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proof theories and may be unavoidably incomplete (cf.
Godel).

e Incompleteness manifests as a gap between two key
concepts:
e provability in some formal system for the logic
(which corresponds to validity in some class of models); and
e validity in a (class of) intended model(s) of the logic.
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Introduction (contd.)

Thus, given a logical language £, and an intended class C of
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Introduction (contd.)

Thus, given a logical language £, and an intended class C of
models for that language, there are at least two natural
questions:

1. Is the class C finitely axiomatisable, a.k.a. definable in £?

2. Is there a complete proof system for £ w.r.t. validity in C?

In the case of BBI, we are often interested in properties of the
heap models used in separation logic.
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BBI, proof-theoretically

Recall:

Provability in BBI is given by extending a Hilbert system for
propositional classical logic by

AxBFBx A Ax(BxC)F (A% B)xC
AFAxI AxIH A

Al*AQI_Bl*BQ AFB —=«C AxBFC
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BBI, semantically (1)

Recall:

A BBI-model is given by (W, o, E'), where
e W is a set (of “worlds”),
e o is a binary function W x W — P(W); we extend o to
PW) x P(W)— P(W) by

def
WioWy = leewl,we% w1 O Wo

e o is commutative and associative;
e the set of units £ C W satisfies wo E = {w} for all w € W.

A valuation for BBI-model M = (W, 0, E) is a function p from
propositional variables to P(W).
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BBI, semantically (2)

Given M, p, and w € W, we define the forcing relation w =, A
by induction on formula A:

w =, P
wlk, A— B

& w e p(P)
& w =, Aimplies w =, B

wk,]l & wekE
wi=, AxB w € wy owy and wy =, A and ws =, B
wk, A= B Vw',w” e Woif w” € wow’ and w' =, A
then w” =, B

T3

Ais valid in M iff w }=, A for all p and w € W.
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Definable properties

A property P of BBI-models is said to be definable if there
exists a formula A such that for all BBI-models M,

Aisvalidin M < M ¢ P.
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Definable properties

A property P of BBI-models is said to be definable if there
exists a formula A such that for all BBI-models M,

Aisvalidin M < M ¢ P.

We’ll consider properties that feature in various models of
separation logic.

To show a property is definable, just exhibit the defining
formula!

To show a property is not definable, we show it is not preserved
by some validity-preserving model construction.
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Properties of (some) BBI-models

Partial functionality: w,w’ € wy o wy implies w = w';
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Properties of (some) BBI-models

Partial functionality: w,w’ € wy o wy implies w = w';

Cancellativity: (wowy) N (wowsy) # @ implies w1 = wy;
Single unit: w,w’ € E implies w = w';

Indivisible units: (wow') N E # () implies w € F;

Disjointness: w ow # () implies w € E;

Divisibility: for every w ¢ E there are wy,ws ¢ E such that
w € Wy ° Wy,
Crross-split property: whenever (a ob) N (cod) # 0, there exist
ac, ad, be, bd such that a € aco ad, b € bc o bd,
c € acobcand d € ad o bd.

V(DD 3@
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Two definable properties

Proposition
The following two properties are BBI-definable:

Indivisible units: (wow')NE # () implies w € E
IN(AxB)F A

Diwvisibility: Vw ¢ E.Jw,ws ¢ E such that w € wy o wy
—‘I |— —|I * —|I

9/ 20



Disjoint unions of BBI-models

Definition
If M1 = <W1, 01,E1> and M2 = <W2, 09, E2> are BBI-models and
Wi, Wy are disjoint then their disjoint union is given by

My & My = (Wy UWa, 01 Uog, By U Ey)

(where o1 U oy is lifted to W7 U Wy in the obvious way)
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Disjoint unions of BBI-models

Definition
If My = (Wy,01, E1) and My = (Ws, 09, Ey) are BBI-models and
Wi, Wy are disjoint then their disjoint union is given by

My W My = (W UWa, 01 Uog, By UEy)
(where o1 U oy is lifted to W7 U Wy in the obvious way)

Proposition
If A is valid in My and in Ms, and My, W Ms is defined, then it
1s also valid in My W M.

Proof. Structural induction on A.
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Undefinability of single-unit property

Lemma
Suppose that there exist BBI-models My and My such that
My, My € P but M1 W My & P. Then P is not BBI-definable.
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Undefinability of single-unit property

Lemma
Suppose that there exist BBI-models My and My such that
My, Ms € P but My W Ms & P. Then P is not BBI-definable.

Proof. If P were definable via A say, then A would be true in
My and My but not in My W Ms, contradicting previous
Proposition.

Theorem
The single unit property is not BBI-definable.

Proof. The disjoint union of any two single-unit BBI-models
(e.g. two copies of N under addition) is not a single-unit model,
so we are done by the above Lemma.
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Bounded morphisms on BBI-models

Definition
Let M = (W,o, E) and M’ = (W', o', E’) be BBI-models.

12/ 20



Bounded morphisms on BBI-models

Definition
Let M = (W,0,E) and M' = (W’ o', E’) be BBI-models. A
bounded morphism from M to M’ is a function f: W — W’ s.t.:

1. we Eiff f(w)eE;

12/ 20



Bounded morphisms on BBI-models

Definition
Let M = (W,0,E) and M' = (W’ o', E’) be BBI-models. A
bounded morphism from M to M’ is a function f: W — W’ s.t.:

1. we Eiff f(w)eE;
2. w € wy o ws implies f(w) € f(wy) o f(ws);

12/ 20



Bounded morphisms on BBI-models

Definition
Let M = (W,0,E) and M' = (W’ o', E’) be BBI-models. A
bounded morphism from M to M’ is a function f: W — W’ s.t.:

1. we Eiff f(w)eE;

2. w € wy o ws implies f(w) € f(wy) o f(ws);

3. f(w) € w) o wl implies Jwy, we € W. w € wy o wy and
f(wr) = wi and f(ws) = w);

12/ 20



Bounded morphisms on BBI-models

Definition
Let M = (W,0,E) and M' = (W’ o', E’) be BBI-models. A
bounded morphism from M to M’ is a function f: W — W’ s.t.:
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Bounded morphisms on BBI-models

Definition
Let M = (W,0,E) and M' = (W’ o', E’) be BBI-models. A
bounded morphism from M to M’ is a function f: W — W’ s.t.:

1. we Eiff f(w)eE;
2. w € wy o ws implies f(w) € f(wy) o f(ws);
3. f(w) € w) o' wh implies Elwl,wg e W. w € wy owy and
f(wr) = wi and f(w2) = wh;
4. wh € f(w) o w) implies Elwl,wg € W. we € wowp and
flwr) = wi and f(ws) = w).
Proposition

Suppose there is a surjective bounded morphism from M to M'.
Then any formula valid in M is also valid in M’.
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Undefinability via bounded morphisms

Lemma
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Undefinability via bounded morphisms

Lemma

Suppose there are BBI-models M and M’ s.t. there is a
surjective bounded morphism from M to M’', and M € P while
M’ ¢ P. Then P is not BBI-definable.

Proof. If P were definable via A say, then A would be true in
M but not in M’, contradicting previous Proposition.

Theorem

None of the following properties is BBI-definable: (a) partial
functionality; (b) cancellativity; (c) disjointness.

Proof. In each case we build models M and M’ such that there
is a bounded morphism from M to M’, but M has the property
while M’ doesn’t.
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Example:partial functionality
Define BBI-models M = (W, o, E) and M' = (W', o', E') by

W= {e>U17U2a$17$2,y72} E= {6}
woe=ceow = {w} for all w e W
xlovlzvlozlz{y} leUQ:UQO;pl:{y}
T2 0V =vy 0xe = {2} Ta0vy =vy0xe = {2z}
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W = {e,v1,v9,21,x2,y, 2} E = {e}
woe=ceow = {w} for all w e W

x1ov; =vyoxy = {y} x10vy =vg0x1 = {y}
xoovy =vy 0xg = {2z} Tgovy =vy0xo = {2z}
W' ={e,v,z,y,z} E' = {e}
wo'e=eo w={w} for all we W’

zolv=vox={y, 2z}

Easy to check M, M’ are both BBI-models, and M is partial
functional but M’ is not. Our surjective morphism is:

fr) = f(va) =v  f(z1) = f(z2) =2
flw)=w (we{ey,z})
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Idea: conservatively increase the expressivity of BBI, using
machinery of hybrid logic.

HyBBI extends the language of BBI by: any nominal ¢ is a
formula, and so is any formula of the form @ A.

Valuations interpret nominals as individual worlds in a
BBI-model.

We extend the forcing relation by:

MwE,l & w=p{)
MwE, QA < M p({l) =, A

Easy to see that HyBBI is a conservative extension of BBI.
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Definable properties in HyBBI

Theorem

The following properties are HyBBI-definable:

Functionality:

Cancellativity:

Single unit:
Disjointness:

Proof.
Easy verifications!

Qo % k) A @Qp(j * k) F @l

16/ 20
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(aob)N(cod)# D, implies Jac, ad, bc, bd with
a€acoad,bebcobd, c€acobc,de adobd.

v(EDED 3@

We conjecture this is not definable in BBI or in HyBBI. If we
add the | binder to HyBBI, defined by

M, w }:p WA < Muw ):p[Z::w] A
then cross-split is definable as the pure formula

(axb) A(cxd)F Qu(T * Lac. Qu(T x Lad. Q,(ac * ad)
A Qp(T * Lbe. @Qp (T * Jbd. Qp(be * bd)
A Q.(ac * be) A Qgad * bd)))))
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Statement of completeness

We can write down a (quite complex) Hilbert-style proof system
for HyBBI by adding rules for the hybrid operators. Soundness
is easy, as usual.

Following an approach based on a Lindenbaum construction
using maximal consistent sets we obtain the following
completeness result:

Theorem (Completeness)

Let Ax be a set of axioms not containing any propositional
variables (nominals are OK).
Suppose that A is valid in the class of BBl-models satisfying Awx.

Then A is provable in the Hilbert system for HyBBI, extended
with Az.

18/ 20
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Conclusions and future work

BBI is insufficiently expressive to capture important classes
of models.

We can gain this expressivity by deploying naming
machinery from hybrid logic.

In HyBBI, we have parametric completeness for any set of
axioms expressed as pure formulas.

In particular, this yields complete proof systems for
previously undefinable classes of BBI-models.

Future work on our hybrid logics could include

o identification of decidable fragments;
e search for nice structural proof theories;
e investigate possible applications to program analysis.
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