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Applying interpolation to graph label prediction
p-Resistive networks interpretation

Mistake bound for graph label prediction
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A prediction game

Let’s try again
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Online Learning Model

» Aim: learn a function u: V — {—1,+1} corresponding to a
labeling of agraph G = (V,E)and V = {1,...,n}.
» Learning proceeds in trials
fort=1,...,/do
1. Nature selects v; € V
2. Learner predicts y; € {—1,+1}
3. Nature selects y; € {—1,+1}
4. If y; # y; then mistakes = mistakes + 1

» Learner’s goal: minimize mistakes
» Bound: mistakes < f(complexity(G, u))

Minimum p-Seminorm Interpolation

(¥, p)-seminorm
Given a linear map ¥ : R” — R define

lullg p = 12U,

Minimum (¥, p)-seminorm Interpolation

Input: {(ir, y)}_; € {1,2,...,n} x {-1,1}.
fort=1,...,/do

Receive query: j; € {1,...,n}

Predict: j;, = sign(e; w;)

Receive label: y;

if J;,, = y;, then mistakes = mistakes + 1

Wiyt = argmingego{ |Ullg p © Uy = Vi Uy = Yi}



Duals and Covers

Definitions
Dual seminorm:  ||f||y, , := sup{|f'u|: u € R",||ullg, , < 1}
Metric: dq;,p(l',j') = He,- — ejH;,p

Input space X of radius R with cover number N'(X, p, dg p) = 7.

» Bounds depend on the cover of X in metric dw ,
» Both the number of balls V(X p, dg ) and their diameter p
» Note N(X,p,dwp) € {n,n—1,...,1} and p € [0,2R]

Minimum p-Seminorm Interpolation Bound

Theorem
The mistakes M of the interpolation are bounded by
2| yl2
M SN(vaad‘I/,p) + % ;

for all 0 < p, and for all u € R"” such that p € (1,2] and
u(iy) = y; (consistent labelings)

forallt=1,...,¢.



Edge Map g : |V| — |E]

Example

u = (Uq, Uz, Us, Uy, Us)

WU = (U1 — Up, Uy — U, Uy — Ug, Uy — Us, Up — Us, Uz — Uy, Us — Us)

T Extends to weighted graphs

Graph p-seminorm illustrated

lulls,, , =3 x 2 ul, =12 x 2



p-Resistive Networks
» Define energy dissipation (power) of a state as

Pu) = ul§,,= > lui—ul?
(1./)€E(G)
» A network C is a graph with potential constraints

(Ui17y1)7 sy (u/e’yf)'
» The power of a network is defined by

W(C) — m|n{P(U) Ul1 Y1,...,U/£ :yﬁ}

ucR”"

» Analogues of usual “electric network” theory now follow ...

Kirchoff’s laws

Ohm’s law

conservation of energy principle,

the “rules” of resistors in parallel and in series,
Rayleigh’s monotonicity principle
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p-Resistance
Definition
The (effective) p-resistance between any two vertices aand b is

16.0(a,b) = (llea— evly, )P

: : . Resistors in parallel
Resistors in series

b‘_‘
~_
7
D
S
Q
(@)
N
I
-~
(NE
A=
~_
|

rg.p(a,b) = (Zw



Wide Diameter

Definition
A graph has wide diameter (k, Ay) if there exist k edge disjoint
paths of length no more than Ay between all pairs of vertices.

Connectivity: k£ =1, Wide Diameter: A; = 2
Connectivity: k£ = 2, Wide Diameter: Ay = 2

Connectivity: k£ = 3, Wide Diameter: Ag =3

» The wide diameter is used as a basis for upper bounding
p-resistance with the resistors in parallel and series laws.

Graph prediction

Theorem

The number of mistakes, M, incurred by minimum p-seminorm
interpolation predicting the labeling of G = (V, E) with p := 2%
is bounded by

4629 (u)[log(A)+og(gg)—1]
wg N g > pell)
N‘i‘% q)kGA(Z) S e2, p:2
where ¢ = min(log[garss],2) and Vi U...U Vy = Vg is any
vertex set partition with induced subgraphs Gi, ..., Gy of
maximum wide diameter Ay := max{Ax(G;) : i=1,..., N},

dg(U) is the “cutsize” of u € {—1,1}" any consistent labelling.



Example: Prototypical Clusters
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Cc x m-cliques with ¢ cut edges

Cover: N = ¢, Cutsize: ¢g(u) =4

Connectivity: k = m— 1, Wide Diameter: A1 =2
When p=2then M < ¢ + 2%

Example: two clusters ¢ < m — M < 10
Furthermore 8/ — 1 < m — M < 2 (optimal)

vV v v v Yy

Example: Octopus

d tentacles

A d-tentacle octopus graph with length d tentacles (n = d? + 1)

» Cover: N =1, Cutsize: ¢g(u) =1

» Connectivity: k = 1, Diameter: Ay = 2d

> When p = 1 + gamgoy then M < 1+ 4€?(log(2d) — 1)
» When p = 2then /n < M, < O(+/n)






