
Chapter 4

Simulator implementation

Following on from the previous chapter, which considered the model of the sim-

ulation process, this chapter is concerned with how simulations are implemented

in software. As mentioned in the previous chapter, the computational demands

of these types of simulations are considerable. This chapter also sets out the way

various techniques, including parallelisation, were used to lessen the demands on

processor time and on computer memory.

4.1 Introduction

The FMRI simulator software is called Physics Oriented Simulated Scanner Util-

ity for MRI (POSSUM) and is written in C++ for a variety of Unix-based plat-

forms (e.g. MacOSX, Linux, Cygwin under Windows, etc.). It consists of several

di!erent modules that work together in order for a simulation to be performed.

Figure 4.1 depicts the process of the simulation from inputs into the Bloch equa-

tion at the top to the outputs and subsequent modifications of the outputs at

the bottom. Each of the stages of the simulation process is carried out by one or

more software modules.

The object is a collection of object voxels each of which is a collection of
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Figure 4.1: Descriptive representation of the simulation process. The black box in the middle of
the image represents the ‘brain’ of the simulator - the Bloch equation solver. Images represented
on the top (object, pulse sequence, motion sequence etc.) are inputs to the solver. The output
of the solver is the signal S(t) to which the thermal noise is added. The final stage is the

reconstruction of the signal into the image. More details are described in the main text.
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tissues with specified relaxation times T1, T !
2 , spin density !, and chemical shift

value "cs. The pulse sequence is defined by the values of the gradient field, RF

pulse parameters (including the desired flip angle) and read-out timings. The

motion sequence is defined by the values of the motion parameters (translations

Tx, Ty, Tz, and rotation angles Rx, Ry, Rz characterising rotations about the center

of the volume and about x-, y- and z-axis respectively). The activation is defined

by variations in T !
2 . The input activation file is four-dimensional, and contains

a time-series of T !
2 changes for each object voxel. The B0 inhomogeneities are

calculated at the centre of each of the object voxels as described in the previous

chapter. These values are then read into the solver. The slice profile is defined

through an input matrix file specifying the frequency profile of the RF pulse. RF

inhomogeneities are specified for each of the voxels, one 3D image for the receive

coil and one for the transmit coil.

Signal values (both real and imaginary) are calculated at the read-out points

and then, after the thermal noise is added to them, passed into the image recon-

struction algorithm. Here they are arranged into a k-space at sampling positions

that are calculated from the pulse sequence gradients, and by means of some im-

age reconstruction algorithm (e.g. Fast Fourier Transform (FFT)), are converted

into the image. Note that the complex noise-free, non reconstructed signal S(t)

is also available as a direct output and can be passed into any custom reconstruc-

tion software. In the following sections each of the elements of this diagram is

described in greater detail.

4.2 Inputs to the simulator

As mentioned in the previous chapter, the main goal of the FMRI simulator is to

make simulations as realistic as possible. For that reason it is important to provide
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as many di!erent object- and scanner- related properties. These properties are

provided to the simulator in the form of either image or matrix data. All of the

properties that the simulator can take into account are described in this section.

4.2.1 Object

The object can be a segmented anatomical voxel model from any source. It should

consists of three-dimensional anatomical images of distinct tissue types with spec-

ified MR parameters (relaxation times T1, T !
2 , spin density !, susceptibility value

# and chemical shift value "cs) for each of the tissue types. For example, if the

object is a brain, then a segmented anatomical voxel model would be a collec-

tion of tissue templates: three-dimensional anatomical images of distinct tissue

types (e.g. one template of grey matter, another of white matter and a third

of cerebro-spinal fluid (CSF) as shown in Figure 3.1). If the object is a breast,

then a collection of these tissue templates might consists of three-dimensional

anatomical images of fat tissue, skin, etc.

Most of the examples in this thesis are generated using the digital brain phan-

tom introduced by the McConnell Brain Imaging Centre, Montreal Neurological

Institute, McGill University [17, 19, 46]. The digital brain phantom consists of

a set of three-dimensional tissue membership volumes, with nine tissue classes

(white matter, gray matter, cerebrospinal fluid (CSF), fat, muscle, glial tissue,

bone, skin and connective tissue). The voxel values in these volumes reflect the

proportion of tissue present in that voxel, in the range [0,1]. The volumes are

defined on a 1mm voxel grid, with dimensions 181!217!181 and an origin of (90,

126, 72). Examples in this thesis are generated using three main tissue classes:

white matter (WM), gray matter (GM) and cerebrospinal fluid (CSF) (except in

the case of the chemical shift example where fatty tissue was also used).
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The McGill phantom was created from an enhanced MRI volume, obtained

from 27 T1 weighted scans of a single subject, that were automatically co-registered,

normalised and averaged. After all these steps have been taken, the resulting vol-

ume was segmented into distinct tissue templates [19]. Other input objects can

be made in a similar way to this phantom and can then be used for simulations.

4.2.2 The MR parameters

The MR parameters (relaxation times T1, T !
2 , spin density !, and chemical shift

value "cs) are specified using a matrix. The parameter values for each of the tissue

types in the brain phantom that were used in the thesis are set out in Table 4.1.

These MR parameters were derived by the group at the McConnell Brain Imaging

Centre which used a simulator developed by Kwan et.al. [46]. They used their

tissue template model with specified MR parameters to simulate images which

were then compared with the real scan from which the templates were originally

derived. They minimised the di!erence between the real and simulated images

with respect to the MR parameters. For the initial value of the MR parameters

they took well known literature-based values.

Tissue type T1 (ms) T !
2 (ms) ! "cs (ppm)

Gray 833 83 0.86 0
White 500 70 0.77 0
CSF 2569 329 1 0
Fat 350 70 1 -3.5
Air - - 0 -

Table 4.1: Relaxation times, spin density, and chemical shift values (at 1.5T) used in the
simulations.
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4.2.3 Pulse sequence

During the real image acquisition process, each of the pieces of equipment in the

scanner receives a set of commands. These commands control the behaviour of

the gradient fields, RF fields and receiver electronics by specifying the required

currents and voltages to the coils and circuits. The set of commands is called

the pulse sequence. In the simulator the pulse sequence also controls all of the

gradient fields, RF fields and receiver electronics during the scanning but instead

of currents and voltages it specifies the requested fields directly (or in the case of

receiver electronics it specifies 1 for the action “read the signal” and 0 otherwise).

The pulse sequence in the simulator is defined by the desired values of the

gradient field, RF pulse parameters and readout timings at discrete, user-specified

time-points. It is in matrix form and an example portion can be seen in Figure

4.2 (note: values in the matrix do not correspond to real values, they are just

representative). The top four rows represent slice selection, the next three show

signal read-out for one line of k-space, and the last three show how to go from

one line of k-space to the next. Time is in seconds, and for each moment in time,

a value is specified for all the parameters.

RF pulses in the simulator are defined by the start time, desired flip angle,

frequency width, and the centre frequency. RF frequency bandwidth (df) defines

the range of frequencies around the RF centre (carrier) frequency o!set (fc):

(fc " df
2 , fc + df

2 ). The read-out is instantaneous and the read-out points are

defined in a discrete fashion using on/o! (1/0) values. The times for the read-

out points are unrestricted so that either linear or nonlinear temporal sampling

schemes can be specified. Gx, Gy and Gz are the desired applied gradient fields.

They are specified with given values at known time-points. The values of gradients

between the specified time-points are obtained by linear interpolation.
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Figure 4.2: The figure shows an example portion from a user-specified pulse sequence matrix
which is one of the inputs into the simulator. Below this are shown the corresponding k-space

trajectory and gradient wave forms.
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The matrix form presented in Figure 4.2 here is in its raw format which is

used directly in the main engine of the simulator. Its size depends on the size

and a resolution of an output image. In a typical FMRI pulse sequence this

matrix can have approximately 20 million lines! This is one of the main reasons

for the massive computational requirements of the simulator: the Bloch equation

is solved and magnetisation vectors updated for all of the object voxels at each

of these lines. A special module of the simulator is responsible for building the

matrix. Named “the pulse sequence generator” this module has a user-friendly

setup which functions in exactly the same way as a normal scanner console. This

module allows more familiar quantities, such as the matrix size and field of view,

as well as general sequence type (Echo Planar Imaging (EPI), standard Gradient

Echo (GE), etc.) to be chosen by the user. It also allows more hardware specific

characteristics of the scanner to be specified such as: the speed of the gradient

coils, the maximum gradient field strength etc. From these values a raw pulse

sequence matrix is then calculated and used as an input to the Bloch equation

engine.

It is also possible to import the matrix directly from any other pulse sequence

generators. These are often part of the scanner software system. This allows the

experimenter to use exactly the same pulse sequence on the simulator as the one

that was used in real experiments.

Eddy currents arise as a consequence of the rapid and powerful pulsing of the

gradient coils. This is described in Chapter 1. The e!ect of the eddy currents

is simulated by superimposing a sum of exponentially decaying terms on to the

gradient waveforms defined with the pulse sequence just described.



4.2. INPUTS TO THE SIMULATOR 83

4.2.4 Slice profile

A further property of RF pulses, in addition to those mentioned when RF pulses

were defined above, is the slice profile, which is used as an input to the simulator.

The slice profile describes the shape of the RF pulse in the frequency space. The

shape is important as it defines the “amount” of excitation for the spins precessing

at di!erent frequencies (in Figure 2.6 the relationship between these shapes and

the actual slice selection is shown).

Figure 4.3 shows examples of two di!erent slice profiles: square slice profile

which is an ideal, and not realistically achieved profile, as well as windowed-sinc

profile which is more realistic and commonly used in scanning. The x-axis in the
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Figure 4.3: Examples of di!erent slice profiles. These are Fourier transforms of the original RF
pulses. In the case of windowed-sinc, the name refers to the shape of the RF pulse envelope

and not its shape in the frequency space.

figure is given in percentages of the RF frequency bandwidth. The distance from -

0.5 to 0.5 represents one whole bandwidth or equivalently the range of frequencies

required for the excitation of one slice. The center of the slice profile (value 0)

corresponds to the RF center frequency and this value changes from one slice to

the next during the simulation. Values that are higher than 0.5 (or lower than
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-0.5) represent frequencies that are outside of the ideal range of frequencies for

the slice. The y-axis is given in percentages of the desired angle. The frequencies

for which amplitude is 1 will get excited with a flip angle equal to the desired,

user-specified, flip angle.

The square slice profile is an ideal slice profile which occurs when the RF

pulse is an infinite sinc function. It is ideal because all of the targeted spins

will get excited equally. However this is never the case in practice because all

RF pulses are finite and imperfect, therefore ripples can occur at the edges of

the perfect square meaning not just that non-desired spins will be excited but

also that di!erent spins will get di!erent “amounts” of excitation creating a non-

uniformly excited slice. The other example, windowed-sinc, is a slice profile of a

windowed-sinc RF pulse (note that the windowed-sinc slice profile is named after

the shape of its RF pulse and not because of its shape in the frequency space).

It was calculated using real scanner system software, and is a realistic example

of a slice profile. In this thesis, simulations were done for both the ideal square

and the windowed-sinc slice profiles and the di!erent impacts in the images are

recorded, as shown in Figure 5.3.

4.2.5 Motion sequence

The input motion sequence is defined in the simulator by an input file which

specifies the motion parameters: Tx, Ty, Tz characterising translations, and rota-

tions Rx, Ry, Rz characterising rotations about the center of the volume. These

rotations are specified using rotation angles often called pitch (rotation about the

x-axis), roll (rotation about the y-axis) and yaw (rotation about the z-axis) and
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can be carried out by the rotation matrices:

Rx($) =

!

"""#

1 0 0

0 cos $ sin $

0 " sin $ cos $

$

%%%& , Ry(%) =

!

"""#

cos $ 0 " sin $

0 1 0

sin $ 0 cos $

$

%%%& , (4.1)

Rz(&) =

!

"""#

cos $ " sin $ 0

sin $ cos $ 0

0 0 1

$

%%%& . (4.2)

The total rotation R of the object at a specific time point is then obtained by

multiplying these rotation matrices using the expresion R = Rz(&)#Ry(%)#Rx($)

(chosen by convention). However, working with rotation matrices in the simulator

was not the most e"cient and most accurate approach. One of the main reasons

for this is that after each matrix multiplication, each of the columns has to be

normalised in order to be a unit vector (as this is the fundamental property of

all rotation matrices). This process induces an error which accumulates with the

increassing number of multiplications. As there could be millions of consecutive

multiplications within the simulator, this process soon becomes very numerically

unstable. In order to avoid this, rotation matrices are not used in the simulator.

For the representation of the rotations, quaternions are used instead.

A unit-length quaternion is an algebraic structure which can be written in the

form

q = cos(
'

2
) + u sin(

'

2
) (4.3)

which conveniently represents a rotation by an angle ' and about an axis u =

(ux, uy, uz). This property of using only four coordinates to represent a rotation

and also the fact that the number of constraints on these coordinates is small

(the only constraint on a quaternion representing rotation is that it have a unit
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length[44]) means that the unit quaternions are a very e"cient representation

of rotations. In addition to this they are also numerically better conditioned

than rotation matrices as in order to preserve the unit-length there is only one

correction that needs to be done (instead of three as is the case for the rotation

matrices). More information on quaternions and their properties can be found in

[44, 15, 4].

Assuming that not all users are familiar with quaternions, and in order to make

things easier for them, the rotations in the input motion file are specified with yaw,

pitch and roll angles. Once the simulator starts running, one of its first steps is to

convert these into quaternions which from then on are solely used. In addition,

the motion parameters are specified at user-specified discrete time-points (e.g.

only every 3s), which can be totally di!erent to the pulse sequence time (e.g.

every 0.000001s). In order to have a representation of the object’s position and

orientation at every point of the pulse sequence the interpolation between the

discrete time-points is done. The interpolation assumes a constant linear and

angular velocity between each pair of discrete time-points and is described in

more detail in the Bloch equation solver section.

4.2.6 B0 inhomogeneities

In the previous chapter a method for calculating B0 inhomogeneities induced

by the di!erences in susceptibility values was presented. B0 inhomogeneities

represent di!erence values between the scanner-defined uniform B0 field and the

actual field B calculated by solving Maxwell’s equations. B0 inhomogeneity values

are influenced by head motion, as described in the previous chapter. In order to

calculate the inhomogeneities, a set of precomputed basis vector functions [37] is

needed. The basis set is calculated and as a set of volumes (3D images) passed
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into the Bloch equation solver.

4.2.7 Activation

Activation (BOLD signal) is defined in the simulator through the changes in the

T !
2 . Each object voxel has its own time-series of T !

2 changes. These are user-

defined and packed into massive four-dimensional volumes often called T !
2 maps.

In order to obtain realistic T !
2 maps, T !

2 is often calculated from real artefact-

corrected data sets.

A common way to calculate T !
2 values is to derive them by fitting the equation

S = S0 exp("TE/T !
2 ) to an experimentally acquired FMRI data set, where S is

the measured signal intensity, TE is the echo time and S0 is the baseline intensity

(determined from the average value of S under baseline conditions). Temporal

sampling of T !
2 is coarse as one T !

2 value is obtained for every one TR (which

is 3s in a typical FMRI experiment). This is however acceptable for the BOLD

simulations as neuronally-induced BOLD signals change slowly (approximately

6s takes from the onset of the stimulus till BOLD signal reaches its maximum

value[40]).

4.3 Bloch equation solver and the signal

The Bloch equation solver is the main engine of the simulator. All of the inputs

described above are processed by the solver in order to create one output: the

signal. During the process of scanning, magnetisation is detected i.e. converted

into an electrical signal by the RF receiver coil. In Chapter 3 the main equa-

tions for calculating this signal were given: Eq. 3.20 for calculating the total

signal and Eq. 3.22 for calculating the signal coming from each individual voxel.

Implemented in a straightforward way these equations create a huge demand on



4.3. BLOCH EQUATION SOLVER AND THE SIGNAL 88

computer processing time and memory. Simulations of realistic FMRI images

would require months or years to be carried out. This section describes the steps

taken to implement these equations and to do so in such a way that simulations

can be performed within hours or days.

An outline of the Bloch equation solver is given as algorithm 1. A careful

description of each of the lines of the algorithm is set out in this section. All of

the lines of the algorithm that start with “Speedup” describe procedures carried

out in order to speed up the simulation process.

The algorithm begins by initially setting up a coordinate system-based on

the dimensions of the input object. The centre of the coordinate system is in the

centre of the object volume. In addition, all of the input files, except the magnetic

field perturbation volume Bp, are read into the solver. Bp volume is read into the

solver at a later stage. Depending on the amount of motion and whether Bp varies

in time or not the simulator will run one of the four levels Level1, Level2, Level3

or Level4. All of the levels are similar in structure and have fundamentally the

same methods, however they run di!erent functions voxel1, voxel2, voxel3 and

voxel4. These functions are solving the Bloch equations for a single voxel, but

each of them solves them for di!erent levels of complexity of the model (e.g.

voxel1 solves the simplest equations as they do not contain any motion terms

while voxel3 solves the most complex case when there is out of plane rotation

happening which involves complex motion and B0 interactions). The use of this

kind of division into levels is purely for increasing the computational speed of

the algorithm. Later in the section a more detailed description of the voxel1-4

functions is given.

Following the level selection, a pulse sequence and a motion sequence are

combined into one sequence, referred to in the rest of the text as the events

sequence. Pulse sequence parameters are given at time-points which are very
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Algorithm 1 POSSUM: calculates total signal S(t)

1: Set up a coordinate system
2: Read in all input files except Bp

3: events sequence=sort(pulse sequence, motion sequence)
4: Scale slice profile to the given slice thickness
5: Speedup1: Extract the level of motion and the type of Bp changes
6: Speedup2: Extract the parameters for the ROI in the object
7: Speedup3: Extract the parameters for the ROI in the event sequence
8: Calculate Nreadp: the number of the read-out points in the event sequence
9: Initialise the total signal: S(t) = zeros(2, Nreadp)

10: if Level1: no-motion AND Bp not changing in time then
11: Read in 3D Bp volume
12: Apply function calc-grad : Calculate 3D gradient volumes Gp

x, G
p
y, G

p
z

13: Speedup4: Exclude all zero spin density voxels from the ROI
14: for v $ non-zero spin density voxels of ROI do
15: Calculate sj(v, t) and add to the total signal using function voxel1
16: end for
17: Output the total signal S(t)
18: end if
19: if Level2: motion parallel to the B0 field AND Bp not changing in time then
20: Read in 3D Bp volume
21: Apply function calc-grad : Calculate 3D gradient volumes Gp

x, G
p
y, G

p
z

22: Speedup4: Exclude all zero spin density voxels from the ROI
23: for v $ non-zero spin density values of ROI do
24: Calculate sj(v, t) and add to the total signal using function voxel2
25: end for
26: Output the total signal S(t)
27: end if
28: if Level3: motion non-parallel to the B0 field AND Bp not changing in time

then
29: Read in basis vectors volumes: Bp1, Bp2, Bp3

30: Apply function calc-grad : Calculate gradient volumes for each of the Bp’s.
31: Speedup4: Exclude all zero spin density voxels from the ROI
32: for v $ non-zero spin density values of ROI do
33: Calculate sj(v, t) and add to the total signal using function voxel3
34: end for
35: Output the total signal S(t)
36: end if
37: if Level4: no-motion AND Bp changing in time then
38: Read in 4D Bp volume
39: Apply function calc-grad : Calculate 4D gradient volumes Gp

x, G
p
y, G

p
z

40: Speedup4: Exclude all zero spin density voxels from the ROI
41: for v $ non-zero spin density values of ROI do
42: Calculate sj(v, t) and add to the total signal using function voxel4
43: end for
44: Output the total signal S(t)
45: end if
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close to one another (micro seconds) while motion parameters are usually given

at much coarser intervals (seconds). In order to make the events sequence, each

time point requires all of the pulse sequence and motion sequence information.

For the pulse sequence parameters direct application of linear interpolation is

used for estimating the missing points.

Each of the time-points where motion parameters (Tx,Ty,Tz,Rx,Ry,Rz) are

specified by an user we refer to as control points. In order to interpolate be-

tween these points we need to find a curve that approximates the motion that

happened in-between the control points. The interpolation assumes a constant

linear and angular velocity between each pair of discrete time-points. Because of

this assumption, linear interpolation is used to estimate the position (translation

parameters).

In addition to this, a rotation that is required for the object to move from the

orientation at one control point to the next is estimated. This is done by firstly

converting pitch,roll and yaw angles (as defined in Section 4.2.5) into quaternions

at each of the control points and then calculating the axis u and the angle ' of

the di!erence quaternion. Interpolation is applied on the obtained angle '. This

process is represented as Algorithm 2. Once the interpolation is done, both pulse

sequence parameters and the motion sequence are stored in the events sequence

which is from then on used instead of the two separate input sequences.

Algorithm 2 interpolates rotation between two control points

1: Read pitch, roll and yaw angles at control point i: $1, %1, &1

2: Read pitch, roll and yaw angles at control point i + 1: $2, %2, &2

3: Convert pitch, roll and yaw angles at i to a unit quaternion: qi

4: Convert pitch, roll and yaw angles at i + 1 to a unit quaternion: qi+1

5: Calculate the di!erence quaternion: q = qi+1 # q"1
i

6: Convert q into the axis u and the angle ' of the rotation using Eq. 4.3
7: Interpolate linearly the angle ' for all the points in-between the control points

i and i + 1: '1, '2,... 'n
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The axis and angle of rotation are used to derive the rotation matrix R(t)

[44] which for implementational e"ciency we write in the form

R(t) = I + sin('(t))A(t) + (1 " cos('(t)))A(t)2 , (4.4)

where

A(t) =

!

"""#

0 "uz(t) uy(t)

uz(t) 0 "ux(t)

"uy(t) ux(t) 0

$

%%%&
,

I is the identity matrix, ' is the rotation angle and u = (ux, uy, uz) is a unit vector

representing the axis of the rotation from the initial orientation to the orientation

at time t.

After the sorter is applied (line 3 of the Algorithm 1), a slice profile is scaled to

the required slice parameters as described in the previous section. The following

three lines (line 5, 6 and 7) represent three di!erent speed-up mechanisms that

are applied. The first, Speedup1 uses the information about the motion and the

B0 inhomogeneity to determine which of the four levels are to be used in the

simulation. Depending on the amount of motion and whether Bp varies in time

or not the simulator will run one of the four. All of the levels are similar in

structure and have fundamentally the same methods. In the case that the object

is not moving and the perturbation field Bp is not changing in time, Level1 is

used. From Eq.3.15 can be seen that in this case only one basis vector is needed

to model the perturbations.

Similar situation happens in Level2 when the object is moving parallel to the

main magnetic field. The di!erence between Level1 and Level2 is in the equations

that are calculating the signal. The ones in Level1 do not involve motion and are

therefore much simpler and faster to calculate.

Level3 is used when an object rotates about axis that is not parallel to the



4.3. BLOCH EQUATION SOLVER AND THE SIGNAL 92

field. In this case all of the basis vectors are needed which requires significantly

more calculations to be performed and additional use of computer memory. In

terms of the computational speed, Level3 is 50% longer in duration than Level2.

Level4 is applied when the perturbed field is changing in time. It is read

into the solver as a 4D volume where the fourth dimension represents time. This

feature is only done for the case when there is no motion and it is in the plans

for the future work for this feature to be extended for the case when the object is

moving. The main di!erence between the di!erent levels is in their speed as the

ones that simulate more advanced e!ects require more calculations and are slower.

The level division is useful because applications which do not involve motion or

complex B0 inhomogeneity e!ects can then be performed quickly. Each of the

di!erent level structures can be seen in Algorithm 1.

Speedup2 is a process which extracts the region of interest from the object

(ROI). Calculations are consequently performed only for voxels belonging to the

ROI. Speedup3 is a process which extracts a region of interest from the events

sequence. Detailed description of these two speed-ups is in the section Compu-

tational time. As described in the section about the pulse sequence, read-out

points are time-points at which the receiver coil collects the signal. The number

of read-out points in the events sequence is proportional to the number of the

k-space points, the number of slices in the volume and to the number of volumes

(line 8). It is used to initialise the signal. The signal is in the complex form

and the real and the imaginary part of the signal are calculated separately using

equations Eq.4.5 and 4.6.

Depending on the amount of motion and whether Bp varies in time or not

the simulator will run one of the four levels. All of the levels are similar in

structure and have fundamentally the same methods. Therefore, in order to

avoid repetition we will describe Level3 as that is the one the contains the most
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complex calculations.

As shown in the previous chapter, 'Bp(r, t) is calculated using a set of pre-

computed basis vector functions Bp1(r),Bp2(r), and Bp3(r) [37]. Each of the

vector basis functions is evaluated at the centre of each object voxel, and is read

into the simulator as a set of three 3D volumes one for each of the x-,y- and z-

coordinates. In order to obtain a representation of these basis vectors throughout

the whole object voxel, the perturbed field is approximated by a linear spatial

function (Eq. 3.11) which was then fitted to the trilinearly interpolated field.

As described in the B0 inhomogeneity section of the previous chapter, gradient

fields Gp = (Gp
x, G

p
y, G

p
z) are calculated for each of the basis vectors (line 30 of

Algorithm 1).

The simulator runs through the voxels of the input object and discards all

those which have spin density (Speedup4, line 31). The signal is calculated using

the function voxel3 which is described in more detail in Algorithm 3. The main

goal of this function is to calculate the signal coming from one voxel. To do so,

the function uses Eq. 3.22 which is re-arranged in such a way as to allow the

most e"cient calculation of the various integrals:

Real(sj(v, t)) = p(v, j)LxLyLz|Mxy(v, t0)| exp ("I1(t)) sincT

(
1

2
&Lx(I2,x(t) + I5,x(t))

)

sincT

(
1

2
&Ly(I2,y(t) + I5,y(t))

)
sincT

(
1

2
&Lz(I2,z(t) + I5,z(t))

)

cosT (&(I2,x(t)x0 + I2,y(t)y0 + I2,z(t)z0 + I3(t) + I4(t))) , (4.5)

Imag(sj(v, t)) = "p(v, j)LxLyLz|Mxy(v, t0)| exp ("I1(t)) sincT

(
1

2
&Lx(I2,x(t) + I5,x(t))

)

sincT

(
1

2
&Ly(I2,y(t) + I5,y(t))

)
sincT

(
1

2
&Lz(I2,z(t) + I5,z(t))

)

sinT (&(I2,x(t)x0 + I2,y(t)y0 + I2,z(t)z0 + I3(t) + I4(t))) , (4.6)

where sincT, sinT and cosT refer to the look-up tables of functions sinc, sin and

cos respectively, I2(t) = (I2,x(t), I2,y(t), I2,z(t)), I5(t) = (I5,x(t), I5,y(t), I5,z(t)) and
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Algorithm 3 function voxel3 : calculates signal sj(v, t) for a voxel v

1: Read in all the input values for v including MR parameters for tissue type j
2: Initialise the signal for v: sj(v, t) = zeros(2, Nreadp)
3: if v is the first voxel from the object to go through voxel3 then
4: Speedup5: Set up the look-up tables for sinc, sin and cos
5: else
6: Read in the look-up tables for sinc, sin and cos
7: end if
8: for t = 1 to Nevents do
9: if v is the first voxel from the object to go through voxel3 then

10: Speedup6: Calculate the integrals I2(t), I3(t), I4(t), I5(t) and store them
in an array Iall(t)

11: else
12: Read the pre-calculated values of the integrals I2(t), I3(t) I4(t), I5(t)

from the array Iall(t).
13: end if
14: Calculate I1(v, t)
15: if Events(k) is an excitation then
16: Calculate frequency at the center of the voxel v
17: Find the flip angle that corresponds to this frequency in the slice profile
18: Rotate the magnetisation vector of the voxel v by this angle
19: end if
20: if Events(k) is a signal read-out then
21: Calculate equations 4.5 and 4.6
22: Store the solutions into sj(v, t)
23: end if
24: end for

v corresponds to the voxel with the center at r0 = (x0, y0, z0). The integrals are

calculated using:

I1(v, t) =

* t

t0

1

T !
2 (v, t)

dt, I2(t) =

* t

t0

G(t)R(t)dt,

I3(t) =

* t

t0

G(t) · T(t)dt, I4(t) =

* t

t0

'Bp(r0, t)dt,

I5(t) =

* t

t0

'G(r0, t)dt. (4.7)

In order to decrease the amount of calculations per voxel, integrals that are the

same for all of the voxels are calculated only once (I2(t), I3(t) I4(t), I5(t)). This is
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done for the first voxel and the calculated values are stored in an array Iall. When

the calculations need to be performed for all of the other voxels in the object,

the values of the pre-calculated integrals are obtained from array Iall. Once the

signal sj(v, t) (both its real and imaginary component) is calculated, it is added

to the total signal S(t).

4.3.1 Noise

In the current section noise refers to thermal noise. Thermal noise is modeled as

additive, independent, white Gaussian noise in both receiver channels and at this

stage is added to the signal. Mean and the standard deviation of the Gaussian

are user-defined.

4.4 Image reconstruction

In order for the image reconstruction to take place, k-space data need to be

constructed for each slice. The position of the sampling points in the k-space in

2D sequences is completely determined by the pulse sequence using:

kx(t) % &

2(

* t

t0

Gx(t)dt ,

ky(t) % &

2(

* t

t0

Gy(t)dt . (4.8)

Signal is arranged into the k-space. Signal value collected at time T , S(T ), will

be placed at the position (kx(T ), ky(T )).

Once this rearrangement is finished, image reconstruction takes place. This

is the final step of the simulation process and can be done using various image

reconstruction techniques. The one that is commonly used in the simulator is a

direct application of the Fast Fourier Transform (FFT). For more complicated
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sequences (including 3D sequences), the raw complex signal values can be saved

and passed into any custom reconstruction code.

4.5 Computational time

4.5.1 Introduction

Simulators on the Bloch equation are computationally expensive, as the magneti-

sation vector must be updated for every defined event which is proportional to

at least the number of the event points and the number of volumes in the FMRI

sequence. Furthermore as each object voxel has its own magnetisation vector, the

whole process is also proportional to the number of object voxels and the number

of tissue types in the object. In addition to this, a number of various calculations

are done for each of the voxels and for each of the events. Taking all this into

account, the total amount of computation required is:

Nflops ! Nevent ! Nvoxel ! Nfev (4.9)

where ‘flops’ stands for the ‘floating point operation per second’, Nfev is the

number of flops per event and per each object voxel. Nevents is the total number

of events (rows) in the events sequence:

Nevent ! Nkps ! Nslice ! Nvolume, (4.10)

where Nkps is the number of k-space samples needed for each slice. Nvoxel is

the number of voxels in the input object:

Nvoxel = Nvpv ! Xdim ! Y dim ! Zdim ! Ntissue type (4.11)

where Nvpv describes the number of object voxels per 1mm3, and Xdim, Y dim,

and Zdim are x-, y- and z- dimensions of the input object in mm.
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A typical FMRI sequence that has 64 ! 64 k-space matrix for each slice1, 25

slices per volume and 100 volumes in total, approximately has 20480000 events.

An average input digital brain consists of 181! 217! 181 1mm3 voxels. A rough

estimate for number of flops per voxel is Nfpv = 1000. Typically three di!erent

tissue types for the brain are used (gray matter, white matter and CSF). Putting

all this in the equation we get:

Nflops = 436785377280000000 & 4.4 ! 1017 (4.12)

For a computer processor capable of 1 GigaFlop, this will take approximately

4.4 ! 108 seconds which makes approximately 5000 days! In order to decrease

this number, a separate approach was applied on all of the individual factors that

directly influence the time: number of events per voxel, number of flops per voxel

and the total number of voxels.

4.5.2 Computational speed ups

The main CPU intensive part of the code is the process of updating each magneti-

sation vector throughout the whole pulse sequence. All other parts of the code:

pulse sequence generation, sorting a pulse sequence and a motion file into a large

matrix, calculation of the perturbed B0 values from the basis images, and image

reconstruction, only take a few minutes even with the largest pulse sequences or

input objects. Therefore the main factors in the computational speed are the

number of input object voxels, the length of the pulse sequence and the number

of operations done for each voxel.

1Word “slice” in the section refers to a slice of the output image.
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Number of input object voxels: Speedup2 and Speedup4

When doing multi-slice imaging, in order to decrease the number of input object

voxels in a simulation, the simulator uses information about the number of slices,

position of the slices, slice thickness, slice profile and the motion sequence in order

to choose the Region Of Interest (ROI) of the object which includes only the

object voxels that belong to the area which will get excited during the scanning

(in Algorithm 1 this process is referred to as Speedup2). Choosing the region

of interest influences the dimensions of the input object and therefore the total

number of voxels as seen in Eq. 4.11. More specifically, if a user does not want

to image the whole object (say all of the image slices required to cover a volume)

but needs only a few of those, the simulator adapts to this and will only calculate

the signal coming from that selected region of the object. In the case where slice

selection is done along the z-axis, choosing the region of interest would influence

Zdim in Eq. 4.11. If the choice is to scan the whole input object, the region of

interest would be the whole object and Zdim would be at its maximum value. In

the case we need to scan only a few slices of that input object, for example two

5mm slices, Zdim would drop to 10mm which decreases the number of voxels,

and therefore the computational time tenfold. In the case when there is motion

however, or when the slice profile extends beyond its targeted area (as it is the

case with most realistic slice profiles) Zdim is not obtained by simply multiplying

the number of slices with their slice thickness but an extra amount is added due

to this extension. The true equation for Zdim is then:

Zdim = Nslice # SlcThk + Zmaxm + SlcP (4.13)

where Zmaxm corresponds to the maximum movement that any object voxel did

in the z-direction, and SlcP corresponds to the extra area of the object that gets

excited due to the non-square slice profile.
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Another way of decreasing the number of voxels that go through the calcu-

lations is to eliminate all of the voxels that contain no tissue (Speedup4). The

proportion of eliminated voxels depends on the sparseness of the object itself.

The final equation for the number of voxels is:

Nvoxel = P ! Nvpv ! Xdim ! Y dim

!(Nslice # SlcThk + Zmotion + SlcP ) ! Ntissue type.(4.14)

where P represents the proportion of the non-zero spin density voxels in the

object and Nvpv is the number of voxels per 1mm3.

Number of events per voxel: Speedup3

In order to decrease the number of events per voxel, the signal is only calculated

for the events which are “relevant” for the voxel in question, i.e. signal is cal-

culated at the read-out points only if they are positioned immediately after the

RF pulse which excited the magnetisation vector of that voxel. In case an RF

pulse did not excite the magnetisation vector of the voxel, read-out points are

skipped and the signal is not calculated but is assumed to be zero. For example,

in an ideal situation when the object is not moving and the slice profile is square

shaped it is expected that during an acquisition of a volume each of the voxels

will get excited only once. The signal coming from the voxel is only recorded at

the read-out points directly following the excitation that has happened. Once the

recording is done, the signal coming from the voxel is spoiled, and will remain

zero until the next time the voxel is excited. In less ideal situations when the ob-

ject is moving or when the slice profile is non-square shaped and extends beyond

the targeted area, voxel can get excited more times, thereby increasing the num-

ber of times its signal needs to be included in the read-outs. How this approach
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influences the number of events per voxel is shown in the following equation:

Nevents ! Nkps ! ('(Zmotion + SlcP )/SlcThk( + 1) ! Nvolumes. (4.15)

Number of flops per event and per voxel: Speedup1, Speedup5, Speedup6

In order to decrease the number of flops per voxel, several measures are taken.

They are referred to in Algorithm 1 as Speedup1, Speedup5 and Speedup6. They

involve use of look-up tables, pre-calculation of some of the relevant integrals

etc. and are described in details in the previous section. In addition to these

speed-ups, many other steps were described through-out this and the previous

chapter which were used in order to improve the computational e"ciency and

speed (e.g. when approximating Bp over the voxel, or choosing the e"cient ways

of representing the rotation matrix). It would be very di"cult to calculate the

exact number of flops performed by a voxel and therefore even harder to determine

the exact amount of improvement due to each of these specific speed-ups.

With all the speed-ups set up, simulation of a typical FMRI sequence described

at the beginning of this section: 64 ! 64 k-space matrix for each slice, 25 slices

per volume and 100 volumes in total takes 100 days which is significantly better

than the originally estimated time of 5000 days.

4.5.3 Parallelisation

All the magnetisation vectors in the simulator are independent of one another

3.13. There are spatial interactions via Maxwell’s equations, but these are dealt

with by pre-calculated Bp fields. In addition to this, the signal acquisition pro-

cess is linear as seen in Eq. [3.20] making the signal calculation independent from

one voxel to the next. These conditions are correct under the assumption that

there is no flow in the input object i.e. spins from one voxel can not move to
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the next and so on. The independence of signal generation from one voxel to

another provides a good environment for the application of parallelisation tech-

niques, which significantly improve the computational speed. The main idea is

to divide an input object into smaller parts, calculate their k-space contributions

on many di!erent individual processors, and then, with one master node, sum

all of the contributions to form the k-space for the whole object. A descriptive

representation of the parallelisation process is shown in Figure 4.4. This paralleli-

sation has been done using SCALI (http://www.scali.com/Dell) version of MPI

(http://www-unix.mcs.anl.gov/mpi/).

4.5.4 Results

Generation of a k-space signal for one 3mm thick slice with a 64 ! 64 k-space

matrix on an Intel x86 (64-bit) Processor, with 3.6GHz CPU, 2GB RAM running

the Linux operating system takes 2min50sec and uses 130MB of RAM. Input

object size is 181 ! 217 ! 181 ! 3 input object voxels (fourth dimension is due

to the three tissue types: gray, white and CSF). Using parallelisation techniques,

this time is reduced as seen in Table 4.2. In order to generate a typical time

series of 100 FMRI volumes for 3 slices of 3mm thickness, with an output k-space

matrix of 64!64 for each slice, an ‘ideal’ square slice profile and no through-slice

motion it takes 2m50s # 9 # 100 = 42h30m, which is feasible on a single processor,

albeit slow. Using parallelisation techniques, the computational time it takes to

generate the described FMRI sequence is 6h on a cluster of 16 Intel x86-64. The

results were generated on ZUSE, an Intel x86-64 MPI Cluster, which is a part of

the Oxford Supercomputing Centre (http://www.osc.ox.ac.uk).

There is a limitation to the speedup achieved by parallelisation i.e. the com-

putational time is not perfectly proportional to the number of processors. This
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Figure 4.4: Descriptive representation of the parallelisation done in the simulation process.



4.5. COMPUTATIONAL TIME 103

Cluster Size 64 ! 64 128 ! 128 256 ! 256
1 2m50s 11m5s 42m58s
2 1m37s 5m4s 21m4s
4 54s 2m54s 11m6s
8 32s 1m32s 5m37s
16 24s 58s 3m3s

Table 4.2: Computational time for simulation (k-space generation) of one 3mm slice. Input
object size is 181!217!181!3 input object voxels (fourth dimension is due to the three tissue
types: gray, white and CSF), and the object voxel size is 1 ! 1 ! 1mm, output k-space matrix
sizes are 64! 64, 128! 128 and 256! 256 image voxels. Simulations were done on Intel x86-64

MPI Clusters.

Figure 4.5: Limitation of the parallelisation. The computational time does not decrease per-
fectly with the increase in the number of processors. Figure courtesy of J. Pitt-Francis.
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is due to the fact that there is an overhead amount of calculations that need to

be processed by each of the voxels and they do not decrease in the number as

the number of processors go up. These overheads, however, do increase greatly

with the size of the simulations and do not take longer than a few minutes. The

relationship between the number of processors and computational time can be

seen more clearly in Figure 4.5.

4.6 Summary

This chapter described the implementation of the simulation model into a simula-

tor environment and discusses the way the computational issues were dealt with

in order to make the images realistic and simulation processes both memory- and

time-e"cient. Due to the high demands on both, FMRI simulation would not

be realistically possible otherwise. Within the current framework of the simula-

tor i.e. all of the described speed-ups and the parallelisation it is possible to do

simulations of an 2D image within minutes, simulations of an 3D image within

an hour and long FMRI sequences within a day. This allows the simulator to be

used in practice.

The following chapter is the last chapter in the sequence of the “development”

chapters and deals with the validation of the simulator.


