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1 Introduction

Let X be a compact subset of Euclidean space IR?, Y a bounded subset in
IR and define IN, := {1,...,¢} for any ¢ € IN. We consider the supervised
learning problem of learning a function or predictor f : X — Y on the base of
a finite training set z = {2z, = (x4, y,) : t € Ny} C Z of input/output points
sampled i.7.d. from a fixed but unknown distribution p. The quality of the
predictor f is measured by the generalization error

E(f) = / Viy, f(2))dp(z. ). (L1)

where V : Y X IR — IR, is a prescribed loss function.

In this paper we restrict our attention to learning algorithms which com-
pute a predictor in a prescribed reproducing kernel Hilbert spaces (RKHS).
Let K : X x X — IR be a Mercer kernel, that is, a continuous, symmetric
and positive semi-definite kernel, see e.g. [7]. The RKHS Hy associated with
kernel K is defined [1] to be the completion of the linear span of the set of
functions {K,(-) = K(z,) : * € X} with inner product satisfying, for all
x € X and g € Hg, the reproducing property

(Kz, 9) = g(). (1.2)

A common approach is to compute f by minimizing the regularization
functional, that is, we consider the learning algorithm

A
fon = ong pin { 7 X VoSt + SI71E} (13)

where || f||% := (f, f)x and XA > 0 is a positive parameter. We usually require
the loss function V(y,-) is convex in IR for every y € Y in which case (1.3) is
a convex optimization problem. The off-line algorithm (1.3) is referred to as a
Tikhonov regularization scheme for learning, see e.g. [9] and references therein.
This method has been extensively studied in the literature. In particular, its
error analysis is well developed due to many results, see e.g. [4, 9, 16, 17,
21]. A central step in these papers has been to show that f,  is close to the
reqularizing function defined by

o= arg int e+ 51115 (14)

This expected similarity between f,, and f\ is motivated by the theory of
uniform convergence, see e.g. [2, 18, 21].
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When we are presented with a large number of training samples, solving the
convex optimization (1.3) may be practically challenging. Online gradient de-
scent algorithms provide an alternative and efficient way to compute a predic-
tor. To introduce this class of algorithms, we define the reqularized loss func-
tion Vy for f € Hy and z = (z,y) € Z as Vi(z, f) :== V(y, f(z)) + 3| fII% and
use the notation V;(y, -) for the left derivative of V' (y, -). Since V(y, ) is convex
in IR for every y € Y, V;(y, s) exists and equals supso(V (y, s+9) -V (y, s))/d
for every y € Y,s € IR. For brevity’s sake, we introduce the Hilbert-valued
function

V(2 () = Vi(y, f(2)) Ko () + Af(). (1.5)

The random variable 0V, (z, f) plays the role of the gradient of the functional
Vi(z,) : Hx — IR defined above and leads us to the online stochastic gradient
descent (SGD) algorithm [5, 11, 14, 22] given by

fi=0,
{ fix1 = fr = mOVx(z, f1), for t € Np (1.6)

where 7, is called the step size and the sequence {f; : t € INp, 1} the learning
sequence.

The main focus of the paper is to study the behavior of the random variable
| fr+1 — fallx and provide conditions which ensure its convergence in proba-
bility as well as almost surely. This problem is not only interesting in its own
right but allows us to derive, for the first time, generalization error rates for
the online gradient descent algorithm given in (1.6). Our analysis applies to
a general class of loss functions which we call a-admissible (see below). This
class of loss functions includes commonly used loss functions for regression
and classification. Our main results are presented in Section 2 and proofs are
given in Section 3. In Section 4 we give explicit bounds for || fri1 — fi||x for
particular choices of the step sizes as well as for the generalization error of the
algorithm (1.6).

2 Main results

In this section, we describe the main results for the online gradient descent
algorithm.



2.1 Learning sequence and loss functions

Before the description of our main results for ||fry1 — fi|k, it is useful to
formulate some notations and observations related to the leaning sequence { f; :
t € IN711} and the regularized loss function V. In this discussion, we always
assume that Vy := sup {|V(y,0)| : y € Y} and V] := sup {|V;(y,0)| : y € Y}
are finite. In addition, we introduce the quantity s := sup,cx /K (z, z).

By the definition of fy, we have /2| frll% < E(f)+N/2]|frllk < E(0) <V
which yields inequality ||fa|lx < +/2Vo/A. Thus, it is intuitively reasonable
that the learning sequence {f; : ¢ € INy,1} is uniformly bounded by a con-
stant depending on A, since it is used to approximate the bounded function
fr. Below, we shall verify this intuition for a general class of admissible loss
functions.

Definition 1. Let V(y,-) be convex in IR for everyy € Y. We say that V' is
a-admissible with 0 < a < 1 if

Mo = sup {Vi(y. ) = Vily O)/Is|"  y € Vs € R} < oo

and V is 1-admissible if, for all A > 0 there holds

2k2V]
M) = sup { Vi (y, 5) = Va(y, 0)|/ls] s y € Yis| < =70} < o0

It is noteworthy that we only require local Lipschitz continuity at zero for
a =1 in contrast to the uniform Hoélder continuity for the case 0 < o < 1. We
list below frequently used loss functions which are all a-admissible for some
0<a<l.

1. Binary classification Y = {1, —1}:

(a) g-norm support vector machine (SVM): V(y,s) = (1 — ys)% with
q>1,see [4,9, 17, 18, 21];

(b) Least square: V(y,s) = (1 —ys)?, see [9, 21];
(c) Exponential: V(y,s) = e ¥, see [12, 21];
(d) Logistic regression: V(y,s) = log(1 + e %), see [12, 21].

The above loss functions are all 1-admissible.
2. Regression Y = [—M, M] for some M > 0:

(a) Least square: V(y,s) = (y — s)?, see [7, 8, 9, 21];
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(b) g-norm e—insensitive regression: V(y, s) := (Jy — s| —¢)% for ¢ > 1
and € > 0, see [9, 18].

The loss function V(y,s) := (ly — s| — )L is a-admissible with a =
min{1,¢— 1} and is not 1-admissible for ¢ € [1,2). The least square loss
is a special case of ¢ =2 and € = 0.

Now we are ready to present our observation for the learning sequence { fi:
t e ]I\IT+1}. For this purpose, we introduce additional quantities,

K2+ N, for 0 < a < 1;

A) = 2.1
Ha(X) { KEMi(A\) + A, for a=1. (2.1)
and
1
2kV{§ 2(1—a) 2k M1 .
CaN) =4 1 T Man(%) ] foro<a<t (2.2)
@, for a = 1.

One can easily compute the quantities po(A), Co(N) for all admissible loss
functions mentioned above.

Proposition 1. If V is a-admissible for some 0 < a < 1 and mipa(X) < 1 for
t € Ny then, for any t € INpyy there holds

[fellx < CalX). (2.3)

For general convex loss functions, we have the following useful observation.

Proposition 2. If A > 0 and V(y,-) is conver in R for every y € Y then for
any f,q € Hgk, there holds

(CL) %Hf - g”%( < V)\(Z,f) - V)\<Zag) - <8V)\(Z,g),f - g>K;

(0) A20Lf = Fllk < {EU) + 201 F1 } — {E() + A2l A% -

We postpone the proofs of these two propositions to the appendix.

2.2 Convergence results and generalization error rates

Equipped with the above observations, we can state our main results. The
first result addresses the convergence of || fri1 — fal|x in probability.
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Theorem 1. Let A > 0 and V' be a-admissible for some o € [0, 1]. If the step
sizes {n, : t € IN} satisfy the inequality e () < 1 for allt € IN and

Znt = 00, lim N = 07 (24)
teN e

then we have weak convergence in probability, that is, for any ¢ > 0 we have
that

tim Probyer{ || fra = filli >} = 0. (2.5)

We can improve our convergence result above if additional assumptions on
the step sizes are made.

Theorem 2. Suppose the assumptions in Theorem 3 hold. Moreover, if the
function V (y,-) is differentiable in IR for each y € Y and the step sizes also
satisfy Y en n? < oo then the almost surely convergence holds true, that is,
for any € > 0 there holds

lim Prob{ sup || fr+1 — fHullx > 5} = 0. (2.6)
{—00 T>0

Note that, if the step sizes have the form 7, = O(t7?),t — oo then the
hypothesis in Theorem 1 allows the choice 6 € (0, 1] while Theorem 2 requires
0 e (1/2,1].

We shall give proofs of Theorems 1 and 2 in Section 3. In Section 4.1,
we shall derive error bounds for ||fri1 — fallx when the step sizes decay in
n = Ot %),t — oo with 0 < § < 1. It should be emphasized that the
convergence in Hy yields convergence in C*(X) under some conditions on K,
where C* denotes the space of all functions whose derivatives up to order k are
continuous, see [16].

Bounds for the error || fr11 — fi||x also lead to generalization error rates,
as done extensively in the offline literature [15, 16, 17, 21]. Here the goal is to
bound the excess generalization error

E(fre) — E(f)) (2.7)

where f) := arg inf{&(f) : [ is measurable on X }. We only demonstrate
two examples in the regression problem Y := [—M, M| for some M > 0. These
examples illustrate how the strong error || fri1 — fil|x gives rise to the excess
generalization error rates by selecting A = \(T") appropriately.
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The first example concerns with the least-square loss function. Denote the
marginal and conditional distributions of p by px () and p(-|z) respectively and
by L2 the Hilbert space of square integrable functions with norm |||, :=

(fy \f(x)|2d,0X(q:))l/2. In this case, we have that f) (z) = f,(z) := [, ydp(y|z)
and £(f) — £(f,) = |If — f,ll2- Moreover, we obtain that
o1 = folly < 260l fran = fillie + 2055 = foll2- (2.8)

The first term on the right hand side of (2.8) has been discussed above. To
estimate the second one on the right hand side of the inequality above, we intro-
duce the integral operator defined as Li(f) := [, K («)dpx(2), f €
£2 Since K is a Mercer kernel, LK is compact and self—adpmt. There-
fore the fractional power operator L is well-defined for any 5 > 0. We
indicate its range space by L?((E?)X = {L%(f) feL X} In fact [7],

1/2(52 ) = Hy and LY k(L2.) € Hg for 3 > 1/2. Tt was shown in [16] that
|y = folI2 < ALY (fp)||2 if f, € L) x(L£2) with some 0 < 3 < 1. Now our
rate for the least-square online learning algorithm (1.6) reads as follows.

Example 1. Let V(y, s)=(y—s)?and f, € L?((E/%X) with some 0 < 5 < 1.

(26+1)5 _ 2841
t 28 2B

)
For any 0 < § < choosing A\ = T3~ 7@ and N =

then we have that

,@+1 ) 18k2+5

_ B8
Eyerr || fra = fl2] = 0(7° 7). (2:9)
In addition, if 1/2 < § < 1 then, for any 0 < § < %, by selecting A\ =
1 ) 236 25
T2+ 25-1 and 1, = ﬁtm—ﬁm we have that

E,czr [||fT+1 - fp||12r<] = O(T‘S*%). (2.10)

It is interesting to point out that our rate (2.10) is almost the same as

the rate O(Tf%) established recently by [16] for the least-square offline
regularization scheme (1.3).

To get the error rates of (2.7) with general loss functions, we recall the reg-
ularization error [15, 16] defined as D(\) := fiI71—[f {S(f)—g(f;/)+)\/2\|f||§<} =
€hk

E(fr)— 5(f;/) + /2| fr||% which describes the approximation property of H-.
With this at hand, we have the standard error decomposition

E(fre1) = E(f,)) < {&(fra1) = E(F)} + D). (2.11)

The first term on the right hand side of (2.11) is usually referred to as the
sample error, which can be estimated by ||fri1 — fillx as we shall show in
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Section 4. For the second term D(A), in order to get meaningful error rates, we
generally assume that it has some polynomial decay D(A) = O(N\), X — 0+
for some 0 < # < 1. Next, we only provide the error rates for g-norm e-
insensitive regression loss : V(y,s) = (ly — s| —¢)%. Similar results can be
derived for other loss functions as well.

Example 2. Let V(y,s) = (Jy — s| — )% with ¢ > 1 and ¢ > 0. Assume
that D(A) < ¢g)’ for some 0 < § < 1. Set p(N) := (k + 1) [¢?27(1 + M +
2/12Mq_1)q + 4q2} e max{q—2,0} Y

. 5 1
1. Forl1<¢g<2andany 0 < ¢ < m, choosing A = T3 (a+D+G=a)B
1 (@+B=9)B) _ q+(B3-q9)B
and n; = ot 7 @+D)+B-a8  we have that
5
Eyezr [E(fr) — ()| = O(T  @mimmm ). (2.12)

2. For ¢ > 2 and any 0 < § < selecting A\ := T w2 ts N =

_ 68
4q+28-27
3q+26—1 + (3¢+2B-1)8

ﬁt%qwﬁﬁ 5, we have that

B,ezr [E(fr) — 5<fpv)} = O(T§_4q+gﬁ_2>'

We shall give the proofs of these two examples in Section 4.

2.3 Related work

There is a vast literature on online gradient descent learning. Let us mention
some papers relating to ours. The cumulative loss 1/ 31, V (y, fi(x;)) for
online algorithms more general than (1.6) has been well studied in the liter-
ature, see e.g. [3, 5, 6, 10, 22] and references therein. A general regularized
online learning scheme (1.6) is introduced and analyzed in [11].

In contrast, in this paper we are interested in the statistical behavior of
the last output fry; of the online algorithm (1.6). In [14], an online gradi-
ent descent method in H g is considered which mainly focused on least-square
regression and specific step sizes n; = O(t7%) with § € (1/2,1). For the on-
line gradient descent algorithm (1.6) associated with uniformly Lipschitz loss
functions and linear kernels, if A = 0,77, = n for any ¢t € IN then the gen-
eralization error bounds were established in [22]. We [20] presented general
convergence in probability and error bounds for all commonly used loss func-
tions V' (y, s) = ¢(ys) (only 1-admissible) in classification. The main difference
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between our results here and [20] is that we not only allow a-admissible loss
functions for any 0 < a < 1, but also obtain almost surely convergence and
refine Hx error rates in some cases (see Corollary 1 in Section 4).

3 Proofs of Theorems 1 and 2

In this section, we prove our main results. We first introduce some notations.

Set wi () = H]T:kﬂ(l —n;A) for k € Nz_; where wh()\) = 1. Using (2.3) in
Proposition 1, if a-admissible loss function and the step sizes satisfy 710 (A) <

1 for t € INy then, for t € Ny, we have

10V (ze, follie < [Va(y, felw)) [V K (e, 20) + Allfil e < va(A) (3.1)

with vo(A) := ksup{|V3(y,?)| : [t| < kCu(N), y € Y} + AC4(N). Denote the
., as Bz and R, = f; — f) for t € IN, we have the following
intermediate lemma.

expectation IE,,

77777

Lemma 1. If A > 0, V is a-admissible for some a € [0,1] and nipa(X) < 1
for t € INp then there holds:

(@) Eyepr [[Rrll%] < BRI ) + (va(N) Shey nwl (V);

(b) For any £ < T, sup,c,<p [|Res1ll% is bounded by

IR + Zm +2 sup \Zm (OVA(20, f2)s Ra)

L<ELZT

Proof. The definition of the online algorithm (1.6) tells us that R,y =
Ri — 1n:0V (24, fi). Hence,

IResillie = IRl + 0 1OVA Gz, fo)llic + 2000V (21, fi), fx = i) (3.2)

By the reproducing property (1.2) and the convexity of V (y;, -), we have that

(Vo (ye, [e(w) Koy, fa = for = Va(ye, fe(xe)) (fa(xe) — fe(ae))
< V(an)\(l’t)) - V(yt7 ft(iUt))

Observe also that A(fi, fx — fi)x < N2/ fall% — A/2||fil|%. Putting this and
(3.3) together, from the definition (1.5) of 9V, we have

(3.3)

(OVa(21, f1), on = i)k S Wz, o) — Walz, fo)- (3.4)
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Since f; depends on {z1, 29, -+ , 2,1} but not on z, it follows that

Bz [(OVa (21, f1), fx = fo) k) < Bz [IBe, [Va(21, fr) = Va2, fi)]]
= (E(H) +511A %) = Bz [E(F) + 51 fill%]-

Putting this into (3.2) yields

Ez [|Rerl%] < Bzt [|Rel%] + m2Ez [|0OVA (e, fo)lI%]
2L [(E(F) + A% = (E) + 211%)].

Substituting property (b) of Proposition 2 with f = f; and the bound (3.1)
. 2
into (3.5), we have IEz [|Ri1]|%] < (1 =N Eze— [[|Re|l%] + 77 (va(V))”. By
induction, we obtain the first argument by noting \/2| f||% < D(N).

We now prove property (b). Applying property (a) of Proposition 2 with
g = fr, [ = fi to the right hand side of (3.4), we know that (OV\(z, fi), fx —
T <Oz, 1), fa— fo) e — N 2|1 fi — fall%- Substituting this and (3.1) into

(3.2), we obtain [|Re1 [ < [Rill% + 17 (va(N)” + 200V (21, ), fr = Fidxc:
By induction, we know for any ¢ < k < T that

k k
IRiesild = IRelZ < (aN) S0 =23 0 (02t £r). Re) e
t=/{ t={

0<k<T

00 k
< (raN)* Do+ 2 sup | ST n{Va(an ), R
t=( t=¢

Since k(¢ < k < T) is arbitrary, the above inequality yields the desired result.
O

Now we turn our attention to the proofs of our theorems using Lemma 1.

Proof of Theorem 1. Since nu,(A\) < 1 for all t € IN, Proposition 1 and
property (a) in Lemma 1 hold true for every 7' € IN. Hence, we only need
to show limz o wl(A) = 0 and limg ., S0, 77w? (A) under the assumption
(2.4). This is exactly included in the proof Theorem 1 in [20] for 1-admissible
loss functions in classification. [

To prove Theorem 2, we need additional lemmas. First we need a property
of the regularization function f,.

Lemma 2. If V(y,-) is differentiable and convex for every y € Y then there
holds

/Z VA (2. fr)dp(z) = / Vi, fr(@)Kadp + M = 0. (3.5)
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Proof. For A > 0, we introduce the functional Q : Hx — IR defined as
Q(f) :== E(f) + 3|If||% for any f € Hg. Since V(y,-) is differentiable and
convex for every y € Y, we know that Q is differentiable and strictly convex.
Therefore, it has a unique minimizer which we have called fy. Moreover, f, is
determined by the fact that the gradient of Q at f, is zero. Indeed, it can be
verified for any f, g € Hx that

tiy LD ZG) [ v, ), + 07, 9) ol
— (| Vilo. £@) Koo (2) + Mg
= (OW(2, 1), 9) k-
This proves the equality (3.5). 0

We also need a probabilistic inequality. Denote Y; = Y (z1,...,2) : Zt —
IR for t € Ny with a; <Y, < b;. The sequence {Y; : t € N7} is called a real-

valued martingale difference sequence if IE,, [Yt|zl, e zt_l} = / Yidp(z) =
z

0. Then, the probability inequality (3.30) of [13] tells us that, for any ¢ > 0
there holds

t
22
ProbzezT{ sup ‘E Y’“)ZE}SQeXP{_ZT (be a)Z}, (3.6)
t=1\Yt — Wt

1<¢<T 1

We now can present the proof of Theorem 2.

Proof of Theorem 2. Since Y 2, n? < oo, then there exists ¢1(¢) € IN such
that, for all £ > ¢,(¢) we have that (l/oé(/\))2 an < e. By property (b) in

t=¢
Lemma 1, we have that

Prob { supycicr | Reslli > 45} < Prob { | Rel% > 8}

+ Prob { SUP<k<T ‘ iﬁt@vA(meA)?Rt)K‘ > 8}-
1=t

By Theorem 1, the first term tends to zero as ¢ — oo.

Next, we use (3.6) to estimate the second term on the right hand side of
(3.7). To this end, we set the sequence Y; = (Vi (zt, fr), Ri)x,t <t < T
and zero for 1 < t < (. Since f; is only dependent on {z; : k € IN;_1}, so
is R;. Combining this fact with the assumption that V (y,-) is differentiable,
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from (3.5) we know that IE.,[Y;|z1,...,z-1] = ([, OVa(2, H)dp(z), Ry =
0 for all 1 <¢ < T. This implies that {Y; : ¢ € Ny} is a martingale difference
sequence. Also, since niuq(A) < 1 for any ¢ € IN, Proposition 1 and the
fact that A/2[|fslli < £(0) < Vo tell us that [Rllx < [[fellx + Ifallx <
Ua(A) := Ch(N) + /2Vp /A for any ¢ € IN. This in connection with (3.1) yields
{OVA (21, f1), Ri) k| < va(A)Va(A). Therefore, applying (3.6) with b, = —a;, =
NeVa(A) Vs (A) for t > ¢ and b, = a; = 0 for t < ¢, we have that

k
Prob {  suwp | > n(@Valz 1), Ra)| = e}

<2 exp{ = }
z(ua(x)ea(A))2 T

Noting { supey [Risilk = ef = Upse { stprcier IRullf = e}, we have

that Prob { supysy [ Resa i = 5} = limy_, Prob { SUPpci<r | Resr % >

5}. Hence, the result follows from (3.7) and limy_. Y o0, n7 = 0. O

4 Error rates

In this section, we derive error rates for || fri1 — fi||x for the specific step sizes

N = ual(/\)t_a with 6 € (0,1] and apply them to get the error rates for the

excess generalization error.

4.1 Strong error rates in RKHS norm

In order to apply Lemma 1 to get error bounds for ]E[H fre1— fAH%(] , we need
to estimate the summation 2;{:1 niwl'(A\) in property (a) of Lemma 1. This
leads to the following lemma whose proof can be found in [20].

T—1 T
1
Lemma 3. Let 0 < v < 1. Then we can bound E tz—eexp{—y g j_e} by
t=1 j=t+1

% + (19_22;271079 exp{_y(l%il)(T + 1)10}7 0<0<1;

v

Now we present general bounds for || fri1 — fallx-
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Theorem 3. Let A > 0, V' be a-admissible, o € [0,1] and n, = ﬁt*" with
w(A) > pa(X) and 0 € (0,1]. Define {f; : t € Ny} by (1.6) and va(X\) by
(5.1).

1. For 0 <8 <1, Byeyr[||fre1 — fall%] is bounded by

2D()) _ 9(va(N)? T AL=27Y)  19(m)]
() = {0 e (4

2. For 6§ =1, then we get

) A\ vA(A
EzGZT[HfTJrl - fAHK} < (27))5 : T M(A)gz,u(f\))

- )\)>TM(AA>. (4.2)

Proof. Note 1 —z < e~* for all z > 0. Then, property (a) in Lemma 1 and
the bound || fi]|% < 2D(A)/X imply E[|| fr41 — fill%k] < L + I>, where

The first quantity can be estimated as

2D(\) exp{_w(T+ 1)1—9}, ifo<6o<1,

I < A (009
2P (T 4 1) 7w if 0 = 1.

Applying Lemma 3 with v = ﬁ, the second term I can estimated as

2
va () 18u(N)/X |, 9ri—* (1-20-1)\ 0 1 .
(“W) < T+ s P (LD }+m>7 if 6 € (0,1),

2
Vo (N) ] A 1 ) B
( mey) ) (1,\/;@) (T+ 1) ™ + 772>7 if 0 =1.
The proof is completed. [

Although Theorem 1 ensures that IE[|| fro1 — fi]|%] converges to zero for
ne = O(t™1) for fixed A > 0, Theorem 3 tells us the rate (4.2) is unacceptably
slow since A is usually very small. Hence, we will not consider this degenerate
case here.

In some cases, using the special nature of the loss function, we can refine
the Hx rates by reducing (v,(\))? in the last term of (4.1) to an absolute
constant independent of A. Loss functions like V(y,s) = (Jly — s| — €)% for
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1 < ¢ < 2, share a common property that there exist a > 0 and b > 0 such
that
(Vy(y,8))* <a+0bV(y,s), foranyy€cV,seR. (4.3)

Corollary 1. Let 0 < A < 1, V be a-admissible for some 0 < o < 1 and satisfy
(4.8). Assume the step size n, = ﬁt‘e with some p(\) > pa(X) + 4(bk* 4+ 1)
and 6 € (0,1). Then IE[|| fri1 — fAill%] is bounded by

2D(N) 18¢, T A1 —20-1) Lo T4ey
(5 + e aem) =~ =g T+ 0} + e 49

where ¢; = ak* + 2(bs* + 1).

Proof. Recall R; = f; — f)\ and argue as in the proof of Lemma 1, we already
have (3.5):

By (R ll%] < Bz [IRllZ] + 0Bz [10VA (2, fi) k]
LB [(E0) + 31AI%) = (€ + M21f%)]

We estimate IEz: [[|OVa(z, f;)||%] by the special feature (4.3) rather than using
(2.3) and (3.1) directly.

By the definition of OV\(z, fi), we note from (4.3) that || OV\(z, fi)||% <

262|V3 (yes fe())|? + 20%|| fillie < 26%(a + OV (yy, fi(xe))) + 27| fell%- This in
connection with the fact that f; is independent of z; implies

Ez [[|oVA (2, f)ll %] < 2ak% + 2(b6% + DBz [V (y, fo(@e)) + A fill%]
= 2ak? + 2(bk* + 1)Ezi-1 [E(fe) + M| fill %]
< 2ak? 4+ 4(bs? + 1)Eze1 [(E(fe) + N2 fell%)
—(ECH) + A2l Al%)] + 4% + 1)V

where we used E(f) + A/2|[frl|% < £(0) <V, in the last inequality.
Substituting this into (4.5), we know

B [[Re 3] < B[R] +2(an? + 2066 + 1)Voy
F2(1 = 2008 + DB [ (€0 + 31 — (€0 + M201%) |

Also, n;, = ﬁt_e < mf@ implies 1 —2(bx*+ 1)n; > 1/2. Applying
property (b) of Proposition 2 with f = f;, we get Ez[|Rua|%] < (1 —
IME -1 [|Rell%] + 2e1n? where we set ¢; = ax® + 2(bs? + 1)V;. Recall

wh(\/2) = H]r:kﬂ(l —1;A/2), by induction we have

gg%) 1 fall% + 2¢1 ZT;}F:1 niwi (
Aol (3) + 200 Thmy 3wl (3

(S

)

i

N

B,ezr [|IRrallk] <
<
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Using lemma 3 with v = #(/\) and arguing exactly as in the proof of Theorem

3 give us the desired corollary. [
Equipped with the above results we can now derive the rates of the excess
generalization error (2.7) for the online gradient descent algorithm (1.6).

4.2 Example 1: least-square regression
We turn our attention to the least-square regression.

Proof of Example 1. We apply Corollary 1. Note that Vj = 2M, V is 1-
admissible and M;(A\) = 2, 1 () = 2%+ . Also, (4.3) holds with a = 0,b = 4.
From (2.8), we know that || fr1 — foll2 < 2kl fre1 — fillk + 23 = foll7- We
estimate the righthand side of the above inequality as follows. First, note, for
all e > 0,5 > 0 and ¢ > 0 the asymptotic behavior holds

exp{—cI“} = O(T™%). (4.5)

Applying Corollary 1 with u(A\) = 18+% +5 > p1(A) +4(bk* +1) and A =T~
with 0 < 7 < min{l — 0,0}, we know from (4.5) that the first term of (4.4)
decays in the form of O(T~*) for any large s > 0. However, the second term
of (4.4) is bounded by O(T~=7)). Consequently,

E,czr [l fre1 — All%] < OT ). (4.6)

Second, we know from Lemma 3 in [16] that if f, € L%(E%X) for some 0 < 8 <
1 then the second term of (2.8) can be bounded as || fx — f,[| < )\mHL;(ﬁpri.
Now, putting this and (4.6) into (2.8), with A = 777 and v < min{l —
0,0}, yields [E,czr [HfTH — fp]m < O(T_(G_V) + T_QBV). Choosing 0 < v =

0/(26+1) = m — %(< min{1l — 6,0}), we obtain that the desired bound

_ 8
B[l fre1 = fl;) = O(T° 7).
For the rate in the Hj, norm, we note that || fr41 — foll% < 2| fr+1— Ll +
2|| frx—f,ll%. If the regression function f, € L%(E%X) for 1/2 < ¢ <1, then [16]
1A= l1% < A4 L £,]12. Combining this inequality with (4.6), by selecting
A =T with 0 < v < min{l — 6,6}, we have that E,c,r (|| fr11 — fol/%] <

O(T~0=) 4 T-F=D7) Selecting 0 < vy = % = ﬁ - Qﬁs_l yields the desired
result. [
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4.3 Example 2: c-insensitive regression

To present the rate for e-insensitive regression loss function, we need to esti-
mate the sample error E(fri1) — E(f\) using the error || fri1 — fillx-

Lemma 4. If Y = [-M, M| for some M > 0, V(y,s) = (ly — s| — &)L with
some ¢ > 1,6 >0 and f € Hg, then |E(f) — E(f))| is bounded by

G200 + ) [<1 IDNN T~ falle 41 - fAH%}- (4.7

Proof. Since |y| < M, we have the inequality |(|y —u|—¢)% —(ly—v|—¢)i| <
q(M + max(|ul, [v]))* Hu — v] < ¢(M + |u — v| + |[v])?u — v|. By taking
u= f(z),v=fa(z), [E(f) — E(fx)| can be bounded by

o 134017 = e+ )1 = ol

< s [M + 61 = il + 5y ZBOO/A)" 17 - fill

< gel2( + 0| (1 VEDOON)F = Sl + 1 = il
where we used the bound || f[|% < 2D(A)/A in the first inequality. O

Proof of Example 2. The loss function V(y,s) = (Jy —s| —e)% is a =
min{q — 1, 1}-admissible. We can calculate the constants Vj < ¢M?! for
9> 1, M, = g for g < 2 and My(A) < sup{[V"(3,5)] : y € Y. ]3] < 2} <
?29(1 + M + 2x2M1)I\"@2) for ¢ > 2 and 0 < A < 1. By the definition
(2.1) of pa(N), these give us pa(N) +4(¢*k* + 1) < p(N) = (k + 1)%(¢*29(1 +
M + 22 MI 1) 4 42 )\~ max{a=20} L X forall ¢ > 1 and 0 < A < 1.

For 1 < ¢ < 2, we apply Corollary 1 with a = b = ¢* and note u()\) >
pa(N)+4(¢*K*+1) for 0 < A < 1. By (4.5), with A = T~ and v < min{1-0, 0},
the bound (4.4) yields E[||fr+1 — fallk] = O(T~-®/2). From (4.7), we

note that IE[S(fT+1) — E(f)\)} = O(A%E[Hﬁﬂ - f)\HK} + IE[HfTH -

hllk]) < O()\(ﬁ_l);q_l)IE[HfTH — Allx] + (E[|| fre — f,\H%(Dqﬂ) where we
used Hélder inequality for 1 < ¢ < 2. Consequently, E,cyr[E(fri1) —
E(f)] = O(TM). Combining this with the regularization rate D(\) =
O(T=77), from (2.11) we have E,czr [E(fr1) — E(f))] = O(TW +
T=57). Thus, choosing 0 < v = —L— = L — 3(< min{1 — 6,6})

+@B-9)8 — (¢+1)+(B-9¢)8 B
yields the desired results for 1 < ¢ < 2.

For the case ¢ > 2, the loss function does not satisfy property (4.3). We
apply (4.1) in Theorem 3 with C,(\) = O(A™1) and v, (A) = O(A~Y) and
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w(A) = O(A"42). Choosing A = T~ with 0 < 7 < min{1=¢ qf%l} and noting

q—1’

the fact (4.5), from (4.1) we have that E[|| fr41 — fillx] = O(T . Also,
1B < 2D(0)/A = O(A-0-9) and ||l < Cr(A) = O(A1), from (4.7)
we know that IEUE(fTH) — S(f)\)” = O(E[A’(l’ﬁ)(q’lwﬂf:rﬂ — f,\||K} +
BNV fr — Allk]) = OT W2 4 795 = o(TH ).
Trading off this quantity and the regularization error D(A) = O(T~?7) in
(2.11), the choice 0 < v = 3q+gﬁ_1 = 4q+;ﬁ_2 - %(< min{(ll_;f, q_%}) gives rise
to the desired result. [J

(11+12)’Y*9 )
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Appendix

In this appendix, we give proofs of some necessary observations used before.
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Proof of Proposition 1. We prove the results by induction on ¢. Since
fi = 0, the result is true for t = 1. We assume that the bound holds for
t € INp, and to advance the induction step to ¢t + 1, we rewrite the iteration
(1.6) as follows

Jig1 = (1 - 77t/\)ft - 77t(V2/(yt7 ft(xt)) - V2,(yt, O))th - nt‘/;(ytv O)Ka:t- (4-8)
For 0 < a < 1, we write

Iferille < (=M felle + Manes™ 1 fll % + nesl Va (e, 0)]. (4.9)

To estimate the second term on the right hand side of (4.9), we discuss the
cases & = 0 and 0 < a < 1 respectively.

If « =0, then

Iferlle < @ =mM fellxc +me (Mo + [IV3 (-, 0) ) 5

< (1 — X)) oy (M + Vg < Co(N) = 2Mt¥),

If 0 < o < 1, we can use Young inequality ab < % + %q for a,b > 0 and 1 <
p,q < oo satisfying % + é = 1. Actually, applying the above inequality with
= (%||ft”K)a7 b= Maﬁa—i_l(%)avp = é and q= 1I—a a’ we get M. K:a—HHf HO‘

Mfillx + (1 —a) [Ma/-@(%"‘)a} """ Therefore, (4.9) is dominated by

sl < (1= YAl o (0 - o) [ (B) ] 7 15

_1
Since we have assumed || f;||x < QHVO 2 [M /@(2”> ] 7% = C4()) in the

induction step t, it follows || fii1]|x < <1 — 77;—A> Ca(A) + mACo(N) /2 = Co(N)
which advances the induction step and gives the desired estimate for 0 < o < 1.

The second case aw = 1 has been implied by [20]. We only sketch its idea.
Let L; : Hx — Hg be an linear operator defined as for any f € H;

Va(ye, fi(we)) = Vo (1, 0)

ft(xt) f(xt)KIt + )‘f

Li(f) =

Thus, (4.8) implies that

feen = (I = neLe)(fe) — 1:Va (yr, 0) Ko, (4.10)

where [ is the identity operator. Observe V is l-admissible and || fi||cc <
<

k|| fellx < kC1(X) by the induction assumption, we have X\ < || Ly||ln -y
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p1(A). By the assumption pq(MN)n, < 1, we know I — n, L, is a positive, linear
operator which finally implies ||1 —n;Lq||#,—#, < (1—mnA). In connection with
(4.10), it follows || fretllx < (1= ne M| fill i +mesVy < (1—nd) 258 + sV =
C1(X). This completes the induction and the proposition. [

In the following, we give the proof of Proposition 2.

Proof of Proposition 2. We first prove property (a). For any f,g € Hg,
we estimate Vy(z, (1 — 0)f 4+ 0g) — V\(2,¢). Since V(y,-) is convex, we know
Viy, (1=0)f(z) +0g(x)) = V(y,g9(x)) > V5(y, g(2))(1 = 0)(f(x) — g(x)). Note
also [|[(1=0)f +0gl% — llglli = 2(1 = 0){g, f — g + (0 = 1)*|| f — gl Putting
these estimates together, we have

Wz, (1 =0)f +0g9)— Vi(z,9) = (1 = 0)(Vi(y, 9(x)) Ka, f — 9) k¢
+(1—=0ONg, f— g)x + M1 —0)%||f — gll%/2-

Letting # — 0, completes the desired property (a).

For property (b), when V (y, -) is differentiable, (3.5) implies [, (OVa(z, fx), f—
M rdp(z) = ([, OVa(2, fr)dp(2), f—fr)k = 0. Applying property (a) with g =
fx proves property (b) for V(y, -) being differentiable. For a non-differentiable
and convex loss function V' (y, -), it can always be approximated by a sequence
of differentiable loss functions such as Vj(y, -) fo —66)dd, 0 <6 <1.
We shall not dwell on this modified technique and refer the reader to Section
4 of [20] for more details. [J
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