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Linear interpolation

Problem: We wish to find a function f(x) = w'x which best
interpolates a data set S = {(x1,%1),.--, (Xm,ym)} CIR? xR

e If the data have been generated in the form (x, f(x)), the
vectors x; are linearly independent and m = d then there is a
unique interpolant whose parameter w solves

Xw=y

where, recall, y = (y1,...,ym) " and X = [x1,...,Xm]"

e Otherwise, this problem is ill-posed

Ill-posed problems
A problem is well-posed (in the sense of Hadamard) if
(1) a solution exists
(2) the solution is unique
(3) the solution depends continuously on the data
A problem is ill-posed if it is not well-posed

Learning problems are in general ill-posed (usually because of

(2))

Regularization theory provides a general framework to solve ill-
posed problems




Ridge regression
We minimize the regularized (penalized) empirical error

m d
Ey(w) =) (y; — W %)%+ )\ > wg =(y—Xw) (y—Xw)+Iw'w
=1 (=1

The positive parameter \ defines a trade-off between the error on
the data and the norm of the vector w (degree of regularization)

Setting VE\(w) = 0, we obtain the modified normal equations
—2XT(y = Xw) 4+ 2 \w =0 (1)
whose solution (called regularized solution) is

w=(X"X 4+, Xy (2)

Singular valued decomposition (review)

Singular value decomposition (SVD) establishes that
XX =UA,UT, XX"=VALVT
where U and V are orthogonal matrices, U = [uq,...,uy], V =
[Vi,..., V],
Ng = diag(A1, ..., A, 04_4), Am = diag( A1, ..., A\, 0m—_t),

t = rank(XXT) = rank(X™X) and X\y > -+ > X > 0, t <
min(m,d). Moreover, we have

t
XT=3% \/)\j;uiviT =UxzV"'
=1
where X is the dxm matrix with leading diagonal entries o= ﬂ/Aj
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Generalized solution

When X\ goes to zero w tends to the generalized solution
wo = (XTX)TXTy (3)
where (XTX)t is the pseudoinverse of XTX

t
(X™X)t = > oi_luz-uT

1
1=1

o If m > d, typically A := XT"X will be full rank, so At =A"1

e T he generalized solution is the function which, among those
which minimize E(w) (infinitely many if m < d) has the small-
est norm of its coefficients

Dual representation

We show that the regularized solution can be written as

m m
w= > ox, = f(x) =) ax/x (4)
where the vector of parameters a = (aq,...,am)" is given by
a= XX+ )"ty (5)

e Function representations: we call the functional form (or
representation) f(x) = w'x the primal form and (4) the dual
form (or representation)

The dual form is convenient when d > m




Dual representation (cont.)

Proof of eqs.(4),(5): We rewrite eq.(1) as

m
W v
W = Z o;X; (6) where : o = y,L—VVXZ (7)
Consequently, we have that w'x = Y™ ; a;x/ x proving eq.(4).

Plugging eq.(6) in eq.(7) we obtain

m
Z (X;]_Xj + AXo;j)a; = y;, thatis: (XXT +ANn)a=y
J=1

from which eq.(5) follows

Computational considerations

Training time:

e Solving for w (eq.(2)) requires O(d3) operations while solving
for a (eq.(5)) requires O(dm? + m3) operations

If m <« d it is more efficient to use the dual representation

Running (testing) time:

e Computing g in the primal form requires O(d) operations,
while the dual form (eq.(4)) requires O(md) operations
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Sparse representations

Suppose each input x € IR? has most of its components equal to
zero (eg, consider images where most pixels are ‘black’ or text
documents represented as ‘bag of words’)

e If £ denotes the number of nonzero components of the input
then computing x"t requires at most O(k) operations

e If km <« d (which implies m,k <« d) the dual representation
requires O(km?2 + m3) computations for training and O(mk)
for testing

11

Feature map

The above ideas can naturally be generalized to nonlinear func-
tion regression

By a feature map we mean a function ¢ : R? - RY,

$(x) = (¢1(x); .., ¢n(x)), x€R

Vector ¢(x) is called the feature vector and the space {¢(x) : x €
R4} the feature space

The non-linear regression function has the primal representation
N

Fx) = (w,6(x)) == w'o(x) = ) wj¢;(x)

i=1
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Computational considerations

Again, if m < N it is more efficient to work with the dual repre-
sentation

Key observation: in the dual representation we don't need to
know ¢ explicitly; we just need to know the inner product be-
tween any pair of feature vectors!

Example: N = d?, ¢(x) = (a:z-xj)gljzl. In this case we have
(p(x),(t)) = (x"t)2 which requires only O(d) computations
whereas ¢(x) requires O(d?) computations
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Kernel vs. feature map

Given a feature map ¢ we define its associated kernel function
K RIxR? -5 R as

K(x,t) = (#(x),6(t)), x,tcR?

e Maybe for some feature map ¢ computing K(x,t) (but not
¢(x),¢(t)) is independent of N (only dependent of d)

Example (cont.) If ¢(x) = (x;,x;, - T, © i1,92,...,0r = 1,...,d)
then we have that
K(x,t) = (x"t)"

In this case K(x,t) is computed with O(d) operations, which
is essentially independent of r or N = d". On the other hand,
computing ¢(x) requires O(N) operations
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Regularization-based learning algorithms

Let us open a short parenthesis and show that the dual form of
ridge regression holds true for other loss functions as well

Ex(w) = ) V(g (w,0(x))) + Mw,w), A>0 (8)
i=1

where V :IR x IR - IR is a loss function

Theorem: If V is differentiable wrt. its second argument and w
is @ minimizer of E), then it has the form

m

w=> adx;) = [fx)=(w,¢x))= Z a; K (z;, )

=1 =1
This result is usually called the Representer Theorem
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Representer theorem

Setting the derivative of Ey wrt. w to zero we have

m

- Z V' (i, (W, p(x)) (%) + 22w =0 = w = ) a;6(x;)  (9)

where V' is the partial derivative of V wrt. its second argument
and we defined

i = oV (i, (W, Bx0))) (10)

Thus we conclude that

F&) = (w,0(x)) = ) ai{d(x:),d(x)) = Z o K (x,%;),

m
=1 =1
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Some remarks

e Plugging eq.(9) in the rhs. of eq.(10) we obtain a set of
equations for the coefficients «;:

m
ai:iV’ (yi, Z K(Xi,Xj)aj) , t=1,....m
2 =
When V is the square loss and ¢(x) = x we retrieve the linear
eq.(5)
e Substituting eq.(9) in €q.(8) we obtain an objective function
for the oa's:

m
Y V(yi, Ka);) + Aa'Ka, where: K = (K(x;,x;)){=1
=1

Remark: the Representer Theorem holds true under more general conditions
on V (for example V can be any continuous function)
17

General feature map

We can further generalize the above idea to infinite dimensional
feature maps

¢ : R W
with associated kernel K : IR? x R? — R given by
K(x,t) = (p(x),$(t)), x,t€R? (11)

Here VW is any Hilbert space, typically either W = RN or the
space of square summable sequences,

O
W =4lr = {(zz)fil : Z zl2 < oo}
=1
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Redundancy of the feature map

Warning: The feature map is not unique! If ¢ generates K so

does ¢ = U¢ where U in an (any!) N x N orthogonal matrix.
Even the dimension of ¢ is not unique!

Example: If n = 2, K(x,t) = (x't)? is generated by both ¢(x) =
(22,73, z122,2071) and d(x) = (2,23, 2x172).
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Change of perspective

e Let us start directly with a kernel K and see when K can be
expressed as inner product in some feature space (eq.(11))

Question: Given a function K : R? x R? — R, which properties
of K guarantee that there exists a Hilbert space W and a feature
map ¢ : R® — W such that K(x,t) = (¢(x),¢(t))?
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Positive semidefinite kernel

Definition: A function K : R?xR? — IR is positive semidefinite
if it is symmetric and the matrix (K(x;,x;) : 4,5 = 1,...,m) is
positive semidefinite for every m € N and every x1,...,xm € R?

Remark: Some authors use the notation ‘positive definite’ to denote what

we have called ‘positive semidefinite’

Theorem: K is positive semidefinite if and only if

K(x,t) = (¢(x), (1)), x,teR?
for some feature map ¢ : R? — W and Hilbert space W
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Positive definite kernel (cont.)

Proof of “«<”: If K(x,t) = (¢(x), ¢(t)) then we have that

m m m m 2

> ciciK(x4,xj) = <Z cid(xi), Y Cj¢(Xj)> =||> eo(x;)|| >0
i =1 i=1 =1 i=1
for every choicceof meN, z; e R*and ¢; € R, i=1,...,m

Note: the proof of ‘=’ requires the notion of reproducing kernel Hilbert
spaces. Informally, one can show that the linear span of the set of functions
{K(x,-) : x € R%} can be made into a Hilbert space Hx with inner product
induced by the definition (K(x,-), K(t,-)) := K(x,t). In particular, the map
¢ : RY —» Hy defined as ¢(x) = K(x,-) is a feature map associated with K.
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Kernel construction

Which operations/combinations (eg, products, sums, composi-
tion, etc.) of a given set of kernels is still a kernel?

If we address this question we can build more interesting kernels
starting from simple ones

Example: We have already seen that K (x,t) = (x't)? is a kernel.
For which class of functions p: IR = R is p(x't) a kernel? More
generally, if K is a kernel when is p(K(x,t)) a kernel?
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General linear kernel

If A is an dx d psd matrix the function K : R% x R? — R defined
by

K(x,t) =x"At

is a kernel

Proof: Since A is psd we can write it in the form A = RR" for

some n x n matrix R. Thus K is represented by the feature map
o(x) =RTx

Alternatively, note that:

Z CiCjX;rAXj - ZCZ'CJ'(RTX@')T(RTXJ') = || Z C@'R,TXZ'H2 2 0]
,J

i) i
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Kernel composition

More generally, if K : RV xRN — R is a kernel and ¢ : R - RV,
then

K(x,t) = K(¢(x), $(t))

is a kernel

Proof. By hypothesis, K is a kernel and so, for every x1,...,Xm €
R? the matrix (K(¢(x;), ¢(x;)) 14,5 =1,...,m) is psd

In particular, the above example corresponds to K(x,t) = x't
and ¢(x) = RTx
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Kernel construction (cont.)

Question: If Kq,..., K4 are kernels on R and F : R? - R, when
is the function

F(K1(x,t),...,Ki(x,t)), x,tecR?
a kernel?

Equivalently: when for every choice of m € IN and Ay,..., A4
m X m psd matrices, is the following matrix psd?

(F(Al,ija"'aAq,ij) 11, = l,m)

We discuss some examples of functions F' for which the answer

to these question is YES
26




Nonnegative combination of kernels
If\;>0,j=1,...,q then 23:1 MK is a kernel

This fact is immediate (a non-negative combination of psd ma-
trices is still psd)

Example: Let ¢ = n and K;(x,t) = ;.

In particular, this implies that
e aKq is a kernel if a > 0

e K1+ K5 is a kernel
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Product of kernels

The pointwise product of two kernels K1 and K»
K(x,t) == K1(x,t)Ka(x,t), x,t€R?

is a kernel

Proof: We need to show that if A and B are psd matrices, so is C = (A;;B;; :
i,7 = 1,...,m) (C is also called the Schur product of A and B). We write
A and B in their singular value form, A = UXU", B = VAV"™ where U,V are
orthogonal matrices and ~ = diag(o1,...,0m), A = diag(A1,...,Am), o4, X; > 0.
We have

zm: aiajC’ij = Z a;a; Z UrUirUjr Z As%sv}s
ij=1 ij
= ZUT‘ ZazUzr‘/zs Za]UjTV]S
== ZU’I‘A (Z azUzrV;s)2 > 0
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Summary of kernel properties
The above results can be summarized as follows:

If K1,K»> are kernels, a > 0, K a kernel on RY and ¢ : R? - RV
then the following functions are kernels on R4

1. Kl(X7t)+K2(X7t)
2. aKl(X,t)
3. Kl(xat)KQ(Xat)

4. K(¢(x),¢(t))
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Polynomial of kernels

Let F = p where p : R? - R is a polynomial in g variables
with nonnegative coefficients. By properties 1,2 and 3 above we
conclude that p is a valid function

In particular if g =1,
d

> ai(K(x,t))"

i=1
is a kernel if a1,...,a4 >0
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Polynomial kernels

The above observation implies that if p: IR — R is a polynomial
with nonnegative coefficients then p(x't),x,t € R? is a kernel
on R%, In particular if a > 0 the following are valid polynomial
kernels

o (x't)"
o (a+x't)"

1 .
o Yo fr(xTt)’
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‘Infinite polynomial’ kernel

If in the last equation we set r = oo the series

r

i .
Y L (xTt)!
; 7!
12=0
converges everywhere uniformly to exp(ax't) showing that this
function is also a kernel

Assume for simplicity that d = 1. A feature map corresponding
to the kernel exp(axt) is

a a3 at
o(z) = (1, Vaz, \/;a:Q, \/;ac:%,...) = ( Z_—!:c’ = ]N)

e T he feature space has an infinite dimensionality!
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Translation invariant and radial kernels

We say that a kernel K : R x R? 5 R is

e Translation invariant if it has the form
K(X,t):H(X_t), X7t€Rd

where H ' R? 5 IR is a differentiable function

e Radial if it has the form
K(x,t) =h(x - t]), xt€R

where h : [0,00) — [0,00) is a differentiable function
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The Gaussian kernel

An important example of a radial kernel is the Gaussian kernel

K(x,t) = exp(—g|x —t|?), B>0,x,t¢c R

It is a kernel because it is the product of two kernels

K(x,t) = (exp(—5(x"x +7t))) exp(26xt)

(We saw before that exp(28x"t) is a kernel. Clearly exp(—38(x"x+
tTt)) is a kernel with one-dimensional feature map ¢(x) = exp(—Bx"x))

Exercise: Can you find a feature map representation for the
Gaussian kernel?
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Periodic kernels

These are a special case of translation invariant kernels

Take d =1 and K(z,y) = H(xz — y), where H : R — R is differentiable, even
and 2w—periodic. Since K is symmetric and H is even (H(z) = H(—zx)), its
Fourier series consists of cosines only:

H(z) = Z an cos(nz).
n=0

Then we have
K(z,y) = H(zx—vy) =ao+ Z an Sin(nx) sin(ny) + Z an cos(nx) cos(ny)
n=1 n=1
which, assuming a, > 0, is of the form (¢(z),#(y)) with

#(z) = (Vao, Va1 sin(z), /a1 cos(z), /az sin(2x), /az cos(2z), .. .)

Remark: Again the feature space is infinite-dimensional. If f(z) = (w, ¢(z)),
|[w|| measures the smoothness of the function.
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