are the technologies that in the last few years have played a primary role in making such
vehicles available.
Once retrofitted with the necessary sensors, computation and communication modules
such vehicles become very interesting robotics platforms. In recent years, the availability
of such inexpensive and safe platforms has increased the number of research endeavours
that make use of miniature UAVs (e.g. [132, 149, 195, 86, 8]). This is in contrast to only
a decade ago when the research was instead limited to purpose built and much larger,
1

Micro-electro-mechanical systems.

1.1 Motivations
expensive and dangerous single rotor autonomous helicopters suitable only for outdoor
operations (e.g. [152, 115]).
In COTS (commercial off-the-shelf) vehicles, cost competition ensures simplicity of design, but also limits the overall quality standard, and differences in flying qualities are
therefore common even between vehicles of the same type. In the case of the model toy
market, the design of these helicopters is often largely the result of the experimental work
of a single committed designer (e.g. [166, 240, 167]), rather than of a conventional engineering effort; this means that no adequate dynamic model of these novel flying machines is
generally available. Under these circumstances, it is clear that the methodologies of control
system design traditionally used in the aircraft control community become very difficult
to apply, or are simply unsuitable since new design concepts often require completely new
control solutions.
With this premise, our interest in a methodology that automatically produces models
and controllers for this type of platform is easily explained. Ideally such an approach would
allow the production of models that are (at least to a certain extent) understandable, and
controllers that can be customized to achieve different tasks. Changes in the platform’s
design or payload could then easily be handled simply by repeating the modelling and
controller design processes, following which the form of the resulting models could give
some insight into the nature of the changes in the platform.
Although the specific challenge of miniature autonomous rotorcraft is what first interested us in automatic control and modelling, our research has developed, and has applications beyond this domain.
The questions of modelling and controller design are crucial ones in robotics. For a
robotic system, a highly desirable contribution towards autonomy is the ability to learn
how to behave in its environment; this in turn entails both understanding and controlling its
own body, and also making sense of its surroundings. The work in this thesis contributes to
addressing the first of these two challenges for a well defined but general class of platforms.
In this thesis we will limit ourselves to experiments that are directly relevant to our
goal, but we can easily foresee that our ideas could be part of a more complex autonomous
system where they could provide a way of bootstrapping the learning process away from a
set of safely executed manoeuvres towards more uncertain territory.
The motivations for the present work also derive from the engineering aspects of the
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challenges of modelling and controller design. Modelling, or system identification as it is
often defined in the control engineering field, is a topic of active research, since producing
models that match the behaviour of real dynamic systems is both necessary and far from
simple. It is therefore of obvious interest to study methods that can deal with non trivial
systems distinguished by coupling and non-linearity like some of those we will consider.
Our results will be relevant in the context of system identification because we will make
specific choices in order to produce models that are as far as possible transparent and interpretable. In addition we will also choose for our models the same state space formulation
commonly used in the control system community for models based on conventional engineering principles. The models obtained should therefore have a value that goes beyond
their use for automatic control design.
In the control domain, the evolutionary techniques that we will use do not require
any prior knowledge of how to solve a task, and therefore they could be used to provide
insight into the solution of novel tasks for which it is not obvious how to manually design
a controller. Alternatively, even in the case of a control problem for which a solution is
known, better results might be achievable from automatic design, and this could provide
insight into how to improve existing controllers. Although we will not address this specific
aspect in our work, other authors have shown this to be a viable methodology in the context
of UAV controllers based on evolved artificial neural networks ([93]).

1.2

Approach

Let us now sketch the approach followed in this thesis. For the sake of clarity, we will not
at this stage address in any depth the motivations that led to our choices; we ask the reader
to bear with us until the next chapter when we will address the problems of modelling and
control in more detail, and our choices will be supported and related to the literature in
the field.
In answering our main question of how far we can get in designing controllers in a
completely platform agnostic way, we take what is very much an experimental approach
which starts with collecting data, and ends by testing the controllers on the real world
platforms.
In this thesis we will limit ourselves to platforms that can be represented as a 6DoF
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rigid body; we will use a small toy car (details in Section 3.3.3) two quadrotors (details in
Sections 3.3.2 and 3.3.1) a full sized aircraft (details in Section 3.3.4) and a simulation of a
single rotor helicopter. All of these platforms have two facts in common: they can be flown
or driven to collect data about their dynamic behaviour; and, very importantly, they can
be damaged and/or unsafe if driven by inappropriate control inputs (e.g. random inputs).
For example in the case of a helicopter it is not generally a good idea to try out control
manoeuvres at random, since almost inevitably this would lead to crashing the helicopter
into the ground, or a wall, or would flip the machine upside down, a situation from which
recovery may be impossible. In what follows we will call a machine with these characteristics non-recoverable using the definition proposed by Togelius ([231]). Non recoverability
is a characteristic of many real world systems, and therefore a general methodology like
ours aims to be, should take it into account.
The obvious consequence of this is that any control design methodology that requires
testing the real platform with poorly defined control inputs, or with potentially poor controllers, cannot be applied in the present context. For this fundamental reason, we decided
to tackle the problem of automatic controller design offline, through the use of a simulator,
a methodology widely used in the evolutionary robotics community2 ([243]). In general,
evolution carried out in simulation is also considerably faster than evolution carried out on
the real platform since a dynamic model can run at least few orders of magnitude faster
than real time. It is also more practical since a simulated vehicle does not need the setup
and maintenance required for a real vehicle.
Since the need to avoid the use of platform specific knowledge is fundamental to our
approach, we must build the dynamic model of the platform automatically, relying solely
on experimental data.
In the thesis the automatic design of models and the validation of the models obtained
are approached as follows:
• coevolution and genetic programming are used to infer both the structure and the
parameters of the models of the platforms under study;
• the obtained dynamic models are extended with a stochastic model to represent the
variability that characterizes real world platforms;
2

Benefits and shortcoming of evolutionary techniques are discussed in detail in section 5.2.
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• to provide grounds for comparison we also produce (or attempt to produce3 ) models
based on more conventional system identification methods;
• to demonstrate that the approach is platform indelpendent, our modelling methodology is applied to various different platforms without any major changes in the
algorithms.
Once we have a model of a system, we can focus on the control side of the problem.

Again, our radical choice of not using platform knowledge prevents us from using standard
control theory design techniques, since these require platform knowledge at the level of the
structure, inputs and parameters of the controller.
While we deliberately avoid the use of platform knowledge, we do allow the use of
some knowledge of the control task to be solved, in particular to develop well specified
measures of the controller’s performance and of the types of behaviour we want to obtain.
We will also often adopt metrics used in control systems engineering. We believe this is
an important step in obtaining controllers that are not only interesting4 but also useful to
the point that they can be integrated with other system components designed using more
traditional engineering methods.
In our work we will mostly address the automatic design of controllers tackling the
problem of path following, which involves dealing with the problem of translating a medium
level platform independent description of a task (i.e. a path to follow) into low level and
very platform dependent control commands. However, we will also examine some examples
of different types of tasks.
We approach the design of controllers and their validation as follows:
• we rely on evolutionary computation to automatically make the design choices that
are usually made by an expert engineer i.e. different sizes of the platform state,
different numbers of inputs, and very different dynamics;
• we make in depth comparisons with handcrafted controllers in order to understand
advantages and shortcoming of our evolutionary approach;
• we repeatedly test the obtained controllers on the real platforms to study the accuracy
3

Not all of our platforms are amenable to the standard techniques that we implemented.
By interesting we mean able to solve a task for which an obvious solution does not exists or solve the
task in a novel way.
4

1.3 Research Objectives
and consistency of their performance, and the agreement with the results obtained
in simulation.

1.3

Research Objectives

We have sketched the way we have planned our research, and we identified our main aim.
However there are several objectives that we plan to fulfil in order to reach our target.
Following the order in which we will address them throughout the thesis, we aim at:
• proposing a generic model structure that can cope with 6DoF rigid body models
with different levels of complexity, different numbers of inputs and both linear and
nonlinear dynamics;
• devising a general training method for determining the structure and parameters of
a model, a method that relies solely on data collected from the real platform and,
more importantly, relies on training data that has not been examined and selected
by a human expert;
• ideally obtaining performance at least as good as the models produced by experts,
and by using more conventional identification techniques;
• generating models that are transparent and understandable by an expert engineer
who could use them to gain insight into the dynamic behaviour of the platform;
• generating models that are physically consistent i.e. that produce meaningful accelerations and velocities making them usable in place of the equations devised by a
human expert;
• encoding in the model the uncertainty usually present on the behaviour of real world
systems;
• devising a way of automatically determining the uncertainty characteristics of the
model from real data;
• proposing a generic controller structure (or set of structures) that can cope with the
number of control inputs that a typical rigid body system could have;
• devising training techniques for controllers that can scale up to the complexity posed
by different platforms and tasks;
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• ideally obtaining controllers with performances as good or better than those produced
by experts;
• generating controllers in simulation that can transfer to the real platforms and control
them successfully ideally with the accuracy shown in simulation.
Obviously we might not be able to achieve all of these objectives to the extent we would

like, but establishing the limits of the approach is indeed a vital and integral part of the
research programme.
In all our work we have devoted a great deal of effort to comparing our results with
other more conventional techniques, and reporting all the details needed to understand,
make use of, and replicate our experiments. We believe that this ensures that many of the
technical details explored in this work will be relevant to researchers and practitioners in
the disciplines this work touches upon.

1.4

Thesis Outline

The work reported in this thesis naturally falls into two distinct parts, modelling of the
chosen platform and automatic design of controllers based on the obtained models, before
those:
In Chapter 2 we introduce the many aspects of the modelling and control tasks and
bring into contest the most relevant results from the literature. In this chapter we also put
in place the foundations that underpin the novel contributions presented in Chapters 4-7.
Chapter 3 describes the various platforms used in this work, the settings in which our
experiments were conducted, and the ways in which the data were pre-processed. This
chapter also discusses the many technical details that inevitably have to be addressed
when working with real world platforms.
The first part deals with automatic modelling:
• Chapter 4 presents standard approaches to modelling, some of which are not in line
with our minimal platform knowledge concept but which constitute a very useful
point of comparison;
• Chapter 5 presents our coevolutionary approach, in which we apply very recent findings in the evolutionary computation field to the problem of modelling, showing both

1.4 Thesis Outline
their advantages and their shortcomings;
• Chapter 6 adopts a different perspective on the problem of modelling, shifting from
a deterministic to a probabilistic paradigm;
The second part addresses the problem of automatically designing controllers based on
the models built in chapters Chapter 5 and Chapter 6:
• Chapter 7 tackles the challenging problem of automatically designing controllers for
two real platforms the car and quadrotor.
Chapter 8 sets out the conclusions and identifies the strong and weak points of the
thesis, also identifies interesting directions that future research is likely to take.

1.4.1

Publications

Some of the work presented in this thesis has already appeared in refereed publications.
The chapters in which this material appears are listed below; all of the publications can
be downloaded from the author’s web page5 .
• Renzo De Nardi and Owen E. Holland Coevolutionary modelling of a miniature rotorcraft. Proceedings of the 10th Intelligent and Autonomous Systems Conference
IAS10, 2008. Extensively reported in Chapter 5.
• Julian Togelius, Renzo De Nardi, Hugo Marques, Richard Newcombe, Simon M.
Lucas and Owen Holland. Nonlinear dynamics modelling for controller evolution.
Proceedings of Gecco 2007. Extensively reported in Chapter 5
• Renzo De Nardi, Julian Togelius, Owen E. Holland and Simon M. Lucas. Evolution
of Neural Networks for Helicopter Control: Why Modularity Matters. Proceeding of
the IEEE Congress on Evolutionary Computation, CEC06. Extensively reported in
Chapter 7.
• Julian Togelius, Renzo De Nardi and Simon M. Lucas. Towards automatic personalised content creation for racing games. Proceedings of IEEE CIG 2007. Briefly
reported in Chapter 7.
5

http://www.cs.ucl.ac.uk/staff/R.DeNardi/phd/
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• Julian Togelius, Renzo De Nardi and Simon M. Lucas. Making racing fun through
player modeling and track evolution. Proceedings of the SAB Workshop on Adaptive
Approaches to Optimizing Player Satisfaction, SAB06. Briefly reported in Chapter 7.
Other collaborative publications in related technical areas, but not directly involved in

the main reported text, are listed below. These can all be downloaded from the author’s
web page.
• Renzo De Nardi and Owen Holland. UltraSwarm: A Further Step Towards a Flock
of Miniature Helicopters. Proceedings of the SAB Workshop on Swarm Robotics,
2006.
• Renzo De Nardi, Owen Holland, John Woods, and Adrian Clark. SwarMAV: A
swarm of miniature aerial vehicles. Proceedings of the 21st Bristol International
UAV Systems Conference, 2006.
• Owen Holland, John Woods, Renzo De Nardi, Adrian Clark. Beyond swarm intelligence: The UltraSwarm. Proceedings of the IEEE Swarm Intelligence Symposium
(SIS2005), 2005.
• Julian Togelius, Renzo De Nardi and Alberto Moraglio. Geometric PSO + GP =
Particle Swarm Programming. Proceeding of the IEEE Congress on Evolutionary
Computation (CEC08), 2008.
• Julian Togelius, Simon M. Lucas and Renzo De Nardi. Computational Intelligence
in Racing Games. In Norio Baba et al. (eds.) Advanced Intelligent Paradigms in
Computer Games, 2007.

Chapter 2

Background and Related Work
In the introduction we described the setting in which this work developed, and also identified our research targets. In presenting the targets, we had to be brief about the multifaceted nature of the problem that we are tackling both in the modelling and control
domain; this chapter will provide much more detail.
We aim to provide a comprehensive background description of the processes of automatic modelling and automatic design of controllers, and provide references to the relevant
literature. The novel contributions to be discussed in the following chapters will then fall
naturally into the appropriate context of theory and practice.
Although in our experimental work we will first address the problem of modelling, in
this chapter we start by looking at the problem of control, since this allows us to better
situate our work in the wider context of current robotics research.

2.1

The Automatic Control Task

The Reinforcement Learning (RL) problem is defined as the problem of deciding which
action a (virtual or real) agent should take in a given environmental state in order to maximize its long-term reward1 . This definition encompasses a variety of problems, including
those of automatically designing a robot controller.
The most popular approaches used to solve RL problems are temporal difference (TD)
learning and related algorithms ([218]), and evolutionary methods.
1
A more rigorous definition in terms of the optimal control of Markov decision processes can be found
in [218].
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Empirical evidence has shown that neuroevolution2 can outperform TD methods in

domains with large state and action spaces, especially if they involve sensor and/or actuator noise ([83, 225]). This is the situation for all of our platforms since their state
is continuous (i.e., there are an infinite number of states) and they are distinguished by
sensor and actuator noise, therefore in our work we decided to use evolutionary methods,
and in particular we have focussed on neuroevolution. However founded on evidence from
the published literature, our choice remains a pragmatic one, and it would be certainly
interesting to see if TD learning and related techniques would yield similar results.
In our context, where avoiding the use of platform knowledge is of primary importance,
evolution is a particularly suitable technique because in order to train controllers it requires
only a simulation of the platform, and a fitness function; no knowledge of how the task
should be solved is needed.
We can produce a simulation of the platform by using automatically produced models
(see Section 2.2), and determining a fitness function is generally much easier than determining a solution to the problem. Given these two ingredients, an evolutionary algorithm
can then be used to search the space of controllers allowed by the chosen representations.
This is of course the methodology used in the field of evolutionary robotics ([175]), and
our approach shares many of the tools and techniques commonly used in this discipline.
However, here we focus only on the automatic engineering aspects of the approach; we are
not interested in the open questions in biology concerning evolutionary, developmental,
and brain dynamics that have been investigated in connection with evolutionary robotics
([91, 47]). We see evolution as an optimization technique that can be used to search
for solutions to complex control problems, and which makes the most of the information
present in the experimental data, potentially avoiding the biases that designers inevitably
introduce when using more conventional optimization techniques.
Designing controllers using evolution is not devoid of problems and limitations, and in
the following sections we will discuss those directly related to our work: transferability,
incremental evolution and modularity. In the discussion we will tend to focus on controllers
based on artificial neural networks since in the experiments reported in Chapter 7 we will
primarily use such representations.
2
Neuroevolution refers to the practice of evolving the weights or the weights and structure of artificial
neural networks.
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Transferability

Since we are evolving our controllers in simulation, we have to ensure that they will transfer
successfully to the real platform

3

. During the training evolution can potentially learn

strategies that exploit behaviours produced by the simulator but that are not expressed by
the real platform; transferability is therefore directly related to the fidelity of the simulator
used for evolution.
In practice transferability is a common problem in evolutionary robotics, and some of
the earliest research devoted to it was carried out by Jakobi ([110, 111]). Jakobi proposed
dividing the aspects of the robot and its environment into a base set and an implementation
set. The base set includes all the aspects deemed to be essential for evolving a good
controller, and should be reproduced by the simulator with the same variability that such
aspects have in the real world. The implementation set instead consists of all the remaining
aspects of the simulation, and these need to be represented with variable levels of noise
with the aim of preventing evolution from relying on them. While sound, the approach of
Jakobi is not that useful since in practice the line between the base and implementation
sets is very fuzzy, and ultimately the choice of how to define the two sets and how to decide
on the level of noise to use is down to the designer ([247]).
In [154] and [155] Miglino and co-workers proposed to sample the responses of the
sensors and actuators of a Khepera[162] robot in order to build look-up tables to be used
as sensor and actuator models4 . In the process the choice of which elements in the systems
were to be modelled was left to the designer, and as the authors comment, due to the need
to carefully sample the response of the real robot in a variety of situations, this technique
becomes infeasible for complex robots and environments.
To improve transferability, instead of focussing on more realistic models one could
design controllers with the inherent ability to adapt to changes in the robot and in the
environment (i.e. with plasticity). Floreano and Mondada ([71]) propose a method that,
instead of evolving the weights of a neural network controller, evolves the type of rule used
to learn each of the synaptic weights, along with learning whether a weight is excitatory
3

In the evolutionary robotics community, the concept of transferability is defined in a rather loose way.
The term is mostly used when a controller evolved in simulation is able to perform the same task it was
trained for on the real system (e.g. balancing a pendulum [80] or performing a memory task [110]). In this
work we will adopt this qualitative definition.
4
We use the terms sensor and actuator models, as these are in line with the probabilistic robotic terminology that we prefer to adopt in this work, Miglino et al. simply called them “a simulation of the infrared
sensors and of the electric motors”.
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or inhibitory. The controllers obtained are then tested on the real robot. At run time the
synaptic weights are initialized randomly, and adapted to the stimuli from the environment
according to the learning rules.
A similar but more sophisticated approach is proposed in [63] which evolves the properties of the diffusion and reaction neuromodulators for each of the neurons of a network.
Diffusion neuromodulators are used to determine how a neuron can influence its neighbours, while reaction properties determine the effect of the incoming neuromodulators on
the properties of a neuron. More specifically, neuromodulators can affect the threshold
of a neuron, change a synapse from inhibitory to excitatory, or change the rules that
govern learning (i.e. Hebbian, anti-Hebbian, non-learning). The concept of neuromodulators shares many similarities with the diffusion gases proposed by Husbands for GasNet
networks ([105]).
Although interesting, these approaches based on plasticity have only been tested on
recoverable robots (i.e. a Khepera and a robotic gantry) that are robust and stable enough
to tolerate the fact that the controller is learned while performing the task. It is not clear
how such methods would fare on the types of platform we are interested in, which require
very proficient controllers as soon as the task commences.
In the literature, the idea of evolving controllers on the real platform, or of performing
part of the evolution in simulation and part of the evolution on the real hardware, has been
proposed as a method for dealing with the problem of transferability. Among these ideas
we single out the seminal approach of Bongard and Lipson ([33]) who proposed the idea of
evolving a proficient controller with the minimum number of trials on the real hardware.
Interestingly, to achieve this goal they coevolved the controllers and the robot simulator.
The simulator is used to evolve both controllers, and actions that when tested on the real
platform will allow effective discrimination between poor and good models. However, we
note how, even in the case of Bongard and colleagues, the four legged robot they used was
recoverable.
Approaches based on performing the full evolution or even a very limited part of it
on the real platform (like in the work of Bongard), rely heavily on having a recoverable
platform. As a consequence, in our settings they cannot be directly applied.

2.1 The Automatic Control Task

2.1.2
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Incremental Evolution

Evolution is essentially a process of search, and therefore its performance is directly connected to the smoothness and multimodality of the fitness landscape, which in turn depends
on the platform, the environment and the fitness function used.
As a result of this complex interaction of factors, the part of the search space that
contains a solution can be very small in comparison to the size of the search space. Consequently it is not uncommon to have a situation in which evolution is not able to find
controllers capable of solving the task in hand even if the controller representation is
sufficiently powerful. Nolfi [172] named this phenomenon ’the bootstrapping problem’.
Enlarging the population will increase the chance of sampling a good region of the search
space, but for many interesting problems (e.g. evolving neural controllers) the search space
is so large that simply changing the population size is not sufficient.
Incremental evolution is an established technique for evolving solutions to problems
that are too difficult to be solved directly, it is based on the idea of creating a sequence
of tasks of increasing difficulty which leads eventually to the full task. To increase the
difficulty of the task, modifications can be made to the environment, or to the fitness
function, by for instance including additional terms.
Harvey and colleagues [92] were among the first to propose this idea in the context of
developing controllers able to use minimal visual input to reach and follow a target using
a robotic gantry. Initially large fixed visual targets were used to bootstrap evolution, and
these were then substituted by smaller targets, and finally by moving targets.
Gomez et al. [81] explored the idea of incremental evolution in the setting of evolving
neural network controllers for a double pendulum balancing problem. By fixing the length
of the first pole (l) and progressively increasing the length of the second one from l/2 to l,
they created a series of tasks that were progressively harder5 . In this setting they showed
that, for tasks that can be solved with direct evolution, incremental evolution required a
lower number of function evaluation. In addition incremental evolution was also able to
produce successful controller for tasks that were too hard to solve for direct evolution.
Barlow et al. [19] showed similar benefit from the use of incremental evolution. In their
work they looked at the problem of using a UAV to locate an intermittently emitting mobile
5
For the double pole balancing problem it is known ([95]) that the task gets increasingly difficult as the
lengths of the two pendulums become more similar.
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radar source. The environment is made progressively more challenging by starting with a
continuously emitting fixed source, then moving to a continuously emitting mobile source,
and finally considering the case of an intermittently emitting mobile source. Incrementality
was also introduced at the level of the fitness function by adding additional objectives. In
the initial 200 generations of each of the tasks, only the distance to the radar source
was used as fitness, but subsequentially another three metrics were used with the aims of
minimizing the number of turns, maximizing the time spent in level flight, and getting the
UAV to loiter around the target.

When the aim is to evolve not only one but a set of behaviours, the idea of scaffolding
can be used, that is, gradually restructuring the robot’s environment so that selection
pressure favours the addition of a new behaviour. In a recent publication [26] Bongard
showed how this approach can be used to evolve controllers for simulated quadruped and a
hexapod robots that are able to approach, grasp, lift and hold an object. Bongard defined
a way to make the task easier (i.e. by allowing more time) and a way to make the task more
difficult (i.e. by moving the target object further away). During the evolutionary run, the
difficulty of the task was changed in response to the ability of the current best controller.
This mechanism allowed the controller to learn successfully all the four behaviours of
approaching, grasping, lifting and holding the target object.

In all the reported examples, the understanding of the problem by the designer was
crucial for defining how to construct an incremental evolutionary path. In [73] Fukunaga
and Kahng looked in detail at the correlation between the way tasks are incrementally
decomposed and the performance of the evolved controllers. In their analysis of controllers
evolved for a two-agent pursuit-evasion game, and also for the ant trail following task,
they argue that the effectiveness of the incremental approach may be dependent on the
similarity between the incremental tasks, rather than on their increasing difficulty. In fact,
in their experiment they also show how even intermediate tasks that are more difficult than
the target task can lead to effective incremental evolution.

In summary, while it is clear that incrementality can be a very effective tool, for scaling
up evolution to more complex and useful tasks, is very much the case that the human input
is a key component in identifying effective ways to do so.

2.1 The Automatic Control Task

2.1.3

17

Modularity

Instead of subdividing the task or the fitness function one could also subdivide the controller
and make it modular. Many reasons have been put forward to explain why a modular
structure is in practice often beneficial.
In the case of neural controllers, a modular architecture allows for a reduction in search
space dimensionality due to the reduction in inter-modular connections. In a fully connected neural network with n neurons, we have a number of connections roughly of the
order of O(n2 ); in a network consisting of several modules with only limited interconnections between modules, this number will in general be much smaller.
Calabretta et al. [39] introduced the concept of neural interference to express the
situation in which the learning of a mechanism (i.e. a behaviour) interferes with the learning
of additional mechanisms. This is based on the idea that if the same neural connections
in a network can potentially be used by more than one mechanism, whichever mechanism
is learned first might exploit those connections in such a way that a second mechanism
cannot be learned without disrupting the first. Their arguments are based on experiments
attempting to evolve artificial neural networks for an abstract neuroscientifically-inspired
task, in which the network has to perform two related but different tasks using the same
input. Calabretta et al. and others have shown that modularity can eliminate this effect
by dedicating a module to each one of the tasks.
In the same paper Calabretta et al. also propose a second mechanism that plays an
important role when learning more than one behaviour using evolution: genetic interference, which is a consequence of genetic linkage. With any reasonably high mutation rate,
several mutations are made in every generation at different positions in every genome. This
means that a beneficial mutation in one part of the genome is likely to be accompanied by
a disadvantageous mutation in another part of the genome, meaning that the individual
with this genome gets a low fitness, and that the beneficial mutation is likely to be lost.
Calabretta and coworkers managed to alleviate this problem to some extent by coevolving
the two separate neural modules that constitute their controller.
Several researchers have investigated modularity in conjunction with cooperative coevolution, since such an approach allows one to exploit the advantages of a modular decomposition while taking into account the complex interdependencies that might arise between
subcomponents ([187]).
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In the literature different levels of modularity have been considered for controllers, from

the macroscopic level where a module is represented by several neurons, to the microscopic,
in which a single neuron is considered a module.
The work of De Garis [55] is of the first type; he evolved the modules of an artificial
neural network for controlling simulated creatures. At this level there is also the more recent
work of Garcia-Pedrajas and Ortiz-Boyer who coevolved network submodels along with the
way they interconnect in order to solve a pattern classification task [75]. Interestingly the
latter placed the number of submodels as well as their topology under evolutionary control.
The microscopic type includes a family of well known neuro-evolutionary systems;
SANE [165] and ESP [80], which automatically evolve subpopulation of neurons from
which individual neurons are selected to participate in the network that represent the controller. In this technique the number of subpopulations is also under evolutionary control.
Both approaches have shown very good abilities in evolving networks for complex control
tasks such as double pole balancing.
In the last two sections we have seen that there are ample indications that the division
of tasks and networks into subtasks and subnetworks improves the ability to evolve good
controllers. However, in the cases in which the human designer imposed this subdivision,
this might at the same time prevent evolution from finding solutions outside the boundary
fixed by the designer, perhaps eventually even decreasing the final fitness. In this respect
it has been argued that as many decisions as possible about the structure of the controller
should be left to the evolutionary process [173].
In practice we have seen that, while more progress has been made in the cooperative
coevolution scenario, the decomposition in incremental evolution is mostly down to the
designer. Inevitably we are therefore left with a trade-off between the ease of development
on the one hand, and the theoretical maximum performance of a controller when developed
by an evolutionary algorithm on the other. This trade-off echoes a similar one encountered
when designing controllers manually. For example, in the case of a MIMO (multi-input
multi-output) system it is often possible to split the controller into several SISO (singleinput single-output) loops to ease the design process.
In the next two sections we take a more practical look at the published work on the
problems of learning car and helicopter control, which is therefore directly relevant to our
investigation.

2.1 The Automatic Control Task

2.1.4
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Car Control

The problem of designing a controller for a car like vehicle has received a significant amount
of attention in the literature; solutions achieving various degrees of effectiveness have been
proposed. Approaches vary from those considering a linearized model of the car ([38]), to
versions that learn a more sophisticated nonlinear car model ([87]), or are model independent or that look ahead on the path ([221]) in order to improve the tracking abilities.
In [228] and [99] the problem of car vehicle control has been revisited to produce a
controller able to drive a car through rough terrain as required for the 2005 DARPA
Grand Challenge ([54]). In these settings robustness was considered the main requirement,
and this led to the design of a particularly effective controller that contributed to the
outstanding performance of the Stanford Racing Team’s vehicle Stanley6 .
The approach of Tanev et al. [223], uses evolution with the aim of generating driving
rules that are path independent and can drive a car following a set of pre-defined waypoints.
Rules are expressed in the form of basic parameters of the car’s behaviour, which are
straight-line velocity, turning velocity, and throttle lift-off zone7 , and genetic programming
is used to generate functions that allow the calculation of such basic parameters at each
point of the track. The inputs available to the functions generated by genetic programming
are features of the track: the distance from the previous to the current waypoint, the
distance from the current to the next waypoint and the angle between two consecutive
segments that defines the track midline. During evolution the fitness of a controller is
computed as the average of the fitnesses obtained on four different circuits. The controllers
obtained at the end of the evolutionary run are capable of good performances on all the
four sample circuits on which they were evolved.
Finally let us review a domain in which the automatic learning of car controllers has
received significant attention, that of car racing games. Fostered by the competitions organized during recent computational intelligence conferences [235, 137] several approaches to
learning car controllers have been developed, ranging from approaches based on artificial
neural networks involving training weights, to those in which the topology is also evolved,
as well as approaches based on genetic programming and fuzzy control. Since the compe6

We will comment more on this controller in Section 7.1.2.
The distance from the apex of a corner at which the car begins slowing down from the straight-line
velocity to the turning velocity.
7
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tition rules do not explicitly constrain the techniques or the amount of knowledge used8 ,
competitors often used their experience in playing the car racing game to obtain more
proficient controllers, either with a well engineered learning strategy or by using specific
controller structures.
The first competition was based on a relatively simple simulation developed by Togelius during his doctoral work ([231]), while the second featured a much more complex
environment based on the freely available TORCS simulator ([237]). Although many of
the qualities reproduced in such simulators are derived from physical phenomena defining
the dynamics of racing cars, it is difficult to gauge to what extent such simulators reproduce the dynamics and uncertainty of a real vehicle since their main aim is to ensure a
challenging game for the player.
It has to be said however that the flexibility of many of the learning schemes and
representations used in this domain makes them potentially very suitable for learning
controllers that could transfer to real vehicles if used in conjunction with an appropriate
simulator.

2.1.5

Single Rotor Helicopter Control

In the last decade the design of control systems for single model helicopters has received
a lot of attention from the aeronautics and control communities because due to their
inherent instability and complex nonlinear dynamics, such platforms are ideal test benches
for advanced control techniques.
The vast majority of the literature considers the problem of the manual design of controllers for single rotor helicopters. Initially work concentrated on controlling the machine
in the near-hover condition where, thanks to the reduced dynamic envelope of the flying
machine, the problem of control is greatly simplified. The approaches proposed ranged
from simple multi-loop PID schemes [37, 209] to techniques from robust control [21, 248].
The research later extended the envelope of the controllers to more advanced manoeuvres including forward flight and coordinated turns ([128]). The most advanced abilities
were demonstrated in [76] with a small set of aerobatic manoeuvres for which they recorded
piloted demonstrations, and then hand-engineered a sequence of desired angular rates that
the controller has to track. Independently of the specific techniques used, a fundamental
8

Even manually written controllers are allowed.
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ingredient in all the approaches is the availability of a very good nonlinear dynamic model
of the helicopter, able to capture both its complex dynamics and the coupling between the
helicopter’s dynamic modes. We will comment further on such models in Section 2.3.
The techniques used for this type of advanced control are often extensions of those
already mentioned in the case of near-hover flight. La Civita et al. propose an approach
based on gain-scheduled H∞ control in which a linearized model of the helicopter is used
to design a series of H∞ controllers that are then scheduled in accordance with the flight
mode. Kim et al. [120] instead implemented a scheme based on model predictive control
which at every control step chooses the control outputs that will ensure that the reference
trajectory is tracked as well as possible.
Among the approaches based on learning, the most successful ones come from the
reinforcement learning literature. Bagnell et al. [13] and also Ng et al. [170, 171] used
policy search methods to learn the weights of a custom designed neural network forming a
small module for each of the control inputs. In the case of Ng, specific connections between
modules were also added to take into account the dynamic coupling between axes. Hover
and inverted flight on a real model helicopter have been successfully achieved with this
approach.
Abbeel et al. [4] proposed a reinforcement learning technique called apprenticeship
learning in which an expert demonstrates the task and the data collected is then used to
train a linear model of the system, and also to establish the reward functions for learning
the controllers. Abbeel and colleagues were able to demonstrate sophisticated aerobatics
on a real helicopter, but this required a lot of expert input; different manoeuvres required
different costs (e.g. a cost that penalizes the change in inputs over consecutive time steps
to stop the controller from switching rapidly between low and high values) and also modifications to the controller (e.g. introducing an integral term).
The concept explored by Abbeel was extended by Coates et al., in [48] where multiple
demonstrations from a pilot were aligned in time and used to provide a very accurate
local model of the helicopter by using LWLR (locally weighted linear regression). The
model was then used online in a model predictive control scheme where at each time
step a LQR was efficiently computed using differential dynamic programming. Using this
approach the authors were able to repeat a series of impressive aerobatics manoeuvres
previously demonstrated by a proficient pilot. To achieve better trajectories, constraints
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were manually added to the pilot’s demonstration. Although the result is remarkable, the
method is restricted to trajectories previously demonstrated.
More limited success, predominantly in simulation, has been achieved using evolutionary computation. In [185] a GA was used to optimize the gains of a predesigned pitch
controller for a simulated helicopter. A floating point representation of the genes appeared
to facilitate the evolution process. However, limiting the study to the longitudinal dynamics alone is a drastic simplification of the general problem. Evolutionary computation
has also been employed to refine the parameters of a predesigned fuzzy rule controller for
a simulated helicopter ([97]). Separate functional modules (longitudinal, lateral, altitude)
were used in the controller. The simultaneous learning of the weights of all the rules turned
out to be possible only if a suitable initial set of rules was provided. Giving evolution the
freedom to increase the rule set from a simple reduced subset demonstrated the ability
to produce an adequate rule set from scratch, although much of the controller was still
hard-wired.
Very recently ([123]) neuroevolution has been applied to train the weights of a network
with custom-designed topology in order to stabilise a simulation of a single rotor helicopter
in near hover9 . It is interesting to note how the authors also attempted to evolve the
structure of the controller as well as its weights using well known neuroevolution methods
(i.e. NEAT [216]); however, none of the evolved networks performed better than the
handcrafted one. The authors attribute the poor performance to the large search space
which makes it difficult for evolution to search.

2.1.6

Quadrotor Helicopter Control

Although the quadrotor was one of the first successful VTOL (vertical take off and landing)
vehicles [131], it is only in the last few years that the availability of batteries with higher
energy density (i.e. Lithium-Polymer) and MEMS (Micro Electro Mechanical systems)
gyros has made it possible to build miniature flying machines based on this concept.
Given its simple construction, its robustness and its good payload capabilities, the
quadrotor concept has gained popularity as a platform base for research [85, 94, 245] and
for commercial applications [78, 119, 79].
A large number of authors have addressed the problem of manually designing control
9

The simulation is based on the linear model developed by Abbeel et al. [5].
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systems for quadrotors using techniques from control theory, and they have considered the
problem of stabilization as well as the problem of position and attitude control.
Techniques proposed in the literature range from PID control [35, 224, 89], to Lyapunov
theory [62, 138, 181], backstepping [144, 145] and LQR techniques [138, 35]. In various
ways these standard techniques require either a model of the system (generally based
on first principles), or a good understanding of quadrotor dynamics, in order to design
the controller structure. Platform knowledge is also often exploited to make simplifying
assumptions (e.g. decoupling). For some of the techniques (e.g. PID), it is also possible
to determine the controller parameters empirically by means of careful testing.
All the cited work has focussed on controlling the helicopter in near-hover and indoors,
with the notable exception of [100] which examined at outdoor trajectory tracking using
carrier phase GPS as a primary sensor.
More recently the focus has started to move towards the idea of using learning as
part of the control system design process. In [245] a mixed methodology was adopted; an
integral LQR controller was designed for the attitude control, while the altitude control
was optimized using reinforcement learning. LWLR was used on data from flight tests
to produce the dynamic model necessary for the learning. Policy iteration was then used
to determine the constants for a hand designed controller based on altitude, velocity and
acceleration feedback.
In [140] and [190] the focus moved to extending the autonomous flight capabilities of
quadrotors to perform aerobatics10 .
In [190] Purwin and D’Andrea looked at extending the control of quadrotors to more
aggressive manoeuvres using iterative learning control. At first a simplified model of the
system (in 2D) is used to generate a feasible trajectory that is tested on the helicopter. The
difference between the real and planned trajectories is used to update the control sequence
used during the manoeuvre. Such a procedure can be reiterated to get better and better
control results for the chosen manoeuvre.
Lupashin et al. [140] devised an algorithm to learn the parameters of an aerobatic
backflip11 manoeuvre. Using an in-depth understanding of the platform and its constraints,
10

It is worth noting that, due to the fact that the blades of a quadrotor have fixed pitch, they are not
able to produce lift when the machine is flying upside down, therefore is not possible to compensate for any
altitude loss during manoeuvres; this makes aerobatics particularly tricky. In contrary, in a single rotor
helicopter it is possible to reverse the pitch of the main rotor to produce sustained inverted flight [170].
11
A manoeuvre in which the quadrotor is flipped rapidly about its lateral axis.
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the manoeuvre is manually split into phases. Each phase is then parameterised by a simple
set of values like its duration or for instance, in the case of a constant acceleration phase,
the value of the acceleration to be maintained. An initial parameter set is optimized offline
using a simplified model of the system, and then the results of testing the manoeuvre on
the real system are used to improve the parameters. Several tens of iterations are needed
for the parameters to converge but the results are good, with the quadrotor able to fly up
to three consecutive backflips.
Finally another recent approach that is similar to our work [117], considered the case
of learning the parameters of a multi-loop PID controller for a simulated quadrotor. A
model based on first principles is used to simulate the system dynamics, and zero mean
Gaussian noise is added to the model’s predictions to simulate flight disturbances. The
CMA-ES12 algorithm is used to optimize the controller parameters, and the various control
loops are evolved sequentially to simplify the learning. When a new loop is added, the
fitness function is modified to add the error term corresponding to the newly added control
loop; this ensures that the new behaviour is maintained while not disrupting the abilities
already learned. The controller obtained shows good tracking abilities, although only in a
simulation.

2.2

The Modelling Task

This section addresses the concept of vehicular modelling in-depth, covering all the aspects
related to the work described in this thesis, and dedicating particular attention to the
implications of the concept of limited platform knowledge. In the sections that follow we
will address each of the fundamental steps of producing a model, in turn; these are:
• choice of representation;
• choice of model inputs;
• choice of excitation signals and data collection;
• model estimation;
• model validation.
12

A derandomized extension of evolution strategies [90].
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Model Representation

This thesis will focus on a very specific subset of models, that is relevant to the automatic
development of control laws for robotic vehicles that can be described as 6DoF rigid bodies.
More precisely we will restrict ourselves to 6DoF dynamic systems for which the relationships that define the development over time of the system’s state do not change
with time (time invariant). Additionally we consider only lumped systems that can be described as rigid bodies, neglecting any change within the vehicle structure (e.g. structural
deformations).
We will not make any restriction on the linearity of the systems under study, since
in general, in our domain of interest, both linear and nonlinear systems are relevant.
Both deterministic and probabilistic representations will be used. Our concerns will be
directed towards continuous systems, but since all our algorithms and simulations run on
digital computers, we will in practice only deal with the discrete (sampled) counterparts
of continuous models.
At first one might think the class of systems chosen to be rather narrow, but in practice,
many interesting autonomous systems from wheeled robots, to aerial vehicles, underwater
and surface vehicles can be usefully approximated as 6DoF rigid bodies. While we already
explained how we will look at the use of such models for control, their domain of application in robotics extends from state estimation, to mapping, fault detection, planning and
practically any other situation in which it would or could be useful to have a prediction
about the development over time of the system’s state.
Phenomenological vs. Behavioural
Now that we are clear about the type of systems we will be dealing with, it is important
to address a major distinction concerning the type of representation that can be chosen
for our models. Specifically, one can choose between a phenomenological model, which is
derived from basic principles and the underlying theoretical formulation of the physical
phenomena involved, or a behavioural model, that is limited to reproducing the inputoutput relationships of the system. Both types of representation present advantages and
disadvantages as summarised in Table 2.1, and ultimately the choice of which one is to be
preferred depends on the intended purpose of the derived model.
A phenomenological model entails the principled formulation of every part present in

26

Background and Related Work
Phenomenological
models

Behavioural
models

A priori
information

fundamental

not
necessary

Structure

physical
interpretation

no concrete
interpretation

Parameters

physical
interpretation

no concrete
interpretation

potentially larger then
the envelope covered by the data

limited to the envelope
covered by the data

Validity

Table 2.1: Phenomenological versus behavioural models (adapted from [113]).

the system, which leads therefore to the definition of a clear structure for the model, the
parameters of which will have a clear physical interpretation. As a consequence the process
of model identification is limited to the determination of the free parameters of the model
based on the evidence provided by the experimental data. Since such a description is based
on in-depth prior knowledge, it is often appealing because of its explanatory abilities,
as it allows the assessment of the obtained parameters on physical grounds. However,
depending on the specific system, a phenomenological model can become very complex
(e.g. due to the number of parts that compose it); in extreme situations, it might not
even be possible to define accurately the underlying physical phenomena taking place13 .
Once their parameters have been identified from experimental data, these models can
theoretically predict the behaviour of the system even outside the envelope sampled during
data collection; ultimately however, only further experimental data collection will be able
to confirm or contradict the model’s expected validity.
Phenomenological models constitute the standard modelling practice for the majority
of engineering disciplines, including aeronautics and robotics.
Behavioural models focus instead on replicating the input-output response of the system
under analysis, and are based solely on the evidence provided by the collected data. In
this context, the problem of modelling can become almost field and platform agnostic,
concerned only with finding a suitable methodology to learn and reproduce the system’s
13

Examples of such phenomena that are particularly relevant in our work are the turbulent flow effects
involved in propellers and aircraft wings (well known for exhibiting chaotic properties) and the anisotropic
friction between the wheels of our toy car and the floor surface (also known to have very local and nonlinear
properties).
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behaviour. Since no knowledge about the system is required a priori, a very rich spectrum
of possible model descriptions must be handled: linear, non-linear, with or without internal
states, with multiple inputs and multiple output variables, etc. Behavioural models do not
require any in-depth knowledge of the system, but at the cost (in general) of not being able
to provide a physically meaningful model structure, nor physically meaningful parameters.
Some techniques such as symbolic regression, can produce models amenable to partial
physical interpretation, although this cannot always be guaranteed. This clearly limits
the type of applications that the model can be used for. For example, for simulation
purposes, the form of the model is immaterial, as long as the simulation replicates the
input-output of the actual process; if instead if we want to apply techniques from classical
control theory, a representation in terms of a transfer function (or its equivalent) might
be needed. Fortunately, if a faithful simulation of the system is available, the problem
of control design can be turned into a problem of the optimisation of the structure and
parameters of the controller as we explained in Section 2.1.
Behavioural models are not only restricted to simulation or automatic controller design,
as it is often possible to extract parameters with conventional meaning from a learned
behavioural model; a classic example in the domain of aircraft modelling is the numerical
computation of the aerodynamics derivatives14 from a behavioural model (e.g. an artificial
neural network [67][191]).
Overall, in this thesis, we have to reconcile the choice of description with the principle
of minimal domain knowledge that we identified in the previous chapter as being the
distinctive trait of this work. On this basis it is clear that a phenomenological description is
not at all appropriate to our aim, since it is based on in-depth knowledge of the system, and
of its internal components, as well as on specific knowledge of the scientific or engineering
disciplines that apply to such a system. Our approach to automatic modelling will therefore
be based exclusively on non-platform specific non-linear behavioural models.
In the system identification field, a slightly different model taxonomy denominated by
colours is used; the classification is based on the amount of a priori knowledge that a
model assumes ([136]). The term white-box refers to models for which both the structure
and the parameters are known a priori ; both are usually determined from first principles
and static measurements. At the opposite end of the spectrum are black-box models for
14

A brief explanation of the aerodynamics derivatives and their importance can be found in Section 4.1.1.
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which no direct a priori knowledge is assumed, and only the input and the output signals
are well defined15 . Models in which some knowledge about the internal structure of the
system is used are called gray-box models. To this class belong phenomenological models
which are based on first principles, but in which the parameters are estimated to provide
the best match to the experimental data.
State and Noise Definition
Since we are dealing with time invariant systems, and in particular with vehicles, their
dynamics will be defined simply by their development over time. Among other possibilities,
the most intuitive and also the most common way of expressing the dynamic equation for
vehicular systems is the state space formulation, in which the state development over time
is expressed in the form of differential equations:

ẋt = f (xt:0 , ut:0 , ω t:0 )

xt0 = x0

yt = g (xt , ν t ) ,

(2.1)
(2.2)

where x is the state vector, u is the input, ω and ν are respectively the system noise and
observation noise and x0 is the state initial condition.
In equation 2.1 we use xt:0 as a shorthand for the sequence of states from 0 to t, more
precisely:
xt:0 = [xt , xt−1 , . . . , x0 ];
the same subscript notation is also used for u and w. Is worth noting that the functions
f and g do not necessarily need to be deterministic.
To understand equations 2.1 and 2.2 we have to first define the concept of state (x).
In [227] Thrun et al. write:
“...it will be convenient to think of the state as the collection of all the
aspects of the robot and its environment that can impact the future.”
and they also introduce the concept of complete state:
“A state xt will be called complete if it is the best predictor of the future.
15

Since as we will see in Section 2.2.2 we consider the choice of model inputs a form of platform specific
knowledge, a black-box model might or might not fit into our definition of not using platform specific
domain knowledge, depending on how the inputs are chosen.
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Put differently, completeness entails that knowledge of past states, measurements, or controls carry no additional information that would help us predict
the future more accurately.”

Is worth noting that this definition does not force the state development over time to be
deterministic. Systems whose dynamics fulfil this condition are commonly known as first
order Markov chains, and the Markovian property is formally written as:

p(xt+1 |xt:0 , ut:0 ) = p(xt+1 |xt , ut ).

(2.3)

Clearly, the notion of complete state is only of theoretical importance, as in practice it is
impossible to specify a complete state for any realistic and useful system since this would
include an extremely large number of variables. In the case of a model helicopter for
example, this would include air temperature and humidity, any deformation of the blades
or structure, the internal resistance of the battery, the temperature of the coils of the
electric motors etc. just to name a few. In practice only a small subset of the complete
state variables can be considered, leading to an incomplete state. If the state is incomplete,
then strictly speaking the Markovian property is not ensured. A crucial task is therefore
to define a set of state variables that is sufficient to predict the development over time of
the system to the level of accuracy required.
In this work we wish to deal with generic 6DoF vehicles that can be represented as
rigid bodies, so we choose as state variables the same quantities that are normally used in
physics to describe this type of system. Given a body-fixed reference frame attached to the
vehicle, we will use as state variables the linear velocity in body coordinates (u, v, w), the
rotational velocity about its principal axes (p, q, r) and the angles that define its orientation
with reference to a world-fixed reference frame16 (φ, θ, ψ):
x = [u, v, w, φ, θ, ψ, p, q, r]T .

(2.4)

Since the kinematic transformations that relate accelerations, velocities and orientation
are all well defined and platform independent17 , the function f could predict linear and
16

For some of our vehicles, a reduced state vector will be used; in Chapter 3 the state variables chosen
for each platform will be described in detail.
17
We report those standard transforms for each of our platforms in Chapter 3.
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angular velocities:

vt = f (xt , ut , ω t )

xt0 = x0

(2.5)

ẋt = H2 (vt , φt , θt , ψt )

(2.6)

yt = g (xt , ν t ) ,

(2.7)

where vt = [u, v, w, p, q, r]T
t is constituted by the concatenation of the three linear and three
angular velocities in body coordinates. Or equivalently, f could predict accelerations:

at = f (xt , ut , ω t )

xt0 = x0

(2.8)

v̇t = H1 (at , pt , qt , rt )

(2.9)

ẋt = H2 (vt , φt , θt , ψt )

(2.10)

yt = g (xt , ν t ) ,

(2.11)

where at = [ax , ay , az , αx , αy , αz ]T
t is constituted by the concatenation of the three linear
and three angular accelerations in body coordinates. H1 and H2 represent the computations that perform the necessary coordinate transformation and for simplicity we have
omitted the integration in time. The computations H1 and H2 and the integration are well
known from basic physics and will be described in detail in Chapter 3. In this work often
we will call this two approaches respectively modelling in acceleration space and modelling
in velocity space. In principle the two formulations are equivalent, however the first one
can potentially give origin to more complex models ([5]) since the model needs to represent
the nonlinear transform H1 which instead is performed explicitly in the acceleration formulation. The formulation based on predicting acceleration is very common in the case of
models based on first principles since forces torques and moments are naturally expressed
in terms of accelerations.
Without loss of generality in the remaining part of this chapter we will refer to the case
of predicting the system’s accelerations; the extension of our considerations to the case
of predicting velocities is straightforward. In all the thesis we will almost exclusively use
velocities and accelerations wrt the body frame, therefore for the remaining we will take
the freedom of not mentioning explicitly the body frame of reference. We will remind the
reader of the appropriate frame of reference whenever a misunderstanding could rise.
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Before analysing in detail equation 2.8, it is worth clarifying that, while the Markovian
assumption prescribes xt+1 to be a function of xt and ut , in practice delays might be
present in the inputs of a real system (alternatively, delays within the system might be
approximated by lumped delays at the system inputs). Since delays affect the timeliness
of the system response, they are particularly important when the model is used for control
system design. In this work we are only dealing with discrete time models and so input
delays can be implemented quite easily by a time shift of the control inputs. To take this
possibility into account equations 2.8 and 2.11 can be rewritten as:

at = f (xt , ut−D , ω t )

xt0 = x0

yt = g (xt , ν t ) ,

(2.12)
(2.13)

where D indicates an array of time delays18 ; the array ut−D becomes the new array of
inputs, the components of which are the input signals shifted by the delays specified in the
corresponding element of D 19
With a clear definition of the concept of state and inputs in place, we can now examine
equation 2.12. In such equation is easy to recognise the Markovian assumption at work:
the acceleration vector (at ) is expressed as a function (in general nonlinear) of the inputs
ut−D and of the state xt . Or equivalently, the state vector at time t+1 (xt+1 ) is a function
only of the state and input at time t (respectively xt and ut−D )20 .
In addition to the deterministic input ut−D , the general formulation of equation 2.12,
considers the system also to be excited by a stochastic input ω t . In the estimation literature ω t is usually called process noise; in what follows we will use the two terminologies
interchangeably. In the evolutionary computation literature, in the context of improving
controller transferability the process noise has sometimes also been called trajectory noise
([82]). The process noise is a stochastic formulation of those contributions to the system
dynamics that are not captured due to the specific representation chosen for the model;
this might be because they are not measurable, or are not possible to model, or are not
modelled on purpose in order to reduce model complexity.
18
When referring to a single control input we will simplify the notation for example we will write uth−D
instead of utht−D .
19
To simplify the notation, from now on we will not report explicitly the delay array D unless relevant
to our discussion.
20
This obviously follows from the fact that the integration that computes the new state from the accelerations and the previous state is deterministic.
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In general, it cannot be assumed that state variables are directly measurable, but only

that a set of output variables yt is observable. We need therefore a measurement function
g that expresses how yt is related to xt . Any real world observation of the output variables
will also inevitably be affected by noise (ν t ).
Equation 2.12 defines the system state update equation, but to fully specify the development over time of the system, we also need to define its initial conditions x0 . Identifying
the initial conditions x0 should be part of the modelling however in practice it seems that
this is seldom done ([113]) because only the initial segment of recorded data can be expected to provide useful information to identify x0 , and in the case of a 6DoF rigid body
model this information is often not sufficient to provide a good estimate ([147]). A pragmatic approach is simply to set the initial conditions to the first data point in the time
series, or to compute it as the average of the first few samples in the dataset ([113]).
The formulation of equations 2.12 and 2.13 is still very general, and to make any
practical use of those equations additional assumptions need to be made. In particular
we need assumptions about ω t and ν t since these stochastic components are not directly
measurable. The various assumptions made about the characteristics of ω t and ν t and
about the way those stochastic components relate to a and y, or in other words the types
of noise models, distinguish different approaches to the modelling problem.
Among other possibilities others we discuss two types of assumptions often made in
the domain of aircraft modelling [113]; the first is modelling ω t and ν t as Gaussian noise
and the second is neglecting the process noise ω t . These assumptions are also used in our
experimental chapters on modelling (Chapters 4-6).
Formulating the contribution of ω t and ν t as additive zero mean Gaussian noise components added to the deterministic functions f and g is a relatively simple assumption
and has the additional benefit of not requiring any specific knowledge about the vehicle or
system being modelled.
By making such assumptions we are not arguing that real world disturbances or sensor measurements do in fact have a Gaussian distribution, but rather that the Gaussian
assumption is a simple and computationally tractable way of expressing these stochastic
components.
Obviously if we know exactly what sensors are used to collect the data or in what form
the stochastic inputs manifest themselves, more complex and effective noise models could
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be used. In the sensor fusion literature a wealth of information and techniques can be found
on modelling sensors and processes ([227]). However, this is ultimately domain knowledge
about the platform at hand and including it would not be in line with the philosophy of
this work.
Inputs and sensor measurements are also likely to be affected by systematic error (bias);
such terms are made explicit in the case of models based on first principles but have to be
learned in the case of automatically produced models.
Under these assumptions, equations 2.12 and 2.13 can be rewritten as:

at = f (xt , ut − bu ) + ω t

xt0 = x0

yt = g (xt ) − bz + ν t ,

(2.14)
(2.15)

where bu and bz are respectively the input and observation bias21 With a little abuse of
notation we are reusing the symbols ω t and ν t to mean a zero mean multidimensional
Gaussian noise with a diagonal covariance matrix22 instead of a general stochastic noise.
For the filter error (FE) methods, the modelling task therefore involves identifying the
functions f and g as well as the parameters of ω t and ν t .
In the aeronautics community it is accepted (and has been experimentally established)
that, if the data used for the estimation have been collected from flight tests in a steady
atmosphere, the contributions of the stochastic inputs can be often neglected [113].
The assumption is also of relevance because is often made (explicitly or implicitly) by
many of the works in the literature ([199, 31, 176])
Assuming negligible process noise, equations 2.12 and 2.13 simplify to:

at = f (xt , ut − bu )

xt0 = x0

yt = g (xt ) − bz + ν t ,

(2.16)
(2.17)

and the modelling task is in this case to identify the functions f and g.
In all the above formulations, the function f predicts the accelerations in body frame
coordinates which, as explained, need to be integrated forward in time to produce the state
21

To simplify the notation from now on we will not explicitly write the bias terms unless relevant to our
discussion.
22
By having a diagonal covariance matrix we assume that the noise components added to the state vector
are independent.
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variable time series. Since the process of integration is always needed, in the rest of the
thesis we will often not mention explicitly that it is being used.

2.2.2

Model Inputs

An important step in the modelling task is to define the inputs to the dynamic model.
The equations in state space form described in the previous section, allow with absolute
generality for the accelerations to be a function of both the current state xt and the
(possibly delayed) control inputs ut−D ; this leaves open the issue of which of those variables
are useful and which are irrelevant, as well as not specifying how the delays D should be
determined.
The use of domain knowledge is a straightforward answer to both these problems; when
this option is available it is often the most sensible, but unfortunately, given our overall
aims, this is also an answer that is inadmissible for the main target of the thesis.
Using all the inputs is a way of avoiding the issue, but leads to a high dimensional
approximation problem. The number of inputs will grow rapidly especially if all the possible
delayed versions of a signal are presented as inputs. For instance, in order to account for
the delay in input uth , all the inputs uth , ..., uth−dmax (with dmax the maximum delay)
would need to be presented as inputs23 . Large amounts of data, long training times and
more importantly, a complex model that might be impossible to learn, are the risks faced
if this strategy is adopted.
Two other ideas could be applied to the problem of choosing relevant inputs and suitable
delays: unsupervised and supervised input selection. The first makes use of the input data
distribution to select which inputs are relevant. The typical tool for supervised input
selection is principal component analysis (PCA)[169]. The weak point of this approach
is that only the input data is considered for the selection, rather than the effect that
the selection would have on the modelling. In principle potentially useful inputs could
therefore be discarded. The supervised selection scheme addresses exactly this problem;
it looks at selecting the set of inputs that delivers the best identification performance.
Although more computationally expensive, these methodologies deliver the best results
since they are driven by the overall modelling objective. Examples in this class are stepwise
regression ([113]), pruning methods for artificial neural networks ([53]), or the use of global
23
Strictly speaking, presenting the model with the whole set of past inputs leads to a model that is not
Markovian.
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search techniques (e.g. evolutionary computation [45]) to produce the correct input set.
For identification techniques that do not rely on a predefined model structure, the input
selection becomes an integral part of the modelling task. Well known methodologies in this
class are genetic programming (e.g. [31]), neuroevolution of network structure (e.g. [215]),
and combinations of fuzzy logic and genetic algorithm (see [51] for a comprehensive list).

2.2.3

Excitation Signals and Data Collection

Once we have found an appropriate formulation for our model, we need to gather the
experimental data to train and successively test our model. Data gathering is a very
important stage of the modelling process; as Jategaonkar writes in [113]:
“if it is not in the data, it cannot be modelled”.
In the aircraft and helicopter domains, a wealth of understanding about the physical principles of flight is available and the main dynamic modes of the systems in question can be
evaluated a priori, based on first principles and wind tunnel tests. Therefore, in practice,
a mixture of theoretical results and practical experience have been used by the competent aviation authorities to rigorously define control manoeuvres and flight test conditions
that are currently employed for both identification and model performance evaluation. In
addition to using well engineered control inputs, it is common practice in aircraft system identification to manually inspect the data from flight tests. Only the parts of the
dataset containing well executed control manoeuvres are used for identification, leading to
improved identification results. The experience and skills of the engineer are decisive in
making such choices and guaranteeing satisfactory results.
In the last few decades, the system identification community has been very active in
addressing the problem of identification for control, and as a consequence much attention
has been put into the intimately connected problem of optimal experimental design. This
is a very active research area (see [112, 49]) in which the typical focus is on designing
inputs that optimize the asymptotic properties of the covariance matrix24 of the model
parameters while fulfilling specific constraints on the signal input.
This turns out to be a classic chicken or egg problem, since computing the optimal
input requires knowledge of the system model. In practice it has to be addressed in an
24

Typical criteria are minimizing the matrix trace, its determinant or the largest of its eigenvalues ([112]).
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iterative fashion ([77]). At first, the system is bootstrapped using a pseudo-random input
and the data obtained is used to generate an initial approximate model. Subsequently,
the optimal control input for the approximate model is computed and is then fed to the
real system. Thanks to the tailor-made input, the newly obtained output provides more
information about the system under test and is used to refine the model.
In this we see the fundamental way in which the new methods in identification for
control differ from classical system identification; this is the idea of iteratively testing and
refining models, as explained in [184]. A second important (and in some ways intuitive)
concept that has been found useful in this field, and that is very relevant to our work, is
that the identification of the model should be conducted under the experimental conditions
in which the controller to be designed will operate. The advantages of this idea are clear;
the model in this restricted envelope is potentially simpler than a more general model,
making the identification easier. More importantly, this should avoid focusing resources on
reproducing system effects that are not relevant for control. As a consequence, much of the
ongoing research in identification for control focuses towards the closed loop identification
of the system when performing the required task [96]. A more in-depth analysis of the
result obtained in this field is beyond the scope of this section, but we refer the interested
reader to [77] for a very good overview.
Ideas very similar to those just presented have also been explored in the computational
intelligence community within the field of evolutionary system identification25 . The formalism is generally not the same used by the identification for control community, and the
implementation is even more different, but the ideas of the active generation of tests and
of iterating test and identification phases remain.
A representative example in this category is the work of Bongard and Lipson [28,
30], who proposed to approach the identification problem with a two stage EstimationExploration Algorithm (EEA). The estimation stage is responsible for formulating plausible models of the system, while the exploration stage looks at producing test inputs for
the system to deliver an output that aims to improve identification. Two evolutionary
algorithms are used, the first evolving a population of models and the second evolving a
population of tests.
25

The concepts of active learning [207, 141] and artificial curiosity [202], respectively from the machine
learning and artificial intelligence fields, are also related to this issues but we concentrate here on efforts
explicitly directed towards system identification.
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The procedure starts with a random test being generated and fed to the target system
(which must therefore be accessible) in order to produce the first sensor data representing
the platform behaviour.
During the first iteration of the algorithm, a population of models is created and evolved
by the first evolutionary algorithm for several generations in order to produce a behaviour
that matches the data recorded from the real system. The second evolutionary algorithm
then evolves a newly created set of tests by selecting for their ability to elicit disagreement
within the population of evolved models. The test that induces the highest variance between the time series of simulated sensor data produced by the current models is chosen
and tested on the real robot, concluding the first iteration.
The iterations that follow proceed as the first with the exception that the new sensor
dataset is used along with the previously acquired one, guaranteeing that the evolved
models are able to explain the data resulting from all tests produced so far (the test
history). This is essential to avoid cycling (i.e. the recurrence of previously visited states of
the population ), a known problem in coevolutionary methods [174]. During evolution, the
tests are initialized randomly at every iteration, whereas for the models the best individuals
from one iteration are used to seed the population of models in the next.
Bongard and Lipson in [31] and Schmidt and Lipson in [204] and later in [205] introduced a variation to the modelling scheme just described. Instead of generating inputs to
actively test the target system, a pre-collected dataset is used. Once a test is generated, the
dataset is searched for inputs matching the test, and the corresponding outputs are then
used for identification, without the need for explicitly testing the system. In this variation,
the algorithm is still bootstrapped with a random test, this being nothing more than a
randomly selected portion of pre-collected data. The algorithm then actively searches for
the portions of the dataset that are most useful for discriminating between models. As the
algorithm proceeds, therefore, parts of the dataset that are already well predicted by the
models are disregarded, as are the parts of the data that are badly predicted by all models
in the dataset. The active search for discriminating tests guarantees that if certain parts
of the dynamic envelope happen to have been sampled more often during data collection,
they will not be given more importance than the others, since they will not be more discriminative than tests that are already present in the test history. Similarly, chunks of data
that are not easy to model, for example as a consequence of unmeasured external inputs,
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will not be used for identification, greatly increasing the resilience of the methodology to
temporary disturbances.
Given that the methodology does not enforce any restrictions on the model and test
representations, nor over the genetic operators used for evolution, a variety of model structures can be accommodated.
This is a characteristic signature of the work done in the computational intelligence
field, which generally uses limited domain knowledge because of the type of algorithms
employed. The estimation exploration method has been shown to require less experimentation and to achieve better identification results than similar methods based on randomly
generated tests. Good identification results have been obtained for different types of target
systems, from gene regulatory networks to dynamical systems, biological models, and even
a four legged robot ([30]). In the case of the four legged robot, the tests are not represented
in terms of the input given to the robot but instead by the specification of neural network
controllers. During the first 16 cycles of the algorithm, during the exploration step the controllers are evolved to maximize disagreement between models; after that they are evolved
towards achieving a task (i.e. moving the robot forward). The controllers will therefore
preferentially feed the target robot with commands that will prompt it to move forward,
and therefore the identification will focus on this part of the robot’s dynamic envelope.
Again we see some similarity to the concepts coming from the field of identification for
control.
The doctoral work of Abbeel ([2]), which is concerned with learning control from expert
demonstration, is also well aligned with the understanding developed within the identification for control community. In particular Abbeel shows that, in the case of a single rotor
model helicopter, it is possible to devise a model predictive control scheme that perform
as well as the expert aerobatic flight manoeuvres that have been repeatedly demonstrated
([5]). More importantly Abbeel shows that to do so it is sufficient to learn a dynamics
model based on nothing more than the data collected when the expert was performing the
desired types of aerobatics.
Differently from what proposed in this work, both the model and the controller used
by Abbeel and colleagues are based on in-depth knowledge about the platform. In their
work in the case of the model the structure is predefined and the learning consists in
obtaining the model parameters. Similarly the type of controller is decided a priory while
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its parameters are obtained in real time solving at every timestep a finite horizon optimal
control problem.
The results obtained in the standard aircraft and helicopter literature are clearly adequate, sound and well developed, but our explicit choice of using only limited domain
knowledge about our platforms does not provide us with sufficient information to apply
those methods.
In this work we are interested in modelling vehicles that are not recoverable and therefore we cannot rely on random control inputs during the identification as suggested by
Bongard and colleagues. However, we can manually control our vehicles, and our data will
therefore be collected with the pilot trying to control the vehicle in an envelope of velocities
and accelerations similar to that of the control task.

2.2.4

Model Estimation

In the system identification literature, and in particular in the subset dealing with aircraft
and helicopter identification, the algorithms used are organised into classes depending on
the assumptions made about the noise (i.e. the noise models) and about the availability
of direct measurements of the state variables. A number of broad classes of identification methodologies can be defined, and here we refer to the classification proposed by
Jategaonkar ([113]) who leverages the terminology in common use in the system identification field and proposes four main classes: filter error methods (FE), equation error
methods (EE), recursive estimation methods (RE) and (probably the most common ones)
output error methods (OE).
• Filter error methods (Figure 2.1) are among the most general methodologies, in
that both measurement and process noise are assumed to affect the system, and the
function g is used to relate the measured response to the system state. Due to the
presence of process noise the system becomes stochastic, and as a consequence, it
requires a suitable state estimator to propagate the state26 . A noise model needs to
be defined for the process, and it will need to be estimated along with the process
model. Generally speaking, the error between the estimated measurements and the
experimental data is used to drive the model’s optimisation; the form of the error
26
Due to the presence of noise, simply integrating the noisy state forward in time will produce a state
trajectory that drifts apart from the experimental ones.
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Figure 2.1: Diagram of filter error (FE) methodologies: since both process and measurement noise are considered to be present, the state variables are estimated using a Bayesian
filter.
function is however implementation specific.
Methodologies based on the FE concept were first proposed by Balakrishnan [14] and
were then extended by several other authors ([151, 106]). Assumptions need to be
made about the process noise in order to be able to implement such a framework, and
the works mentioned so far assume zero mean Gaussian additive noise for both the
process and the measurements. Under these assumptions the model takes the form
of equations 2.14 and 2.15, for which a suitable and efficient state estimator is the
extended Kalman filter (EKF27 ). To further simplify the problem, the process noise
components in the various dimensions of the space are assumed to be independent and
therefore the process noise estimation reduces to estimating one variance parameter
for each of the model dimensions. These assumptions might appear simplistic, but
are common practice in estimation when knowledge about the system is not available
to further constrain the noise characteristics [113].
It needs to be emphasized that, since the state equations are propagated forward in
27

The Extended Kalman filter is an efficient recursive filter that estimates the internal state of a nonlinear
dynamic system from a series of noisy measurements. The reader not familiar with this type of technique
is referred to [227] for a principled and in depth treatment.
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time inside the filter (this is in effect the counterpart of the process of integration done
with deterministic models), any model error will build up and propagate through the
whole system due to dynamic coupling. The estimated noise parameters will need to
account for all those effects (we expand on this point in Section 2.2.4).
The idea of learning filter noise parameters has also been investigated in the adaptive
filtering literature and more recently in the robotics domain [3]. In the latter, although it starts from the perspective of tuning a Kalman filter to improve estimation,
what is derived is essentially a time-varying implementation of the FE method.
• Output error (OE) methods address the case in which under the same considerations
made in Section 2.2.1 the process noise is neglected (obtaining therefore equations
2.16 and 2.17). With no process noise, the model equations can be integrated forward in time, and the states generated can be used via the measurement function
g to provide a prediction of the measurements (see Figure 2.2). The error between
the predicted measurements the experimentally derived measurements, is indicative
of the performance of the model, and it is therefore an appropriate metric for optimization. Since it does not involve a filtering algorithm, nor the estimation of any
noise parameters, the OE approach is comparatively less complicated than the FE
measurement
noise
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Figure 2.2: Diagram of output error (OE) methodologies: to compute the error the model
is integrated forward in time but is assumed that only measurement noise is present.
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Figure 2.3: Diagram of equation error (EE) methodologies: state derivatives are directly
measured, and the modelling becomes a function approximation problem.
approach. In principle, any representation can be used for the model function f
however since the error metric is not directly computed in acceleration space but is
instead a function of the model prediction integrated forward in time, any training
methodology that assumes that a measured value for accelerations (a) is directly
available will not be suitable for the OE method. Again, even for the OE method,
the optimisation metric is based on the propagated state and therefore any error will
be accumulated forward in time reflecting the contribution of any long range effects28
neglected by the Markovian assumption.
The OE method is the workhorse of the aircraft system identification field, where is
very often used in conjunction with predefined models based on first principles [113].
• Equation error (EE) methodologies take a different standpoint on the problem of
modelling: they assume that both the state and its derivatives are actually available
because they are measured (see Figure 2.3). Under this hypothesis, and with the
Markovian assumption, we simply have to find a suitable function approximator
that, given the measured state xt and input ut , produces the measured accelerations
at time t; we are therefore in the domain of supervised learning.
In this methodology the model equations are not propagated forward, and therefore
28

Influence of state or inputs older than t − 1.
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any effects of correlated errors or cross coupling between axes will not build up. In
the presence of correlated errors, noise is of course underestimated and therefore
the model will be biased. EE methodologies are entirely based on the Markovian
assumption and therefore they explicitly neglect any long range interactions in the
state development over time, with potentially detrimental consequences.
Equation error methods certainly look appealing due to their simplicity and their
reduced computational requirements. However, along with the problem of correlated
noise, their requirements concerning the availability of measurements of the state
and of its derivatives are in practice often difficult to fulfil. In the case of aircraft
modelling, for example, several of these quantities are simply not measurable (e.g.
no sensor is usually available to measure the aircraft angular acceleration), or very
noisy (e.g. a standard GPS receiver [238] has typically a CEP29 of 2.5m).

• Recursive estimation (RE) methods are the fourth and last type of methodologies
identified by Jategaonkar. In contrast to the three methodologies already discussed,
which are batch processes, recursive estimation involves the type of algorithms that
can be used on line to obtain immediate knowledge about a vehicle model. Those
methodologies are generally approximations to the batch methodologies that we have
already analysed and since we do not have online requirements they do not offer us
any significant advantage; therefore they will not be considered further.

All the training methods presented (OE, EE and FE) are loosely based on the idea
of training a model by minimizing the error between the predicted and measured state
variables. We deliberately did not specify exactly what sort of loss function should be
chosen to compute the error, and we did this for two reasons. The first reason is that we
wanted to make clear that all the considerations made in this section are independent of
the choice of loss function. The second is that loss functions usually depend on the specific
modelling technique; in later chapters we will therefore specify the loss function used in
this work along with each of the chosen modelling techniques.
29
A circular error probable (CEP) of n meters means that 50% of the measurements have a distance of
less than n from the true value.
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Long Range Effects and Training Windows
In presenting the four classes of training methodologies, we suggested that the ones based
on integration of the model (i.e. OE and FE) have the capability to capture some of the
long range dependency in the dynamics that are neglected by the Markovian assumption,
a suggestion that is worth expanding.
When discussing the concept of state, we introduced the Markovian assumption and
explained how it is in practice only an approximation. For most real world systems, the
state at time t+1 does not depend only on the state and input at time t (see Figure 2.4(a)),
but to a lesser extent will also depend on other previous states (e.g. on the previous two, as
shown in Figure 2.4(b)). While not doubting the usefulness of the simplification introduced
by the Markovian assumption, it is relevant to ask ourselves if we can modify our training
algorithms so as to compensate for higher-order dependencies, and therefore to improve
the overall quality of our model.
Abbeel and Ng consider this question in [6] and propose an algorithm that instead
of carrying out the model training using only the first-order transition probabilities (as
would be optimal for a truly Markovian system), also explicitly considers higher order
dependencies. More formally, considering a parametric model defined by its parameter
array Θ, instead of finding the Θ̂ that optimises

Θ̂ = arg max
Θ

T
−1
X
t=0

log pΘ (xt+1 |xt , ut ),

(2.18)

they propose to also take into account all the long range probabilities pΘ (xt+h |xt , ut ) up
to a horizon H, each one being weighted by a discount factor γ h

Θ̂ = arg max
Θ

TX
−H X
H
t=0 h=1

γ h log pΘ (xt+h |xt , ut ),
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(a) First order Markov system. Each transition depends only on the current state and
input.

(b) Higher order (2nd) Markov system.
Each transitions depends also on past
states.

Figure 2.4: Transition probabilities graphs.
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where γ ∈ [0, 1). They named this the lagged error criterion, and for systems with discrete
state and action representations they also provided a training algorithm based on the
EM (Expectation Maximization) procedure. As the same authors comment, an exact
implementation of the algorithm, is prohibitively expensive in the case of continuous state
and action spaces. However, for the specific case of learning the linear dynamics of a
single rotor helicopter they suggest (in [5]) an approximate algorithm that makes the
lagged error criterion effectively usable. In their example, since the model is linear, the
identification boils down to identifying the model transition matrices30 which are iteratively
approximated by optimising the model prediction error over a series of consecutive time
steps up to the horizon H. The model is effectively integrated forward over a time window
so that the prediction error at time t will have effects also at future time steps. In their
implementation Abbeel and Ng integrate the model forward H time steps for each of the
data points, effectively evaluating the model error over a set of trining windows covering
the whole dataset31 . The prediction horizon was empirically set to 20 time steps, equivalent
to 2 seconds.
We can easily see that what the lagged error criterion is effectively doing: it is transforming the identification from an instance of the EE methodology32 to an instance of the
OE method. The arguments made in Section 2.2.4 in favour of methods that compute
the model error by propagating the model predictions are therefore shown to be not only
intuitively but also theoretically sound.
The concept of training windows has also a second important role in the OE modelling
setup. In reality no model can be expected to be perfect, therefore if during training it
is integrated forward in time over a very long horizon, the accumulated error will tend to
push the measured and predicted data series apart, potentially making them uncorrelated.
When this happens, any error function based on the difference between the two time series
will start to lose its value as an indicator to guide model optimization.
30

In the setting of Abbeel and Ng, the helicopter model is considered as being linear, therefore its state
can be written in matrix form as:
at = Axt + But + ω t .
The generic non linear function f that we considered in equation 2.14 is replaced by the linear combination
of the state and input variables with the coefficients given respectively by A and B. The model is therefore
completely identified by the coefficients of the matrices A and B. In their case all the state variables and
accelerations are assumed to be directly observable, and therefore the observation function g becomes the
identity and does not appear as an additional equation.
31
Each window overlaps with the following one on H − 1 points.
32
The lagged error criterion with a horizon H = 1 reduces to estimating the model parameters by least
squares linear regression, which is possibly the most used of the EE methods.
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Bongard and Lipson recognized the same problem in [27] when trying to identify the

parameters of a four legged robot solely from sensor measurements. As a solution they
devised a metric (the rolling mean) that in essence aims to compare sets of average sensor33
activations over a short initial time period from a specific point in the sensor time series. In
the same publication they showed experimentally how, even in situations like theirs where
the initial models are very poor (i.e. random), such metrics allows the search to converge
eventually to good models.
In the case of the FE method, since the state is propagated forward in time using a filter,
and the collected experimental data are used within the filtering loop as measurements,
there will be no significant divergence between measured and predicted data. Therefore
for this type of methodology there is no practical limitation to the amount of consecutive
data that can be used by the algorithm.
In the EE case, since no integration takes place, the concepts of horizon and window
are not meaningful, and the whole dataset can be used during training.

2.2.5

Model Validation

Having described how to make the most of our data during the model training stage, we
now look at a very important question in the field of modelling: how can we validate and
measure the results of our efforts?
The value of the loss function34 used for the optimization is a measure of the ability of
the model to fit the training data. However, using the value of the loss function as a measure
of the model’s ability presents two problems. The first is that, as we explained above,
different loss functions are appropriate for different training techniques, and therefore the
loss obtained at the end of the training cannot be used directly to compare the modelling
approaches. The second is that the model fitting process ensures that the accuracy of the
model over the training data is as high as possible. Therefore using the value of the loss
function as an indication of the model’s likely performance on unseen data will probably
give an overly optimistic estimate of the model’s accuracy. A common way to get a more
33

In the work of Bongard and Lipson, the real and predicted quantities are sensor measurements but the
same concept can be applied to any simulated variable for which there exists a real data counterpart.
34
To avoid confusion we want to state that the problem we are addressing in this section is model
validation, which entails determining an appropriate error metric. This is different from the concept of a
loss function, which is the objective that is optimized during the training. The same function (e.g. mean
square error) could be used to fulfil both roles, potentially leading to confusion. In this work we will strive
to keep the two concepts separated to avoid any misunderstanding.
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realistic estimate of how the model would perform with unseen data ([159]), is to test the
model’s performance on a second dataset - a part of the original data that is set aside and
not used during the training process. Such a dataset is commonly known as a validation
dataset, while the portion of data used for training constitutes the training dataset.
Such a method of creating a validation dataset has the obvious drawback that a part of
the data, and the information it contains, is never exploited in the learning process. As a
consequence it might be necessary to collect more experimental data to ensure that enough
data is available for both training and validation.
A standard way of making better use of the data ([159]) is to split the dataset in k
parts called folds (hence the name k-fold), and to train the model k times, each training
trial using (k − 1) folds as the training dataset and the remaining fold as the validation
dataset. The performance of the algorithm is then assessed as the average performance of
the k models. This approach makes better use of the available data but requires repeating
the training k times, which can be problematic for an algorithm in which the training is a
particularly expensive operation.
Which of the two strategies is the most favourable depends in practice very much
on the experimental settings and on the training algorithm used; we will discuss these
considerations again in Section 3.2 when describing how we collected the experimental
data.
The matter of choosing a metric to measure the difference between the state predicted
by the model and the actual measured data is not straightforward. State variables differ in
meaning, in units, and in the amount of noise they are associated with in the experimental
data. For example, it is not immediately clear whether an error of 1m/s in linear velocity is
as important as an error of 1rad/s in angular velocity. In addition errors may have widely
different meanings when dealing with different types of platforms. As a consequence, no
consistent criteria can be found in the literature that would allow the direct comparison
of different models ([113]); however, it is interesting to analyze the most common metrics
used for model validation.
In the system identification field, for the case of full scale helicopters, some authors
([230]) have proposed the use of weighting factors derived from practical experience to
gauge the importance of the different error contributions. However it is difficult to understand how such coefficients could be equally meaningful for platforms such as the model
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quadrotors and the toy car that we consider in this work.
In [113] Jategonkar uses estimation algorithms based on the principle of maximum
likelihood and chooses the determinant of the covariance matrix of the residuals R as
metrics to validate his models. More specifically

|R| =

N
1 X
[zt − yt ][zt − yt ]T ,
N

(2.20)

t=1

where as seen in Section 2.2.1 y is the model prediction, z is the observation (the experimental data) and N is the number of samples in the dataset. This metric has the drawback
that if the error in one of the variables35 is particularly low, it can effectively compensate
for the error in other variables and still deliver a low value for the determinant. In the
extreme, a zero error for one of the variables would be sufficient to deliver the minimum
value for the metric even if the error in the remaining variables is not zero. Fortunately, in
practice no model would achieve a zero error, so this remains only a theoretical possibility.
Jategonkar recognizes such limitations but pragmatically reports that, in his experience,
using such a metric without any platform specific adaptation proved to be effective across
different types of systems in the aircraft and rotorcraft identification domain.
A second possibility is to use the mean square error (MSE) a well known metric in the
domain of signal fidelity ([244]) and machine learning ([193]) which is defined as:
N
1 X
(zt − yt )2 .
M SE =
N t=0

(2.21)

Since it corresponds to the sum of the square of the Euclidean distance between the model
prediction y and the measurement z, its value will be zero only if the error in each of the
variables is zero, avoiding the possibility of large errors on some variables being discounted
because the prediction on others is particularly good. In the MSE the different variables
have the same contribution to the square error, therefore no weighting is applied.
To provide a more detailed comparison of the outputs of a model, the MSE can also be
computed for a single variable:

M SEj =

35

N
2
1 X j
zt − ytj ,
N t=0

z and y are vectors constituted by several observed variables.

(2.22)
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where j indicates one of the variables predicted by the model.
In order to provide a more intuitive meaning, the square root of the MSE (RMSE) is
often considered:

v
u
N 
2
u1 X
zjt − ytj ,
RM SE = t
N t=0

(2.23)

which is of course expressed in the same physical units as the variable in question.
Other possible metrics used to gauge the quality of models ([182]) include the TIC
(Theil Inequality Coefficient) [226]. The expression of the TIC for the generic predicted
variable j is:
Uj = q

1
N

q

1
N

j
t=1 (zt

PN

j 2
t=1 (zt ) +

PN

− ytj )2
q P
N
1
N

j 2
t=1 (yt )

,

(2.24)

which has value Uj = 0 in the case of a perfect fit and Uj = 1 in the case of maximum
inequality. A single measure for the overall fit could be obtained by combining the values of the TIC from all the variables predicted by the model. This however leaves open
the problem of determining which scaling factors are more appropriate for combining the
contributions of the many predicted dimensions, something that is hardly possible to deal
with in a platform agnostic way.
In Section 4.1.1, we will choose the most appropriate way to validate our models in the
light of these considerations.
As previously discussed, when learning the dynamics of a system using the OE or FE
methods, the prediction of the state derivatives is propagated forward in time; this means
that any errors will accumulate and therefore will have an effect not only on the current
prediction but also on the subsequent ones. As a consequence, the error computed on a
single prediction step will not be representative of the true performance of the model, even
for the purpose of validation. For this reason, it is standard practice in aircraft system
identification ([113]), robotics ([121, 5]) and evolutionary system identification ([32], [31])
to integrate the model forward in time for several consecutive time steps in order to improve
the computation of the error.
The same considerations that we brought into play when discussing our training windows scheme, about how the predicted and recorded time series tend to become uncorrelated, again apply. Over a very large number of time steps, the difference between the
predicted and recorded state trajectories can eventually lose its value as an indicator of

50

Background and Related Work

model performance. This is again a problem that has to be addressed pragmatically when
computing the validation error.

2.3

Previous Work in Vehicles Modelling

Flight vehicles
In this work we will test our modelling approach on data from two quadrotors and a fixedwing aircraft (see Sections 3.3.1, 3.3.2 and 3.3.4), and so it is of interest to give a short
overview of the field of flight vehicle modelling, from full scale to miniature flying machines.
Modelling, or as it is usually called in the aeronautics community, system identification, finds a highly successful domain of application in aircraft and rotorcraft. Thanks to
computers, very accurate sensing devices and well understood underlying basic physical
principles, system identification has evolved to become an essential tool for both aircraft
design and certification. In fact, a model derived from flight data is most often, the only
sure way to match the dynamics of the actual vehicle. When white box models fail to
provide the necessary fidelity, system identification usually proves to be more time efficient
than actually attempting to correct the physics based model to better match the flight
data. This is even more applicable when the effects requiring correction are not easy to
model.
Techniques for aircraft and rotorcraft system identification can be divided into two categories, frequency domain techniques and time domain techniques. Frequency domain techniques are essentially restricted to linear models36 , while frequency methods have proven
their value when the dynamics allows for such a simplification (see [230] and references
therein). Linear models have been found to be adequate for both aircraft and rotorcraft in
the parts of the flight envelope where nonlinear effects are not predominant. In contrast,
time domain techniques are suitable for both linear and nonlinear modelling, and therefore
have been applied to a variety of problems in the domain of aircraft system identification.
Models based on first principles are by far the most popular type. Since they allow for
a complete breakdown of the system response into identifiable components, they deliver
in-depth understanding. For example this is the kind of knowledge that is very valuable
36

While frequency domain techniques for linear models are a well established methodology ([136]), examples of their extension to nonlinear system have been introduced only recently (e.g. [134]). Such techniques
are still a very active topic of research and we are not aware of any applications to aircraft or rotorcraft.
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during the design stage.
There are, however, applications for which a model based on first principles is not
needed. These include applications such as fault detection, sensor calibration or mission
planning, as well as situations in which a model based on first principles would be very
complex. All of those are well suited to black-box models. Among the function approximators, artificial neural networks are the most popular (see [113] for a comprehensive list
of references), but neuro-fuzzy and symbolic regression approaches have also been used
(see [148] and [74] respectively). Black-box techniques are mostly used as partial models
dealing with specific dynamic effects or specific flight conditions. Knowledge about which
inputs are relevant, or assumptions about the decoupling of dimensions, are often heavily
exploited to simplify the training. In general, Black-box techniques are used as a pragmatic way to improve a model’s agreement with flight data. A typical example is [148]
in which a combination of neural networks and fuzzy rules is used to learn the model for
a sideslip angle37 virtual sensor for a full scale aircraft. Such a model reproduces only a
specific component of the aircraft, and can be used to simulate a sideslip angle sensor from
other sensor sources. The authors use their knowledge of the sensors and of the aircraft
(i.e. the type and location of sensors and the aircraft-sensor coupling) to select the input
variables and the neuro-fuzzy structure that are most appropriate. The resulting model is
then trained to provide good sideslip angle prediction.
Parametric models based on first principles are also the de facto standard for model
rotorcraft, which nowadays are widely used as unmanned robotic platforms. Starting with
the seminal work of Mettler et al. ([152]), the standard system identification techniques
used for full scale vehicles have been proved successful when applied to both large and
small scale single rotor model helicopters (i.e. 3000mm to 300mm rotor diameter). Both
frequency domain (i.e. linear models) and time domain approaches have delivered models
with the fidelity necessary for control system design; of course, researchers often found it
necessary to refine previously available model structures to match the platform at hand.
A very large number of quadrotor models is available in the literature [34, 98, 188, 15,
88, 239, 42, 183, 161, 52], all of which are derived from first principles. Most of the models
mentioned consider only the thrust and torque associated with each rotor, which are the
primary contributions that allow the control of the vehicle. [34, 98, 188] also consider
37

Angle between the aircraft centerline and the direction of the relative wind.
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secondary aerodynamic affects affecting each rotor such as drag, ground effect and blade
flapping38 ; these are modelled using principles from helicopter theory. Estimating the
parameters of the rotor dynamic model generally requires dedicated experiments using the
motor-blade assembly. Each rotor is effectively treated as a subsystem, and its model is
then used within the full quadrotor model. The implicit assumption is that combining
the rotor models with the remaining dynamics based on parameters derived from static
measurements will deliver a good full model. However, in none of the works mentioned is
this assumption actually verified using experimental data and, to the best of our knowledge,
the full estimation of the model parameter based on recorded flight data has not been
reported.
In the area of miniature flight vehicles, only a few contributions consider the problem
of automatically defining the model structure and parameters. In [245] Locally Weighted
Linear Regression is used to model the vertical dynamics of a quadrotor as a stochastic
Markov process, while in [13] the same technique is demonstrated to be suitable for modelling the decoupled dynamics of a single rotor helicopter. In [256] the transfer function
form of a linear helicopter model is identified using a genetic algorithm. Ko et al. [122]
present an interesting use of Gaussian process regression to learn the dynamic model of a
small blimp. The advantage of this regression technique is that a variance expressing the
model uncertainty is associated with each of the model predictions (i.e. at each timestep).
This uncertainty is learned from the training data and can be used for obtaining a model
that is not deterministic39 .
While the techniques and some of the concepts we will use in this work have already
found application in the aircraft and helicopter domain with various degrees of success,
the idea of devising a general method of building a full 6DoF rigid body model without
the use of expert knowledge has not been explored, an aspect that makes our investigation
both novel and interesting.
Car like vehicles
A further type of vehicle that we will consider in this work is a toy car; since it has a
dynamic behaviour very different from that of our aircraft and quadrotors, it represents
38

The up and down movement of a rotor blade, which causes dissymmetry of lift (see [115] for more
details).
39
The predictions from a Gaussian Process are made in terms of mean and variance of a Gaussian
distribution from which is possible to sample, thus obtaining a non-deterministic model.
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an interesting point of comparison for our algorithms.
Due to its poor manufacturing quality, its size, and the type of propulsion system
used (see Section 3.3.3) our toy car is very different from its full-sized counterpart. These
differences affect not only the form of the model but also how much of its dynamics is
in practice predictable. For instance, in our toy car, friction with the ground (which is
notoriously difficult to model), has (in proportion) a much larger effect on the dynamics
than it would have in a full size car. Similarly, it is not easy to compare the repeatability of
a full size car designed to meet precise manufacturing tolerances with a toy car using plastic
gears and a loose steering mechanism essentially designed to be cheap. Consequently, the
sort of very detailed models commonly used in the automotive industry are not appropriate
for our vehicle, and neither is the in-depth platform knowledge that such models require.
We are clearly not the first to use model cars in the domain of robotics and control, but,
since the basic dynamics of a car is well understood, most of the available work is based
on parametric models derived from first principles or from well-established engineering
formulations (e.g. Ackerman steering [61]). In such models, the expert’s understanding of
the car’s dynamic behaviour as well as of its physical characteristics are heavily exploited,
either by measuring the physical parameters of the car ([222]) or by making explicit simplifying assumptions. In [7] for example the lateral dynamics is considered negligible since
the specific car used has good grip and does not tend to skid; in addition, the car has been
retrofitted with a voltage stabilizer circuit in order to make the performance independent
of the battery level.
Again our aim of not using platform knowledge but still delivering models that are
physically consistent40 constitutes a clear difference from the work reported so far. This
opens challenges that have not been addressed before.

2.4

Summary

In this chapter we have provided an in-depth view on the two main research topics tackled
in this thesis, namely modelling and automatic controller design.
The techniques and challenges that distinguish each of those tasks were identified and
discussed with special emphasis on the aspects related to real world platforms as well as
to platform knowledge, both of which are key to our work.
40

Model that predict meaningful acceleration and follow the laws of rigid body dynamics.
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This extensive review of the state of the art in modelling and control of the three

type of platforms involved in our study (car, aircraft and helicopters) helps the reader to
understand where our work stands in respect of other learning based techniques, as well
as in relation to more conventional engineering techniques.

Chapter 3

Platforms and Data Acquisition
In the previous two chapters we presented cardinal idea and the scope of the thesis. In
this chapter we present in a unified fashion the platforms that were used in this work:
two quadrotors (X3D and Owl), a toy car, an experimental aircraft (the ATTAS) and the
Autopilot software simulator; we also give details of the data collection. These aspects
are important in order to understand clearly the conditions under which our results are
derived; they are reported here to avoid cluttering the presentation of the core parts of
the research. We also need to touch on some of the principles of aircraft and rotorcraft;
expert readers will understand that for reasons of brevity our treatment needs to be in
some respects simplistic.

3.1

Flying Arena and Motion Capture System

All the experiments were carried out in our indoors robotics arena, a large research laboratory in the Computing and Electronics Systems department at the University of Essex.
The facility (see Figure 3.1) has a cylindrical shape 12m in diameter and 6m in height
and was purpose built for conducting flight experiments. It is equipped with a state of
the art motion capture (MOCAP) system that allows tracking, streaming in real time, and
recording the position of several tens of infrared passive markers1 . For rigid objects three
or more markers rigidly connected can be used to define a reference frame; in this case
the system will directly return the position and orientation of the object. In practice, to
reduce the chances of hidden markers during data collection it is advisable to use more
1

We used a Vicon MX system (http://www.vicon.com/products/viconmx.html) composed of 8 Vicon
MX 3+ cameras (240fps @ 0.3 Mpix full frame) and 2 MX ultranet units, one of which has an additional
A/D converter module.
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Figure 3.1: Flying arena and MOCAP infrared cameras. Note the superimposed world
reference frame defined in the centre of the capture area.
than three markers for each of the objects being tracked; in our experience five markers
carefully placed to avoid occlusion from the vehicle produce good tracking results.
For the purpose of modelling we need the ability to log the position and orientation
of our vehicles, and also the command inputs that the vehicle is receiving from the pilot.
For the automatic control experiments, we need the ability to retrieve in real-time the
position and orientation of the vehicle, and to feed it to our controller which will produce
an appropriate control input that is then sent back to the platform.
The software suite that accompanies the MOCAP system allows for the configuration
of the many parameters that control the system2 , and most importantly provides a TCP
port that can be used to stream in real time the position and orientation of the object(s)
being tracked. We developed our own software to interface the real-time data stream, as
this allowed us to define and use the same data format for both logging and real-time
control, making for a seamless transition of our controllers to the real vehicles.
To read and output the pilot’s control commands we designed two custom hardware
2
In our experiments we used one of the configurations produced by the Vicon engineers at the time of
installation of the system.
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solutions to interface with the radio remote controllers that we used for our vehicles. In the
case of the quadrotors, our interface (see Figure 3.7) connects to the remote through the
trainer port3 . This port offers a signal that encodes the sticks’ positions as a 54Hz PPM
(pulse position modulation) pulse train; our microcontroller decodes the PPM sequence
and transmits it to the host computer using a serial port link. A second signal line present
on the same port is directly connected to the remote RF stage so that the inverse route
from serial data to a PPM signal can be used to send control commands to our vehicles. We
encode the PPM signal as a 10bit digital value, which ensures a resolution smaller than the
level of noise normally present on the PPM signal itself. For the toy car, since its remote
does not have a trainer port, we built a simpler parallel port interface (see Figure 3.12) that
taps into the electronic board of the remote. In this case, since the controls are discrete4 ,
the signals from the parallel port can be used to drive the remote directly without the need
for an additional microcontroller.
With both these interfaces the host computer sends and receives control data at 100Hz;
the control data coming from the remote is logged along with the stream coming from the
MOCAP system.
The quadrotors and the toy car have electric motors powered directly from the main
battery of the vehicle, therefore as the battery discharges and its voltage changes, the power
generated by the motor for a defined throttle setting also changes. Since the battery level
directly affects the behaviour of our vehicles, we treat it as an additional input that also
needs to be logged. To record the battery level a XBee-PRO RF module [108] was used.
This module is a light and low power Zigbee communication solution, capable of delivering
serial communication with a maximum speed of 115200bps over an indoor range in excess
of 100 meters. This unit can be configured to periodically sample up to 5 analogue channels
and send its reading to a remote receiver. The A/D converter on board the XBee-PRO
module has a 10bit resolution, an accuracy that easily meets our needs. The module was
set up to sample the battery voltage at 50Hz and the serial stream at the receiver end was
simply logged along with the control data coming from the remote. Since the control and
MOCAP data are logged at 100Hz, each sample of the battery voltage is effectively kept
constant for two consecutive time steps. Any transmission delay introduced by the Zigbee
3

A port normally used to connect the main remote (called teacher) to a second remote (called student)
for training. With this setup, at any point in time the teacher remote retains the ability to override the
controls coming from the trainer port.
4
See Section 3.3.3 for more details.
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communication is small compared to the rate at which the battery voltage changes in our
vehicles, therefore we can safely neglect it.
Required Data
To simplify the steps of data logging and controller testing we run the MOCAP tracking
software and our custom made logging and control software on a ground station computer
in all our experiments5 .
For each platform, the data collection provides the necessary data for both the training
and the validation of the dynamic models.
In Section 2.2.5 we described the two possible approaches for conducting the validation
of our models, which define how much data we need to collect. In making a choice, we
need to consider that some algorithms (those based on evolutionary computation) have
a training procedure that is computationally expensive, and as a result the k-fold cross
validation method is not advisable. Fortunately, we are in control of the data collection
stage, and so the requirement of not using all our data for training can be overcome simply
by collecting more data in the first place. In general, since only a few minutes worth of
data are necessary for our algorithms, acquiring more data merely requires that we fly our
helicopter or drive our car for only a few more minutes. For all platforms we will therefore
collect at least two datasets, the first used for training, and the second used for validation.
In the case of the ATTAS aircraft, as we will see in Section 3.3.4, two distinct repetitions
of the same flight manoeuvre are available, and so one can be used for training while the
other is reserved for validation.

3.1.1

Reference Frames

Before looking in detail at the data pre-processing, let us describe more precisely the format
in which we encode the data returned by the MOCAP for the purpose of real-time control
and logging.
At calibration time6 a fixed origin and coordinate frame needs to be set for the capture
volume; for our flying arena we have chosen a right handed NWU (North, West, Up)
coordinate frame with the origin in the middle of the circular floor (see Figure 3.1). We
5

As a ground station we use a dual core 2.66GHz Intel Xeon desktop computer with 2GB of RAM
running Windows XP. Its performance is more than adequate to run simultaneously the MOCAP software
and our custom logging and/or control software.
6
Generally, on every day in which we run experiments, we start by calibrating the system.
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call this the world-fixed reference frame. After defining a NWU body reference frame for an
object7 , the position (x, y, z) of the object and its orientation in Euler angles (φ, θ, ψ) are
well defined with respect to the world-fixed frame. We prefer to represent orientation by
means of Euler angles because their meaning is very intuitive8 ; however several alternative
conventions exist for Euler angles. Following common practice in the aeronautics literature,
we used the ZYX convention, which defines the following steps to transform the world-fixed
coordinate frame into the body-fixed frame:
• right-handed rotation about the z-axis (positive ψ, see Figure 3.2(a))
• right-handed rotation about the y ′ -axis (positive θ, see Figure 3.2(b))
• right-handed rotation about the x′′ -axis (positive φ, see Figure 3.2(c)).
z=z’

z=z’

θ

y’

z=z’’’

z’’

y

ψ

x

z’’’

y’=y’’

x’
x’’

x

y’’’
y’=y’’
y

φ

y

x’

z’’

x’
x
x’’=x’’’

(b)

(a)

(c)

Figure 3.2: Euler ZYX rotations that define the attitude of a vehicle w.r.t. the world
coordinate frame. The transformation is represented by a sequence of three different rotations. (a) a positive rotation of ψ about the z-axis transforms the reference frame xyz
into the frame x′ y ′ z ′ ; (b) a positive rotation of θ about the y ′ -axis transforms the reference
frame x′ y ′ z ′ into the frame x′′ y ′′ z ′′ ; (c) finally a positive rotation of φ about the x′′ -axis
transforms the reference frame x′′ y ′′ z ′′ into the body frame x′′′ y ′′′ z ′′′ .
Each of the rotations can be expressed in the form of an orthogonal matrix; the product
of the three defines the DCM (direct cosine matrix) that allows the transformation of
coordinates from the world-fixed frame to the body-fixed frame:

Cw
b

7





c(θ)c(ψ)
c(θ)s(ψ)
−s(θ) 



.
=
s(φ)s(θ)c(ψ)
−
c(φ)s(ψ)
s(φ)s(θ)s(ψ)
+
c(φ)c(ψ)
s(φ)c(θ)




c(φ)s(θ)c(ψ) + s(φ)s(ψ) c(φ)s(θ)s(ψ) − s(φ)c(ψ) c(φ)c(θ)

For each of our robots we have defined the reference frames shown respectively in Figures 3.10,3.7 and

3.12
8

(3.1)

In our experiments the attitude of the platforms never reached the situation of gimbal lock.
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Often we use the word ’pose’ to mean both the position and orientation of the vehicle,

or more precisely the vector:
[x, y, z, φ, θ, ψ]T .

3.1.2

Accuracy

In the case of tracking a rigid body the accuracy of the MOCAP system varies depending
on the number of markers used to define the object, and also on the position of the object
within the tracking volume9 . The attitude of the object is computed geometrically from
the positional data of several of the markers; its precision therefore depends not only on
the precision of the system but also on the relative positioning of the markers. All our
robots are small, and the distance between the markers goes from 50mm to 180mm at
most.
To establish the precision of the tracking system, we did some static experiments during
which we positioned one of our vehicles (i.e. the toy car) in three different locations within
our tracking volume. In Figure 3.3 we see the histograms of the position and angle errors
obtained from 5000 data points collected with the toy car positioned on the ground close
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Figure 3.3: Histogram of the position and heading error distribution computed from a
static experiment that lasted 50s.
unimodal; very similar histograms were also produced for the remaining locations. Slightly
different standard deviations for the errors were obtained at different locations. To produce
a conservative estimate of the error, we consider the positions and angles produced by the
tracking system to have the maximum standard deviation of these computed at the sampled
9
The position of the object within the tracking volume determines the number of cameras simultaneously
tracking the same marker.
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locations. This translates to a positional standard deviation of 0.00012m and an angular
standard deviation of 0.0003rad.

3.1.3

Delay Estimation and Compensation

Given the amount of computation involved in resolving the position of the tracked markers,
the data stream is inevitably affected by a time delay. For the vehicles we used, we will see
that this delay is short enough to allow for good control; however, it has to be correctly
accounted for during both data logging and automatic controller design.
To estimate the delay of the incoming tracking data stream (∆tM OCAP ), we exploited
the fact that in the MOCAP system the data coming from the sampling of the A/D channels
is time aligned (in hardware) with the tracking data. To estimate the delay, we conducted
a simple experiment in which we simultaneously logged pilot’s commands using both our
custom interface and the A/D input of the MOCAP system; we then compare the two time
series (see Figure 3.4). Our analysis revealed a constant delay ∆tM OCAP = 140ms between
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Figure 3.4: Delay between inputs logged by the MOCAP system and our custom electronic
board.

the two time series; this delay is compensated for when the data from the MOCAP system
and from our custom interface is combined and logged.
It is worth noting that if the control or logging software is not run on the same machine
that is running the MOCAP software, network delays (which are often variable) will add
to ∆tM OCAP significantly affecting the quality of the collected data.
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3.2

Data Preprocessing

In Chapters 4 and 5 we will apply OE and EE techniques to model the vehicles, and
we will investigate the use of models that predict accelerations (equations 2.8-2.11), and
also of models that predict velocities (equations 2.5-2.7). It is therefore necessary to derive the body frame velocities and accelerations10 from the logged position and attitude
information.
The real data obtained from the tracking system is noisy, and in the case of both
the helicopters and the toy car, the variables most affected by noise are the angular ones
(see Figure 3.5(a, b) and Figure 3.6(a, b)). As is commonly done, ([84]) our first step of
pre-processing is to apply a low pass filter to reduce the noise content in the data. This procedure ultimately aims at improving the quality of the acceleration and velocity estimates
that we will compute by double differentiation. Inspection of the PSD (power spectral density) of the collected data (see typical examples in Figure 3.5(c) and Figure 3.6(c)) shows
that the majority of the power of the signal is at frequencies below 4Hz. This allows us
2
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Figure 3.5: Example time series from one of the toy car datasets. (a) a segment of position
data in the time domain (x); (b) a segment of heading data in the time domain (ψ); (c)
power spectral density for the heading variable ψ computed over the whole dataset (note
how the signal power content is concentrated at low frequencies).

10
The way in which the acceleration and velocity data is used during the modelling will be clarified in
Chapters 4-6.
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Figure 3.6: Example time series from one of the X3D datasets. (a) a segment of position
data in the time domain (x); (b) a segment of heading data in the time domain (ψ); (c)
power spectral density for the heading variable ψ computed over the whole dataset (note
how the signal power content is concentrated at low frequencies).

to safely low pass filter the collected data without the risk of removing signal components
that form part of the dynamics of our vehicles11 To avoid introducing phase distortion,
we perform the filtering using a finite impulse response (FIR) filter; in addition, to avoid
amplitude distortion, we choose a filter with 201 taps to ensure a flat transfer function in
the pass band. The delay introduced by the filter is compensated by shifting the filtered
signal12 .
As is common practice in the machine learning community, we also “centre” the input
time series (u) by subtracting the steady state values of the controls (i.e. terms bu in
equation 2.14)13 .
Both when training our models, and also when using the models for controller evolution, we need to integrate their state equations forward in time at each time step. This
operation accounts for a large majority of the computational cost incurred by our training
11

Later on in the section it will be made clear what cut-off frequency was chosen.
For a linear phase filter the delay is equal to (N − 1)/2 where N is the number of coefficient of the
filter ([178]).
13
For the X3D and the Owl bu corresponds to the value of the controls when hovering. For the toy car
these are the controls when the car is at rest. In the case of the ATTAS no processing was applied since the
control signals in the available data set are already centred. For the battery input uba the nominal values
of 10V and 4V were used for the helicopters and for the toy car respectively.
12
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algorithms. Given the limited bandwidth of our system, it is possible to reduce the amount
of computation required to propagate the models forward simply by increasing the time
step used for integration (or equivalently by downsampling the collected data). In this way
for a lower number of iterations, and therefore less computation, is needed for propagating
the model forward of specified time. In choosing the downsampling rate we make a trade
off between reducing computation and maintaining our ability to reconstruct the pose of
the vehicle from the computed acceleration data. Since we will compute velocities and accelerations numerically as first order differences, we implicitly assume that the acceleration
is constant between successive time steps; therefore, the longer the timestep is, the larger
will be the error between the reconstructed and real trajectories. In making this trade off
between computation and accuracy, we decided to accept a reconstruction error that was
small in comparison to the error of the models; in other words, we wanted to ensure that
when are evaluation the error of our models, the error introduced by the time discretization
was negligible. After conducting a small number of preliminary modelling experiments, we
defined as acceptable an error that was lower than 1% of the signal amplitude for all the
variables in the pose14 within a window of 300 time steps. For all of four platforms, a
downsampling factor of 4 guarantees an acceptable reconstruction error; this brings the
sampling frequency to 25Hz (∆t = 0.04s). Coincidentally the ATTAS dataset was also
already downsampled to 25Hz, so that after the differentiation this dataset also has the
same time resolution as those we collected.
Downsampling can introduce aliasing if the bandwidth of the sampled signal is larger
than the Nyquist frequency ([178]). To avoid aliasing it is sufficient to ensure that the bandwidth of the low pass filter that we use for denoising is lower than the Nyquist frequency
fN , which in our case is:
fN =

1
= 12.5Hz,
2∆t

so we chose a cut-off frequency of 12Hz.
After the downsampling, we compute the first and second order derivatives, as first
order differences scaled by the time step ∆t (see Section B.4.1). During the computation
of the derivatives it is necessary to perform changes of coordinates between the various
14

In Chapters 4 and 5 it will be clear that this level of error is certainly negligible in comparison to the
accuracy of the models we obtain. Since the error produced due to time discretization increases over time
when integrating the accelerations, the acceptable error needs to be defined in reference to a meaningful
time window. We have chosen a window of 300 steps since, as we will see, this is the window size used in
most of our experiments.
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frames of reference, since the body frame changes as the vehicle changes its orientation.
For the ATTAS data, we used several datasets from [113] which already provided the linear
and angular velocities, and so only one differentiation was needed to obtain the body frame
accelerations.
Computing the body frame accelerations only yields to the dynamic acceleration of the
platform, so gravity is not included in the obtained acceleration terms. Since gravity is
explicitly included in the case of our first principle models (Section 4.1), we must add its
contribution15 to the data computed from the differentiation.
The vehicle’s attitude combined with the first order derivatives computed by differentiation constitute the vehicle’s state (equation 2.4). Therefore, after the preprocessing, all
the state variables are available for every time step of collected data; as a result, the observation function g in equations 2.5, and 2.7 is simply the identity function. The modelling
task is therefore reduced to identifying the function f .
The data preprocessing discussed in this section is essentially the same for all the
vehicles in this study, so we can safely say that such preprocessing is not biasing our
approach toward any specific type of vehicle, in complete accordance with the idea of
limited platform knowledge proposed in this work.

3.2.1

Differentiation Noise

An important point must be made about the way in which the velocities and accelerations
are computed. Since we are using numerical differentiation to compute the state derivatives,
the differentiation will inevitably tend to amplify the noise present in the pose data. If
the noise in the original data is high, the differentiation noise can completely overcome the
signal (i.e. the derivatives) we are interested in. This is a well known problem and [43]
offers an extreme example.
The FIR filtering that we apply for de-noising attempts to alleviate this problem by
smoothing the collected pose data. However, the signal to noise ratio in the numerical
derivatives ultimately depends on the amplitude of the derivative as well as on the noise,
and it is therefore not only platform but also dataset specific. Without the use of domain
knowledge or additional data sources16 it is difficult to ascertain the quality of the computed
15

Given the vehicle attitude, it is simple to re-project the gravity vector into body coordinates that can
then be added to the acceleration computed from the dataset.
16
We can imagine that if direct acceleration measurements (for example from an on board accelerometer)
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derivatives. Under these circumstances, there is a possibility that any attempt at learning
such numerically computed derivatives (e.g. for the purpose of modelling) might not lead to
learning the correct dynamics of the system in question, since any acceleration information
may have been compromised by the differentiation process.
These considerations apply to both the first and second order derivatives. In our experience, thanks to the accuracy of the MOCAP system, the differentiation noise is not
problematical for the first order derivative for the vehicles considered in this work. It would
therefore appear sound to prefer a model that predicts velocities (see equation 2.5-2.7) to
a model that predicts accelerations. However, this will inevitably neglect the fact that a
model that predicts velocities may be more complex as discussed in Section 2.2.1. Proceeding pragmatically, we will experiment with both possibilities. In Chapter 4.2 we will use
EE methodologies to learn models that predict accelerations, and also models that predict
velocities. The models that predict accelerations will be trained using the pre-computed
accelerations, therefore their quality will depend on the quality of the acceleration data.
In Chapter 5, we will instead apply the OE methodology to learn models that predict
accelerations but that are trained using their error in predicting the system state (i.e. the
velocities); these models will therefore depend on the quality of the velocity data.

3.3

The Platforms

In this section we introduce the four platforms that we used in this work, the X3D and
Owl miniature quadrotors, the toy car, the ATTAS full sized aeroplane and the Autopilot
miniature helicopter simulator. Along with the many technical details of each vehicle, we
will also highlight any characteristics that are likely to have an influence on the automatic
modelling, and/or on the automatic design of controllers.

3.3.1

The X3D Quadrotor

The X3D quadrotor is the platform on which most of the initial development of the algorithms was carried out.
The X3D (Figure 3.7), commercially available as a kit ([78]), is a light and small
quadrotor (details in Table 3.1). Its main structure consists of a central magnesium alloy
cage to which are attached the four arms. At the end of each arm is a brushless motor
were available, these could be fused with second order derivatives of the pose to provide a better estimate.
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Figure 3.7: Commercial X3D quadrotors with remote controller and custom designed serial
port computer interface. On the helicopter are visible the five spherical reflective markers
used for tracking. The custom made electronic board is connected to the remote through
the trainer port.

size
weight
propellers
battery
endurance

540x540 mm
380g
200 mm 2 blades
1300 mAh @ 11.1V
15 minutes

Table 3.1: X3D main physical characteristics.
on which a fixed pitch propeller is mounted. Both the electronics and the battery are
installed inside the central cage. To give a good weight distribution and maintain the CoG
(centre of gravity) approximately at the centre of the vehicle17 , the flight control system
electronics is placed above the rotor plane, and the battery is placed below it. Brushless
motors have been selected in this design for their ability to provide more torque than
conventional brushed motors, and as a result no reduction gears are needed, reducing both
the mechanical complexity and the amount of energy dissipated as friction. The type of
blades used can actually bend and to a limited extent also twist; both types of deformations
17

This is known to improve controllability [188].
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Figure 3.8: Quadrotor control principles: a) uth governs simultaneously the speed of all
rotors allowing to control altitude, b) upt governs the speed of front and back rotors to
control the pitch rotation about the y axis, c) url governs the speed of left and right rotors
to control the roll rotation about the x axis, d) uya governs simultaneously the speed of
the front and back rotors and of the left and right rotors to control the yaw rotation about
the z axis; (the length of the arrows is proportional to the motor speed).
change the pitch of the blades, making them less efficient but also making for a complex
dependency between rotor speed and the generated thrust and drag.
In their standard embodiment, electrically powered quadrotors are designed with fixed
pitch propellers, and changes in thrust are achieved simply by controlling the speeds of the
four motors, two of which rotate clockwise while the remaining two rotate anti-clockwise.
The principle of operation of a quadrotor is straightforward: in steady state hover the four
motors run at the same speed and produce a total thrust force that balances out the gravity force. Simultaneously increasing or decreasing the speed of all rotors (Figure 3.8(a))
produces a resulting force that allows the control of the vertical motion of the flight machine. Any difference in the thrust of two opposing rotors will produce a resulting torque
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and therefore a rotation about the x and/or y axis. For example the flying machine can be
made to pitch forward by decreasing the speed of the front rotor while increasing that of
the rear rotor (Figure 3.8(b)), or to roll by adjusting similarly the left and the right rotors
(Figure 3.8(c)).
Each rotor generates not only a thrust force but also a reaction torque as result of
the blades’ drag. The reaction torque has a direction opposite to the direction of rotation
of the blade so in steady state hover those torques normally balance out. To control the
yaw motion it is sufficient to speed up the two motors that are running clockwise while
slowing down those running counter-clockwise (see Figure 3.8(d)). Although not rigorous,
this explanation of the quadrotor flying principles will suffice until Chapter 4 where we will
see a more complete description in terms of the physics that governs quadrotor flight.
In a real quadrotor, manufacturing tolerances and aerodynamic turbulence mean that it
is impossible to achieve the correct force balance needed for stable flight. To address this
problem, quadrotors are commonly provided with some form of stability augmentation.
The standard X3D kit includes a circuit board that uses MEMS gyros to provide such
stabilisation. The augmentation systems works by employing a simple feedback loop for
each of the three principal axes of the machine (x, y, z), and maintains a rotational speed
proportional to the respective control command for each axis. In [89] Gurdan et al. describe
how such a system was designed for the X3D.
Thanks to the stability augmentation system, a trained human pilot finds it not too
difficult to keep the X3D airborne, but controlling it in a precise manner turns out to
be very challenging. First, since the controls are proportional to the rotational speeds
around the principal axes, the helicopter does not return to level flight if the controls are
released; instead the machine maintains its current attitude and therefore keeps moving in
the current direction, a rather unintuitive behaviour. Second, the effect of any command
is lagged due to inertia18 . For example to hover at a precise altitude, the throttle has to
be controlled precisely, but since any throttle change has a lagged effect, it is in practice
difficult for a human pilot to achieve an accuracy of more than 30cm.
Since the throttle setting is not controlled by the stabilization system, the pilot finds
himself having to actively compensate for the fact that the battery is discharging by increasing the throttle as the battery depletes. Any automatic control will obviously need to
18
The inertia of the system is the result of the mass of the platform, its moment of inertia and the fact
that due to drag and inertia the blade can not change speed instantly.
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be able to replicate this ability in order to keep the flying machine aloft for any prolonged
amount of time.
The X3D is light, powerful and extremely robust. We have crashed it against walls
or the floor several times without any major damage, making it the perfect choice for our
initial development, especially when testing some of our concepts and algorithms before
applying them to the more expensive and delicate Owl quadrotor in Section 3.3.2.
Datasets and State Definition
The X3D has been our main workhorse, and during the development of the various parts
of our system many datasets have been recorded, but only a selection of them will be used
throughout the whole thesis. The datasets selected are not better or significantly different
from any others; we simply need to choose a set of data in order to better compare our
various methodologies, and support meaningful conclusions.
For the X3D we define x to be the state vector at time t, which consists of the six
velocity variables and the three Euler angles19 :
x = [u, v, w, φ, θ, ψ, p, q, r]T .
For each entry in our datasets we also have the array of inputs u = [uth , uya , url , upt , uba ]T
and the pre-computed linear and angular accelerations a = [ax , ay , az ]T and α = [αx , αy , αz ]T .
Although even a basic understanding of quadrotor flight principles tells us that its dynamic
behaviour is independent of the heading angle20 , we maintain it in our state since neglecting
it would count as a form of platform knowledge.
As explained in Section 3.2.1 we will be looking at two ways of modelling the X3D
dynamics, the first based on predicting velocities and the second on predicting accelerations.
In the case of modelling in velocity space, the variables of the state vector that are velocities
will be directly predicted by the function f , while the remaining variables will be obtained
by integration. In this case the general state update equation 2.16 becomes:
[v, ω]T
t+1 = f (xt , ut )
Φt+1 = Φt + H(Φt )ω t ∆t.
19

(3.2)
(3.3)

For clarity of notation we are dropping the explicit reference to time.
Without any difference in the environment is indeed unreasonable to think that the helicopter will
respond differently to our control inputs when heading north, then for example when heading east.
20
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where v = [u, v, w]T , ω = [p, q, r]T , Φ = [φ, θ, ψ]T , H(Φt ) are the Euler kinematics equations defined in equation B.5 and ∆t is the integration time step. In this case only equation
3.3 is an integration.
When modelling in acceleration space, the function f will predict linear and angular
accelerations in the body frame:
[a, α]T
t = f (xt , ut ) ,

(3.4)

and the state update equations become:
vt+1 = vt + Cbbtt +1 at ∆t

(3.5)

ω t+1 = ω t + αt ∆t

(3.6)

Φt+1 = Φt + H(Φt )ω t ∆t,

(3.7)

b

where Cbt+1
is the DCM (direct cosine matrix) between the body frame at time t and that
t
at time t+1. In this case all the three equations are integrations.
In Chapter 6 we will need to make predictions about the full 6DoF pose of our vehicle,
and so we will need to use an extended state that also contains the 3D position p = []T .
The extended state is defined as:
x = [u, v, w, p, q, r, x, y, z, φ, θ, ψ]T .

(3.8)

To compute p we simply integrate the velocities v after an appropriate change of reference
from body frame to world frame21 :
pt+1 = pt + Cbwtt vt ∆t.

(3.9)

Two different dataset were collected for the X3D quadrotor (datax3d 2 and datax3d 3);
both were collected by manually flying the quadrotor within the capture volume. No
specific manoeuvres were flown, but instead the pilot tried to cover the range of speeds
and angular orientations that the helicopter could safely achieve within the confined space
of our flying arena (see the portion of one of the datasets shown in Figure 3.9). The X3D is
21

Using the DCM Cbwtt .
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Figure 3.9: Short section (40s) of data from one of the X3D datasets. A variety of manoeuvres were executed, the colour of the path indicates the speed of the X3D.
in fact capable of high flight speed and extreme manoeuvres (e.g. multiple flips about any
of its axes), but these are clearly not achievable in our limited space. While many of the
manoeuvres flown involve the use of only a subset of the control inputs, those manoeuvres
are generally not longer than a few seconds; as a consequence any subset of the data that
involves at least a minute of flight can be considered to be representative of the system
dynamics. The datasets do not include take-off or landing phases since any interaction with
the ground (e.g. through the landing gear) is in effect an external input to the system that
with our setup we cannot measure. To ensure good position tracking from the MOCAP
system we deliberately avoided flying at the edges of the capture volume22 where only a
limited number of cameras would be able to see the IR markers. Keeping a distance of
approximately 1m from the walls and from the ground also ensured that any ground effects
were minimized. Two flights were recorded: log datax3d 2 consists of 15616 samples and
corresponds to 624.64 seconds worth of continuous flight, while log datax3d 3 is slightly
22

The walls and ceiling of our robotic lab.
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longer with 16516 samples for a total of 660.64 seconds.

3.3.2

The Owl Quadrotor

The Owl is the working name of the second quadrotor platform that we use; in some respects
it can be considered as the big brother of the X3D since it shares many of its design ideas.
The Owl is not a commercially available vehicle; it is the result of a collaboration between
the University of Essex23 , Swarm Systems Ltd ([220]) and the University of Surrey24 aimed
at taking part in the Ministry of Defence Grand Challenge ([160]). During the summer of
2008 a swarm of 14 Owls was designed and built for the competition, in which our entry
was awarded of the prize for the most innovative idea.
While the X3D is essentially a RC toy, the Owl is designed to be a fully autonomous
robot. Looking at Figure 3.10 it is clear that the arms and the central body of the machine
are essentially scaled up versions of those one of the X3D. A bigger space is needed in

Figure 3.10: The Owl research quadrotor designed and built in collaboration with Swarm
Systems Ltd.
23
24

The Essex team consisted of Prof. Owen Holland, Richard Newcombe and the author.
The Surrey team was led by Dr Krystian Mikolajczyk.
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size
weight
propellers
battery
endurance

650x650 mm
725g
230 mm 3 blades
4000 mAh @ 11.1V
19 minutes

Table 3.2: Owl main physical characteristics.
the central body in order to host the larger and heavier electronics, and longer arms are
necessary to mount larger and more efficient propellers. To keep the weight down, cut outs
in the form of slots and holes have been designed into all the structural element of the
flying machine, resulting in a structure that is not as rigid as that one of the X3D model.
Consequently, vibrations from the propellers tend to propagate through the structure. Such
high frequency vibrations are not a problem for the autonomous operation of the Owl, but
they do affect the quality of the flight data.
In order to have a longer flight endurance, the Owl has a battery with a higher capacity
then that in the X3D in addition to the heavier electronics, this brings the total weight of
the platform to 725g (see Table 3.2 for other physical characteristics). During the design,
the position of the various components was chosen carefully in order to maintain the CoG of
the vehicle approximately at the geometric centre to avoid compromising the controllability
of the platform25 . The propellers used in the Owl are larger (230mm), have three blades,
and are made out of very rigid plastic material. These characteristics make such blades
more effective26 , and as a result they are able to produce a significant change in thrust
even with a very small change in rotor speed. Combined with the fact that the Owl has a
lower thrust to weight ratio than the X3D, making it perceptibly slower; precise control is
even more challenging than what is for the X3D, especially in altitude.
The size and weight of the Owl and the X3D are certainly different, but the it is the
Owl’s electronics and sensor payload that really separates the two machines. The Owl
hosts a large suite of sensors: a tri-axial gyroscope and accelerometer unit, a tri-axial
magnetic sensor, a pressure sensor, a GPS module and a downward pointed ultrasonic
module. A RISC microcontroller is used to interface all the sensors and, more importantly,
to implement the necessary stability augmentation system. For the purpose of this thesis
25

On the basis of our 3D CAD model, we estimated the CoG to be on the z axis of the flight machine at
12mm along the positive direction of the z axis.
26
The drag resulting from blade flapping and sub-optimal pitch is minimized, and the larger blade surface
produces more lift.
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we implemented a low level controller that translates the pilot’s inputs into commanded
rotational speeds; our implementation is essentially the same as the one described in detail
in Section A.4. With the addition of this stabilisation system, the Owl can be flown
manually, and the four control inputs act on the platform in the same way as described in
Section 3.3.1 for the X3D.
The pilot’s control commands are received by the flying unit thanks to a RF receiver
directly interfaced to the on-board microcontroller. The same remote controller and PC
interface developed for the X3D were used for the Owl.
During the development phase we experimented with a variety of different settings
for the PID stabilization algorithm. Ultimately we settled for fairly high control gains in
order to have a fast controller response and better disturbance rejection capabilities27 . The
stabilization controller uses an integrative feedback based on the gyros’ readings to control
the heading of the flight machine; since the gyros are noisy, the integrated error obviously
tends to drift with time. High gains in the controller lead to a faster drift in the heading
which the pilot (or any automatic controller) has to correct for28 .
The Owl also carries a lightweight Linux computer [50] and a 802.11g wireless card.
These modules give the helicopter computation and communication abilities that are essential for the outdoor navigation task that the Owl was designed for, but had no use in
the experiments referred to here.
For the Owl, we define the state and input vectors in the same way as for the X3D:
x = [u, v, w, φ, θ, ψ, p, q, r]T

(3.10)

u = [uth , uya , url , upt , uba ]T ,

(3.11)

and so the same state update and integration equations as for the X3D apply (equations
3.4-3.7).
As for the X3D, no specific manoeuvres were flown when collecting the experimental
data, but because the Owl is heavier and has a slower dynamics than the X3D, the range of
speeds and angular orientations that can be achieved within the space of our arena is more
27

This in turn also allowed the EKF (extended Kalman filter) running on board to produce better
attitude estimation; this filter was not used in this work but it is a crucial component for enabling outdoor
navigation.
28
This effect is also present on the X3D, it is simply more noticeable on the Owl due to the higher
feedback gain ogf the controller.
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Figure 3.11: Short section (40s) of data from one of the Owl datasets. A variety of
manoeuvres were executed; the colour of the path indicates the speed of the Owl.
limited (compare Figure 3.11 with Figure 3.9) . Two distinct sets of data were collected:
dataowl 1 and dataowl 2, 484.6 seconds and 571.9 seconds long respectively. After the
preprocessing, each entry in our datasets contains the state vector x, the control inputs u
and the precomputed accelerations a and α.
As usual the datasets do not include take-off or landing phases, and we again tried to
minimise the possible sources of turbulence by avoiding flying close to the ground or to the
walls.

3.3.3

The Toy Car

Although we are very familiar with other helicopter concepts as can be seen from some of
the author’s publications ([101, 58, 57]), we felt it more interesting to test our algorithms
and solutions with a platform very different in nature from a flying machine with the aim
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Figure 3.12: Toy car and electronic interface used to connect the remote to the PC parallel
port.
size
weight
wheels diameter
battery
endurance
max speed

180x100 mm
290g
28mm
2300 mAh @ 4.5V
10 minutes
≃2m/s

Table 3.3: Toy car main physical characteristics.
of testing the generality of our approach.
A toy car (see Figure 3.12) is very suited to this purpose since, given its small size,
it can be used directly on the floor of our flying arena. Its small size allows us to reach
the top speed within the space available in our test area, allowing us to effectively sample
the whole speed envelope of the vehicle. The car is small, light (see Table 3.3) and has
small wheels, and so even small irregularities in the floor (i.e. any small gap between the
carpet tiles or any variation in the roughness of the carpet) translate into oscillations of the
markers. As the car is not new, and is of poor quality its turning radius is asymmetrical
and its differential drive is worn out to the point that the wheels have a few millimetres
of lateral play. No electrical modifications of any kind were made to the car (i.e. no
power stabilization), therefore the battery level has a direct impact on the car’s top speed,
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responsiveness and turning abilities29 . As for the quadrotors, the battery voltage needs to
be recorded as an additional input. In a car-like vehicle the turning speed is intimately
related to the forward speed since given a fixed steering the car will obviously reach an
higher rotational speed when travelling faster; we can already foresee how this might lead
to a non linear coupling between the linear and rotational motion.
The car platform is different in several ways from the two quadrotors, but the major
difference is possibly in the type of control. The car is provided only with simple discrete
control inputs: forwards or backwards at full throttle or zero throttle, and steering right,
left or neutral (Figure 3.13). The only way to control the car’s speed is therefore to
repeatedly turn on and off the throttle, a skill that is not easy to master. Nevertheless it

1

−1

1

−1
(a) throttle, uth

(b) steering, ust

Figure 3.13: Toy car control commands: a) the throttle drives the car forward uth = 1 or
backward uth = −1; b) the steering drives the car left ust = −1 or right ust = 1.
will be extremely informative to see how our methodologies can cope with a discrete rather
than a continuous input.
Once the car has been equipped with infrared markers, the same procedure used to
collect data for the Owl or the X3D can be applied without modifications30 . Since a car
can be seen as a 6DoF rigid body constrained to move on a plane, we could even use the
same state vector we used for our quadrotors, but to simplify our notation it is easier to
redefine the state vector x as:
x = [u, v, r]T ,
considering only the forward and lateral speeds u and v and the angular speed r. For each
entry in our datasets we have in addition to x the array of inputs u = [uth , ust , uba ]T and
the computed accelerations a = [ax , ay ]T and α = [αz ].
In the case of the toy car, we will again be experimenting with two different types of
29

The car has a steering mechanism implemented using an electro magnet, so the force generated by the
magnet, and therefore its ability to steer the car, depends directly on the battery voltage
30
In this case the coordinates z, φ and θ will be approximately constant since the car is moving on the
ground.
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models, one in velocity and one in acceleration space. For the first type we will learn the
function f that, given the current state, predicts the velocities; this leads us to rewrite
equation 2.16 as:
[v, ω]T
t+1 = f (xt , ut ),

(3.12)

where v = [u, v]T and ω = [r].
In the case of predicting accelerations, the model f can be written as:
[a, α]T
t = f (xt , ut ),

(3.13)

and the state update equations become:
b

vt+1 = vt + C′ btt +1 at ∆t

(3.14)

ω t+1 = ω t + αt ∆t,

(3.15)

b

where C′ bt+1
is the two by two DCM between the body frame at time t and that at time
t
t+1 as defined in equation B.2.
In Chapter 6, when producing a stochastic model of the car dynamics, we will use an
extended state that includes the car’s position and heading (respectively p = [x, y]T and
Φ = [ψ]). The extended state is defined as:
x = [u, v, r, x, y, ψ]T .

(3.16)

To compute these quantities we need to transform the linear and angular velocities from
the body frame to the world frame, and then integrate:

Φt+1 = Φt + ω t ∆t

(3.17)

pt+1 = pt + Cbwtt vt ∆t.

(3.18)

t
where C′ w
bt is the two by two DCM between the body frame and the reference frame at

time t as defined in equation B.3.
In total, about 25 minutes of driving data was collected, and many different manoeuvres
were performed varying from loops, figures of eight, sudden starts and stops manoeuvres,
and driving at different speeds forwards and backwards. We also recorded data from
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Figure 3.14: Short section (40s) of data from one of the toy car datasets. A variety
of manoeuvres were executed driving both forwards (red portion) and backwards (blue
portion).
periods of time in which no control inputs were given and the car was sitting still, as well
as the situation in which the car was driven to maximum speed and left to slow down
until stopping as a result of friction. Figure 3.14 shows a typical trajectory from one of
the datasets). Three different datasets were collected under similar battery conditions31
(datasetcar 6, datasetcar 7 and ,datasetcar 8) about 420, 400 and 450 seconds long
respectively.

3.3.4

The ATTAS Aircraft

Our primary research interest and expertise is in miniature rotorcraft, but the work we
are presenting here is not by any means restricted to small vehicles; and so it is of interest
to extend our experimentation to larger platforms. For decades, aircraft have been at the
center of a body of research in control engineering, which has led to the development of
some of the most advanced techniques of control and system identification. Flight datasets
31
A set of fully charged batteries were put on the car at the beginning of each run, and the run was
terminated when the battery was depleted (i.e. at a battery voltage of 3.4V ).

3.3 The Platforms

81

Figure 3.15: Experimental aircraft VFW 614 ATTAS.
length
wingspan
empty weight
power plant
cruise speed
range

20.6 m
21.5 m
12.179 Kg
2 turbofan engines
722 Km/h
1195 Km

Table 3.4: ATTAS main physical characteristics.
specifically collected for system identification are readily available for full size aircraft, as
are a full range of standard identification tools these constitute an excellent ground for
comparison of our methodologies.
We will be using datasets collected on-board the experimental aircraft VFW-614 ATTAS (Figure 3.15) at the Deutsche Zentrum für Luft- und Raumfahrt (DLR). Originally
this was developed as a 40 seat civil transport aircraft (see main characteristics in Table 3.4), but it was then equipped with a variety of measurement and actuation system to
be used as in-flight-simulator and demonstrator.
The ATTAS shares the design principles common to many modern aircraft and is flown
by means of three different sets of control surfaces, elevators, ailerons and rudder. By
changing the orientation of the elevators on the trailing edge of the horizontal tail stabiliser,
the pilot can produce a moment that pitches the aircraft. As a result the angle of attack of
the wings changes, with a consequent change in the magnitude of the lift force; the aircraft

82

Platforms and Data Acquisition

therefore ascends or descends (Figure 3.16(a)). When the ailerons on the trailing edge of
the outer part of the wings are deflected in opposite directions the difference in lift between
the left and right wing produces a torque that rolls the aircraft about its longitudinal axis
(Figure 3.16(b)). Consequently the aircraft banks, and the resultant of the difference
between the aerodynamic lift and the gravitational force will drive the aircraft into a turn.
When deflected, the rudder on the trailing edge of the vertical tail produces a yaw motion
(Figure 3.16(c)), commonly used in coordinated turns to avoid side slipping. The dynamic
behaviour of an aircraft like the ATTAS is well understood, and in the normal flight regime

RIGHT AILERON
LEFT AILERON

(a) elevators, uel

(b) ailerons, uai

V
β

RUDDER

(c) rudder, uru

Figure 3.16: Aircraft controls: a) the elevators control ascent and descent, b) the ailerons
control banking, c) the rudder controls the yaw motion. In Figure c) the side-slip angle β
is also visible.
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(i.e. with a low angle of attack) the longitudinal and lateral dynamics are often treated
as being decoupled as follows: first the sideslip angle β is defined between the axis of
the aircraft and the direction of motion identified by the velocity v = [u, v, w]T . More
specifically,
β = sin−1

v
V

,

(3.19)

where V is the airspeed32 . β is then treated as an additional input along with uai and uru .
The introduction of β as an additional input allows the decoupling of the yaw motion from
the lateral and longitudinal motion.
Since for aircraft like ATTAS the principal dynamic modes of the system are known, it
is possible to choose specific input manoeuvres during flight testing to improve the results
of identification as explained in Section 2.2.2. In general, for each of the control inputs
several seconds of steady state33 flight are recorded, then a specific control input is applied,
and finally the aircraft is allowed to return to the steady state before initiating the next
manoeuvre. A typical input for system identification is a two sided pulse input (doublet)
where the duration of the pulse is chosen accordingly to the time constant of the specific
dynamic mode to be excited.
For the ATTAS we will investigate only the lateral-directional dynamics (see details in
Section 4.1.1), and for this purpose the state vector can be defined as:
x = [v, θ, ψ, p, r]T .

For the input vector we will make use only of the ailerons, the rudder controls, and the
side-slip angle β
u = [uai , uru , β]T .
The datasets that we will be using were obtained from [113], and are the logs of two
separate doublet manoeuvres executed with the ailerons and rudder controls (datasets
fATTASAilRud1, fATTASAilRud2); both have a duration of 58.8 seconds. For each time
step in the datasets we have the values of the state vector, the pre-computed accelerations
a = [ay ] and α = [αx , αz ]T , and the controls u = [uai , uru , β]T34 .
√
V = u2 + v 2 + w2 .
33
Level flight at a defined cruise speed
34
The sideslip angle β among our inputs however for simplicity this will be calculated online from the
linear velocities as per equation 3.19, so it is not included in the dataset.
32
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For the ATTAS aircraft we will consider only models in acceleration space which take

the form:
[a, α]T
t = f (xt , ut ) .

(3.20)

The state update equations then become:
b

vt+1 = vt + C′′ btt +1 at ∆t

(3.21)

ω t+1 = ω t + αt ∆t

(3.22)

Φt+1 = Φt + H ′′ (Φt )ω t ∆t,

(3.23)

b

is the two by two DCM between the
where v = [v], ω = [p, q]T , Φ = [θ, ψ], C′′ bt+1
t
body frame at time t and that at time t+1 as in equations B.4, and H ′′ (Φt ) are the two
dimensional Euler kinematic equations as in B.6.

3.3.5

The Autopilot Helicopter Simulator

Some of our experiments on automatic control design were carried out before any of our
helicopter platforms was ready, so a software simulator was used as an interim measure to
test our methodologies. The helicopter simulator included in the Autopilot software suite
([12]) was selected for being realistic35 and freely available.
The dynamic model of this simulator is based on the principles of helicopter aerodynamics ([179],[189]) and although it is not based on real data, it aims at reproducing the
dynamics of the X-Cell Fury 60 single rotor model helicopter ([109]); its main parameters
are shown in Table 3.5.
main rotor radius
tail rotor radius
weight
total length

2.25
0.54
19.5
2.52

ft
ft
lbs
ft

Table 3.5: Autopilot single rotor helicopter simulator main physical characteristics.
Blade element theory is used as the basis for the computation of rotor thrust and drag
forces, and the body dynamics and the stabilising bar are modelled as proposed in Mettler
et al. ([152]). In a single rotor helicopter all the thrust is provided by the single main
rotor on which are mounted two or more variable pitch blades. The rotor speed is usually
35

In terms of the level of physical detail and fidelity of the simulation.
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(a) collective, uco

(b) longitudinal cyclic, ulo

(c) lateral cyclic, ula

(d) tail, uta

Figure 3.17: Single rotor helicopter controls: a) the collective pitch of the main rotor
controls the vertical motion, b) the longitudinal cyclic control the helicopter’s pitch, c) the
lateral cyclic control its roll, d) the tail rotor pitch governs the yaw motion.

kept constant, and the pilot can control the thrust by varying the collective pitch (uco ) of
the blades (Figure 3.17(a)). Directional control is achieved by changing the cyclic pitch of
the blades. The longitudinal cyclic (ulo ) cause the rotor tip path plane36 to pitch, which
has the effect of tilting the thrust vector forwards or backwards in the longitudinal plane
(Figure 3.17(b)). Similarly the lateral cyclic (ula ) rolls the rotor tip path plane laterally,
tilting the rotor thrust left or right in the lateral plane (Figure 3.17(b)). In a single rotor
configuration the reaction torque produced by the blades’ drag needs to be balanced using
a tail rotor. Changing the pitch of the tail rotor blades (uta ) controls the magnitude of
the balancing torque and therefore allows the control of the yaw motion of the helicopter
(Figure 3.17(b)).
We have modified the autopilot software to provide a 3D visualisation (Figure 3.18)
and to create a TCP port through which we can query the simulator state, set the control
inputs and step the simulator forward in time. One step of the simulator corresponds to
20 ms of simulated time, but the dynamic equations are internally integrated with a time
step of 10 ms to improve the precision of the simulation. The state vector has the familiar
form that we have seen already in the case of our quadrotors:
x = [u, v, w, φ, θ, ψ, p, q, r]T ,

36

The imaginary plane described by the tip of the rotating blades.
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Figure 3.18: Snapshot of the 3D visualization that we developed for the Autopilot helicopter
simulator.

while the input vector takes the form:
u = [uco , ulo , ula , uta ]T

.
In order to test the robustness of our controllers we also extended the simulator to
allow us to change the mass of the helicopter and to add aerodynamic disturbances in the
form of a wind component with time varying velocity.
As it is derived only from first principles and not from any actual flight data, there
is no guarantee about the fidelity of this simulator. However, this model still embeds all
the challenging coupling and nonlinearity known to be present in real helicopter platforms;
the automatic control results obtained by using this simulator are therefore qualitatively
meaningful and will be indicative of the capabilities of our approach.
As a side note, we note that this simulator is extremely difficult to fly even for a pilot
who is capable of flying any of the quadrotor helicopters already presented.

3.4 Summary

3.4
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Summary

The chapter deals with many of the practical details that characterize the experimental
part of this work. In the first part we looked in detail at how the experimental data
used throughout the work were collected and preprocessed in a platform agnostic fashion.
We also addressed the issues of the noise and delay that affects the collected data. The
second part of the chapter presented in detail the characteristics of each of the platforms
used in this work; we focussed in particular on identifying the peculiarities that make
each platform challenging from the point of view of automatic modelling and/or automatic
controller design. For each of the platforms we also defined and discussed, the forms
used for the state vector, and the mathematical transformations needed to propagate the
dynamic equations forward in time. These definitions will be used extensively in the next
three chapters.
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Chapter 4

Non-Evolutionary techniques
In this chapter we start looking at the problem of modelling by applying some of the standard techniques that have been developed within the fields of machine learning, robotics
and aerospace engineering. The results of this chapter will form a point of comparison
for the material presented in subsequent chapters, and will allow us to gain a firsthand
understanding of the advantages and shortcomings of these widely used techniques.
In the first part of the chapter, (Section 4.1) we look at the type of models most
commonly used in the aerodynamic engineering domain. These are grey box models, which
have a clear and explicit structure, based on an understanding of the underlying physics;
the process of fitting such models to data is essentially one of parameter estimation.
In the second part of the chapter (Section 4.2) we will focus on black box techniques
using some well known machine learning tools that can be applied to our vehicles with
minimal use of domain knowledge.
All the methodologies applied in this chapter belongs to the families of EE or OE methods and therefore are based on the assumption of negligible process noise (see Section 2.2.4
for more details on this assumption).

4.1

Parameterised First Principles Models

The primary physical phenomena governing many conventional vehicle concepts (e.g. standard aircraft, cars, helicopters) are well understood, therefore dynamic models based on
these principles can be constructed. Those phenomenological1 models are however in1
The distinction between phenomenological and behavioural models is introduced and discussed in Section 2.2.1.
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evitably derived under specific assumptions and simplifications, and as a result, they can
deviate considerably from the actual vehicle at hand. This is especially true when the
vehicle is complex, or is subject to effects difficult to capture analytically, like for example friction or aerodynamic effects. Both of these are present in our platforms; the first
is present in the interaction between our car and the floor surface on which it is driven,
while the second plays a paramount role in the dynamics of our flying machines. As
explained in Chapter 2, in the system identification community these discrepancies are
usually addressed by refining the analytical model in the light of the evidence produced by
the experimental data, in an iterative process that eventually delivers the necessary level
of performance. In our examples we are using analytical models derived by other authors
both for the ATTAS aircraft and the X3D quadrotors; however, in the case of the X3D
quadrotor, it was necessary to extend the available model with some specific equations in
order to match the characteristics of our propulsion and stabilization systems.
A model derived from first principles generally has the form of a parameterised set
of equations in which some of the parameters are directly measurable (mass, moments of
inertia, wing surface area etc.) while others needs to be estimated from experimental data.
The most widely used principle for determining the model parameters is that of Maximum
Likelihood which is based on the idea of finding the parameters that maximize the probability of obtaining the observed dataset. In the following two examples we will model both
of our vehicles in acceleration space, and will assume as explained in Section 2.2.4 that the
process noise is negligible, thereby locating ourselves in the OE domain. In other words,
the acceleration predictions of our models will be integrated forward in time to compute
step by step the complete development of the state variables over the chosen time window. The distribution of the error between the predicted and the measured state variables
constitutes the metric that guides the parameter optimization.
In their review of nonlinear black-box modelling, Sjöberg et al. [212] argue that the
challenging part of system identification is determining the model structure, and that
searching for the correct model parameters is often not a difficult problem. In line with
this, most of our work will focus on generating the structure (as well as the parameters)
for our models; however, in this section it will be informative to start our investigation
by looking at parametric models since in practice they are the most widely used type of
model in both the aerospace [229, 113] and robotics [152, 7] community.
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ATTAS Lateral-Directional Model

A conventional aircraft spends most of its flight time in a wing-level steady-state flight
condition; in this condition, and with the additional assumption of a small side-slip angle2
β, its longitudinal and lateral motion can be considered decoupled ([217]). This reduces
the standard 6DoF rigid body model to two more amenable 3DoF models. The first is a
lateral-directional model that deals with the yaw motion, the roll motion and the linearlateral motion (involving therefore the variables v, p, r, φ and ψ), while the longitudinal
model covers the vertical, longitudinal and pitch motion (and involves the variables u, w,
q and θ). In our experiments we will concentrate on the first model because it is the more
challenging of the two since it includes the coupling between yaw and roll motion.
It is standard practice to simplify the dynamics even further by producing a linearization of those models about an equilibrium point3 since in this way a wide range of sound
techniques from the theory of linear systems can be applied. Linear models expressed
using aerodynamic derivatives have been shown to reproduce effectively the experimental
data in many aircraft of conventional design, and as a consequence have been widely used
to analytically derive the principal dynamic modes of the aircraft motion, as well as to
design control systems based on classical control theory ([217]). Since the aerodynamic
derivatives can easily be calculated analytically or numerically (e.g. by perturbation of a
model around an equilibrium condition) and can provide good insight into the dynamic
characteristics of an aircraft4 , they constitute a fundamental block in the theory of aircraft
dynamics. For all these reasons we selected this model as a very interesting proving ground
for comparing our modelling technique with more conventional ones.
We have to remind ourselves however that these simplified models are valid only where
the behaviour of the system is approximately linear (e.g. level flight) making them unsuitable for complex regions of the flight envelope (e.g. near stall conditions).

2

See Section 3.3.4 for a definition of the side-slip angle β.
The point at which all of the state derivatives are identically zero, i.e. the system is “at rest”.
4
The aerodynamic derivatives are an indication of how quickly the model departs from the equilibrium
point in response to an input or a change in one of the state variables.
3
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Equations of Motion
For the ATTAS model we will produce a model in acceleration space, and so we need to
learn the function f :
[a, α]T
t = f (xt , ut ) ,

(4.1)

where we recall that a = [ay ], α = [αx , αz ]T , x = [v, θ, ψ, p, r]T and u = [uai , uru , β]T .
From [113] we have that the linear lateral-directional model f of the ATTAS can be
written as:

ay = Yp p + Yr r + Yua i uai + Yuru uru + Yβ β + bay

(4.2)

αx = Lp p + Lr r + Luai uai + Luru uru + Lβ β + bαx

(4.3)

αz = Np p + Nr r + Nuai uai + Nuru uru + Nβ β + bαz ,

(4.4)

where Lp , Lr , Luai , Luru , Lβ , Np , Nr , Nuai , Nuru , Nβ , Yp , Yr , Yuai , Yuru , Yβ are the aerodynamic
derivatives which express the linear dependency of each angular or linear acceleration on
the relevant state variables. Since the model is linear, the bias parameters bαx , bαz , bay
effectively play the role of control input biases.
This dynamic model of the ATTAS is straightforward and simple, but at the same
time it represents a useful and meaningful model and is therefore a perfect test bench with
which to start our journey in the estimation of parameters.

Training and Validation
We now have a well defined model of our system and we have specified its state update
equations (equations 3.21-3.23). Before proceeding with the fitting of the model, we need
to look in details at how the training and the validation will be carried out.
On the basis of the considerations of Section 2.2.4, we train our models over several
data windows. To permit meaningful comparisons among techniques, we use windows of
the same size across the different OE methods used for the same platform. In deciding on
a length for the windows, we have therefore to take into account that the coevolutionary
technique that we will discuss in Section 5.5 cannot work at its best with a small number
of training windows5 . As a trade-off between taking long range interactions into account,
5
One of the fundamental parts of the technique is to search for the most appropriate windows of data;
having only a few windows available would make such a search pointless.
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limiting the computation, and ensure a reasonable number of windows we pragmatically
chose a fixed length of T = 100 data points. In order to use our data efficiently we use
consecutive windows that cover the whole training dataset.
Since we are working in OE settings, the state variables need to be given an initial value
at the beginning of each time window. In our experience the simplest of the strategies
discussed in Section 2.2.1, that of setting the state to the value it has in the training
dataset, has proved effective. The accelerations predicted by the parametric model are
then integrated forward in time to compute the new state of the platform. The prediction
and integration steps are repeated for all the remaining time steps to predict the state of
the system over the whole time window.
The likelihood is defined as the probability density over the observed data z0:N =
{z0 , .., zN } given a defined set of model parameters (Θ) and the control inputs (ut ):
p(z0:N |Θ, ut ).

(4.5)

Assuming that the error has a Gaussian distribution and is statistically independent in time,
it is relatively straightforward to show (see Section B.4.2) that maximizing the likelihood is
equivalent to minimize the determinant of R, the covariance matrix of the residuals, which
is defined as:
R=

N
1 X
(zt − yt ) (zt − yt )T .
N t=1

(4.6)

In our case zt is represented by the data we collected during our experiments, while yt is
the output predicted by the model.
To minimize |R| and compute the set of model parameters that maximize the likelihood
(ΘML ) we use the Levenberg-Marquardt (LMA) algorithm ([133]), a well known iterative
minimization method. The computation of the gradient of ΘML needed by the LMA is
done by numerical perturbation of the function |R|.
Obtaining ΘML typically involves the following steps:
1. selecting an initial value for Θ
2. computing the predicted system output yt using Θ with the model in question, doing
the necessary integration to propagate the state variables forward in time
3. using the LMA algorithm to minimize |R|
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4. iterating steps 2-3 until the maximum number of iterations6 is reached.
Selecting appropriate values for the starting parameters is an important step, as a

badly chosen set of parameters can stop the LMA from converging to a solution. Since the
models are based on physical principles, an experienced engineer is often able to produce
a good guess for the initial parameters; this is another way7 in which domain knowledge
comes into play in the case of models based on first principles.
Once the training is complete, we need to measure the performance of our model. In
Section 2.2.5 we saw that choosing a validation metric is not straightforward; to make
a pragmatic and platform independent choice, we decided to avoid any scaling factor,
and defined our performance metric using the RM SE (root mean square error)8 . This
simple and well known metric is often used in the machine learning literature, and has the
advantage of having an intuitive meaning since its value is expressed in the same units as
the data9 .
As seen in Section 2.2.5, windows can also be used to produce a more representative
estimate of overall performance. Using a set of data windows we can average the validation metrics across windows with different initial conditions and different levels of model
performance. In our tests we will set the initial state vector to its recorded state value,
so if we take different windows of data, some will start from initial conditions with less
measurement noise than the average, and others from initial conditions with more noise. In
addition, the model itself will very probably perform better in certain parts of the dataset,
and worse in others. In general, the manoeuvres executed by the pilot have a duration
that is much shorter than a data window; several of them will be present in each window.
It might of course happen that a manoeuvre is split across consecutive windows, but the
fact that we are averaging over many windows will compensate for this.
Data windows can be selected from the dataset in various ways. For example, the
dataset could be divided into consecutive windows, or the positions of the windows could
be selected randomly, and the windows might or might not be allowed to overlap. For a
given data point in a window, the error calculated at that point will depend not only on
6

Based on a set of exploratory runs in our experiments we set the maximum number of iterations to 50.
The other is obviously writing down the analytical expressions that constitute the model.
8
In some disciplines the same quantity is called root mean standard deviation.
9
In Section B.4.2 is shown that the mean square error (M SE), and therefore also the RM SE are
intimately related to the concept of Maximum Likelihood estimation under the assumption of a Gaussian
noise model.
7
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the point itself but also on the preceding point in the same window10 . Selecting windows
that do not overlap is therefore preferable, since it leads to independent error estimates.
To make the most of our data, selecting consecutive windows is the obvious choice, and
since in this way we get the maximum number of non-overlapping windows, we can expect
a relatively accurate estimation of the model performance.
For the computation of the error of the car model we use the same window sizes that
were used during training (i.e. 100 data points) which gives us W = 15 windows. For a
window w of length T and for the variable i

RM SEiw

v
u tw0 +T
u1 X
2
zti − yti ,
=t
T t=t
w0

i ∈ x11

(4.7)

where z i are the measured values of the variable, y i are the predicted values, and tw0
indicates the starting time of the window. The standard deviation of the RM SE (we will
call it RM SEsd) over such a set can be used as a measure of how the predictive abilities
of the model vary over different parts of the dataset:
W
1 X
RM SEiw
W
w=0
v
u
W
u1 X
t
=
(RM SEiw − RM SEmi )2 .
W w=0

RM SEmi =

(4.8)

RM SEsdi

(4.9)

It is often useful to have a metric that instead of being at level of the single variable
(i.e. i) is representative of the performance of the model over all the state variables. We
call the resulting metric RM SEtotal and define it as:

RM SEmtotal =

+T X
W tX
1 X 0w
(zti − yti )2 ,
WT
t=t
w=0

0w

(4.10)

i∈x

where as we have already seen x is the state vector.
In our discussion we will compare all the various trained models with one another.
However it is very often useful to make comparisons against a very simple baseline model,
and to have some kind of relative metric that we can use more or less intuitively to understand the quality of our model. The simplest model that one can think of is a constant
10

As a result of the propagation of error, as previously discussed.
The RM SE can be defined for any system variable i, but in our experiments we will only compute
such a metric for state variables, therefore i ∈ x.
11
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model that, given a state xt0 , predicts that for all the following time instants the state will
not change (i.e. xt = xt0 ∀t). We can then define what is often called the RAE (relative
absolute error [251]):
PT

RAExi w = PTt=1+t0w
t=1+t0w

zti − yti

yti − yti0w

i ∈ x,

(4.11)

where z i are the measured values of the variable, y i are its predicted ones and t0w indicates
the starting time of the window w. For consistency with the RM SE metric we will use
the same data windows. From equation 4.11 it can be seen that the RAE is a positive
number. Its value is zero for a perfect model, and is lower than one for a model that is
better than the constant model. Any value higher than one indicates an error larger than
would be achieved by not predicting any change, and therefore identifies a poor model.
To have a measure that reflects the capabilities of the model in different state configurations, we are interested in computing such a metric over many windows. The considerations
made in the case of the RM SE still apply, and so once again we choose the strategy of
using consecutive windows:

RAEmi =

Pt0w +T
zti − yti
w=0
t=1+t
PW Pt0w +T 0w i
i
w=0
t=1+t0w yt − yt0w
PW

i ∈ x.

(4.12)

The denominator of equation 4.12 will be zero if in each window, each predicted state
variable is constant and equal to its starting value yti0w . For any meaningful model (i.e.
one which has some dynamics) this will never be the case, so the RAEm is in practice
always well defined.
Very often in our examples we will plot the development over time of the predicted state
variables over a short time window, along with the experimentally recorded data. We will
usually select the time window randomly from the dataset12 , and therefore it will be useful
to have an idea of how the error in the selected time window compares to the RM SEm of
the model over the whole dataset. For this purpose we introduce the comparison ratio CR
over the window w which is defined as:

CRi =

RM SEiw
.
RM SEmiw

(4.13)

12
This is most easily done by drawing the starting time t0 from a uniform random distribution
U[D, N − T ], where N is the size of the dataset and D is the maximum input delay.
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This ratio will be lower than one if, on the specific window used, the error is lower than
the RM SEmiw and will be higher than one for a RM SEiw that exceeds the RM SEmiw .
This ratio can help us to understand to what extent the qualitative performance depicted
in the plot of the chosen window is representative of the average behaviour of the model.

Model Fitting
For the ATTAS aircraft two different datasets are available; dataset fATTASAilRud1 was
used for the training and dataset fATTASAilRud2 for the validation.
We first tried to run the optimization of all three equations of the ATTAS model
(equations 4.2-4.4) setting all of the initial parameters to zero, but the algorithm did not
converge within the maximum number of iterations allowed. This was done as a mere
confirmation test, since we have already noted that the LMA algorithm is sensitive to the
choice of initial parameters. Since in our dataset we have the pre-computed values for
all the state derivatives, we can take a pragmatic approach to the issue of initializing the
model parameters. If instead of searching jointly for the parameters of all the equations,
we only search for the parameters of one equation at a time, we are likely to encounter
a much smoother search space which will help the convergence of the LMA to a set of
appropriate parameters for that equation. In place of the prediction of the remaining
equations, we will use the pre-computed values from the training dataset. For example we
can start by finding the initial values for Lp , Lr , Luai , Luru , Lβ using only the first equation
of our model and minimizing the square error on v 13 . Using a similar procedure with the
remaining equations 4.3 and 4.4 (using the errors on p and r respectively as metrics) will
provide a suitable set of initial values for the remaining model parameters. If the LMA
fails to converge for any equation, it indicates clearly that domain knowledge is needed to
set the initial parameters to appropriate values.
Once a set of appropriate starting parameters was obtained we proceeded to the joint
optimization of all three model equations. The error in all five state variables was used for
the cost function, and produced the set of parameter values in Table 4.1.
A first assessment of the result was made by testing the model on a randomly selected
window of data from the unseen validation dataset. In the aeronautics community, com13

In the case of a single variable the square error corresponds to |R|.
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Parameter
Lp
Lr
Luai
Luru
Lβ
bαx
Np
Nr
Nuai
Nuru
Nβ
bαz
Yp
Yr
Yuai
Yuru
Yβ
bay

Value
-2.21
0.88
-1.33
0.094
-3.84
0.0008
-0.166
-0.16
-0.04
-0.117
2.95
0.003
3.76
-0.82
1.36
1.25
-32.4
-0.29

Table 4.1: ATTAS linear lateral-directional model: identified parameter values.

paring the prediction of the model against the experimental data as in Figures 4.1 and 4.2
is often called proof of match (POM [113]).
The predictive capabilities of the model are obvious; with a completely unseen data
window and over a time of 4s, the agreement between the predicted and the measured
data is very good, and for the velocities (v, p, r) only small differences are noticeable. The
largest of the errors is in the yaw angular velocity (r), and this has an immediate impact on
the yaw angle ψ. It is interesting to compute the comparative ratio CR (see equation 4.13)
to understand how representative of the general performance of the model this randomly
selected window is. The low values of CR (Table 4.2) for the variables p and φ indicate
that the predictive ability of the model for those two variables is better than the average

v
φ
ψ
p
r
total

RMSE
0.28 m/s
0.0014 rad
0.012 rad
0.0022 rad/s
0.0059 rad/s
0.28

CR
0.70
0.19
1.14
0.35
0.83

Table 4.2: Prediction error of the parametric model computed over the window of data
plotted in Figure 4.1.

v [m/s]
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Figure 4.1: Proof of match: the state evolution predicted by the AT T ASAccF P model,
versus the measured real state. The small discrepancies in velocity, especially in r, build
up and produce a small angular error.
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Figure 4.2: Control inputs given to the AT T ASAccF P model during the time window in
Figure 4.1.
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v
φ
ψ
p
r
total

RMSEm
0.40
0.007
0.01
0.006
0.007

RMSEsd
0.39
0.008
0.01
0.007
0.007

0.40

0.39

m/s
rad
rad
rad/s
rad/s

RAEm
0.15
0.14
0.40
0.06
0.22

Table 4.3: Performance of the parametric model on the validation dataset.
model behaviour in this window. For the remaining variables, the behaviour is certainly
more representative of the average model abilities.
For a more objective evaluation we then tested the model thoroughly, computing the
RAEm and the RM SEm metrics as explained in the previous section . We also computed
the RM SEsd across all the windows in the validation dataset so to have a measure of the
model’s ability in different windows. The results obtained, shown in Table 4.3, confirm the
very good performance of the parametric model with low values of the RAEm metric in
all five dimensions. The heading angle (ψ) probably pays the price of being obtained by
double integration by showing a slightly higher relative absolute error.
While we will be able to say more about the absolute error performances of this model
in later chapters by comparing it with other models developed using different techniques,
we can see by looking at the RM SEsd that the model performance varies to some extent
between windows in the dataset. In all the variables, the RM SEsd is as large as the
RM SEm confirming that the variability is common to all the dimensions in the dataset,
and is not restricted to certain state variables.

4.1.2

Quadrotor 6DoF Model

We saw in Section 2.3 that, in the case of quadrotors, several analytical models have been
presented in the literature; all are derived from first principles, and differ in complexity, the
types of aerodynamic effects accounted for, and the way the propulsion system is modelled.
Out of all those models, we took most inspiration from that proposed by Bouabdallah ([34])
since it is one of the most comprehensive (and therefore flexible), and is fully nonlinear,
and includes all the most important aerodynamic effects.
Some research groups addressed aerodynamic effects that Bouabdallah neglects, for
example the effect of blade flapping [98, 188]. For heavy flying machines, the larger size
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of the propellers and the magnitude of the aerodynamic forces make this effect relevant,
particularly in fast forward flight, but given the relatively small size of our blades (10cm
in radius) and the light weight of our platform, we can comfortably neglects these effects.
The full derivation of the dynamic equations of the X3D platform, complete with the
detailed modelling and identification of the propulsion group14 is presented in Appendix A,
since its length and level of detail would interfere with the main focus of the thesis. It is
not necessary to read it to understand the following sections, but occasional reference to
it will be helpful. (And since its length reflects the time taken to develop it, so the author
would be grateful to anyone who takes the time to read it through!).
Various authors have used analytical models with statically estimated parameters to
aid the design of control systems for quadrotors ([188, 34]), but to the best of our knowledge, the following section describes the first example of applying a fully fledged system
identification technique to a miniature quadrotor. For the first time, the aerodynamic and
control parameters have been directly estimated from flight test data, and comparisons are
presented between predicted and experimental data.

Model fitting
Before undertaking the parameter estimation, we report for convenience the core expressions of the model dynamics obtained in Appendix A that predict the system accelerations15 :
1
ax = −(H0x + H1x + H2x + H3x ) − Cxy Ac ρu|u| − sin(θ)g
2
1
ay = −(H0y + H1y + H2y + H3y ) − Cxy Ac ρv|v| + sin(φ) cos(θ)g
2
T0 + T1 + T2 + T3
+ cos(φ) cos(θ)g
az =
m
P
P
qr(Iyy − Izz )+Jr qΩr +l(T3 − T1 )−h 3j=0 Hjy + 3j=0 (−1)j Rjx
αx =
Ixx
P
P
pr(Izz − Ixx )+Jr pΩr +l(T2 − T0 )+h 3j=0 Hjy + 3j=0 (−1)j Rjy
αy =
Iyy
P3
pq(Ixx − Iyy )+Jr Ω̇r + j=0 (−1)j Qj +l(H0y − H1x − H2y + H3x )
.
αz =
Izz
14

(4.14)
(4.15)
(4.16)
(4.17)
(4.18)
(4.19)

We call propulsion group the combination of motor, blade and electronic speed controller.
Equations 4.14-4.15 express the longitudinal and lateral acceleration (ax , ay ) as functions of the quadrotor attitude and of the aerodynamic forces. Equation 4.16 computes the vertical acceleration (az ) as a
function of rotor thrusts and platform orientation. Finally 4.17-4.19 predict the angular accelerations (αx ,
αy , αz ) as functions of rotor thrusts and torques.
15
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As explained in Section 3.3.1 the PID stabilization system is integral part of the X3D
dynamics. Since in this section we will explicitly identify some of its parameters, we report
its equations (obtained in Section A.4)16 :

up = KSDpr (upi − bpt ) − KDpr q + KP pr

Z

q − KSP pr

Z

(upt − bpt )

(4.20)

ur = KSDpr (brl − url ) − KDpr p + KP pr p − KSP pr (brl − url )
Z
Z
uy = KSDya (uya − bya ) − KDy r + KP y r − KSP y (uya − bya )

(4.21)

Z

Z

ut = uth .

(4.22)
(4.23)

As seen in Appendix A, this analytical model is associated with the extended state
vector x of the form:
x = [u, v, w, φ, θ, ψ, p, q, r, hpt1 , hpt2 , hrl1 , hrl2 , hya1 , hya2 , Ω1 , Ω2 , Ω3 , Ω4 ]T ,

(4.24)

which in addition to the usual attitude and velocity variables (u, v, w, φ, θ, ψ, p, q, r), contains also the instantaneous rotor velocities (Ω1 , Ω2 , Ω3 , Ω4 ) and the state of the stabilization system (hpt1 , hpt2 , hrl1 , hrl2 , hya1 , hya2 ).
Now that we have a mathematical expression for the dynamics of our quadrotor system,
we can say something about the level of coupling between the degrees of freedom in the
model, at least under the assumptions made in devising it.
Starting with the angular accelerations (αx , αy , αz ), we can see from equations 4.17-4.19
that in a situation involving only slow motion, the rotational dynamics in each of the three
axes is to a first approximation decoupled17 . For low rotational and linear velocities (i.e.
for q, r small and Hij small), the roll motion depends mainly on T3 and T1 and therefore
ultimately on the roll control url . Under the same assumptions the pitch motion depends
mostly on the pitch command upt , and the yaw motion is essentially driven by the yaw
control uya . From the update equation for the angular velocities (equation 3.6) we see
that the decoupling between the axes is maintained while equation 3.3 tells us that each
of the three Euler angles defining the attitude is coupled with at least two of the angular
velocities. Equations 4.14-4.16 reveal that, as a consequence of gravity, even the linear
16

Equations A.58-A.61 calculate the inputs (up , ur , uy , ut ) to the motor controllers (see Section A.3) as
a functions of the control inputs (upt , url , uya , uth ).
17
By decoupled we mean that the motion in one axes does not affect the motion of the others and vice
versa.
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accelerations under moderate dynamic motion (Hij small) are dependent on the platform
pose, which in turn obviously depends on the angular velocities.
In summary, we can therefore expect that in the slow dynamic regime when drag and
the Coriolis effect can be neglected, an error in modelling one of the angular velocities
will have a relatively small impact on the others. However, any error in one or more of
the angular velocities will build up over time into an attitude error that will then have a
considerable impact on the linear velocities. Under more dynamic conditions, where the
effects of both linear and rotational velocities increase, coupling between all six degrees of
freedom is to be expected.
The model just examined is a good example of how forces and torques are naturally
expressed in terms of accelerations in body coordinates, this supports the argument of
Abeel et. al. ([5]) who suggests that a model in acceleration space should be easier to
learn.
All the mechanical parameters (dimensions, mass, moments of inertia) can be accurately
estimated using our CAD model of the X3D (see Section A.2), but unfortunately such a
model cannot help in estimating the control and aerodynamic parameters. These consist
of all the controller constants (KSDpr , KDpr , KP pr , KSP pr , KSDpr , KDpr , KP pr , KSP pr ,
KSDy , KDy , KP y , KSP y ) none of which are disclosed by the quadrotor’s manufacturer, as
well as some of the aerodynamic constants (Cd , Cxy ) which are not possible to estimate
accurately without dedicated measurement facilities18 .
In order to identify the parameters of the model, we will adopt the maximum likelihood
procedure that we have already used for the ATTAS aircraft (see Section 4.1.1). For both
training and validation we chose a window length of T = 100 steps, as a compromise
between limiting the computation and taking long range interactions into account; since
the training dataset (datax3d 2) is large, this window size also guarantees a large number
of training windows (W = 30), a key requirement for the evolutionary methods that we
will use in Section 5.7. For each data window, we again start our state from a pre-recorded
value from the dataset; we then predict the system accelerations using equations 4.14-4.19,
and integrate the state forward in time using equations A.48-A.57. As for the ATTAS,
the errors between the predicted state19 and its experimentally recorded counterpart are
18

An estimation of Cd can be produced by collecting torque measurements during the static thrust test
(e.g. [98]), while for directly estimating Cxy wind tunnel measurements are necessary.
19
Although for the X3D we defined an extended state, for the purpose of optimization we use the standard
state x = [u, v, w, φ, θ, ψ, p, q, r] since the additional variables cannot be measured experimentally.
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used to drive the optimization (i.e. the minimization of the covariance of the residuals see
Section 4.1.1).
The first step is to produce a suitable set of starting values for all the parameters of
our model. Given the complexity of the model and the number of parameters involved,
attempting to identify all of them simultaneously is not feasible, and so we will use a step by
step procedure in which the different dynamic blocks of the model are identified separately.
Although such separate identification might well produce a good model by itself, it would
be better to use the separately identified parameters as the starting values for carrying out
a full six degree of freedom joint identification.
The way in which we will produce our starting parameter set is clearly important, and
we will need to make use of the mathematical formulation of the model as well as of our
understanding of quadrotor dynamics in deciding how the model should be decomposed.
The procedure therefore depends on our domain knowledge about the quadrotor platform,
and the specific set of parameters we achieve will be conditioned by our choices; we consider
this as an inherent weakness of parametric models (at least for the type of problem we
consider in this thesis), since no other way of defining the starting values of the parameters
is available.
We start by considering only equation 4.16 (and therefore az ); since the propulsion
group dynamic has already been identified, the only remaining free parameter in this
equation is bth . The remaining accelerations (ax ,ay ,αx ,αy and αz ) are not computed from
their respective equations, but the pre-computed acceleration values are used instead. The
various controls contribute additively to the speed of each rotor20 , so we can eliminate
any influence of the inputs brl , bpt and bya simply by setting all the controller constants to
zero and optimizing the bias parameter bth alone. Equation 4.16 affects only the vertical
velocity in body coordinates w, therefore only the error in this variable is used to compute
the likelihood for the optimization of bth . The starting value for bth was set to −0.485
in accordance with the hovering throttle value found from our thrust stand experiments21
The LMA reliably converged, and the value obtained for bth is reported in Table 4.4.
We then focussed our attention on the rotational dynamics of the vehicle, starting
20

As explained in equation A.40.
From the static thrust experiments Figure A.5 we found that the hovering throttle varies in the range
[0.42, 0.55] depending on the battery level. Pragmatically we set the starting value of bth to the middle of
the interval −0.485. The negative sign for the value of bth is needed because at hover bth should cancel out
the throttle input.
21

4.1 Parameterised First Principles Models

105

with equation 4.19 for the yaw motion. In this case the free parameters to be identified
are the controller constants (KP ya ,KDya ,KSDya and KSP ya ) and the rotor drag constant
Cd 22 . The state variables directly affected by the yaw dynamics are ψ and r, and so the
error in both these dimensions is used for the optimization of the parameters; for the
remaining accelerations (ax ,ay ,az ,αx ,αy ) the pre-computed values are used. In practice we
experienced a problem with the convergence of the LMA. This was easily solved by using
the r error alone to produce a first set of parameters that was then used to initialize the
full optimization based on both ψ and r.
Next we tackled the pitch and roll motion using equations 4.17 and 4.18 to identify the
parameters of the lateral and longitudinal controllers (KP pr ,KDpr ,KSDpr and KSP pr ). The
state variables directly governed by the dynamic equations are p,q,φ and θ, all of which
will be used to compute the model error. Running a first optimization in which only the
rotational velocities p and q were used to compute the error, and then using the resultant
parameters to do a full optimization taking into account the angular errors again proved
to be a more reliable approach (i.e. the LMA would always converge).
Parameter
Kth
Cd
KP pr
KDpr
KSDpr
KSP pr
KP y
KDy
KSDy
KSP y
Cxy
bth
brl
bpt
bya

Value
1.06
-0.17
0.0016
-0.19
0.34
-0.00038
0.0031
-0.107
0.14
-0.00038
47.7
-0.42
-0.0098
-0.0033
-0.0027

Table 4.4: X3D model based on first principles: values of parameters obtained using ML.
Finally we focussed on the lateral and longitudinal dynamics (equations 4.14 and 4.15)
for which the only free parameter to be identified is the drag coefficient Cxy . Again, values
from the pre-computed dataset were used for these accelerations not involved in the parts of
22
The coefficient Cd was initialized with the value used in [34] while the controller constants where
initialized to small random numbers drawn from a normal distribution with mean zero and variance 0.1.
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the dynamics under study (i.e. az ,αx ,αy and αz ). The forward and lateral linear velocities
(u,v) are the only two state variables directly governed by equations 4.14 and 4.15 and so
only the error in these is used during optimisation.
At the end of this rather long procedure, we obtained a full set of parameters (Table 4.4);
we will refer to this model as X3DAccP ar.
We tested the model X3DAccP ar on a randomly selected window of data taken from
the validation dataset datax3d 3; the results are plotted in Figure 4.3, along with the
control inputs given to the model (Figure 4.4).
The very good quality of fit for the angular velocities p and q is immediately clear,
confirming that the combination of the PID equations and the first principle equations is
indeed appropriate. The good fit for p and q translates directly into good predictive abilities
for the angular variables θ and φ. However those variables show the effects of integration,
with the small error in angular velocities building up with time as we would expect, but
still maintaining good prediction. The yaw velocity prediction appears qualitatively correct
but is delayed, possibly indicating that the value estimated for the blade drag coefficient
Cd is too low; as a result the heading is underestimated although qualitatively correct.
The lateral linear velocity v shows generally good qualitative prediction, but its value is
lower than the measured value in the second part of the data window where the roll angle
φ also exhibits its largest error. Similarly, the forward velocity u appears to be influenced
by the error in θ in the second half of the data window. The vertical velocity w is the
most accurate of the three linear velocities, and as a result the altitude error is small. The
x and y position predictions suffer from the heading error which produces an erroneous
re-projection of the body velocities u and v, and their predictions quickly drift away from
the real positions. The error obtained by our model in the particular window plotted in
Figure 4.3 can be compared with the error evaluated across multiple windows (RMSEm)
using the CR value as explained in Section 4.1.1. In Table 4.5, we see that for most of the
variables the error is in line with the average error. The three exceptions are the angle θ
and the linear velocity u, which are predicted better than in the average situation, and the
yaw angular velocity which has a larger error then the average in the dataset.
Since the author is well trained in flying the real X3D helicopter, there was an opportunity to fly the model manually to obtain a qualitative intuitive evaluation. To do this we
created a rudimentary simulator by interfacing our dynamic model to a 3D visualization
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Figure 4.3: Proof of match: the state evolution predicted by the X3DAccF P , versus the
measured real state.
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Figure 4.4: Control inputs given to the X3DAccF P model during the time window in
Figure 4.3.

u
v
w
φ
θ
ψ
p
q
r
total

RMSE
0.37 m/s
0.52 m/s
0.40 m/s
0.057 rad
0.025 rad
0.24 rad
0.039 rad/s
0.049 rad/s
0.36 rad/s
0.87

CR
0.43
0.69
1.08
0.64
0.25
1.27
0.67
0.87
2.43

Table 4.5: Prediction error of the X3DAccF P model computed over the window of data
plotted in Figure 4.3.
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of a quadrotor. The same RC controller and serial interface used to fly the quadrotor for
data collection were used to provide the inputs to our simulator. To the extent that a 3D
visualization can allow comparison23 , the model was felt to replicate the behaviour of the
real quadrotor very well. Both the type of motion and its speed were judged very realistic.
Of course, since the model is completely deterministic and therefore not noisy, while air
disturbances affect the flight of the real X3D, the model was much smoother, and this was
a noticeable difference.
We then turned our attention to a more comprehensive evaluation of the predictive
performance of our model by testing it across all the windows in the validation dataset.
Applying the same validation metrics used for the ATTAS aircraft (RMSEm, RMSEsd
and RAEm as defined in Section 4.1.1) gave us the results in Table 4.6. The results for

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
0.9
0.7
0.4
0.1
0.1
0.2
0.06
0.06
0.1
1.3

RMSEsd
0.41
0.27
0.15
0.04
0.067
0.17
0.027
0.025
0.12
0.38

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
1.17
1.17
0.52
1.02
0.88
0.72
0.21
0.18
0.47

Table 4.6: Prediction error of the X3DAccF P model computed on the validation dataset.

the RMSEm metrics show that the yaw velocity has the largest error (among the angular
velocities); this is approximately twice as great as the error in p and q. This error in r
translates into an error for the heading ψ larger than that in φ and θ. Among the linear
velocities, u and v show the largest errors and the prediction of the vertical velocity w
the smallest. The RAEm metric compares the X3DAccF P model with a constant model
that would simply predict no changes in the state (see 2.2.5 for details), and its values
confirm the trends seen in the plots of Figure 4.3, with low relative errors for the rotational
velocities p and q and the vertical velocity w. The worst performances are obtained for
the angle φ and for the linear velocities u and v, the predictions of which are on average
no better than a constant model. In examining those results, we need to keep in mind
23
The perception of depth and distances that a 3D visualization provides is of course very different from
the reality and limits our ability to make comparisons.
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that variations of performances have to be expected between different windows, since these
metrics are averages. It should also be noted that the RMSEsd is in general of the same
order of magnitude as the RMSEm, indicating that the model exhibits a wide range of
performances in different parts of the datasets.
The X3DAccF P model has very good predictive abilities, but as discussed in the
beginning of this it would be better to identify all model parameters simultaneously based
on the error over the whole state vector. Unfortunately, in practice all our attempts at
identifying the model parameters simultaneously led to failure. More precisely we obtained
a model that barely predicted the means of the state variables and did not even qualitatively
represent their dynamic variation but that scored a likelihood almost as high as the one
obtained by optimizing the model parameters in stages. Is likely that such a solution
represents a local maximum of the likelihood function in which the LMA algorithm gets
trapped when all the model parameters are optimized simultaneously. This underpins our
observation that although the X3DAccF P model is qualitatively good, its quantitative
performance is in some cases (e.g. u and v velocities) close to that of a constant model.
This result points us towards reexamining the basic assumption that all OE methods
make about noise in the system, namely that the process noise is negligible. Because of
the way we represent the dynamics in our system, any error in prediction is effectively
magnified by process of integration, and even a good model can lead to a level of error
that, leads to implausible results, when used to jointly optimize the model parameters.
It could of course be argued that this is not due to the complexity of the modelling
task, but is instead due to our suboptimal choice of model (i.e. we oversimplified the
system dynamics). We will comment on this in Sections 4.2.2 and 5.7 when investigating
the automatic design of quadrotor models.

4.2

Black-Box Models

While we have seen that techniques based on first principle models can be very effective,
there are obviously situations in which an in-depth knowledge of the systems concerned
is simply not available, and of course those are the ones we are most interested in. In
Section 2.3 we described how black-box models have been widely used in the domain of
vehicle modelling with good results, and here we take two of the most common techniques,
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namely the nearest neighbour classifier (N N ) and the feed-forward neural network (M LP )
and apply them to both our toy car and our quadrotor platforms.
In Section 2.3 we discussed how modelling a rigid body, by predicting linear and angular
accelerations is a very sound strategy, since it allows us to make the most of the physical
laws of motion without requiring any further knowledge about the specific robotic platform
in question. To test the strength of this observation for both the M LP and the N N models,
we will investigate two different approaches: modelling in acceleration space, and modelling
in velocity space (we introduced the two concepts in Section 2.2.1).
The models will be trained using standard supervised learning methods; this assumes
that input and output data for the model are available during the training. In other words,
we will not be integrating the model forward in time to predict the evolution of the state,
but instead we will use the measured state and controls as the inputs for the training,
and the pre-computed accelerations (or velocities in the case of a model in velocity space)
as the output targets. For both function approximators described in this section, the
training method is an instance of the EE type of methodology discussed in Section 2.2.5,
and therefore we will again operate under the assumption that the inputs (x and u) to
our models are error-free. By using pre-computed values for the target outputs, the error
metric will not reflect the effects of error integration, and so comparing the models obtained
in this section with other models which do not make this assumption enables us to test the
assumption in practice.
In the case of the models predicting velocity, the training metric will be based solely
on the velocity, and not on the potentially inaccurate acceleration, and so the comparison
between the velocity based and acceleration based approaches will also allow us to understand how the noise present in the pre-computed accelerations (discussed in Section 3.2)
affects the outcome of the training.
Some versions of the experiments presented in this section were published by the author
and his co-workers in [234], but we have since added several new examples (namely the
carV elN N , the carAccM LP the X3DV elM LP and the X3DAccM LP models). The
experiments already published have been repeated here using exactly the same dataset
as for all the other models in the thesis, thus allowing for a more meaningful and exact
comparison of the different methods.
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Nearest Neighbour (NN)

The nearest neighbour algorithm (N N ) is among the simplest machine learning algorithms
that can be applied to a regression problem. As we will see, its abilities are somewhat
limited in our application domain, but it will provide us with a meaningful baseline against
which to compare other approaches.
Given a training dataset consisting of inputs expressed in feature space, along with
their associated outputs, the nearest neighbour algorithm works by turning the regression
problem into a simple classification problem. Any new input is associated with the closest
training point according to some appropriate metric of distance in feature space. The output associated with the selected input is extracted from the training dataset and returned
as the prediction. The underlying assumption with this method is obviously that points
close together in the feature space are associated with points that are close together in the
output space; in other words, the function to be learned is assumed to be in some sense
smooth. However, since the technique returns only the single closest point as output, it is
unable to produce a smooth interpolation between data points.
No assumption whatsoever is made about the nature of the data, therefore the methodology can deal equally well with linear or non-linear relationships. Noise in the data is
clearly a potential problem, since any noise in the training data will transfer directly to the
predicted output. Since this method is nothing more than a principled way of “replaying”
the training data, the number of examples present in the training set, the features chosen
as inputs, and the distance metric used, are all of paramount importance. In practice this
method will produce good results when large datasets with limited amounts of noise are
available, and when samples provide good coverage of the parts of the feature space for
which predictions are required.
A more detailed analysis of the properties of the N N algorithm can be found in [159],
but the key fact we want to emphasise is that numerous extensions to the N N concept have
been explored in the supervised learning literature in order to address the drawbacks just
mentioned. A straightforward extension is the k-nearest neighbours algorithm, in which
instead of selecting the closest point to the input, the k nearest neighbours are taken and
their associated output averaged to produce the output result. This concept opens the
possibility of using a weighted contribution of the neighbours according to some specific
kernel function, which leads to the whole family of locally weighted regression (LW R)
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methods.
Since the data used to compute the predictions are local, the data can be organized
into data structures that make retrieving the neighbours a very efficient operation (e.g.
KD trees, ball trees etc.). Incorporating new data is very straightforward, since it is just
a matter of extending the training dataset, and for this reason these methods can be used
for on-line learning. Both of these qualities make these techniques very useful in domains
like robotics where the data have large dimensionality and on-line learning is a welcome
addition ([201]). The type of kernel function used, their parameters, optimal ways of
determining the parameters, and efficient ways of making predictions have been and still
are active topics of research; see [10] for a comprehensive review.
The need to retain the complete training dataset is often mentioned as a drawback
in terms of memory requirements for the nearest neighbour algorithm; fortunately with
modern computers, the size of the datasets used here is by no means problematic. In
our case, since we use a form of batch processing, even a straightforward implementation
where a simple search through the dataset is used to find the nearest neighbour proved to
be sufficiently fast.

Nearest Neighbour Velocity Modelling: Toy Car
In this first example we make use of the N N classifier to learn a velocity model for our
toy car. In other words we learn the function of equation 3.12:
[v, ω]T
t+1 = f (xt , ut ),

(4.25)

in which the velocities [v, ω] at time t+1 are predicted given the current state and inputs.
As a first step we need to define both the input feature space for the N N , and an
appropriate metric over it. A simple choice for the feature would be the vector formed
by the concatenation of x and u, with the Euclidean distance as the closeness metric.
However, such a naive implementation does not take into account the fact that the throttle
and steering control inputs can take only discrete values (see Section 3.3.3):

uth , ust ∈ {1, 0, −1}.

(4.26)

As a consequence of this, the multidimensional feature space is discrete in two of its dimen-
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sions, and so, the meaning of the degree of closeness between points will be significantly
affected. For instance it is easy to see how a change in just one of the control signals
could produce a change in distance much larger than that produced by a set of smaller
changes in all the other state variables. This effect obviously depends on the metric used
in the feature space, and we could of course design a metric such that these effects are
minimized. Instead we take a different but in many ways more straightforward approach.
As we are happy to use knowledge about the input and output spaces of our systems, we
can exploit the fact that at any time the couple (uth , ust ) can take only one of nine different
configurations:

(uth , ust ) ∈ {(0, 0), (0, 1), (1, 0), (1, 1), (−1, 0), (0, −1), (−1, −1), (1, −1), (−1, 1)} . (4.27)
This allows us to split the feature space into nine different subspaces, and therefore to use
nine different N N classifiers, one for each input combination in 4.27. The feature vector
is thus defined by the concatenation of x and the continuous input uba . For each of the
classifiers every feature is therefore continuous, and so the Euclidean distance constitutes a
sensible metric. However, since each component of the feature vector may have a different
characteristic magnitude, we first apply a normalization, scaling each component by its
standard deviation measured across the whole dataset. It could be argued that a more
sophisticated scaling than a simple normalization could be beneficial (see Section 2.2.4),
but since defining such scaling factors would ultimately require knowledge about the specific
platform, we prefer to use a normalization that relies only on the data.
In Figure 4.5 we can see an example of state prediction made using the carV elN N
model that was trained24 on the datasetcar 6 and tested on a randomly chosen 12 seconds
windows taken from datasetcar 7.
To produce such plot and also to compute validation metrics for the models, we propagated the model forward in time using a procedure similar to that used for the model
based on first principles (Section 4.1.1). This was done as follows: at the beginning of the
data window (t0w ) the state was initialized with a value from the recorded dataset, and
then at each subsequent time step, the previously predicted state was fed into the model
and used to predict the current state of the system. The length of the data windows was
24
For consistency with the other types of models we use the word training also for the N N classifier,
although the training amount to nothing more than scaling the collected data.
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set to T = 300 time steps which is again a compromise between computation, accounting
for long range effects and providing a sufficient number of data windows25 . Choosing the
same window length as was used for the X3D model based on first principles is also in line
with our idea of making choices that are platform independent. The additional variables
x, y, ψ which are not part of the state are updated as per equations 3.17 and 3.18; these
are plotted in Figure 4.5 along with the state variables to give an understanding of the
effects of error integration.
Not surprisingly, given the simplicity of the N N algorithm, the prediction results are
quite poor, but we can still make some interesting observations by looking more closely at
the plots. In the forward direction, the model clearly under-predicts the linear velocity u,
and perhaps more importantly does not always produce a negative velocity in response to
a negative throttle input. The lateral velocity v is also characterized by poor predictions,
but this is less surprising as its relationship to the state of the system is undoubtedly
very complex, since this velocity is determined by the interplay between the car’s lateral
acceleration and the frictional force developed by the car tyres on the carpet surface. Due
to anisotropy and non-linearity, frictional forces are notoriously difficult to model; we will
see this in many of the car models that we will analyse. The rotational velocity shares
the fate of the forward velocity, being underestimated when the car is going forwards and
being badly predicted when the car is going backwards.
Since the model directly predicts the state of the system, the state prediction error
depends only on the state and input variables, and not on the time index t. This is clearly
not true for the derived quantities x, y, ψ that are computed by integration, as their error
tends to grow as the time increases. Having a state prediction error that does not grow with
time is a clear benefit of any method based on velocity prediction. At the same time, since
no integration is taking place the model does not have any explicit “memory” of its state,
making inertial effects difficult to model; as a result, a single bad prediction can drastically
change the state of the system. This can force the whole classifier into the wrong area of
the feature space, and therefore can have an effect on all the subsequent predictions. The
forward velocity u also shows another drawback of the N N algorithm, namely its lack of
interpolation abilities; this sometimes leads it to produce a velocity prediction varying in
magnitude even if the remainder of the state vector and the inputs are not changing very
25

In Section 5.9.2 we will see in detail the effects of using training windows of different lengths.

x [m]

1
0
−1
−2
−3
2
1
0
−1

model

real

0.1
0
−0.1

ψ [rad]

v [m/s]

4
2
0
−2

y [m]

Non-Evolutionary techniques

u [m/s]

116

6
4
2
0
−2

r [rad/s]

2
0
−2
0

2

4

6
time[s]

8

10

12

Figure 4.5: Proof of match: the state evolution predicted by the carV elN N model versus
the measured real state. The result of the simple carV elN N model is poor, in particular
in response to a negative throttle input.
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Figure 4.6: Control inputs given to the carV elN N model during the time window in
Figure 4.5.
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Figure 4.7: Simple 2D visualization used to test the car model. The white area represents
our test arena, the car is drawn to scale.

much (e.g. see t ≃ 10s).
To confirm those observations, we tested the obtained model by manually driving it
via a computer keyboard after it was interfaced with a 2D visualization (see Figure 4.7) to
produce a simple car simulator. The driver, very familiar with the behaviour of the real car
used during data collection, immediately noticed all of the above problems. The car was
almost impossible to drive backwards, and was not able to turn when going backwards. A
quirk was also noticed; when a left steering input was applied, a drastic and unrealistic
increase in speed (forward or backward) was predicted. Another important weakness was
also recognized, in that the car often appeared to move at a fixed speed even though no
throttle command was applied, instead of slowing down as a result of friction. Even more
unrealistic was the fact that by giving a right steering command in the presence of no
throttle the car would move backwards, although very slowly.
The performance of the model computed over the window of data depicted in Figure 4.5
is shown in Table 4.7. Looking at the CR coefficients26 we see that on the randomly chosen

118

Non-Evolutionary techniques

u
v
r
total

RMSE
0.62 m/s
0.03 m/s
0.55 rad/s
0.83

CR
0.97
0.91
1.13

Table 4.7: Prediction error of the carV elN N model computed over the window of data
plotted in Figure 4.5.
window, the model performances are in line with their averages on the dataset, indicating
that we have picked a window representative of the model’s behaviour.
Figure 4.5 certainly gives us some insight into the ability of the carV elN N model, but
to have a better understanding of how the model performs we need to evaluate it across the
dataset since is reasonable to believe that in some portions of it the model would work better
than in others. For each of the state dimensions, we report the RM SEm the RM SEsd
and the RAEm (the validation metrics were computed as explained in Section 4.1.1).

u
v
r
total

RMSEm
0.64
0.034
0.49
0.82

RMSEsd
0.15
0.015
0.19
0.22

m/s
m/s
rad/s

RAEm
0.63
0.72
0.57

Table 4.8: Prediction error of the carV elN N model computed on the validation dataset.
The large RM SEsd shows how the predictive ability varies widely in different parts of the
dataset.
For all four state variables, the value of the RAEm indicates that the model is only
moderately better than a constant model, confirming the impression that we had from the
POM plot in Figure 4.5. We should not get confused by the fact that for u and v the
RAEm is similar while the RM SEm is not. This is correct, and the RSM Em for the
variable u is low due to the fact that the car never reaches high lateral velocities; the
RAEm in contrast is a relative metric so it automatically rescales when the magnitude of
the signal changes.
The RM SEsd reported in Table 4.8 shows how, the predictive ability varies for all the
dimensions depending on which window of data the model was tested on. For v and r the
standard deviation is equal to half of the RM SEm, indicating non-negligible differences
in behaviour across different data windows.
26

The comparative ratio coefficient CR is defined in Section 4.1.1
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Nearest Neighbour Acceleration Modelling: Toy Car
We turn our attention now towards the idea of using our function approximator to model
accelerations instead of velocities. In this section we use the N N classifier to learn a model
of the form of equation 3.13:
[a, α]T
t = f (xt , ut ).

(4.28)

With this method we predict accelerations in body coordinates, and then exploit the very
general and well known laws of rigid body physics (equations 3.14 and 3.15) to compute
the state of our system at time t+1.
The considerations made in the previous section about the discrete nature of the inputs
uth and ust still apply in this setting, so we again use the idea of splitting the dataset into
9 subsets each associated with an input pair as in Section 4.2.1. As a result the feature
space used as the input to the classifiers is exactly the same as in the previous example,
but now a vector of accelerations is associated with each of the input samples. The inputs
have again been normalized by scaling them by their standard deviation, and the Euclidean
distance is again used as the closeness metric.
The POM of the predictions made by the new N N model (we will call it carAccN N ),
is plotted in Figure 4.8, again using a randomly chosen window. The training is again
done using pre-computed data, but for the POM and the performance evaluation instead
the predicted accelerations are integrated at each time step using equations 3.14 and 3.15.
The remaining variables [x, y, ψ] are computed using equations 3.17 and 3.18. For direct
comparison with the carV elN N model we used the same training and validation datasets,
the same size for the data windows and also the same randomly chosen data window for
the POM plots.
The first impression is undoubtedly of a mixed result. The prediction of the forward
velocity u is generally good, but for v and r, prediction errors tend to build up as a result
of the integration, and the velocities drift away from their recorded values. In some cases
this pushes the velocities to values much larger than those in the training dataset. At
this level of error the predicted state trajectory in some parts of the data is uncorrelated
with its actual counterpart, as can be seen for variable v in the second part of the time
window. The fact that the linear velocity u appears better behaved than v and r suggests
that the integration is not a problem in itself, but becomes problematic when the predicted
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Figure 4.8: Proof of match: the state evolution predicted by the carAccN N model versus
the measured real state. It is evident how poor acceleration prediction as a result of error
accumulation through integration can produce large state errors.
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Figure 4.9: Control inputs given to the carAccN N model during the time window in
Figure 4.8.
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accelerations are not sufficiently accurate. Another effect of integration, but this time a
positive one, is also visible, in that the velocities are much smoother than those predicted by
the carV elN N model, as would be expected for the type of system that we are modelling.
The effects of integration error are understandably even more pronounced for the derived
variables x, y, ψ, in all of which it is clear how the error builds up as the integration time
progresses; the y coordinate shows this most strongly.
In Table 4.9 we show the RM SE metric and the CR value computed over the window of
u
v
r
total

RMSE
0.25 m/s
0.22 m/s
0.70 rad/s
0.77

CR
0.39
0.47
0.38

Table 4.9: Prediction error of the carAccN N model computed over the window of data
plotted in Figure 4.8.
data used to plot Figure 4.8. For all four variables, the CR value is low, and indicates that
over the chosen window the model performs better than it does on average. Is interesting
also to note that u and v have similar RM SE, although we would expect v to have a much
smaller RM SE since the magnitude of v is generally much smaller than that of u (as we
explained in the previous section).
Testing the trained model manually with the help of our rudimentary simulator revealed
that the carAccN N model in general feels much more “natural” than the carV elN N
model. By natural we mean that its ability to build up speed gradually and to slow
down in absence of control inputs gives the driver a distinct feeling of its similarity to
the real car. This feeling also arises from the fact that the model goes backwards and
steers appropriately, and does not show sudden speed changes. Also, in the case of this
model, steering commands in the absence of any throttle do not produce any motion. The
ability to reproduce the inertial properties is the main reason why we advocate the use
of an acceleration based model, since ultimately such a model is closer to the underlying
physical system.
But the news is not all good, because after a few seconds of driving it was also clear
that in some specific situations the model would behave incorrectly, achieving unreasonably
high speeds, especially in the lateral direction, leading to a severe skidding behaviour not
present in the real car. This appears to be due to one of the weaknesses of the N N classifier,
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in that, since is not using any interpolation scheme, it can produce an association with a
wrong (e.g. very noisy) state acceleration output that can push the state out of its envelope
towards a region in which the performance of the classifier is poor.
For a more rigorous evaluation of the performance of the carAccN N model we computed the familiar validation metrics RM SEm, RM SEsd and RAEm. The values obtained are shown in Table 4.10.
u
v
r
total

RMSEm
0.63
0.46
1.85
2.09

RMSEsd
0.56
0.59
1.53
1.63

m/s
m/s
rad/s

RAEm
0.59
8.79
2.37

Table 4.10: Prediction error of the carAccN N model computed on the validation dataset.
While the u error is on the same order of magnitude as that of the carV elN N model, the
v and r dimensions are noticeably worse.
Looking at the RAEm metric, we immediately see that the performance of the model
varies widely over the various dimensions; for the forward velocity u the predictions are
considerably better than a constant model, while the prediction of the rotational speed r
and in particular the lateral velocity v are much worse than would be achieved by simply
predicting no change. This is in agreement with the poor performance of v shown on the
window of data plotted in Figures 4.8 and 4.9.
Comparing the total RM SEm of this model with that of the carV elN N model shows
a general decrease in performance. However, in the forward direction (u), the acceleration
based model is actually better. This is noticeable also when comparing Figures 4.5 and
4.8. On the remaining two dimensions, v and r, the acceleration based model is worse than
the carV elN N model with RM SEm of v being as much as an order of magnitude larger,
and RM SEm of r more than three times as large.
The large standard deviation (RM SEsd) in all four dimensions indicates a very variable
level of performance on different parts of the dataset, considerably larger than we saw for
the carV elN N model.

Observations
The limited performance of the N N confirms that modelling our toy car is certainly not
trivial. As expected, the most difficult relationship to learn is the lateral velocity u. Quali-
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tatively we have seen some positive signs in favour of the concept of modelling accelerations,
namely the smoothness of the predicted state and the “natural” feel of the model. However the quantitative results produced by the carAccN N show that, unless the acceleration
predictions are good, the acceleration error tends to build up dangerously, affecting the
state prediction accuracy.

4.2.2

Multi Layer Perceptrons Neural Networks (MLP)

In this section we will look again at the two possible modelling strategies (i.e. velocity
space and acceleration space), using a more sophisticated function approximator, namely
a neural network. We will test the two strategies on the toy car problem, in order to
have a direct comparison with the previous section, and also on the more challenging X3D
quadrotor problem.
A neural network is a very well known and well studied type of function approximator,
and a plethora of applications to regression and modelling problems can be found in the
literature. Their ability to learn complex non-linear input-output relationships regardless
of the specific type of problem makes them a favourite choice when domain knowledge is
not available. Many years of research in the field have delivered very effective and well
understood training methodologies which have also contributed to the popularity of this
regression method. The term “neural network” is very general, and from the computational point of view simply refers to a set of interconnected functional units; very different
computational abilities can be achieved depending on the type of units used, their number and their connection topology. Discussing the properties and topologies of artificial
neural networks is clearly outside the scope of this work; there are excellent accounts in
[23, 24, 159].
In this section, we will make use of feed-forward multi layer perceptron networks (M LP )
quite possibly the most widely used topology in artificial neural networks. For the network
we have chosen a very standard fully connected topology with two hidden layers (see
Figure 4.10 and Figure 4.13). A hyperbolic tangent activation function (tanh) is used for
the hidden layers, while the output neurons are simply linear. It has been proven (Hornik et
al. [102]) that this type of network is capable of approximating with arbitrarily small error
any bounded continuous function27 and therefore is a very suitable candidate to model
27

The number of hidden units required depends on the function to be approximated.
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systems without requiring of knowledge about specific platforms.
In the following sections we train our models using the popular backpropagation algorithm ([197]) since such method has been successfully applied to a wide range of modelling
problems including aircraft ([20, 192]). The backpropagation algorithm adapts the connection weight on the basis of the square error between the predicted and the target output;
when the quadratic error function and no regularization terms are used ([142]) it is equivalent to maximum likelihood training.
Many other methods could be used for determining the network weights, from those
following a gradient descent approach (e.g. quickprop, delta-bar-delta) to those based on
both the slope and the curvature of the error surface (second order methods e.g. LevenbergMarquardt and Gauss-Newton)28 . The main advantage of these methods is that some of
them (especially the second order ones) require lower training epochs than backpropagation. Since we carry out the training off-line, training time is not of paramount importance
in our settings and backpropagation was found to be an effective choice.
In the case of a M LP , discrete inputs do not represent an additional challenge to the
learning process, and for this reason we do not need to explicitly divide the training dataset
into subspaces as we did in the case of the N N . Each of our models is therefore formed
by one M LP for each of the velocities (or accelerations) that we wish to predict.
To produce a model that can account for input delays we used the simplest of the
methods described in Section 2.2.1; in addition to the current state, we also fed the network
with the inputs ut−D:t . The maximum input delay was chosen equal to D = 5 (equivalent
to 200ms) since a larger delay would increase the number of network inputs excessively29 .
Both the input data and the target outputs were normalized by scaling them by their
standard deviation over the whole dataset; this is often done for neural networks ([219])
since it makes the weight search behave better.
In all the training runs we initialized the connection weights randomly by drawing them
from a Gaussian distribution with zero mean and standard deviation 0.1. Each data point
in the training dataset represents an example used to train the network, and one training
epoch corresponds to updating the network weights once for each of the examples in the
dataset. To avoid over-fitting the early stopping method was used. With this technique,
28

See [198] for a good presentation of a variety of learning methods.
200ms is a reasonable maximum value for small electromechanical vehicles and controllers. The choice
could be said to involve domain knowledge, but is does not involve knowledge of any particular vehicle.
29
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the training is terminated if the M SE error computed over the validation dataset starts
increasing while the M SE over the training dataset continues to decrease30 . A maximum
of 1000 epochs was also set to terminate the algorithm when the error reached a plateau
without showing signs of over-fitting.
When training a network using backpropagation, it is common procedure to pick the
training examples from the dataset in a random order with the aim of avoiding biasing
the learning towards a specific part of the function to be learned. Unexpectedly, we found
experimentally that training the network using the training examples in the chronological
order in which they were collected would actually produce much better results both in
terms of the prediction error and of its standard deviation. In the first portion of the
dataset the car is at rest and is commanded to move forward and speed up, eventually
reaching its top speed. By starting the training from the beginning of the dataset we are
effectively biasing the learning towards this specific part of the system envelope. Since
it ultimately leads to better models, we decided to use the training data in chronological
order, but we will comment on the possible significance of such a choice in Section 4.3.

Neural Network Velocity Modelling: Toy Car
As a first example of using a M LP we focus on modelling our toy car in velocity space,
and so we tackle the learning of the relationship expressed by equation 3.12:
[v, ω]T
t+1 = f (xt , ut ).

(4.29)

To predict each of the variables in the state vector [v, ω]T
t+1 we will use three identical
networks each of which is trained independently (i.e. for each network, only the square
error in the predicted variable is used to optimize the network weights). The input to each
of the networks is made up of the current state xt , the current and delayed control inputs
ut−D:t and a bias term31 for a total of 22 inputs; for the hidden layers seven neurons were
used (see Figure 4.10)32 . The targets are different for each network, namely ut+1 , vt+1 and
30

When validation data is available this is a simple and effective way of ensuring that the weights of the
network are not over-tuned to the specific dataset used for training ([198]).
31
To simplify the implementation of the network, instead of having a specific bias connection for each of
the neurons in the network we simply set one of the inputs to the constant value 1. Since the network is
fully connected is not difficult to see that the two approaches are equivalent.
32
We experimented with network topologies with a larger number of hidden neurons, but this produced
no clear benefit.
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rt+1 ; but in all cases these come from the training dataset since we do not make use of the
predicted state during the training phase.
Figure 4.11 shows the prediction produced by this model (carV elM LP ) when trained
on datasetcar 6, and tested on a randomly selected data window of 12 seconds (300 time
steps) taken from the unseen dataset datasetcar 7.

In the usual manner, both for the
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u ba−D
Figure 4.10: Structure of each of the three networks used for the carV elM LP and
carAccM LP models. The only difference between the networks is the variable out being predicted (out ∈ {ut+1 , vt+1 , rt+1 } for velocity space models and out ∈ {axt , ayt , αzt }
for acceleration space models).

POM and for measuring the performance of the model, the predicted state at time t is
used as the input to the model equations in the following time step (t + 1) to propagate the
model forward in time. The additional variables x,y and ψ are integrated using equations
3.17 and 3.18. To ease the visual comparison, we have chosen for the POM plots the same
data window previously used for the N N models. The results in Figure 4.11 show that
across all the state variables the carV elM LP model is far superior to the N N models.
The model produces a very good fit for the forward velocity u, and the fact that CRu
is equal to one (Table 4.11) tells us that this performance is on average just as good in
other parts of the dataset. The lateral velocity is again confirmed as a very complex
and noisy relationship to learn, but the model successfully learns the general trend of v
while predicting smoother changes in speed than were measured. The rotational velocity
r is qualitatively well approximated but for t = 4s we can notice how, after reaching the
maximum rotational speed, the model takes longer than the real car to stop its rotational
motion.
The values of CR in Table 4.11 are all close to unity indicating that the behaviour
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Figure 4.11: Proof of match: the state evolution predicted by the carV elM LP model,
versus the measured real state. The model is clearly better than any of the N N models.
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Figure 4.12: Control inputs given to the carV elM LP model during the time window in
Figure 4.11.
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analysed for the chosen random window is indicative of the average behaviour of the model.

u
v
r
total

RMSE
0.16 m/s
0.05 m/s
0.39 rad/s
0.42

CR
1.00
0.86
1.13

Table 4.11: Prediction error of the carV elM LP model computed over the window of data
plotted in Figure 4.11.
As previously, we manually tested the obtained model before examining more comprehensive error metrics. The model immediately appeared very realistic, and showed the
expected ability to speed up and reach a top speed, and also to slow down as friction
comes into play when no throttle input is applied. Backward motion was similarly well
behaved and consistent with the behaviour of the real car. When we described the real
car in Section 3.3.3 we mentioned how, the car has asymmetrical turning radii due to its
poor quality; the carV elM LP model was able to represent that, with a smaller left turning
radius and a larger right one. However, one unrealistic effect was noticeable: even without
any throttle input, the car tended to move forward slowly instead of standing still. Overall
the model appeared stable, and no set of inputs produced unrealistic speeds.
In Table 4.12 we show the results of testing the model over the validation dataset. As
was previously done for the N N models, we split the dataset into consecutive windows of
length T = 300 steps and computed the usual performance metrics (see Section 4.1.1 for
more details). Comparing the model with a constant model using the RAEm indicates
clearly that the carV elM LP model has better prediction abilities for the yaw dynamics
(r) and especially for the forward velocity. For the lateral velocity the carV elM LP model
appears no better than what would be obtained by predicting no change. Comparing the
RM SEm with the results obtained for the carV elN N model reflects the improvement that
the plots of Figure 4.11 suggested. In the u dimensions the RM SEm is only 0.25 times
the RM SEmu obtained by the carAccN N model (the best of the N N models in the u
dimension); similarly the RM SEmr error is 0.39 times that of the carV elN N model. The
standard deviations RM SEsdu and RM SEsdv confirm the same trend toward reduction
indicating that the carV elM LP model is more consistent across the validation dataset
than the N N models. In the case of the lateral velocity v, the performance is worse then
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u
v
r
total
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RMSEm
0.16
0.06
0.34
0.38

RMSEsd
0.046
0.017
0.09
0.09

m/s
m/s
rad/s

RAEm
0.17
1.40
0.47

Table 4.12: Prediction error for the carV elM LP model. This model shows a net improvement when compared with the N N models, both in terms of RM SEm and of RM SEsd.

that of the carV elN N model, confirming that the lateral velocity is not easy to learn; the
RM SEsdr of the two models is however very similar.

Neural Network Velocity Modelling: X3D
It is perhaps not surprising that in the case of the toy car the M LP model has far superior
abilities to the N N model, but our understanding of the physics governing the toy car tells
us that being constrained to move in only three dimensions simplifies the general problem.
For this reason it is of interest to compare our modelling techniques on a more complex
problem like the one represented by the X3D quadrotor.
In the case of the X3D quadrotor we are dealing with six degrees of freedom, and so
when predicting velocities we are after the relationship of equation 3.2:
[v, ω]T
t+1 = f (xt , ut ) .

(4.30)

In what follows we will refer to this model as X3DV elM LP .
As with the toy car, a single M LP is used for each of the output variables. The six
identical networks are trained independently; for each network, the weights are optimized
in order to minimize the square error of the single variable being predicted. The input to
each network is formed by the concatenation of the current state xt , the current and past
controls ut−D:t and a bias term, for a total of 40 inputs. The target outputs for training
are the velocities xt+1 from the collected dataset. For both of the hidden layers we used 15
neurons33 obtaining the topology depicted in Figure 4.13. The X3DV elM LP model was
trained with backpropagation using data from the training dataset datax3d 2 (for details
of the training see Section 4.2.2) .
33
As for the toy car, we also experimentally tested networks with a different number of neurons in the
hidden layers, but noted no clear benefit in having larger or smaller sizes.
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Figure 4.13: Structure of each of the six networks used for the X3DV elM LP and
X3DAccM LP models. The only difference between the networks is represented by the
variable out being predicted (out ∈ {ut+1 , vt+1 , wt+1 , pt+1 , qt+1 , rt+1 } for models in velocity
space and out ∈ {axt , ayt , azt , αxt , αyt , αzt } for models in acceleration space).

When testing the model against real data we take the usual approach of propagating
the state forward in time. The velocities ([v, ω]) and integrated angles (Φ) resulting from
the prediction at time t are given as input to the model at time t+1 along with the
controls (ut−D:t ). Repeating this procedure for all the steps in the chosen data window
(using equation 3.3 for the angle update) delivers the predicted state trajectories that we
then compare against the validation data. The variables x,y,z are computed by integration
using equation 3.9. In Figures 4.14 and 4.15 we can see the qualitative performance of the
X3DV elM LP model on the same 12s window that was used for the POM plots of the
X3DAccF P model.

Looking at the predicted data, we can see that the performance of

the model is good. The rotational velocities show good predictions, and this is particularly
true for p and q; however the yaw velocity r is sometimes underestimated (t = 7s). The
good quality of the rotational velocities translates into reasonably good predictions of the
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Figure 4.14: Proof of match: the state evolution predicted by the X3DV elM LP model
versus the measured real state. The M LP achieves mixed results.
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Figure 4.15: Control inputs given to the X3DV elM LP model during the time window in
Figure 4.14.

attitude, but it is clear how as result of integration and coupling, the error in r propagates
into all three angular variables (φ, θ and ψ).
The model predicts the vertical velocity w well, and the forward and lateral velocities (u
and v) are qualitatively correct. As expected (since the accelerations ax and ay are directly
related to the attitude), u and v show larger errors in the areas in which the predictions
of θ and φ are poor. As a consequence of the errors in the linear velocities, the derived
variables x,y,z have a tendency to drift away from the recorded trajectories, but overall
their error is contained.
For most of the dimensions the CR value is not far from one (see Table 4.13) suggesting
that on average the performance of the model is similar to what shown in Figure 4.14. The
exception is the rotational velocity r, which is worse than the average across the validation
dataset.
The model was then tested manually by interfacing it to a remote controller and a
simple 3D visualization (as explained in Section 4.1.1). In general, the model seemed to
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u
v
w
φ
θ
ψ
p
q
r
total

RMSE
0.70 m/s
0.82 m/s
0.40 m/s
0.071 rad
0.055 rad
0.28 rad
0.065 rad/s
0.11 rad/s
0.31 rad/s
1.23

CR
0.85
0.83
0.78
0.88
0.73
0.75
0.78
0.85
1.8

Table 4.13: Prediction error of the X3DV elM LP model computed over the window of
data plotted in Figure 4.15.

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
0.82
0.98
0.51
0.081
0.074
0.37
0.082
0.13
0.17
1.49

RMSEsd
0.20
0.18
0.13
0.030
0.024
0.21
0.037
0.049
0.15
0.19

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
1.05
1.57
0.75
0.91
0.60
1.49
0.35
0.48
0.59

Table 4.14: Prediction error of the X3DV elM LP model computed on the validation
dataset.

have a slower response than the real flying machine, and this was particularly noticeable
for the yaw motion. It was also noticed that in certain cases, when the pitch or roll angles
were large, the model would not respond correctly to the control inputs, and recovering
horizontal flight would become difficult, a behaviour that clearly does not correspond to
the dynamics of the real helicopter.
The qualitative tests carried out so far are promising overall but as usual we need a
more balanced quantitative measure of the model performance (we refer to Section 4.1.1
for details on the validation procedure). To make the comparison more meaningful we
chose the same length for the validation windows as was used for the X3DAccF P model,
namely T = 300 steps. The RM SEm, RM SEsd and RAEm metrics obtained for each of
the dimensions are shown in Table 4.14. We start by looking at the RAEm which compares
our model to the baseline constant model. The angular velocities p, q and r, the angle θ
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and φ and the vertical velocity w are predicted by the X3DV elM LP model better than
by a constant model. It is interesting to note that θ is predicted better ψ, although we
know that the system is symmetrical. This agrees with our analysis of the POM plots.
Although we saw in Figure 4.14 that the yaw angle ψ and the linear velocities u and v are
qualitatively correct, they are no better in terms of error then the predictions of a constant
model, and in fact ψ and v are considerably worse. The trend indicated by the RAEm is
confirmed by the RM SEm, with p and q being more accurate than r, and ψ and θ being
predicted much better than ψ.
When examining the RM SEsd to seek to understand how the prediction ability changes
in different windows, for most of the variables we see standard deviations of magnitude
comparable to half of the RM SEm. Performance therefore varies noticeably within the
dataset.
Comparing the RM SEtotal of the X3DV elM LP model with that of the X3DAccF P
model indicates that the model based on first principles has better prediction accuracy.
However, for some of the variables the X3DV elM LP is actually more accurate (i.e. for
the variables u, θ, ψ) while for the remainder, the RM SEm of the X3DV elM LP model
is only marginally higher.

Neural Network Acceleration Modelling: Toy Car
To complete our investigation of black-box models for the toy car we look now at training a
M LP model to predict the instantaneous accelerations in body coordinates as per equation
3.13:
[a, α]T
t = f (xt , ut ).

(4.31)

The acceleration model (carAccM LP ) is again made up of three distinct networks all
having the same topology and inputs as for the carV elM LP model (see Figure 4.10).
The three networks predict ax , ay and αz , respectively the forward, lateral and rotational
accelerations. Each of the networks is trained independently using both input and output
data from the recorded datasets, and its weights are optimized using backpropagation
to minimize the square error between the predicted acceleration and its experimentally
measured counterpart. During the test phase we again need to integrate the acceleration
predictions in order to have a clear picture of the effects of error propagation. At every
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time step we compute the updated state from the predictions of the three networks using
equations 3.14-3.15; this forms the model inputs (along with the controls ut−D:t ) at time
step t+1.
Figure 4.16 shows the carAccM LP model tested on the same randomly selected data
window used for the POM plots of the previous toy car models. Looking at the velocity
prediction and visually comparing it with the result obtained with the carV elM LP model
we can see a small improvement in prediction abilities. The improvement is visible in
the velocities r and v which show a more accurate fit to the real data. In contrast to
the carV elM LP model, this model does not appear to have an excessively smooth lateral
response, but it is still unable to fit completely the fast dynamics of this variable. This is
evident in the central part of the data window where the model predicts a positive lateral
velocity instead of a negative one. In comparison to the carV elM LP model, this model
has a much more accurate rotational speed response, both qualitatively and quantitatively.

We again manually tested the carAccM LP model to get a qualitative feeling for the
model’s ability. As first we noticed that without any throttle input the car stands still
indefinitely, correctly replicating the behaviour of the real car. When driving the car, the
inertial effects in speeding up and slowing down are also replicated correctly both in the
forward and in the backward directions. The model qualitatively reproduces the fact that
the top speed of the car is limited, and that the right and left turning radii differ. The
model also appears stable, and no set of inputs produces unrealistic speeds or positions.
The RM SE of the model computed over the window of data used in Figure 4.16 is shown
in Table 4.15. The CR values indicate that the lateral velocity v in the window of data

u
v
r
total

RMSE
0.13 m/s
0.05 m/s
0.36 rad/s
0.39

CR
0.72
1.41
1.10

Table 4.15: Prediction error of the carAccM LP model computed over the window of data
plotted in Figure 4.16.
plotted in Figure 4.16 is not predicted as well as in the average case, whereas r and u are
representative of the capabilities of the model across the whole validation dataset.
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Figure 4.16: Proof of match: the state evolution predicted by the carAccM LP model
versus the measured real state. The model shows very good prediction abilities even when
compared with the carV elM LP model.
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Figure 4.17: Control inputs given to the carAccM LP model during the time window in
Figure 4.16.
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Finally, we extensively tested the carAccM LP model by employing the usual performance metrics (see 4.1.1). To facilitate the comparison between models, we used the same
window length used in validating the previous car models (namely T = 300 steps); the
results are shown in Table 4.16. We already knew that we had a good model, so it was
very interesting to compare its performance against the best model obtained so far, namely
the carV elM LP model. The total RM SEm for both models is identical. A comparison of
the error for each of the variables shows very similar performances between the two models
for the forward and rotational velocities, but the prediction of the lateral velocity v is more
accurate for the carAccM LP model. This is confirmed by the RAEm metric, which in the
case of the model based on acceleration prediction also indicates that the lateral velocity
v is more accurate than what would be obtained by predicting no change; this was not the
case for the carV elM LP model.
Overall the carAccM LP model appears to be marginally better than the carV elM LP
model since for equal total RM SEm it has smaller values of RAEm. However, given the
RM SEsd of both models in all dimensions, we cannot exclude the possibility that on some
specific parts of the dataset the carV elM LP is in effect a better model than its acceleration
counterpart.

Neural Network Acceleration Modelling: X3D
Finally we want to test the idea of using acceleration based prediction on the complex
and coupled problem of the X3D quadrotor helicopter. We therefore aim to obtain the
relationship that delivers the platform accelerations given the current state and inputs, as
per equation 3.4:
[a, α]T
t = f (xt , ut ) ,

(4.32)

we will call this model X3DAccM LP .

u
v
r
total

RMSEm
0.18
0.038
0.33
0.38

RMSEsd
0.06
0.02
0.14
0.14

m/s
m/s
rad/s

RAEm
0.19
0.76
0.44

Table 4.16: Prediction error of the carAccM LP model computed on the validation dataset.
The predictive ability is marginally better overall than that of the carV elM LP model.
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We aim to learn six input-output relationships (one for each component of the acceleration vector) and therefore our model is again formed by six neural networks of identical topology. We again used the network structure and inputs that we used for the
X3DvelM LP model (see Figure 4.13). The model was trained using dataset datax3d 2
and the validation was carried out using backpropagation on the dataset datax3d 3.
As in the previous section, the training does not involve integrations, but the performance of the model is tested by integrating the state forward in time using equations 3.5
and 3.7. For the validation we again used data windows (see Section 4.1.1) with a window
length T = 300 time steps. Although they were not included in the performance metrics,
the variables x, y, z, are also computed using equation 3.9 and plotted along with the state
variables. In Figure 4.18 we plot the state trajectories predicted by the X3DAccM LP
model along with the real ones recorded during data collection. Looking at the proof of
match plots it is immediately clear that the X3DAccM LP is a good model, and that
overall its behaviour appears rather similar to that of the X3DV elM LP model.
The pitch and roll rotational velocities are predicted well, but the fit of the yaw velocity
r is not very accurate; the control uya is always correctly translated into a rotational velocity
(e.g. t ≃ 9s). The error in r has obvious effects on the yaw angle with an error that is
particularly evident in the last part of the time window. In terms of r the prediction of
the X3DV elM LP model appeared more accurate, and the yaw error was also smaller. As
a consequence of integration, the small p and q errors, and the error in r, propagate to θ
and ψ and affect these predictions. At first glance the X3DAccM LP model appears more
accurate in the prediction of θ and ψ, but both MLP model falls short when compared to
the model based on first principles. The prediction of the vertical velocity w is accurate and
generally as good as those produced by the X3DAccM LP and the X3DAccF P models;
for all three models the accuracy of w yields a contained altitude error (z). As expected
the attitude errors translate into errors in the forward and lateral velocities, both of which
are less accurate than the predictions of the X3DAccF P and X3DAccM LP models.
The results of computing the RM SE for the model over the data window of Figure 4.18
are shown in Table 4.17. The value of the CR coefficient in almost all dimensions indicates
that the chosen window is representative of the average performance of the model; the
two exceptions are the yaw velocity (r) and the yaw angle (ψ), both of which behave
worse on average than on the chosen window. We then tested the X3DV elM LP model
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Figure 4.18: Proof of match: the state evolution predicted by the X3DAccM LP model
versus the measured real state. The prediction results are worse than that produced by
the X3DV elM LP model.
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Figure 4.19: Control inputs given to the X3DV elM LP model during the time window in
Figure 4.18.

manually by interfacing it to the remote used to control the real helicopter and to a basic
3D visualization. The model appeared to respond correctly to all four control commands,
and in general the motion appeared smooth. Occasionally we noticed the tendency of the
model to slightly pitch or roll, although it was fairly easy to compensate for this. Overall we
did not find that the model displayed any behaviour that did not correspond qualitatively
to the real platform. However, as for the previous models, the lack of any disturbance was
a very noticeable difference between the simulated model and the real helicopter.
Finally in Table 4.18 we show the results of computing the usual validation metrics
RM SEm, RM SEsd and RAEm. The RAEm metric simply confirms our expectation,
with p and q being the most accurate predictions followed by r and the angles θ and φ.
All the remaining variables have worse accuracy than would be obtained using a constant
model.
In terms of total RM SEm the X3DAccM LP model is the worst performing X3D model
so far, but not by much. Interestingly, the pattern of RM SEm errors across the different
variables closely matches what we have already seen for the X3DV elM LP model, with
the main difference being the vertical velocity w which is predicted noticeably better by

4.2 Black-Box Models

141

u
v
w
φ
θ
ψ
p
q
r
total

RMSE
0.93 m/s
1.12 m/s
0.68 m/s
0.08 rad
0.10 rad
0.61 rad
0.094 rad/s
0.14 rad/s
0.43 rad/s
1.8

CR
0.80
1.05
0.79
1.03
0.90
1.56
0.98
0.82
1.9

Table 4.17: Prediction error of the X3DAccM LP model computed over the window of
data plotted in Figure 4.19.

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
1.17
1.06
0.86
0.079
0.11
0.39
0.096
0.17
0.21
1.96

RMSEsd
0.33
0.34
0.75
0.027
0.037
0.18
0.036
0.071
0.13
0.70

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
1.48
1.67
1.19
0.91
0.90
1.50
0.42
0.66
0.79

Table 4.18: Prediction error of the X3DAccM LP model computed on the validation
dataset.
the velocity based model. A comparison with the X3DAccF P shows that the two models
have very similar RM SEm errors, but with the X3DAccM LP model always being less
accurate; in this case the difference in accuracy for the w velocity is even higher.
Across the dataset the variability in performance for the X3DAccM LP model is in
general similar to that obtained for the X3DAccM LP model, but for some specific variables
with a higher error (i.e. u, v and w) the RM SEsd is larger.

Toy Car: Prediction Error as Function of Time
We have already reviewed and compared the prediction error for the four different blackbox models that we developed for the toy car, but metrics like the RM SEm do not show
how the model error changes as time progresses within the data window. Since all of our
models need to be integrated to be useful, having an understanding of the relationship
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between time and model error is very relevant.
To investigate this, we used the same predicted trajectories that were used in the
previous section to compute the RM SEm but instead of averaging together the errors
regardless of their time index, we computed a separate average (ei ) for each of the time
instants t = [0, .., T ]. More explicitly:
v
u
W
u 1 X
2
i
t
et =
zti − yti w ,
W w=1

i ∈ {x, y, ψ, u, v, r}, t ∈ [t0w , .., t0w + T ]

(4.33)

where, following the notation introduced in Section 2.2.5, W is the number of windows in
the validation dataset, and z i and y i are the measured and predicted values for the variable
i. In this way, while averaging out any window-specific dependency, any general trend of
error vs. time should emerge. Figure 4.20 shows the results of computing such a metric
for each of the dimensions of all the car models we have obtained so far.
As expected, the carAccN N model is the worst of all the models; after an initial rapid
increase its velocity errors stabilize to a roughly constant value, and as a consequence the
error in the integrated variables x, y and ψ increases linearly and very rapidly with time.
The remaining three models have a qualitatively similar behaviour although showing a
much lower level of error. During the first second the velocity error increases rapidly to
reach a plateau value that is approximately constant for the remaining of the test window.
In the integrated variables x, y and ψ the error increases linearly as the simulation time
progresses but at a much lower rate that is shown by the carAccN N model.
For the lateral and rotational velocities the carV elN N model has errors very similar
to those of the M LP models while the errors are higher for the forward velocity and the
position y. In contrast, the two M LP models are qualitatively and quantitatively very
similar.

4.3

Discussion

In this chapter we have taken a very hands-on approach for analysing some standard
modelling methodologies commonly used in the fields of system identification, robotics
and machine learning.
In the first part of the chapter we confirmed that using specific domain knowledge
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Figure 4.20: Average prediction error versus time. The carAccM LP model confirms its
very good performance.
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about the system under study can get us a long way. In the case of models based on first
principles, domain knowledge is involved critically in three different stages of the modelling
process:
• deciding which inputs, system states and physical phenomena are relevant to the
evolution of each state variable;
• devising the functional relationships that allow the prediction of the system state;
• defining starting values for the parameters to be fitted, and rearranging the model
to enable efficient parameter estimation.
For both the ATTAS and the X3D systems, the physics led us to decide which inputs were
relevant to the system variable to be modelled, and the available literature gave us grounds
for deciding which phenomena could be neglected. The choice of decoupling the dynamics
of the ATTAS and neglecting blade flapping and ground effect for the X3D are examples
of those informed choices.
Again, physics was essential to devise the dynamic equations of our system, while static
modelling and static measurements were needed to initialize (when possible) the system
parameters. In the absence of such knowledge, many pragmatic ways had to be used. Often
an iterative process of modelling and testing was needed to identify effective modifications
to the model. This was the case for example in the rearrangement of the PID equations
(see Section A.5), which required us to find a form suitable for our numerical optimization
technique. This example shows not only that domain knowledge is essential to devise
the model, but also that the specific formulation of the model will have an impact on
how easy it is to identify. During our tests we had the opportunity to see at first hand
how modelling based on first principles depends heavily on experience34 and requires a
considerable amount of time and effort.
When using the N N and M LP techniques, a learning process based solely on the collected data has to substitute for the platform specific domain knowledge. In our examples,
all the control inputs and the full state vector were used as inputs to the function approximator of choice; as a result, it was necessary to learn which inputs are relevant and
which have to be neglected. The function approximators we chose are in principle all able
34
In fact we found ourselves getting better and better at rearranging and complementing the mathematical
expressions for our models.
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to learn linear and non-linear relationships of arbitrary complexity, therefore we are not
indirectly imposing any particular type of structure on our dynamic models. Finally, since
the procedure adopted for training depends on the specific function approximator, any
problems of parameter identification that might appear during training are not dependent
on the type of platform being modelled.
In practice however, we have seen that the N N is simply not powerful enough to
accurately learn non-trivial models like that of our toy car, while the M LP , although
promising, is not as accurate as the technique based on first principles. As well as the
issues concerning the power of the function approximators, there are also issues of process
noise and noise in the pre-computed accelerations; all these need to be taken into account
when evaluating the results obtained in the second part of this chapter.
In the case of the toy car, both the velocity and acceleration based M LP models
perform reasonably well, confirming that the power of the networks used is sufficient to
approximate the non-linear dynamics of the model. In the light of the results obtained, we
can certainly say that for the toy car problem the relationship that governs the forward
velocity u and rotational velocity r are amenable to standard black-box techniques such as
a M LP . A different conclusion must be drawn for the lateral velocity v, which is confirmed
to be a non-trivial function. Two factors come into play; the first is that, due to the effects
of friction, the functional relationship in question could be highly non-linear; the second is
that, since the amplitude of the velocity is small, its value might be comparable with the
level of noise in the system, as was discussed in Section 3.2. Distinguishing between these
two hypotheses is very difficult at present, and we will continue to address this question in
the following chapters; however, the fact that four different modelling techniques all failed
to perform well on this dimension probably points towards something rather deeper than
the limited ability of our function approximators.
The good performance of the carAccM LP model supports the case made in Section 2.2.1 that modelling accelerations is well suited to reproducing the inertial properties
of our vehicles and therefore can lead to better models. Confirmation that acceleration
based models are indeed effective also comes from the X3DAccF P and AT T ASAccF P
models, both of which express the state update in terms of accelerations and deliver excellent results. The qualitative “natural” feeling experienced by the pilot when driving the
car simulator based on acceleration prediction is also very reassuring, even though it is
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formally weak.
For our helicopter problem, we see that the decision not to use platform specific knowledge brings in two well-known problems in machine learning. The first is the problem of
dimensionality: since we do not actively decide which inputs or which state variables are
relevant to the dynamic relationship that we are trying to learn, our algorithm must be
able to deal with the large learning space that this decision produces. The second problem,
colorfully named the problem of “poisonous inputs” by Togelius et al. [236], refers to the
fact that using inputs that are partially correlated with the function to be learned, but
which are not essential, can hinder rather than help the learning process.
In Section 3.2 we discussed the problem of the noise introduced by numerical differentiation. Obviously, this could in part explain the quality of our results, and the fact that
we have seen that the X3DAccM LP model is not better overall than the X3DV elM LP
supports this conclusion. In the EE settings integration is not used during training, and
any effects of noise propagation are simply ignored, making those techniques very vulnerable to such noise. The fact that the X3DV elM LP is not as good as the X3DAccF P
model suggests that avoiding accelerations and using velocity alone is not the answer to
our problems. However, since the X3DAccF P model, although it predicts accelerations,
is trained on velocity data and delivers good performance, we can definitely exclude the
possibility that there are serious noise problems with the velocity data. Nonetheless we
have to recall that our attempts to jointly identify all the parameters of the X3DAccF P
model led us nowhere, since the prediction error, although small, was sufficient to make
the prediction uncorrelated with the training data, making the error effectively useless.
At this point any further conclusions seem premature, but we can clearly see the need for
the integration over time of the model predictions in order to evaluate the extent of error
propagation.
In the case of the M LP networks another open question is highlighted by the counterintuitive experimental evidence that training our networks with randomized rather than
ordered data from our dataset reduces the performance of our models. During the data
collection we attempted to make sure that we sampled the flight envelope of our machine
in a representative way; however, this is something very difficult to guarantee in practice.
The evidence suggests that not all the data in the training set are equally informative,
and that although an effort was made during data collection to homogeneously sample
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the system envelope, some parts of the envelope might be over-represented. Training our
models on the whole dataset leads therefore to a bias towards the over-represented parts
of the dynamic envelope. This obviously opens the issue of how to select only the most
informative part of the training data in order to improve the modelling; this is one of the
active topics of Chapter 5.

4.4

Summary

In the first part of the chapter we have shown how knowledge about the platform can be
used to provide a solution to the problem of modelling but we have also made clear in
how many ways such knowledge informs the modelling process; making very relevant the
research questions that we are tackling in this thesis.
In the second part of the chapter we tested some well known black-box techniques, which
showed their limitations when facing challenging platforms like the X3D, for wich number
of dimensions, coupling and the noise potentially present in the data have a considerable
impact on the learning problem.
The work in the forthcoming chapters will leverageon this results and tackle this open
issues.
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Chapter 5

Coevolutionary Modelling
After exploring and assessing the performance of conventional modelling methods, in this
chapter we start answering one of the key questions behind this thesis: how far can we get
in automatically building a model without using any platform specific knowledge?
Our answer will come in the form of a novel and efficient algorithm based on coevolution
(Section 5.3). In keeping with the experimental emphasis of the thesis, we will put our
algorithm to the test on four very challenging vehicles (Sections 5.5-5.7) and assess the
degree to which the algorithm is able to produce accurate models.

5.1

Fundamental Considerations

The experiments carried out in the previous chapter have given us a considerable insight
into what is actually effective on our real world platforms.
The MLP models included some desirable traits: the model structure used was generic,
and the training was solely based on the collected data. However, the problem of input
selection was deliberately avoided by presenting the models with all the available inputs,
and the choice of network size (i.e. number of hidden neurons) was informed by our
understanding of the complexity associated with each platform. For instance, we used a
larger number of hidden neurons for the X3D models than for the car models, since we
knew the former to be a more complex vehicle with a larger number of inputs. Since ideally
even decisions at this level should not be dealt by the designer, we seek a methodology
that can deal with all these decisions simultaneously.
The analysis in the previous chapter showed that there is good reason to believe that our
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training methodologies were not making the most of the experimental data. In particular,
treating all points in the dataset as being equally important appeared not to be the best
idea since the learning might end up being biased toward those parts of the dynamic
envelope that are more heavily represented in the dataset. With our platforms, collecting
more data by actively generating test inputs is simply impractical, as already discussed in
Section 2.2.3. We therefore need to look at a method that makes an active selection from
the available (pre-collected) data gathered when a pilot was safely controlling the vehicle.
The training of MLP networks based on the EE setup produced adequate results for the
toy car, but revealed its shortcomings when a more challenging problem like the X3D was
tackled. In contrast, the OE methodology proved very effective in terms of training, without
requiring any use of platform specific knowledge. The relationships used to integrate the
state forward in time as required by the OE method (e.g. equations 3.5-3.7) are not
platform dependent since they assume nothing more than 6DoF rigid body physics. The
specific domain knowledge used in Sections 4.1.1 and 4.1.2 was because first principles
models were used; it was not used for the OE training itself.
How can we carry forward our understanding into the idea of modelling without using
any platform specific knowledge?

5.2

The Idea

In line with the considerations of the previous section, the constraints imposed by the fact
that we use non-recoverable vehicles, and the spirit of this thesis we can identify three
crucial points that our modelling method needs to address:
• platform agnostic modelling: the modelling methodology should be able to automatically select the structure of the model, its inputs, and the input delays using only
the information contained in the training data;
• physical consistency: the quantities predicted should be meaningful accelerations
expressed in body coordinates1 , and ideally it should be possible to inspect the models
to identify any meaningful terms;
1

This requirement ensures that the model produces accelerations and velocities that are expressed in a
sound and standard form. A model of this kind is easier to inspect and potentially more useful (e.g. it
could be used in conjunction with conventional design and control techniques).
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• intelligent data selection: the available data should be selected in order to make the
most of the available information and avoid the inevitable “biases”2 that might be
present in a specific dataset, while also limiting the computational requirements.
To achieve our aim we will leverage and complement some of the approaches and concepts
present in the literature. Since we are aiming at a proof of concept for our framework and we
expect future improvement to be possible both in terms of techniques and implementation,
we will emphasize the rationale behind our design and implementation choices, instead of
focussing on their possible optimality.
The requirement of physical consistency leads directly to the choice of producing a
model in acceleration space and propagating the state forward in time by means of integration as we did with all the models in acceleration space considered in Chapter 2.
The first design decision concerns the type of training methodology to use. In the light
of the considerations made in the previous section and of the simplifying assumption of
negligible process noise that we will continue making in this chapter, the OE methodology
appears to be the most appropriate choice for our settings.
Choosing a representation for the model is our logical next step. In practice a representation often goes hand in hand with a training algorithm or a family of training algorithms,
therefore in making our choice we need to take into account the training requirements imposed by the OE methodology. In Section 2.2.4 we saw that the OE methodology does
not assume the output of the model to be measurable, and, as a consequence, none of the
training methodologies (e.g. backpropagation) that needs the output of the model (i.e. accelerations) to perform the training can be used. This is a crucial point since the strength
of the OE methodology depends on the fact that the error is evaluated after the model
predictions have been integrated (i.e. the error in the state).
Many of the training algorithms used in supervised learning assume that the target
outputs are directly available, and therefore are not suitable in our settings however, there
are other techniques, such as training based on Maximum Likelihood or Bayesian methods, that could be adapted to the situation. But as we saw in Chapter 2, the integration
equations relating the predicted accelerations to the system’s state are complex and nonlinear, and as a result, deriving training algorithms based on those two methods is very
2
In a dataset certain parts of the dynamic envelope might be over-represented; the dataset is therefore
“biased” towards that part of the system’s envelope.
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challenging.
A training approach that does not suffer from those restrictions is the use of evolutionary algorithms. Since the optimization approach used is completely numerical, these
algorithms can be applied regardless of the problem and its formulation, as long as a
meaningful fitness function able to measure progress can be devised. As a result of their
flexibility, evolutionary algorithms have found widespread use, especially on problems not
amenable to more standard optimization methods. For our problem we already have a well
defined fitness function provided by the error between the predicted and recorded state
values, and so using an evolutionary approach is both appropriate and straightforward.
Other approaches based on global search techniques such as particle swarm optimization, differential evolution, simulated annealing, ant colony optimization, and hybrids created by mixing these techniques with evolutionary methods, have been applied to the
problem of modelling in several cases (e.g. [9, 254] and [257]) and could in principle be
adopted in our settings. The available literature suggests that such techniques have in
general comparable levels of performance, and which one is the best is very problem dependent.
In this work we restrict our treatment to evolutionary approaches since they are among
the least specific, and also because, they have been very successfully extended to the idea
of coevolution, as we will see later in this section. Our choice remains a pragmatic one, and
the framework that we will present in the sections that follow could possibly be adapted
to other types of global search techniques (e.g. differential evolution or particle swarm
optimization). It would certainly be interesting to see if any of those approaches would
yield similar results to ours.
Evolutionary algorithms can provide an effective way of optimizing a model, but they do
not prescribe the form that the model should have (e.g. neural network, analytical equation
etc.). In fact, much of their strength lies in this indifference to form. Given a measure
of progress, they can be applied to a variety of representations as long as the genetic
operators for the chosen representation are defined3 . Genetic operators are usually defined
as heuristics, especially for the most common representations, but some very interesting
research has been carried out on principled ways of designing operators (e.g. [163]). From
the many possibilities we need to select a representation that does not require platform
3
Genetic operations like for example mutation and crossover act directly on the model representation
and therefore are representation specific.
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knowledge for the structure nor for the input selection, and that is as interpretable as
possible.
Genetic algorithms have been used extensively and successfully to identify the parameters of first principle models (e.g. [234, 256]). While those examples indicate the abilities
of genetic algorithms as optimizers, this type of approach is unsuitable for our needs since
it is based on the availability of platform knowledge.
Evolutionary neural networks4 , the practice of combining neural networks and evolutionary algorithms, is a well established branch of the computational intelligence field. A
great deal of research has been conducted investigating the evolution of connection weights,
architectures, learning rules, and input features. Presenting this topic in depth is outside
the scope of this thesis, but a good introduction to the field, if a little dated, can be found
in [255]. A significant drawback that makes this representation unsuitable to our needs is
the fact that the models obtained are not transparent, and attributing any meaning to the
network weights is very hard.
Evolutionary algorithms have also been applied to fuzzy logic modelling, both for extracting fuzzy rules, and for optimizing membership functions (see [51] for a list of references). But this type of representation base on logic rules does not appear very suitable
for representing the dynamic equations of a 6 DoF rigid body.
An important area for evolutionary computation is symbolic regression, the process of
formulating an analytical equation from a given set of data points. Symbolic expressions
can accommodate a large variety of different functions, and in principle allow the representation of arbitrarily complex linear or nonlinear relationships. Since the model is produced
in the form of an analytical expression, the unique benefit of symbolic regression is that the
models are potentially interpretable. This allows some level of insight into the phenomena
underlying the system being modelled. Inspecting the resulting models may also allow the
identification of variables or variable combinations that play a key role. Although it cannot
be guaranteed that the model produced will be fully understandable, it is often the case,
as we will show in our examples (Section 5.5-5.7), that the expert eye is able to make sense
of the main terms in the model. Interpretability is one of the main requirements that we
set for our methodology; given this unique benefit ,evolutionary symbolic regression is an
ideal candidate for our modelling approach.
4

Sometimes also termed Neuroevolution.
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The best known way of representing symbolic expressions are expression trees ([125]),
but graphs ([157]) and lists of instructions (linear genetic programming [36]) have also
been proposed5 . Linear genetic programming offers a way of directly evolving the binary
bit patterns actually used by the computer; in this way the use of a compiler can be avoided,
saving on computation. In our settings the evaluation of the fitness of an individual requires
far more computation than the genetic operations carried out during evolution, making any
computational saving involving them of minor importance. Therefore using linear genetic
programming does not provide us with any direct advantage. Tree and graph encodings
are very similar representations, with the latter being more flexible since multiple edges are
allowed between nodes. Comparison of the two representations when regressing functions
of different complexity ([203]) showed that the graph encoding solutions are more efficient
in terms of computation and of graph size, but tree encoding offers a higher convergence
rate. Ultimately, the latter is our main concern, and makes the tree encoding our encoding
of choice.
Some authors ([177] and [249]) have proposed the use of a grammar in addition to the
representation to handle the problem of closure6 or to explicitly bias the search. The model
equations of interest to us require only real valued numbers, and do not pose the problem
of closure, and biasing the search (i.e. on the basis of platform knowledge) conflicts with
the spirit of this work. The use of a grammar will therefore not be considered any further.
From the evidence provided by the available literature, a direct tree representation
seems a suitable choice for encoding our symbolic expressions, but we do not exclude the
possibility that more effective representations (in terms of search results or of computational
cost) may exist.
The combination of evolutionary methods with a tree based representation of symbolic
expressions brings us to what is perhaps the best known application of evolutionary computation to symbolic regression; symbolic regression via genetic programming ([124])7 . In
5

Graph and trees can be evolved directly, or encoded indirectly as binary ([177]) or real valued ([16])
strings. The genetic operators depend on the encoding used.
6
Closure, as defined by Koza [125] indicates that the functions available for evolution are well defined
for any combination of arguments. Such a property is implicitly guaranteed if only one data type is used
(e.g. all functions accept and return real valued numbers); however, for multiple data types, closure needs
to be guaranteed explicitly.
7
Technically our approach does not correspond to conventional genetic programming ([124]), since the
evolving individuals are not part of a multi-individual population, and we do not make use of a recombination operator (the reasons for this choices are made clear in the sections that follow). The latter, in
particular, makes our approach also similar to evolutionary programming ([72]). Recent years have seen
cross fertilization between different variants of evolutionary algorithms, to the point where distinctions
between classes have become fuzzy at best. In the light of this we take the liberty to use the name “genetic
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this technique an initial set of random expressions is generated and tested to determine
their ability to model the training data (i.e. their fitness). Generation by generation,
those programs that perform well are chosen to breed by crossover and/or mutation8 and
produce new and hopefully better expression trees. The procedure is stopped when the
desired accuracy or the target amount of computation is reached.
Last but certainly not least of the requirements for our algorithm is that of making
an intelligent selection from the available data. In Section 2.2.3 we discussed at length
many of the possible approaches, and identified their requirements and limitations. The
coevolutionary approach proposed by Schmidt and Lipson ([204]) appears to be the most
suitable for our settings since it does not require direct interaction with the vehicle (i.e.
the precollected data can be used), it can accommodate any model representation (e.g.
symbolic expressions) and it does not require platform specific knowledge. In order to
exploit all the merits of using segments of data for the computation of the model’s accuracy,
discussed in Section 2.2.4, the use of simple data windows from the training dataset as test
individuals appears both appropriate and efficient.
The idea behind the use of competing populations in coevolution is to encourage an
evolutionary “arms race”, so that progress in one population forces the other populations
to improve, and vice-versa. During evolution the models are rewarded for how well they
can predict the data present in the tests, while the fitness of the tests depends on how challenging they are for the models, that is, the error rates they elicit from the models. This
active selection of the training data has the aim of inducing a coevolutionary dynamic
in the hope that it will deliver faster and better convergence to good models. In [204]
and [205] Schmidt and his co-workers investigated the use of coevolution in the symbolic
regression setting, and showed how a data selection process carried out by the coevolution produced solutions that performed better than those delivered by standard symbolic
regression, solving problems not amenable to conventional genetic programming.
In standard symbolic regression the fitness of the expression being evolved is generally computed over the whole training dataset ([125, 11]). This becomes a significant
computational drawback in applications like ours, where because of the complexity of the
relationships to be learned, and the presence of noise in the data, large training sets must
programming”.
8
Crossover indicates the creation of a new expression by combining randomly chosen parts from two
selected parent expressions. Mutation indicates the creation of a new expression by randomly altering a
randomly chosen part of the parent expression.
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be used. With coevolution, instead of using the whole dataset, a limited number of data
windows tailored to the current models can be used to evaluate the models’ fitness. A
further advantage of coevolution is therefore the potential for obtaining a computational
saving.
Thanks to its ability to improve search performance and reduce computation, coevolution is well suited to symbolic regression, and features in the literature [60, 180, 204].

Competitive Coevolution
In the type of competitive coevolution introduced in the previous section, the fitness of an
individual is made dependent on other individuals in a different population, with the aim
of producing global progress. In this work we use the definition of progress proposed by
Miconi in [153]; given two individuals A and B he defines:
• local progress: an individual A is better than B, when comparing performances
against the current opponents;
• historical progress: A is better than B, when comparing performances against all
previously encountered opponents - that is, current opponents and their ancestors;
• global progress: A is better than B when comparing their performances against all
possible opponents - that is, the entire search space.
From earlier work in competitive coevolution [46, 70, 246], it became apparent that the
interplay between competing populations has a very complex dynamics; as a result, coevolution does not always produce global progress, the desired objective of the optimization.
Three problems are well known to affect competitive coevolution: the Red Queen effect,
disengagement, and cycling. It is important to discuss them since we will need to take
them into account when implementing the algorithm (Section 5.3).
The Red Queen Effect [46] identifies the situation in which the coevolution is effectively
producing global improvement, but due to reciprocal adaptation (overspecialization) of the
competing populations, this improvement is not reflected in the metric of local progress.
For example, in our situation, the choice of tests may indicate that the fitness metric of a
model is decreasing, whereas the model may actually be getting better in terms of global
progress.
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Disengagement takes place when one or more members of one population consistently
“beat” all the individuals of the competing population. This leads to the loss of a selective gradient which prevents the improvement of the individuals in the worse performing
population. In the coevolutionary modelling example, the evolutionary algorithm that is
producing the tests is constantly searching for new challenging tests. It is therefore possible
that tests too difficult for the current population of models might be produced, leading
to a disengagement between the two populations. Bongard and Lipson in [29] suggest a
method for alleviating disengagement by reserving the tests that are too challenging for
future iterations.

The problem of cycling arises due to the fact that the fitness of one population is
relative to the population of opponents, and so there is no guarantee of transitive dominance
between individuals in different generations. For the specific case of coevolving models and
tests, the fact that a model performs well against the current set of tests (local progress)
does not guarantee ([153]) that it will perform well against all the tests coevolved up to the
current generation (historical progress). A situation of dynamic equilibrium can therefore
arise, during which the algorithm repeatedly cycles through the same tests and models
without making any real progress towards the objective of the optimization.

In [196], Rosing and Blew proposed the “hall of fame” method to avoid the problem
of cycling and ensure historical progress. In their method, the best individuals of each
generation are retained and used to test the opposing population; with this method, new
individuals cannot overspecialize, and therefore the phenomenon of cycling is avoided. The
“hall of fame” idea has been widely employed in coevolution, and coevolutionary modelling
is no exception (see [27, 31]).

In [153] Miconi also points out that often in the coevolutionary literature, the idea
of historical progress is implicitly assumed to imply global progress, but in reality this is
not guaranteed. In analyzing the convergence of our algorithm we will therefore need to
measure its performance against an unseen validation dataset (to measure global progress)
to verify that historical progress does indeed lead to global progress.
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5.3

The Algorithm

In this section we present in detail the coevolutionary algorithm used in all the coevolutionary modelling experiments presented in this work; we first define the terms epoch, run
and generation that will be used extensively throughout the remainder of this chapter:
• generation: a set of the three operations of mutation, fitness evaluation, and selection
that an EA carries out cyclically when evolving a population of individuals;
• epoch: a series of generations of model evolution followed by a series of generations
of test evolution;
• run: a consecutive series of epochs from the initialization to the termination of the
algorithm.

5.3.1

Design

Before looking in detail at the mechanics of the coevolutionary algorithm, we need to
design the building blocks of the coevolutionary system. These are the two evolutionary
algorithms for evolving models and tests, the techniques that avoid the problems commonly
encountered in competitive coevolution (Section 5.2) and a practical method for applying
the idea of coevolution to the types of multidimensional model we are interested in.
In an evolutionary algorithm the size of the population of individuals is an important
control parameter that has an impact on the algorithm’s performance. In [186] Poli et al.
wrote on the problem of how to choose the size of the population of individuals:
“As a rule one prefers to have the largest population size that your system can
handle gracefully.”
In our setting, the most computationally expensive step in the evolution of models and tests
is the evaluation of the fitness. After some preliminary investigation of fitness evaluation
times, we estimated that for a single core implementation we could comfortably handle
populations of at most a few hundred individuals. This can be considered small in respect
to the sizes commonly used in the literature, where the number of individuals is often of
the order of hundreds of thousands ([186]). This limitation will have a strong impact on
the design of our two evolutionary algorithms.
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Fundamental to any population-based evolutionary algorithm is the need to maintain
diversity between individuals, so that the operations of crossover and mutation can maintain their effectiveness. When a small population is used, the probability that a small
number of individuals will take over the whole population in response to the selection
pressure is higher than it would be for a large population. Loss of population variety
is a well known problem in evolutionary algorithms ([186]); the usual strategies used to
counteract this problem are based on modifying the selection mechanism (e.g. tournament
selection [64]), modifying the genetic operators (e.g. size fair crossover [130]), or splitting
the population into semi-isolated subpopulations (e.g. niching [146]).
Given our limitations in terms of computation, the approach proposed in [31] of using
a set of (1+1)EAs to operate the search, and embedding some of the standard strategies
to preserve diversity, is particularly suitable9 . In the evolutionary computation field the
denomination (µ+λ)EA identifies an algorithm in which λ offspring are produced and
the best µ of them are selected from the union of parents and offspring to form the new
population. More specifically, in the case of a set of (1+1)EAs used to evolve the models, an
offspring is generated for every model at each generation by copying the parent model and
mutating it. The offspring is tested, and if its fitness is higher than that of its parent it is
retained, otherwise it is discarded. In the method proposed in [31] no form of recombination
is performed between the members of the population, and so the evolution of the different
models proceeds in parallel. Using this simple mechanism, each element of the population
is in effect “protected”, and thus has the time to evolve and adapt to the tests. Specific
traits in a model are therefore prevented from spreading to the whole population and
producing a loss of diversity. One potential drawback of this method, is that the spread of
beneficial traits within epochs is also prevented; later in this section we will see how this
problem is addressed. In some ways, this can be seen as an extreme example of niching
([146]), where the niche consists of only one individual. During evolution, we reinitialize
the worst individuals with a small probability (0.1) to promote the exploration of different
areas of the search space.
The absence of recombination will impose strong requirements on the design of the
mutation operators (see Section 5.3.3) since mutation will need to promote both exploration
and exploitation of the search space.
9

A (1+1)EA is sometimes called a stochastic hill climber.
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Limitations in terms of computation also apply to the evolution of the tests, and so
there we can again employ the same (1+1)EA setup. For evolving models we took note of
the folk wisdom of the genetic programming community, and made our population size as
large as possible (without being impractical), at 100 individuals. In the case of the EAs
evolving the tests we still need to limit the computation but in this case we also know the
search space to be much smaller. A much smaller population of 6 individuals appeared to
be a suitable value.
During model evolution, as the number of generations increases, the mutation if left
unchecked will lead the average size of the trees in the population to increase. This is a well
known phenomenon in genetic programming known as bloat. In the context of evolving
symbolic expressions, bloat also implies more complex expressions that are probably more
difficult to interpret. Controlling bloat is therefore intimately related to the objective that
we set for our algorithm of obtaining interpretable models. In the literature three main
classes of techniques have been proposed to simplify genetic programming expressions:
parsimony pressure, operator modification and code modification. The first entails defining
a metric for parsimony and using the metric along with the normal fitness to guide the
selection process. However the true effectiveness of parsimony pressure is still a highly
debated topic ([18]). Operator modification focuses on reducing the destructiveness of the
genetic operators. For example, in [214] Saule et al. suggested the use of a crossover that
accepts an offspring only if it is better performing then the parents. The idea is that, if
code growth occurs to protect expression trees against the potentially destructive effects
of crossover ([150]), a non destructive crossover should lead to smaller expressions. This
is also the idea used in our parallel (1+1)EA, and so we are implicitly already applying
such a technique. The third type, code modification, involves modifying the expression
structure during or after evolution using various methodologies. In the case of symbolic
regression, both algebraic simplification and numerical simplification can be applied. Since
in general there are an exponentially large number of equivalent expressions, automatic
simplification is in practice not a trivial matter ([186]), and for this reason we prefer a
numerical one. The method proposed in ([31] works in two distinct phases: during fitness
evaluation, it keeps track of the maximum and minimum values (respectively cm and cM )
to which the subtree originating at each of the nodes of the expression evaluates, and
then, when is time to apply the simplification, each node in the tree is selected with
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probability 0.5/Nnodes (where Nnodes is the total number of nodes in the tree) and the
entire subtree of which it is the root is replaced with a constant, the value of the constant
being drawn from the uniform distribution U [cm , cM ]. The idea behind this simplification
is clear: if a subtree makes little contribution to the expression output, replacing it with
a constant will not affect the predictive ability of the model very much, and therefore
on average the population will end up containing smaller and simpler trees. In general,
simplification can cause drastic changes in the expression tree and can therefore produce
strong effects on the evolutionary progress. Empirical investigations ([252]) have shown
that applying simplification at every generation tends to have disruptive effects, and so in
our implementation we apply simplification only at the end of each coevolutionary epoch.
Since the constants used for simplification are chosen randomly, is likely that even
in cases in which the simplification is meaningful (i.e. in which the pruned subtree was
superfluous) the simplified subtree scores poorly in terms of fitness. Now, in our models,
even a small constant bias can have a large impact on the final error because of the
integration. Therefore, in order to increase the effectiveness of the simplification operator,
we apply a further procedure designed to re-converge the constant factors in the expression
tree. A local search technique could be used for this (e.g. [213]) but to simplify the
implementation10 we use a (1+1)EA to evolve only the constant nodes present in the tree
(see 5.3.3 for details). The parameters of the model are evolved for 100 generations. If the
resulting tree scores better then its parent, it will replace it, otherwise it will be discarded.
In addition to the simplification of the tree expressions, we also limit the maximum
depth of the expressions; we chose a maximum depth of seven to allow for expressions more
complex than those we would expect for our systems.
We now need to structure the interplay between the two (1+1)EAs carrying out the
model and test evolution respectively. The chief requirements for this step of the design are
avoiding the shortcomings typical of coevolutionary methods (Section 5.2) and as usual,
limiting the computational complexity.
Avoiding cycling is a fundamental issue, and the “hall of fame” method proposed in [196]
appears appropriate because it is simple and because, it allows us to limit the computation
by regulating the size of the hall of fame. The idea of the hall of fame simply requires the
best test evolved in each generation to be stored so that the complete set (the test history)
10
It is often the case that some of the evolving expressions have a tendency to diverge, a problem that
complicates the use of standard optimization methods.
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can be used for testing the models. This technique was shown to be effective in [31] but
obviously has the drawback that the size of the set of tests keeps increasing. In our case
this is problematic because it means that evaluating the fitness of models will become more
and more expensive as the run proceeds.
To obviate such a problem, we propose an approach working at different time resolutions. At each generation only the m most recently evolved tests (the test bank) are used
to compute the models’ fitness, while the whole test history is used at each epoch to select
the best performing models from those evolved and the current set of best models. In this
way the history of tests still grows, but the increase in computational requirements is less
dramatic since the history of tests is evaluated only at every epoch.
The selection procedure applied after each epoch has two functions, the first being that
of discarding any model that scores poorly against old tests, and the second that operating
a selection of the model at the population level. The latter allows good solutions to spread
in the population, but at a much lower rate than would be the case for the within-epoch
spreading that is disallowed by our choice of parallel (1+1)EAs.
The selection at the level of epochs is achieved by using a classic elitist scheme. The
whole population (i.e. current models plus models from the last epoch of model evolution)
is ranked by fitness and the b best performing individuals are taken as the new current
models. Those are used to seed the next epoch of model evolution as well as to compute the
fitness of the tests. The value of b determines how many of the population are initialized
with current models, and how many with their mutated copies. After some preliminary
testing we settled for a value for b of 80.
This strategy of separating the individual-based and population-based selection is a
compromise, but it does allow us to control the deleterious effects of loss of diversity at the
cost of slowing down some beneficial effects.
Since only the best test from every epoch of optimization is added to the test bank,
m defines the maximum rate at which a complete replacement of the population of tests
can take place. We chose m = 6 as a compromise between computation demands and a
long (and more informative) history. We will comment on the effectiveness of this dual
approach when analyzing its convergence ability for our different platforms (Sections 5.5.1,
5.6.1, 5.7.1 and 5.8.1).
An additional problem that could be induced by coevolution is overspecialization, which
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reduces the disagreement between models. In our scheme this problem is counteracted in
two ways. First, the tests are evolved for producing maximum disagreement among models
(see Section 5.3.4), and second when a new test is added to the test bank we do not allow
it to overlap with any of the old tests. If the tests were allowed to overlap, they could
all converge on a very limited part of the dataset, effectively overspecializing. In our
implementation, if a test overlaps a test that is already in the bank, it will replace that
test, the idea being that is better to prefer a test that has been optimized on the current
models. If the test does not overlap any of the pre-existing tests, it will simply replace the
oldest test in the bank, again following the same rationale of preferring newer tests.
During our initial test runs, we did not see signs of disengagement between the two
evolving population (the last of the pathologies presented in Section 5.2), and so no measures to counteract it were introduced. We comment further on this in Section 5.4 when
analyzing a typical coevolution run.
The key component that bridges model generation and the evaluation of model performance is the integration forward in time of the analytical expression in order to produce the
full state of the vehicle, which is needed to evaluate the model fitness in a OE fashion. The
integration exploits the knowledge that we are modelling a rigid body, focussing attention
on the crucial problem of error propagation, and forcing the model expressions generated
to be physically meaningful. A model of one of our vehicles requires several analytical
equations that will predict the current acceleration given the current state and possibly
delayed control. One equation is needed for each DoF of the model up to a maximum of
six in the case of our quadrotors.
Although it would be preferable to attempt the identification of all the model equations
concurrently, this is not a sound idea. For a fixed expression depth, the search space
increases exponentially in the number of variables ([31]) making for a very difficult search
problem. Partitioning the problem and performing the optimization of the equations one
at the time gives a more manageable search space that scales polynomially with the number
of variables ([31]). A second and more pragmatic reason for regressing each equation in
the model independently is the fact that, if the total error is used models that are partially
correct might be neglected during the search. As we saw in several experiments in the
previous chapter, any error in one of the dimensions will inevitably be propagated into the
other dimensions due to dynamic coupling, leading to a high total error. During evolution
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such a model is unlikely to be selected, and so some correct equations may be lost.
It is therefore preferable to identify the dynamics of each of the model’s dimensions
separately. For each equation we will have a specific population of models and of tests
that will be coevolved11 . In order to do so, and at the same time to account for the
correct propagation of the model error, we need to integrate the model forward in time
as usual. However a problem then arises: when evolving a single equation, we have no
equations for the remaining dimensions of the model. A pragmatic solution already used
in Section 4.1.2 is to use the precomputed values available in the dataset for the remaining
accelerations. Those estimated accelerations in fact represent what the “correct” model
would predict, plus a noise component (see Section 3.2) which will be inevitably present
since the accelerations are calculated from real data.
With this modification, we can estimate a dynamic equation for each dimension of the
system using our coevolutionary approach, and the equations obtained can then simply be
combined to deliver the full dynamic model.

5.3.2

Coevolutionary Loop

We now explain how the parts designed in the precious section compose the main loop of
our algorithm. We will focus only on the coevolutionary mechanism; the specific details of
the two algorithms used to evolve the models and tests are left to Sections 5.3.3 and 5.3.4
respectively.
The architecture of the algorithm is shown in Figure 5.1 in terms of functional blocks
and the flow between them. In order to aid understanding we describe the algorithm in the
order in which it is executed, such order is marked in each functional block with a number
that we will report in parenthesis during our description.
The coevolutionary run starts in the first epoch with a set of randomly generated tests
and models (1); the random tests also seed the tests bank (2) and the history of tests (19).
For each of the randomly created models, a (1+1)EA is started, and each model is
independently evolved (2,3,4,5); the fitness of each model is computed using the same set
of tests from the test bank (2).
After each model has evolved for the maximum number of generations (600 in our
experiments), the model undergoes the process of simplification with the aim of reducing
11
This is different from what was proposed in [31] where the model’s equations are evolved independently
but the whole model is used to coevolve the tests.
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Figure 5.1: Architecture of the coevolutionary algorithm. The letter “R”,“E” and “G”
indicate operations executed at every run, epoch and generation respectively. Black arrows
indicate the flow of models, while grey arrows are used for tests. The number within each
block denotes the order in which the operations are executed.
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the model complexity (6). This is followed by a short evolution run (200 generations),
with the aim of “re-converging” the parameters of the model possibly disrupted by the
simplification (7). After this operation, the better performing of the simplified and the unsimplified models becomes one of the candidate models for the next stage. The numbers of
generations used for model evolution and for re-converging the models were chosen based
on the results of several exploratory runs of the algorithm.
These models are added to the best models produced in the previous epoch (9), and
the union of the two is then evaluated using the tests (i.e. data windows) belonging to the
history (10). The models are ranked by fitness and the best 80 are selected (11) as the best
models produced by the current epoch (12). Since no previously generated best models
are present during the first epoch, and the history of tests contains only the random tests
used for the first evolution, this phase corresponds to selecting the best 80 from the 100
models produced by the parallel (1+1)EAs.
The best models obtained are then passed to the second evolutionary algorithm that
is responsible for evolving the tests; this will make use of the models to compute the tests’
fitness12 .
In contrast to what happens when evolving the models, the tests are randomly generated
(13) at the beginning of every epoch, not just in the first; this ensures diversity among the
tests, and makes overspecialization less likely.
Each of the tests thus generated is passed to one of the parallel (1+1)EAs and is
evolved (14,15,16,17) for 60 generations. As we will describe in detail later, the fitness of
each model is computed by evaluating the variance of the models’ predictions. From the
tests, the one that induces the most variance is selected (18) and added to the test bank.
This test is also added to the test history.
This concludes the description of the first coevolution epoch; in all subsequent epochs
(up to 200 in our experiments), the same steps are repeated, the only difference being that
the population of models is seeded by the best models of the previous epoch rather than
being randomly generated13 .
The best model in the set of best models after 200 epochs is the equation that we deem
the solution for the dimension that is being evolved; we then repeat the process for each
12

The evolution of tests happens therefore sequentially to the evolution of models.
Since the number of best models is equal to 6 and the number of parallel (1+1)EAs is 14, the EAs
are seeded with each of the best models plus another 8 models chosen at random with uniform probability
from the best models.
13
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of the remaining DoFs, and the resulting set of equations defines the full model. We will
see later that in all our experiments the algorithm will converge within much less than 200
epochs; the use of such a long evolution horizon enables us to perform a better analysis of
the algorithm’s properties.
In the next two sections we report the details of our implementation that were omitted
here for reasons of clarity.

5.3.3

Evolution of the Models

Representation
Each dynamic equation in our models is represented as an expression tree. The inner nodes
in the tree belong to a basic algebraic function set F
F = {+, −, ∗, %},
where % indicates protected division14 , while the terminal nodes (leaves) can be any of
the state variables, any of the control inputs, or constant terms. In the case of one of our
quadrotors for example, the set T of terminal nodes takes the form:
T = {u, v, w, φ, θ, ψ, p, q, r, uth−δth , uya−δya , url−δrl , upt−δpt , c}

(5.1)

δth , δya , δpt , δrl ∈ [0, ∆max ],
where c represent a constant, and δth , δya , δpt , δrl are the input delays. To avoid the possibility of having two instances of the same input with different delays15 , the delay δ is
defined at tree level. In this way, if the same input appears more than once in the expression, both instances will have the same delay since they belong to the same tree (see
Figure 5.3).
To evaluate the tree in order to compute the predicted acceleration, the tree is simply
traversed inorder and each state variable and input is replaced by its numerical value at
that time step (see Figure 5.2).
14

As is standard in genetic programming (see [186]) protected division is defined to return 0 when a
division by 0 is attempted (even in the case of 0 divided by 0) and to return the normal quotient otherwise.
15
This would be in conflict with our Markovian assumption.
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Figure 5.2: An expression tree traversed inorder, and the associated analytical expression.

Initialization
The principle of avoiding platform specific knowledge determines the way in which we
initialize our models. To avoid any specific bias in the size or shape of the expression trees,
we initialize the starting population of models using the “ramped half-and-half” method
([125]). This is based on creating half of the population as fully grown trees and the
remainder as partially grown trees to give a uniform sampling of the search space.
For the first fully grown trees, nodes are drawn with uniform probability from the
function set F until the maximum depth16 is reached; at that level the nodes are drawn
with uniform probability from the terminals T . For the partially grown half, nodes are
drawn with uniform probability from the set A = F ∪ T , and from T when the maximum
depth is reached. In this way trees of irregular shape and size are created.
When a node representing a constant is selected from the set A, its value c at initialization is drawn from a uniform distribution; given the magnitude of the input and output
variables in our datasets, a suitable interval is:

c ∈ U [−30, 30].
For each tree the delay for each of the inputs is selected at random with equal probability
from the set D = {0, ..∆max }, to provide an unbiased initialization. In our experiments
we limited ∆max to 5 (equivalent to 200ms) to limit the search space as was done for the
models based on MLP in Section 4.2.2.
16
The depth of a tree is defined as the length of the longest non backtracking path from the root to a
terminal node.
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Mutation Operators
At each generation of the evolutionary algorithm, every model is mutated to produce a
single offspring. Since we are not using recombination, we require a type of mutation that
can perform small adjustments in the expression structure and parameters, as well as larger
changes to promote the exploration of the search space. These are typical requirements
when only mutation is used to evolve expression trees, and an appropriate way of addressing
them is to use multiple types of mutation simultaneously ([127, 44]).
Following the reasoning in [44] we designed a type of mutation for each operation that
appeared to be useful for the type of expression trees that we are dealing with; we then
used a stochastic scheme to combine them sequentially. We defined four mutations that
work on the tree’s structure (macro, micro, insert, remove), one that works on the tree’s
parameters, and one that deals with the input delays.
A macro mutation (Figure 5.3) has the aim of producing large changes in the tree

ax

ax

+

+

+

*
uth−2

v

−

%

0.73

12.8

v

*

0.023

2.8

url−0

+

url−0
p

Figure 5.3: Example of macro mutation: the node ’+’ and its children are deleted and
replaced by a newly grown subtree. It is worth noting that in the new tree url happens to
appear twice, but both instances are constrained to have the same delay δrl = 0.

structure to promote the exploration of the search space. In this mutation one node in the
tree is selected at random and deleted along with its subtrees; it is replaced by a newly
generated tree. The nodes of the new subtree are selected at random from the sets T and
F, but the choice is biased towards terminal nodes (using a probability equal to 0.7)17 to
prefer smaller trees.
17

This probability goes to one when the maximum depth is reached.
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Figure 5.4: Example of a micro mutation: the node ’+’ is mutated into ’%’ and its children
are preserved.

A micro mutation aims at tuning the tree structure by making small changes. During a
micro mutation (Figure 5.4), one node in the tree is selected at random (all the nodes having
the same probability of being selected), and is then replaced with a node selected with equal
probability from the set A. If the replacing node has the same arity as the replaced node,
the children (if any) are retained. If the new node has a lower arity, superfluous child
subtrees are randomly deleted with equal probability. If there are a higher number of
children in the replacing node, the pre-existing children are retained and the necessary
number of new child subtrees is added. The new child subtrees are generated randomly by
drawing nodes from the set T , in order not to grow the tree any further.
The micro and macro mutations are very general ways of modifying expression trees,
however in the case of symbolic expressions it would be beneficial to be able to also directly
insert and remove factors from an expression. For example to remove a superfluous input
(see Figure 5.6) or the adding a scaling factor (see Figure 5.5). We therefore designed two
mutation operations that can do these modifications directly.
The insert mutation (Figure 5.5) is the direct counterpart of the remove mutation and
selects a node in the tree (all nodes having the same probability of being selected) and
inserts a node above it. The inserted node is chosen with equal probability from the set
F. If its arity is bigger than one, the additional children are created from the set T (as
opposed to growing a new subtree), following the rationale that we aim at a relatively small
insertion into the tree.
The remove mutation (Figure 5.6) selects a non-terminal node in the tree (all non-
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Figure 5.5: Example of an insert mutation: a new node ’*’ is inserted above the node ’%’.
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Figure 5.6: Example of a remove mutation: the node ’+’ is removed and only one of its
children is preserved.

terminal nodes having the same probability of being selected) and removes the father of
the node. If the father has other children in addition to the one selected, they are discarded.

The constant mutation aims at tuning the parameters within the model’s expressions,
and is based on the idea of adding a random quantity generated from a Gaussian distribution as suggested in [206]. But we also allow for reinitializing the value of the constant
(with a small probability) for situations in which a more drastic effect on the expression is
needed (a similar scheme is used in [31]). One constant node is selected at random from
the expression tree (all constants in the tree having an equal probability of being selected),
and with a high probability (0.7) we add to its value a sample from a Gaussian distribution
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with mean zero and variance 0.02,

c=c+ǫ

ǫ ∈ N (0, 0.02).

In the remaining cases, the constant is redrawn from the distribution used to initialize the
constants (namely U [−30, 30]). Exploratory runs showed parameters from the literature
([206, 31]) to be appropriate, for the variance of the Gaussian distribution from which
we draw samples and for the probability of selecting the type of mutation applied to the
constant. This type of mutation is also used to re-converge the tree expressions after
simplification, as explained in Section 5.3.1.
The final mutation deals with the input delays associated with each of the inputs so that
all the terminal nodes representing the same input have the same delay (see Section 5.3.3).
In dynamic systems like those we are working with, there will be an optimal delay, but
delays very close to that value will very often be suboptimal but viable solutions. We
have embedded this understanding into our mutation operator by defining it as a Gaussian
perturbation of the original delay value. With equal probability, one of the input delays is
selected and its value (δi ) is changed:

δi = min(∆max , max(0, δi + ⌊N (0, 1)⌉))

i ∈ {th, rl, ya, pt},

where min() and max() simply return respectively the minimum and the maximum of their
arguments while ⌊⌉ indicates the round off operation. By choosing the variance to be equal
to 1 we ensure with a high probability that the change in delay is of only one time step,
while still allowing less probable larger changes.
The mutations are combined as suggested in [44]. More specifically, a sample n is
generated from a Poisson distribution P(4) and for n times one of the six mutations is
selected with equal probability (with replacement) and applied to the current individual.
While the exact number will change, on average four types of mutation will be applied,
delivering mutations with different levels of impact on the original tree.

Fitness Function
A vital part of our evolutionary algorithm is the definition of a fitness function that can
reflect the progress of the modelling process. In machine learning terminology, we need to
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define a loss function for our model fitting.
In the domain of symbolic regression many ways to measure error have been proposed,
including squared error, absolute error, correlation, and methods based on combinations
of statistical features of the data to be fitted ([107]). In fact, loss functions are directly
connected to the idea of robust estimation ([104]), since different functions will weight the
error residuals differently. For example, a squared error loss will weigh a large error more
heavily than will absolute error. For symbolic regression the general understanding is that,
although the choice is often not critical to the optimal solution, different metrics can work
better on different problems ([205]).
For the experiments in this paper, we will use the mean absolute error, applying the
rationale that avoiding over-penalizing models with large errors should lead to a better
behaved search18 . In addition the absolute error has also been shown to be suitable for a
similar dynamic modelling methodology ([29]). More formally the fitness function fM for
the model evolution will be defined as:

fM = −

+T
W tX
1 X 0w
zti − yti
T W w=0 t=t
0w

i ∈ x,

(5.2)

where, using the nomenclature introduced in Chapter 2, z i are the measured values of the
variable i while y i are its predicted values and t0w indicates the starting time of the window
w

19 .

Let us assume for instance that we are training an expression tree to predict the linear
acceleration ax . To calculate fM for each of the data windows (i.e. tests in the bank), we
first initialize the state at time t0w with its value zt0w taken from the recorded dataset. We
then evaluate the expression tree in order to compute the predicted ax . In this example
ax will be the first component of the acceleration vector, while the remaining accelerations
are precomputed from the dataset. The resultant vector is integrated forward in time to
produce the state at time yt0w +1 that is used to compute the absolute error. This process
is repeated T times to cover the whole time window, each time starting from the previously
predicted state. The fitness fM computed in this way embeds the ideas of both windows
and error integration that we have already discussed thoroughly.
18

A higher probability of producing accurate models.
The minus sign has the role of simply transforming the optimization problem from a minimization to
a maximization.
19
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We have purposely avoided being specific about the state variable i that is used in
the fitness function; this will in fact depend on which of the specific accelerations we are
evolving a model for. In our algorithm we use the state variable directly connected to the
acceleration in question; for instance, if we are predicting the local linear acceleration in the
x axis (ax ), we will use the local linear velocity in the x axis (u). The rationale behind this
choice is based on the fact that in general, due to the nonlinear transformations in the rigid
body dynamics of our systems, complex nonlinear dependencies exists between the model
error (in acceleration) and state variables. However, if we limit the fitness to consider only
the velocity error in the dimension of the acceleration for which we are building a model
this dependency is much simpler20 and this should help the search. Our choice of using only
one variable avoids the problem of using scaling factors to adjust the contributions of the
different variables, which as we commented earlier (Section 4.1.1) is not straightforward.
A complete list of the state variables associated with each of the accelerations is shown in
Table 5.1.
It is worth noting that more than one variable could be used for the computation of
the absolute error; however, this would introduce the problem mentioned previously of
weighting the separate contributions (see 2.2.5), a problem that we know does not have a
platform agnostic solution.

Predicted
acceleration
ax
ay
az
αx
αy
αz

Variable used to
compute fitness
u
v
w
p
q
r

Table 5.1: State variables used to compute the model fitness fM .

20

More precisely, it is linear for the angular velocities (equation 3.6), and approximately linear for the
linear velocities in the case of moderate changes of orientation between two consecutive time steps(i.e. when
the small angle assumption would hold for equation 3.5).
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Evolution of the Tests

Representation
Choosing an adequate representation for the windows of data used as test individuals is
straightforward. Since in our datasets the entries are time stamped, and each window
(i.e. test) has a predefined fixed size, the starting index t0w of the window is a simple and
appropriate representation.
Initialization
At the beginning of each epoch the population of tests is initialized at random. The starting
index for each of the test data windows is chosen with uniform probability from all the
possible indexes in the dataset:

t0w = U [∆max , N − T ],

(5.3)

where the minimum allowed index is ∆max so that delayed inputs are available even in the
first window; the maximum index is equal to the size of the dataset N minus the size of
the data window T to ensure that all the windows have the same length.
There is a distinct possibility of randomly producing windows that are partially or
completely overlapping. Since we are searching for the data chunk that is most effective
in discriminating between the models’ performance, using the same data multiple times is
not a very effective or efficient choice. To avoid this problem, every time a new window
is generated, it is tested against the existing windows; if it overlaps, it is discarded and
regenerated according to equation 5.3.
Mutation Operators
As in the case of the models, no recombination operation is used during evolution. We
therefore need the mutation operator to be able to produce both large changes in the
genotype to produce exploration, and also smaller changes to be able to “tune” the test in
question.
In the experimentally collected data there are segments that are more discriminatory
than others, either due to a manoeuvre that was executed by the pilot, or to a specific
set of system states. Since our sampling rate is high compared to the dynamics of the
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control inputs and of the systems, discriminatory data points will almost invariably be in
the form of contiguous chunks. Building on this idea, we designed the first of our two
mutation operators: the slide mutation. This operator simply slides the data window
(i.e. its starting index) forwards or backwards in time by adding a random displacement,
with the aim of producing an improvement in the discrimination ability of the test. More
formally, for the window w:
t0w = t0w + ⌊N (0, T /2)⌉,
where N (0, T /2) is a zero mean Gaussian distribution with variance T /2 and ⌊⌉ denotes
the round() operation. By choosing the variance to be equal to T /2 we ensure with a
high probability (i.e. 0.97) that the increment will not be larger than the window size and
therefore that the window will tend not to slide off its current position by a large amount.
To explore different parts of the dataset it is certainly useful at least occasionally to
“jump” further than the slide mutation would allow. With this aim, we therefore introduce
a second mutation operator, jump mutation, which generates a new starting index for the
window according to a uniform distribution over the whole dataset. This is identical to
the way the window indexes are initialized according to equation 5.3
At the end of every generation, each of the tests in our (1+1)EA undergoes mutation,
with equal probability of being a slide mutation or a jump mutation.

Fitness Function
A crucial part of the evolution of the tests is finding an effective way of defining the quality
of a test. In the spirit of competitive coevolution, one could define the quality of a test in
a very naı̈ve way, as its ability to reveal error in the model. The worse the performance of
the model, the better the ability of the test at highlighting its deficiencies. However, after
the remarks made in Section 5.1, we can easily see how such a fitness function would be
a recipe for disaster, since it would almost certainly produce tests that were too difficult.
In the case of our application, the data coming from our experimental runs might contain
sections in which the platform behaviour was affected by external disturbances21 . Since
those inputs are not measurable, their effects on the dynamics are not modellable, and
therefore trying to learn them would simply lead nowhere. But our naı̈ve fitness function
21
Air turbulence in the case of the quadrotors, or anisotropic friction in the contact with the floor for the
toy car.
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would select those spots in the data, imposing on the models a task that is impossible
to learn. The result of this would obviously be disengagement between the two evolving
populations.
In [208] Seung et al. proposed a selection method for test queries based on the idea of
maximizing the disagreement between the learners. Such a criterion was adopted in the
specific context of coevolutionary learning by Bongard and co-workers in [28, 29, 31]. Seung
et al. provided some theoretical justification of the proposed method, but the method also
has an intuitive interpretation. By choosing the test that maximizes the disagreement
between the models, we choose a test that is highly discriminative and is able to reveal the
differences among models. In the case of data selected from the training dataset, selecting
data on which all the models perform well, or all of them perform badly, does not provide
information about which models are better. In contrast, a portion of data on which some
models perform well and some others do not is highly informative in exactly the way we
require.
We have implemented this concept by using a fitness metric that, given a test, computes
the predicted variable over the whole test for each of the best models. For this set of
trajectories, it is then possible to compute the mean prediction error and the error variance
for each time step (see Figure 5.7). The sum of this variance over all time steps and all
3
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Figure 5.7: Prediction output of 6 different models (thin lines). We also show the mean
prediction (thick line), and the variance (error bars) which we use as index of model
disagreement.
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best models can be used as indication of the disagreement between tests. More formally
the fitness of a test w is computed as:

fT w =

+T
X
X t0w

m∈M t=t0w

i
zm,t
− y it

2

i ∈ x,

(5.4)

i
where zm,t
is the prediction of model m for the variable i at time t, y it is the mean prediction

from all the models:
yit

=

P

i
m∈M (ym )t

|M|

and M is the set of best models.

5.4

Analysis of a Typical Coevolution Run

Before examining the task of evolving models for each of the platforms, it will be interesting to look at a typical coevolution run to examine the interplay between models and
tests during coevolution. For this, we added additional logging capabilities to our software
implementation, and carried out a single coevolution run using the toy car data (see Section 5.6 for further details on the setup). For the sake of clarity we preferred to use the toy
car data in this specific context since it is only three dimensional, and the analysis results
are simpler while still being very informative.
We first look at the progress of the models’ fitness during the 12000 generations (600
generations for each of the 20 epochs) that constitute a typical coevolution run. In Figure 5.8, for each of the three equations being evolved we plot the local fitness of the best
model (i.e. the model with the highest fitness in the set of best models). In looking at the
plot we have to remember that the quantity shown is the local fitness, or in other words
the errors of the models on the current tests. The absolute value of the local fitness is of
limited significance, since the tests change at every epoch. Instead, what is meaningful is
the progress within each of the epochs, as this shows the performance of the (1+1)EAs in
optimizing the models. For all three equations and for all epochs, it is clear that within
each epoch the models are improving their fit, to varying degrees. This tendency is obviously more marked in the initial phase of coevolution, but it is also retained through
the remaining epochs. At the beginning of a new epoch, a sharp reduction in fitness is
sometimes seen, obviously because the tests have changed, but the lost ground is quickly
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Figure 5.8: Local fitness of the best model during the 20 coevolutionary epochs. Dotted
lines delimit the epochs.

recovered within the first few generations of the epoch.
Reassuringly, none of the epochs show visible fluctuations in fitness or unexplained
drops in fitness which would suggest possible disengagement between the two competing
populations.
At the start of each run, trees are constructed sampling uniformly (using the ramped
half-and-half method) from the space of model tree sizes; during a run the sizes of trees
will change, ideally converging towards the size that the problem requires. Figure 5.9
shows how the mean size of trees progresses during the run. Initially the mean size of
trees is around 20 nodes, but in the first few generations, the trees reduce in size and
quickly settle to a smaller mean size of around 12 or 13 nodes. Comparing Figure 5.9 with
Figure 5.8 we see that, during those first generations distinguished by a rapid reduction
in the size, fitness increases rapidly. This suggests that for the toy car problem, small
expressions are sufficient to express the principal contributions of the model dynamics. In
the remaining epochs, two phases can be distinguished. The first is the first half of the
epochs in which the size of trees grows more or less steadily and is marked by an increase
in fitness, suggesting that as the tree expressions become more complex, they can better
explain the training data. In the second phase, the rate of change of the size of trees
reduces. For the lateral acceleration ay , the mean size reaches a plateau, but for ax and αz
only a change in rate is visible and it is not clear that the trees are settling to a particular
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Figure 5.9: Mean size of the genetic programming trees during the coevolution run.

size. Comparing this plot with Figure 5.8, we can see that this phase of the coevolution is
not so clearly associated with any substantial change in fitness. This suggests the presence
in the expression tree of components that do not have a direct effect on the model fitness.
In the genetic programming literature such components of the expression trees are called
introns ([186]) and some authors ([17]) have suggested that their presence can be beneficial
by providing genetic material that an appropriate mutation could convert in a useful part
of the model.
Some of the choices made during the design of our coevolutionary algorithm were aimed
at maintaining a substantial amount of genotypic diversity in the population of models
during the coevolution run. Given the variety of equations that can be represented by
the expression trees, defining diversity is not at all trivial. While we have to avoid any
definition of diversity that requires knowledge about the specific platform for which we are
evolving models, we need a definition of diversity that is well suited to the fact that our
expression trees represent dynamic equations. More specifically we would like a measure
that expresses the fact that, in an equation, the structure of a tree is important. For
instance a function at the root of the tree is applied to the whole tree and therefore has
a larger effect than for example the same function at a terminal node. The definition of
diversity should also take into account the type of node, since for example a multiplication
is clearly different from an addition operation.
In the literature various methods have been proposed to define the diversity of expression trees; an in-depth discussion is outside the scope of this work (see e.g. [69]) but for
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our purposes it will suffice to look at the principal ways of defining diversity.
Koza in [125] defined diversity as the percentage of individuals for which a duplicate
in the population does not exist, while Langdon proposed a similar measure based on the
number of unique individuals in a population [129]. Although those are sound ways of
defining diversity, they do not embed any understanding of the fact that we are dealing
with evolving mathematical expressions, and therefore are not particularly suited to our
use.
Other authors have proposed measuring diversity by introducing the concept of distance
between trees. Lu [139] (and similarly Keller and Banzhaf [118]) defined the concept of
edit distance which measures the number of changes needed to transform one tree into a
second one. In [65] Ekárt and Németh introduced an edit distance specifically designed for
genetic programming that reflects the structural differences between trees. In their edit
distance, types of nodes are taken into account, and differences near the root have more
weight. Moraglio and Poli [164] defined a similar structural distance (structural Hamming
distance (SHD)), that has the added benefit of being normalized between 0 and 1. The
SHD is defined as:



δ(p =
6 q)
if arity(p) = arity(q) = 0,



dist(T 1, T 2) =
1
if arity(p) 6= arity(q),





P
 1

if arity(p) = arity(q) = m,
i=1,..,m dist(si , ti )
m+1 hd(p, q) +
(5.5)
where p and q are nodes of the trees T 1 and T 2 respectively, arity(p) indicates the number
of children of the node p and si and ti are children of the nodes p and q respectively. The
Hamming distance hd(p, q) is defined as:


 1 if p = q
hd(p, q) =

 0 if p 6= q,

(5.6)

Looking at equation 5.5 we can see that what the SHD metric is doing is simply taking
two trees, visiting them inorder 22 and comparing their nodes. If the nodes are the same
22

To traverse a binary tree in inorder, the following operations are carried out recursively at each node:

1. traverse the left subtree;
2. visit the root
3. traverse the right subtree.
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their distance is 0, otherwise 1. Since the metric is recursive and the distance between
two subtrees is scaled by the factor

1
m+1 ,

differences between nodes close to the root are

weighted more heavily than differences at the terminal nodes. In the extreme situation
of two trees that are completely different, their distance is one, while any tree will have
distance 0 from itself.
The SHD distance fulfils the qualitative requirements that we set out in order to capture
the fundamental elements that define the similarity between equation expressions; this
makes it well suited to our analysis and for this reason it is the metric chosen in this thesis
to define tree diversity. In Figure 5.10 we display the progress of the mean SHD computed
over the population of models during the coevolution run. Since the distance is defined
between two trees, the mean is computed over all the possible couples that can be formed
using the models in the population.
For all the three functions, a general trend can be seen during the whole coevolution run
(i.e. across epochs). The mean SHD is initially very close to one since the initial population
consists of randomly generated models. During the first generations a rapid decrease in
mean distance can be seen as the models start converging. In the epochs immediately
following the first, the diversity keeps reducing up to about 5-6000 generations. Due to the
effect of coevolution, changes in the selection of tests can produce large changes in mean
SHD as it is the case for example for the ax expressions. Although the diversity decreases
as the evolution proceeds, importantly it does not collapse to very low levels ensuring a
continuing exploration during the coevolution run.
1

mean distance
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Figure 5.10: Mean structural Hamming distance of the genetic programming trees during
the coevolution run.
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Within a single epoch, an expected decrease in mean SHD is noticeable at the beginning
of each epoch. This is due to the selection scheme applied which preserves 80% of the
individuals and fills the remaining of the population with mutated copies of the best models
(as explained in Section 5.3.2). As an effect of mutation, diversity is quickly re-established
within a small number of generations.
We now turn our attention towards the evolution of tests. At the end of each epoch
of test evolution, we logged the population of tests. For each of the data points in the
training dataset, it is then possible to count the number of epochs during which each such
data point was actually used to compute the models’ fitness.
Figure 5.11 plots the resulting histogram for each of the three equations being evolved.
For each equation we can see that certain areas of the dataset have been selected more
than others, since they are able to produce larger disagreements among models. In general,
different chunks of data might be expected to be better suited to the evolution of each of
the three model equations. However in the case of the toy car, we see that certain areas
have been heavily used for all three equations. In contrast, other parts of the dataset have
not been used for any equation.
It will be interesting to look at the state and input data during these time intervals,
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Figure 5.11: Histogram of usage of the data samples from the training dataset for each of
the three equations of the model (ax ,ay and αz ). The count indicates the number of times
(epochs) that the data point was used for training. The dotted lines mark the data points
chosen as representative of most often and least often used data (M and L respectively).
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and to do so we examined two window of 300 data samples centred respectively at one of
the most (Figure 5.12) and one of the least (Figure 5.13) used points in the dataset (those
are indicated by M and L respectively in Figure 5.11).
Comparing the two windows, it is clear that the most used data window (Figure 5.13)
is characterized by more activity. More precisely, if we look at the steering input ust it
is clear that for the window of least used data, the duration of the control inputs applied
was very short, and as a consequence, due to the low bandwidth (slow response) of the toy
car, the resulting rotational and lateral velocity changes are very limited. The opposite is
true for Figure 5.12, which shows much slower changes in the steering commands, strongly
correlated with large changes in both rotational and lateral velocity.
These two examples of selected and avoided data support the intuitive understanding
that we used during the design of our algorithm; with the coevolutionary algorithm selecting the parts of the dataset that are information rich, which ultimately should improve
identification.
The analysis just presented is limited to a single run on only one of our platforms.
Ideally, of course, a similar analysis should be extended to all our runs and all platforms.
Unfortunately, given the number of platforms analyzed, and the sheer number of coevolutionary runs involved, such a detailed analysis must be left for future work. However
in Section 5.9 we continue the investigation of our coevolutionary algorithm by looking
specifically at the effect of various choices of parameters.
In the following sections we apply our novel coevolutionary algorithm to each of our
platforms. With the exceptions of the size of the data test windows, and obviously of the
number of equations (i.e. dimensions) being evolved, all the remaining parameters of the
coevolutionary algorithm were kept the same to avoid any tailoring of the algorithm to the
specific platform. Such an operation would be obviously in conflict with one of the main
aims of this work.

5.5

Automatic Modelling of the ATTAS Aircraft

With all the ingredients of our coevolutionary setup in place we can now start testing it
on our first platform; the ATTAS aircraft.
As with the parametric models presented in Section 4.1.1, our aim will be to produce
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Figure 5.12: Plot of the state (a) and control (b) variables in a window of 300 data points
centred on one of the most used data points (dotted line M in Figure 5.11).
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Figure 5.13: Plot of the state (a) and control (b) variables in a window of 300 data points
centred on one of the least used data points (dotted line L in Figure 5.11). This data
window when compared to the one of Figure 5.12 shows a lower level of activity in both
the state and control variables.
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a model in acceleration space. Defining the state as in Section 3.3.4, we will be learning a
model in the form expressed by equation 3.20 that we copy here for convenience:
[a, α]T
t = f (xt , ut ) .

(5.7)

Three different expressions will be learned, one for the prediction of ay and other two
for the angular accelerations αx and αz respectively. We train the three models using data
from dataset fATTASAilRud2 and using the same size of windows (T = 100) as used in
Section 4.1.1 for the models based on first principles. This will help the comparison of the
two approaches. The inputs to our model are the state x = [u, φ, θ, p, r]T and the controls
u = [uai−δai , uru−δru , β]T . The maximum allowed delay for the control inputs was set to 5
time steps23 .

5.5.1

Convergence

To investigate the repeatability of the results of the coevolutionary algorithm, 30 independent runs were carried out. For each of the epochs during coevolution, we saved the best
model (the one with the highest fitness among the best models) for each of the dimensions
being evolved. The local fitness computed at runtime during evolution will depend on
the current set of historical tests, which in turn is changing during the run. The saved
models will therefore not have been tested against the same data. Moreover, we have already discussed (Section 2.2.5) how evaluating the performance of a model on the training
dataset is not truly indicative of model quality. For both of these reasons, we compute
the RM SEm of each saved model against the validation dataset fATTASAilRud1 which
was not used during evolution. In this way we obtain an unbiased measure of model error
which ultimately is what we require.
As a consequence of the choice of using a validation dataset, it is possible for a model
deemed to be good by the coevolutionary algorithm to register an error score which may
not be low. This can happen because the validation dataset might contain a section of
data that the model is not able to predict. This problem can be limited by choosing, as we
did in our work, two datasets for training and validation that both cover adequately the
23

In order to maintain the same setting across all the different platforms the maximum allowed delay was
set to 5 time steps. However, in the case of the ATTAS aircraft we know from [113] that good models can
be obtain without any delay in the control inputs.
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dynamic envelope of the platform.
As explained in Section 5.3, the mathematical expression of each of the models’ dimensions is evolved independently, and so it is interesting to look not only at the error
of the whole model but also at the error of each single equation; this allows us to understand the relevance of the coupling between the different equations. To do so we compute
the RM SEm of each of the specific variables used for evolution (according to Table 5.1)
throughout the progress of the coevolutionary runs. The RM SEm is computed as in
equation 4.824 .
In Figure 5.14 we display the performance (RM SEm) of the best model for each of
the 30 runs throughout the 20 coevolutionary epochs. All three dimensions show marked
convergence for a large proportion of the models within the first few epochs. In the case of
the equations of the angular velocities p and r, all the models converge by the 20 epochs
mark, but this is not the case for the linear velocity v models, a small number of which
have higher error.
Looking at the plots, is also noticeable how some models exhibiting a low error at
a given epoch might then score a worse fitness at a later generation; this is particularly
obvious for the best model for the dimension v, the fitness of which seems to be actually
diminishing from the 3rd to the 4th epochs. Such effects are not unexpected, and are due
to the fact that we are measuring the performance of the models on a validation dataset as
previously explained. If the two datasets are essentially covering the same data envelope,
any effects of this type should be of minor importance, as they appear to be in our case.
Ultimately, what defines the quality of our models is their combined performance as a
full 3DoF model of the aircraft. For each run, the best models for each of the dimensions,
(those that we have already discussed) have been combined into full three dimensional
dynamic models, and the RM SEmtotal has been calculated and plotted in Figure 5.15 as
a function of the training epochs.
The overall convergence behaviour closely resembles the individual convergence plots
previously analyzed, confirming the intuition that convergence in each of the dimensions is
also associated with convergence of the complete model. The fact that some of the single
dimension models have higher errors than others is reflected in the complete model; some
of the models clearly do take more epochs to converge. Nevertheless, all the models still
24
As explained in Section 5.3, values from the dataset are used for accelerations which are not being
predicted.
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Figure 5.14: The error on single dimensions of the best model during the 20 coevolution
epochs computed over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. The
vertical scale of the plot is chosen proportionally to the standard deviation of the signal
being predicted to allow for direct visual comparison between the three plots. The value
of the points that exceed the maximum of the scale has been limited to the level indicated
by the dashed line, and the figures at the top of each plot indicate how many points have
been limited. To avoid overlapping points a random jitter drawn from the distribution
U [−0.1, 0.1] has been added to the epoch number of each point.

converge before reaching the 20th epoch.
We can now look at how the size of the expression trees changed during coevolution.
The average size of the best model from each of the 30 coevolutionary runs is shown in
Figure 5.16. For all three equations, the average expression size of the best models grows
very quickly during the first epoch, after which it shows a much slower rate of increase.
Unfortunately 20 epochs are not sufficient to reveal whether the increase eventually stops.
Comparing Figure 5.16 with Figure 5.15 shows that the initial fast growth in size is
associated with a large reduction in RM SEmtotal suggesting that the expressions become
progressively more complex in order to account for the training data. It is interesting to see
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how the angular acceleration αz is associated with smaller expressions, perhaps suggesting
that the yaw dynamics is intrinsically less complex than the lateral and roll dynamics.
The fact that the average size of tree dimensions reaches values much smaller than the
maximum tree size25 suggests that the simplification mechanism explained in Section 5.3
is indeed effective in preventing excessive tree growth.

5.5.2

Performance Analysis

So far we have been analyzing the ability of our coevolutionary algorithm to consistently
converge to a solution, assuming by implication that the algorithm was indeed converging
to good solutions. It is now time to have a close look at the quality of the models being
evolved.
We start as usual by plotting the time predictions of our models against the experimentally collected real data. Simply plotting the performance of all 30 models obtained
will lead to difficulties of interpretation, so we limit ourselves to analyzing the qualitative behaviour of the best (AT T ASAccGP best) and the median (AT T ASAccGP median)
25

For trees with a maximum depth of 7, the maximum number of nodes is 128.
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Figure 5.15: Total model error (RM SEmtotal ) during the 20 coevolution epochs computed
over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. To focus on the most
interesting part of the plot, the value of some of the points has been limited to the level
indicated by the dashed line. The numbers at the top of each graph indicate how many
points have been limited. The position of the dashed line was chosen as a compromise between providing a good picture of the distribution of models performances and containing
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distribution U [−0.1, 0.1] has been added to the epoch number of each point.
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Figure 5.16: Size of the expression trees throughout the 20 coevolution epochs. The mean
size computed on the best models of each coevolution run is reported. On average the
expression for the angular acceleration αz are smaller suggesting a simpler dynamic model.

models; we will measure the performance of all the other models in our quantitative analysis26 . To allow a straightforward comparison with the first principles model produced in
Section 4.1.1, we use the same window used in Section 4.1.1. The predicted state and the
controls are shown in Figure 5.17 and Figure 5.18 respectively.
In this specific window, the predictions of the AT T ASAccGP best and AT T ASAccGP median models are both reasonably good for most of the state variables. The angular
quantities φ and ψ are subject to the effect of error accumulation, and tend to have worse
performance than their velocity counterparts. The best model exhibits better predictive
ability in all three velocities (p,r and v), and as a result also accumulates smaller errors in
the φ and ψ state variables but especially with φ.
We know that this is a randomly selected window of data, so it is interesting to see
how the performance on this window (see Table 5.2) is representative of the RM SE of the
model. Unfortunately the CR shows that the performance of both of the evolved models
in the plotted window are optimistic for almost all the variables. The only exceptions
are the yaw velocity and angle, the prediction errors of which have a CR close to one
and are therefore more representative of the performance of the real model. This is not a
positive sign since it indicates that across the dataset (on average) we should expect worse
26
Best and median are determined in terms of the metric RM SEmtotal computed as explained in Section 4.1.1.
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Figure 5.17: Proof of match: the state progress predicted by the AT T ASAccGP best and
median AT T ASAccGP median models versus the measured real state.

uai

0.04
0.02
0

uru

0.2
0.15
0.1

β [rad]

0.02
0
−0.02

0

0.5

1

1.5

2
time[s]

2.5

3

3.5

4

Figure 5.18: Control inputs given to the AT T ASAccGP best and AT T ASAccGP median
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Best Model
RMSE CR
0.16 m/s 0.33
0.005 rad 0.37
0.012 rad 0.98
0.003 rad/s 0.22
0.007 rad/s 0.75

Median Model
RMSE CR
0.21 m/s 0.34
0.001 rad 0.07
0.013 rad 0.97
0.001 rad/s 0.14
0.007 rad/s 0.64

0.16

0.21

total

Table 5.2:
Prediction error and CR of the AT T ASAccGP best and the
AT T ASAccGP median models computed on the window of data plotted in Figure 5.17.

v
φ
ψ
p
r
total

RMSEm
0.48
0.014
0.012
0.013
0.009
0.48

Best Model
RMSEsd
0.50
m/s
0.02
rad
0.01
rad
0.020 rad/s
0.008 rad/s
0.50

RAEm
0.17
0.26
0.42
0.10
0.31

Table 5.3: Prediction error of the AT T ASGP best model computed on the validation
dataset.
performance than those exhibited in this test window.
In the same way as we measured the performance of the ATTAS model based on
first principles in Chapter 4, we compute the RM SEm and RAE metrics over the 14
consecutive windows into which the validation dataset is split27 . These metrics provide
us with an unbiased measurement of the models’ abilities and are reported in Tables 5.3
and 5.4.
Both models have low RAEm in most of the dimensions, confirming that each of the
models is considerably better than a constant model, with the AT T ASGP best model being
obviously the better of the two. For both models the RAEm shows the yaw velocity and
angle to be the most difficult quantities to predict, while, angular velocity p is the easiest.
Comparing the two models, we see that the what makes the AT T ASGP best a better model
is essentially its ability to better predict the lateral velocity v; in the remaining dimensions
the two models are very similar.
The AT T ASGP best model is not simply better at predicting the lateral velocity but
it is also more consistent across the various windows of the dataset, as shown by its
27

Details of the computation of the RM SEm and RAEm metrics are reported in Section 4.1.1
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v
φ
ψ
p
r
total

Median Model
RMSEsd
0.71
m/s
0.01
rad
0.01
rad
0.007 rad/s
0.011 rad/s

RMSEm
0.61
0.01
0.01
0.008
0.011
0.61

RAEm
0.22
0.17
0.43
0.073
0.36

0.71

Table 5.4: Prediction error of the AT T ASGP median model computed on the validation
dataset.
lower RM SEsdv . For the remaining dimensions the two models exhibit similar levels
of RM SEsd, suggesting that for the model produced by our algorithm, performance levels
and performance consistency are related.
We now look at the RM SEm and RAEm across the 30 independently produced models.
In Table 5.5 we see that, all 30 runs produced fairly similar models (in terms of prediction
error), with a standard deviation of 0.14 equal to 22% of the mean RM SEmtotal .
Regarding the RAEm (Table 5.6), we see instead that the low values of RAEmp and
RAEmφ show that in general all the evolved models have good prediction abilities for the
roll dynamics. The lateral dynamics v has a similar quality, but across all the models, the
RMSEmtotal
0.48
0.61
0.63
0.14 (22% of mean)

best
median
mean
s.d.
diverging

0

Table 5.5: Prediction error (RM SEmtotal ) of the set of 30 models obtained from 30 independent runs of the coevolutionary algorithm.

v
φ
ψ
p
r
diverging

RAEm mean
0.23
0.21
0.43
0.09
0.36
0

RAEm sd
0.05
0.05
0.05
0.01
0.05

Table 5.6: RAEm of the set of models obtained by 30 independent runs of the coevolutionary algorithm. The yaw dynamics (r and ψ) appears as the most difficult to predict.
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yaw dynamics (ψ and r) is the most difficult to predict. The limited standard deviation in
all the dimensions shows that these characteristics are shared by all the models produced.
Lastly, let us compare the performance of the models obtained with our automatic
method and limited domain knowledge against the one produced in Section 4.1.1 using the
understanding of aircraft dynamics. The overall measure of error RM SEtotal achieved by
the automatically obtained models, is somewhat higher than that of the AT T ASF P model
(0.48 versus 0.40). Even looking at the error dimension by dimension, the model based on
domain knowledge consistently scores a lower error, confirming that the model based on
first principles is in all respect of higher quality. Looking at the RAEm we can see that the
largest differences in RAEm between the AT T ASF P and AT T ASGP best models occur
for the yaw velocity r and the heading angle ψ. This confirms our expectations since we
have seen that the yaw dynamic is not easy to model. However when compared with the
AT T ASF P model the, AT T ASGP best model also shows poor performance in capturing
the evolution of the roll angle φ.

5.5.3

Analysis of the Equations

When designing our coevolutionary algorithm in Section 5.3, we highlighted that one of
the advantages of symbolic regression is the possibility of examining the model expression
obtained. This is not necessarily a straightforward task, since the expressions produced
can be quite complex, but it is worth trying to analyze at least some of the models. In
the case of the ATTAS aircraft it is helpful that we have the expression of the AT T ASF P
model against which to compare the expressions produced automatically.
In Table 5.7 we see the expression obtained for the median and best models. The
expressions have been automatically simplified 28 and the numerical constants have been
truncated to make the expressions easier to read. Is immediately clear that for both of the
models the equations of αx are very similar in structure and parameters to the first principle
model. The AT T ASGP best includes some superfluous terms (−0.56uru β−0.04ψ) while the
AT T ASGP median model lacks the bias term and includes a term 3.9ψr instead of 0.88r.
After investigating the data present in the training set, we noticed that the angle ψ has
only relatively small variations around the mean value of 0.22. We then tried substituting
28

The automatic simplification is simply an algebraic rearrangement of the expression and was carried
out using a combination of the functions ExpandAll[] and FullSimplify[] provided by the commercial
package Mathematica R .
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ay
best:

median:
first principles:

8.25φ − βφ + r − (−0.24 + β + 2uru−1 (−0.63 + φ)(−0.08 + ψ))(−0.78 +
3.32φ − v)
(−4.81(−1.78uth + u))/(3.16 − r − uth − 2uba )
φ(9.53 + β − ψ) − (−β + 0.83 − uru − u2ru + v)/(4.38 + p2 − (ψ)/(0.20 +
ψ) + 1.18r)

αx
best:
median:
first principles:
αz
best:
median:

−2.32p + 1.00r − 1.32uai + 0.091uru − 3.55β + 0.023 − 0.56uru β − 0.04ψ
αx = −2.31p + 3.9ψr − 1.31uai + 0.11uru − 3.90β
αx = −2.21p + 0.88r − 1.33uai + 0.094uru − 3.84β + 0.0008
0.032−0.02uai −0.1p−0.12uru −0.02uru 2 −0.02puru +4.23φ+r+r/ψ−v
(ψ(−0.40 + 1.31uru + 0.31p + 1.97r + β(−1.17 − β + uru + p − v) −
0.31v))/(−3.53 + 3.00ψ + r)

first principles:
−0.17p − 0.16r − 0.04uai − 0.12uru + 2.95β + 0.003
Table 5.7:
Expressions obtained automatically for the AT T ASGP best and
AT T ASGP median models. The expressions of the parametric model AT T ASF P are
also reported to help the comparison.

the value 0.22 in place of ψ in the expression 3.9ψr. This returns the expression 0.86r
which is remarkably close to the term 0.88r of the AT T ASF P model. In effect, since the
angle ψ does not change too much in the dataset, the algorithm is using it as a proxy for
a constant. This leads us to think that the amount of information present in the dataset
is not actually sufficient to differentiate the variable ψ from a constant.
Unfortunately, for the expressions of ay and αz any similarities to the first principle
expressions are not so clear. Since all the state variables were made available in the terminal
set for the genetic programming, is not surprising to see that some of the expressions use
the angles φ and ψ and the linear velocity v in addition to the inputs and variables used
in the AT T ASF P model. In conjunction with the presence of fractional terms, this leads
to complex expressions in which it is difficult to recognize the form of the equation of the
models based on first principles.
Is worth noting that the yaw dynamic, for which the obtained models have a structure
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similar to that of the first principle models, is also the dimension that was associated
with the smallest RAEm in Table 5.6. There is therefore evidence of a link between well
structured and meaningful models, and model accuracy.

5.5.4

Conclusion

The application of our novel coevolutionary algorithm to the modelling of the ATTAS
aircraft has shown that the algorithm is capable of reliably producing a model of the system.
Both the RM SEmtotal and the RAEm metrics reveal similar performance across the 30
independent runs of the algorithm. However, in pure performance terms, the automatically
produced models are not as good as the model based on first principles.
In trying to understand what could lie behind the inability of the coevolutionary process
to produce very good models, we need to remind ourselves of one of the fundamental
requirements of the modelling process identified in Section 2.2.3, namely the fact that
during data collection all the parts of the system dynamic envelope that are of interest
need to be sampled. If this is not the case the model will at best only represent a fraction
of the system dynamic envelope. Establishing whether the lower performance of the evolved
models is due to a lack of informative data or to poor search abilities in our coevolutionary
algorithm, is not at all straightforward. Certainly, as shown by the very good performance
on the equation of the roll dynamics (αx ) the algorithm is able to reliably produce linear
models of the type required for all the dimensions of the ATTAS dynamics. This leads us
to think that, while the information present in the training dataset is sufficient to identify
the full system once its structure is defined, which is the case when training the parametric
models, the information necessary to evolve the system structure is actually not available.
In particular, the data may not present enough information to specify the structure of the
equations for the roll and lateral dynamics. The fact that in one of the models the genetic
programming uses a state variable (ψ) as a proxy for a constant, is clear evidence that the
changes in that variable within the dataset are not informative enough.
Unfortunately the amount of experimental data available for the ATTAS platform is
very limited, and we are not in the position of being able to acquire more data to confirm
our understanding experimentally. In the following sections we will have the opportunity
to investigate our coevolutionary algorithm thoroughly on more complex platforms, and
to test its abilities. The ATTAS study can be regarded as a paramount example of how
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the experimental data plays a key role in modelling, especially when platform specific
knowledge is not employed, as in our work.

5.6

Automatic Modelling of the Toy Car

As in the case of the ATTAS aircraft, the toy car also requires the modelling of three
dimensions; as described in Section 3.3.3, they are the longitudinal, lateral and yaw dynamics. The coevolutionary algorithm will be applied to generate a model of the form of
equation 3.13, restated here for convenience:
[a, α]T
t = f (xt , ut ).

(5.8)

We therefore need to evolve three expressions that predict the accelerations ax , ay and αz
respectively.
As with the M LP models of the car, the dataset datasetcar 6 is used for the training,
and the same state and control vectors (x = [u, v, r]T and u = [uth−δth , ust−δth , uba−δba ]T
respectively)29 are used as the inputs to the model expression tree. The maximum allowed
delay for the control inputs is again set to 5 time steps, while the size of the test windows
is set to 300 samples30 .
The coevolutionary algorithm was run independently 30 times in order to allow judgment of its repeatability; each run was stopped at the 20 epochs mark.

5.6.1

Convergence

As usual, to produce an unbiased performance measure we compute the performance of
the model on a validation dataset. We are interested in the performance of each individual
equation in the model, as well as the performance of the whole model.
As for the ATTAS aircraft, we start by taking each of the equations in the evolved
models, and computing its RM SEm using all the windows of the validation dataset as explained in Section 2.2.5. Since we are interested in evaluating each equation independently,
29
As explained in Section 5.3.3 we directly evolve the delay parameter for each of the control inputs.
Therefore the input vector u only contains the version of each control signal associated to the delay chosen.
This is different from what we have used in Sections 4.2.2 and 4.2.2 for the M LP models where all the
possible delayed version of the control inputs were contained in u.
30
The reader will recall that the reasons behind this choice of parameters were considered in Sections 4.2.2
and 4.2.1
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Figure 5.19: The error on single dimensions of the best model during the 20 coevolution
epochs computed over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. The
vertical scale of the plot is chosen proportionally to the standard deviation of the signal
being predicted to allow for direct visual comparison between the three plots. The value
of the points that exceed the maximum of the scale has been limited to the level indicated
by the dashed line, and the figures at the top of each plot indicate how many points have
been limited. To avoid overlapping points a random jitter drawn from the distribution
U [−0.1, 0.1] has been added to the epoch number of each point.

only the equation in question is used for predicting the acceleration associated with it, while
values taken from the dataset are used for the remaining accelerations. In Figure 5.19 we
have plotted the progress of the model error during the 20 epochs of model evolution for
each of the three equations in the model. As with previous models, the performances were
evaluated in terms of mean RM SEm (i.e.RM SEmu , RM SEmv , RM SEmr ; see 4.1.1 for
details on the computation of the RM SEm metric.). As expected the initially randomly
generated models have very different performance levels.
For all three dimensions, the majority of the models converge in the initial epochs,
but improvements in performance, although sometimes small, are also taking place at
later times in the run31 . In the case of the longitudinal and lateral dynamics (u and v
31

We define a model as not converging when its error level is much larger than the one of the other
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respectively), even in the 20th epoch there are still a small number of models that fail
to converge. We also see instances for some models in which the performance worsens
during the progress of the run instead of improving as might be expected. As discussed
in Section 5.5, this is result of the fact that, while at the end of each epoch the models
are selected according to their performance on the history of models, here they are being
evaluated over the whole validation dataset. As a consequence models can encounter
portions of data on the unseen dataset that produce large errors.
To evaluate the progress of the complete model during the evolution runs, for each run
and each epoch we aggregate the best equation for each of the dimensions into a 3DoF
model and we test this model on a set of independent windows that covers the whole
validation dataset. The performance is measured in terms of the familiar RM SEmtotal
that we defined in equation 4.10.
The total error of the models plotted in Figure 5.20 shows the same pattern of convergence throughout the coevolution as is exhibited by the single dimension models. The
first epoch is crucial for the majority of the models, but the remaining models converge
evolved model. This is easy to recognize from the error plots since the error of such a model does not
belong to the cluster formed by all other models.
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Figure 5.20: Total model error (RM SEmtotal ) during the 20 coevolution epochs computed
over the validation dataset. The best model for each of the 30 independent runs is plotted.
The continuous line indicates the best among all the models. To focus on the most interesting part of the plot, the value of some of the points has been limited to the level indicated
by the dashed line. The the numbers at the top of each graph indicate how many points
have been limited. The position of the dashed line was chosen as a compromise between
providing a good picture of the distribution of models performances and containing the
number of points limited. To avoid overlapping points a random jitter drawn from the
distribution U [−0.1, 0.1] has been added to the epoch number of each point.
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to similar performance during the following epochs. Generally speaking the number of full
models not converging is larger than the number of single dimension model not converging.
This is to be expected, in view of the dynamic coupling that is present between dimensions.
The errors that are inevitably present in each of the single equations will propagate to the
remaining equations, and may eventually prevent the full model from converging.
Is worth noting that this issue is intimately related to our design choice of modelling
each of the single dimensions independently (see Section 5.3.1). Perhaps evolving all the
equations of a model simultaneously could be a way of highlighting the situations in which
error coupling leads to poor models; however, as already discussed, this is unfeasible due
to the exponential increase in the size of the search space.
In the case of the toy car, evolving each dimension independently represents a good
compromise between performance and computational complexity, since only two out of the
30 independent runs do not converge. More precisely, if we take into account the fact that
one of the runs for the v equation did not converge even when tested independently (see
Figure 5.19) only one of the models fails to converge due to error coupling.
We now look at the mean size of the expression trees during the evolution runs (Figure 5.21). Small models are the best performers initially; as the coevolution proceeds,
the models’ expressions increase in complexity. Comparing the progress of tree sizes with
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Figure 5.21: Size of the expression trees throughout the 20 coevolution epochs. The mean
size of the best models of each coevolution run is shown. On average the expressions for
the lateral acceleration ay are larger, suggesting a more complex dynamic relationship.
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the progress of the model error reported in Figure 5.19, we see that the initial growth is
correlated with a large improvement in fitness, while the subsequent addition of genetic
material has less of an impact on overall performance. Interestingly, the expressions of the
forward acceleration (ax ) are in general smaller than the equations of ay and αz suggesting
that there might be a simpler dynamic relationship for this equation.

5.6.2

Performance Analysis

Plotting the evolved model predictions against the experimentally recorded data is the first
step in assessing the model performance, at least qualitatively. We have chosen the best and
the median models (we will call them carAccGP best and carAccGP median respectively)
as representative of the 30 evolved models32 . In Figure 5.22 we plot their predictions on
the same randomly chosen window of data from the validation dataset that was used for
the N N and M LP models (see Sections 4.2.1 and 4.2.2). The predicted state during the
window in question is computed as usual by initializing the state to its measured value at
time t = tw0 and then integrating it forward using the accelerations produced by the three
model equations.
At first glance, is clear that both the carAccGP best and carAccGP median models
are capable of good predictions. The forward velocity u exhibits the best prediction,
with the models’ outputs very close to the experimental data. The u prediction of the
carAccGP best and carAccGP median models are almost indistinguishable. Overall the
models approximate the acceleration phase of the car very well, while the deceleration
corresponding to the pilot releasing the throttle are marginally slower than the true data.
Again, there are small differences between the carAccGP median and the carAccGP best
models in predicting the rotational velocity r. In this dimension, both models show very
good predictions, and as with the forward velocity, they decelerate more slowly than the real
car. When analyzing the model equations, we shall see how the prediction of αz depends
directly on u which explains the similar time response behaviour in the two dimensions.
The last of the state variables v is difficult to predict as previously discussed, and
this holds even for the genetic programming models. The time interval t = [6, 8]s time
interval clearly shows a situation in which the change in lateral velocity does not seem to
be correlated with the control inputs nor with the other state variables. However, in that
32
Best and median are determined in terms of the metric RM SEmtotal computed as explained in Section 4.1.1
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Figure 5.22: Proof of match: the state progress predicted by the carAccGP best and
carAccGP median models versus the measured real state.
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Figure 5.23: Control inputs given to the carAccGP best and carAccGP median models
during the time window in Figure 5.22.
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Figure 5.24: Proof of match: the acceleration progress predicted by the carAccGP best and
carAccGP median models versus the acceleration computed from the real data.
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interval the car was accelerating up to its maximum speed while performing a turn. It
is at least possible that, during this driving phase, the behaviour of the toy car could be
highly nonlinear perhaps as result of wheel slippage which can sometimes happen in high
speed turns. Without dedicated sensors we cannot expect to be able to predict this type
of phenomenon with any precision.
Comparing the prediction of the genetic programming models with the prediction of
the MLP based models (seen in Figures 4.11 and 4.16), we see a marked superiority of
the models produced with genetic programming. This is particularly true for the lateral
velocity v which in the case of the carV elM LP model only roughly approximates the true
velocity.
Finally we look at the derived variables x, y and ψ obtained by integration of the state.
Inevitably the error in such variables between the predicted and the collected data tends
to increase as time goes on because of error integration. Even so, it is interesting to note
that after 12 seconds of rapidly changing motion over 7.3m33 , we can predict the position
of the car with an x and y error of less than 1m solely from the control inputs.
The objective of our models is to predict accurately the progress in time of the vehicle’s
state. However, one of the constraints in designing our algorithm (Section 5.3.1), was
to have a model that was also able to produce physically meaningful accelerations. It is
therefore of interest to plot the acceleration predicted by the models against that computed
by differentiation for at least one of our platforms.
Figure 5.24 shows that the accelerations predicted by both the carAccGP median and
the carAccGP best models are very consistent qualitatively and quantitatively with those
obtained from the logged data. This was expected given the good predictions that we have
seen for the state. The predictions of the two models are very similar, with the best model
having, as expected, a higher accuracy. In the case of ax for example, the prediction of the
carAccGP best model is better aligned in time with the real acceleration, while in the case
of ay the magnitude predicted by carAccGP best is more accurate. The amount of noise
present in the real data is very noticeable, especially in the case of the angular acceleration
αz for which is not entirely clear which features are the result of the model dynamics
and which are the result of the noise amplified by the numerical differentiation. As a
consequence, although at first sight both models appear to neglect part of the dynamics,
33

Computed by integrating the absolute value of the forward velocity u.
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it is difficult to know how much of the signal content is in fact predictable.
As usual, we want to have an understanding of how the performance in the chosen
window compares with the performance of the model over the whole dataset. We therefore
compute the RM SE, and also the CR metric, for on the predictions made in the selected
window (Table 5.8). Both models have a CR close to one for the forward velocity u,

u
v
r
total

Best Model
RMSE CR
0.16 m/s 1.03
0.02 m/s 0.87
0.21 rad/s 0.87
0.26

Median Model
RMSE CR
0.17 m/s 0.95
0.03 m/s 1.07
0.35 rad/s 1.08
0.33

Table 5.8: Prediction error of the carAccGP best and the carAccGP median models computed on the window of data plotted in Figure 5.22.
leading us to expect good velocity prediction (as seen in the sample window) over the whole
validation dataset. The CR is higher for the rotational and lateral speeds, highlighting that
the randomly chosen window is actually more difficult to predict than the average window
in the dataset. This is clearly comforting since it means that on average the evolved models
will perform even better than what we have seen for the chosen data window.
Before performing a quantitative evaluation of the models’ performance, we manually
tested the models. As in the previous chapter, a simple simulator was built by interfacing
the models produced by the coevolutionary algorithm with a 2D visualization and a control
keyboard. The manual test involved driving the simulated car in the simulated arena
in order to subjectively assess its ability to behave qualitatively like the real car. In
particular, various combinations of control inputs were tested to see if any of them elicited
any behaviour markedly incompatible with the one of the real car.
Both of the genetic programming models appeared to be well behaved, with an ability
to speed up and slow down similar to the real car. As with the real car, the top forward
speed achievable was higher than the reverse. The turning radius was markedly asymmetrical with the left turning radius smaller than the right one, again in agreement with the
behaviour of the real car. Any steering input applied with the car at rest produced no effect, again just like the real car. During the driving test the behaviour of the carAccGP best
and the carAccGP median models was extremely similar and we were unable to notice any
difference.
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Qualitatively, both evolved models appear to reproduce the measured data quite well,
but obviously we need to test them quantitatively. Again we use a validation dataset split
into consecutive windows of 300 samples.
The model’s state is initialized to its recorded value at the beginning of the data window
and the acceleration predictions from the model’s equation are then integrated forward in
time for the remaining window data points. The RM SEm and RAE predictions are then
computed over all the windows in the validation data. Table 5.9 and 5.10 show the values
obtained for the carAccGP best and the carAccGP median models respectively.
u
v
r
total

RMSEm
0.16
0.023
0.24
0.29

RMSEsd
0.03
0.009
0.07
0.06

m/s
m/s
rad/s

RAEm
0.17
0.46
0.30

Table 5.9: Prediction error of the carAccGP best model.

u
v
r
total

RMSEm
0.20
0.023
0.25
0.32

RMSEsd
0.035
0.008
0.074
0.06

m/s
m/s
rad/s

RAEm
0.20
0.47
0.33

Table 5.10: Prediction error of the carAccGP median model.
The RAEm metric quantitatively confirms the qualitative analysis that we carried out
based on the proof of match plots. The forward velocity u is the dimension that shows the
best performance (lowest RAEm) followed by the rotational and lateral velocities. Again
the performances of the two models are very similar with the best model only marginally
better.
While analyzing the RM SEm simply reinforces our understanding of the similarity
between the carAccGP median and the carAccGP best models, the RM SEsd is much
more informative. For both models, the standard deviation of the RM SEm between the
various windows in the dataset (see Table 5.11) is low in comparison to the mean error
(8.8%), meaning that the models deliver good performance consistently over all windows
in the dataset.
The fact that the median and best models have very similar performance is also a
strong indicator that our coevolutionary algorithm is reliably able to produce good models.
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best
median
mean
std
diverging

RMSEmtotal
0.29
0.31
0.32
0.02 (6.2% of mean)
2

Table 5.11: Prediction error (RM SEmtotal ) of the set of 30 models obtained from independent runs of the coevolutionary algorithm (diverging models are not included in the
computation of the standard deviation).
However, it is worth quantifying this ability by computing the RM SEm and RAEm across
the 30 independently produced models. In Table 5.11 we see that, as seen in Figure 5.20,
all 30 runs produce fairly similar models (in terms of prediction error), with a standard
deviation of 0.048.
The mean RAEm computed across the set of models (see Table 5.12) confirms the
qualitative analysis based on Figures 5.22 and 5.23. In particular, u is confirmed as the
variable for which the models produce the most accurate predictions, while v is the weakest
point. The low standard deviation shows that this pattern is shared by the majority of the
evolved models.
u
v
r
diverging

RAEm mean
0.19
0.48
0.33
2

RAEm sd
0.025
0.010
0.016

Table 5.12: RAEm of the set of models obtained by 30 independent runs of the coevolutionary algorithm (diverging models are not included in the computation of the standard
deviation). The lateral velocity v has the largest RAEm confirming the lateral dynamics
as the most difficult to predict.
Lastly we compare the performance of the model produced with genetic programming
with the best model obtained for the toy car in Chapter 4, namely the carV elM LP model
(Table 4.12). While the two models have very similar forward velocity performance, the
error in rotational velocity is lower for both the carAccGP best and carAccGP median models. The prediction ability of the evolved models shows an even more marked improvement
in the prediction of the lateral velocity.
Is interesting to notice that, while in the case of the carV elM LP model RAEmv is
higher than one, the RAEmu for the evolved models is 0.46. This means that, while the
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lateral velocity predictions of the carV elM LP model are worse than a constant model,
this is clearly not the case for the models produced with our coevolutionary method.

5.6.3

Analysis of the Equations

In this section we look at the equations of the models produced with genetic programming
to see if we can get any insight into the models themselves. With the ATTAS aircraft we
had a set of first principle equations to check our model against, but with the toy car (as
well as with our quadrotors), this is not the case.
Analyzing the automatically produced equations involves inspecting all the equations
obtained from the 30 coevolution runs, and looking for any structure that appears in
several models. The structure of the obtained models is not always easy to interpret,
especially when parts of an equation are divided by other parts. To aid our analysis the
expressions produced were first automatically simplified 28 . While most of the simplified
expressions have a polynomial form which makes for easier comparison, some expressions
do not fit this form (e.g. the median model for ax in Table 5.13). When appropriate we
substituted some terms within the equations with their respective series expansion in order
to obtain a polynomial expression approximately equivalent to that produced by genetic
programming34 .
These straightforward manipulations were sufficient to show that a large majority of
the models obtained from the 30 independent runs of the algorithm indeed share the same
general structure; we call such a structure the general form. More precisely, we define a
term as part of the general form if it is present at least in 70% of the models. In this
way we avoid including into the general form terms that appears in only a small number
of models, and are therefore probably not essential for modelling the dynamics. The few
models that disagree with this general form come either from equations in which some of
the terms of the general form are missing, or from equations that we were simply unable
to reduce to the general form.
The best and median models along with the general form obtained for each of the
34

In particular we often substituted fractional terms appearing in the model by the Taylor’s series ex1
:
pansion of 1−x
∞
X
1
xn |x| < 1
=
1−x
n=0
truncated to the 3rd order.
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dimensions of the car model are shown in Tables 5.13-5.15 35 .
For all three dimensions, good levels of agreement are found across the evolved models,
with at least 70% of the models sharing a common equation structure. Looking at the
general form of the equations of ax we see how the forward acceleration is dependent
on the throttle input and on the forward velocity u. While the dependence on throttle
is expected (we would certainly agree that a throttle command makes the car accelerate
forward), the model shows that this dependency is second order. The negative factor Cuax
multiplied by u has the role of a linear friction coefficient, which is also expected.
The reason for the nonlinear combination of uust−δst is less obvious. Since the term is
ax
, its effect is to reduce the acceleration when
multiplied by the negative coefficient Cuu
st−δ
st

the car is travelling at a speed u and throttle is applied, and to increase the acceleration
when the throttle is released. Its function is therefore to change the value of the linear
friction depending on whether or not a throttle command is applied. This leads us to
think that this term may model the mechanical friction taking place in the drive and
motor system which obviously depends on whether the motor is powered or not.
Interestingly, both the carAccGP median and carAccGP best model also show a dependency of the forward acceleration on the battery level, a dependency that is not difficult
to understand but that is not shared by many other models.
In Tables 5.13-5.15 we also report the mean and standard deviation obtained from the
22 models for which we found agreement on the general form of the ax equation. For some
ax
ax
of the parameters (i.e. Cth
2 and Cthu ) the standard deviation is quite large, showing that

in some of the models the additional terms present in addition to those of the standard
form are having a non-negligible effect.
The rotational acceleration αz is directly dependent on the steering input uya multiplied
by the forward speed u, since obviously the car would not turn unless it is moving. This
motion is damped proportionally to the rotational velocity r (see term Crαz r). The tendency
of the car not to move in a straight line even when ust is zero is captured by the term
αz ru produces the asymmetry in turning radius since its effect is
Cuαz u, while the term Cru

positive or negative depending on the rotational speed r. Interpreting the remaining term
αz is more difficult, but we can speculate that this could be a way of accounting for the
Cuv

fast rotation associated with large lateral velocities, perhaps as a result of skidding.
35
To aid readability the expressions of the best and median models reported have been automatically
simplified and the constant terms have been truncated, but no substitutions of terms has been carried out.
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ax
best:
−0.59(−uth th + 0.57u)(4.31 + 1.11uth − 0.11v + 2.08uuba /uth )

median:
general form:

(−4.81(−1.78uth + u))/(3.16 − r − uth − 2uba )
ax
ax 2
ax
uth−δth u
+ Cuax u + Cthu
uth−δth + Cth
Cth
2 uth−δ
th
ax
= 2.6 ± 0.24 (9.2%)a
Cth
ax
Cth2 = 0.7 ± 0.52 (74.2%)
Cuax = −1.5 ± 0.19 (12.6%)
ax
= −0.4 ± 0.12 (30%)
Cthu

delays:

δth = 0 40.9%(9/22)b

agreement:

73.3% (22/30)c

δth = 1 50%(11/22)

δth = 2 9.1%(2/22)

Table 5.13: Structure of the evolved toy car models: ax equations.
a

Mean and standard deviation of the parameters of the general form computed across all the agreeing
models. The relative standard deviation ([59]) is shown in parentheses.
b
Percentage of models among the ones that agree with the general form having the same delay. The
actual number is shown in parentheses.
c
Percentage of models that agree with the general form (we define a term as part of the general form if
it is present at least in 70% of the models). The actual number (out of 30) is shown in parentheses.

ay
best:
2r−39.18v+4.62uv+r(−0.43+1.57u−0.27uya )/(2.67+r(2.45+1.94r))
median:
general form:

r(1.80 + 0.42u) − 0.21u(1 + u) − 42.48v
a

a

a

Cr y r + Cu y ru + Cv y v
a

Cr y = 1.7 ± 0.31 (18.2%)
a
Cruy = 0.4 ± 0.11 (27.5%)
a
Cv y = −40 ± 5.8 (14.5%)
agreement:

87% (26/30)

Table 5.14: Structure of the evolved toy car models: ay equations.
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αz
best:
r + 2u − ru + 4.85uv + (−11.17 − u + v − ust )(r + ust )

median:
general form:

u + (−3.05r − 0.20u(−17.11 + 3.22uth )(v − uya ))(4 + u − 0.52r/ust )
αz ru + C αz uv + C αz
Crαz r + Cuαz u + Cru
uust−δ uuya−δya
uv
st

Crαz = −10 ± 5.00 (50%)
Cuαz = 1.5 ± 0.72 (0.48%)
αz = −1.8 ± 1.2 (66.7%)
Cru
αz = 7 ± 4.02 (57.2%)
Cuv
αz = −13 ± 1.33 (10.2%)
Cuu
st
delays:

δya = 0 95.2%(20/21)

agreement:

70% (21/30)

δst = 1 4.8%(1/21)

Table 5.15: Structure of the evolved toy car models: αz equations.

αz has a value clearly shared by most of the models; the
Only the primary term Cuu
st

remaining parameters are much more variable.
The general form of the lateral acceleration contains only three terms. We interpret the
rotational velocity r as the driving input as the lateral acceleration is obviously connected
a

to the rotational velocity since both are manifestations of centrifugal force. The term Cv y v
a

provides a damping effect, while for Cruy ru we can apply the same interpretation given in
the case of the rotational acceleration, that of producing asymmetry in the car’s behaviour.
Reasonable agreement on parameter values exists among the 26 models presenting the
general form for ay .

5.6.4

Conclusions

The application of our coevolutionary method to the car platform confirmed our understanding that the most critical part of the dynamics in this platform is the lateral dynamics.
The nonlinear phenomena of friction and skidding are possibly and probably at the root
of the problem, and our automatic method proved able to improve on the results obtained
by more standard techniques. In this respect we have to emphasise that in the literature
the lateral dynamics is generally neglected ([7, 222]), both because it is difficult to model,
and because it is less relevant than the forward and rotational dynamics.
Using genetic programming we reliably produced good models of the toy car and which
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have higher accuracy then the ones obtained with more conventional techniques. In addition (thanks to the relative transparency of the equations produced) we were able to gain
insight into the factors affecting the dynamics of the car. In general a good proportion
of the models showed agreement on a general form of the model equation, but due to
the stochastic nature of the techniques that we are using, some models were difficult to
interpret, and even some models that shared the general form had residual terms which
are difficult to understand.

5.7

Automatic Modelling of the X3D Quadrotor

In this section we apply the same coevolutionary algorithm already tested with the ATTAS
and toy car platforms to a more challenging vehicle, both for the number of dimensions
and for the dynamic coupling between them; the X3D quadrotor.
All the degrees of freedom are relevant in the case of a quadrotor, so our modelling
method will produce equations to predict each of the linear and angular accelerations (i.e.
ax ,ay ,az ,αx ,αy and αz ).
The input to the model consists of the full 6DoF state x plus the input u; we report
both here for completeness:
x = [u, v, w, φ, θ, ψ, p, q, r]T
u = [uth−δth , uya−δth , url−δrl , upt−δpt , uba−δba ]T .
Even in the case of evolving X3D models, we followed the reasoning presented in Section 4.2.2 and used a maximum allowed input delay of 5 time steps.
To allow meaningful comparison of the results with the models based on M LP networks
(Section 4.2.2) the same length T = 300 was used for both the test and training windows.

5.7.1

Convergence

Again, we look at the prediction error of the best models during the 20 epochs that constitute each of the 30 coevolution runs. The six equations of the model are independently
evolved, so it is interesting first to look at the progress during evolution of the best model
for each of the single equations.
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Figure 5.25: The error on single dimensions of the best model during the 20 coevolution
epochs computed over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. The
vertical scale of the plot is chosen proportionally to the standard deviation of the signal
being predicted to allow for direct visual comparison between the three plots. The value
of the points that exceed the maximum of the scale has been limited to the level indicated
by the dashed line, and the figures at the top of each plot indicate how many points have
been limited. To avoid overlapping points a random jitter drawn from the distribution
U [−0.1, 0.1] has been added to the epoch number of each point.

For each run and for each epoch of coevolution, the RM SEm computed from the prediction made over the windows of the validation dataset is used as indication of the equation’s
performance. The acceleration predicted by the equation being tested is integrated forward
in time along with the remaining accelerations (the remaining five dimensions) taken from
the training dataset.
For each dimension the progress of the RM SEm for the best model of each of the 30
coevolution run is shown in Figure 5.25.
For all dimensions, the first few epochs are critical for the convergence of the models; in
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fact the majority of them converge to a low error in the first two epochs, but in some runs
a few more epochs are necessary. The initial population of models is generated randomly
so differences between runs have to be expected. There are noticeable differences between
the three angular and linear dimensions. The former are distinguished by a larger number
of good models in the initial population, but also by a faster convergence. Additionally,
the angular accelerations show a smaller variation in performance both during evolution
and in the final population.
For each run and each epoch we can combine the single dimensional equations to form
a complete 6DoF model. In this case, the measure of performance of the models becomes
the RM SEmtotal metric (defined in equation 4.10), which is computed over the predicted
state obtained by integration of the six body frame accelerations. In Figure 5.26 we plot
the progress of the RM SEmtotal during the 30 coevolutionary runs.
Convergence of the full model is much slower than that of each individual equation.
Interestingly, by comparing Figure 5.26 with Figure 5.25 we can see that improvements
in single dimension performance which are not so obvious after the initial epochs have
considerable impact on the overall quality of the model. This clearly emphasises that a

6

14

4

8

4

9

8

6

6

4

4

5

6

3

2

6

5

8

6

8

7

5

5.5
5

RMSEm

total

4.5
4
3.5
3
2.5
2
1.5
1

0

2

4

6

8

10
Epoch

12

14

16

18

20

Figure 5.26: Total model error (RM SEmtotal ) during the 20 coevolution epochs computed
over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. To focus on the most
interesting part of the plot, the value of some of the points has been limited to the level
indicated by the dashed line. The numbers at the top of each graph indicate how many
points have been limited. The position of the dashed line was chosen as a compromise between providing a good picture of the distribution of models performances and containing
the number of points limited. To avoid overlapping points a random jitter drawn from the
distribution U [−0.1, 0.1] has been added to the epoch number of each point.
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smaller number of epochs would not be sufficient in general to reliably produce convergence,
but more importantly it shows the inherent dependency between dimensions present in the
dynamics of this platform.
Although only one of the single dimension equations (predicting the lateral acceleration
ay ) was shown not to be converging at the end of the coevolution run, four more models
show problems of convergence when the equations are combined into a 6DoF model. Among
the remaining 83.3% of models that converge properly, differences in performance are also
noticeable, with a small number of models having a distinctly lower performance level than
the majority.
Figure 5.27 shows the progress of the mean tree size of each equation during the 20
epochs of coevolution36 .
The pattern shown for all dimensions is rather similar to that shown by the two previous
platforms. The first epochs are marked by a sharp increase in size, and as the evolution
progresses the rate of increase slows down. It is difficult to determine clearly whether the
size of trees reaches a plateau but certainly the plot suggests a stabilization of the mean
size to a value close to 30 nodes. The size of the expression for the vertical acceleration
az always seems to be larger than that of the others and by the end of the coevolutionary
epoch it reaches 35 nodes.
40
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Figure 5.27: Mean size of the expression trees throughout the 20 coevolution epochs. All
the expressions are of similar size.

36
As previously, the mean size is computed by averaging the equation size of each best model across the
30 coevolutionary runs.
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Performance Analysis

Two representative models are selected for the performance analysis; the best (X3DAccGP best) and the median (X3DAccGP median)37 .
Figure 5.28 shows the time series of the state variables obtained by integrating forward
in time the predictions of the two selected models. The predictions are computed over
a randomly chosen data window from the validation dataset datax3d 2; this is the same
window used in Chapter 4 to display the predictions of the models based on first principles,
and also those of the artificial neural networks (see Figures 4.3, 4.14 and 4.18).

In the

selected data window the predictions of both the X3DAccGP best and X3DAccGP mean
appear good. For the rotational velocities p, q and r the predictions of the two models
are indistinguishable, and in a large part of the window they are also indistinguishable
from the experimental data. For the variables p and q the data present a small oscillation
around t = 7s not reproduced by the models. Unfortunately it is impossible to determine
with certainty if this oscillation is part of the model dynamics or if instead it is just a
manifestation of unmeasurable external inputs (e.g. turbulence), but the short duration of
the oscillation makes the second explanation more likely. The model slightly overestimates
the angular velocity r at times t = 5s and t = [10, 11]s.
The differences between the X3DAccGP best and X3DAccGP mean models become
visible on the angles. Although both are very good (we need to take into account in our
judgement that these are after all integrated variables), the best model shows the better
performance. Overall the error accumulated in attitude after 12 seconds of integration is
very limited.
Larger errors appear for the linear velocities, in particular for u and v. As we learned
from deriving the quadrotor model based on first principles in Section 4.1.2, the lateral and
longitudinal linear accelerations of a quadrotor are directly dependent on the angles θ and
φ through the projection of the gravity force. Therefore it does not come as a surprise that
the errors in lateral and longitudinal velocity appear in regions where the angular errors
are located.
The vertical velocity w does not share the fate of u and v as it is not directly dependent
on the angle predictions, and as a result the predictions made by both models are very
37
As previously we determine the best and median models based on the RM SEmtotal metric computed
over the validation dataset; see later in this section for further details.
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Figure 5.28: Proof of match: the state progress predicted by the X3DAccGP best and
median X3DAccGP median models versus the measured real state.
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Figure 5.29: Control inputs given to the X3DAccGP best and X3DAccGP median models
during the time window in Figure 5.28.
good. In practice w is almost indistinguishable from the experimental data.
The integrated variables x, y and z show larger errors obviously due to the errors in
the u and v velocities, and it is clear that the X3DAccGP median model has more of a
tendency to move away from the trajectory of the recorded data than the X3DAccGP best
model. The altitude remains accurate throughout the whole 12 seconds of predictions with
an error of less than 1m.
Let us now have a look at the quantitative error of the two models over this window of
data that we just commented on. The RM SE and the CR for both the best and median
models are reported in Table 5.16. With the exception of ψ which has a CR of only 0.46, the
X3DAccGP median model, presents CR coefficients in the range 0.82 to 1.42, sufficiently
close to one to indicate that the performance shown in Figure 5.28 for this model is largely
representative of the behaviour of the model over the whole validation dataset.
In the case of the X3DAccGP best model the CR values are generally lower than one,
informing us that in this randomly selected window the chosen model appears to be better
than its average performance on the whole dataset.
Before making a thorough quantitative evaluation of performance, we wanted to gain a
qualitative feeling of the models’ quality by interfacing them with our 3D visualization and
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u
v
w
φ
θ
ψ
p
q
r
total

Best Model
RMSE CR
0.53 m/s 0.60
0.29 m/s 0.49
0.21 m/s 0.89
0.036 rad 0.87
0.032 rad 0.61
0.085 rad 0.43
0.048 rad/s 0.84
0.045 rad/s 0.81
0.090 rad/s 1.24
0.66

Median Model
RMSE CR
0.88 m/s 0.85
0.56 m/s 0.86
0.40 m/s 1.42
0.049 rad 1.15
0.053 rad 0.88
0.090 rad 0.46
0.046 rad/s 0.82
0.063 rad/s 1.07
0.096 rad/s 1.32
1.14

Table 5.16: Prediction error of the X3DAccGP best and the X3DAccGP median models
computed on the window of data plotted in Figure 5.28.

the control remote, and flying them manually. The visual experience of the simulator is
certainly not what a pilot would have with a real quadrotor, but since the model can be run
in real time the speed and magnitude of the response of the system are very realistic. In the
hands of an experienced pilot this can give a good feel for the dynamic characteristics of
the quadrotor. During the test we explored the envelope of the model by flying it similarly
to the way in which the real helicopter was flown during data collection. We also tried a
variety of control combinations to see if any would lead the model to behave differently.
Both the X3DAccGP best and X3DAccGP median model performed well qualitatively,
being able to reproduce responses similar in motion and speed to those of the real platform.
The ability of the model to rotate and change position is a close match to the real flying
machine, at least to the extent that can be appreciated in simulation.
As with the X3DAccF P model (Section 4.1.2), the most noticeable difference between
the real helicopter and the model lies in the absence of turbulence that characterizes the
latter. In the real flying machine small drifts and vibration are continuously having small
but noticeable affects on the helicopter’s position and orientation; the models, being fully
deterministic, do not show this behaviour. For both the median and best models, our
attempts at forcing the model into divergence did not produce any indication of instability,
nor of behaviour incompatible with the motion of the real platform.
While these tests are not meant to provide any quantitative measure of the model’s
abilities, we found them important in increasing our confidence in the models. In Chapter 7 we will use these models to build controllers to fly the real quadrotor autonomously.
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Without in the first place being able to trust our models, we would certainly not feel
comfortable in testing the evolved controllers on the real helicopter.
To test the models we proceed in the usual fashion, using the validation dataset
datax3d 2 split into consecutive windows, and computing the metrics RM SEm and RAEm.
We report the performance of both the X3DAccGP best and X3DAccGP median models
in Tables 5.17 and 5.18 respectively.
We start by looking at the RAEm. Both models show values of RAEmp , RAEmq ,
RAEmr and RAEw much lower than one, so the two models are therefore much better
than a constant model at predicting the four state variables. As we know and will confirm
in the next section when looking at the models’ equations, these four equations do not
depend directly on other state variables, and the performance of the models is then very
good since it is not affected by error accumulation.

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
0.88
0.58
0.24
0.041
0.052
0.20
0.057
0.056
0.072
1.17

RMSEsd
0.48
0.30
0.13
0.019
0.024
0.23
0.023
0.022
0.053
0.51

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
1.14
0.92
0.33
0.47
0.44
0.76
0.24
0.20
0.25

Table 5.17: Prediction error of the X3DAccGP best model over the set of consecutive
windows covering the validation dataset.

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
1.04
0.66
0.28
0.042
0.06
0.19
0.056
0.058
0.073
1.32

RMSEsd
0.48
0.30
0.11
0.018
0.024
0.23
0.026
0.021
0.055
0.53

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
1.31
1.04
0.39
0.49
0.51
0.74
0.23
0.21
0.24

Table 5.18: Prediction error of the X3DAccGP median model over the set of consecutive
windows covering the validation dataset.
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Slightly worse predictions are seen for the angular quantities φ, θ and ψ, which is to
be expected since they depend on the integration of the angular velocity and are therefore
affected by any prediction error in the angular velocity dimensions.
The remaining variables u and v have RAEm close to one showing that the prediction
errors made by our models are in line with the errors that a constant model would produce.
As we know from our analysis of the model based on first principles (see Section 4.1.2),
the lateral accelerations, and therefore the lateral velocities, depend primarily on the reprojection of the resultant between the thrust and gravity forces and therefore on a correct
prediction of the pitch and roll angles. In the light of this, it does not come as a surprise
that the u and v variables are the least accurate predictions made by the model.
In absolute terms, the performances of the median and best models are remarkably
similar, with the X3DAccGP model being slightly better. The most noticeable differences
are in the pitch angle θ and in the longitudinal velocity u where the better predictions of
the X3DAccGP best model are clear.
Repeating the computation of the RM SEm on all of the best models obtained in the 30
independent coevolutionary runs, we can compute the statistics of their performances (see
Table 5.19). Excluding the diverging models, the standard deviation amounts to 22.6% of

best
median
mean
s.d.

RMSEmtotal
1.17
1.32
1.37
0.21 (15.3% of mean)

diverging

5

Table 5.19: Best and median and average prediction error in the 30 runs of the
X3DAccGP best model.
the mean RM SEm value; although not very large, variations in performance (15.3% of
the mean RM SEmtotal ) are present, an inevitable result of the stochastic nature of genetic
programming.
We now know that our coevolutionary methodology can produce models capable of
good predictions, and also that it can produce such models reliably. While producing
models better than those obtained using more conventional techniques is not among the
aims of this research it is still interesting to compare these models with those based on
first principles obtained in Section 4.1.2.
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Since the same training and validation datasets were used, we can compare the X3DAccF P model (namely the best X3D model obtained in Chapter 4) with the X3DAccGP best
model directly (comparing Table 4.6 with Table 5.17).
The overall RM SEmtotal performance identifies X3DAccGP best as the better performing model. If we look at the errors in the various state variables, we see that the
predictions of the angular velocities p and q and of the heading angle ψ have very similar
errors in both models. However, the yaw velocity error of the X3DAccF P model is much
larger (approximately double) than that of the best model obtained with genetic programming. For reasons previously mentioned, this error has a direct impact on the prediction of
the angles φ and θ which for the X3DAccF P model have noticeably higher RM SEm than
the X3DAccGP best model. In terms of linear velocities, the pattern of errors in the two
models is very similar, with a low error for the vertical velocity w and a higher error in the
lateral and longitudinal velocities. The X3DAccGP best model performs better than the
first principles model for the variables v and w, but is marginally less capable in predicting
the longitudinal velocity u.
Finally we would like to gain some insight into which of the state variables are easier
to learn. To do so, we look at the RAEm (see Table 5.20) for each of the state variables
across the 30 models from our coevolutionary runs38 . The pattern of RAEm for the 25
models that do not diverge is the same for both the best and median models, confirming
that throughout the independent runs the performance of our coevolutionary runs are

u
v
w
φ
θ
ψ
p
q
r
diverging

RAEmmean
1.26056
1.15886
0.37519
0.53868
0.49751
0.76893
0.26613
0.21605
0.25618
5

RAEmsd
0.22943
0.15931
0.06355
0.06196
0.09024
0.04790
0.06390
0.02794
0.01645

Table 5.20: RAEm of the set of models obtained by 30 independent runs of the coevolutionary algorithm (the diverging model are not included in the computation of the standard
deviation).
38

We define as easier to learn the variables that have lower RAEm on average across the obtained models.
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quantitatively repeatable. As seen for the median and best models, the easier variables to
learn are the velocities p, q, r and w followed by the angular quantities φ, θ and ψ.

5.7.3

Analysis of the Equations

It is now time to inspect the equations that the coevolutionary algorithm produced in the
30 independent runs. We proceed by first automatically simplifying the models’ equations
and then looking for models that share the same structure (see Section 5.6.3 for details
of how this was done), we again call the model structure common to many of the models
the general form, and

Obviously, since the coevolutionary algorithm is required to make

accurate predictions of the system’s accelerations without any additional constraints on
the models’ structure, we should expect that the models produced are likely to have a
lumped nature. The contributions of each rotor and of the drag and lift forces affecting it
will not appear in the model equations 4.14-4.19; instead, we are likely to see terms that
lump together and approximate the forces and moments from many different sources.
The X3D quadrotor is symmetric about its x and y axes39 , and as a results its dynamics
should be approximately the same for the longitudinal and lateral directions of motion.
Happily, our algorithm, although not primed with any of this information, produces for the
accelerations ax and αx equations with the same structure that appear in the equations of
ay and αy respectively.
In the case of the linear acceleration ax we have a general form
ax = C ax + Cθax θ + Cuax u,

(5.9)

in which we can recognize a “driving” term Cθax that expresses the fact that the platform
accelerates proportionally to the tilt it has in the longitudinal direction. The motion is
damped proportionally to the linear velocity u by what appears as a friction term with
coefficient Cuax . Comparing the general form with equation 4.14 that we report here to
facilitate the comparison
1
ax = −(H0x + H1x + H2x + H3x ) − Cxy Ac ρu|u| − sin(θ)g,
2

(5.10)

we recognize the term Cθax θ as being the small angle approximation of the term sin(θ)g.
39

Axes are defined in Figure 3.7.
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ax
best:
−0.41(1.65 + upt−1 + u) + θ(9.97 − 0.28u − q)

median:
general form:

−0.23 + 10.1θ − 0.41u − 0.24uba + 0.24r
C ax + Cθax θ + Cuax u
C ax = −0.26 ± 0.025 (9.6%)
Cθax = 10 ± 0.26 (2.6%)
Cuax = −0.42 ± 0.030 (6.9%)
100% (30/30)ab

agreement:

Table 5.21: Structure of the evolved X3D models: ax equations.
a

Percentage of models that agree with the general form (we define a term as part of the general form if
it is present at least in 70% of the models). The actual number (out of 30) is shown in parentheses.
b
Within the small angles approximation (see text) this models also agree with the first principles one.

ay
best:
−0.44v + (0.84 + ψ(0.41 + uth−2 ))/(−4.87 − ψ − uth−2 − u + w + r) +
φ(−9.89 + 2uya−1 )
median:

general form:

((1.05 + θ)(1.26 − 3.2upt + 3.19v + r))/(−8.65 − 4.71θ + r − 1.1uya −
θuya ) + φ − φ(11.06 − ψ + url − θ)
a

a

C ay + Cφy φ + Cv y v
C ay = −0.17 ± 0.014 (13%)
a
Cφy = −9.83 ± 0.21 (2.1%)
a
Cv y = −0.41 ± 0.032 (7.8%)
agreement:

100% (30/30)a
Table 5.22: Structure of the evolved X3D models: ay equations.

a

Within the small angles approximation (see text) this models also agree with the first principles one.
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az
best:
−0.67 − 7.03(−6 + r)uth−1 + θ + (−φ + θ)(4.86θ + v) + 1.38uba − w

median:

general form:

(11.81uth (11.44 + θ))/(3.08 + φ + q + 11.79φθ) + 3.27purl (q + θ + uba ) +
(−1.25 + 2.51uba )/(2.14 + quba ) − w
z
z
uba + Cwaz w
uth + Cuaba
C az + Cuath

C az = −0.5 ± 0.13 (26%)
z
= 42 ± 3.57 (8.5%)
Cuath
a
z
Cuba = 1.2 ± 0.29 (24.1%)
Cwaz = −0.9 ± 0.13 (14.4%)
delays:

δth = 0 56.7% (17/30)
δba = 0 76.7% (23/30)

agreement:

96.7% (29/30)a

δth = 1 40% (12/30)
δba = 1 23.3% (7/30)

δth = 2 3.3% (1/30)

Table 5.23: Structure of the evolved X3D models: az equations.
a

See text for a comparison with the first principles model.

αx
best:
0.5 − φ − q((−1.47 + upt )q + url ) + (−0.59p + url )(79.5 − 0.31v) + 2v

median :
general form:

−45.6p − φ + 77.4url + (2.2 + u)v + uba
Cpαx p + Cφαx φ + Cvαx v + Cuαrlx url
Cpαx
Cφαx
Cvαx
Cuαrlx

= −45 ± 1.64 (3.6%)
= −2 ± 1.36 (68%)
= 1.3 ± 0.43 (33%)
= 77 ± 3.25 (4.2%)

delays:

δrl = 0 96.3% (24/26)

agreement:

86.7% (26/30)a

δrl = 1 7.7% (2/26)

Table 5.24: Structure of the evolved X3D models: αx equations.
a

See text for a comparison with the first principles model.
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αy
best:
0.26 − 4.3φ − upt − r − url − 4.9θ − u + (−6.9upt − 3.8q)(11.6 − p −
0.45upt + uba )
median :
general form:

4.37uth + (q + upt−1 (1.7 + uth ))(−48.1 + θ) − 4.9θ − u − q 2 (3.1 + θ)u
α

α

α

α

Cq y q + Cθ y θ + Cu y u + Cupty upt
α

Cq y = −45 ± 1.84 (4%)
α
Cθ y = −4 ± 1.06 (26.5%)
α
Cu y = −1 ± 0.14 (14%)
α
Cupty = −83 ± 3.73 (4.5%)
delays:

δpt = 0 88% (22/25)

agreement:

83.3% (25/30)a

δpt = 1 12% (3/25)

Table 5.25: Structure of the evolved X3D models: αy equations.
a

See text for a comparison with the first principles model.

αz
best:
(3.14 + 0.90φ)(4.6 + upt − 2.25/(1.14 − uth ) + r(r + w))(−0.44r − 1.7uya )

median :
general form:

r(−4.2 − v) − (14.8 + ψ + url − w)uya
z
uya
Crαz r + Cuαya

Crαz = −3.9 ± 0.33 (8.5%)
z
= −15 ± 1.1 (7.7%)
Cuαya
delays:

δya = 0 100% (30/30)

agreement:

100% (30/30)a
Table 5.26: Structure of the evolved X3D models: αz equations.

a

See text for a comparison with the first principles model.
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The constant Cθax has a value close to g, and from trigonometry we know that for small
angles:
sin(θ) ≃ θ

θ is small.

In the dataset in question the pitch and roll angles are small (less than 0.2rad in most
part of the dataset) and therefore the approximation “discovered” by our coevolutionary
algorithm is reasonable.
The term Cuax is an approximation of the drag force 12 Cxy Ac ρu|u|; here, probably because the velocities reached by the helicopter are never very high, the genetic programming
is approximating the second order term u|u| simply with u. Due to the presence of the
rotors and the complex shape of the helicopter fuselage, we cannot analyze in any detail
why a linear model is preferred to the more standard viscous relationship. It is possible
that a linear relationship allows the capture of aerodynamic effects that were neglected in
the model based on first principles when the fuselage was represented as a planar surface.
Dedicated wind tunnel measurements outside the scope of this work would be needed to
shed more light on the possible reasons behind this approximation.
The term (H0x + H1x + H2x + H3x ) in equation 5.10 does not appear in the general
form of the equations ax , but we cannot exclude the possibility that some of the models
actually present terms with similar effects among the terms not forming part of the general
form.
Considerations analogous to those just made for the equations of ax can be made for
the lateral acceleration ay by comparing its general form with equation ay and equation
4.15; however in this case we also have to bring in the small angle approximation for the
cos function:
cos(θ) ≃ 1

θ is small.

(5.11)

For both the longitudinal and lateral linear accelerations we see in Tables 5.21-5.22
that a unanimous agreement exists among all 30 models sharing the same general form.
The agreement also extends to parameter values, which have low standard deviations.
The equation of the angular acceleration αx takes the general form
αx = Cpαx p + Cφαx φ + Cvαx v + Cuαrlx url ,

(5.12)
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where the control input url is in this case the “driving” term of the equation, lumping
together the dynamics of the left and right rotors. A damping effect on the rotational
dynamics is introduced by the term Cpαx p which given its negative value for Cpαx has a
stabilizing effect on the rotational motion. It is important to remember here that we are
reproducing the dynamic behaviour of both the helicopter and its stability augmentation
system, a system that is implemented in the embedded electronics in order to make the
helicopter stable and therefore manually flyable (we describe the system in Section A.4).
In the light of this, we can rewrite the term Cpαx p + Cuαrlx url as :
Cpαx p + Cuαrlx url = Cpαx (p +

Cuαrlx
url ),
Cpαx

(5.13)

in which, remembering the fact that Cpαx is negative, we can recognize the error computation of the PID stabilization loop that ensures an angular speed proportional to the url
input. The genetic programming appears to be lumping the group formed by the helicopter’s rotational dynamics and the stability augmentation system into the much simpler
stable system produced by the interaction of the two. The term Cφαx φ produces a restoring
torque that always tend to bring the helicopter back to level flight; this expresses the fact
that the centre of force and the centre of mass of the helicopter do not coincide. Finally the
term Cvαx v brings in all the aerodynamic effects produced by the fact that the helicopter is
moving through the air. This term represents the fact that the advancing and retreating
sides of the rotor experience different airspeeds, as well as capturing the moments produced
by the drag forces acting on the helicopter fuselage.
These considerations concerning the angular velocity αx apply unchanged to the equations produced for the pitch angular acceleration αy since their general form is identical
to that of αx .
The level of agreement among models for αx and αy , although not as high as for
the linear accelerations, is still very good with 86.7% and 83.3% of the models having
the same general form. As regards parameter values, the C αx p p (C αx p p) and Cuαrlx url
α

α

α

(Cupty upt ) coefficients have low standard deviations. For Cφαx φ (Cθ y θ) and Cvαx v (Cu y u)
the agreement is less clear, and there are larger standard deviations. This suggests the
former two terms as being the main players in the dynamic behaviour.
For both the pitch and roll accelerations, the vast majority of the models agree on an
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input delay equal to zero, denying the presence of any substantial effect of delay in the
system.
For the vertical acceleration az , we identified a general form possessed by 29 out of 30
models:
z
z
uba + Cwaz w.
az = C az + Cuath
uth + Cuaba

(5.14)

z
uth and Cwaz w express an expected component of the vertical dynamic
The coefficients Cuath

behaviour. The first of the two simply says that the acceleration is directly proportional to
the throttle. The reader might note that in Section A.3 when we determined experimentally
the relationship between the throttle input and the thrust generated, we observed that for
values of uth larger than 0.3, the relationship could be approximated as linear.
The coefficient Cwaz , introduces a velocity dependent damping that ensures the stability
of the system. In line with what was found for the lateral and longitudinal accelerations,
this damping has an intuitive explanation in the drag forces experienced by the helicopter
when moving through the air. Again the genetic programming produces a relationship that
is linear in the vertical speed. In this case it is difficult to determine whether the choice
made by our algorithm is rooted in the nature of the aerodynamic phenomena taking place
on the flying machine, or if it is simply an approximation made by the algorithm based on
the fact that the velocity of the helicopter is never very high.
While the term C az in the equation is simply a bias that is needed to ensure correct
hovering behaviour in the absence of any control input, the most interesting term in the
z
uba , which explicitly links the vertical acceleration to the battery
equation is surely Cuaba

level. Our practical experience confirms this dependency (qualitatively at least) with the
X3D helicopter being more responsive when the battery is fully charged, and becoming
more and more sluggish as the battery depletes.
In terms of parameters, the agreement between the 29 models is satisfactory but there
is certainly room for improvement. In terms of delays, the vast majority of the models
(76.7%) do not indicate the need for any delay for the battery input uba , and the models
are almost equally split between a delay of zero and one time step for the throttle input.
This is not a clear result, but it is certainly possible that the algorithm is trying to model
the inertia of the propulsion group (see A.3) as a delay with various degrees of success.
Finally we examine the equations of the yaw acceleration αz which has the general
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form:
z
uya .
αz = Crαz r + Crα3z r 3 + Crα2zuya r 2 uya + Cuαya

(5.15)

In this case also we can recognize a general form that reproduces the dynamics of the
controlled system formed by the quadrotor and its stability augmentation system. The
acceleration αz is proportional to the difference between the control input and the current
z
uya ). The model also shows higher order depenrotational velocity (terms Crαz r and Cuαya

dencies between αz and both the control input uya and the rotational velocity r which do
not lend themselves to a direct interpretation.

5.7.4

Conclusions

This exercise in modelling the X3D helicopter, with the greater complexity in its inputs
and dimensions, proved to be a very interesting challenge for our algorithm.
The overall results are very satisfactory, with the algorithm being able to produce good
models and also to produce models that are as good, or better than, models produced
manually. It is interesting to note that the equations that we identified automatically are
actually (and not surprisingly) similar to the models that have been used in recent publications [8] as part of the estimation and control loop for an indoor autonomous helicopter.
Due to the stochastic nature of the algorithm that we employ, we cannot guarantee that
every single model produced will deliver the best possible performance, but in practice
the methodology has been shown to be able to produce good quality models with high
reliability.
The analysis of the structure and terms of the model equations showed that although no
platform specific information is used, the algorithm is indeed able to “discover” equations
that embed and express the characteristics of the platform (e.g. its symmetry).
Overall, is important to notice that for both the automatically produced models and
the model obtained from first principles, the errors in the state variables were heavily
affected by the dependencies between the dimensions and the dynamic relationships that
characterize the specific platform. Since no algorithm exists that will produce a perfect
model, these dependencies are the ones that determine how hard a system is to model, and
what level of results can be expected.
In comparing the equations obtained automatically against the model based on first
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principles, we have seen a clear example of how our coevolutionary methodology reliably
discovers approximate solutions that are valid within the envelope of data present in the
training dataset. This again emphasises the paramount importance of the data collection
stage in this technique; this is also true of any other technique that relies solely on the
evidence provided by the data.

5.8

Automatic Modelling of the Owl Quadrotor

Finally we approach the last of the platforms considered in this work, the Owl quadrotor
helicopter. Although conceptually similar to the X3D, the Owl is a larger and heavier
platform, and has a completely different suite of sensors as well as a different control
system; is it therefore interesting to see how the coevolutionary algorithm will cope with
this platform. Naturally we will investigate the two automatically obtained analytical
models and look for any similarity in structure between them.
Like the X3D the Owl dynamic model is also characterized by six dynamic equations,
one for each of the DoF (i.e. it must predict ax ,ay ,az ,αx ,αy and αz ).
The set of inputs x and u will also be the same:
x = [u, v, w, φ, θ, ψ, p, q, r]T
u = [uth−δth , uya−δth , uro−δro , upi−δpi , uba−δba ]T .
In the case of the Owl, we keep the same settings for the coevolutionary algorithm that
were used for all the other platforms, again avoiding any platform specific setup for the
algorithm. The maximum allowed input delay was set to the standard value of 5 time
steps, and a length of 300 samples was chosen for the test data window.
The coevolutionary algorithm was run for 30 times using the training dataset dataowl 1;
each of the runs was terminated after 20 epochs.

5.8.1

Convergence

We start our analysis by looking at the convergence ability of the coevolutionary algorithm;
and again using the same procedure explained in Section 5.7.1 we first look separately at
each of the model’s equations.
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The result of computing the RM SEm metric for each of the dimensions and for each

RMSEmu [m/s]

of the best models in the 30 coevolutionary runs is shown in Figure 5.30. We recognize the
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Figure 5.30: The error on single dimensions of the best model during the 20 coevolution
epochs computed over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. The
vertical scale of the plot is chosen proportionally to the standard deviation of the signal
being predicted to allow for direct visual comparison between the three plots. The value
of the points that exceed the maximum of the scale has been limited to the level indicated
by the dashed line, and the figures at the top of each plot indicate how many points have
been limited. To avoid overlapping points a random jitter drawn from the distribution
U [−0.1, 0.1] has been added to the epoch number of each point.
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familiar pattern of convergence seen for the platforms already examined, in that a large
majority of the models converge during the initial epochs of coevolution. The additional
epochs give a chance to the remaining models to converge but are also marked by the
refinement of the models’ fitness. As seen in Figure 5.25 for the X3D quadrotor, we see
that quicker and more reliable convergence is exhibited for the angular velocities. At the 20
epoch mark, one of the equations for the ax dynamics delivers quite a large error, but again
this is understandable since the model is being tested on an unseen validation dataset.
Concentrating now on the full 6DoF model, we use all six equations of each best model
simultaneously to make predictions. The performances of the best models during coevolution computed as already described for the X3D quadrotor (Section 5.7.1), are shown
in Figure 5.31. Although we have seen that each single equation converges rapidly in
the first few epochs, we know from the experiments on the X3D (Section 5.7.1), that the
subsequent phase of equation improvement is vital for the convergence of the full model.
Small improvements in fitness in Figure 5.30 deliver substantial improvements to the full
models throughout the 20 epochs of coevolution. As the coevolution progresses, both the
number of diverging models and the RM SEtotal of the models that are already converging
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Figure 5.31: Total model error (RM SEmtotal ) during the 20 coevolution epochs computed
over the validation dataset. The best model for each of the 30 independent runs is plotted. The continuous line indicates the best among all the models. To focus on the most
interesting part of the plot, the value of some of the points has been limited to the level
indicated by the dashed line. The numbers at the top of each graph indicate how many
points have been limited. The position of the dashed line was chosen as a compromise between providing a good picture of the distribution of models performances and containing
the number of points limited. To avoid overlapping points a random jitter drawn from the
distribution U [−0.1, 0.1] has been added to the epoch number of each point.
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decrease. At the 20 epochs mark none of the models fails to converge.
During coevolution we also logged the size of the best models in the population; averaging this information across the 30 independent runs delivers for each of the model
equations a history of tree sizes as shown in Figure 5.32. In the case of the Owl quadrotor
we again recognize the familiar progression in the mean size of the models. In the initial
population, small models have better performance, but their size increase quickly in the
first two epochs. This coincides with a sharp decrease in error (see Figure 5.30). The
epochs following the second are then marked by a much slower size increase. By the end
of the coevolution phase, the size of the equations appears to stabilize at between 25 and
30 nodes. It appears that the measure we designed into the algorithm to control the tree
size through the mutation operators and the explicit simplification procedure are effective
in limiting bloat.
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Figure 5.32: Mean size of the expression trees throughout the 20 coevolution epochs.

5.8.2

Performance Analysis

In this section we put to the test the Owl models obtained with our coevolutionary method,
first qualitatively and then quantitatively. A good way to start to get an idea of the model
quality is by plotting its predictions against the real data, the familiar proof of match. As
for the previous platforms we plot only the best and the median models (we will call them
owlAccGP best and owlAccGP median respectively).
We plot the predictions over a randomly chosen sample window from the validation
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The first thing that strikes us is that the

angular velocities p and q are very noisy; as we commented in Section 3.3.2, this is due
to the vibration of the Owl platform. Using a narrower low pass filtering at the data preprocessing stage could limit the effect of this type of vibration, but getting closer to the
range of frequencies that are characteristic of the system would also increase the risk that
the filtering might distort the information about the system dynamics present in the data.
In this instance we considered it unacceptable to reduce the bandwidth of the smoothing
stage because it would represent the use of platform dependent knowledge. Instead, we
treat this as an opportunity to test our coevolutionary algorithm in the presence of data
heavily affected by noise.
In reproducing the angular velocities, both the owlAccGP median and owlAccGP best
models appear very good at capturing the low frequency behaviour of the model, effectively
ignoring the stochastic part of the dynamics produced by vibration.
The best and median models also appear indistinguishable in the prediction of the
yaw velocity r. While providing a good fit, neither looks as smooth as the measured yaw
velocity variable.
Although the fitting of the angular velocities looks satisfactory, our understanding of
rigid body dynamics tells us that small differences between the predicted and the measured
angular velocities, mostly due to vibrations, will certainly degrade the estimates of the
platform angles. Our expectation are confirmed by the plots of φ, θ and ψ all of which
show how the error, initially small, is integrated and grows with time. The owlAccGP best
model shows better prediction abilities for the pitch angle θ, while its ψ and φ predictions
are very similar to that of the median model.
We expect any error in estimating orientation to have a direct effect on the prediction
of the accelerations ax and ay and therefore in the velocities u and v (see Section 4.1.2 for
more details). Looking at the plot of u and w we see exactly this; although the models
clearly replicate correctly the changes affecting the two linear velocities, the predictions
tend to drift away from the real data as time progresses. Due to better θ predictions, the
u prediction produced by the owlAccGP best model has considerably less drift than that
produced by the owlAccGP median model.
For the variables x and y this problem of drift is even more evident since they are
primarily dependent on the integration of u and v.

5.8 Automatic Modelling of the Owl Quadrotor

237

−5

median

real

best

0
−2
−4
3
2
1

0.2
0.1
0

0.1
0
−0.1

ψ [rad]

θ [rad]

φ [rad]

z [m]

y [m]

x [m]

0

1
0

v [m/s]

u [m/s]

−1
1
0
−1
1
0

1
0
−1
0.5
0

−0.5
0.5
0
−0.5

r [rad/s]

q [rad/s]

p [rad/s]

w [m/s]

−1

1
0
−1
0

2

4

6
time[s]

8

10

12

Figure 5.33: Proof of match: the state progress predicted by the owlAccGP best and median
owlAccGP median models versus the measured real state.
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Figure 5.34: Control inputs given to the owlAccGP best and owlAccGP median models
during the time window in Figure 5.33.
We know that the vertical dynamics is less dependent on the platform angles, and as
a consequence the prediction of w is almost unaffected by drift. For this state variable
the predictions of the two models are very similar; both have a tendency to underestimate
this velocity, but this is less pronounced for the owlAccGP median model. The altitude
z is derived primarily from the integration of w, and shows how the better prediction of
vertical velocity made by the median model also delivers better altitude predictions.
Before proceeding with other qualitative tests on the obtained models, we want to have
an understanding of how the performance in this window is representative of the overall
performance in the complete dataset. To do so we compute the RM SE for the window
of data shown in Figure 5.33 and we compare it to the RM SE computed over the whole
validation dataset by means of the coefficient CR; the results are shown in Table 5.27.
From the values of the CR coefficients we can see that in general the randomly chosen
window is fairly representative of the models’ performance, and for the majority of the
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u
v
w
φ
θ
ψ
p
q
r
total

Best Model
RMSE CR
0.20 m/s 0.76
0.33 m/s 1.26
0.28 m/s 1.26
0.023 rad 1.28
0.010 rad 0.77
0.15 rad 1.72
0.052 rad/s 1.22
0.062 rad/s 1.24
0.23 rad/s 2.97
0.56
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Median Model
RMSE CR
0.69 m/s 0.99
0.23 m/s 0.67
0.26 m/s 1.17
0.021 rad 0.89
0.024 rad 0.81
0.16 rad 1.32
0.052 rad/s 1.22
0.062 rad/s 1.24
0.24 rad/s 2.91
0.83

Table 5.27: Prediction error of the owlAccGP best and the owlAccGP median models computed on the window of data plotted in Figure 5.33.

variables the CR coefficients are not far away from one. An exception to this is the yaw
velocity r for which the large CR value indicates that the performance on the selected
window is much worse that the average for the yaw velocity. We can also see that for the
owlAccGP median model, the prediction of v is particularly good in the selected window,
explaining how the median model appears to be better than the best model in predicting v.
Before measuring the performance of our models quantitatively we wanted to have a
firsthand impression of the quality of our model. We again interfaced the best and median
model to our custom made software to obtain a simple 3D quadrotor simulator.
After testing all the basic flight manoeuvres (i.e. pitch, roll and yaw) and ensuring the
behaviour of the simulator did indeed match that of the real flying machine, we tried to use
the simulator to fly manoeuvres similar to those carried out on the real helicopter during
data collection. The overall motion of the simulator appeared very realistic and during
the test neither of the two models demonstrated instabilities nor unexpected dynamic
behaviour.
In terms of flight behaviour we did not notice any apparent difference between the
owlAccGP best and the owlAccGP median model. However, we noticed a clear difference
between the X3D and the Owl models in that the former are faster and more responsive
in changing their altitude than the latter; this was expected because the X3D is a much
lighter flying machine, and has a higher power to weight ratio. Unfortunately this was
the only clear difference that we were able to identify in simulation between the Owl and
X3D models. Although we use the same controller as with the real helicopter, the 3D
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visualization simply does not provide the same visual experience as when flying the real
machine.
For the Owl, the clear difference between the real platform and its simulation was
again the complete absence of any disturbances. Another important point to make is the
fact that when using the simulator we did not notice any effect of the attitude error we
commented on when analyzing Figure 5.33. It is likely that when flying the model using
the 3D visualization we unconsciously compensate for any small but systematic differences
from the real flying machine just as a closed loop controller trying to govern the helicopter
attitude would do.
A quantitative comparison between the owlAccGP best and the owlAccGP median models is straightforward to obtain by calculating the RM SEm metric over the 36 consecutive
windows that constitute the validation dataset dataowl 1. To obtain a direct perception of
the dimensions in which the two models differ we compute the RM SEm for each dimension
as well as the RM SEmtotal ; the results are shown in Tables 5.28 and 5.29.
Both models show low RAEm in almost all dimensions, confirming that the obtained
models are much better than a constant model. The only exception is the longitudinal
velocity v of the owlAccGP median model which has quite a large error and scores a RAEm
of one. Both models show a similar pattern of performance, with the owlAccGP median
model slightly worse than the best model in each dimension except for the RM SEmu of
the median model which is more than twice that of the best model. The error in the u
dimension is thus the principal source of the difference in performance between the two
models.
Both models have a standard deviation of the RM SEm across different data windows

u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
0.26
0.26
0.22
0.018
0.013
0.089
0.04
0.052
0.078

RMSEsd
0.17
0.13
0.06
0.008
0.007
0.06
0.012
0.015
0.07

0.49

0.15

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s

RAEm
0.36
0.28
0.34
0.22
0.23
0.46
0.20
0.28
0.23

Table 5.28: Prediction error of the owlAccGP best model.
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u
v
w
φ
θ
ψ
p
q
r
total

RMSEm
0.70
0.34
0.22
0.023
0.03
0.12
0.043
0.050
0.083
0.85

RMSEsd
0.23
0.16
0.07
0.009
0.009
0.08
0.012
0.014
0.073
0.24

m/s
m/s
m/s
rad
rad
rad
rad/s
rad/s
rad/s
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RAEm
1.00
0.35
0.34
0.28
0.57
0.64
0.20
0.29
0.24

Table 5.29: Prediction error of the owlAccGP median model.

best
median
mean
s.d.
diverging

RMSEmtotal
0.49
0.85
0.84
0.12 (14.1% of mean)
0

Table 5.30: Best and median prediction error among the 30 runs of the owlAccGP best
model.
(reported as RM SEsd in Tables 5.28 and 5.31) of the same order of magnitude as the corresponding RM SEm; this indicates that the performance of the models varies considerably
over different part of the dataset.
Computing the RM SEmtotal across all 30 models allows us to get a quantitative measurement of the performance of the whole set of models as well as of the variation in
performance within models. From the results in Table 5.30, we see that the median and
the mean of the distribution have similar values, suggesting a symmetrical distribution of
performance around the mean. The 14.1% standard deviation is in line with that of the
other platforms analyzed so far and confirms the good convergence ability of the coevolutionary algorithm.
Finally we look at the RAE across the 30 models produced by 30 different coevolution
runs. Computing the mean and the standard deviation of the RAE allows us to understand
which of the variables are on average more difficult to learn40 . Since the RAE is a relative
measure, we can compare it across dimensions. The rotational velocities p, q, r are, in
general, dimensions that are easier to learn. This result matches that obtained for the
40

Defined as having lower RAEm on average across the obtained models.
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u
v
w
φ
θ
ψ
p
q
r
diverging

RAEmmean
0.9
0.33
0.44
0.23
0.6
0.53
0.20
0.2861
0.2337
0

RAEmsd
0.19
0.038
0.081
0.038
0.11
0.084
0.011
0.00095
0.0092

Table 5.31: RAEm of the set of models obtained by 30 independent runs of the coevolutionary algorithm.
X3D models, and can be explained similarly by the fact that those quantities depend
primarily on themselves and the control inputs, and are not directly coupled to other state
variables. Low values of RAEmp make for low values of RAEmψ , and also for low values of
RAEmv due to the dynamics of the helicopter. For similar reasons, but at the other end of
the performance spectrum, we see RAEmq which affects the performance of both θ and u.
The vertical velocity w has a moderately low RAEmw since it is not directly dependent on
the angle predictions. Importantly, we see that, with the Owl as with the X3D, the ability
of the models to make good predictions is strongly influenced by the dynamic couplings
intrinsic to the platform. The angular velocities are confirmed once again as being the key
elements for producing good models.

5.8.3

Analysis of the Equations

In this section we look at the equations produced by our automatic modelling method to
see if the model can give us direct insight into the dynamics of our platform.
The first step of the analysis involves the automatic simplification of all the equations
of the 30 dynamic models as well as the appropriate series expansion of some of the terms
present in the equations. Both operations are carried out in exactly the same way as for
the X3D quadrotor and the toy car (see Section 5.6.3).
The terms of each equation shared by many of the models constitute what we call
the general form of the specific equation being analyzed. In Tables 5.32-5.37 we report
the general form for each of the six model equations along with the equations of the
owlAccGP best and owlAccGP median models

35

. As with the previous quadrotor, the
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ax
best:
(−2.45(9.9 + r)θ + u + (−2.1 + φ + v)/(−4.9 + uya ))/(−2.4 + uth )
median:
general form:

−0.19 + (10.3 + p + q + uth−1 − θ)θ − u/(2.7 + r)
C ax + Cθax θ + Cuax u
C ax = −0.18 ± 0.023 (12.4%)
Cθax = 9.97 ± 0.31 (3.1%)
Cuax = −0.38 ± 0.029 (7.5%)
96.7% (29/30)a

agreement:

Table 5.32: Structure of the evolved Owl models: ax equations.
a

Percentage of models that agree with the general form (we define a term as part of the general form if
it is present at least in 70% of the models). The actual number (out of 30) is shown in parentheses.

ay
best:
0.40 + (−4.1 + φ)φ − φ(6 + θ) + (uba (−v + (p − uya )/(−2.48 +
r)))/(−2.58uth−1 + 2.41uba )
median:
−1.62(−p+(−0.04+φ)(6.16+θ)+v/(3.26+ψ +url−1 +uba )−p(−1.15+
r + uya ))
general form:

a

a

C ay + Cφy φ + Cv y v
C ay = 0.40 ± 0.012 (2.9%)
a
Cφy = −9.9 ± 0.15 (1.5%)
a
Cv y = −0.4 ± 0.12 (30.3%)
agreement:

100% (30/30)
Table 5.33: Structure of the evolved Owl models: ay equations.
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az
best:
−31.7(−0.86 + uth−1 )uth−1 + w + w(−2.4 − 0.45(url + uya ))

median:
general form:

(2.45 − upt )/(−2.29 + uth ) + 30.1uth + 0.87p(uth + v) + uba−1 − w
z
uth + Cwaz w
Cuath
z
= 30 ± 5.0 (17%)
Cuath
a
Cwz = −1.1 ± 0.21 (18.9%)

delays:

δth = 0 51.7% (15/29)
δth = 2 13.8% (4/29)

agreement:

96.7% (29/30)

δth = 1 24.1% (7/29)
δth = 3 10.3% (3/30)

Table 5.34: Structure of the evolved Owl models: az equations.

αx
best:
0.40 − 29.9p + 48url + φ(−3.7 + φ + upt−1 + v)

median:
general form:

0.42 − 29.3p + 47url − (4.5φ)/(1.4 + φv)
C αx + Cpαx p + Cφαx φ + Cuαrlx url
C αx
Cpαx
Cφαx
Cuαrlx

= 0.41 ± 0.055 (13.2%)
= −30 ± 1.01 (3.3%)
= −3.5 ± 0.30 (8.6%)
= 49 ± 1.64 (3.3%)

delays:

δrl = 0 96.4% (27/28)

agreement:

93.3% (28/30)

δrl = 1 3.6% (1/28)

Table 5.35: Structure of the evolved Owl models: αx equations.
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αy
best:
−0.24 − 0.35p + 1.64r − 6.9θ + (4.5upt + 2.9q)(−13 + url + θw)

median:
general form:

−40q + upt (−63.2 + r) + 1.6r − 4.9θ − 2.1/(5.9 + φ + w)
α

α

α

α

C αy + Cq y q + Cθ y θ + Cr y r + Cupty upt
C αy = −0.31 ± 0.052 (17%)
α
Cq y = −39 ± 1.79 (4.6%)
α
Cθ y = −5.4 ± 0.70 (13%)
α
Cr y = 1.2 ± 0.23 (19.8%)
α
Cupty = −62 ± 2.97 (4.8%)
delays:

δpt = 0 100% (27/27)

agreement:

90% (27/30)
Table 5.36: Structure of the evolved Owl models: αy equations.

αz
best :
−0.61 + upt − 58.6uya + r(−23.2 + 2.33ψuya )

median :

−0.82 + 0.39p − 0.77φ − 0.77ψ + 0.38upt + 3.58(−7.39 + 0.83q + r −
w)(r + 2.54uya )
general form:
z
uya
C αz + Cψαz ψ + Crαz r + Cuαya

C αz = −0.7 ± 0.1 (13.6%)
Cψαz = −1.14 ± 0.49 (42.9%)
Crαz = −23 ± 2.6 (11.4%)
z
= −58 ± 6.6 (11.3%)
Cuαya
delays:

δya = 0 100% (28/28)
δpt = 0 100% (28/28)

agreement:

93.3% (28/30)
Table 5.37: Structure of the evolved Owl models: αz equations.
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symmetry of the model dynamics in the longitudinal and lateral direction is apparent in
the general form equations which for both ax and ay have the same form:
ax = C ax + Cθax θ + Cuax u.

(5.16)

More interestingly, such general form equations are identical to those obtained for the
X3D quadrotor in Section 5.7.3. Trying to get some insight into the obtained equations
leads to the same observation made for the X3D; the term Cθax θ is again a small angle
approximation of the projection of the gravity force, Cuax u is the effect of drag forces, and
the term C ax is simply a way of correcting for biases. Entirely similar consideration apply
to the expression of ay .
The general form equations are shared by 29 out of 30 models in the case of the
longitudinal acceleration ax and by all the models in the case of ay , showing excellent
agreement. Looking at the parameters we see generally low standard deviations for the
a

coefficients, with the exception of Cv y , the standard deviation of which reaches 30.3% of the
mean value. Good agreement is present between the values of corresponding parameters
a

a

in the longitudinal and lateral acceleration equations, with Cθax ≃ Cφy and Cuax ≃ Cv y ,
confirming once more the symmetry between the two dimensions. The bias coefficients are
different, probably due to manufacturing tolerances and/or small misalignments between
the helicopter structure and the reference frame.
The vertical acceleration az has a simple general form
z
uth + Cwaz w,
az = Cuath

(5.17)

with a linear dependency on the throttle input and with the aerodynamic drag proportional
to the vertical velocity w. Those two terms were also present in the general form of the
equation az obtained from the X3D quadrotor (see Section 5.7.3). In that instance however
the general form also presented a dependency on the battery level. While some of the Owl
models do show the presence of the battery input (see the median model equation of az
in Table 5.34), this term is not shared by most models. The X3D and the Owl helicopter
use the same types of motor and motor controller, but the Owl uses a battery with larger
capacity. We are inclined to believe that the difference in the battery size, and the fact
that the Owl uses more rigid and efficient blades which can produce larger change of thrust
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with smaller speed changes, might make the effect of battery voltage less important. At
this point this is little more than a speculation; specific tests going beyond the scope of
this work would be needed to characterize the discharge curves of various batteries along
with parameters such as internal resistance.
We look now at the rotational accelerations αx and αy , and while we would expect
fully symmetrical models as for the linear accelerations, we find only a partial agreement,
α

in that the general form of the equation of αy presents a term Cr y r which does not have
a corresponding term in the equation of αx .
In the part of the general form that the two dimensions have in common:
αx = C αx + Cpαx p + Cφαx φ + Cuαrlx url ,

(5.18)

we can recognize the Cpαx p and Cuαrlx url coefficients that as we have seen already for the
X3D helicopter, simply reproduce the dynamics imposed by the stability augmentation
controller. Cφαx φ is also recognizable as the term that reproduces the restoring moment
due to the fact that the centre of mass and centre of forces do not coincide. Interestingly,
in the roll and pitch acceleration equations of the Owl model, we do not recognize the
terms in equation 5.12 that depend directly on the forward (lateral) velocity and that we
understand to be a combination of various drag effects.
Since the size and design of blades are the main aerodynamic difference between the
Owl and the X3D model, we believe this to be the main reason why the drag term does
not appear in the rotational dynamics. However, we have also to take into account the
fact that the two flight machines use completely different stability augmentation systems.
It is possible for the PID in the Owl helicopter to have a significantly higher gain and
therefore a better ability to reject any aerodynamic effects coming from the rotor blades.
Unfortunately comparing the PID controllers in the two systems is not possible since the
manufacturer of the X3D quadrotor does not disclose such parameters; specific tests would
be needed to provide better support for what are at the moment just intuitions.
α

The term Cr y r that appears only in the general form of the αx equation for the Owl
platform shows a coupling between the yaw motion and the roll motion. This type of cross
axis couplings is difficult to explain, but might be understood by considering the way in
which the yaw motion is controlled on a quadrotor platform. As noted in Section 3.3.1, the
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yaw motion is controlled by slowing down two of the rotors (those that control the pitch)
and speeding up the remaining two. It is therefore clear that there is bound to be some
interference between the yaw control, and the pitch and roll control. In the ideal situation
the pitch and roll PIDs with their high bandwidth should be able to reject any effect of
the yaw control but, while tuning the stability augmentation system of the Owl, we found
empirically that this is not always the case. In particular, if the gain of the yaw controller
is very high, we have noticed that a yaw manoeuvre is associated with a perturbation in
the pitch and roll dimensions. While during tuning we selected PID values that did not
appear to show this problem, we cannot be sure that part of the problem is not still present
on the platform. Our automatic modelling indicates such a dependency, even though it is
not visible to the naked eye, and not apparent to the pilot.
Finally we analyze the yaw dynamics that takes the general form:
z
uya .
αz = C αz + Cψαz ψ + Crαz r + Cuαya

(5.19)

z
uya related to the PID stabilization system.
We recognize again the terms Crαz r and Cuαya

We also see the bias coefficient C αz which has the role of offsetting the mean value of the
uya control. At present we find it difficult to give any interpretation to the term Cψαz ψ,
but the fact that a large standard deviation (42.9%) is associated with the value of its
coefficients indicates that it is likely to have only a marginal role in the model dynamics.
The remaining coefficients show a much higher level of agreement with much lower standard
deviations.

5.8.4

Conclusions

Testing the coevolutionary algorithm of Section 5.3 on the Owl data has undoubtedly
delivered good results.
The ability to repeatedly converge to good solutions, and to yield good overall performance have been convincingly demonstrated.
The level of noise present in the data, and specifically in the roll and pitch angular
velocities, certainly has an effect on the overall performance. While this noise directly
challenges the assumption of negligible noise we made in Section 2.2.1, the coevolutionary
algorithm is still able to produce good models.

5.9 Further Algorithm Investigation
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As in the case of the X3D, the analysis of the evolved equations revealed meaningful
models that capture platform specific characteristic of the dynamics (i.e. symmetry).
Importantly these characteristics are exclusively due to the data, since the algorithm is
identical to that used for the other platforms.
In addition, the equations of the models are very similar to those we obtained for
the X3D showing how the algorithm is capturing the fundamental dynamics that the two
platforms have in common, although being different in size, weight and electronics.
Of course the nature of the algorithm often produces terms in addition to those of the
general form that are difficult both to interpret and to relate to the platform physics.

5.9

Further Algorithm Investigation

When designing our algorithm in Section 5.3.1 we made some principled choices about
several parameters in our coevolutionary algorithm. In doing so, we made it clear that
obtaining an optimal algorithm was not our aim, and that instead we wanted to build a
“proof of concept” to demonstrate our coevolutionary approach. Our choices of parameters
and settings were therefore mostly informed by similar research in evolutionary computation, our understanding of the problem at hand (excluding platform-specific knowledge),
and a small number of exploratory runs.
While the results in Sections 5.5-5.8 are very positive, we still feel the need to do
some additional investigation on two of the most important control parameters in our
coevolutionary setup: the size of the population of models, and the length of the window
used as an individual test.

5.9.1

Effect of Models’ Population Size

In Section 5.3 we took note of the folk wisdom of the genetic programming community, and
made our population size as large as possible. However, some authors have shown good
results by using much smaller populations especially when using mutation as the main
search operator; relevant examples in the literature are [31] and [33] which also share many
of the concepts used in our implementation.
We therefore decided to experiment with a much smaller population size and see what
influence such a change would have on the overall performance of the algorithm. We

250

Coevolutionary Modelling

selected a size of 14 for the population (as used in [31]) which is clearly at the other end
of the spectrum when compared to the 100 individuals that we have been using so far. To
ensure a meaningful comparison we allowed roughly the same number of fitness evaluations
for the two versions of the algorithm; since the size of the test population and of the test
window is the same for both versions this boils down to allowing for a larger number of
coevolution epochs. Using a maximum number of coevolution epochs equal to 150 fulfils
our requirements41 . The only other parameter that needs to be changed along with the
size of the population is the number of best models preserved between epochs. Given a
population of 14 models, maintaining the same ratio of 0.8 between the number of models
preserved and population size that we used with a population of 100 individuals gives us
a number of models preserved equal to 11. All other parameters of the algorithm were left
unchanged.
In this work we are lucky enough to have more than one platform to test, and although
it was very time consuming, we chose to re-run our coevolution on both the quadrotor
helicopters and also on the toy car. We did not use the ATTAS aircraft since as we saw
in Section 5.5.4 we believe that the limited size of its dataset has a direct influence on the
results of the algorithm, and we obviously want to avoid reaching biased conclusions.
As in Sections 5.5-5.8 we executed 30 independent coevolutionary runs for each of the
platforms. We again computed the performance of each of the models in terms of RM SEm.
The results for the toy car are shown in Table 5.38; to aid the comparison, we also
include the results for a population of 100 from Table 5.11. The two versions of the

best
median
mean
std
diverging

large population (100)
RMSEm
0.47
0.54
0.54
0.048

small population (14)
RMSEm
0.32
0.39
0.38
0.08

2

10

Table 5.38: Toy car: mean best and median prediction error computed over 30 coevolutionary runs using two different sizes for the population of models.
algorithm produce models with very similar performance; the median performance between
41

Setting the number of epochs to 150 guarantees the same number of fitness evaluations for both instances
of our algorithm, but in terms of computational resources the two versions are not exactly the same. Since
each epoch is associated with the evaluation of the models against the history of tests, the instance of the
algorithm with a small population is marginally more computationally demanding.
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u
v
r
diverging

Large Population (100)
RAEmmean RAEmsd
0.19
0.025
0.48
0.010
0.33
0.016
2
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Small Population (14)
RAEmmean RAEmsd
0.21
0.030
0.54
0.077
0.37
0.070
10

Table 5.39: Toy car: RAEm error computed over 30 coevolutionary runs using two different
sizes for the population of models.

the two setups does not differ significantly (Mann-Whitney U test, n1 = 28, n2 = 20,
P < 0.01 two-tailed, where n1 and n2 are the number of non-diverging models obtained
by the two versions of the algorithm). Nonetheless is important to note that the number
of diverging models is much smaller in the case of the algorithm with a larger population,
making this version of the algorithm preferable.
A comparison of the mean RAEm of the two populations shows very similar performances across the four state variables (see Table 5.39), but the lower RAEm standard
deviations show more consistent performance for the algorithm which uses a larger population.
We now apply the same analysis to the models obtained for the X3D platform (see
Tables 5.40 and 5.41). In this situation, the best model is actually produced by the version
of the algorithm based on a population of only 14 models. However a comparison of
the performance of the non diverging models of the two populations (Mann-Whitney U
test,n1 = 25,n2 = 19,P < 0.01 two-tailed) shows no statistical difference in performance
between the two populations.
As for the toy car, the algorithm based on a smaller population of models produces a
much larger proportion of diverging models of 36.7%.

best
median
mean
std
diverging

large population (100)
RMSEm
1.17
1.32
1.37
0.21
5

small population (14)
RMSEm
098
1.38
1.26
0.17
11

Table 5.40: X3D quadrotor, mean best and median prediction error computed over 30
coevolutionary runs using two different sizes for the population of models.
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u
v
w
φ
θ
ψ
p
q
r
diverging

Large Population (100)
RAEmmean RAEmsd
1.26
0.23
1.16
0.16
0.37
0.063
0.54
0.062
0.50
0.09
0.77
0.048
0.27
0.064
0.22
0.028
0.26
0.016
5

Small Population (14)
RAEmmean RAEmsd
1.10
0.19
1.16
0.23
0.39
0.061
0.54
0.12
0.43
0.06
0.75
0.062
0.24
0.034
0.23
0.042
0.28
0.041
11

Table 5.41: X3D quadrotor, RAEm error computed over 30 coevolutionary runs using two
different sizes for the population of models.
As expected from the statistical comparison of the models’ performances, the performance of the two sets of models are very similar at the level of individual variables, with
no evidence that one population is better than the other in any specific dimension.
Table 5.42 shows the results for the owl quadrotor. A first glance does not reveal any
clear difference between the outcomes of the two variants of the algorithm. Statistical
testing (Mann-Whitney U test, n1 = 30, n2 = 27, P < 0.01 two-tailed) confirms our
intuition, failing to reject the null hypothesis that the medians of the two distributions are
the same.
Once again, although no clear difference in performance was found, a higher number
of models show convergence for the algorithm using a larger population.
Looking in more detail at the performance in the different dimensions (see Table 5.43)
we again see no major difference between the results of the two algorithms.
In these experiments we compared only two different population sizes at opposite ends
of the spectrum of what is allowed by what we consider viable computational constraints

best
median
mean
std
diverging

large population (100)
RMSEm
0.49
0.85
0.84
0.12
0

small population (14)
RMSEm
0.55
0.82
0.84
0.18
3

Table 5.42: Owl quadrotor, mean best and median prediction error computed over 30
coevolutionary runs using two different sizes for the population of models.
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u
v
w
φ
θ
ψ
p
q
r
diverging

Large Population (100)
RAEmmean RAEmsd
0.9
0.19
0.33
0.038
0.44
0.081
0.23
0.038
0.6
0.11
0.53
0.084
0.20
0.011
0.2861
0.00095
0.233
0.0092
0
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Small Population (14)
RAEmmean RAEmsd
0.96
0.25
0.36
0.15
0.39
0.07
0.25
0.079
0.58
0.17
0.56
0.13
0.20
0.11
0.29
0.090
0.24
0.032
3

Table 5.43: Owl quadrotor, RAEm error computed over 30 coevolutionary runs using two
different sizes for the population of models.
given the current implementation of our algorithm. The results obtained by our limited
exploration of sizes confirm the genetic programming folk wisdom that larger populations
produce better results. In our application, better results correspond to models with lower
errors, and also to a larger number of models converging to a low error at the end of the
coevolutionary epoch.
Obviously additional investigation could be conducted on this front. For example, it
would be interesting to understand more clearly the relationship between performance and
population size, and to see at what point, if any a larger population stops being beneficial.
We reserve such questions for future work.

5.9.2

Effect of Length of Training Windows

In Section 2.2.4 we discussed how it was necessary to compute the performance of our
models over a training window instead of over independent points in the dataset in order
to take into account the long range dependencies inevitably present in the models. All our
experiments in Sections 5.5-5.8 used a window length of 300 time steps. In this section we
repeat the coevolutionary runs using longer windows (600 time steps) as well as shorter
ones (150 time steps), a range of window sizes that it is meaningful to examine given the
current setup. Given the size of our dataset, windows much longer than 600 steps will not
only require an impractically long evolution time, but will also reduce to a handful the
number of possible non-overlapping tests, which will in turn undermine the effectiveness
of the coevolution framework. On the other hand having very short training windows goes
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against many of the points made in Section 2.2.4 about long range dependencies.
With the aim of providing as far as possible a platform independent analysis, we repeated the coevolution runs using the new window sizes for the Owl, the X3D and the
toy car platforms. As in the case of investigating the population size, the ATTAS aircraft
was not used due to the limited amount of experimental data available. For each of the
platforms the usual population of 100 individuals and a maximum number of epochs of 20
were used. All remaining parameters were kept the same as in all our coevolutionary runs.
Using three different training window sizes is not in any way exhaustive, but it is
certainly sufficient to identify any major effects that the training window size has on our
coevolutionary system. Given that we use the same size for the population of models and
the same number of epochs for all three different window sizes, it is worth noting that the
computational requirements of the algorithm will increase proportionally to the number of
data points in the training window.
We evaluate the algorithm performance by comparing the distribution of the RM SEmtotal achieved by the sets of best models produced from independent runs. For each
platform and each training window size we repeat the coevolution 30 times.
The RM SEmtotal metric is computed over each of the consecutive windows into which
the validation dataset is split, and therefore depends directly on the training window size
(see 4.1.1 for more details about the RM SEmtotal metric). For this reason, instead of
arbitrarily choosing one window size as a reference for each combination of the platform
and training window sizes, we will consider the RM SEmtotal computed with all three
different window sizes, namely 150, 300 and 600 data points. The aim is to see if there
is a size of training window that gives better performance at all window lengths, or if
for instance training with a certain window size guarantees good performance only when
tested with the same window size.
We start with the toy car in Table 5.44, which shows the statistics of the RM SEmtotal
metric for each of the 9 training-testing window combinations. Models that diverge are
not used to compute the statistics. One point that is immediately clear from the table is
that the number of models diverging is much higher in the case of the population of models
trained with the window size of 600 steps, independently of the size of the testing window.
Additionally we see that, although the RM SEmtotal metrics take into account the size of
the window (i.e. the error is divided by the number of sample points), larger windows are
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training size

150
b:
m:
M:
s.d. :
d:
b:
m:
M:
s.d. :
d:
b:
m:
M:
s.d. :
d:

150

300

600

255

0.41
0.62
0.45
0.50
2
0.38
0.43
0.42
0.030
2
0.37
0.46
0.44
0.076
10

testing size
300
b:
0.30
m:
0.41
M:
0.34
s.d. :
0.24
d:
2
b:
0.29
m:
0.32
M:
0.31
s.d. : 0.020
d:
2
b:
0.30
m:
0.34
M:
0.34
s.d. : 0.035
d:
11

600
b:
0.61
m:
1.08
M:
0.82
s.d. : 0.70
d:
3
b:
0.59
m:
0.78
M:
0.76
s.d. : 0.11
d:
1
b:
0.60
m:
0.86
M:
0.79
s.d. : 0.25
d:
11

Table 5.44: Toy car: Performance of the automatically produced models when trained
and tested with different sizes of data windows. training size indicates the length of the
data windows used as tests during coevolution, while testing size indicates the size of the
consecutive windows used in the computation of the RM SEmtotal .The letters b, m and M
indicate the RM SEmtotal of respectively the best, mean and median models in the set; sd
indicates the standard deviation, and d the number of diverging models.

testing size 150

testing size 300

testing size 600

RSMEm

total

1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0
150

300

600

150

300

600

150

300

600

training window size

Figure 5.35: Toy car: RM SEmtotal metric evaluated over different testing window sizes
for models trained with different lengths for the training windows.
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characterized by a larger error, as expected due to the effects of error integration.
The information in Table 5.44 can be reorganized in a clearer fashion by using box and
whiskers plots as in Figure 5.35 42 .
There is no clear difference between models trained with different window sizes, since
the notches in the box plot all partially overlap. However, it is clear that the distribution
of performance is much narrower for the models evolved with 300 time step windows. This
is in agreement with the fact that this population also has the smallest number of diverging
models.
No significant difference (Kruskal-Wallis test P < 0.01) was found between the medians
of the performances of the three sets of models when tested in the 600 time step windows.
Applying the same statistical test in the cases of the 150 and 300 time step windows led
in both cases to the rejection of the null hypothesis of the equality of the medians. We
then tested each pair of populations with the Mann-Whitney U test (P < 0.01 two-tailed),
which can be interpreted here as a test of the equality of the medians. The only significant
differences were that two of the three populations trained with 150 time step windows
were worse than the corresponding populations trained with 300 time step windows, and
one of the three populations trained with 300 time step windows was better than the
corresponding population trained with 600 time step windows.
The results for the X3D quadrotor are shown in Table 5.45. It is immediately clear
that for all the test window sizes, the number of diverging models is always smallest for
the models trained with a window size of 300. The box and whiskers plots 42 in Figure 5.36
show no clear difference between the sets of models, suggesting that changing the training
window size has little influence. No significant difference (Kruskal-Wallis test P < 0.01)
was found between the medians of the performance of the three sets of models when
tested in the 300 and in the 600 time step windows. Applying the same statistical test
in the cases of the 150 time step windows led to the rejection of the null hypothesis of
the equality of the medians. Each pair of populations was tested with the Mann-Whitney
U test (P < 0.01 two-tailed), against the hypothesis of equality of the medians. The
only significant differences were that one of the three populations trained with 300 time
42
In the box and whisker plots, on each box, the central mark is the median, and the edges of the box
are the 25th and 75th percentiles (q1 and q3 respectively). The whiskers extend to the most extreme data
points not considered outliers; outliers are plotted individually. Points are drawn as outliers if they are
larger than q3 + 1.5(q3 − q1 ) or smaller than q1 − 1.5(q3 − q1 ). The plotted whisker extends to the adjacent
value, which is the most extreme data value that is not an outlier. The notches are comparison intervals,
two medians are significantly different at the 5% significance level if their intervals do not overlap.
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training size

150

300

600
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150
b:
0.87
m:
1.0
M:
0.97
s.d. :
0.10
d:
5
b:
0.86
m:
0.96
M:
0.96
s.d. : 0.067
d:
0
b:
0.76
m:
0.90
M:
0.89
s.d. :
0.05
d:
4

testing size
300
b:
1.11
m:
1.30
M:
1.29
s.d. :
0.11
d:
10
b:
1.17
m:
1.37
M:
1.31
s.d. :
0.21
d:
5
b:
1.059
m:
1.25
M:
1.22
s.d. :
0.11
d:
9

600
b:
1.24
m:
1.46
M:
1.43
s.d. : 0.13
d:
10
b:
1.31
m:
1.58
M:
1.49
s.d. : 0.30
d:
5
b:
1.31
m:
1.72
M:
1.42
s.d. : 1.05
d:
14

Table 5.45: X3D quadrotor: Performance of the automatically produced models when
trained and tested with different sizes of data windows. training size indicates the length
of the data windows used as tests during coevolution, while testing size indicates the size
of the consecutive windows used in the computation of the RM SEmtotal .The letters b, m
and M indicate the RM SEmtotal of respectively the best, mean and median models in the
set; sd indicates the standard deviation, and d the number of diverging models.

testing size 150

testing size 300

testing size 600

2.5

RSMEm

total

2
1.5
1
0.5
0
150

300

600

150
300
600
training window size

150

300

600

Figure 5.36: X3D quadrotor: RM SEmtotal metric evaluated over different test window
sizes for the model training with different length for the data windows.
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step windows was worse than the corresponding populations trained with 600 time step
windows, and one of the three populations trained with 600 time step windows was better
than the corresponding population trained with 150 time step windows.
Results for the Owl quadrotor are shown in tabular (Table 5.46) and in box and whiskers
plot form (see Figure 5.37).
Although the spread of the performances appears much larger, the data lead us to the
same conclusions as for the toy car and X3D models. No clear difference in performance
is visible for any of the three training window sizes investigated, and for testing windows
of size 300 and 600 no significant difference (Kruskal-Wallis test P < 0.01) was found
between the medians of the performance of the three sets of models. Applying the same
statistical test in the cases of the 150 time step windows led to the rejection of the null
hypothesis of the equality of the medians. We then tested each pair of populations with
the Mann-Whitney U test (P < 0.01 two-tailed) and the only significant differences were
that two of the three populations trained with 150 time step windows were better than the
corresponding populations trained with 300 time step windows, and one of the three populations trained with 300 time step windows was worse than the corresponding population
trained with 600 time step windows.
Again, there is agreement with what was seen for the toy car and X3D quadrotor
since the models trained with windows of size 300 are less likely to diverge, although the
difference is not as marked as for the previous two platforms. We have examined only
three different sizes for the training windows, but the agreement of results across platforms
leads us to conclude that across the windows sizes that are meaningful for our current
coevolutionary setup, the exact size of the training window is not a determining factor
for model quality. However, there is a clear dependence between the number of models
diverging and the size of the training data window.
The training window size of 300 steps appears to be a good compromise between long
and short windows, and is the most effective of the three lengths tested. We believe this
is a direct result of the effects of error integration. On the one hand, models trained on
very short windows are not strongly penalized for the effects of error accumulation, but
these effects will become a major cause of divergence as the size of the testing window
is increased. On the other hand, over long windows all but the very good models will
tend to diverge. As a result the fitness metric will not provide a smooth gradient for the
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training size

150

300

600
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150
b:
0.40
m:
0.61
M:
0.49
s.d. :
0.60
d:
2
b:
0.37
m:
0.54
M:
0.54
s.d. : 0.071
d:
1
b:
0.38
m:
0.49
M:
0.50
s.d. : 0.056
d:
2

testing size
300
b:
0.55
m:
0.76
M:
0.74
s.d. : 0.14
d:
3
b:
0.49
m:
0.84
M:
0.85
s.d. : 0.13
d:
0
b:
0.49
m:
0.80
M:
0.84
s.d. : 0.13
d:
1

600
b:
0.69
m:
1.0
M:
0.99
s.d. : 0.26
d:
3
b:
0.65
m:
1.19
M:
1.2
s.d. : 0.22
d:
1
b:
0.61
m:
1.13
M:
1.15
s.d. : 0.25
d:
2

Table 5.46: Owl quadrotor: Performance of the automatically produced models when
trained and tested with different sizes of data windows. training size indicates the length
of the data windows used as tests during coevolution, while testing size indicates the size
of the consecutive windows used in the computation of the RM SEmtotal .The letters b, m
and M indicate the RM SEmtotal of respectively the best, mean and median models in the
set; sd indicates the standard deviation, and d the number of diverging models.

testing size 150

testing size 300

testing size 600

RSMEm

total

2

1.5

1

0.5

0
150

300

600

150
300
600
training window size

150

300

600

Figure 5.37: Owl quadrotor: RM SEmtotal metric evaluated over different testing window
sizes for the model training with different length for the data windows.
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evolutionary algorithm, which will hinder the effectiveness of the search. Further work will
be necessary to clarify this issue in more detail.

5.10

Summary

This chapter presented and analyzed a novel modelling algorithm based on coevolution;
this represents one of the main contributions of the thesis.
In contrast to other work in the literature, the algorithm was specifically designed to
make no use of platform specific knowledge; it was aimed at platforms that can be modelled
as 6DoF rigid bodies.
As a result of this unconventional choice, we made clear during the design of the
algorithm how the more traditional techniques like the one we examined in Chapter 4
become unviable. With our constraints, not only the parameters of the dynamic model,
but also its structure, the identification of the relevant inputs and the input delays are
part of the modelling task. The lack of platform specific knowledge and the fact that
the platforms used are unrecoverable mean that it is not possible to define specific control
inputs, nor to actively test the vehicles. Making an intelligent selection from available data
becomes therefore an important step in the modelling.
To provide the ability to generate both the structure and the parameters of our systems,
we based our algorithm on evolutionary computation techniques, and in particular on the
latest findings in the coevolutionary field. The resulting algorithm searches the space of
models for good performing candidates while also actively selecting the parts of the dataset
that best discriminate between models.
Empirical tests performed on real data from four different vehicles confirmed that the
algorithm performs well in practice, although because the methodologies are based on
stochastic optimization, we can not a priori guarantee the quality and correctness of the
models produced. Both in terms of repeatability and of error, the models obtained are
satisfactory, although the quality may vary somewhat in each specific coevolutionary run.
Although we are primarily interested in a hands-free methodology, we recognize the
usefulness of being able to investigate the models produced, and therefore we have chosen
to use a symbolic regression approach to the search for our dynamic models. By focussing
on rigid body models we can directly exploit the physics equations that govern translations and rotations in our systems. By combining symbolic regression and the rigid body
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assumptions, our method is able to produce dynamical equations that directly predict the
body frame accelerations in the vehicle. Since they are physically meaningful, such relationships can give us insight into the dynamics of the platform being studied. In fact for
most of the platforms studied we have shown that, after reasonably simple manipulations,
the equations produced are meaningful and often approximate exactly the same effects on
which the first principles models are based. Importantly this property is shared by the
great majority of the evolved models.
Of course, while developing and testing our algorithm we have also seen that the effectiveness of our approach can vary. In particular, the ATTAS platform demonstrated
how our approach, which relies solely on data, can be undermined by data that does not
contain sufficient information about the system. The direct dependence on the training
data was also shown with the Owl platform where, due to the high level of noise in the
data the evolved models had a tendency to drift away from the experimental data. Both
these situations emphasise how the data collection and pre-processing steps are the keys
to our method; this is obviously an implicit characteristic of any model that does not use
domain knowledge.
Although we were able to identify general forms for the model equations, the fact
that we had to manually rearrange some of the model equations leaves some room for
improvement in the autonomy of our method.
The analysis of the effects of the training window size was also revealing in term of
emphasizing the trade off that needs to be made between long range predictions and the
cumulative effects of model error. Nevertheless, the results obtained show that a compromise can be found under which good models can be produced even in the presence of
considerable noise, as in the case of the Owl platform.
An additional aspect related to neglecting the system noise is the fact that the models
we evolved are deterministic, while the real platform (as we noted during the tests with
the simulated quadrotors) does not have deterministic behaviour. We will see in the next
chapter how an additive noise model can be used to complement the deterministic models,
and to produce a better fit to the real system.
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Chapter 6

Beyond Deterministic Modelling
In the previous chapter we described the abilities of one the main contributions of this thesis, a hands-free identification method based on coevolution. In Section 2.2.1 we discussed
the assumption of negligible process noise and justified its adoption; the experimental results in the previous chapter show that this can indeed lead to good deterministic models.
However, real world systems are always affected by process noise, although to different
extents, and even for the best of models some degree of difference from the real system will
always be present1 . For example, in Section 5.8 after testing the Owl model in simulation,
it was clear that although the motion and velocities were very realistic, the deterministic
model did not capture the aerodynamic disturbances that characterize the real platform.
We discussed in Section 2.1 how, when evolving a controller with the aim of transferring
it to the real platform, not only is a correct model of the platform necessary, but the
variability of conditions that characterizes the real world also needs to be considered. In
this chapter we look at a pragmatic yet principled way of taking such variability into
account by modelling the differences present between the deterministic models obtained so
far, and the real platforms under study.
In keeping with the spirit of this thesis, the key requirement of our methodology will be
to obtain such representations both automatically, and without using any platform specific
knowledge. Again, these are requirements that set this work apart from the overwhelming
majority of the work in the literature.
1
As we explained in Section 2.2.1 we define any difference between the model prediction and the measured
data as process noise.
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A Stochastic Model

We again start with the Markovian assumption, but in this chapter we shift from the idea
of producing a model that, given the current state and inputs at time t, predicts the state
at time t + 1, to the idea of a model that, given the inputs at time t and a probability
distribution for the values of the state at time t, returns a distribution over the values of the
state at time t + 1. More concretely, using the space state formulation that we introduced
in Section 2.2.1, we now consider the case in which the functions f and g of equation 2.13
(repeated here for ease of reading):

at = f (xt , ut−D , ω t )

xt0 = x0

yt = g (xt , ν t ) ,

(6.1)
(6.2)

are stochastic instead of deterministic. To be able to directly relate the measurement y
(i.e. the platform pose) to the model state, the state description of our platforms needs
to be extended to include position (x, y, z). See Sections 3.3.3 and 3.3.1 for how extended
states are defined for the toy car and the quadrotor respectively.
As we saw in the case of a deterministic model, an appropriate way of expressing the
functions f and g needs to be chosen. In addition to providing a probabilistic input-output
mapping, the model needs to fulfil the same requirements as were set out in Section 5.2
about not using platform specific knowledge, having a reasonably low computational complexity for prediction, and (ideally) model transparency.
In practice we can approach the choice of model representation in two different ways.
The first requires the use of representations that deal naturally with distributions, in
contrast to those used in Chapters 4 and 5. The second way builds on the results obtained
in Chapters 4 and 5, and is based on the idea of augmenting an available deterministic
model with a suitable stochastic noise model.
The available stochastic model representation range from global techniques like Gaussian Processes [194] to Bayesian Neural Networks [168][143], to semi-local techniques like
the Bayesian mixture of experts [25], and local techniques such as LWR, LWPR or RFWR
(respectively Locally Weighted Regression [10], Receptive Field Weighted Regression [200]
and Locally Weighted Projection Regression [242]).
All of these popular methods are based on the use of combinations of basis or kernel
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functions, very often from the exponential family for mathematical tractability; as a consequence the models obtained are completely opaque and not amenable to interpretation.
In addition, as noted and commented in Section 5.2, our setup differs from the standard
supervised learning setup since the target outputs for training the models are not directly
available; this makes the adoption of Bayesian techniques far from straightforward.
For some of the global techniques (e.g. Gaussian Processes), the computational complexity involved in using the model for prediction scales poorly with the training dataset
size, making it unsuitable for situations such as our controller evolution in which there is
a sizable dataset, and the models frequently need to be queried.
In the light of these considerations, the second option of augmenting existing deterministic models with a stochastic component sounds much more promising. Because the
models obtained from our coevolution methodology are in the same form (differential equations) as the models based on first principles commonly used for dynamic systems, we can
readily consider the types of noise models generally used in the system identification and
filtering literature.
The first step in this direction is to rewrite equation 6.2 as the sum of the deterministic
(f, g) and stochastic components (fω , gν ) to obtain the following:

at = f (xt , ut−D ) + fω (xt , ut−D , ω t )

xt0 = x0

yt = g (xt ) + gν (xt , ν t ) .

(6.3)
(6.4)

With this notation, the functions fω , gν can be viewed as what in the regression literature
are called residuals, since they represent the terms “remaining” after the learning of the
deterministic model.
To learn the residuals, we could consider using one of the approaches mentioned in the
beginning of this section (see [122] for an interesting example using Gaussian Process), but
the problems of computational complexity still make those approaches impractical.
An assumption that helps to simplify the learning is to consider fω and gν as independent from the input and the model state. In other words the noise sources (i.e. the
external disturbances and the difference between the model prediction and the measured
data) should not change much in different parts of the dynamic envelope of the vehicle.
This assumption is reasonable in the case of external disturbances since effects like air

266

Beyond Deterministic Modelling

disturbances can be considered as being unrelated to the vehicle state. In the case of
the model error we know that, during evolution, training data is purposely selected to
avoid biasing models toward specific parts of the dataset. In our setting this simplifying
assumption appears reasonable, and so equation 6.3 becomes the following:

at = f (xt , ut−D ) + fω (ω t )

xt0 = x0

yt = g (xt ) + gν (ν t ) .

(6.5)
(6.6)

Deciding on the form of fω and gν requires platform specific knowledge, and even when
this is available it is not a straightforward problem. In fact, the type of distributions
chosen determine the difficulty of the problem of learning the parameters of fω and gν as
well as its computational complexity2 . In order to simplify the mathematical treatment,
it is common to assume fω and gν to be zero mean Gaussian distributions3 ; equation 6.5
therefore becomes:

at = f (xt , ut−D ) + ω t

xt0 = x0

yt = g (xt ) + ν t .

(6.7)
(6.8)

The choice of representing both the system noise (ω) and measurement noise (ν) as
additive zero mean Gaussian distributions is a suitable compromise in our situation since
on the one hand it is not platform specific, and on the other it is computationally cheap
for both training and predicting. More explicitly we can write:

ω = N (0, R)

(6.9)

ν = N (0, Q),

(6.10)

where Q and R are the covariance matrices of the process and measurement noise respectively. Substituting 6.9 and 6.10 into 6.7 and 6.8 respectively, and making use of the

2

Different form of fω and gν will differ in the number of parameters and for being or not tractable
analytically, two determinant factor in determining how difficult is the learning.
3
We give justification for such assumption later on in the section.
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integration equations of the relevant platform as specified in Chapter 3 leads to:
p(xt |xt−1 , ut ) = N (xt ; f (xt−1 , ut ), R′ )

(6.11)

p(zt |xt ) = N (zt ; g(xt ), Q),

(6.12)

in which we have adopted the notation commonly used in the filtering literature (e.g. [227]).
Since we assume additive noise only on the predicted accelerations, the covariance matrix
R′ is chosen as:





 R 0 
R′ = 
.
0 0
Although we cannot argue that all real world disturbances are Gaussian, it is noteworthy that the independent Gaussian noise assumption is widely adopted in the filtering
literature ([227]) and has been shown in practice to be a suitable approximation in many
practical engineering applications ([14]).
Is important to note that, since using the proposed model for predictions only requires
us to draw a few samples from a Gaussian random number generator, this choice enables
the economical use of a stochastic model for controller evolution in which the model is
queried very often.
While the use of random noise to improve controller robustness and transferability is
certainly not new in evolutionary robotics [175], our novel contribution lies in defining
a principled and automatic method by which such a noise distribution is determined.
Contrary to common practice, in which this is often a parameter left to the experience
of the designer [117], we obtain the noise parameters from real experimental data. In
addition, the fact that we followed a principled analysis to arrive at the noise model offers
a much clearer understanding of the effects and implications of the choice. The next section
concentrates on determining the parameters (i.e. variances) of the noise model ω.
By this point the reader will probably have realized that in this section we have simply given a more detailed explanation of the structure of the noise model introduced in
Section 2.2.1; equation 6.7 is in fact equation 2.15.
The measurement function g which maps the extended state onto the predicted measurement yt will simply be the identity function in respect of the pose variables, and zero for
any other state variable. In the case of the toy car with extended state xt = [u, v, r, x, y, ψ]T ,
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equation 6.8 becomes:




 03×3 03×3 
yt = 
 xt .
03×3 I3×3

(6.13)

Since it will be useful in the next section, we also report G, the Jacobian of g, which is
obviously:




 03×3 03×3 
G=
,
03×3 I3×3

(6.14)

and which does not depend on t since g is linear.

Since we already obtained the measurement noise parameters from the static experiments described in Section 3.1, we avoid having to learn them. This will reduce the search
space and simplify the problem of learning the noise model parameters R.

6.2

The Algorithm

Having decided on the structure of the noise model, we now require a way to estimate the
parameters of such a distribution from the collected data. Since we represent the noise
as independent and Gaussian, we simply need to estimate the diagonal parameters of the
covariance matrix R. We can now see that we are in the context of the FE methodologies
of Section 2.2.1.
As explained in Section 2.2.5, we cannot rely on absolute prediction error or square error
to train our models as we have done for the techniques presented so far, since those metrics
would only gauge the state predicted by the model instead of considering the probability
distribution associated with it. Since we are dealing with distributions, a natural metric is
the probability
p(z0:N |u1:N , R),

(6.15)

which as we saw in Section B.4.2 is the likelihood of the N measured data points being
observed given the noise parameters R and the inputs u1:N . If we can compute this likelihood we can search for the parameters that maximize it over the whole of the measurement
dataset t = 0 :N :
RM L = arg max p(z0:N |u1:N , R).

(6.16)

R

While as in Section B.4.2 we apply the Maximum Likelihood principle, we will see that
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due to the different assumptions about the process noise, the cost function to be optimized
is different, and depends on the uncertainty associated with the model prediction.
In this section, we make novel use of the approach presented in [3] by Abbeel et al. to
compute RM L . While Abbeel and colleagues were focussing on improving the estimation
performance of the filter used in their robotic application, we are directly interested in
the noise model obtained by the algorithm. In addition, we will explain how we have also
modified the algorithm to make use of the more general Unscented Kalman filter instead
of the usual Extended Kalman filter.
Our models (see equation 6.7) allow us to compute a distribution over the values of the
state at time t + 1 given the inputs and state distribution at time t; however to compute
p(z0:N |R) we need to be able to propagate this distribution forward in time4 . By doing so,
we will capture the long range input/output effects of our model, as well as any coupling
between equations, since all dimensions of the model are used simultaneously for prediction.
Under the stated assumptions, a general algorithm suitable for propagating the extended system state forward in time is a Bayes filter which consists of two fundamental
steps: prediction and update (respectively steps 2 and 3 in algorithm 1).
Algorithm 1 General algorithm for Bayes filtering, (adapted from [227]).
Input: p(xt−1 |z1:t−1 , u1:t−1 ), ut , zt
Output: p(xt |z1:t , u1:t )
1: for all xt do
R
2:
p(xt |z1:t−1 , u1:t ) = p(xt |ut , xt−1 )p(xt−1 |z1:t−1 , u1:t−1 )dxt−1
3:
p(xt |z1:t , u1:t ) = η p(zt |xt )p(xt |z1:t−1 , u1:t )5
4: end for
In the prediction step, the system’s model p(xt |ut , xt−1 ) and the distribution over the
past state p(xt−1 |z1:t−1 , u1:t−1 ) are combined to predict the distribution over the current
state. In the update, the measurement function p(zt |xt ) is used to incorporate the incoming
measurement zt into the current state estimate.
While the Bayes filter algorithm is straightforward in principle, being no more than a
recursive application of Bayes rule, its implementation is far from being so. The integral
in step 3 is in general not trivial to evaluate without making further assumptions about
the distributions involved and the dependencies between state inputs and measurements.
In our case however we have already introduced all the assumptions we need to make the
4
At this point in the description the reason might not be clear, but this difficulty will be resolved when
we introduce the full filtering algorithm.
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implementation of the Bayes filter algorithm feasible. These are the Markovian assumption
(equation 2.3), which simplifies the dependencies between the current state and past inputs
and measurements, and the assumption of an additive Gaussian independent noise model
for both process and measurements. In these settings, a Kalman Filter and its variants are
well known implementations of the Bayes filter algorithm.
In choosing the most appropriate type of Bayes filter for our setting, we need to take
into account that no a priori knowledge of our models is available, and therefore the
filter must allow for fully non-linear models. In addition, we want as usual to produce an
automatic algorithm and therefore to avoid any step that requires intervention (e.g. any
manual calculation).
To fulfil our requirements we have chosen to use the unscented Kalman filter algorithm
[116] (UKF) since it is suitable for any choice of process model, while not requiring the
computation of the Jacobians as would be needed for the EKF used in [3]6 .
Within this filtering framework, not only is the way of propagating the state distribution
forward in time well defined, but so are the relationships that allow the computation of all
the distributions in the system.
Applying the chain rule to equation 6.15 we obtain

p(z0:N |u1:N ) =

N
Y
t=0

p(zt |z0:t−1 , u1:N ),

(6.17)

where, since we are in the process of deriving the expression that allows for the likelihood
optimization, we have temporarily dropped the explicit dependency on the noise parameters
Q to avoid any misunderstanding. We will reintroduce it later on in the derivation when
focussing on its computation.
Now, each term in the product can be written as:

p(zt |z0:t−1 , u1:N ) =
=

Z

xt

Z

xt

p(zt |xt , z0:t−1 , u1:N )p(xt |z0:t−1 , u1:N )dxt

(6.18)

p(zt |xt )p(xt |z0:t−1 , u1:t )dxt .

(6.19)

To go from 6.18 to 6.19 we used the facts that, given xt , zt does not depend on z0:t−1 , nor
on u1:N as per equation 6.12, and the current state xt does not depend on future inputs
6

For more details on the UKF an on filtering approaches used in robotics , see [227].

6.2 The Algorithm

271

ut+1:N .
The first term in the integral is our observation model from equation 6.12, while the
second term is the current state distribution computed by the UKF (see step 2 of algorithm
1). For the UKF this is a Gaussian distribution:

p(xt |z0:t−1 , u1:t ) = N (µ̄t , Σ̄t ).

(6.20)

Again we refer to [116] for details of how the predicted state mean µ̄t and covariance Σ̄t
are computed.
Since in our case the measurement function g is linear, the integral in equation 6.19
can be computed exactly. Although a is has fairly standard derivation, (since it is part
of obtaining the basic Kalman filter algorithm), the computation of this integral is very
lengthy; details can be found in [227] or in any other good textbook on Kalman filtering.
The resulting expression is rather simple, and is familiar to those with knowledge of Kalman
filtering:
p(zt |z0:t−1 , u1:N ) = N (zt ; g(µ̄t ), GΣ̄t GT + Q).

(6.21)

Remembering the form of g, we see that this expression simply says that the probability
of the measurement zt given the previous measurements z0:t−1 is a Gaussian with mean
and covariance obtained by selecting from the covariance predicted by the filter the rows
and columns corresponding to the variables that represent the measurement. Since the
quantities Σ̄t and µ̄t are obtained from the filter, we actually need to run the filter over the
whole dataset; at each step t we will then be able to calculate equation 6.21. This is the
exact counterpart of what we did in the case of the deterministic models when integrating
the models forward in time.
Is interesting to note that since in step 3 of algorithm 1 the measurement zt is used
to propagate the state forward in time (as in Figure 2.1 where both u and z are used to
compute ỹ), the model prediction will not be able to diverge from the collected data. This
avoids the problem of the predicted and real data becoming uncorrelated (see Section 2.2.4),
which was among the practical factors limiting the maximum length of a training window.
As we saw already in Section B.4.2, working with the negative logarithm of the likelihood instead of using the likelihood directly makes for simpler mathematical expressions.
Taking the logarithm (and disregarding any constant factor since it would not change the
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parameters resulting from the optimization), we obtain:

LL(R) =

N
X
t=0

− log |2πΛ| − (zt − g(µ̄t ))T Λ−1 (zt − g(µ̄t )).

(6.22)

Equation 6.17 therefore becomes:

RM L = arg max
R

N
X
t=0

− log |2πΛ| − (zt − g(µ̄t ))T Λ−1 (zt − g(µ̄t )).

(6.23)

where Λ = GΣ̄t GT + Q. The dependency on R that we dropped for clarity earlier in the
section is in fact still present in this equation through the state and covariance (µ̄t , Σ̄t )
predicted by the filter. The process noise model is fundamental for computing these quantities.

6.3

Optimization of Parameters

Having obtained the expression for the likelihood, we now can apply a numerical optimization scheme to compute the parameters of RM L . In practice, evaluating the likelihood
involves setting a value for R and running the UKF over the whole dataset. Because of
the recursive formulation of the likelihood function, computing a closed form expression
for its gradient with respect to the parameters (R) is not trivial. This makes any gradient
based optimization infeasible and so a direct search method is preferred to obtain RM L .
Any of the standard direct search method is suitable for the optimization of RM L ; we
chose a coordinate ascent algorithm (algorithm 2) for its simplicity of implementation and
its convergence ability [1].
Empirical investigation on both the toy car and X3D datasets confirmed that the algorithm converges reliably within 50 iterations. Since the likelihood function is not convex,
we need to account for the possibility in which the algorithm might converge to a local
minimum. Restarting the algorithm from different initial positions in the search space is a
pragmatic and effective technique that obviates this problem ([103]). In our case the values
of R were randomly drawn from a uniform distribution U [0, 1]. RM L was selected as the
matrix that produce the highest likelihood among 10 restarts7 .
Given the parameters RM L , the complete model (the deterministic part plus the noise
7
We considered 10 runs sufficient since we empirically found the parameters obtained to be consistent
across restarts
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Algorithm 2 Coordinate ascent algorithm, (adapted from [3]).
Input: R,LL(R), α = 0.1
Output: RM L
1: while iterations < M AX do
2:
for all rjj ∈ R do
3:
if LL(R) < LL(R{j, j, (1 + α)rjj }a ) then
4:
α = 1.1α
5:
rjj b = (1 + α)rjj
6:
else
7:
if LL(R) < LL(R{j, j, (1 − α)rjj } then
8:
α = 1.1α
9:
rjj = (1 − α)rjj
10:
else
11:
α = 0.5α
12:
end if
13:
end if
14:
end for
15: end while
a
b

R{i, j, k} indicates a matrix R for which the element at position (i, j) is substituted by the value k.
rij indicates the element at position (i, j) in the matrix R.

part) can be used to generate sample trajectories from the model’s distribution. First, from
an initial state at time t, the deterministic equations of the model are used to compute
the accelerations resulting from the control inputs. Then we add to those values a sample
from the Gaussian distribution representing the process noise ω. Finally, the resulting
acceleration is integrated one step forward in time to produce the new state vector at time
t + 1. Every trajectory generated will be slightly different from any other, and the further
time progresses, the more the trajectories will differ. The distribution therefore tends to
spread as time passes, and the sampling of the spatial density therefore becomes more and
more sparse.
Repeatedly sampling trajectories in this way allows the construction of a distribution
that indicates which are the future state values that the learned model indicates are more
probable given the state at time t and the control inputs. We will use this approach to
build the distributions used in the following sections. Thanks to this feature of the FE
methodologies, the model can in practice be propagated over the full length of the dataset.

6.4

Experiments

In this section we see the application of the algorithm just discussed to the toy car and the
X3D. This is an interesting choice of platforms since it shows how our noise tuning method
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performs when applied to vehicles with different dynamics and degrees of freedom.
Although the approach could be extended without any change to the Owl or ATTAS
platforms; due to space limitations we restrict our treatment to the X3D and the toy car
since they are the two platforms for which we will automatically produce controllers in
Chapter 7.

6.4.1

Toy Car

We start with the toy car platform, using the best of the models developed in the previous
chapter, the carGP best model.
We first train our noise parameters using the same dataset (datasetcar 6) that was
used to evolve the model. Since in the case of the toy car the dynamic model consists
of three equations which predict the accelerations ax , ay and αz , three noise parameters are needed to determine the diagonal elements of R. The resultant model is called
carAccGP bestN oise.
To obtain a qualitative understanding of how our noise model compares with the variability present in the real toy car, we did a simple experiment with the real car that
involved repeatedly recording the trajectory resulting from the same sequence of open loop
manoeuvres. We chose a short sequence containing a balanced mixture of commands with
the car accelerating, slowing down and turning in each direction.
The set of throttle and steering commands were delivered to the car at pre-specified
time intervals:




uth





 uth


uth





 u
th

= 0, ust = 0

0 ≤ t < 20

= 1, ust = 0

20 ≤ t < 52

= 0, ust = 1

52 ≤ t < 84

= 1, ust = −1

84 ≤ t ≤ 118,

(6.24)

where t is expressed in time steps8 .
After each run the car was repositioned as closely as possible to the same location
within the tracking area and was also pointed in the same initial direction. To ensure
that an identical sequence of commands was used every single time, an automatic software
routine was used to issue the commands. The commands were recorded along with the
8

The uneven lengths in time of the actions is the result of a coding mistake; initially we had planned
to carry out every action for 25 consecutive timesteps. Although it looks awkward, the error does not
compromise our analysis.
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car trajectories so that it was possible to verify post-hoc that the car actually received the
same control inputs during each of the 30 repetitions9 .
For the same starting state10 and control inputs, we computed 300 instances of the
model state trajectory using the carAccGP bestN oise model11 . A length of 118 steps was
used for each trajectory to match the duration of the experiments done with the real car
(see equation 6.24). Table 6.1 shows the standard deviations of the noise obtained from
the optimization procedure and used in the carAccGP bestN oise model.
Parameter
σax
σay
σαz

Value
0.077 m/s2
9.50 m/s2
4.79 rad/s2

Table 6.1: Noise values used in the carAccGP bestN oise model.
To qualitatively understand what types of trajectories the carAccGP bestN oise model
produced, we randomly selected 30 trajectories out of the 300; they are plotted in Figure 6.1.
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Figure 6.1: Toy car: 30 sample trajectories simulated with the carAccGP bestN oise model.
The dots on the trajectories are equally spaced in time (52ms).
9
We chose 30 repetitions as a compromise between producing a representative set of trajectories and
restricting the duration of the experiment.
10
The same position and orientation, and with velocities equal to zero.
11
The number of instances chosen is not critical, and depends on the duration of the trajectory, since as
we explained the distribution gets sparser as time increases. In practice, a few hundred samples showed
itself to be sufficient in our experiments.
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Although the length of the simulated run is only about 6s we can see how the model
predicts quite different trajectories which diverge as the time progresses. In particular it
is clear how the two turns in the trajectories change in radius. The noise model produces
trajectories that are more irregular that one would probably expect. We think that the
optimization might be overestimating the level of noise to compensate for the fact that the
real noise does not exactly match our assumptions.
To understand which positions in space were occupied more often by the model during
the 300 simulated trajectories, we constructed a simple histogram. A regular grid was first
overlaid onto the trajectories produced by the model, and then for each of the grid cells the
number of trajectories crossing it were counted12 . Using colours to represent the trajectory
count for each of the cells, we obtain the occupancy grid plotted in Figure 6.2, on which
count

3
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1
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1.5
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Figure 6.2: Toy car: real and carAccGP bestN oise model trajectories. The real trajectories
obtained from 30 repetitions of the task (black lines) are superimposed onto the distribution
obtained from 300 instances computed from the carAccGP bestN oise model subject to the
same input and starting state. Each cell of the grid used to compute the distribution has
size 0.04m by 0.04m, the colour represents the number of trajectories passing through each
specific cell in the grid. The dots on the real car trajectories are equally spaced in time
(52ms).

12

For the grid we used a cell size smaller than the car width, namely 0.04m by 0.04m.
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are superimposed the real car trajectories in black.
The first thing in the plot requiring comment is certainly the 30 trajectories recorded
from the real car. As expected, as the car moves away from the starting point the trajectories diverge as we saw with the simulated trajectories (Figure 6.1). What is most
interesting is the fact that two different sets of trajectories appear. The two sets appear to
be produced by a different response of the car to the first of the two steering commands,
with some trajectories having a larger turning radius than others. We suspect the origin of
this to be the electromagnetic steering system of the car which is quite worn and sometimes
fails to turn the wheels fully. Since the steering has only three settings, full left, full right
and neutral, steering to less then the full extent ends up having quite an impact on the
car’s behaviour.
Looking now at the distribution of positions generated by the model, we see that the
real car trajectories overlap the area of the distribution marked by a high histogram count.
The assumption of independent Gaussian noise we made for the process is too restrictive to
allow for learning that the car trajectories tend to have a bimodal distribution. We knew
already that our assumptions were a simplifying compromise, so what is really important
is to see that the distribution of our model covers both sets of trajectories exhibited by
the real car. Is also clear that the distribution produced by the model also covers cases in
which the model might turn more or less sharply than the real car generally does.
Undoubtedly the simple noise model adopted has its shortcoming but overall produces
a distribution that is a superset of the recorded real trajectories. When used to evolve
controllers such a model should simulate the variability of behaviour typical of the real
world eliciting the evolution of more robust controllers.

6.4.2

X3D

To train the model of the X3D quadrotor we used a method similar to that used in the
previous section. Starting from the X3DAccGP best model obtained in Section 5.7, we
first trained the parameters of the noise covariance, again using the data from the training
dataset datax3d 3 (as with the coevolutionary modelling). In this case the model is sixdimensional so the number of noise parameters required is also six.
The noise parameters were initialized randomly, as with the toy car, and the same
random restart procedure for the optimizer was used.

The resultant model is called

278

Beyond Deterministic Modelling
Parameter
σax
σay
σaz
σαx
σαy
σαz

Value
0.011 m/s2
0.012 m/s2
0.435 m/s2
3.48 rad/s2
3.41 rad/s2
1.15 rad/s2

Table 6.2: Noise values used in the X3DAccGP bestN oise model.
X3DAccGP bestN oise. Table 6.2 shows the noise parameters obtained from the optimization procedure and used in the X3DAccGP bestN oise model.
In the case of the X3D helicopter, repeatedly running a set of pre-specified open loop
control manoeuvres as was done for the toy car is in practice not feasible. Due to the
inevitable air disturbances, without closed loop control the quadrotor is unable to maintain
either a fixed position or a fixed attitude, and therefore it is not possible to start the
helicopter from exactly the same state for each repetition. Running a predefined sequence of
open loop manoeuvres with the quadrotor is also very risky since relatively small difference
in the starting state (e.g. the attitude) can lead to very different trajectories, some of which
might direct the helicopter into the ground or against the wall of the flying arena. Both
of these are possibilities that we are keen to avoid, since they are likely to heavily damage
the platform.
Since sampling from our model is not a problem, we can instead see how the model
compares with the real X3D in randomly selected parts of the already collected flight
trajectories. We therefore selected at random three windows of data 50 time steps in
length from the validation dataset datax3d 2. For each of the windows, we set the model
state to the starting state of the window from the dataset, and then we use the model
(both the deterministic and stochastic parts) and the input sequence to make acceleration
predictions; we then integrate the predictions as was done for the toy car. For each of the
three windows, 300 runs were simulated.
The X3D model is six dimensional, so instead of a single histogram we need to build
three. For all the three windows the angle ψ is almost zero, and as a consequence a direct
association exists between linear positions and angles (i.e. θ influences x and φ influences
y). For this reason we chose to display in the same plot variables that are associated.
Using the technique, described for the toy car, we produced one histogram for x and θ,
one for y and φ and one just for z and ψ. Those histograms can be seen in Figure 6.3; the
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Figure 6.3: X3D, actual versus X3DAccGP bestN oise model trajectories. Three short
windows 6.3(a), 6.3(b), 6.3(c) are selected at random from the validation dataset and the
actual trajectory (continuous line) is superimposed on the state distribution computed
from 300 runs of the X3DAccGP bestN oise model subject to the same input and starting
state. Each cell of the grid used to compute the distribution has size 0.02m by 0.006rad;
the colour represents the number of trajectories passing through each specific cell in the
grid.
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actual trajectory of those variables calculated from the collected data is also superimposed
on the obtained distributions13 .
The three windows depicted in Figure 6.3 show three quite different manoeuvres: in
Figure 6.3(b) a pitch input makes the helicopter move forward; in Figure 6.3(c) a roll
input produces a sideways translation; and Figure 6.3(a) shows a combined pitch and roll
action. In all three windows the heading and altitude of the flying machine do not change
appreciably.
As before, the distributions produced from sampling the stochastic model fan out from
the starting point as the trajectories progress. Both the windows in Figure 6.3(a) and
Figure 6.3(b) show the real trajectory of the X3D overlapping the distribution built from
sampling the model trajectories. For window (b) the real trajectory is mostly located in
the very probable areas of the model distribution, while the second part of the trajectory in
window (a) covers an area deemed less probable by our sampling of the model trajectories.
In the third window in Figure 6.3(c) we see an example in which the real trajectory of
the X3D quadrotor deviates noticeably from the trajectories obtained from the model. In
particular, it seems that the simulations are underestimating both the angle φ and (as a
consequence) the motion on the y axis. This is a situation in which the deterministic part
of the model behaves very differently from the real platform, producing an error larger
than is accounted for by the noise model. Given the good performance that we measured
in the previous chapter for the deterministic model, we feel that we should consider this a
window in which the model performs unusually poorly.
In general, the augmented model X3DAccGP BestN oise seems able to cover the variability in behaviour demonstrated by the real X3D platform, but nevertheless there are
situations in which some of the dimensions are poorly predicted.

6.5

Summary

In this chapter we brought the idea of process noise into our modelling approach. Its
function is to model the uncertainty present in the system, and also to allow for the
discrepancies that will inevitably exist between our models and the real systems, a feature
that we will exploit in the next chapter to produce robust transferrable controllers.
13
Either a white or a black continuous line was used to denote the real X3D trajectory, depending on
whichever ensured better readability.
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We have shown how our automatically derived models can be readily extended to
include process noise, thanks to the standard state space form in which our models are
expressed. With the aim of simplifying the problem of training the noise model, but also,
more importantly, of producing a computationally cheap noise description, we made purely
pragmatic assumptions of Gaussianity and independence for the process noise distribution.
Through a novel application of results from the filtering literature, we created an algorithm that is both automatic, and does not use platform specific knowledge, thus meeting
the two essential requirements of our automatic modelling framework. Contrary to most
common practice in evolutionary robotics, our algorithm is able to determine the appropriate level of model noise solely from experimental data, removing the need for human
expertise to set those parameters.
Tests on validation data have shown the ability of our enhanced models to reproduce
the levels of variability in the dynamics that exists in our real world platforms. However,
we identified some situations in which the noise model shows an inability to fully capture
the differences between the real platforms and the models.
The full potential of our approach will only be determined by using the evolved model to
develop proficient controllers, and then testing the extent to which the controllers transfer
successfully to the real platforms.
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Chapter 7

Automatic controller design
In this chapter we move to the second part of our investigation and look at the question
of automatically designing controllers based on the models obtained automatically in the
previous chapters (Chapter 5 and Chapter 6)1 .
Time constraints limited our study of automatic controller design to the toy car, the
X3D quadrotor and the Autopilot helicopter simulator. Those platforms were chosen since
they represent platforms with very different dynamics and therefore will require different
solutions for the problem of control. Based on prior experience in manually designing
controllers for aircraft platforms [56] we judged the design of a control system for a linear
platform such as the ATTAS to be of little interest, especially given the fact that we would
not be able to test the obtained controller on the real aircraft. In the case of the toy car
and of the X3D we do have the possibility of testing and analysing how the controllers
transfer to the real platform - a type of test that as we saw in Section 2.1.1 was crucial for
validating the automatically produced models.
For each of the three platforms considered we will compare a controller designed by
an expert (making extensive use of platform domain knowledge) with two or more general
controllers which are effectively platform independent. This approach will give us good
grounds for understanding how far our idea of limited domain knowledge can be pushed.
In Section 2.1 we gave an overview of the many representations that have been used in
the literature for controllers suitable for optimization using evolutionary methods. From
the many possibilities, we decided to use controllers based on neural networks since they
have been shown to deliver good performance in a variety of real world control problems
1

With the exception of the Autopilot simulator.
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([80, 172]). In addition, neural networks are suitable for systems with both discrete (e.g.
our toy car) and continuous control inputs (e.g. our quadrotors and Autopilot helicopter
simulator) meaning that the same control structure could be used with all our three test
vehicles. This generality is a key feature that makes neural networks well suited to our
approach. However, we are not suggesting that other representations could not be used;
this was not possible at present due to time constraints, but we are likely to consider at
least some of the main alternatives to neural network controllers in future research.
Since the different platforms require different test procedures, it is more natural to
address each of the platforms separately in this chapter, rather than following the structure
used so far of introducing a technique and then applying it to the different platforms.
Section 7.1 examines the toy car, Section 7.2 deals with the X3D quadrotor, and Section 7.3 presents the Autopilot helicopter simulator. The analysis and interpretation of
the results is described in Section 7.4.

7.1

The Toy Car

Given its lower number of dimensions and the fact that is the simplest of our platforms to
control, we will deal first with the toy car.

7.1.1

Task

As noted in Sections 1.2 and 2.1, we are particularly concerned with the design of controllers
that fulfil a well specified task using the same sensor and control inputs commonly used to
solve such control tasks using more orthodox techniques.
We note again that we allow the use of task specific knowledge (i.e. what sensor inputs
are needed to solve the task), but avoid the use of platform specific knowledge.
In line with this, an interesting and very useful task to be accomplished by a car (or
any vehicle) is to be able to follow a path defined in terms of waypoints that are specified in
advance. As an example of the usefulness of such a control algorithm we can consider the
state of the art approaches to autonomous navigation ([228, 8]), in which a path following
module sits at the bottom of a stack of well engineered algorithms designed to drive (or
fly) the vehicle intelligently. In such systems, a localization and mapping module provides
a map of the environment and the position of the vehicle within it, a deliberative module
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determines a goal location to be reached next, and a path planning algorithm finds a
feasible path to the goal in the form of a trajectory or a set of waypoints. The type of
controller that we aim for here would then be able to translate such a set of waypoints into
the appropriate series of command inputs to be given to the vehicle.
While the outputs of the controller are obviously the same control variables as were
used for the car in Section 3.3.3, (u = [uth , ust ]), the inputs to the controller will be the
state of the car and information relating to the next few waypoints in the path. Since we
want to obtain a controller for a generic path, the inputs to the controller are distances
and angles in the frame of reference of the car. In this way the behaviour of the controller
will be invariant to the absolute location and curvature of the path.
In Figure 7.1 we show the car following a path defined by a series of waypoints. Given
a waypoint k, the path information is represented by the distance from the waypoint dk ,
the cross track distance d⊥
k and the angle to the track direction δk . It is obvious how the
first is computed; the second is simply the orthogonal distance of the car’s centre from
the path segment between waypoints k − 1 and k, and measures how much the car is off
track; finally, the angle δk is the angle between the car’s heading and the track segment,
and measures the alignment of the car with the predefined path.
The state information is obtained directly from the models, (these were learned automatically in Chapters 5 and 6) and is simply the car’s forward, lateral and angular velocities

k+2

k+1

ζ
k

dk

δk

dk
st
k−1

Figure 7.1: Track waypoint information. Distance and angular information from current
and up-coming waypoints are considered.
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(u, v, r). As we will see in more detail in Section 7.1.2, we will consider several different
type of controllers, and depending on the type of controller, we may pass it information
from the current waypoint only (i.e. waypoint k), or may add information about the next
two future waypoints.
Since the aim of the exercise is to produce controllers able to follow novel and unseen
paths, and not just paths on which they have been trained, we use randomly generated
paths when evolving controllers. This will stop the controller from learning to exploit any
track specific feature(s).
Tracks are generated as a list of concatenated parts drawn randomly (with replacement)
with equal probability from the set P = {straight, right curve, lef t curve}. Each part is
made up of a variable number of consecutive fixed length segments which have a waypoint at
each end; the distance between two waypoints is therefore fixed. The straight parts are built
of an integer number of segments chosen from the set Ns = {1, .., 10} to allow for different
lengths. For the curved parts, the number of segments is drawn from Nc = {5, .., 15} and
the angle ζ between the directions of two consecutive segments (see Figure 7.1) is selected
randomly for each curve ζ = U [0.02, 0.4]rad2 . This allows the production of curves of
different length and radius. The total number of parts in each path is fixed at 200, which
ensures that the model cannot cover the full length of the path in the allotted time, even
in the case of a straight path.
The parameters for the distributions used to generate the random path were selected
empirically so that with a segment length of 0.25m the paths produced were qualitatively
similar to the trajectories covered by the car when collecting the data used for the modelling
stage. Five random samples chosen to show examples of right and left curves of different
radius as well as (almost) straight trajectories are shown in Figure 7.2.
We noted in Section 3.1.3 that by comparing on-line and off-line recordings of the
data coming from the tracking system we were able to measure the time necessary for
computing the vehicle’s position and making it available to our controller. Since when
testing our controllers on the real platform this delay will inevitably be present, we need
to model it within the setup of the evolutionary task. To do so, the state produced by
the learned car model is buffered, and at every time interval t the controller is fed what
is in fact a delayed state. Since the time step used by our model is ∆t = 40ms and the
2

The angle ζ is chosen positive or negative depending on whether the turn is right or left handed.
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Figure 7.2: Some randomly generated paths of the type used for training controllers.
delay of the tracking system is ∆tM OCAP = 140ms this corresponds to delaying the state
information by 4 time steps3 .

7.1.2

Controllers

In the case of the toy car, three different types of controller were considered; the first one
was a hand crafted controller based on domain knowledge that would serve as a baseline
for our approach, while the remaining two were more general controller structures based
on artificial neural networks.
In both the neural network and evolutionary robotics literature, many varieties of
neural network topologies and activation functions have been explored (see [158] and [255]
respectively for two excellent if somewhat dated summaries). In order to simplify our
analysis, we will limit ourselves to the use of relatively simple feed forward and Elman
type recurrent networks (see details in the following section). Although we recognize that
(time permitting) one could also consider other more exotic neural network variants, we
3
140ms corresponds to 3.5 time steps; to obtain an integer number we rounded it up to 4 to avoid
making the problem simpler by reducing the delay to 3 timesteps.
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do not believe that our analysis is significantly limited since it can be shown that the
selected networks, (with appropriate weights) can at least approximate the same functional
relationships as are implemented by each of the hand crafted controllers.

The Stanley Domain Specific Controller
Although various control schemes have been used for the control of car-like vehicles, for our
test we have chosen a simplified version of the controller used in Stanley, the autonomous
car that won the DARPA Grand Challenge described in [228] by Thrun et al. We chose
this controller since it was explicitly designed to be robust, and is therefore likely to give
reasonable results for a toy car which is certainly different from a full size car. A second
motivation is the fact that the basic formulation of this controller is particularly intuitive
and so can be easily adapted to our situation.
Thrun and colleagues first designed a base controller focussing on a kinematic model
of the car, and then augmented it to take into account the effects of dynamic variations.
Given a continuous path, the base controller is designed to control the steering and throttle independently. The steering control applied is proportional to the angle between the
direction of the car and the path (δt ), and it is also to a first approximation proportional to
the cross track error d⊥
t divided by the forward speed ut . These two contributions should
respectively align the car with the track and reduce the cross track error to zero. More
specifically:


d⊥ (t)

δt + arctan Kstu(t)



ust (t) =
umax
st





−umax
st

⊥

d (t)
|θt + arctan Kstu(t)
| < umax
st
⊥

d (t)
(δt + arctan Kstu(t)
) ≥ umax
st

(7.1)

⊥

d (t)
) ≤ umax
(δt + arctan Kstu(t)
st ,

represents the maximum value for the steering command, and the arctan
where umax
st
function is used to provide a smooth transition to the maximum steering input. The
constant Kst allows the influence of the cross track error to be adjusted4 .
In [228] a target speed was defined5 along the continuous path and a PI control scheme
was used to adjust the instantaneous forward speed u(t) to the desired speed ud (t). More
4

For the meaning of the symbols the reader should refer to Figure 7.1 paying attention to the fact that
the subscript k is here replaced by t since the equation is continuous in time instead of discrete
5
The speed profile was computed based on limits known in advance, and also on the real time assessment
of the terrain roughness.
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precisely:
uth (t) = Kth,p (u(t) − ud (t)) + Kth,i

Z

Kth,p (u(t) − ud (t))dt,

(7.2)

where Kth,p and Kth,i are respectively the proportional and integral constants for tuning
the controller.
With an intuitive understanding of this controller we set out to derive from it a version
that would be suitable for our car, which differs from Stanley in that it allows only for
discrete control inputs. In the case of the steering control, we essentially retained the
formulation of equation 7.1, while introducing a constant Kδk to allow for scaling of the
control output. We also introduced a discretization to produce the left, neutral, and right
commands (respectively −1, 0 and 1). We therefore obtained:

ust,k


Kst d⊥

1
k

1
(K
δ
+
arctan

δ
k
k
uk ) ≥ 3


K d⊥
1
k
=
0
|Kδk δk + arctan st
uk | < 3



⊥

 −1 (Kδ δk + arctan Kst dk ) ≤ 1 .
k
uk
3

(7.3)

For the throttle we adopted a PD scheme based on the current speed uk and the distance
from the current waypoint dk . As with the steering control, we also applied a discretization
of the output:

uth,k




1
(Kth,d uk + Kth,p dk ) ≥ 13



=
0
|Kth,d uk + Kth,p dk | < 13




 −1 (Kth,d uk + Kth,p dk ) ≤ 1 .
3

(7.4)

Given such control laws, the evolutionary training should discover the values of the
control constants that produce suitable switching between the discrete control commands.
However, since this an adaptation of a continuous controller, we do not expect excellent
performance from it but merely a baseline for comparison.
At the start of the optimization process, the parameters of the model are initialized to
random values drawn from a zero mean Gaussian distribution G(0, 0.1).
Monolithic Recurrent Network
While the controller of the previous section is clearly based on a good understanding of
the behaviour of a car, our real concern is with more general control approaches that are
platform independent.
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The dynamics of the car has a significant effect on the way the vehicle can be controlled,
in that the actions of changing speed, turning and stopping all require a non-negligible
amount of time. For this reason, although the model is Markovian, it might in fact be
easier to train a controller that is able to use past state and control values. With this aim,
we chose to use a recurrent network instead of a standard feed forward neural network.
While still being simple, it offers potentially better performance by being able to retain
and exploit past information by means of its recurrent neurons.
Since we assume no platform specific information, we consider a very general fully
connected two layer topology (see Figure 7.3) with an arctan activation function. Although
such a structure is commonly known as an Elman Network since it was introduced by J.
Elman [66], we will usually refer to it as a RMLP (Recurrent MLP).

in 1
in 2
in 3

out 1

in 4

out 2

in 5
1
Figure 7.3: Structure of a general fully connected two layer recurrent neural network with
5 inputs, 2 outputs, and a 4 neuron hidden layer.

The inputs to the network are the state of the car (i.e. u, v, r), and the distance
(absolute and cross-track) and angular information from the current (k) and the next two
waypoints (k + 1, k + 2). The aim is to provide the controller with information about
its current error, and also about what lies ahead in the path to see if evolution is able to
use this information in order to achieve better performance. Including the necessary bias
input, the network has 13 inputs:
⊥
⊥
inputs = [u, v, r, dk , d⊥
k , δk , dk+1 , dk+1 , δk+1 , dk+2 , dk+2 .δk+2 , 1].

Based on experience with a small number of sample runs, we chose to use 8 neurons for
the hidden layer; obviously the number of output neurons is 2 (we will call them unet
th and
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unet
st ). The outputs again need to be discretized since the control inputs of the car are
discrete. Here we use the same discretization as the domain specific controller:

uth



1

1
unet

th ≥ 3


1
=
0
|unet
th | < 3




 −1 (unet ) ≤ 1 .
th
3



1

1
unet

st ≥ 3


1
ust =
0
|unet
st | < 3




 −1 (unet ) ≤ 1 ,
st
3

(7.5)

(7.6)

where, since the activation function of the neuron is the arctan and its output is limited
between -1 and 1, each of the possible outputs is associated with an interval of the same
size.
For the process of optimization the weights of the network are again initialized to small
random values drawn from a zero mean Gaussian distribution G(0, 0.1).

Modular Recurrent Network
In Section 2.1.3 we identified modularity as one of the approaches that aims at improving
the evolvability and the capabilities of controllers. We therefore believe it will be interesting
to test a controller based on this approach in our scenario and compare it to the two already
proposed.
In discussing the possible advantages of modularity, we also noted how an understanding
both of the problem domain and of the specific platform is usually needed to produce an
effective decomposition of the controller into modules. This is obviously in conflict with
the spirit of our work, but here we can take a different and more pragmatic stand-point.
Without loss of generality we can always choose to use a controller structure that has a
separate module for each of the outputs. In this way we can allow for smaller networks in
each of the modules, since it is reasonable to assume that the function to be learned within
each module will be relatively simple.
The result of this choice is a controller that will, by design, avoid the problem of neural
interference that we described in Section 2.1.3. In addition, as we will see in Section 7.1.3,
because of this modular decomposition, more effective search techniques based on coevo-
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lution can be employed to train the controller, potentially leading to better performing
solutions.
To allow for more meaningful comparisons between our two neural network controllers,
the same recurrent Elman network topology used for the monolithic network was used
for each of the modules. However, while we use the same number of inputs, we use a
smaller number of hidden neurons (i.e. 4); obviously there is only one output neuron.
The 13 input variables are the same as those used for the monolithic network, and the
thresholding applied to the output signal in order to produce the discrete control commands
(see equations 7.5 and 7.6) is also the same.
For the process of optimization the weights of the network are again initialized to small
random values drawn from a zero mean Gaussian distribution G(0, 0.1).

7.1.3

Evolutionary Training

Fitness Function
While we will be evolving three different types of controllers, and will consider two different
types of evolutionary algorithms, all training and testing will use the same path following
task described in Section 7.1.1. Comparisons between controllers will be at the heart of
our analysis, and therefore it makes sense to use the same fitness function across all the
controllers to guide the evolutionary search.
The process of measuring the performance of a controller begins by generating a random
path (see Section 7.1.1), placing the selected car model at the beginning of it and, over a
fixed amount of time, measuring how well the controller is able to follow the predefined
trajectory. Intuitively, the more ground the controller is able to cover without leaving the
path, the better the controller.
To decide when a controller leaves the path, a maximum orthogonal distance from the
path d⊥
max is defined; when this is exceeded the trial is terminated, and a fitness of zero is
returned for that trial. Considering the scale of the car and its kinematics, 0.3m seemed a
suitable initial choice for d⊥
max , in relation to the scale of the test paths.
It is easy to see how such a fitness scheme should lead to the generation of controllers
that follow the path within the boundaries defined by d⊥
max . However, such a fitness
function does not explicitly reward the controllers for staying in the centre of the path,
which would correspond to the safest solution since the car is then at the maximum distance
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from the track borders. Instead, a controller can exploit the full width of the track and
potentially even learn how to choose trajectories that are faster, so covering more ground
within the allotted time. Whether the safer or the riskier behaviour is the most rewarding
depends on the accuracy of the controller and on the behaviour of the model; evolution
will automatically strike a balance of course, but exactly where it will depend on the
details. For example, given the way we are evaluating fitness, the chosen durations of
the tasks will have an impact on the controllers obtained. A very short task duration
would favour a controller that is very fast but potentially unsafe since being able to reach
waypoints quickly (perhaps without performing well on curves) would be more rewarding
than keeping away from the track borders. At the other end of the spectrum, in the case
of a long task duration, a safe but slow controller would not risk leaving the track, and
would eventually end up by covering more ground.
In practice those two represent degenerate situations that are easily avoided. If we
ensure that the time allotted is long for a controller to learn to negotiate several curves at
least to get a good fitness score, but not unnecessarily long, we should avoid the extremes.
We will analyse the effects of task length in more detail in Section 7.1.4.
For a generic trial r we define the fitness as:

fF r =





kend
Kmax


 0

⊥
∀k d⊥
k < dmax k ∈ [0, Kmax ]

(7.7)

⊥
∃k|d⊥
k > dmax k ∈ [0, Kmax ],

where kend is the index of the waypoint reached at the end of the trial when the time expired,
while Kmax is the total number of waypoints in the path (200 in our experiments).
Is interesting to note that, with this type of fitness function there will be a difference
in fitness (even at the beginning of the evolution when the controllers are poor), between
those controllers that perform well on only a few tracks (i.e. the easy ones) and those that
completely ignore the tracks. This immediately provides a fitness gradient that should help
the convergence of the training algorithm.
This is not the only way of defining a fitness function to measure the performance of
the controller; we could for example have a fitness function made up of two contributions,
one directly related to the distance covered, and a second inversely related to the cross
track error d⊥ . While the idea behind such a fitness function is the same as that already
proposed, in practice, the coefficients used to scale the two contributions will determine
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how a controller should strike a balance between speed and track following accuracy. Since
this trade-off is not explicit, it is not easy to gauge in advance what weighting would be
most appropriate.
Since the paths are generated randomly, the fitness obtained during evolution from a
single run is not a good indication of the controller’s overall performance, since a given
path could be particularly easy or difficult. Standard practice in such cases of noisy fitness
measurements is to repeat the task several times, and average the scores obtained across
the runs. After a small number of preliminary runs, we set the number of repetitions that
are averaged to obtain the controller fitness to 16.
We remember from Section 3.3.3 that our car models expect not only the throttle
and steering commands as inputs but also the battery voltage uba . The most extreme
conditions for the battery state are being fully charged and being empty; using both of
those during controller evolution should ensure that the controllers obtained can cope with
the differences in behaviour resulting from the effects of changing battery state. For 8 of
the 16 task repetitions (the even ones) we used the minimum battery voltage umin
ba and for
the odd ones6 we used the maximum umax
ba .
Evolution Strategies
For both the domain specific controller and the neural network based controllers, the
learning corresponds to the optimization of their parameters. These parameters are the
controller’s constants in the case of the domain specific controller, and the network weights
in the case of the RMLP controllers. In both cases therefore we are dealing with optimizing
an array of real numbers.
While an EA similar to that underlying the coevolutionary algorithm analysed in Section 5.3 could be used for the training, since we are dealing with real numbers, a better
approach is to use evolution strategies (ES) [22]. This evolutionary approach, introduced
by Ingo Rechenberg and Hans-Paul Schwefel in the 1960s to overcome the limitations of
conventional parameter optimization algorithms, is specifically designed with real-valued
search spaces in mind.
The evolutionary process starts with an initial population of (λ+µ) randomly generated
individuals that are evaluated according on the task. In evolution strategies terminology,
6
The maximum and minimum voltages were derived from the datasets used for the training of the
models. We obtained umin
≃ 3.5V and umax
≃ 4.2V .
ba
ba

7.1 The Toy Car

295

λ denotes the size of the elite, while µ is the size of the remaining individuals, sometimes
called the tail. In our case, each individual is evaluated by testing it on 16 randomly
generated tracks, and its fitness is determined by the average of the fitnesses obtained.
The population is then sorted according to fitness, and while the λ best individuals are
retained, the remaining individuals are replaced by mutated copies of randomly selected
(with replacement) members of the elite. In line with the vanilla implementation of evolution strategies that uses only one mutation parameter7 , ([22]) the mutation operation
consists of adding a random value drawn from a Gaussian distribution G(0, σ) to each of
the parameters8 . The newly obtained population forms the next generation. In our experiments we used 400 generations; we will comment on this choice in Section 7.1.4 when
analysing the results of the training. The algorithm does not employ recombination (ρ = 1
in the terminology used in ES) and since the best λ solutions are actually maintained between generations, this is in all respects a steady state evolutionary algorithm. We chose a
size of 50 for both the tail and the elite based on some preliminary runs of the optimization
scheme.

Cooperative Coevolution
In Section 5.1 we presented the idea of competitive coevolution, a paradigm in which
the fitnesses of different populations of evolving individuals are used in a competitive
fashion. In this section we look at the cooperative paradigm, in which individuals work
together to solve a task. We described in Section 2.1.3 how cooperative evolution has
been often explored in conjunction with modularity; here we focus on the key steps in
the implementation of cooperative coevolution which are the credit assignment and the
method by which individuals are selected to collaborate.
The credit assignment problem refers to the way in which the performance obtained by a
group of cooperating individuals is attributed to each of them to determine their individual
fitness. The performance depends on each of the cooperating modules, therefore the way
in which modules are chosen from the sub-populations to form a full solution also has an
impact.
Different approaches have been proposed to establish the performance score of an indi7

An application of ES with multiple adaptive mutation parameters is presented in Section 3.3.5.
A σ equal to 0.1 proved to be effective for both the domain specific controller and the neural network
controllers.
8
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vidual. Among the simplest is the one proposed in [187] in which each individual in turn
is coupled with the best individual from each of the other sub-populations and tested on
the task. The fitness obtained is then attributed to that individual since, all the other
individuals being the same, the difference in performance depends on it alone.
Another possibility is that proposed in the ESP (Enforced Sub-Population [80]) algorithm in the context of evolving neural networks. In ESP a subpopulation is maintained
for each neuron in the network. To compute the fitness of an individual, test networks
are repeatedly constructed by connecting a randomly selected individual from each of the
subpopulations and their fitness is measured. When each individual has participated on
average in a predefined number of tests (e.g. 10 for ESP) the average of all the fitnesses
recorded for every test in which it took part is attributed to the individual as its fitness.
Other variations are also possible, ranging from those in which fitness is used to bias
which individuals are selected in addition to the one under test, to those in which only the
outcomes of the most successful tests in which the individual participated are considered.
The second important step is to provide a way of determining how many modules
(and therefore sub-populations) should be used to solve the task. For some tasks, an
almost natural division will exist, while for others automatic techniques must be used. For
example Potters and De Jong ([187]) proposed a system in which early signs of stagnation
are used to trigger the introduction of a new sub-population, while the contribution of each
sub-population to the solution is monitored in order to determine if a species is superfluous.
The general mechanism of cooperative coevolution does not prescribe the way (if any)
in which the individuals of different sub-populations should interbreed during evolution.
In practice, many of the proposed systems exploit some understanding of the task or the
solution. For example, for a task in which the designer thinks that having several similar
modules could be advantageous (e.g. as would be the case for the lateral and longitudinal
control of a quadrotor, since the machine is symmetric), it would make sense to employ a
limited amount of migration of individuals between sub-populations.
Our coevolutionary implementation is very straightforward and is mostly inspired by
the baseline algorithm suggested in [187]. It operates at the macroscopic level (see Section 2.1.3) since the objective is to coevolve the recurrent neural networks that constitute
the parts of the modular RMLP controller described in Section 7.1.2. For the modular
RMLP controller, the number of modules is dictated by the number of control signals.
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This provides a natural number of coevolving sub-populations that coincides with using
one species for each of the control signals (uth , ust ), i.e. for each of the modules.
In line with the idea of avoiding platform knowledge we decided to keep our setup
completely general, by keeping the sub-populations completely isolated. The evolution of
each sub-population will therefore be carried out independently. Evolution Strategies will
again be our algorithm of choice to make the comparison with the other controller solutions
more meaningful.
To restrict the computational complexity, credit assignment was implemented with the
simple scheme proposed in [187].
A generic run of our cooperative coevolution algorithm proceeds as follows:
1. A sub-population of networks is created for each of the modules. In the case of the
car we have 2 modules (steering and throttle), and we set the number of individuals
in each sub-population to 50.
2. The best individual from each sub-population is selected to be used in the testing
phase. In the first iteration, since none of the networks has been evaluated, a random
individual is selected from each sub-population.
3. Each network is tested: a controller is formed using the network under test and the
selected best individuals; the fitness (equation 7.7) obtained in the waypoint following
task is attributed to the module under test.
4. The fitnesses obtained are used to evolve each sub-population by means of a (25+25)ES
algorithm of the type described in 7.1.3 which does not use recombination. This boils
down to ranking the individuals by fitness, and replacing the worse performing half
with mutated copies of the elite.
5. The newly obtained sub-population can then be used for a new iteration of the
algorithm (steps 2-5). When the maximum number of generations (300 in our case)
has been reached, the algorithm stops and the set of controllers that produced the
best fitness over the whole evolutionary run are returned.
A small set of preliminary runs was used to choose the size of the sub-populations and
the length of the coevolution.
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Training and Testing

We now have all the ingredients needed to train the three different types of controllers and
compare their performance on the path following task.
Before doing this however, we are interested in investigating two issues that potentially
could have an effect on the overall performance of the controllers. The first concerns the
car model used during training, and the second the duration used in the path following
task.

Effect of Model
To determine the influence of different automatically generated models on the resulting
controllers we used the automatic modelling techniques discussed in Sections 5.6 and 6.4.1
to make the most of the available training data by building models representative of the
variability of the real platform.
In the case of the toy car we have three different datasets (datasetcar 6, datasetcar 7
and datasetcar 8) and so by applying our methodology we can obtain three complete
models (complete in the sense that they include both the deterministic part and the noise
model part). The effort required from the user is minimal since the whole process is
automatic. We will call the obtained models carAccGP bestN oise6, carAccGP bestN oise7
and carAccGP bestN oise8 to reflect the dataset from which they originate9 .
To restrict the number of controllers to be evolved we have chosen to perform our
comparison using only one controller type. As we will see in Section 7.1.4 the monolithic
network has mid range performance when compared to the other controllers, and is therefore a good candidate for our analysis. Given the three models, we then evolve a monolithic
neural network controller for each of them. For the evolution we use a duration of 300 time
steps for the task.
To obtain representative results, the evolution was repeated independently 30 times for
each of the three models. The fitness progress during the 400 generations of the evolutionary optimization is shown in Figure 7.4 using box and whiskers plots10 to produce a concise
9

Since these automatic control experiments were performed some time before the training experiments
reported in Section 6.4.1, none of the models used here is strictly identical to the carAccGP bestN oise model
obtained in that section. We therefore use different names for the models to avoid misunderstandings.
10
In the box and whisker plots, the central mark in each box is the median, and the edges of the box
are the 25th and 75th percentiles (q1 and q3 respectively). The whiskers extend to the most extreme data
points not considered outliers; outliers are plotted individually. Points are drawn as outliers if they are
larger than q3 + 1.5(q3 − q1 ) or smaller than q1 − 1.5(q3 − q1 ). The plotted whisker extends to the adjacent
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but informative representation of the distribution of fitnesses. The evolutionary progress
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Figure 7.4: Fitness progress during the evolution of monolithic controllers using different
automatically generated models.
looks pretty similar for all three models used, with 10 to 20 generations being needed for
most of the controllers to become effective. Once that is achieved, smooth progress towards
the maximum fitness is apparent. As expected, some of the controllers converge faster than
others (as indicated by the whiskers) but in general convergence is achieved within the first
150 generations. All 30 repetitions for all three models consistently reached very similar
levels of performance. This indicates that the ES algorithm is performing well in training
the RMLP controllers. Our choice of allowing 400 generations for the evolution appears to
be quite conservative, but allows us to confirm that the fitness reaches a plateau.
While looking at the fitness progress is a good starting point for our analysis, and gives
us some insight, we undoubtedly need a more quantitative comparison of the populations
value, which is the most extreme data value that is not an outlier. The notches are comparison intervals,
two medians are significantly different at the 5% significance level if their intervals do not overlap.

300

Automatic controller design

of models obtained. To achieve this we tested each of the 90 controllers obtained (30
for each of the 3 datasets) not only with the model it was evolved with, but also with
the other two models. The test consisted of running the controller in turn with each
of the carAccGP bestN oise6, carAccGP bestN oise7 and carAccGP bestN oise8 models on
30 randomly generated paths (generated as in Section 7.1.1) for a total of 135 runs. The
random number generator was set to the same starting seed for all the controllers to ensure
that they would be tested on exactly the same paths.
The performance of each controller was measured by averaging the fitness fF obtained
in each of the runs. The results obtained are shown numerically in Table 7.1 and in the
form of a box and whiskers plot 10 in Figure 7.5.
Looking both at the plots and at the table we have the clear impression that the
controllers obtained from different models are very similar. To confirm this impression
we applied a statistical test to ascertain whether the three populations of controllers are
statistically different in performance. The test confirms that the difference between the

dataset
datasetcar 6
datasetcar 7
datasetcar 8

fF
mean
s.d.
0.23 0.033
0.25 0.018
0.24 0.025

Table 7.1: Mean and standard deviation (s.d.) of the fitness obtained by the population
of controllers evolved with different car models.

0.35

0.3

fitness fF

0.25

0.2

0.15

0.1

0.05

0
datasetcar_6

datasetcar_7

datasetcar_8

Figure 7.5: Fitness comparison for controllers evolved from different models. The difference
in fitness is not statistically significant (Kruskal-Wallis test P < 0.01).
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task length
300
600

fF
mean
s.d.
0.22 0.029
0.24 0.020

Table 7.2: Mean and standard deviation (s.d.) of the fitness obtained by the population
of controllers evolved with different amounts of time allowed to complete the task.

three populations is not statistically significant (Kruskal-Wallis test P < 0.01).
In the light of this, we can safely proceed with tests using only one of the car models,
namely carAccGP bestN oise6.

Effect of Task Length
In Section 7.1.3 we argued that, excluding very degenerate cases, the number of time
steps allotted to carry out a task during evolution should not have a significant impact
on the controllers obtained. To empirically verify our reasoning we evolved a population
of 30 controllers using the carAccGP bestN oise6 model and the usual task, but this time
we doubled the number of time steps allowed to 600. The obtained controllers are then
compared to the one trained in the previous section using the same model and a shorter
task duration of 300 steps.
The performances of both populations of controllers are assessed by testing them on
tasks of different lengths, including durations not used for evolution; we used 150, 300, 450
and 600 time steps, equivalent to 6, 12, 18 and 24 seconds respectively. We averaged the
performance obtained across 30 randomly generated paths for each of the task lengths, for
a total of 120 independent runs per controller11 . The distributions of fitness for each of
the controllers in the two populations are summarized in Table 7.2, and in the box and
whiskers plot of Figure 7.6.
At first sight both the mean and median performance of the models trained with the
longer task duration are higher than the values obtained for the shorter task duration,
suggesting that there may be an advantage in allowing more time during training. However,
when we statistically tested the two populations of controllers against the hypothesis that
they belonged to populations with equal medians (Mann-Whitney U test P < 0.01), the
11
Before averaging, the fitness was normalized by the length of the task so that short and long runs have
in effect the same importance.
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Figure 7.6: Fitness comparison for controllers evolved with different amounts of time allowed to complete the path following task. The difference in fitness is not statistically
significant (Mann-Whitney U test P < 0.01).
null hypothesis could not be rejected12 . The superiority of the controllers trained on longer
tasks is at best questionable; training on a 300 time step task is therefore preferable since
less computationally expensive.

Effect of Controller Type
Finally, the last and perhaps most interesting test is the one in which we evolve the three
different types of controllers described in Section 7.1.2.
In addition to the monolithic RMLP, modular RMLP and the domain specific controllers trained using the carAccGP bestN oise6 model, we will also train an additional population of monolithic RMLP controllers using the deterministic version of the carAccGP bestN oise6 model (i.e. without the noise model). The main reason for training such a
controller is obviously to be able to test it on the real car and compare it with its “noisy”
counterpart13 . In the light of the results obtained in Section 7.1.4, we used a task duration
of 300 time steps.
The progress of performance for each of the controller types during the evolutionary
runs is shown in Figure 7.7. Immediately we notice that, in the case of the domain specific
controller, the spread of performances is worryingly high. To better understand the reason
for such a spread, we plotted the fitness progress of each model as a simple line plot in
12
13

The null hypothesis could not be rejected even by relaxing the significance level to 5%.
We will do this in Section 7.1.5.
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Figure 7.7: Fitness progress during evolution of three different type of controllers.
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Figure 7.8. Now it is clear what is happening, as the population is split into two distinct
sets: a larger set (17 controllers) which achieved good performance, and a second set (13
controllers) with much lower fitness. Some of the solutions appears to be trapped in a local
minimum of the search space, from which the ES algorithm is not able to escape despite
the relatively high number of generations.
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Figure 7.8: Fitness progress during evolution of the domain specific controllers, showing
that some of the controllers are poor. The numbers on the plot indicate the number of
controllers reaching good or poor fitness.

Continuing the analysis of the remaining controllers, we see that while the monolithic
controller shows the same pattern of smooth gradual progress for both the carAccGP bestN oise6 and for the carAccGP best6 models, the modular RMLP controller exhibits much
faster convergence. In addition, the final population clearly shows a smaller spread in
performance than for the monolithic controllers.
The statistics of the fitnesses of the populations of controllers (see Table 7.3 and Figure 7.9 ) show what appear to be three distinct sets of performances. The domain specific
controller appears inferior to the other controllers even when considering only the set of
“good” controllers. The two RMLP controllers trained with the carAccGP bestN oise6
model show very similar performances, but the controller trained with the deterministic
model shows the best performance of all.

controller type
domain specific controller
monolithic RMLP
modular RMLP
monolithic RMLP from deterministic model

best
0.19
0.28
0.27
0.31

fF
mean
0.10
0.24
0.24
0.26

s.d.
0.078
0.030
0.018
0.018

Table 7.3: Fitnesses obtained by different type of controllers. Best, mean and standard
deviation (s.d.) are shown.
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Given the large difference, there is no need for statistical testing to confirm that the
domain specific controllers are indeed the worst, but sound comparisons are needed for the
remaining controllers.
We first tested the three populations of neural controllers against the hypothesis that
they were samples drawn from the same population (Kruskal-Wallis test P < 0.01). The
null hypothesis was rejected, suggesting that at least one population median is significantly different from the others. Statistical tests on the three possible pairings of the
populations confirmed the first impressions we had by looking at the box and whiskers
plot. The difference between the modular and monolithic RMLP controllers is not significant (Mann-Whitney U test P < 0.01) while the RMLP controllers trained with the
carAccGP best6 model are significantly better than both populations of controllers trained
on the carAccGP bestN oise6 model (Mann-Whitney U test P < 0.01).
To put these results into context, we can now see that the neural network based controllers are actually superior to the baseline controller that was designed manually. There
can be two reasons for this. The first is that the very simple domain specific controller was
not designed for our toy car, and had to be adapted to produce discrete control outputs,
which may have adversely affected it. The second is that the neural network based controllers are fed more information about the path since they use information about three
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Figure 7.9: Fitnesses of different types of controllers: (a) domain specific controller, (b)
monolithic RMLP, (c) modular RMLP, (d) monolithic RMLP trained with deterministic
model.
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waypoints along the path14 rather than just one.
The similar levels of performance for both neural network based controllers suggest that
the platform independent modularization that we employed is effective, and does not hinder
learning. Additionally, the faster and more reliable convergence behaviour demonstrated
by the modular RMLP controller shows that, as expected, the modular decomposition
allows for a more effective search than the cooperative coevolution is capable of.
In considering the performance of the controller trained on the deterministic model,
we have to be very cautious. In fact, both our experience and the evolutionary robotics
literature tell us that the evolved controller might have reached this level of performance
by exploiting some of the differences that we know to exist between the model and the real
car. If this is the case, the controller will not show the same ability when tested on the real
car. Being aware of this, we will perform more comprehensive tests in the next section.

7.1.5

Real Car Testing

The evolutionary results gave us considerable insight into the capabilities of the obtained
controllers, but the most meaningful measure is of course their ability to control the real
car. This final verification is what closes the loop in our novel approach based on limiting
the platform knowledge used for developing both modelling and control.
To test the evolved models on the real car we should ideally replicate the task used
for the controller evolution; in practice, however, testing each controller with 16 randomly
generated paths in order to evaluate its fitness is too time consuming. We therefore concentrated on testing only a small number of selected controllers (the best ones for each
controller type15 ) on a set of five paths.
We also reduced the number of paths used for the real test to 5 in order to keep the
number of trials manageable. In order to cover the space of possible tasks well, the paths
used (see Figure 7.2) were generated randomly, as in the training task; paths were selected
to have both right and left handed curves with both small and large radii, as well as an
almost straight section. To fit within the tracking area of the MOCAP system, the length
of each path was limited to 20 waypoints.
14

While it would have been interesting to make a distinction between the effects of these two different
contributions, this is in practice not trivial since is not obvious how to make use of additional waypoints in
the domain specific controller.
15
In the case of the monolithic RMLP controller, we also compared the best against the median and the
worst controllers in the population in Section 7.1.5.
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We tested each of the controllers by running it 30 times (i.e. for 30 repetitions) on each
of the five paths; we conducted the same tests on both the real car, and on a simulation
based on the carAccGP bestN oise6 model. A trial lasted until the 20th waypoint was
reached or 250 time steps had elapsed, whichever occurred first16 . Since we were interested
in analysing the car’s trajectories, a repetition was not terminated if the car went outside
the path limits.
In the case of the real car, its state was obtained from the MOCAP system, while
the control commands generated by the controller were delivered wirelessly using the custom interface described in Section 3.3.3. At the end of each trial the car was manually
repositioned at the start location. The car batteries were recharged before testing each of
the different controllers, but due to the large number of runs (150, since that we had 5
paths and 30 repetitions of each17 ) the battery level inevitably changed during the test.
To avoid any correlation between the path type and the battery level, the order in which
the repetitions for each path were executed was randomized18 . Recharging the batteries
for each new controller ensured that the battery voltage was always between umin
ba ≃ 3.5V
≃ 4.2V ) the maximum and minimum voltages present in the training dataset19 .
and umax
ba
For the simulated runs the input battery voltage was randomly chosen as in the controller training; for each repetition the voltage was chosen with equal probability between
max ≃ 4.2V .
the two values umin
ba ≃ 3.5V and uba

Controller Types
The first interesting comparison to be made is between the various types of controllers that
we described previously.
For our test we selected the best individual from each type; we call the best of the
modular RMLP controllers carbestCoRM LP , the best of the domain specific controllers
carbestDS, the best of the monolithic RMLP controllers carbestRM LP , and finally carbestRM LP no is the best of the monolithic RMLP controllers trained with a deterministic
model. Each controller was run 30 times from the starting position to the 20th waypoint
16

250 time steps is a long time in order to provide a terminating criterion for controllers that get stuck.
As a side note, since we are testing 5 different controller structures, the number of runs on the real car
necessary for this test adds up to 750!).
18
More specifically instead of executing the 30 repetitions of one path and then moving on to the next,
we executed a full set of repetitions using each path once before moving on to the next set. Within the set,
the path order was chosen randomly with equal probability (without replacement).
19
We monitored the battery voltage during the run to verify that it was within the limits, and recharged
the battery when this was not the case.
17
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of each path and the trajectories were logged to allow performance analysis.
We start with a first qualitative analysis of the controllers’ abilities by comparing the
2D plots of their simulated and real trajectories (Figures 7.10-7.13). While such plots
show the car trajectory from the origin to the 20th waypoint, they do not provide an
understanding of how the controller made progress along the trajectory as a function of
time. To provide this information we added to each of the trajectory plots a small inset
showing the progress (as a fraction of the path length) made by the car at t = 80 time
steps. We used a box and whiskers plot to show the progress of all 30 repetitions.
A quick glance at Figures 7.10-7.13

shows all four types of controllers successfully

evolved the ability to drive both the real and the simulated car. The controllers are
therefore able to “transfer” onto the real car the qualitative behaviour learned through
evolution in simulation20 .
However, some controllers cannot always maintain the car within the boundaries of the
path, and this is especially evident in the case of the more challenging turns.
We start our analysis with the carbestDS controller in Figure 7.10. This controller appears capable of maintaining the real car within the path limits when the path is relatively
straight (i.e. path 4) but is unable to do so as the path gets more bendy. For paths 3 and
5 the poor ability of the controller in this respect is evident with the car crossing the path
limits both in the simulated and in the real trials. For paths 1 and 2 a marked difference
is visible between the simulation, for which most of the trajectories are within the limits,
and the real car, for which this is clearly not the case.
Overall the test confirms the expectations of poor performance that we built up in
Section 7.1.4, but it is unfortunate that from the point of view of the trajectories the
behaviour of the real car is only partially predicted by the dynamic simulation.
For all five paths, the progress at the 80 time steps mark is significantly lower (MannWhitney U test P < 0.01) than that predicted by the simulated trajectories, indicating
that the progress (and therefore the fitness) determined in simulation is too optimistic.
The carbestCoRM LP controller in Figure 7.11 shows a clear improvement in performance when compared with the carbestDS controller. With the exception of path 2, in all
the remaining paths in the large majority of repetitions, the controller is able to maintain
20

In the evolutionary robotics community, the concept of transferability is defined in a rather loose way.
The term is mostly used when a controller evolved in simulation is able to perform the same task it was
trained for on the real system (e.g. balancing a pendulum [80] or performing a memory task [110]). In this
work we will adopt this qualitative definition.
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Figure 7.10: Domain specific controller: 30 simulated versus 30 real trajectories on five
selected test paths. The first 20 waypoints are shown. The insets show the box and
whiskers plot of the controllers’ progress along the path at t = 80 time steps measured as
a fraction of the total path length.
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Figure 7.11: Best modular RMLP controller: 30 simulated versus 30 real trajectories on
five selected test paths. The first 20 waypoints are shown. The insets show the box and
whiskers plot of the controllers’ progress along the path at t = 80 time steps measured as a
fraction of the total path length. The top right inset of path 5 shows a situation in which
the controller backtracks to reposition itself in the path.
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Figure 7.12: Best monolithic RMLP controller evolved with a deterministic model: 30
simulated versus 30 real trajectories on five selected test paths. The first 20 waypoints are
shown. The insets show the box and whiskers plot of the controllers’ progress along the
path at t = 80 time steps measured as a fraction of the total path length.
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Figure 7.13: Best monolithic RMLP controller: 30 simulated versus 30 real trajectories on
five selected test paths. The first 20 waypoints are shown. The insets show the box and
whiskers plot of the controllers’ progress along the path at t = 80 time steps measured as
a fraction of the total path length.
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the car within the path limits similarly to what was the case for the simulated car. Path
2 shows a different scenario, with a clear difference in trajectories at the point of highest
curvature in the path. While in the case of the simulated car, the trajectories are very
close to, but still within, the limits at such points, most of the real trajectories go outside
the path borders in the same area and then return when the trajectory becomes straight
again.
In terms of the progress measured at t = 80 time steps, the progress computed for
the simulated trajectories for two of the 5 paths (i.e. paths 4 and 5) is not significantly
different (Mann-Whitney U test P < 0.01) from the same measure applied to the real
trajectories. For the remaining paths (i.e. paths 1, 2 and 3) the difference is significant
and again suggests that the progress predicted in simulation is optimistic.
Looking at the trajectories for path 5 we notice a peculiar ability of the carbestCoRM LP
controller (more visible in the inset). When the controller is close to the track limit, it stops
the car and backtracks in order to reposition itself within the path. Often this behaviour
requires a considerable amount of time and prevents the controller from completing the
run. Since this behaviour is not shown by any other controller, this may suggest that the
modularization is what makes possible the learning of this ability, although is not at all
clear how.
We consider now the first controller based on a monolithic RMLP network, the one
trained using the deterministic model carAccGP best6. The pattern of performance is very
similar to that shown by the carbestCoRM LP controller, with good performance on driving within the path limits for all path types except path 2. Here again, the sharpest portion
of the turn is the most problematic, where most of the real car trajectories exceed the path
limits. As a comparison, only one of the trajectories obtained by the carbestCoRM LP
controller driving the simulated car is outside the path limits. The progress obtained at the
80 time steps mark shows a significant difference (Mann-Whitney U test P < 0.01) between
the real and simulated trajectories. For paths 1-4, the simulated progress is overestimated,
while for path 5 this it is actually lower than that for the real car.
Finally we look at the trajectories obtained from the carbestRM LP controller. It is
immediately clear that this controller is capable of better driving performance. For all the
paths, all the simulated and real trajectories are within the path limits with the sole exception of one in path 5 which is a few centimetres beyond the limit. The similarity between
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the simulated and real trajectories is higher than was seen for the previous controllers. Another noticeable difference is that all the trajectories, independently of the path curvature,
are much closer to the path centreline then was the case with the previous controllers. This
suggests that the control law learnt by this controller might be substantially different from
those applied by the other controllers, and ultimately better.
The comparison in terms of the progress measured at the 80th waypoint again reveals
that the simulated trajectories are significantly overestimating the ability of the controller
(Mann-Whitney U test P < 0.01).
While it would be too time consuming to look in more detail at the behaviour of each
of the four different controllers that we tested, we can certainly analyse further the one
that, at least qualitatively, appears to be the best of all, the carbestRM LP controller. In
Figure 7.14 we randomly selected a trajectory produced by the controller for each of the
paths and plotted it in a colour coded fashion to visualize the car’s instantaneous forward
speed. In the insets we also show the control inputs delivered by the controller during the
run.
After the expected initial speed up, which is common for all the different paths, we can
see that the controller manages the speed differently depending on the path curvature. For
path 4, which is almost straight, the controller maintains an approximately constant speed
between 0.5m/s and 1m/s. Since the car has only discrete controls, the controller switches
between neutral and forward throttle, and occasionally uses some backward throttle. This
type of on-off modulation is in practice the only way of controlling the speed in our type
of car, and is one of the reasons that makes accurate control of such a car non-trivial.
In curves the controller governs the speed in a rather inconsistent way. On right hand
turns (paths 3 and 5) the controller slows down on entering a curve and speeds up at
the exit in a reasonably sensible fashion. However, in left hand turns, (paths 1 and 2) the
controller speeds up while in the curve and at its exit, a much less understandable strategy.
Obviously the speed, mass and tyre friction of our toy car are very different from those of a
full sized car, and therefore is not obvious that the idea of slowing down when approaching
a curve that we consider natural is indeed the only possible or best choice in the case of
our toy car.
Over all the paths we can see that the steering is a result of a delicate mix of left
and right steering control inputs. In straight sections of the path the controller tends to
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Figure 7.14: Best monolithic RMLP controller: a randomly selected trajectory for each of
the five test paths. The colour of the trajectory indicates the forward speed u. At the top
of each plot are depicted the control inputs u applied by the controller.
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switch between these two control signals, while in the turns the correct steering command
is applied consistently throughout the curve. As expected, neutral steering is used mostly
in situations where the path is straight.
Is now time to use the real car trajectories recorded in our tests to quantitatively
compare the controllers.
As in Section 7.1.4, we will measure controller performance using its fitness computed
using equation 7.7. With the aim of obtaining a single fitness that reflects the general
ability of a controller, we average the fitnesses obtained from one of the trajectories for
each of the 5 paths21 to form a set that we call a repetition. Since we have 30 trajectories
for each of the paths, we can obtain 30 different repetitions for each of the controllers. The
mean and standard deviation for each of the controller types is shown in Table 7.4, and in
the box and whiskers plot of Figure 7.15.
controller
carbestCoRM LP
carbestRM LP no
carbestRM LP
carbestDS

fF mean
0.47
0.46
0.57
0.23

fF s.d.
0.085
0.037
0.017
0.047

Table 7.4: Fitnesses of the best controller of each type calculated from the real car trajectories.
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bestCoRMLP

bestRMLPno

bestRMLP

bestDS

Figure 7.15: Fitnesses of the four different controllers carbestCoRM LP , carbestRM LP no,
carbestRM LP and carbestDS computed from the real car trajectories.
As in the case of the performance computed using the simulated model in Section 7.1.4,
the performance of the carbestDS controller is markedly inferior to that of the other
21

Selected with equal probability without replacement.
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controllers. A statistical comparison of the three remaining controllers (Kruskal-Wallis
test P < 0.01) shows that their performance is significantly different. Proceeding with a
series of pair-wise comparisons, we establish that the performances of the carbestCoRM LP
and carbestRM LP no controllers are not significantly different (Mann-Whitney U test P <
0.01); but both are significantly worse than the carbestRM LP controller (Mann-Whitney
U test P < 0.01).
The carbestRM LP no model that was the better performing one in Section 7.1.4 is not
any more. This is not surprising since as we explained its fitness was evaluated using a
deterministic model.
Overall the monolithic RMLP controller appears the best at controlling the real car, in
terms of both qualitative and quantitative performance.

Best, Mean, and Worst RMLP Controllers
When testing the different controller structures, it was feasible to test only the best of the
controllers of each type on the real car. Understanding how the remaining 29 controllers
compare to the best one is of obvious interest, and this is the focus of this section. Again
we were limited by the number of tests we could actually run on the real car, so we
focussed on only one type of controller, the monolithic RMLP network, and analysed the
worst, median and best controllers obtained using evolutionary optimization (we call them
carbestRM LP , carmedianRM LP and carworstRM LP respectively.).
The testing proceeded as described in the previous section with 30 repetitions for each
of the controllers, and for each of the paths, for a total of 450 independent runs.
The trajectories obtained for the carmedianRM LP controller are shown in Figure 7.16.
When compared with the carbestRM LP controller analysed in Figure 7.13, we see that
the two controllers produced very similar types of trajectories.

Overall however, the

carmedianRM LP controller shows a less precise driving style, and tends to produce a
more dispersed set of trajectories. On paths 2 and 5, which we know to be the most difficult due to the sharp bends, a limited number of trajectories actually exceed the path
limits. On path 5 (see top right inset) a limited number of repetitions brings the car to
a safe halt instead of allowing it to travel outside the defined path; this is due to the fact
that the controller learned to slow down when reaching the track limits.
Figure 7.17 shows the trajectories obtained using the carworstRM LP controller. Here
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Figure 7.16: Median monolithic RMLP controller: 30 simulated versus 30 real trajectories
on five selected test paths. The first 20 waypoints are shown. The insets show the box and
whiskers plot of the controllers’ progress along the path at t = 80 time steps measured as
a fraction of the total path length.
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Figure 7.17: Worst monolithic RMLP controller: 30 simulated versus 30 real trajectories
on five selected test paths. The first 20 waypoints are shown. The insets show the box and
whiskers plot of the controllers’ progress along the path at t = 80 time steps measured as
a fraction of the total path length.
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controller
carbestRM LP
carmedianRM LP
carworstRM LP

fF mean
0.57
0.50
0.37

fF s.d.
0.017
0.089
0.11

Table 7.5: Fitnesses of the best, median and worst RMLP controllers calculated from the
real car trajectories.
a different scenario is visible. While the controller seems to perform well on left hand turns
(path 5, second part of path 3 and first part of path 1), maintaining the car within the
path limits, the same is not true for right hand turns. This problem shows up in paths
1, 3 and 4 but is most prominent in path 2, where the point of highest curvature of the
path sees the controller failing, similarly to the carbestCoRM LP and carbestRM LP no
controllers.
Comparing the best, median and worst controller by computing their fitnesses (see
Table 7.5 and box plot in Figure 7.18), reveals a statistically significant difference in
performance (Kruskal-Wallis test P < 0.01).

The difference is significant even when

the performances of the controllers are compared pair-wise using two Mann-Whitney U
tests (P < 0.01), which confirms that the carworstRM LP controller is worse, and the
carbestRM LP is better, than the carmedianRM LP controller.
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0.15
bestRMLP

medianRMLP

worstRMLP

Figure 7.18: Fitnesses of the three different controllers carbestRM LP , carmedianRM LP
and carworstRM LP computed from the real car trajectories.
In summary, the qualitative analysis showed good performance for the best and median
controllers, suggesting that at least half of the evolved controllers are indeed able to drive
the car within the path boundaries in the large majority of situations. However this
result also confirms that even when the controller structure is capable of good driving
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performance, the training is a critical component in the automatic design of controllers.

Conclusions
The toy car has proved to be a very valuable test bed to explore our idea of automatically
designing controllers without making use of platform specific knowledge. It was valuable
both because of the familiarity we have with this kind of platform, and also because it
gave us the possibility of executing almost a thousand real world runs to test the evolved
controllers.
Qualitatively, all the controller structures tested showed an ability to transfer to the real
car and were able to drive it successfully, but differences were present between controllers.
Our adaptation of a domain specific controller that had demonstrated excellent performances on a real size car, showed its shortcomings when tested on the toy car. This
highlights how important the dynamic characteristics of a vehicle and the nature of its
control inputs are for the performance of a controller, and how platform specific knowledge
can make a difference when a controller is manually designed.
Controllers based on neural networks were able to provide the necessary flexibility to
learn better control strategies, which in the case of the monolithic network reached very
proficient levels. While on paper the modular RMLP controller should have been as good
as the monolithic controller it is hard to ascertain the origin of its poor performance. It
is entirely possible that with a single network it might be easier to evolve the coordinated
control of throttle and steering that is needed in very sharp turns, but this remains just a
speculation.
So far we have been commenting on the controllers, but obviously the model used to
train them plays an integral role in their abilities. As we know, both the deterministic and
the stochastic parts of the model are equally important for the controller training.
Since the model used was successfully tested against an independent dataset in Section 5.6, and more than one of the RMLP controllers delivered very good performance,
the probability that the carAccGP best model is the origin of the problems in the other
types of controllers is quite small. However, improving the quality of the model, and in
particular improving its stochastic component, might be a suitable way of reducing the
difference between the real and simulated controller performance, as well as increasing the
controllers’ ability.
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Substituting the independent noise model that we currently use with one in which the
state and inputs condition the noise description would deliver a model better suited to
replicate situations such as that, for example, in which the steering radius of the real car
is slightly different from that of the model. Continuing with this example, such a model,
when used to generate trajectories during the training, could produce a noise component
that consistently increases (or decreases) the steering angle during the time in which the
steering command is applied. With the current model this is obviously not possible since
in consecutive time steps the noise is independent. A noise model of this type has also
the potential to elicit the evolution of controllers that are more accurate in tight turns by
being able to deal with variations in the car’s turning radius.
Unfortunately, verifying how effective a better noise model could be would require the
reformulation of the noise model (with all the drawbacks already discussed in Section 6.1)
as well as repeating the training and the testing. The sheer amount of work means that
we are forced to defer this to sometime in the future.
We should also point out that several weeks passed between the collection of the data
used for the modelling, and the testing of the controllers. During this time the car was
used for other experiments, and although we do not have evidence of a drastic change in
behaviour (e.g. due to damage) the wear and tear incurred in this time might have had
subtle consequences for the car’s behaviour.
Finally, although time did not permit the investigation of different types of fitness
function, we cannot exclude the possibility that a different way of rewarding the evolving
controllers might produce better results. Remembering the fact that the carbestRM LP
controller showed a tendency to maintain the centre of the path, it would be interesting
to formulate a fitness function that took into account the distance from the path centre.
Unfortunately, as we already commented in Section 7.1.3, it is not obvious how to mix the
two contributions of overall progress and distance from the centre line.

7.1.6

Different Types of Tasks

While the experimental results presented in the previous section are clear evidence of the
soundness of our approach in the case of evolving controllers for the path following task, this
is certainly not the only task to which our modelling-and-control concept can be applied.
In fact the opposite is almost true: our approach can in principle be applied to any task
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for which is possible to provide a clear measure of controller progress. The idea of using
artificial evolution easily allows the incorporation of information from different types of
sensors, and is sufficiently flexible to accommodate very diverse types of tasks; however,
we are not claiming that this is a silver bullet since depending on the context at least some
of the limitations discussed in 2.1 will come into play.
In our experience however, given a good model, a controller can be automatically
designed for different tasks. In the following two sections we will briefly review some of
our published work in which we automatically developed controllers for what we call point
to point car racing as well as for creating interesting tracks for car racing games.

Point to Point Car Racing
Although it used less refined techniques, a preliminary version of our work on automatic
modelling and control of the toy car was presented in [234]. In that paper we considered
different types of models: a parametric model, a model based on a neural network trained
with backpropagation, a model based on an evolved neural network and a model based
on a nearest neighbour classifier. All those were simple deterministic models. The models
were trained to reproduce the car’s behaviour and were then used to train controllers based
on a recurrent network topology, the inputs to the controller being the car state, and the
distance and angle to the next waypoint.
The task we chose to evolve controllers for was point-to-point car racing, a task in which
a controller is allowed to control the car for 500 time steps, or 25 seconds of simulated time.
During this time, the car has to reach as many waypoints as possible, and the fitness is
equal to the number of waypoints passed by the end of the trial. A waypoint is considered
passed when the centre of the car is within 30 centimetres of the centre of the waypoint;
when a waypoint is passed, a new waypoint immediately pops up at a random position
within a radius of 1.5 metres from the centre of the test area. Only the information about
the next waypoint is available at any given time.
The evolution strategy explained in Section 7.1.3 was used to train the controllers22 .
The evolved controllers showed a variety of behaviours which depended on the peculiarities of the model used to train them. In fact the only truly proficient controllers, those
consistently able to reach waypoints without getting stuck, were those trained with more
22

We refer the reader to our original publications for more details of the training of models and controllers.
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than one model, and it was the effectiveness of the training based on multiple models
that guided us towards the idea of having a noise model, as presented in Chapter 6. The
differences that were expressed in Chapter 6 by the different models in the paper were instead expressed by the noise distribution, an approach that has the advantage of affording
a straightforward way of tuning the noise parameters and ensuring that the whole noise
envelope is covered.
The controller evolved with two different models had a rather peculiar behaviour; when
it missed a waypoint, which happened quite often, it usually braked to a full stop just
afterwards. When it accelerated again it would be able to return and reach the waypoint,
since the car has a narrower turning radius at low speed than at full speed. Another strategy
was displayed by the controller evolved using three different models; the controller would
drive forwards most of the time, aiming for the waypoint, but if it missed it, the controller
would back off some distance and do a full repositioning, and was then able to reach the
waypoint on its second try. The behaviour of these two controllers when tested on the real
car can be seen in Figure 7.19.
The point to point car racing is simple example of how controllers with quite different
abilities can be evolved with limited modifications to our approach.
Automatic Generation of Interesting Car Racing Tracks
Further examples of using car models to train specialized controllers were presented in
[232] and [233].
In these applications a different scenario was considered, in which we desired to automatically generate tailor made content for the players of a car racing video game. We
looked at the idea of generating racing tracks to present just the right amount of challenge
for each player, with the aim of increasing the satisfaction of the player23 . The method
behind our approach is relatively straightforward. After recording a user playing on a test
track, we would evolve a controller with the same driving style of the user. The trained
controller can then be used as a proxy for the player’s ability in order to search the space
of racing tracks to obtain tracks tailored to the driving ability of the player. It turns out
that emulating the player’s driving style it is far from trivial, and our experiments showed
that learning the behaviour of the player directly (i.e. training a controller in a supervised
23
We refer to the original publications and the references therein for a more in-depth discussion about
the idea of player satisfaction and the concept of an engaging playing experience.
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Figure 7.19: Trajectories of RMLP controllers evolved on two (a) and three (b) models
completing the first two waypoint of the point to point racing task after starting from the
position “S”. A red trajectory indicates that the car was driving forwards, and a blue one
that the car was driving backwards.

learning fashion to produce the same commands as the player given the state of the car)
is not an effective approach.
A more effective strategy is that of identifying measurable characteristics of the human
player’s behaviour, and adapting an evolved controller to reproduce these characteristics.
After experimenting more or less successfully with different metrics, we decided to use the
total progress along the track (f1 ), the speed at which each waypoint was passed (f2 ),
and the orthogonal distance to the path when passing a waypoint (f3 ) as the measures of
fitness .
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The performances of the human players were captured on a track specifically designed
to embed a variety of driving challenges, from straight segments, to very sharp turns to
large radius curves (see Figure 7.20). In this case we have three different objectives used to

Figure 7.20: Path containing segments of different type used to capture the driving stile of
human players. Note the waypoints placed along the track and the wall sensors protruding
from the car.
train our controllers, and in order to concentrate on emulating the driving style, we started
with good automatically designed controllers24 .
While evolutionary multi-objective optimisation is a rich and active research field, what
we need here is just a simple way of handling more than one fitness function. We are not
interested in Pareto fronts; what we are interested in is specifying which fitness measures
have higher priorities than others. A simple solution to this problem is to use an evolution
strategy with multiple elites. In the case of three fitness measures, it works as follows: out
of a population of 100, the best 50 genomes are selected according to fitness measure f1 .
From these 50, the 30 best according to fitness measure f2 are selected, and finally the
best 20 according to fitness measure f3 are selected. Then these 20 individuals are copied
four times each to replenish the 80 genomes that were selected against, and finally the
newly copied genomes are mutated. This algorithm, which we call Cascading Elitism, was
inspired by an experiment by Jirenhed et al. [114].
The inputs to the controller were the speed of the car, the angle to the next waypoint
and the readings from six wall sensors25 (see Figure 7.20).
24
25

See the original paper for more details on how the controllers were initially evolved.
Each wall sensor is located at the centre of the car, and has two parameters under evolutionary control:
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In our experiments, five different players’ driving was sampled on the test track. After
50 generations of the Cascading Elitism algorithm with a population of 100, controllers
whose driving bore an acceptable degree of resemblance to the modelled humans had
emerged. The total progress varied considerably between the five players - between 1.31
and 2.59 laps in 1500 time steps - and this difference was faithfully replicated in the evolved
controllers, which is to say that some controllers drove much faster than others.
Progress was made on the two other fitness measures as well, and though there was
still some numerical difference between the real and modelled speed, and the orthogonal
deviation when passing most waypoints, the evolved controllers did reproduce qualitative
aspects of the modelled players’ driving. For example, the controller modelled on the first
author drives very close to the wall in the long smooth curve, very fast on the straight
paths, and smashes into the wall at the beginning of the first sharp turn. Conversely,
the controller modelled on the anonymous and very careful driver who scored low total
progress crept along at a steady speed, always keeping to the centre of the track.
Again this is an additional example in which controllers can be tailored to very specific
characteristics which, as in this case, might be expressed by conflicting objectives.
For reasons of brevity we have reported only the most relevant parts of the experiments
in [232] and [233]; the papers give more details of how the obtained models are used to
optimize tracks for specific player driving styles.

7.2

The X3D Quadrotor

The second platform that we address is the X3D quadrotor, which with its 6DoF dynamics
and four different controls is a more challenging problem than the toy car. Even in this
case our controllers will be developed around the model automatically learned in Chapter
5 and Chapter 6.

7.2.1

Task

Even in the case of a quadrotor helicopter, the problem of autonomous navigation can be
solved using a hierarchical approach like the one we discussed in Section 7.1.1. In this case,
its direction (expressed as the angle it makes with the axis of the car) and its maximum range, which
may be anything between 0 and 200 pixels. A wall sensor returns a value between 0 and 1, depending on
whether it detects a wall within its maximum range, and on the distance of the wall as a proportion of the
maximum range.
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the whole system will work in three dimensions, but conceptually the same decomposition
into layers can be applied. The ability to follow a series of defined waypoints is again a
useful part of a UAV system ([100]) making the automatic development of controllers with
such an ability an interesting task.
A straightforward three-dimensional extension of the concept of a waypoint path that
we used for the toy car (see Section 7.1.1) is a suitable way of formulating the task for a
flying machine, and we will also use it for the autopilot helicopter simulator in Section 7.3.1.
However, in this section we are keen to show how evolution allows us the freedom to
structure the controller training in other ways. Given their intuitive and widespread use,
we have chosen to use some of the same metrics used in classic control theory.
In control theory terminology, the quadrotor becomes the plant which has to be controlled so that its response (i.e. the positions) matches a reference signal (i.e. the waypoints). Measuring the performance of a controller in terms of its response characteristics
is at the root of many of the classic control design methods ([241]), and in particular in
[126] Koza shows how it is well suited to the evolution of proficient controllers using genetic
programming26 .
The metrics of overshoot, settling time and error are readily adaptable to our scheme.
For simplicity we will first consider the single dimensional case, and will examine a typical
system response to a step control input (Figure 7.21). We can define the following:
• absolute error ea : integral of the absolute error between the response and the commanded value from time te (defined as a fraction of the total window length) to the
end of the time window (see shaded area in Figure 7.21);
• normalized overshoot or : initial increase of the controlled variable over the final steady
state level for a step input (see xo in Figure 7.21), defined as a fraction of the final
steady state level;
• normalized settling time tsr : time needed for the response to settle to within 20% of
its final value, defined as a fraction of the overall window length.
These are computed on the trajectory produced by the helicopter whenever a new waypoint
26

We made some preliminary attempts at using genetic programming to design our controllers as suggested in [126], but none of them produced results good enough to justify any more concrete work in this
direction. As explained in Section 2.1 the MIMO nature of our system makes it substantially different from
the examples considered by Koza.
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is issued27 . We can use these metrics to measure how closely the controller approaches a
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Figure 7.21: System response to a step input, relative overshoot or , relative settling time
tsr and absolute error (shaded area) are marked.
waypoint as well as how fast it reaches it, while also accounting for any oscillation. The
error before time te is not considered in the absolute error computation, because as soon
as a new reference is issued, a large error will necessarily be present28 .
Using a 3D waypoint with coordinates x, y, z we can compute the three metrics discussed above, but we also need a way to combine them. For settling time we can simply
select the maximum from the three dimensions since we want to control oscillations in all
dimensions. Similarly we can select the minimum value for overshoot. For the absolute
error, it makes sense to use the Euclidean distance from the waypoint d(k).
The fitness measure for the task of reaching a single waypoint therefore becomes:

fW k = − min(O) − min(S) + ke

tend
X

t=te

(d(k)t + |ψk − ψt |),

(7.8)

where O = {oxr , oyr , ozr } and S = {txsr , tysr , tzsr } and |ψk − ψ| is the absolute heading error29 .
The fitness function parameters (ke = 0.3, te = 0.5) were based on the results of a
few preliminary runs to give a balance between fast responses and limited oscillations. To
allow the controller sufficient time to reach even the most distant waypoints, the window
length tend was set to 32 seconds.
The fitness function fW measures the ability of a controller to reach a single waypoint.
Since we are interested in producing a controller able to reach waypoints at arbitrary
27

In standard control theory the rise time (time to go from the 10% to the 90% of the target value) is
usually considered. We omitted it since the evolutionary pressure of increasing tsr is generally sufficient to
ensure a low rise time.
28
This is akin to the ITAE error criterion [126] where the absolute error is scaled by the time index.
29
We used the exponent to indicate to which of the dimensions the overshoot and settling time refer to.
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locations, the target waypoint is selected randomly during the training. The locations of
the waypoints are chosen as follows:
xk = a(k) + U [−1, 1]
yk = −a(k) + U [−1, 1]

(7.9)

zk = U [−2, 2]



0
k=0



a(k) =
1
k = 1, 2




 −1 k = 3, 4,

(7.10)

This ensures that the points chosen lie successively in front of, behind, to the left, and to
the right of the helicopter’s starting position. Since the aim is to fly the helicopter indoors,
all the waypoints are generated within a cube with a 4m edge centred at the helicopter’s
starting position.
The fitness of a controller is computed by averaging the fitness fW k obtained by testing
the controller on five different waypoints (i.e. k = 0..4):
4

fW

1X
=
fW k .
5

(7.11)

k=0

The way the waypoints are chosen, and the use of fitness averaging, ensure a reasonably
robust measure of controller capabilities.
To train the controller in a setup that is as close as possible to real scenario, the
delay of the tracking system is simulated by delaying the simulated state as explained in
Section 7.1.1.

7.2.2

Controllers

Controller structures using varying degrees of platform knowledge have been developed for
the X3D quadrotor. Essentially they are straightforward extensions of the ones we tested
for the toy car. The idea of doing this came from our focus on avoiding platform knowledge:
if a controller design is truly platform independent, the same controller should be usable
for different platforms. Our tests aim at finding out to what extent this is true.
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PID
We begin with a multi loop controller based on a mixture of P, PD and PID loops. Such
a controller is inspired by [89] and takes advantage of the stabilization controller already
present onboard the X3D quadrotor (details in Section A.4).
The controller (in Figure 7.22) exploits the knowledge that the platform is symmetric
about its x and y axes, and uses identical control structures for the longitudinal and lateral
axes. Each of these controllers has a nested structure with an inner P loop and an outer
PD loop. The inner proportional controller governs the attitude of the flying machine, and
uses only proportional feedback since the stability augmentation system already provides
velocity based control. The outer PD loop translates the relative distance to the waypoint
(i.e. ∆x and ∆y ), and the rate at which the distance changes, into a required attitude
command so that the flying machine tilts and drifts towards the waypoint.
The thrust control uses a standard PID structure driven by the altitude error. In
addition to the proportional term we use a derivative term to improve the speed30 of the
response since the vertical dynamics of the quadrotor is particularly slow. The integrative
portion of the control compensates for any steady state error, a key feature since as we
know (see Section A.3) the thrust associated with a throttle value depends on the battery
level. As with the pitch and roll control, a proportional controller is sufficient for the
yaw control. Each controller output is limited to the maximum and minimum values (i.e.
[−1, 1]) allowed by the serial interface connected to the RC transmitter that we use to fly
the machine (see Section 3.3.2).
While developing the controller we empirically determined a set of coefficients and
limits that allowed the helicopter to be controlled adequately (see Table B.2).
In Section 7.2.3 we will discuss how the PID feedback constants were evolved, but in
this case we start the training with all the constants equal to zero.

Monolithic Network
A monolithic Elman recurrent neural network is the simpler of the two platform agnostic
controllers that we will consider for the X3D. The structure of the controller is identical
to the one considered in Section 7.1.2, and is based on two recurrent layers, the second of
which forms the output units of the network. Obviously the number of inputs and outputs
30

Since it allows us to use a higher P constant.
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Figure 7.22: Hand crafted multi loop PID controller for the X3D quadrotor helicopter.
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is different from the case of the car.
The inputs to the controller were the state of the quadrotor (x), and its position relative
to the waypoint k expressed in body coordinates (∆xk , ∆yk , ∆zk ). The full set of inputs is:
inputs = [u, v, w, φ, θ, ψ, p, q, r, ∆xk , ∆yk , ∆zk ].
This simple controller therefore has 13 inputs (12 variables plus bias) and four outputs (uya ,
uth , upt , url ). For the process of optimization the weights of the network are initialized to
small random values drawn from a zero mean Gaussian distribution G(0, 0.1).
Modular network
In Section 7.1.2 we proposed a platform independent way to modularize a neural controller
based on the idea of having one module for each one of the control outputs. In the case of the
X3D this means four different networks, each of which controls one of the quadrotor inputs.
For each module we used the same networks with recurrent topology (see Figure 7.3) that
were used for the toy car modular controller. The inputs are the same as those used for
the monolithic network (Section 7.2.2 and are passed to each of the RMLP modules, giving
networks with 13 inputs, 4 recurrent units in the first layer and one recurrent unit in the
second layer.
At the start of the optimization, the network weights are initialized as for the monolithic
networks.

7.2.3

Training and Testing

The research reported in this thesis did not unfold chronologically in the order in which
it is presented here. In particular, when we developed and tested the techniques for automatically designing quadrotor controllers, we had evolved deterministic models using
genetic programming but we had not yet developed the method presented in Chapter 6
for estimating the parameters of the additive noise model. Unfortunately time constraints
prevented us from being able to go back and repeat the whole procedure of training and
testing the controllers using the X3DAccGP bestN oise model, primarily because testing
on the real platform is very time consuming.
The noise parameters of the model used for the evolution of controllers had to be
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manually set, and so for each dimension the noise standard deviation was chosen to have
the same order of magnitude as the mean absolute value of the respective acceleration
(Table B.3). We call this model X3DAccGP SetN oise. In the remainder of this section,
and in the next, we will present results based on the X3DAccGP SetN oise since for those
we can provide results on the real platform in the case of the PID controller and so test
the transferability of the controller.
The different types of controllers we will examine require different training algorithms.
We trained the PID controller using the steady state algorithm based on Evolution
Strategies presented in Section 7.1.3, since this is particularly well suited to optimize real
valued parameters. The parameters of the PID were initialized to zero, and we used the
same Gaussian mutation operator (with mutation rate σ = 0.1) that was used for the toy
car controllers.
Based on preliminary trials, the size of the evolving population was set to 400 individuals, while the size of the elite was set to 100. Each of the controllers was evolved
for 100 generations, and 30 independent evolutionary runs were executed to analyse the
repeatability of the training.
The fitness progress of the best controller for each of the 30 repetitions of the training
is shown in Figure 7.23. For the large majority of the repetitions the initial fitness is poor,
but a fairly rapid improvement distinguishes the first few tens of generations. By the 70
generation mark most of the repetitions have converged to a similar fitness, but there are
a small number of repetitions for which this is not the case.
While in general the ES algorithm produces good results, the behaviour visible in Fig-

0

−1

fitness fW

−2

−3

−4

−5

−6

0

10

20

30

40

50
60
generations

70

80

90

100

Figure 7.23: Fitness progress during evolution of the X3D PID controllers. The distribution
is obtained from the fitness of the best model for each of the 30 repetitions.
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ure 7.23 suggests that the fitness landscape produced by the task and controller structure
combination is not trivial and might present several local minima in which evolution can
get trapped.
Using the same settings for the task and the model, we then tackled the problem
of evolving monolithic RMLP controllers using the standard ES algorithm. Initially we
used the same population size and number of iterations found to be effective for the PID
controllers.
In this case results were very poor; most of the controllers were barely able to keep
the helicopter level, and were not at all able to maintain altitude or move towards the
waypoint. Our attempts to improve the situation by increasing the size of the population
used by the evolutionary algorithm, or increasing the maximum number of generations or
the network size, did not produce any clear improvement. Although negative this is an
interesting result since it is not difficult to show that, with the correct weights, the RMLP
network we used can be mapped to a PID controller of the type used above. This points
directly at the inability of evolution to find a solution, and relates directly to the scaling
up problem discussed in Section 2.1.3.
It was then the turn of the modular RMLP controller, the second controller structure
that does not depend on platform knowledge. The training adopted for this controller
is the cooperative type described in Section 7.1.3. In this case, since the controller is
formed by four modules, there are four populations of RMLP networks that cooperate. A
population of 200 individuals is used, with an elite size of 20. As usual 30 repetitions of the
whole training procedure were performed, and the fitness progress during evolution was
recorded. In Figure 7.24 the fitness of the best individual for each repetition is displayed
as a function of the generation number. In this case each evolutionary run lasted a total
of 300 generations.
After some exploratory runs in which we varied the numbers of individuals and generations, we settled for larger values than those used for the PID controller, since the search
space for the network parameters is much larger that for the PID constants. Figure 7.24
shows that the fitness of the initial population is markedly lower than that obtained for the
PID controller in Figure 7.23; this is not unexpected since the PID controllers already have
a suitable structure, while the modular controllers might have structures totally inappropriate to the task. Despite the low initial fitness, in all 30 repetitions the coevolutionary
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algorithm is able to make quick improvements, and after 180 generations all the repetitions
converge to fitness values comparable to those of the majority of the PID controllers.
The single waypoint task we defined in section 7.2.1 allows us to have direct control over
the different aspects of the system response, but of course our ultimate goal is to use the
controllers for waypoint following. For this reason we set out to compare the performance
of the PID and modular controllers on a more general waypoint following task. A 3D
path is created as a sequence of waypoints at a fixed distance l from each other. Given
a current waypoint, a new one (k) is created as a point with spherical coordinates αk ,
βk and l with origin at the current waypoint31 . In order to produce smooth trajectories
we chose a distance between waypoints of the same order of magnitude as the helicopter
size (l = 0.2m), and to avoid rapid changes of direction we chose the elevation (αk ) and
azimuth (βk ) angles between consecutive waypoints to be dependent:

αk = αk−1 + U (0, π/6)

(7.12)

βk = βk−1 + U (0, π/8).

(7.13)

where for smoother changes in altitude a smaller variance than the one for α was chosen for
the increments of β. These parameters deliver trajectories (see waypoints in Figure 7.25)
roughly similar to those flown during data collection.
During flight, the quadrotor will receive a new waypoint when within a certain distance
(switching distance) from the new one. This distance was set to l. When moving from
the single waypoint task to the waypoint following task, we have to remember that, by
31

The azimuth axis of all the local frames are parallel to the global earth-fixed x axis
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Figure 7.24: Fitness progress during evolution of the X3D modular RMLP controllers. The
distribution is obtained from the fitness of the best model for each of the 30 repetitions.
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construction, the maximum offset between the quadrotor and a waypoint never exceeds
2m in each of the three coordinates. Since the waypoint chain does not imply any such
limit, we limit the values ∆x ∆y and ∆z delivered to the controller32 to 2m.
The definition of fitness obviously changes for this type of path following task, and
so, as with the toy car, the fitness fP is simply proportional to the number of waypoints
traversed in the allotted time33 . The fitness of ten repetitions of the task is averaged to
give a more robust estimation of performance than a single trial.
The statistics for the fitness of the 30 controllers in each of the modular and PID
populations are shown in Table 7.6 and in the box and whiskers plot of Figure 7.25. Both
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0
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Figure 7.25: Comparison of performance between PID and modular controllers on the path
following task. The means of the two sets of controller are not significantly different.
Controller
type
evolved PID
modular RMLP

max fP

mean fP

s.d.

0.026
0.022

0.010
0.011

0.0077
0.0039

Table 7.6: Performance of the various controllers on the path following task.
populations of controllers have very similar mean performances, but as was for the case
of the single waypoint fitness, a larger standard deviation is seen in the performances of
the PID controllers. The set of evolved PID controllers also contains the best controllers.
However, a statistical comparison between the two populations (Mann-Whitney U test
32

This is particularly important for the real world test to avoid the helicopter receiving large inputs as a
consequence of wandering away from the path.
33
Since this fitness is used only for testing, a controller is not penalized for not staying within a certain
distance of the path.
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P < 0.01) reveals that overall the means of the two populations are not statistically
different.
Finally we take a qualitative look at the trajectories followed by the best examples of
each type of controller (X3DbestP ID and X3DbestCoCoRM LP respectively for the PID
and the modular network controllers). Figure 7.26 shows six trajectories randomly generated in the same way as was used to assess the controller fitness. As expected given its
higher fitness, the PID controller appears to have better path following abilities. In particular the X3DbestCoCoRM LP appears less able to control its altitude, and as a consequence
performs less well on trajectories with larger altitude variations (e.g. Figure 7.26 (e) and
(f )). This was also confirmed by manually inspecting several other trajectories. Manual
inspection also revealed that the pitch and roll behaviour of the two controllers is different,
the X3DbestP ID delivering a predominantly level flight while the X3DbestCoCoRM LP
tending to pitch and roll more the when moving to a new waypoint.

7.2.4

Real X3D Testing

The controllers with good performance on the waypoint task could now be tested on
the real platform. Unfortunately, due to time constraints, we were only able to test the
X3DbestP ID controller on the real helicopter. To do this, we first created a trajectory to
be followed in the form of a series of waypoints. To simplify the experimentation, a simple
constant altitude U shape was chosen for the trajectory (see Figure 7.28), making it easy
to ensure that during the test the quadrotor would always remain well within the tracking
volume34 . Is worth noting that this does not constitutes an easy trajectory to follow since
the trajectory presents two very sharp turns (i.e. 90 degrees), and the series of aligned
waypoints allows the helicopter to build up considerable speed during the run.
To carry out the experiment, the code that feeds the next waypoint to the controller
was modified so that the current helicopter position could be used as a waypoint, and so
we could have the helicopter hovering in any place we needed. To execute the tests we
started with the helicopter hovering in close proximity to the first waypoint; and fed the
controller with the first waypoint, the helicopter would start travelling along the defined
path until reaching the last waypoint where it would stop, and after a few seconds safely
land.
34

We used the same spacing l used for testing the controller performance.
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Figure 7.26: Trajectories followed by the X3DbestP ID and X3DbestCoCoRM LP controllers on 6 randomly generated paths.
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The test was repeated ten times; the trajectories obtained are plotted in Figure 7.2735 .
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Figure 7.27: Actual versus simulated trajectories for the X3DbestP ID controller.
In all ten repetitions the X3DbestP ID controller successfully flew the quadrotor from
the first to the last waypoint, and was able to maintain a stable altitude. We can therefore
say that the controller successfully transferred to the real platform. It is interesting to note
that, at the time of publication, this was to the best of our knowledge the first successful
transfer to a real platform of a quadrotor controller evolved exclusively in simulation.
By computing the deviation from the predefined trajectory36 (Table 7.7) we obtained a
mean error in position and altitude of 0.08m. The maximum error was an order of magnix-y deviation
altitude deviation

mean
0.08
0.08

max
0.34
0.11

m
m

Table 7.7: Maximum and mean deviation from the reference trajectory computed on the
10 repetitions of the real task.

tude larger at 0.34m for the x-y position and 0.11m for the altitude. Such a performance
is certainly respectable especially if we consider the level of automation of our procedure.
With the help of separate plots for the x-y and z axes (Figures 7.28 and 7.29) we can
35
36

A video recorded during one of the runs is also available from the author’s web page.
The deviation is computed as the orthogonal distance from the reference trajectory.
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look in more detail at the behaviour of the controller, and can also compare its trajectories
with the trajectories obtained in simulation.
waypoints
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Figure 7.28: Actual versus simulated trajectories for the X3DbestP ID controller (x and
y coordinates only).
Looking at the x-y plots we see that all the trajectories seem to have a positive offset
in the y direction, but this is not the case for the x direction37 . It is clear however that the
sharp changes of direction are the most problematic points for the controller, which is not
able to prevent the platform from proceeding too far in the previous direction of travel as a
result of inertia. As a consequence, when the direction changes the controller has to make
up for the error while also proceeding in the new travel direction, resulting in a localized
tracking error.
The altitude control shows good abilities, with lower performance at the locations that
are also problematic for the lateral and longitudinal control. The fast change in orientation
of the flying machine affects the direction of the propeller thrust, with obvious effects on
37
This type of error is compatible with the type of controller we are using since our PID based controller
does not employ an integral component for the lateral and longitudinal loops.
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Figure 7.29: Actual versus simulated trajectories for the X3DbestP ID controller (z coordinate only).
the balance between lift and gravitational force.
Comparing the real and simulated x-y plots we see very good agreement on the straight
stretches of the trajectory. Interestingly, the simulated trajectories have the same y offset
that the real trajectories have; the spread of the two sets of trajectories is also similar.
The similarity breaks down at the turning points where the simulated trajectories show a
smooth transition; this is a situation in which the model38 does not fully mimic the real
machine. Similar considerations also apply to the altitude, where it is clear that for one of
the runs the error was particularly large.
To determine in a more quantitative fashion the level of agreement between the real
and simulated trajectories, we compared the normalized number of traversed waypoints
(progress) at t = 20s39 . This metric is interesting since it introduces the time dimension
into the comparison, an element that is not present when comparing trajectories spatially.
The fitnesses computed across 10 repetitions with the real helicopter, and over 30 simulations with the model, are shown in Figure 7.30 and in Table 7.8.

median
s.d.

real
0.75
0.075

Despite the localized

simulated
0.71
0.017

Table 7.8: Median and standard deviation (s.d.) of the fitness progress obtained on the
U-shaped trajectory in simulation and in reality.

38

Deterministic and stochastic parts.
We have chosen this instant in time since it is the furthest for which the helicopter did not reach the
end point in any of the repetitions.
39
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Figure 7.30: Distribution of progress reached by 30 simulated and 10 real repetitions of
the waypoint following task on the U-shaped trajectory.
differences in trajectories, in terms of progress the simulated and real controllers appear
very similar, and in fact a statistical test (Mann-Whitney U test) reveals no significant
difference. Observing the helicopter while executing the task revealed that the localized
instances of large error were also characterized by a faster motion of the helicopter. Of
course in a PID the control inputs are mainly proportional to the error, so this is not
surprising.

Conclusions
In these interesting sections on the X3D quadrotor we tested our controller design methodology on a more complex platform. As we expected, handcrafted controllers (PID) can be
successfully trained, but our results suggest that the fact that the structure of the controller
is fixed does not necessarily lead to a well behaved search space.
The failure in evolving a basic platform agnostic controller consisting of a single RMLP
underlined the fact that the dynamics of the quadrotor platform makes for a non trivial
control problem. Although a successful controller can be formed from such a network,
evolution was simply unable to reach a good solution. The problems of neural and genetic
interference that we discussed in Section 2.1 are possible, and indeed probable explanations.
Although based only on knowledge of the number of outputs, the modularization of
the controller into separate networks, combined with the use of cooperative coevolution,
showed itself able to lead to effective controllers with performances generally comparable to
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handcrafted controllers, at least in simulation. This is in agreement with the line of research
that suggests modularity as a way of scaling up evolution to tackle complex problems (see
Section 2.1.3).
The PID controller showed an ability to transfer to the real platform and deliver the
desired behaviour. Quantitatively the tracking performance was good, but specific circumstances (i.e. sharp turns) can lead much larger errors. Simulated and real trajectories are
still not in full agreement and local discrepancies can appear, giving rise to the feeling
is that in situations in which the behaviour of the platform is highly dynamic, our model
might underestimate its error in comparison to the real flight machine. This problem might
be solved with a more sophisticated noise model that is dependent on the state and input of
the model. Such a model could potentially capture the information that the deterministic
model performs worse in specific circumstances, leading to the evolution of more robust
controllers.
If we compare the performance of our evolved controller with what has been published in
the literature on manually designed controllers [89, 100], we find that in terms of maximum
error our results are similar but not as good as the best among the published examples.
[89] claims an accuracy of ±0.1m in position and ±0.04m in altitude, while [100] claims
±0.35m and ±0.10m for position and altitude respectively. Having said that, we stress
again that the main aim of this research is to investigate if it is at all possible to produce
useful models and controllers without using platform knowledge, rather than to produce
models and controllers better than those using domain knowledge. Having shown that this
is indeed possible, is not difficult to imagine that with the availability of more powerful
computers and improved evolutionary algorithms, in forthcoming years it will be possible to
not only match but to exceed the performance of controllers designed with more traditional
methodologies.

7.3

The Autopilot Helicopter Simulator

The last, but not the least challenging of the platforms that we investigated, is the Autopilot
helicopter simulator (see Section 3.3.5).
As we saw in Section 2.3, a large body of work and in depth understanding has been
developed dealing with the modelling of single rotor helicopters, and miniature single rotor
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model helicopters in particular. For this reason we do not consider the modelling of this
kind of platform to be of primary interest, especially given the resources required to work
with this type of flying machine40 . In this section we tackle only the more interesting
problem of automatic controller design. We are confident that the approach of Chapters 5
and 6 could be applied to the modelling of a single rotor helicopter, and might possibly
achieve good results. Our confidence is based on the fact that other authors have shown
that, for a single rotor helicopter, even a linear model ([5]) can be trained from real data
and used to design a controller. As we know, our modelling methodology can handle both
linear and nonlinear systems, making it well suited for the task. Additionally our method
has proved to be effective with systems (i.e. the quadrotors) with the same number of
dimensions and the same number of inputs that a single rotor helicopter would require.
Although the simulator is not a real platform, and we will not be able to test the
transferability of the obtained controller, it remains an interesting platform since it is dynamically unstable, a quality that has strong implications for the design of control systems.
The dynamic model used in the simulation is an open source implementation of a single
rotor helicopter model based on first principles which replicates many of the characteristics
that make single rotor helicopters notoriously difficult to fly (see Section 3.3.5 for more
details).

7.3.1

Task and Fitness

From the point of view of its flying abilities in near-hover, a single rotor helicopter is similar
to a quadrotor helicopter41 and so a hierarchical approach to the problems of navigation
and control is often used. Paths and waypoints are the building blocks from which more
complex trajectories are built ([210, 41, 253, 211]), and so it is relevant to develop controllers
for a waypoint following task.
The task is similar to the trajectory following task used for the X3D quadrotor in Section 7.2.3. At the start of the trial an ordered chain of waypoints is randomly generated.
The position of each new waypoint is generated by drawing a random angle γk ∈ U [0, 2π]
and a radius lk ∈ U [10, 35]f t42 . Those represent the position of the new waypoint k
40

In the case of a single rotor helicopter is not just a matter of purchasing a platform but also of having
a skilful pilot who can actually fly the machine with the precision needed when working indoors.
41
In more advanced flight regimes, single rotor helicopters are also capable of aerobatics and inverted
flight, feats that are not possible for a quadrotor.
42
The autopilot simulator uses imperial units, and so in this section we will use f t and fst for positions
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in polar coordinates relative to the last waypoint k − 1 (see Figure 7.31). In contrast,

k+2
l k+2
γ
l k+1
γ k+1

k
∆x
ψ lk

k+2

k+1

∆y

γk
k−1
Figure 7.31: Typical waypoint chain automatically generated for controller evolution. The
waypoints are in the 3D space and have different altitudes.
the altitude is independently generated for each of the waypoints by drawing it from the
uniform distribution U [25, 30]f t. Since in a helicopter the heading can be controlled independently of the direction of travel, a target heading ψk was also generated randomly for
each waypoint, the idea being that the helicopter should have this heading when reaching
the waypoint (ψk ∈ U [0, 2π])43 . The parameters used for the generation of waypoints were
chosen manually taking into consideration the size of the helicopter platform represented
by the simulator. The choice γk ∈ U [0, 2π] makes possible drastic changes of direction in
the path, a feature that makes the control even more challenging.
The fitness function used for the evolutionary algorithms is based on the number of
waypoints along the path visited in the correct order. In order not to impose unrealistic
precision requirements, a waypoint is deemed to be visited if the centre of the helicopter
and velocities respectively.
43
This has useful applications. For instance in a UAV surveying the location specified by the waypoints,
we would be able to choose the direction at which to aim our sensors (i.e. a camera).
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approaches within 1 foot of it44 . The full fitness function (fH ) depends not only on progress
along the track, but also on the orthogonal distance from the shortest path between the
waypoints, and on the ability of the controller to maintain the correct altitude and heading:

fH =

PN

t=0 (wh Pchain

| z − zk | − | ψ − ψk |)
.
N

(7.14)

Where N is the number of time steps allowed to execute the task (N = 1000 was used
for the evolution since it was empirically found to be a good compromise between allowing the helicopter enough time to reach several waypoints, and not making the task too
computationally expensive) and zk , ψk are respectively the altitude of the next waypoint
and the desired heading at the waypoint. The factor wh is equal to one if the helicopter
is on the shortest path between two waypoints and decays as the cube of the orthogonal
distance from it, thus penalizing controllers that do not follow the shortest path. In the
early stages of development, crashes into the ground were frequent, so if this happened the
fitness was set to a negative value equal to the difference between N and the number of
elapsed time steps. As a consequence of this choice, in the beginning, the controllers that
spent the longest time aloft were selected as members of the elite even if they were initially
unable to follow the path, thereby helping the early stages of the evolutionary process.
Since the waypoint path is generated randomly for each trial, the fitness in one trial
alone is not fully representative of the controller’s ability; to obviate this we compute the
fitness as the average of 5 independent trials45 .

7.3.2

Controllers

As with the toy car and the quadrotor, several different controller structures will be considered; some will be based on platform knowledge, and others will be completely platform
agnostic. However, we will also mix the two approaches in an attempt to identify the key
features that differentiate their evolvability.

44

For comparison, the main rotor radius is 2.25f t (see other physical characteristics in Table 3.5)
We empirically found 5 trials to be a good compromise between having a representative measure of
fitness and reducing computational requirements.
45
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PID
The simulator comes with a hand crafted PID controller, tuned to perform waypoint following. The controller (see Figure 7.32) is designed as four separate parts: two single loop
PID modules for controlling yaw and altitude respectively, and two modules controlling
longitudinal and lateral motion. The lateral and longitudinal modules each contain two
nested PID loops, the inner controlling the roll angle φ (pitch angle θ in the case of the
longitudinal module), and the outer controlling the distance from the waypoint in terms of
body coordinates y (x). The controller is completely specified by the values of the feedback
constants; there are eighteen in our case (i.e. Kxi , Kxp , Ku , Kyi , Kyp , Kv , Kzi , Kzpi , Kw ,
Kθi , Kθp , Kq , Kψi , Kψp , Kr , Kφi , Kφp , Kp ).
The inputs to the controller were the helicopter state:

x = [u, v, w, φ, θ, ψ, p, q, r],

plus the vector to the next waypoint k in body coordinates (∆xk , ∆yk , ∆zk ), and the
desired heading associated with the next waypoint ψk (refer to Figure 7.31 for a graphical
depiction of the input quantities).
This controller, although not optimal, provides a good baseline against which to compare our evolved solutions. In addition, its modular structure inspired the topology of the
network that we discuss in Section 7.3.6, and also proved useful during the training phase
(see Section 7.3.5).
In Section 7.3.6 we will also evolve the feedback constants of this controller structure
so that a fair comparison with the network based controller can be made.

Neural Networks
As controllers that employ limited or no knowledge about the platform, we chose various
types of controllers based on artificial neural networks.
The controllers are based on feed-forward neural networks, using the tanh activation
function at all nodes. Some of the networks are organized as multi-layer perceptrons
(MLPs) with two layers of weights (see Figure 7.33), but others use less connected topologies (see Figure 7.35). We will discuss the topologies and the rationale behind our choices
in detail in the forthcoming sections.
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The networks are fed the same information that is delivered to the PID controller: the
helicopter state x and the information about the position of the current goal (the next
waypoint) relative to the position of the helicopter (∆xk , ∆yk , ∆zk , ψk ). Since the output
of a neuron is limited to be between -1 and 1, the control outputs were appropriately scaled
in order to guarantee that the network could span the full range of the control values if
needed. The outputs of the neural network were then treated as some or all of the actuator
commands to be sent back to the simulator.

7.3.3

Controller Training

The connection weights of the neural networks and the feedback constants of the PID
controller are trained by an evolutionary algorithm. The algorithm used is essentially a
(10+23) Evolution Strategy of the type described in Section 7.1.3. Again we use a steady
state algorithm that does not employ recombination.
In some of the experiments self-adaptive mutation was used ([22]). With this technique,
the mutation magnitude D becomes part of the parameter set of an individual and is
therefore under evolutionary control. When self-adaptive mutation is in use, each mutation
operation is preceded by a step in which, following standard practice ([64]), we mutate D
as follows:
D = Deη

η ∈ G(0, 1).

After this step the remaining parameters of the individual are mutated using the newly
generated mutation magnitude.
The idea behind this technique is that if an individual repeatedly achieves good fitness,
not only its parameters but also its mutation magnitude will be better than those of the
other elements in the population.

7.3.4

A Partial Overview of Preliminary Non-Working Approaches

In this section we survey some of the more noteworthy unsuccessful approaches that eventually led to the successful methods presented in Sections 7.3.5 and 7.3.6. Discussing this
work is relevant since it will shed some light on the key aspects that make the learning
difficult.
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(Not) Evolving Monolithic Networks
In the first approach, we started by avoiding the use of any platform specific knowledge
and tried to evolve a full MLP with two layers of weights, using the standard version of
the evolution strategy algorithm presented in Section 7.1.3, and the fitness function fH
(equation 7.14) based on progress along the waypoint chain.
Results were not encouraging. In some cases, no goal-directed behaviour at all was
observed, save that of maintaining enough altitude not to crash into the ground. In some
other cases, the helicopter drifted slowly towards the first waypoint, but rarely reached it.
In all cases, the helicopter was continuously spinning around its z axis, though the speed
with which it did this varied.
The reason for this behaviour might not seem obvious at first, but a single rotor model
helicopter is not a stable system, and to maintain a fixed heading the tail rotor has to be
constantly adjusted in order to counteract exactly the torque generated by the main rotor.
Without the right tail control input, any helicopter of this kind will always tend to spin;
this fine control is not an easy operation, and in practice an electronic feedback system
based on a gyroscopic sensor has to be used to fly such machines manually.
Guessing that the failure to learn any waypoint following behaviour was due to the
continuous z-rotation, we decided to test this hypothesis. Our primary aim is to automatically develop controllers without using platform specific knowledge, but more importantly,
since we are addressing a research question, we also want to understand what the limiting
factors of our approach are. Using part of the original PID controller as a well specified and
limited amount of platform knowledge, we removed yaw control from the neural network
and let part of the original PID handle the yaw. This made sure that the helicopter heading
was always stable for the duration of the task. The neural network retained control over
the three other actuator dimensions. However, controllers evolved with this setup were
only marginally better than those with neurally controlled yaw, suggesting that something
more complex than yaw control was preventing the learning.
As we discussed in Section 2.1.3, when a single network is required simultaneously to
learn different functions (which in our case correspond to the four controls), the interactions
between the different components of the controller can affect learning to the point of
hindering it. Modularization has been proposed ([40]) to obviate such problems by splitting
the network into separated functional blocks. Following these findings, we decided to divide
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up the monolithic MLP controller into modules. Still using the PID to control the yaw,
we tried a variety of network modularizations and hybrid network-PID solutions which
ultimately led us to the networks used in Section 7.3.6 and 7.3.5, and which proved able
to control the flying machine.

(Not) Evolving Yaw Control Together with The Rest of The Task
Our next step was to evolve the yaw control at the same time as the control of the other
three actuator dimensions. With this aim, a neural network module (see Sections 7.3.6 and
7.3.5) was substituted into the PID yaw block. In our experiments we were indeed able
to evolve stable yaw, but only if the trials lasted for 50 time steps or less. Evolutionary
runs using trials longer than 50 time steps did not even achieve yaw stabilization, and
consequently waypoint-following did not appear. We had the clear feeling that the fitness
reward for moving forward in the waypoint chain was working against the yaw stability
as the length of the trials increased. A variety of alternative fitness functions were tested,
always including progress along the track, but also trying out such factors as rotational
speed, angular error in orientation, and so on. None of these proved to be really successful.
These findings, along with those of the previous section, suggested that learning to
control the simulated single rotor helicopter is complex because of the necessity of operating the four controls simultaneously, combined with the intrinsic instability of the flight
machine.
The first issue can be addressed by modularization, but for the second we need to
stabilize the machine before moving onto learning waypoint following. As explained in
Section 2.1.2, incremental evolution is a technique often suggested for scaling the evolutionary algorithm for tasks that are too difficult to be solved directly. The evolution is split
into different phases of increasing complexity; in our situation the split was almost natural, as the first short evolution dealt with yaw stabilization, and the second phase tackled
waypoint-following. For the first phase the standard fitness function (equation 7.14) was
replaced by the following:
fY =

N
X
t=1

|ψ − ψk |,

(7.15)

where N is the number of time steps, ψ is the instantaneous heading and ψk is the heading required by waypoint k. When evolving waypoint-following, the fact that the fitness
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includes a factor for maintaining the correct heading ensures that good yaw control is
preserved.
We now describe in detail the modular controllers developed during our experimentation, and consider their performance. In the next four sections we will mainly focus
on technical details and comparisons between types of controllers, and will defer to Section 7.3.8 the extremely important in-depth analysis of the amount and type of knowledge
used in our approach.

7.3.5

First Working Approach: Incrementally Substituting a PID with
Neural Networks

Given the poor results of the first attempt to evolve a controller based on a full MLP
(see Section 7.3.4), we decided to use the PID controller delivered with the simulator to
enforce functional separation in the network. The first phase was the evolution of the yaw
controller. For this purpose a very simple neural network, with four connections in total
(see the yaw module in Figure 7.33), was evolved to stabilize the yaw using the fitness
function of equation 7.15. Each trial lasted for only twenty time steps, and evolution
produced a good solution within several tens of generations. During the second phase, the
yaw network was free to evolve along with the rest of the controller.
The second phase was divided into three steps; in all steps the full fitness function
(equation 7.14) was used. In step 1, a three layer MLP was substituted for the PID
controller’s guidance layer; it took as its input the distances from the waypoint (∆x , ∆y ,
∆z ), and the velocity of the helicopter (u, v, w, p, q, r) and had the desired pitch and roll
attitude as outputs to the longitudinal and lateral PIDs.
In step 2, the two inner PID loops (the inner parts of the longitudinal and lateral PID
modules - see Figure 7.32) were replaced by two separate MLPs. These were evolved to
act on the information given by the neural outer layer, and they output the helicopter
motor commands (ula , ulo and uco ). After this step, we had a working helicopter controller
consisting solely of neural networks (Figure 7.33).
In step 3, the outer network layer, which was frozen during step 2, was allowed to evolve
further, along with the inner network layer. In this way, the networks could co adapt to
each other, potentially allowing them to exploit modes of cooperation not possible for the
purely linear PID controllers.
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The controller based on the inner network reached a good fitness level within 200
generations in all ten repetitions of the experiment. The evolution of the outer network
showed more variability, but within 500 generations an outer network had been evolved in
all replications which gave the controller a reasonable, if not good, performance. When
both networks were evolved further together, however, very good performance was reached
in every repetition (see Figure 7.34).

7.3.6

Second Working Approach: Incremental/Simultaneous Evolution
of Modular Networks

The first phase, evolving a simple yaw stabilizer, was repeated exactly as in the previous
working approach. For the rest of the controller, three relatively simple custom-topology
neural networks were evolved simultaneously using the standard fitness function. The three
networks output longitudinal cyclic control, lateral cyclic control, and the collective pitch;
the topologies of the networks are depicted in Figure 7.35. The longitudinal network had
the following inputs: longitudinal distance to waypoint (∆x), u, q and θ. Similarly, the
lateral network made use of the lateral distance to the waypoint (∆y), v, p and φ. The
collective pitch network used the difference in altitude of the waypoint (∆z) and w.
The experiment was replicated ten times. The variability in fitness within the first few
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Figure 7.33: Topology of the substitution network.
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hundred generations was quite high, but within 500 generations very good performance
was reached in all ten repetitions, as shown in Figure 7.36.
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Figure 7.36: Evolving the modular network. Best fitness (black line) and average of the
best fitnesses (grey line) over 10 repetitions of the evolution are shown. Error bars show
the standard deviation calculated every 20 generations.

Third Working Approach: Evolving PID Gains
In order to obtain a controller to serve as a meaningful standard of comparison in our performance tests, we evolved the gains of PID controllers structurally identical to the hand
crafted controller shipped with the simulator. The evolutionary runs proceeded by setting
all the gains of the controllers to 0, and then first evolving the yaw control component of
the PID. The fitness function and trial length were as described in Section 7.3.5 for the
yaw stabiliser. Evolution produced fairly good solutions within several tens of generations.
Without this preliminary step, the continuous z-rotation of the helicopter prevented evolution from obtaining successful controllers as reported in Section 7.3.4. The rest of the
PID was then unfrozen, and all the gains were evolved together to perform the full task.
Reasonable performance was usually reached within the first two hundred generations (see
Figure 7.37).

7.3.7

Performance Analysis

The fitnesses reached by the evolved controllers during the evolution process can serve as
a useful first comparison among the solutions obtained. However, to better understand
the peculiarities of the different controllers, additional tests were performed on four tasks
differing from that used in the evolutionary process:
• Task 1, Sparse waypoints
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Figure 7.37: Evolving PIDs. Best fitness (black line) and average of the best fitnesses
(gray line) over 10 repetitions of the evolution are shown. Error bars show the standard
deviation calculated every 20 generations.

The first test was simply a repetition of the task used for the controller evolution,
but over a much longer time span. The extra time allows for values of Pchain bigger
than 1.0 since the helicopter was able to fly the whole waypoint chain more than
once46 .
• Task 2, Close waypoints
Closer waypoints were chosen for the second task, with the average distance between
the waypoints now set to 6 feet.
• Task 3, Sparse waypoints in the presence of wind
The waypoints were chosen with the same criteria used for task 1, but an external
disturbance in the form of wind gusts was added to the simulation in order to test
the robustness of the controller. The velocity of the simulated wind is time varying
([0, 10]f t/s) and influences the aerodynamic forces acting on the helicopter.
• Task 4, Sparse waypoints with varying gross weight
This task provided an understanding of the controllers’ ability to handle variations
in the helicopter’s weight (and mass). The maximum random weight variation47 was
set to fifty percent since the payload of a small helicopter can in extreme cases reach
this limit.
In addition, since the compound fitness used for evolution (equation 7.14) gives only
limited insight into the specific abilities of the controllers, three more specific performance
indices were developed:
46

Once the last waypoint is reached the helicopter will find the first waypoint of the chain as its next
waypoint.
47
At the beginning of each trial the weight variation is drawn from the uniform distribution U[0, 50].
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• progress along the waypoint chain Pchain (higher is better),
• mean deviation from the shortest path ep =
• mean heading error eh =

PN

t=0

PN

t=0

| wh | (lower is better),

| ψ − ψk | (lower is better).

Table 7.9 shows the results of the tests; the best values are printed in bold. The
waypoint layout was randomly generated at the start of every evaluation, and each task
was repeated 20 times; the average value (and standard deviation) of the performances
obtained is shown (in parentheses). The penalty for crashing into the ground was a fitness
of 0, rather than a negative fitness as during evolution. On the wind task, the number of
crashes in 20 trials is given; this is a measure of the ability of the controller to maintain
stable flight. In all the test tasks the performance was evaluated during a predefined period
of 3000 time steps (corresponding to 60s of flight time).
Figures 7.38 and 7.39 show the trajectories of an evolved PID controller and an evolved
modular neural network controller respectively, performing the same task (task 1) for 1100
time steps. The PID exhibited a very conservative strategy, slowing down when still far
away from the waypoint and almost stopping when close to it. The network-based controller
showed better control over the helicopter’s speed, which produced a more linear trajectory
and better progress along the waypoint chain.
Generally, the modular network evolved in Section 7.3.6 performed best on all four
variations of the task, as it always progressed the furthest of the four controllers along the
waypoint chain, and always moved in a more or less straight line to the waypoint. The
substitution network was a close second as far as progress along the chain was concerned,
but had a more mixed performance when it came to deviation from the shortest path, and
was the only controller that had any significant problems keeping the desired heading.
The performance of the PID controllers was much worse than the neural network controllers when it came to progress along the waypoint chain, except in the situation with
the waypoints closer together, where its performance was comparable to (if slightly lower
than) the neural networks. This suggests that the reason for the good performance of the
neural network controllers was not only the superiority of evolutionary tuning over manual
tuning, but also the lack of non-linearity in the PID controllers. It simply does not seem
possible to evolve a purely linear controller that is robust enough to perform well over the
task variations and performance measures we used here.

7.3 The Autopilot Helicopter Simulator

359

Hand crafted
PID

Pchain
ep
eh
Pchain
ep
eh
Pchain
ep
eh
Crash
Pchain
ep
eh

Evolved
Substitution
Modular
PID
Network
Network
Close waypoints
0.96 (0.077)
1.85 (0.091)
2.27 (0.182)
2.38 (0.106)
0.95 (0.216)
0.40 (0.048)
1.04 (0.21)
0.34 (0.044)
0.005 (0.003) 0.010 (0.002) 0.457 (0.002) 0.013 (0.001)
Sparse waypoints [10, 25f t]
0.46 (0.121)
0.74 (0.273)
1.35 (0.127)
1.64 (0.081)
1.61 (0.265)
0.84 (0.192)
2.5 (0.748)
0.63 (0.242)
0.007 (0.001) 0.015 (0.004) 0.459 (0.003) 0.018 (0.002)
Sparse waypoints with wind [0, 10f t/s]
0.27 (0.231)
0.49 (0.330)
0.95 (0.434)
1.07 (0.565)
1.99 (3.705)
2.58 (2.880)
3.54 (3.097)
1.33 (1.651)
0.069 (0.083) 0.160 (0.216) 0.430 (0.146) 0.062 (0.049)
7
2
2
4
Sparse waypoints with variable weight [±50%]
0.54 (0.128)
0.83 (0.235)
1.3 (0.170)
1.53 (0.137)
1.68 (0.271)
0.80 (0.153)
2.28 (0.503) 0.618 (0.112)
0.012 (0.002) 0.017 (0.005)
0.48 (0.02)
0.031 (0.017)

Table 7.9: Performance of the various controllers on different tasks.

Figure 7.38: Trajectory of an evolved PID after completing 1100 time steps of a typical
sparse waypoint task. In this particular run the progress along the path (after 3000 time
steps) was 1.14, the mean trajectory error 0.39 and the mean heading error 0.019. The
dots mark the position of the helicopter every 10 time steps.
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Figure 7.39: Trajectory of a modular network controller after completing 1100 time steps
of the sparse waypoint task used in Fig.6. At the end of the run (3000 time steps) the
progress along the path was 1.70, mean trajectory error 0.38 and mean heading error 0.016.

7.3.8

Considerations

Both of the approaches we tried for evolving neural networks generated very capable controllers that significantly outperformed the human-designed PID controller. They also
outperformed the attempts by the authors of the article to control the vehicle manually.
It is interesting to note that the evolved neural networks were quite robust when the parameters of the task, vehicle and environment were varied, something that could not be
said about the PID controllers. This may be due to two factors: evolution is better at
tuning weights and gains than are humans; and the non-linearity of neural networks makes
them better suited for handling such variations than linear controllers. Such robustness is
obviously important when transferring controllers to real vehicles.
Without incorporating some domain knowledge in the evolutionary process, we have
not been able to evolve a controller for doing anything more advanced than not crashing.
However, the most relevant question that we want to address is this: what type of domain
knowledge was actually used? Let us analyse the three types of controller and the training
mechanisms we used.
The multi loop PID controller is without doubt an example of the use of platform
knowledge. The way the longitudinal and lateral modules are configured as nested loops,
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and the choices made for the inputs of each of the 6 PID modules, are tailored for a single
rotor helicopter as well as for the task of waypoint following. The fact that an essentially
independent module (simple or nested) is used for each of the control outputs might also at
first sight look like a platform specific choice, but in fact this is a rather standard practice
in control engineering regardless of the platform. For complex MIMO (multi input multi
output) systems, separating the controller into independent units for each of the inputs
to be controlled yields simpler and easier to tune controller designs, although the overall
performance might be poorer than that of a monolithic controller.
The substitution network was obtained by replacing parts of a PID controller structure,
but to a first approximation the effect was simply to split the controller into four modules,
one for each of the control outputs. The modules themselves are generic MLP networks
and do not have a tailor-made topology. This modular decomposition is very similar to
what we have shown to be effective both for the toy car (see Sections 7.1.2) and the
quadrotor helicopter (Section 7.2.2), and again is standard practice in the control system
community. We argue therefore that this decomposition is quite general and not very
platform dependent. The choice of the inputs that are passed to each module in our
substitution network is certainly based on knowledge about the platform, since in our case
it was suggested by the structure of the PID controller.
For the modular network we followed the platform independent idea of using one module
for each of the control inputs, but platform specific knowledge was used both in deciding
on the topology of the network (which was inspired by the PID controller), and in selecting
which input was used for each of the neurons. The good results obtained with both the
networks and the PIDs suggests that, rather than the representation used by the controller,
the key to enabling the learning of waypoint following might be the modularization, since
this was a common feature in all three architectures. In this context it is worth mentioning
the recent results of Koppejan et al., who also tackled the problem of controlling a simulated
single rotor helicopter. In [123] they reported that even using well established techniques
that can evolve both the structure and the parameters of neural network controllers, they
were not able to produce monolithic controllers able to fly the helicopter. This is a further
suggestion that something more than a powerful representation is needed.
Because of time constraints we were, unfortunately unable to use the simulator to
test the modular architecture based on RMLP and trained with coevolution that we had
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successfully evolved for both the toy car (7.1.2) and quadrotor platforms (7.2.2). However,
given that the number of dimensions and the number of control inputs are the same for the
X3D and the Autopilot helicopter, we are inclined to think that the same approach would
also be successful for a single rotor helicopter48 . The added flexibility of a recurrent network
and the better training ability of a cooperative coevolutionary approach would allow us to
provide all the state variables and waypoint information to each of the controller modules,
leaving the identification of the relevant information to the learning process, and thus
removing any use of platform knowledge from the process.
The choice of an incremental decomposition of evolution also deserves some discussion.
Certainly the way in which we arrived at the incremental decomposition of the task, and the
fact that both neural and PID approaches were unsuccessful without prior yaw stabilization,
makes our choice appear very platform dependent. We should also remember that the tasks
considered when training controllers for both the toy car and the quadrotor platforms were
pretty similar to the task considered here, but for those platforms there was no need for
any such decomposition.
However, we do know that a fundamental difference exists between the Autopilot simulator and the other platforms considered so far: its instability. We are very much inclined
to attribute the need for decomposing the training task to this characteristic of the single
rotor helicopter platform more than to any other. This is for the simple reason that the
first of our two evolutionary phases is devoted to achieving stabilization. Once stability
is achieved, the approaches that were successful for the car and the quadrotors provide a
viable solution to the waypoint following problem.

7.4

Summary

In this chapter we investigated the second of the two concepts that this thesis is putting
forward, the idea of automatic controller design without the use of platform knowledge.
The same basic design approach based on various types of evolutionary algorithms has
been tested and shown to be effective on three platforms differing in dynamics and number
of degrees of freedom.
Both controllers based on and independent of platform knowledge were tested; the first
48
This is obviously conditional on first allowing the network to learn the stabilization of the helicopter
heading.
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took the form of manually designed controllers (often PIDs) while the second used modular
and non modular neural networks. In line with our idea of avoiding the use of platform
knowledge, very similar (if not identical) networks employing very general structures were
used for all the controllers.
In the car and quadrotor, the neural network controllers that did not use domain
knowledge performed at least as well as, if not better than, their handcrafted counterparts.
Trained networks performed better even in the case of the Autopilot simulator, but in that
case a limited amount of platform knowledge was used in the selection of the controller
inputs.
The exceptions to this were the monolithic networks used for the single rotor and
X3D helicopters which we were simply unable to evolve successfully. Our results indicate
that the number of dimensions and the peculiar dynamics of our helicopters make for a
hard problem that cannot be tackled with a vanilla network structure and an evolutionary
algorithm. We can clearly not exclude the possibility that some of the more exotic types
of networks that we have not considered could be evolved successfully.
Drawing on the idea of modularity, we suggested a platform independent method for
splitting the controller into decoupled modules that were able to achieve satisfactory control of the platforms, most probably thanks to reduced interference during training and
better performing search based on cooperative coevolution. Showing that this idea works
consistently across very different platforms is a clear contribution of this chapter, and one
that is likely to apply to other platforms and tasks.
Part of the reason for our general result is obviously the choice of the evolutionary
computation techniques. Their primary strength is the robustness and consistency across
optimization problems as different as the ones represented by our platforms. As confirmation we note the fact that the same mutation operators and magnitudes were used for
all controllers. Any specific platform dependent adaptation would obviously have been
against the spirit of our work.
Throughout the chapter we showed that evolution is able to accommodate not only different types of models but also different types of tasks. That said, limitations related to the
size and type of the search space, or to specific characteristics of the platform (i.e. instability) mean that more work needs to be carried out in improving the performances of search
algorithms and in devising principled ways to tackle the problem of task decomposition.
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On the basis of the results obtained with all our models we can certainly say that
stability is a key factor in determining the difficulty of the automatic design of a controller.
If the platform at hand is not stable, the primary focus of the automatic controller design
has to be stability.
The few works in the literature specifically dedicated to evolving controllers for unstable
systems [250, 82] have concentrated on systems with a smaller number of dimensions (e.g.
inverted pendulums) and with dynamics simpler than that of our single rotor helicopter.
Whether and how artificial evolution can be made to overcome the challenging features of
helicopter dynamics to produce a suitable decomposition of the task without a human in
the loop is still an open research question.
Both in the case of the car and the X3D quadrotor the overall trajectories produced by
the controllers using the automatically designed model are qualitatively similar to those of
the real platforms. Both the car and quadrotor controllers were able to transfer to the real
platforms without modifications; to the best of our knowledge this was the first reported
case for a quadrotor.
Localized discrepancies between the modelled and the real behaviours still however
exist. A more refined noise model in which the noise depends on the state and inputs
of the system appears to be a suitable candidate for closing the remaining gap between
real and simulated systems. How exactly such noise models could be defined and learned
without the use of platform specific knowledge still needs to be answered.

Chapter 8

Conclusions and Future Work
In Chapter 1 we set ourselves a simple question: how far can we get in automatically
building models and controllers of 6DoF rigid body vehicles without using any platform
specific knowledge? We now know that the short and simple answer to the question is this:
far enough to be both interesting and useful.

8.1

Research Achievements

For a longer and more technical answer, it will be convenient to consider the many aims that
were identified in Section 1.3. In examining the extent to which the aims were achieved,
we will also point out some of the novel content of the thesis. However, perhaps the
major novelty is conceptual, and resides in the over-riding aim of investigating what can
be achieved by ignoring, rather than exploiting, knowledge of the target system. This is
strongly counter-intuitive, but we believe that the single minded pursuit of this aim has
led us to a radical position where the real value of acquiring and using such knowledge can
now be questioned. The fact that much of our work (but not all of it) has consisted of the
exploitation and adaptation of techniques already available in the literature is a strength
rather than a weakness, in that it demonstrates that it is a change of attitude rather than
a single technical breakthrough that has enabled us to reach this position.
• Proposing a generic model structure that can cope with 6DoF rigid body models
with different levels of complexity, different numbers of inputs and both linear and
nonlinear dynamics.
The symbolic expression representation developed in Chapter 5 possesses all these
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capabilities. It can cope with very generic models, both linear and nonlinear, and it
is very flexible in terms of the number and types of inputs. The addition of delay
terms to the symbolic expression representation allows it to deal neatly with delays
on the inputs, a problem often encountered in real systems. This is a particularly
novel aspect of our representation, in that it ensures that the same delay is used for
each occurrence in the expression of the same input node.
Our tests showed the representation to be effective in modelling platforms having
different levels of complexity, different types of dynamics and different numbers of
inputs. In particular, it was shown that both continuous and discrete control signals
can be handled. Although the maximum depth for the expression trees and the
maximum allowed input delay had to be limited in out tests, this was a pragmatic
choice dictated by the need to limit the search space, and was not a limitation of the
representation.

• Devising a general training method for determining the structure and parameters
of a model, a method that relies solely on data collected from the real platform and,
more importantly, relies on training data that has not been examined and selected by
a human expert.
The coevolutionary method developed in Chapter 5 uses recent findings in evolutionary computation research to carry out the steps of both data selection and of
modelling. Our choice of using genetic programming allows the joint handling of the
search for model structure, model parameters and input delays, optimizing for the
combination that produces the most accurate predictions. The method of coevolving
the data used for training is designed to automatically deal with to the situation
in which not all the training data are equally informative. Our tests indicate that
during a typical coevolution run (Section 5.4) the parts of the dataset characterised
by more activity are preferred, as would be expected. The tests carried out with real
data from different vehicles (Sections 5.5-5.8) confirmed that the training algorithm
is effective across different platforms as long as the data is sufficiently rich in information. The selection of inputs and the optimization of the input delays carried out
automatically by genetic programming also appeared effective.
The algorithm constitutes a novel solution to the problem of coevolving models
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and tests in that it is specifically geared towards rigid body dynamic systems which
are computationally expensive to propagate. This affects the genetic operators used,
the way the model state is propagated by using 6DoF rigid body dynamics and the
way the evolutionary selection is applied at two levels to contain computation.
While our methodology does not involve any explicit limitation on the types of
rigid body platform that can be tackled, its stochastic nature means that it cannot
be proven formally that no such limitation exists. However, the ability of the method
has been confirmed on several platforms that differ in nature and complexity, a clear
and strong indication of the generality and of the potential of the algorithm.
• Ideally obtaining performance at least as good as the models produced by experts, and
by using more conventional identification techniques.
In Chapter 4 a significant amount of effort was put into developing and using
models based on first principles, and also on conventional black-box techniques, in
order to provide good grounds for comparison with our coevolutionary technique. To
produce a comparison that was as far as possible unbiased, in Section 4.1.1 we selected
platform independent metrics that did not depend on the data used for training. In
addition, the same data and inputs were used for computing the performance of
both the evolved and the non-evolved models. This allowed us to attribute any
performance differences directly to the modelling technique employed.
The results of our tests (Sections 5.6.2 and 5.7.2) showed that, for both the
toy car and the X3D platforms, the automatically evolved models had accuracies
comparable with or better than those of the models produced either with expert
knowledge, or with the more orthodox techniques. This was not the case for the
ATTAS aircraft (Section 5.5); but in this case there were strong indications that the
lack of performance could be due to an insufficiently rich training dataset.
The development of the X3D model based on first principles is to the best of our
knowledge the first example of applying fully fledged standard system identification
methodologies to a miniature quadrotor helicopter. For the first time the parameters
of a model based on first principles have been determined on the basis of real flight
data, and the accuracy of the model obtained has been demonstrated against unseen
validation data. This model constitutes a valuable contribution to the research in

368

Conclusions and Future Work
the field of quadrotor modelling in its own right.
Our comparisons between the different models are also of general interest since
in the literature it is rare to find examples of such diverse techniques tested as methodically and as completely as in this thesis.

• Generating models that are transparent and understandable by an expert engineer
who could use them to gain insight into the dynamic behaviour of the platform.
In our modelling algorithm we address the creation of interpretable models in
three ways. Firstly, we choose models that predict physically sound quantities (i.e.
accelerations); secondly we use a representation that can be directly interpreted as
an analytic expression; and thirdly, we explicitly simplify the models during model
evolution to produce more concise (and hopefully more interpretable) solutions (Section 5.3.1).
The stochastic nature of genetic programming does not guarantee the interpretability of the resulting expressions in any formal way. However, we argue that
this apparent deficiency is immaterial since no formal definition exists of what constitutes an interpretable expression. In fact such a concept would depend to a great
extent on the expertise of whoever attempts the interpretation. More importantly, we
have shown that, after some limited and straightforward manipulations, most of the
models produced in our examples were easily understandable (Sections 5.6.3, 5.7.3
and 5.8.3). In addition we also showed that it was not too difficult to see similarities
between the evolved models and those designed manually (Section 5.7.3).
• Generating models that are physically consistent i.e. that produce meaningful accelerations and velocities making them usable in place of the equations devised by a
human expert.
We designed our algorithm to evolve equations that predict accelerations, and
then used the error in the prediction of the system state as our measure of accuracy.
Since we propagated the state forward in time using standard rigid body dynamics,
the equations evolved are in effect rewarded for predicting the accelerations produced
by the actual platform. In Section 5.6.2 we showed that the models obtained accurately predict the state of the platforms, and also that they predict qualitatively and
quantitatively accurate accelerations.
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Our way of forcing the solution of the modelling algorithm to have a tangible
meaning is innovative in the way that it uses the constraints imposed by the rigid
body dynamics while allowing complete freedom in the model expressions.
• Encoding in the model the uncertainty usually present on the behaviour of real world
systems.
The evolved models are expressed in state space form. We showed (in Chapter 6)
that is relatively straightforward to introduce a platform independent formulation
for representing the uncertainties present in the system. The formulation we chose
expresses the platform noise in terms of independent Gaussian additive terms which
complement the equations obtained using coevolution. This very simple noise model
assumes a unimodal distribution of the noise, and neglects the influence of the system
state and the inputs on the noise variance. However, it has the very real advantage
of being relatively straightforward to estimate and cheap to compute; the second of
these characteristics is fundamental for the evolution of controllers.
The type of noise model proposed does not differ in substance from what is
often used in the evolutionary computation field; our novelty lies instead in the
way the problem of modelling the noise was approached, by borrowing from the
well established filtering and estimation literature. Rather than being a change of
form, this is another important change of attitude that opens up new and interesting
possibilities.
• Devising a way of automatically determining the uncertainty characteristics of the
model from real data.
Within the assumptions of our simple noise model, we showed in Section 6.2
that a sound, efficient and platform independent algorithm for the estimation of the
noise parameters exists. In particular, we extended previously published work by
using a UKF that allows the handling of both linear and nonlinear models, a crucial
requirement for our approach.
Our tests showed that for both the toy car and the X3D helicopter (Sections 6.4.1
and 6.4.2 respectively) the augmented model (i.e. the evolved equations plus the noise
model) can reproduce the levels of variability found in the real world platforms. Some
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situations were also identified in which the noise model clearly showed its limitations,
clearly a consequence of its simplicity.
The method of estimating the noise parameter is innovative in its use and also in
its form. In contrast with current practice in the evolutionary computation literature,
we propose a principled way of estimating the noise. The method proposed is novel
since completely general nonlinear dynamic models can now be handled thanks to
the use of a UKF.

• Proposing a generic controller structure (or set of structures) that can cope with the
number of control inputs that a typical rigid body system could have.
In Chapter 7 we proposed the use of controllers based on recurrent neural networks, both for their generality, and for their ability to handle both discrete and
continuous inputs as our systems require. In most cases RMLP were preferred for
their ability to retain and exploit past information, a potentially useful trait for a
controller.
Different topologies were proposed: monolithic types in which all the control
inputs are computed by a single network, modular types in which each network is
associated with a separate control output, and hybrid topologies in which several
outputs are associated with a single module.
Our experiments showed that, while in general the performance of the two types
of topologies are not significantly different for simpler problems like that of the toy
car (Section 7.1.4), monolithic solutions are not effective in controlling vehicles with
a larger number of DoFs and more coupled dynamics (i.e. the X3D quadrotor Section 7.2.3 and the Autopilot simulator Section 7.3.7). In these situations, modular
topologies proved to be effective and to be able to learn the prescribed task. While
these positive results do not strictly imply that modular controllers will be effective
with other types of 6DoF rigid body vehicles, the fact that the proposed approach was
found to be able to cope with such diverse platforms is an indication of its potential.
Our efforts to produce a general and platform independent solution pointed us
towards a novel way of handling the complexity posed by multi-input platforms, a
method in which each output is taken care of by one module, and more complex platforms simply require more modules. Our algorithms adapt cooperative coevolution
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to this simplifying concept to exploit its benefits in terms of search.
• Devising training techniques for controllers that can scale up to the complexity posed
by different platforms and tasks.
For training controllers (Chapter 7) we again employed an evolutionary approach
both for its flexibility in terms of the types of controllers that can be handled, and
also in terms of the types of tasks that can be tackled. A specific algorithm based
on cooperative coevolution was developed to exploit the structure of the modular
network controller, and to allow a more effective search of the solution space. Its
effectiveness was demonstrated by being able to produce solutions for problems not
amenable to monolithic controllers and standard ES training.
We showed how this training methodology can be applied to very diverse tasks,
from waypoint following for a quadrotor platform to imitating the driving style of
a player in the case of a car. While the technique used does not place any explicit
limitations on the types of task that can be tackled, the specific details of the task
implicitly define the nature of the solution space that needs to be searched. Although
we did not attempt to identify different types of solution spaces our results show that
our methodology can be really effective in practice in at least some very different
tasks.
• Ideally obtaining controllers with performances as good or better than those produced
by experts.
In Sections 7.1.2 and 7.2.2 we manually designed two controllers for the toy car
and for the X3D respectively. The first was based on an existing controller that
exploited an understanding of car dynamics, but this had to be adapted to the discrete
control inputs of our car, potentially affecting its capabilities; the second was a more
or less standard multi-loop PID setup. In the case of the toy car, both types of
evolved controllers based on neural networks performed significantly better than the
manually designed model, both when tested in simulation and on the real car. In the
case of the X3D, our tests showed no significant difference between a controller based
on modular neural networks, and the standard PID controller automatically tuned
using evolution. Both these results show clearly that the technique we proposed
can design controllers with performances comparable to that of manually designed
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controllers.

•

Generating controllers in simulation that can transfer to the real platforms and
control them successfully.
In the cases both of the toy car and of the X3D platforms (Sections 7.1.5 and
7.2.4 respectively) our tests showed that controllers trained in simulation can transfer
successfully to the real platforms. In the case of the toy car, several different types of
controllers were evolved to follow a set of predefined waypoints, and all of them were
able to drive the car successfully, although with different levels of accuracy. For the
X3D quadrotor we were able to test only the handcrafted PID controller tuned by
evolution; this was also able to fly the helicopter on a predefined course successfully.
The approach of learning a noise model of the platform to facilitate the transfer
of controllers trained in simulation proved to be effective for both platforms. To the
best of our knowledge, this is the first demonstration of a controller evolved wholly
in simulation that has transferred successfully to a flying machine.

• Ideally obtaining controllers that control the real platform with the accuracy shown
in simulation.
The qualitative performances demonstrated by different controllers in simulation
were also reflected in tests on the real car, with controllers significantly better in
simulation also performing better on the real vehicle (Section 7.1.5).
Models, and as a consequence also controllers, are created only on the basis of the
training data, and therefore differences present in the training datasets could lead to
controllers with different performances. For both the X3D quadrotor and the real
car, our tests did not find any significant effect on the obtained controllers of the
specific datasets used.
For the X3D, the evolved PID showed no significant difference in performance
between the simulated and the real tests in terms of progress along the trajectory.
In the case of the toy car the results were more mixed, with some trajectories and
controllers performing similarly in simulation and in reality, and some others being
significantly different.
Comparisons between trajectories showed that both in the case of the X3D and of
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the toy car there tend to be specific sections in which a difference is apparent between
the simulated and real trajectories, a problem that we attribute to the simplicity of
the noise model.

8.2

Methodological Critique

Both in the beginning and in the course of this work, many choices were made on the
basis of the knowledge and understanding available at the time. The very experimental
nature of our approach meant that the research did not always develop as expected due
to technical difficulties and limitations, and also time pressure. All these factors had to
some extent an effect on our results. With 20/20 hindsight we recognize that some of our
choices were inevitably not ideal, and that some aspects of our research could be improved.
These points need to be reviewed, and their influence on the outcome of our investigation
needs to be critically evaluated. Given the structured nature of the thesis, this is best done
chapter by chapter.
• Chapter 1: At the outset of this work we decided to restrict our analysis to 6DoF rigid
body vehicles, a decision that could be questioned because it neglects vehicles with a
higher number of DoF. In support of our decision, we explained in the introduction
that our choice was well founded because many interesting and non-trivial vehicles
belong to the class considered. For vehicles with a higher number of DoF, it might
be possible to scale up the technique we proposed, but due to the increase in size of
the model space, it is not clear to what extent this would be effective.
A decision that might have appeared restrictive is that we only used a batch modelling approach based on pre-collected datasets. However since some of the chosen
platforms are not recoverable, it would be difficult to reconcile the idea of the generation of test inputs for with our central idea of avoiding platform specific knowledge.
• Chapter 2: In our review of the literature on modelling we explored the disciplines
most directly connected with the type of vehicles used in this study. However, since
modelling is also used in disciplines outside our survey, it is at least possible that
other approaches compatible with our requirements might have been neglected.
In response, we can say that in our treatment we made it very clear that we are
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interested in a proof of concept system that shows the feasibility of the concept of
avoiding platform knowledge, rather than in discovering some optimal solution.
We have certainly achieved this aim in our work, and while some other suitable
and superior modelling technique might be seen as a welcome improvement, neglecting it did not affect the core output of our investigation.

• Chapter 3: Our methodology was developed using the data produced by a Vicon
MOCAP system, and it is therefore relevant to analyse if it could be extended to
other type of data sources. Our methodology requires logged data for all the variables
present in the system state, therefore the type of data commonly used in robotic
vehicles, and produced for example from the fusion of inertial and absolute position
data (i.e. GPS or localization data from SLAM), is in principle potentially suitable.
It could be argued that to better test the abilities of the modelling algorithm,
more aggressive speeds and manoeuvres should have been attempted with the X3D1 .
A first reply to this is that, given the space available, more elaborate manoeuvres
were simply not possible in practice. It is also the case that the speeds and types of
motion chosen were those that a pilot would use if following a predefined waypoint
path; sampling other parts of the helicopter envelope was therefore unnecessary in
this context.
• Chapter 4: The assumption of negligible process noise made in this and the following
chapter also calls for comment. Strictly speaking, only an extensive knowledge of the
platform and of the experimental condition can give assurance that the conditions
required by this assumption are met2 . In the case of evolving the structure and
parameters of a model, the question is meaningless (since no model is available at
the start of the identification process). The assumption of negligible process noise has
to be treated as a working assumption, our results both in Chapter 4 and Chapter 5
show that this assumption is clearly effective.
When optimizing the parameters of both the ATTAS and of the X3D models
based on first principles, we had to rely to a great extent on our understanding
to split the parameter optimization into successive steps in order to produce the
1
2

The toy car was driven to the maximum speed during data collection.
Again we have to remember that the unmodelled dynamics is considered part of the noise.
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full model. Other optimization algorithms could possibly have circumvented this
problem, but this was not attempted because we considered it more relevant to
our aims to regard these problems as examples of the limitations faced when using
conventional modelling techniques.
The nearest neighbour and the MLP networks were selected because they are
among the most commonly used black-box models, but it can be perhaps argued that
better performing black-box techniques could be found. Our response is that a key
advantage of the method lies in the fact that the models are potentially interpretable;
this is most important than their absolute level of performance. The use of better
performing black-box models would not change substantially our analysis.
• Chapter 5: Two main criticisms can be made of the choices in this chapter.
The first is that, due to its stochastic nature the modelling technique we chose
does not allow the derivation of formal proofs of convergence, nor of the optimality
of the solutions. As noted in the previous section, is also impossible to guarantee
that the obtained solutions are understandable.
The second criticism is that in designing the algorithm (Section 5.3) a great many
design decisions were taken, or parameters were set, on the basis of trial runs executed
during the development of the algorithm. Since our main concern, as previously
explained, was in demonstrating proof of concept, we do not feel that this criticism is
especially damaging. We do present some results or more extensive work on finding
suitable parameters values (Section 5.9.2).
• Chapter 6: A questionable choice made in this chapter is that of using an independent
Gaussian noise model. As was expected, our tests showed its inability to reproduce
some aspects of the uncertainty in our models (Section 6.4.2). In order to use more
sophisticated noise models, the challenge of computational limitation would need to
be addressed, and appropriate ways of estimating the noise density would need to be
devised; neither of those tasks would be straightforward to solve.
In spite of its shortcomings, our tests showed that even this simple noise model
enables the evolved controllers to transfer successfully to the real platforms; this
practical success perhaps explains why the model is often adopted in the literature.
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• Chapter 7: This chapter has similar weaknesses to those discussed for Chapter 5.
Again, in several situations we had to resort to brief empirical investigations to
determine several of the parameters employed in our evolutionary setup. However,
we would claim that the fact that the same parameters have been shown to be effective
for very different platforms and tasks is a clear indication that their precise values
are very probably not critical.
In general the experiments carried out all three platforms (i.e. toy car, X3D,
Autopilot simulator) pointed to the modularization of the controller as being a key
factor in enabling the learning of complex and coupled models. Clearly we cannot
exclude the possibility that some more sophisticated scheme might be found that
could automatically develop both the structure as the parameters of a good controller. However, we would expect the end result to show at least some aspects of
the separation provided by our modular solution.
Lastly we need to comment on the fact that, in the case of the X3D helicopter,
the amount of experimentation carried out on the real platform was particularly
limited, in that we were unable to test the X3DbestCoCoRM LP controller on the
real platform, and only one type of trajectory was examined. This was mainly due
to the time and resource needed to set up and carry out the experiments.

8.3

Future Work

There are several directions in which the current work could be taken; some are more
immediate, and address the shortcomings discussed in the previous section, and others are
instead avenues for longer term research.
In the short term it would be interesting to look at more complex representations for
the noise model in order to avoid the limitations of our current approach. Local regression
techniques are potentially suitable, but a training scheme compatible with our setup would
need to be developed. A further possibility in the same direction is that of integrating the
learning of the noise model with the learning of the dynamic model, the former providing
the mean prediction and the latter providing an uncertainty envelope that depends on the
current state and inputs. The challenges to be faced in this case are the development of a
principled way of training the models, containing the computation required.
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An additional possibility, which is however in conflict with our primary idea of avoiding
domain knowledge, is that of seeing how our method could be used to extend and complement existing models based on first principles. Since the models developed by our system
are in state space form, and are written as symbolic equations, it seems quite natural to
think of using known models or known partial models to seed the search carried out by
genetic programming. An interesting research question would be to seek effective ways of
seeding the initial population.
Continuing our investigation of controllers and increasing the complexity of the tasks
that can be learned would also be of interest. From the engineering perspective it would
be useful to incorporate standard concepts of control into our automatic design approach
in order to be able to asses the robustness of the solutions produced.
The author is currently working on the EPSRC founded project SUAAVE3 (Sensing,
Unmanned, Autonomous Aerial VEhicles) which aims at creating swarms of quadrotors
that collaboratively self-organise in order to sense the environment. Within the scope of
the project there will be the possibility of applying some of the techniques developed in
this thesis to the challenging scenario of flying outdoors; this would also entail the use of
on-board sensors. More interestingly, since several identical platforms will be available, the
possibility of using data from several helicopters could be explored.
In the long term, our work is part of a research strand that embraces the possibilities
opened by the increasing availability of computing power. The latest incarnation of this
trend is represented by what is called GPU computing; the use of graphics processor units
to perform general purpose scientific and engineering computing. The inherent parallelism
of evolutionary algorithms is particularly well suited to the multi-core architecture offered
by GPUs, and as a result recent years have seen a tremendous increase in work using
this technology in the domain of evolutionary computation. Speed-ups of an order of
magnitude (in relation to a standard CPU implementation) have been reported by various
authors ([186]). The future is not too distant in which the type of approach we have
developed, could be used on much more complex and demanding problems. Only time will
tell if concepts like modularity and incrementality are the keys to mastering the higher
levels of complexity and difficulty.

3

http://www.suaave.org
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Appendix A

Derivations of the Parametric
Quadrotor Model
In this section we look at deriving the full model of a quadrotor, including its stability
augmentation (or stabilization) system and its propulsion group1 , with the aim of obtaining
a set of relationships that predicts the evolution of the system state. In doing this we take
inspiration from the work of Bouabdallah ([34]) who models the dynamics of a quadrotor
from first principles in terms of forces and moments. Our efforts will lead to a model in
acceleration space of the type introduced in equation 3.4, reproduced here for convenience:
[a, α]T
t = f (xt , ut ) .

(A.1)

We need therefore to develop a model that, given the control inputs u from the RC remote,
predicts the linear and angular accelerations of the system. From those, we will then be
able to update the full state of the vehicle using equations 3.5-3.7. Additionally we will
show how the formulation of the stability augmentation system and the propulsion group
model leads to the introduction of additional state variables for which we also need to
derive appropriate update equations.
We start by looking at the aerodynamic forces generated by each rotor, estimating the
parameters (Section A.1.1), and then investigating how those forces and moments affect
the flying machine (Section A.2). We then look at the propulsion group (Section A.3), and
at the stability augmentation system (Section A.4), to formulate the relationships that
1

We call propulsion group the combination of motor, blade and electronic speed controller.
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translate the control inputs into propeller speeds.

A.1

Rotor Forces

The equations used to compute the aerodynamic forces acting on a rotor were originally
proposed by Fay [68]; we report them in this section for completeness. We accompany the
equations with a simplified explanation intended to aid the understanding; we refer to [68]
and a specialized text-book [115] for a more detailed explanation and a justification for the
approximations adopted in what follows.
A helicopter blade is essentially an airfoil, and as it cuts through the air each of its
sections will produce an amount of lift, and at the same time will be affected by a drag
force. The extents of these forces depend on the characteristics of the blade (i.e. the lift
slope a, and the coefficient of drag Cd ), on the speed of the incoming air flow, and on the
orientation of the relevant section with respect to the incoming air flow (i.e. the angle of
attack α).
Using momentum theory and assuming a constant inflow velocity ν1 for the air across
the rotor disk, we obtain an equation for thrust in hover which has the form:
T = 2ρAν12 ,

(A.2)

where ρ is air the density and A is the rotor disc area. Since in hover the thrust has to be
equal to the lifted weight W , we can easily compute the inflow velocity ν1 as:

ν1 =

s

W
.
2ρA

(A.3)

When moving through the air, equation A.3 also has to account for the horizontal
√
velocity Vh = u2 + v 2 and it therefore becomes:
v
s 
u


u V2
W 2
Vh 2
t h
+
+
.
ν1 = −
2
2
2ρA

(A.4)

We now define and derive some useful quantities:
• solidity ratio:
σ=

N c̄
,
πR

(A.5)
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This is the ratio between disc area and blade area; following standard conventions it
is approximated by considering the blade area as simply equal to Ab = c̄R. N is the
number of blades, R is the rotor radius and c̄ is the average blade chord;
• inflow ratio:
λ=

ν1 + w
,
ΩR

(A.6)

This is the ratio between the inflow speed and the blade tip speed;
• rotor advance ratio:
µ=

Vh
,
ΩR

(A.7)

This is the ratio between the horizontal speed V and the blade tip speed.
Two forces and two moments are a direct consequence of the aerodynamic forces of
lift and drag acting on the blades. To simplify the derivation of forces and moments, it is
usual to assume [68] that the local velocity2 of the blade section is much larger than the
total inflow through the blade, that blade twist increases linearly with the distance from
the blade root and that the coefficient of lift varies linearly with the angle of attack.
The lift force integrated over the whole surface of the blade produces the thrust; this
force is directed upward and is perpendicular to the plane in which the blade rotates. It
can be written as:
CT
=
σa



1 µ2
+
6
4



θ0 − (1 + µ2 )

1
θtw
− λ
8
4

T = CT ρA(ΩR)2 .

(A.8)
(A.9)

The total drag is expressed as a force on the plane in which the blade rotates:


CH
1
1
θtw
=
µCd + λµ θ0 −
σa
4a
4
2

(A.10)

H = CH ρA(ΩR)2 .

(A.11)

The drag force acting on the blades also manifests itself as a moment about the blade
shaft that expresses the resistance to the blade being spun:
CQ
1
=
(1 + µ2 )Cd + λ
σa
8a
2




1
1
1
θ0 − θtw − λ
6
8
4

(A.12)

Velocity at which the section of blade is advancing through the air as result of its spinning motion.
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Q = CQ ρA(ΩR)2 R.

(A.13)

As the whole rotor advances through the air, the advancing side of a blade will experience a higher airspeed than the retreating side, and this will produce a rolling moment:
CR
= −µ
σa




1
1
1
θ0 − θtw − λ
6
8
8

(A.14)

R = CR ρA(ΩR)2 R.

A.1.1

(A.15)

Blade Parameters

Since technical data about the X3D blades was not available, we had to estimate the
needed parameters as best we could from measurements and an experimental thrust test.
The radius and average blade chord c̄ can simply be measured with calipers; similarly, we
can also compute the actual twist of the blade from geometrical measurements. Figure A.1
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Figure A.1: Twist along the X3D blade: actual measurement (*), linear twist model (–).
A least squares fit produced the parameters θ0 = 0.385 and θtw = 0.218.

shows the results of our measurements, which are in good agreement with the standard
linear twist model.
θ(r)3 = θ0 + θtw (r/R),
3

r is the distance from the blade root at which the twist is computed.

(A.16)
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for which a least squares fit produced the parameters θ0 = 0.385 and θtw = 0.218.
Given those geometric parameters, a thrust test can be carried out using the stand
shown in Figure A.3 in order to estimate the lift slope coefficient a. The stand allows
the simultaneous recording of the remote throttle input, the input given to the motor
controller, the rotational speed of the propeller, and the thrust produced. Because of the
way the test stand is constructed, the thrust at any rotational speed is counterbalanced by
the reaction force of the electronic scale, and so the rotor is effectively in hover. Equation
A.3 can therefore be used to obtain the inflow velocity. It is easy to see that since the thrust
and the rotational speed are measured experimentally, the only unknown in equations A.8
and A.9 is the lift slope coefficient a. Combining equations A.8 and A.9 and solving for a
we obtain:
a=

2

ρA (ΩR) σ

h

1
6

+

µ2
4

T

i.
1
−
θ0 − (1 + µ2 ) θtw
8
4

(A.17)

Several measurements4 were collected experimentally, and we computed the lift slope coefficient by means of a least squares fit, obtaining a value of 6.65. The coefficient used for
the several paramters of equation A.17 are shown in Table A.1. Figure A.2 shows the data
Parameter
R
a
ρ
θ0
θtw
c̄
Cd

Value
0.08 m
6.65
1.184 Kg/m3
0.385 rad
0.21 rad
0.0155 m
-0.172

Description
rotor radius
estimated lift slope
air density
pitch angle
twist angle
average root chord
drag coefficient (from identification)

Table A.1: Rotor model parameters.
collected during the thrust experiment along with the model’s predictions. Obviously since
the inflow velocity for the model prediction (continuous line) is computed from the thrust
itself, any outlier in the measurement of T will manifest itself in the output of the model.
The value we obtained for the lift slope is in line with values reported in the literature
[34, 188]; however, it is important to note that the approximation used in the derivation
has a considerable impact on the result. For example, if instead of using the approximation
Ab = c̄R for the blade area, we compute it based on the actual area of the blade5 , we obtain
4

Fourteen different measurements for each of four different motor voltages were collected for a total of
56 measurements. The motor voltage is irrelevant at this stage but in Section A.3 data from the same tests
will be used to determine the motor speed as a function of the input voltage.
5
Our blade has a trapezoidal shape, and as a consequence computing a good approximation of it is easy.
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Figure A.2: Relationship between the blades’ rotational speed and the generated thrust:
experimental data (+), model based on momentum theory and blade elements theory (—).
The hover point corresponds to a rotational speed of 465.4rad/s.

a value for α which is 8.27, more than 25% higher.
Unfortunately our test stand does not offer the possibility of measuring the reaction
torque produced by the drag force acting on the blade, and for this reason a procedure
similar to that just developed cannot be used for determining Cd . The drag coefficient will
be considered as an unknown parameter, and will be determined by fitting the full motion
of the aircraft as explained in Section 4.1.2.

A.2

Forces and Moments

We model the quadrotor as a 3D rigid body with mass m, and moments of inertia Ixx ,
Iyy and Izz that is affected by the gravitational force g. As in Section A, each of the four
rotors produces a thrust force Tn (where n is the rotor index).
The thrust force is perpendicular to the blade’s plane of rotation; assuming the blades
are rigid, the thrust force is aligned with the rotor shaft and is therefore always aligned
with the positive direction of the z axis in the quadrotor reference frame

FzT = T0 + T1 + T2 + T3 .

(A.18)
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The hub force Hn lies in the plane swept by the rotating blades; we denote the decomposition of the hub force along the x and y axes of the helicopter as Hn x and Hn y:

FxH

= H0x + H1x + H2x + H3x

FyH

= H0y + H1y + H2y + H3y .

(A.19)

The translational motion of the flyer is inevitably subject to the effect of viscous friction
with the surrounding air. We model this as a drag force proportional to the surface area
of the central body through the viscous coefficient Cxy :

FxD =
FyD =

1
Cxy Ac ρu|u|
2
1
Cxy Ac ρv|v|.
2

(A.20)

Combining these effects, and projecting the gravity vector appropriately according to
the attitude of the quadrotor, the linear accelerations ax ,ay ,az acting on the system can
be computed in body coordinates as:
1
ax = −(H0x + H1x + H2x + H3x ) − Cxy Ac ρu|u| − sin(θ)g
2
1
ay = −(H0y + H1y + H2y + H3y ) − Cxy Ac ρv|v| + sin(φ) cos(θ)g
2
T0 + T1 + T2 + T3
+ cos(φ) cos(θ)g.
az =
m

(A.21)

Each thrust force acts along its rotor shaft which is located at a distance (l in the x or
y axis) from the centre of gravity; as a consequence, these forces will produce rotational
moments that can roll and pitch the quadrotor:

MxT

= l(T3 − T1 )

MyT

= l(T2 − T0 ).

(A.22)

Similarly, since the plane of rotation of each blade is displaced in the vertical direction from
the centre of gravity by an amount h, hub forces will also produce rotational moments.
The projection of the hub force along the x axis will produce a pitching moment, while the
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projection on the y axis will originate a rolling moment:

MxH

= h(H0y + H1y + H2y + H3y )

MyH

= h(H0x + H1x + H2x + H3x ).

(A.23)

In the xy plane, the hub forces are applied at a distance l from the centre of the quadrotor;
they will therefore also produce a yaw moment:

MzH = l(−H1x + H3x + H0y − H2y ).

(A.24)

The differences in the lift forces in forward flight (see Section A) produce a moment (Rn )
that lies in the plane of the blades’ rotation. Reprojecting this moment along the quadrotor’s axes allows the computation of the pitching and rolling moments (Rnx and Rny
respectively). In Section A we also calculated the torque produced by the drag of each
rotor (Qn ). These moments are parallel to the z axis of the flying machine and therefore
produce only yaw motion:

MzQ = (Q0 − Q1 + Q2 − Q3 ).

(A.25)

Finally, we need to take into account the gyroscopic effects resulting from the rigid
body rotations:

MxG = qr(Iyy − Izz )
MyG = pr(Izz − Ixx )

(A.26)

MzG = pq(Ixx − Iyy ),
and the rotation of the propellers:

MxP

= Jr qΩr

MyP

= Jr pΩr

MzP

= Jr Ω̇r .

(A.27)

The combination of all the obtained moments (equations A.22-A.28) allows us to obtain
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the angular accelerations expressed in body coordinates:

αx =
αy =
αz =

qr(Iyy − Izz ) + Jr qΩr + l(T3 − T1 ) − h

P3

j=0 Hjy

+

P3

j
j=0 (−1) Rjx

Ixx
P
P
pr(Izz − Ixx ) + Jr pΩr + l(T2 − T0 ) + h 3j=0 Hjy + 3j=0 (−1)j Rjy
pq(Ixx − Iyy ) + Jr Ω̇r +

Iyy
j
j=0 (−1) Qj + l(−H1x + H3x + H0y − H2y )

P3

Izz

(A.28)
,

where Ωr is defined as:
Ωr = Ω1 − Ω2 + Ω3 − Ω4 .

A.3

(A.29)

Propulsion Group Model

The model developed in the previous section accounts for the dynamics and aerodynamics
of the quadrotor flying machine, but models the rotors as simple thrust and drag forces.
We now need to create a model for the X3D system composed of the motor controller, the
electric motor and the blade which maps the helicopter’s control inputs into thrust and drag
forces. Since the X3D is a commercial product, no documentation or firmware source is
available for its electronic stabilization system nor for the ESC (electronic speed controllers)
that drive the brushless motors. Fortunately, since the communication between the X3D
central controller and the motor controllers is through an I 2 C bus, we can disconnect the
propulsion group from the flying machine and conduct specific experiments to model it
independently.
As we explained in Section 3.3.1, the X3D quadrotor is equipped with an electronic
stability augmentation system, therefore the relationship between the control input and the
I 2 C command sent to the ESC is not straightforward. However the throttle is an exception
to this since the augmentation system does not control the mean speed of each rotor (see
details of the PID control in Section A.4). By logging and comparing the throttle value and
the command sent to each motor controller over the I 2 C bus, we confirmed that the throttle
value u and the command sent to the motor controller uI 2 C are linearly proportional:

uI 2 C = Ku u + Kb ,
where with a simple least squares fit we find that Ku = 303 and Kb = −46.33.

(A.30)
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We then went on to identify the relationship between the input given to the motor
controller and the speed achieved by the propeller (and therefore the thrust generated). In
order to do so, we built a test rig (see Figure A.3) in which a motor with its propeller is
mounted at the extremity of a low friction cantilever mechanism. At the opposite side a
precise6 electronic scale connected to a computer registers the thrust. An infrared encoder
mounted on the motor and connected to a digital storage scope allows the measurement
and recording of the instantaneous rotational speed. Since the motor controller operates

(a)

(b)

Figure A.3: Purpose built stand used to measure motor speed and thrust produced (a), and
a detail of the infrared encoder (b). Both rotor speed and thrust variables are measured
simultaneously using the IR encoder and the electronic scales.
by pulse width modulating the battery supply, the battery voltage (Vb 7 ) will also have an
effect on the rotational speed achieved. During this test the voltage is precisely controlled
by powering the motor from a regulated power supply.
At first we conducted a series of steady state tests in which a specific input was given to
the motor controller and, the speed was recorded once it was stable. The command range
1-200 was sampled with 13 different measurements for each of 6 different voltage levels; for
each of the throttle/voltage combinations a few seconds’ worth of readings were collected
and averaged. Figure A.4 shows a plot of the data obtained. For input voltages higher
than 11 volts and control inputs higher than 16 the relationship uI 2 C to Ω is quadratic.
But, for control inputs lower than 16 or lower than 32 and input voltage lower than 11
volts, the relationship has a plateau at the value 214. Fortunately, during normal flight
6
7

Kern PCB electronic scale with 1gram resolution.
We remind the reader that the control input uba is simply a “centered” version of Vb , or more precisely
uba = Vb − 10.
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Figure A.4: Propulsion group identification: control input uI2 C versus measured angular
speed Ω. The hovering throttle value 82.6 corresponds to a rotational speed of 464.5 rad/s.
The rotational speed has an inverse square relationship to the control input and exhibits
a plateau for Ω < Ωplateau at the value 214.
the control input is never as low as 16 and given that as the battery discharges higher and
higher values of the throttle are needed, an input lower than 32 with a low battery voltage
is also unlikely. For example, while a throttle value of about 83 is sufficient to maintain
hover when the battery is at 12 volts, at 9 volts an input value of 129 is needed. Under
these circumstances we can discard those points from the dataset8 and try to approximate
the now simpler relationship by introducing an artificial cut-off at the value Ωplateau = 214.
Optimizing the coefficient of a second order relationship using the standard Nelder-Mead
Simplex we obtain the following:
Ωf = KΩ0 + KΩu uI 2 C + KΩu2 u2I 2 C + KΩuV (uVb ) + KΩV Vb ,

(A.31)

where KΩ0 = −1.21, KΩu = 1.42, KΩu2 = −0.00465, KΩuV = 13.92 and KΩV = 0.210. The
nonlinear cut-off for values of Ωf lower than 214 can be expressed formally as:

Ω=



 Ωf

Ωf > Ωplateau


 214 Ωf <= Ωplateau ,

(A.32)

8
The measurements discarded were all those corresponding to an input value lower than 32, a total of
8 measurements out of 56.
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Figure A.5: Propulsion group identification: control input u versus measured thrust at
different voltages. The hovering thrust of 0.976N corresponds to a throttle value between
0.42 and 0.55 depending on the state of the battery. For throttle values higher than 0.3
the thrust generated is approximately linear with respect to the control input.

Although in reality uI 2 C can take only integer values, for simplicity we neglect the
discretization in our simulation. Substituting equation A.30 into equation A.32 we obtain
the function that relates the throttle input directly to the rotational speed Ω:
= KΩ0 + KΩu (Ku u + Kb ) + KΩu2 (Ku u + Kb )2 + KΩuV ((Ku u + Kb )Vb ) + KΩV Vb


 Ωf Ωf > Ωplateau
Ω =
(A.33)

 214 Ωf <= Ωplateau ,

Ωf

Figure A.5 plots the relationship between the throttle input and the measured thrust
force. Substituting equation A.33 into equation A.9, which allows us to compute the
thrust force generated by a single propeller, we obtain an expression for thrust generated
as a consequence of a specific control input u:

T

=





CT ρAR2 (Ωf )2 Ωf > Ωplateau


 CT ρAR2 (Ωplateau )2 Ωf <= Ωplateau ,

(A.34)

where u appears within the expression of Ωf (equation A.33). The relationship defined
by equation A.34 is plotted in Figure A.5; is interesting to notice that for throttle values
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higher than 0.3 the relationship is close to linear, suggesting that a simpler model than the
one we derived could perhaps be sufficient to describe the data.
The brushless motors of our flyer can generate a considerable torque, but the effect of
the inertia of the blades, and more importantly the effect of drag, constrains the ability
to change the rotor speed. Although the speed controller constantly monitors the voltage in each of the motor’s phases and uses them as a feedback signals to maintain the
correct commutation timing, a lag exists between changes in the control input and the
corresponding changes in rotational speed. A simple and effective way to represent the
dynamic behaviour of the whole propulsion group is to model it as a first order system
([34, 245]):
L(Ωi ) =

1
L(Ωi )
1 + τΩ s

i ∈ [0, 1, 2, 3],

(A.35)

where L(Ωi ) and L(Ωi ) are the Laplace transforms of the real and commanded rotational
speed functions of the control input. To estimate the system’s time constants we devised a
simple experiment in which a series of step inputs were generated and the rotational speed
of the rotor was measured using the rig of Figure A.3.
Figure A.6 shows the comparison between the speed measured during the test and that
550
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Figure A.6: Propulsion group step input response: commanded angular speed (dashdotted), real angular speed (solid), first order model (dashed).
obtained using the first order model in equation A.35. The plot shows how the system’s
time constant for step increases and decreases in the throttle are different; for simplicity we
do not account for this in our model, but instead set the time constant to be the average
of the two (τΩ = 0.084).
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Stability Augmentation System

The motor controllers are able to drive each of the rotors to a commanded speed, but
even when running at the same speed, small differences between the blades and complex
aerodynamic disturbances usually mean that each rotor will generate a slightly different
thrust. This variability makes a quadrotor intrinsically unstable and practically impossible
to fly without a stabilization system. Our quadrotor employs a PD stabilization system
based on the feedback produced by three electronic gyros. Gurdan et al. in [89] describe
the structure of the electronic stabilization used in the X3D (see Figure A.7). For each of
the three axes (roll, pitch and yaw) the speed command sent to the motors is proportional
(KP ) to the integral of the difference between the gyro output and a scaled version of the
control input. This constitutes what is commonly called an attitude hold controller; the
stabilization will compensate for any sudden rotation that causes the integrator to deviate
from zero. Since a scaled (KSP ) version of the control input is also subtracted before
the integration, the control input biases the integration, thus determining the absolute
attitude that the controller will maintain. As noted in [89], this control scheme is sensitive
to any sort of bias error present in the gyros’ output (since a bias will integrate to a non
zero value); fortunately, in the X3D this is relatively small, and as a result the pilot can
easily compensate for these small changes in attitude. To improve the responsiveness of
the attitude hold loop, both the control input and the gyro readings are also used as direct

Figure A.7: PID stabilization loop.
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scaled inputs to the motors (KSD and KD respectively), yielding the following control laws:

(q − KSpr upi )
Z
= −KSDpr url − KDpr p + KP pr (p + KSpr url )
Z
= KSDy uya − KDy r + KP y (r − KSy uya )

up = KSDpr upi − KDpr q + KP pr
ur
uy

Z

ut = uth

(A.36)
(A.37)
(A.38)
(A.39)

where up ,ur ,uy ,ut are the computed controls, and uth ,url ,upi and uya are the pilot’s control
signals from the RC remote. Since the quadrotor is symmetrical, the controller constants
for the pitch and roll sections are identical.
In Section A.2 we saw how the pitch and roll motions are determined by the differences
in thrust (T0 − T2 ) and (T1 − T3 ); to achieve this, the outputs of equations A.36-A.38
need to be mixed. Similarly, to produce yaw motion we will need to vary the difference
((Q0 + Q2 ) − (Q1 + Q3 )).
As explained in Section A.3, the rotational speed obtained is related to the control
input through the second order relationship fmot (equation A.33). The main component
of the rotor speed is given by the throttle input, to which all the other controls are added
as appropriate. This yields the following mixing equations, which form the basis of all
conventional control schemes for quadrotors:

Ω0 = fmot (ut + up + uy )
Ω1 = fmot (ut + ur − uy )
Ω2 = fmot (ut − up + uy )
Ω3 = fmot (ut − ur − uy ).

(A.40)

The stability augmentation system will form an integral part of the dynamic equation
of our model and will be integrated with the same time step we use for our dynamic model
(0.04s corresponding to an update rate of 25Hz). In reality the augmentation system
onboard the X3D runs at a frequency of 1KHz, but implementing such a rate of control
would require us to integrate the dynamics of the system at the same speed, leading to a
40 fold increase in the computational requirements. If we look at the bandwidth Bm of the
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propulsion group, we see that this is much smaller than 1KHz:

Bm =

1
= 11.9Hz,
τΩ

(A.41)

this led us to conclude that such a high control speed in the real platform was not chosen
because of the dynamics of the system. We are inclined to think that a high speed was chosen because it would reduce the delay between sensing and actuation as well as increasing
the rate at which the gyros were sampled; as a result, the control system would be more
robust and less sensitive to gyro noise. Neither noise nor delay is included in our model,
so in the light of these considerations we can comfortably assume that our 25Hz control
will be sufficient to approximate the functionality of the real controller.

A.5

Full Model

The relationships presented above account for the full dynamic behaviour of our quadrotor,
from the control inputs sent using the remote control, to the variables representing the
state. For the implementation of the PID controllers and of the dynamic equations of
the motors we will use discrete time equations; we therefore need to augment our state
by adding 10 additional variables hpt1 ,hpt2 , hrl1 ,hrl2 , hya1 ,hya2 ,Ω1 ,Ω2 ,Ω3 ,Ω4 . The first
six variables represent the value of the PID integrators9 while the remainder store the
instantaneous speed of each single rotor. With these additions the state vector becomes:

x = [u, v, w, φ, θ, ψ, p, q, r, hpt1 , hpt2 , hrl1 , hrl2 , hya1 , hya2 , Ω1 , Ω2 , Ω3 , Ω4 ].

Is now useful to collect in a single place all the equations that dictate the state evolution

9

The reason why we need six variables instead of just three, is made clear later in this section.
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of our quadrotor model. First, the acceleration prediction equations:
1
ax = −(H0x + H1x + H2x + H3x ) − Cxy Ac ρu|u| − sin(θ)g
2
1
ay = −(H0y + H1y + H2y + H3y ) − Cxy Ac ρv|v| + sin(φ) cos(θ)g
2
T0 + T1 + T2 + T3
+ cos(φ) cos(θ)g
az =
m
P
P
qr(Iyy − Izz )+Jr qΩr +l(T3 − T1 )−h 3j=0 Hjy + 3j=0 (−1)j Rjx
αx =
Ixx
P
P
pr(Izz − Ixx )+Jr pΩr +l(T2 − T0 )+h 3j=0 Hjy + 3j=0 (−1)j Rjy
αy =
Iyy
P3
pq(Ixx − Iyy )+Jr Ω̇r + j=0 (−1)j Qj +l(H0y − H1x − H2y + H3x )
αz =
Izz

(A.42)
(A.43)
(A.44)
(A.45)
(A.46)
(A.47)

and the state update equations:
vt+1 = vt + Cbbtt +1 at ∆t

(A.48)

ω t+1 = ω t + αt ∆t

(A.49)

Φt+1 = Φt + H(Φt )ω t ∆t

(A.50)

hpt t+1 = hpt t + [p − KSpr (upt − bpt )]

(A.51)

hrl t+1 = hrl t + [q − KSpr (url − brl )]

(A.52)

hya t+1 = hya t + [r − KSy (uya − bya )]


1
(fmot (ut + up + uy ) − Ω0 )
Ω0 t+1 = Ω0 t +
τΩ


1
Ω1 t+1 = Ω1 t +
(fmot (ut + ur − uy ) − Ω1 )
τΩ


1
Ω2 t+1 = Ω2 t +
(fmot (ut − up + uy ) − Ω2 )
τΩ


1
Ω3 t+1 = Ω3 t +
(fmot (ut − ur − uy ) − Ω3 )
τΩ

(A.53)
(A.54)
(A.55)
(A.56)
(A.57)

where a = [ax , ay , az ]T ,α = [αx , αy , αz ]T ,v = [u, v, w]T , ω = [p, q, r]T , Φ = [φ, θ, ψ]T ,
b

H(Φt ) are the Euler kinematics equations defined in equation B.5 and Cbt+1
is the DCM
t
between the body frame at time t and that at time t+1.

We also report again the stability augmentation system PID equations, to which the

396

Derivations of the Parametric Quadrotor Model

input bias parameters bpt ,brl ,bya ,bth have been explicitly added:
Z

Z

(upt − bpt )

(A.58)

ur = KSDpr (brl − url ) − KDpr p + KP pr p − KSP pr (brl − url )
Z
Z
uy = KSDya (uya − bya ) − KDy r + KP y r − KSP y (uya − bya )

(A.59)

up = KSDpr (upi − bpt ) − KDpr q + KP pr

q − KSP pr

Z

Z

ut = uth .

(A.60)
(A.61)

The constants KP y and KSy are effectively multiplied in equation A.36, which makes them
numerically difficult to identify10 . This is a well known problem ([113]) and is easily solved
by rearranging the equations, obtaining equation A.58. The same problem also affects
equations A.37 and A.38 so, again exploiting the linearity of the integration, we also
rearranged these two equations. As a result of the rearrangement, each PID controller now
has two different integrators, and this is why we need to have six separate state variables
in our state (equation A.57) instead of only three.

A.6

Model Parameters

All the static parameters of the model were either directly measured on the real vehicle,
or estimated using a precise CAD model of the quadrotor (Table A.2).
Parameter
m
l
g
Ixx
Iyy
Izz
Jr

Value
0.392 Kg
0.17 m
9.805 m/s2
0.00252 Kg m2
0.00252 Kg m2
0.00488 Kg m2
0.0000095 Kg m2

Description
mass
arm length
gravity
moment of inertia x axis
moment of inertia y axis
moment of inertia z axis
inertia of the propeller

Table A.2: Quadrotor analytical model parameters.

10

Very different values of KP y and KSy can give rise to the same product.

Appendix B

Algorithms and Definitions
B.1

List of Symbols

x

north position coordinate

y

west position coordinate

z

up position coordinate

φ

Euler roll angle

θ

Euler pitch angle

ψ

Euler yaw angle

u

body frame linear speed x axis

v

body frame linear speed y axis

w

body frame linear speed z axis

p

body frame angular speed about x

q

body frame angular speed about y

r

body frame angular speed about z

ax

body frame linear acceleration x axis

ay

body frame linear acceleration y axis

az

body frame linear acceleration z axis

αx

body frame angular acceleration about x axis

αy

body frame angular acceleration about x axis

αz

body frame angular acceleration about x axis

p

position vector in world coordinates

Φ

attitude vector in world coordinates
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v

linear velocities vector in body coordinates

ω

angular velocities vector in body coordinates

a

linear accelerations vector in body coordinates

α

angular accelerations vector in body coordinates

Cw
b

matrix transformation from the body reference frame to the world reference frame

H(Φ)

Euler kinematic equations

∆tM OCAP

processing delay of the motion capture system

V

airspeed

Vh

horizontal speed

β

sideslip angle

∆t

integration time step

dmax

maximum input delay

D

vector of input delays

x

state vector

u

input vector

y

prediction vector

z

measurement vector

ν

measurement noise vector

ω

process noise vector

B.2

Mathematical Definitions

For compactness in all of the following definitions we used the abbreviations c(), s() and
t() in place of the trigonometric functions sin(),cos() and tan().
Coordinate Transformations
X3D and Owl 6DoF transformation matrix from body frame at time t to body frame at
time t + 1:

Cbbtt+1



c(q∆t)c(r∆t)

=
c(q∆t)s(r∆t)

−s(q∆t)

s(r∆t)s(q∆t)c(r∆t)−c(p∆t)s(r∆t)
s(p∆t)s(q∆t)s(r∆t)+c(p∆t)c(r∆t)
s(p∆t)c(q∆t)

c(p∆t)s(q∆t)c(r∆t)+s(p∆t)s(r∆t)






c(p∆t)s(q∆t)s(r∆t)−s(p∆t)c(r∆t) (B.1)

c(p∆t)c(q∆t).
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Toy car 3DoF transformation matrix from body frame at time t to body frame at time
t + 1:
b

C′ btt+1




c(r∆t) −s(r∆t)
=

s(r∆t) c(r∆t).

(B.2)

Toy car 3DoF transformation matrix from body frame at time t to world frame at time
t:
w

C′ btt




c(ψ)
s(ψ)


=

−s(ψ) c(ψ).

(B.3)

ATTAS 3DoF transformation equation from body frame at time t to body frame at
time t + 1:
b
C′′ btt+1



= c(p∆t)c(r∆t).



(B.4)

Euler kinematic equations

X3D and Owl Euler kinematic equations:

t(θ)
t(θ)
1
s(φ)
c(φ) 




H(Φ) = 
0 c(φ) −s(φ)


c(φ)
0 s(φ)
c(θ)
c(θ)


(B.5)

where Φ = [φ, θ, ψ]T .

ATTAS Euler kinematic equations:




0 
1
H ′′ (Φ) = 

0 c(φ)
where Φ = [φ, θ]T .

(B.6)
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Parameters

The following are the parameters that were empirically determined during the development
of the PID controller used on the X3D quadrotor platform (see section 7.2.2).
parameter
Kzi
Kzp
Kzd
limit ∆zk
Kxp
Kxd
limit ∆xk
Kyp
Kyd
limit ∆yk
Kφp
Kθp
Kψp

value
0.00185
0.20
8
[-1.2,1.2]m
0.215
11
[-1.2,1.2]m
0.215
11
[-1.2,1.2]m
1
1
-0.345

Table B.2: Parameters of the X3D PID controller.

The following noise parameters were manually set for the X3DGP SetN oise model (see
section 7.2.3).
parameter
σax
σay
σaz
σαx
σαy
σαz

value
0.5 m/s2
0.5 m/s2
1.0 m/s2
0.8 rad/s2
0.8 rad/s2
0.8 rad/s2

Table B.3: Noise values used in the X3DGP SetN oise model.

B.4
B.4.1

Algorithms
Numerical Differentiation

The numerical differentiation used to compute velocities and accelerations from pose data
is simply the inverse of the operations of integration instroduced in Sections 3.3.1, 3.3.3
and 3.3.4. We write it here for completeness.
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T

vt = Cbwtt (pt+1 − pt )/∆t

(B.7)

ω t = H(Φt )T (Φt+1 − Φt )/∆t

(B.8)

T

at = Cbbtt +1 (vt+1 − vt )/∆t
αt = (ω t+1 − ω t )/∆t

(B.9)
(B.10)

In the case of the ATTAS aircraft H ′′ (Φt ) and C′′ bwtt are substituted by H(Φt ) and Cbwtt
respectively.

B.4.2

Maximum Likelihood Estimation

Maximum likelihood is a general principle used in machine learning as well as in many
engineering disciplines. Although following [113] we apply the principle in a very standard
form, we will briefly sketch the logic behind its derivation, and the approximation applied
when it is used in cobination with a nonlinear optimization algorithm to estimate the
parameters of a model as we do in section 4.1.
The likelihood is defined as the probability density over the observed data z0:N =
{z0 , ..zN } given a defined set of parameters (Θ) and obviously the control inputs:
p(z0:N |Θ, ut ).

(B.11)

In the specific case of an analytical model, the maximum likelihood criterion corresponds to selecting Θ so as to maximize the likelihood:

ΘM L = arg max p(z0:N |Θ, ut ).

(B.12)

Θ

If we can compute p(z0:N |Θ, ut ), then we can apply one of the well known optimization
methods in order to obtain the parameter vector ΘM L .
We can rewrite the observed data in terms of the data predicted by the model y and
its error ν This form is widely used in the system identification community and as we have
already seen in section 2.2.4 it is called the OE form:

zt = yt (Θ, ut ) + ν t .

(B.13)
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It is worth emphasising that since the parameters Θ and the inputs ut are fixed, the output
of the model y(Θ) is deterministic.
For mathematical tractability it is standard practice to approximate the error (ν) as a
Gaussian distribution, and it is also assumed that the errors at different time points are
statistically independent:
E{ν i ν Tj } = Rδij ,

(B.14)

where δij is the Kronecker delta1 and R is the covariance matrix of the error. Under this
assumption it can be shown ([159]) that the likelihood used in equation B.12 can be written
as

p(z0:N |Θ, R, ut ) = p

1
(2π)nN |R|N

!
N

1X
exp −
zt − yt )T R−1 (zt − yt ,
2

(B.15)

t=1

where |R| denotes the determinant of the covariance matrix R and n is the dimensionality
of the measurement vector y. Instead of maximizing the likelihood, it is usually preferred
to minimize its negative logarithm since this will produce the same ΘML while leading to
a simpler and better behaved optimization problem.
Unfortunately the covariance matrix R is unknown. A way of dealing with this ([113])
is to apply a relaxation strategy in which an estimation of R given θ is first produced by:

R=

N
1 X
(zt − yt ) (zt − yt )T ,
N t=1

(B.16)

and this is then used to minimize the log-likelihood; iterating these two steps produces a
better and better estimation of R as well as a better estimation of ΘML . As we have explained in section 2.2.4, it is necessary in practice to split whole the dataset into W smaller
data windows (of length T )2 ; in that situation, under the independent error assumption
that we made in equation B.14 the covariance matrix computation becomes

R=

W T
1 XX
(zt − yt ) (zt − yt )T ,
W T w=1 t=1

(B.17)

where with a slight abuse of notation we have reused the symbol R since this cumulative
form is the only one we will actually use.
1
2

δij = 1 for i = j, and 0 for i 6= j
The size of the dataset therefore becomes N = W T .
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Taking the logarithm of equation B.15 and substituting R with equation B.17 we obtain
the expression of the log-likelihood:
1
WT
WTn
LL(Θ) = nW T +
ln (|R|) +
ln(2π).
2
2
2

(B.18)

where we can notice that for a given dataset, n and W T will not change. Ultimately our
optimization problem therefore reduces to finding the parameters Θ that minimize |R|; in
our implementation we assume R to be diagonal, a very common approximation.
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