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Reading List

Russel Winder and Graham Roberts, “Devel oping Java Software”, J. Wiley & Sons.

Much of the material covered in the course is also covered in here. The emphasis is on software
engineering, however, which we won’t be quite as concerned about in the course. It won’t do you any
harm to be exposed to this though.

You should read most of part 2 of this text. Some chapters won'’t be covered in the lectures, however — |
won't talk about heaps, priority queues or sorting. Also, there is some material at the end of the course
on graphs, which isn’'t covered in the text. The lecture notes will cover this and you can find more on
them in the books listed bel ow.

Richard Wiener and Lewis J. Pinson, “Fundamentals of OOP and Data Structures in Java’, Cambridge
University Press.

Smilar content to Winder and Roberts. Perhaps more concisely written.

Robert Kruse, Bruce Leung and Clouis Tondo, “Data Structures and Program Design in C”, Prentice
Hall International.

The emphasis of this book is on practical working tools, but the coverage is extensive. Unfortunately
the language is C, so object oriented concepts don’t get a look in.

J.H. Kingston, “ Algorithms and Data Structures: design correctness, analysis’, Addison-Wesley.

Quite theoretical, with the emphasis on mathematical analysis — may be more appropriate for the
complexity part of the course. Language is Modula 2. Good exer cises.

Robert Sedgewick, “Algorithms’, Addison-Wesley.

Contains little discussion of data structures, but many illustrations without mathematical rigour.
Language is Pascal.

D. Harel, “Algorithmics: the spirit of computing”, Addison-Wesley.

An excellent overview of theoretical Computer Science. Not particularly relevant to a data structures
course, but well worth reading if you have the time.

D.E. Knuth, “The Art of Computer Programming”, Addison-Wesley.
Comprehensive reference to programming and algorithms.
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Coursework

The key to understanding this type of course is hands-on experience. It isvital to get as much
programming done as you can.

During the course | will set anumber of unassessed exercises, which | strongly recommend you try. |

will be happy to look at any work you have done and give my comments, as I’ m sure will your
personal tutors.

Near reading week | will hand out an assessed exercise of some complexity that you will be given the
rest of term to complete.

Website

Material related to the course will appear on the course web site at:

thttp://www.cs.ucl.ac.uk/teaching/courseinfo/D0b3 info.htn)



http://www.cs.ucl.ac.uk/teaching/courseinfo/D0b3_info.htm
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Aims and Objectives of the Course

Major Aims

A Toolkit of Data Structures

Y our prior experience will have shown you that there is a need for data structures to hold together
logically related values being manipulated by your program. Primitive types, such as

bool ean, char, int, float,

are atomic data structures that contain just one value. Aggregate data structures, such as
arrays, linked lists, hash tables, trees,

contain multiple values arranged in some suitable way.

Thereisarange of data structures that are broadly applicable and are found to be useful in al sorts of
different applications. Every programmer needs to be familiar with these and they should be regarded
as “tools of the trade” for good programmers. This course is designed to equip you with the most
important of these tools. It will give you more experience of some data structures that you have already
met and will introduce you to a number of new ones.

Data Abstraction and Abstract Data Types

Theideaof an Abstract Data Type (ADT) isasimple unifying way of looking at data and what
operations can be performed upon it. Most modern programming languages provide facilities for
defining our own types of things, which can act in certain meaningful ways that correspond to intuitive
descriptions of the way a computer program works. Designing programs in this way helpsto structure
dataand programsin a nice organised way — one that enhances correctness, readability, robustness and
portability of your code.

A further aim of this course is to teach you to think in terms of ADTs and to make informed decisions
about which data structures are the most appropriate for implementing particular ADTs within
particular applications.
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Minor Aims

Some Java

Most of the concepts we will be dealing with are not specific to any particular programming language
and, in general, data structures and ADTs should be thought about in alanguage-independent way.
However, it is hard to understand these concepts without seeing the actual implementation. Since Java
isthe main course language, all the examples are given in Java. We may come across a few features of
the language that you haven’'t met yet, which I’ll have to introduce you too, but thisis not specifically a
course on Java.

Object Oriented Design

Similarly, thisisn't really a course on object oriented design, although the subject matter is strongly
related so we will consider some aspects. It isn’t very helpful to think about data structures or even
ADTsinisolation. Inevitably, we have to look at how they interact with each other and the rest of the
program. We will also need to consider reusability of our code and commonality of our data types,
which are things that object oriented design deals with.
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1 Abstract Data Types

1.1 Abstraction
Abstraction is the process of generalisation by suppression of irrelevant detail.

Y ou are familiar with the concept of abstracting computations through the use of functions. Suppose |
want to know how many degrees Fahrenheit are equivalent to 20 degrees centigrade. To find out, |

compute 20. 0* (9. 0/ 5. 0) +32. 0 to obtain my answer: 68°F. Rather than having to remember this
formula every time we want to perform such a conversion however, we can wrap it up in afunction:

public static float CtoF(float x)
{

}

and subsequently use the abstraction Ct oF, asin Ct oF( 20. 0) , instead. The name of the function
argument, x in this example, replaces specific valuesin an expression.

return x*(9.0/5.0) + 32.0;

But what does it mean to abstract atype of data. How can we “generalise” or “suppress the irrelevant
detail” of adatavalue (like 17)? The answer isless obvious than it is for the case of computation. This
probably accounts for the fact that, although even the earliest assemblers (late 1940s) had some form of
functional or procedural abstraction built in, data abstraction isarelatively late idea. It wasfirst seen, in
primitive form in the language Simula67, and only widely used since the advent of commercially
available object-oriented languages from the mid 1980s onwards.

1.2 Data Abstraction
A datatypeis defined by

* Theset of valuesit can take, and
» The set of operations that can be performed upon it.

Data abstraction is performed by defining new types, in terms of their set of possible values and the set
of operations we wish to perform on that data. Languages like Java strongly encourage this kind of
practice, because it forces programsto be organised in arational way. The “irrelevant detail” that we
want to suppress is the actual representation of the particular values taken by the data and the
corresponding implementation of the operations. We would like to be able to apply operations to our
datain a single command without having to be concerned about the mechanics of how that operation is
actually performed.

1.3 Example

A simple way to understand data abstraction is to go right down to the machine code level. At the
machine level, as you know, all data are stored as bit patterns. Consider the primitive Javatypei nt .
Ani nt with avalue of say 78, isrepresented, using 2's complement, by the bit pattern ending in:
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--0]17]0,0]1]212,1]0

But what actualy isani nt ?

It is a data type representing the mathematical concept of an integer. An integer is something that has a
whole number value and upon which a number of operations, such as addition, multiplication, etc, can
be performed. In order to perform such operations on an actual i nt in a Java program, the machine has
to manipulate these bit patternsin an appropriate way.

Suppose we want to add another i nt , say 2, to our existing one. 2 is represented by the bit pattern
ending in:

.1 0/040]0|0]0|1]0

In order to add these two together some code needs to be written that takes these two bit patterns and
returns a new bit pattern:

.1 012]0(2]0,0]0]0

which we can interpret asan i nt of value 80.

As programmers, however, we don’t want to be concerned with fiddling around with bit patterns, we
are only interested in manipulating integer values. The mechanics of the operations we can perform on
ani nt are hidden away — these “irrelevant details” are " suppressed”. Thus our programming language
provides an “abstraction” from the actual representation and implementation of the typei nt alowing
us to concentrate on manipulating integer values.

Note also that there are several ways to represent integer valuesin bit patterns, 2's complement is the
most common choice, but there are others, for example, IBM’ s binary coded decimal (BCD)
representation. As a programmer we don’t care which representation is used at the machine code level
—we just want to add 2 and 2 and be assured of getting 4. The internal representation of the values as
well as the implementation of the operations performed on those values are irrelevant details that are
suppressed. The primitive Javatypei nt isthus, in some sense, an abstract datatype. We are
concerned about what you can do not how those things are done.

Many advantages follow from thinking about programming in thisway. In particular, we can have a
variety of possible representations for the values of some ADT but programs that use things of that type
need not be concerned about which representation is actually being used. Use of ADTs leads to away
of programming based on identifying the sorts of things a program manipulates and the operations that
are performed on them.



DOb Algorithmics: Data Structures and Data Types

1.4 Data Structures

A data structureis a container or aset of cellsinto which values can be placed.

It isdistinct from the concept of an abstract datatype. An abstract data type usually makes use of a data
structure to hold the values of the data type. The data structure contains the representation of the data

type. Inthei nt example given above, the data structure used to hold the representation of an integer
valueisthe set of 32-bits in the computer memory.

1.5 ADTs and Java

In Java, ADTs are defined (like everything else) in classes. Generally, the representation of the ADT,
i.e., the data structure that stores its values, is hidden from view. These constitute the pr i vat e data
members of the class. The operations that are performed on the ADT are coded in the publ i ¢
methods of the class and constitute the public interface to the class.

In general, it is good practice to construct ADTs in a“top-down” manner, consisting of the following
steps:

» Define ADT values and operations.

* Definethe public interface to the class.

» Choose an appropriate data structure to hold the values.

* Implement class.

1.6 Example ADT in Java

Suppose we have a program that needs to manipulate complex numbers. Anideal opportunity to define
an abstract data type!

What is a complex number?

A complex number has the form a+bi, where aand b are both real valued numbersand i isthe
imaginary number v-1. All of the usual numerical operations, such as addition, multiplication, etc, can
be performed on complex numbers.

A complex number can be represented by a pair of floating point numbers — one for the real part of the
number, a above, and one for the imaginary part, b. A pair of doubl e values thus constitutes a suitable
data structure in which to hold the values.

The public interface to a complex number ADT should include al the operations oneis likely to want
to perform on a complex number. There are lots of these. For the purposes of thisillustration we will
just consider two: addition and multiplication. The public interface for our class will thus have two
methods, one which implements complex number addition and one which implements complex number
multiplication.

Let’ sfirst define what these operations are:
Addition: (atbi) + (c+di) = (at+c) + (b+d)i
Multiplication: (a+bi)x(c+di) = (ac-bd) + (ad+bc)i

Now we arein aposition to implement the Conpl exNunber class.
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/**

* <dl >

* <dt >Pur pose: Conpl ex nunber cl ass.

* <dd>

*

* <dt >Descri pti on:

* <dd>Cl ass representing conpl ex val ues all ow ng sinple
* nunerical operations to be perforned.
* </ dl >

*

* @ut hor Danny Al exander

* @ersion $Date: 2000/ 11/26%

*

*/

public class Conpl exNunber {

/l/Private data itenms — the data structure, which constitutes
/1the internal representation of the data type.

private double real
private doubl e inmaginary;

/**

* Constructs Conpl exNunber objects from doubl es
* representing the real and inmaginary parts.

*/
publ i ¢ Conpl exNunber (doubl e r, double i)
{
real = r;
i maginary = i;
}
/**
* Returns the real part.
*/
public double real ()
{
return real;
}
/**
* Returns the imaginary part.
*/
publ i ¢ doubl e i magi nary()
{
return inmaginary;
}
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/**
* Adds conpl ex nunber c¢ and returns the result.
*/
publ i ¢ Conpl exNunber add( Conpl exNunber c)
{
doubl e new = real + c.real();
double new = imaginary + c.imaginary();
return new Conpl exNunber (new, new );

}

/**
* Multiplies by conplex nunber ¢ and returns the result.
*/

publ i ¢ Conpl exNunmber nul ti ply(Conpl exNunber c)

{

doubl e new = real*c.real () - imaginary*c.imaginary();
doubl e newi = real *c.imaginary() + imaginary*c.real();
return new Conpl exNunber (new, new );

}

Now we can do operations on complex numbers without having to worry about figuring out exactly
how to do it every time:

Conpl exNunber c1
Conpl exNunber c2

new Conpl exNunber (1.0, 2.0);
new Conpl exNunber (-1.0, 0.5);

Conpl exNunmber cl1plusc2 = cl.add(c2);
Conpl exNurmber cltinesc2 = cl.multiply(c2);

Exercise: What other methods should we put in the ComplexNumber class? Try implementing the class
and include methods for some other operations that can be performed on complex numbers, e.g.,
powers, sin, cos, etc. Includeat oSt r i ng method and test the correctness of each operation.

10
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2 Some Language Facilities

In this section we are going to review some aspects of Java, and programming languages in general,
which should be somewhat familiar to you. We will need to rely heavily on these things later so it’s
worth making sure you understand.

Any data structure we construct must be put together using the basic facilities provided by an
imperative language. Most modern imperative languages (like Java) share a common semantic view of
the way in which data storage is organised, based on the way in which modern computers are built. The
fundamental ideais that storage consists of alinear sequence of cells, each of which can be thought of
as a container for some storable value.

Max Vm

Max-1 Vm-1

Max-2 VM-2

Max-3 Vm-3 <:| New value
Max-4 V M-4

3 Vs

2 Vs,

1 Vi

0 Vo

The value stored in a cell can be changed by assignment (using the assignment operator, =, in Java) of a
new value:

Cell — Vaue.

Each cell can be identified by an address or index. Linearity of the sequence of cells, or of adata
structure in general, means that cells are identified by a single address number. A cell is similar to the
concept of aword of storage in RAM, but the two should be distinguished. Whereas aword of storage
in RAM isafixed length chunk of bits, cells can contain any kind of object, which is considered a
storable value in a higher level language. These objects may be very different sizes.

Cells should be thought of as boxes that we can put things in. Variable names reference different cells
and distinguish them from one another so that we can keep track of what isin which box. Javais a
strongly typed language, which means that cells can only contain particular things — the boxes have a
shape and size and only things of corresponding shape and size will fit inside.

11
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2.1 L-values and R-values

Rather than using the term address, which has hardware connotations, we refer to acell identifier as an
I-value. To see why thisis appropriate, consider the archetypal assignment:

a=a+1;
which means, “take the value stored in the cell associated with the variable a, add one to it, and store in
back in the cell associated with a”. The name a is used in two distinct ways. on the right hand side of
the = it refersto the value stored in the cell; on the left hand side, it refers to the cell itself. Hence the
name L-(left)-value. The value stored in the cell is the R-(right)-val ue associated with the variable a.
Every cell hasan L-value, but cells do not have R-values until they are initialised — Javawon't alow us
to access a cell until it has been initialised. The following won’t compile in Java, but the equivalent in
some languages will and when it is executed, the contents of the cell corresponding to a contains junk
left over from last time that piece of memory was used.

int a;

System out. println(a);
In Java, an |-value can always be an r-value aslong as it has been initialised — any cell that we can put
something into, we can also look at what’ s inside. The converse is not true, however, and there are
some cells whose contents we cannot change. When a variable name is put on the right hand side of an
assignment, itsr-value is retrieved.

There are some pure r-values that can never be used as I-values. For example, we can never write:
3 = 3+1;
What about something like:
f(x) = 3+1;
wheref issome function we have defined? No you can’'t do thisin Java, the set of available return
types of methods are such that method calls can only ever be used as r-values.

In Java, the declaration of an |-value imposes a restriction on the type of r-value that can be stored
there. For example:

int a = 1.34
will produce an error, asther-value 1. 34 isnot of typei nt .

2.2 Aggregates

Data structures are useful when they are used to combine several data items. The most important
language features used in building data structures are those that provide for aggregation, i.e., the
mechanism for combining several dataitems into one more complex structure.

2.2.1 Arrays
The simplest and most common aggregate data structure isthe array. An array is a contiguous, ordered,
fixed-length sequence of cells, al of the same type. For example,

int[] arrayl = new int[6];
Thisgives us a set of 6 cells, which contain objects of typei nt . arrayl isan object reference,
which refersto the group of cells. The individual cells are referenced by dereferencing ar r ay 1 viaan
index in square brackets: array1[ 0] , arrayl[ 1], etc.

12
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arrayl o —

o 1 2 3 4 5
These can all be I-values or r-values:
int n = arrayl[4];
arrayl[ 2] = n;
arrayl[ 3] = arrayl[5];
are all valid operations.

arrayl itself canaso beused asan|-value or an r-value. We can do things like:

int[] array2 = arrayl,
or

int[] array2 = new int[6];

arrayl = array2,
However, these operations might not do quite what you might expect at first. Consider the following
sequence of commands:

int[] arrayl = new int[6];

int[] array2 = new int[6];

arrayl[ 0] = O;

array2 = arrayl,

array2[ 0] = 10;

Systemout.println(arrayl[0]);
Wefind that the value of ar r ay1[ 0] at this point in the programis, in fact, 10 rather than 0. The
assignmentarray2 = arrayl doesn’'t copy the whole array, it copies the object referencear r ay 1
intoarray?2. Soarray2 now references the exact same 6 cellsthat ar r ay 1 references. The 6 cells
that ar r ay 2 referenced originally are lost and will be reclaimed by the Java garbage collector. Thisis
clear if we stick to the different diagrammatic notation for object references used above, which
distinguishes them from names that refer directly to particular cells:

arrayl —1

array2

0 1 2 3 4 5

The object references are cells that contain a reference to the object. When ar r ay2 is set equal to
ar r ay1 only the object reference contained inthecell arrayl iscopiedintothearray?2 cell, as
shown by the dotted arrow in the diagram above.

2.2.2 Vectors

A limitation of arraysisthe fact that they are static. Once an array has been declared itslength, i.e., the
number of cellsinthe array, is fixed. Often we may not know how many data items we want to storein
adata structure and so require a more dynamic structure, which can expand as we add more elements.

13



DOb Algorithmics: Data Structures and Data Types

The Java class Vect or implements just such a data structure. See the Java documentation for
java. util. Vect or for afull description of the vector class.

Vect or isalinear data structure — accessed by a single number through the el enent At (i nt
i ndex) method.

Infact, if you look at the actual implementation of the Vect or class, you will discover that the
underlying data structure is an array. When a vector object isinitialised, the array has a certain length.
If more elements are required to be stored than the length of the array, a new larger array is declared
and the elements of the old array are copied into it. There are more elegant and efficient ways of
generating dynamic linear data structures, which we will come acrossin the next section of the notes.

2.2.3 Structures

A structure is an unordered collection of cells, of arbitrary types, identified by field names. An example
might be a structure containing employee records for a company. Several different items of data might
be required, such as: name, date of birth, sex, salary and job title. We can lump al these things together
for a particular employee, by encapsulating them in a class:

cl ass Enpl oyee

{
publ i c Enpl oyee {..//Constructor.}
public String nane;
public String dob
public char sex;
public float salary;
public String jobTitle;
}

For particular instances of the Enpl oyee class we can access al the data members (via the structure
field names), as either |-values or r-values, using the dot operator:

Enpl oyee nyEnpl oyee = new Enpl oyee();

nmyEnpl oyee. nane = “Jones”;

nmyEnpl oyee. sal ary = 20000. 00f;

String sonmeString = nyEnpl oyee. nane;
fl oat sonmeFl oat = nyEnpl oyee. sal ary;
and so on.

Although Javais perfectly happy to let usdo this, it isn’'t really the object oriented way. As you know,
when we' re defining classes it is good practice to make the data items that make up that class
pri vat e and only allow access to them through public interface methods. The Enpl oyee class
should really look more like this (with appropriate comments, of course):

cl ass Enpl oyee

{
publ i c Enpl oyee {..//Constructor.}

public void set Name(String newNane)
14



DOb Algorithmics: Data Structures and Data Types

nane = newNane;

public String get Name()
{

}

[/ same for other data nmenbers...

return namne;

private String nane,
/letc
}
Structures per se shouldn’t really be used in Java. Although there may often be something resembling a
structure at the heart of a Java object, it should be accessed through the public interface to the class
rather than directly accessing the dataitems.

2.2.4 Object References

Whenever we create an instance of aclass and give it a name, the r-value associated with that name is
an object reference, much the same as the names of arrays we discussed above. Suppose we make some
instances of the Enpl oyee class above:

Enpl oyee el = new Enpl oyee();
Enpl oyee e2 = new Enpl oyee();
el. set Nane(“Smith”);

e2 = el;

e2. set Nane("“Jones”);

System out. println(el. getNanme());
Exactly asin the case of arrays, we find that Enpl oyee el containsthe name “Jones’ rather than
“Smith” even though no operations have been performed directory on el. Aswith arrays, the
assignment e2=e1 doesn’t copy the whole of object el1, but causes e2 to refer to the exact same
object asel.

el

—1 3| Enpl oyee e2 |, | 3| Enpl oyee

Thisistruefor al objectsin Java but not primitive types. It often helps to understand programs,
particularly those that use complex data structures, by drawing data diagrams. In order to ensure that
we remember how object references behave, we can draw them in the same way we did in the section
on Arrays. An object reference refersto a cell that contains a reference to the object itself. A diagram
depicting an instance of our Enpl oyee classin full will look something like this:

15
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el 1 3] nane N B
dob 1
sex
sal ary
jobTitle| |

We have object references inside the Enpl oyee object for the non-primitive data types Dat e and
String.

2.2.5 Data Types and Data Structures Revisited

A datatypeisaset of values with a collection of operations. A data structure is a collection of cells,
somehow related, that can hold data values. Thus, a data structure may serve as the value-holding part
of lots of different ADTs— it depends what operations we define on the given structures and thereis
quite alot of scope for wrapping them up as datatypesin different ways. Often there is a conflict
between providing a small, compact set of operations required to get a particular job done, and trying to
provide generality of interface to give awidely useful data type that can go into alibrary and be reused.

It isapractical fact that most programmers re-implement the same ADT over and over, with slight
variations. Object oriented methodology and languages are supposed to make it easy to reuse code and
avoid this. It is debatable whether or nor they have succeeded, but things seem to be improving.

We will illustrate these points in the section 3 by showing how one data structure, the array, can be
used to implement a variety of ADTs. Then we will show how agiven ADT could be implemented by a
variety of different data structures.

2.3 Exceptions and Exception Handling

Exceptions provide a mechanism for identifying and handling unforeseen errorsin a Java program. In
general, Exceptions are used to flag errors when they occur inside a class due to unexpected input or
method parameter values. They avoid the need for the implementer of the class to handle these
possibilities explicitly and, rather, alow (in fact, force) the user of the classto specify some aternative
course of action when the error occurs. Full discussions on the use of Exceptions can be found in
Winder and Roberts, or Wiener and Pinson, or in the on-line Java documentation. Here | will just give
an example with explanation, there are many more to come.

Suppose we wish to add another method to the Conpl exNunber class that computes the reciprocal,
i.e., 1.0/(a+bi). The reciprocal is simple to compute using the formula: 1.0/(a+bi) = (a/(a®+b?)) -
(b/(a®+b%))i. But what if a= b = 0? What should we do?

16
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- Return zero?
- Return some other complex value?
- Print out an error?

- Just alow Javato pick up this error in its own way so that any program using our
Conpl exNunber classwill fail when this occurs.

A better ideaisto havether eci pr ocal method throw an Except i on to indicate that this has
happened and which can be picked up and dealt with appropriately. Hereisar eci pr ocal
method that uses Except i onsinthisway:

publ i ¢ Conpl exNunber reciprocal () throws Conpl exNunber Exception
{

doubl e denom nator = real *real + inmaginary*imagi nary;

i f(denom nator == 0) {
t hrow new Conpl exNunber Excepti on(* Cannot
reci procate zero”);

}

doubl e new = real/denomn nator;
doubl e new = -inmagi nary/ denom nat or;

return new Conpl exNunber (newr, new );

In the reciprocal method, we detect when the error has occurred and “throw” a
Conpl exNunber Except i on using the keyword t hr ow applied to a new object of type
Conpl exNunber Except i on. Notice that we need to declare in the definition of the method that the
method is capable of throwing a Conpl exNunber Except i on. A method can throw many different
types of Except i on and each must be listed in the method definition. If there is more than one, they
are separated by commas after the throws keyword: nyMet hod() t hrows Exceptionl,
Exception2, .., ExceptionN.

Compl exNunber Except i on isanew type of object that we need to define before we can useit in
our Conpl exNunber class. Java provides aclass Except i on that can be extended (using
inheritance) in order to create Except i onsfor particular situations. This can be donein avery basic
way, which essentially just changes the name of the Except i on so that it’s clear to the user what has
happened when the Except i on isthrown, or, if necessary, specialized behaviour can be included.
Here we'll do abasic extension of the Except i on class:

cl ass Conpl exNunmber Excepti on extends Exception()

{
Compl exNunber Exception() {

super () ;
}

Conpl exNunber Exception(String s) {
super(s);

17
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Like all Java classes, the code defining the Conpl exNunber Except i on class needs to be stored in
a separate file called ComplexNumberException.java.

Now that we have declared that our new method can throw thisExcept i on, we need to take care of
this possibility when making calls to this method. Suppose we try to make a call directly to the
r eci pr ocalmethod inside the body of a main method:

Conpl exNurmber ¢ = new Conpl exNunber (1.0, 2.0);
Conmpl exNumber cr = c.reciprocal ();

The following compiler error appears:

Excepti on Conpl exNunber Excepti on nmust be caught, or it nust be
decal ared in the throws clause of this method.
Conpl exNurmber cr = c.reciprocal ();

The fact that ther eci pr ocal method declaresthat it throws an Except i on, causes the compiler to
insist on being told what to do if the Except i on should be thrown. The programmer must provide an
alternative course of action through the use of at r y..cat ch construct:

Conpl exNunmber ¢ = new Conpl exNunber (1.0, 2.0);
Conpl exNunber cr;

try {
cr = c.reciprocal ();

} catch(Exception e) {
Systemout.println(e);
}

Javatriesto execute the code inside thet r y statement is executed. If an Except i on isthrown while
that code is being executed, the program jumps to the cat ch statement and executes the code therein
instead. In this example, the Except i on is printed in the cat ch statement, so the type of the
Except i on, together with its message appear on the command line:

Exception in thread "main" Conpl exNunber Excepti on: Cannot reciprocate
zero...
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3 Linear Data Structures and ADTs

Much of the material covered in this section consists of program listings. This code is mostly intended
to show you how the various data structures and ADTswork; | don’t claim that it is necessarily well
engineered, robust and adaptable. For a detailed discussion of these issues, read the corresponding
chaptersin Part 2 of the Winder and Roberts book, or Wiener and Pinson.

3.1 Stacks

Thefirst ADT we will investigate is the stack, which you may have met before. A stack isasimple, but
extremely useful ADT, which consists of alinear sequence of items to which you can add new items
and remove old ones. All insertions and deletions occur at one end — the top of the stack. The only item
in the stack that can be examined is the one at the top of the stack. A stack isaso known asalLIFO,
which stands for Last In First Out, since the item at the top of the stack must be the one most recently
added. A stack islike a pile of books on a desk or plates on a shelf. Another common analogy is that of
a spring loaded plate holder in a cafeteria; this analogy has given rise to the push and pop terminology,
which refer to the operations of adding an item to the top of the stack and taking the item from the top
of the stack, respectively.

push pop

Stacks are vitally important in operating systems for storing temporary data during function calls. For a
simpleillustration of the utility of stacks, ook up the man pages for the UNIX commands pushd and

popd.
Let’sfollow the “top-down” approach to ADT construction and write down a definition of a stack
ADT.

» The set of valuesthat can be stored in a stack isthe set of linear sequences of objects.
* Theminimal set of operations we wish to perform on a stack consists of

(a) to add anew item to the stack (push) and

(b) to take the top item from the stack (pop).
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Now we are in a position to define the public interface to a class implementing our stack ADT. We will
include some additional methods beyond the basic minimum, which make the implementation more
elegant and efficient. The public interface will consist of the following operational methods:

/**

* Adds a newitemto the top of the stack.

*/

public void push(Cbject 0)

/**

* Renpves the itemfromtop of the stack and returns it.
*/

public Qbject pop()

/**

* Returns the itemat the top of the stack but |eaves it there.
*/

/1 This operation could be performed using pop and push, but
/lit is nore efficient to have a separate nethod.
public Object top()

/**

* Tests whether there are any itens in the stack.
*/

publ i c bool ean enpty()

/**

* Renoves all the itens fromthe stack.

*/

/1 This could be done using pop, but again, efficiency is

/i ncreased by having a separate nethod.
public void clear()

We a'so need to choose an appropriate data structure to hold the values comprising our ADT. The stack
consists of alinear sequence of values and so the obvious choiceisto use an array. Thisis what we will
do first of al. There are obvious drawbacks of this approach (like what?) and we will see some
aternative implementations of the stack ADT that use different data structures later.

For our first implementation, our data structure will be an array of type Qbj ect [ ] . We need to keep
track of the number of elements contained in the stack so that we know what index of the array
corresponds to the head of the stack. So we store an additional private data member, st ackSi ze,
which is maintained as the (integer) number of elementsin the stack. We will implement two
constructors, one that allows the user to specify the size of the array used inthe St ackAr r ayand a
second one that assigns a default size to the array.

Now we are ready to implement the St ack Ar r ay class. Here is abasic outline of the class:
Public class StackArray

/'l The data structure is stored in the private data nenbers
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/1 of the class.
private Object[] objectArray;
private int stackSize = 0;

/**

* Constructs a stack with a maxi num capacity of 50 itens.
*/
public StackArray() {

obj ect Array = new bject[50];

stackSi ze = 0;

}
/**

* Constructs a stack with specified maxi num capacity.
*/
public StackArray(int size) {

obj ect Array = new bj ect|[si ze];

stackSi ze = 0;

}

/1 Public interface nethods

public void push(CObject o) {//Method body}
public Qobject pop() {//Method body}

public Qbject top() {//Method body}

publ i c bool ean enpty() {//Method body}
public void clear() {//Method body}

Now we'll ook at the implementations of the public member functions one by one. The stack is
implemented in such away that st ackSi ze always indexes the next empty element of the array, as
well as keeping track of the number of elements contained in the stack. The top of the stack is at the
higher indices of the array and the bottom of the stack is at array index zero — obj ect Array[ 0] .
The top of the stack, assuming the stack is not empty, isindexed by obj ect Arr ay[ st ackSi ze-

Exercise: Why this way round? Could we implement the stack in such a way that the top of the stack is
at the front of the array (my Ar r ay[ 0] )? What is the problem with this approach?

Here is the public interface method push:

public void push(Qbject 0) throws StackArrayException {

i f(stackSi ze < objectArray.length) {

obj ect Array[ st ackSi ze] = o;

stackSi ze += 1;
} else {

t hrow new St ackArrayException(“Stack overflow’);
}
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}
st ackSi ze
obj ect Arr ay 4— | | | .
v v v
v
O 4+

We check to seeif the array holding the stack isfull. If not the new object is placed in the next
available cell of the array, which isthe new head of the stack, and st ackSi ze isincremented. If the
stack is already full, an exception is thrown.

Now the public interface method pop:

public Object pop() throws StackArrayException {
i f(stackSize '=0) {

stackSi ze -= 1,
return objectArray[stackSize];
} else {
t hrow new St ackArrayException(®Stack underflow’);
}
}
st ackSi ze
obj ect Array +— | | | |
v VvV Vv v

return value _J

In this method, we need to check that the stack is not empty. If it is not, we return the current head of
the stack and decrement st ack Si ze. Notice that we do not need to explicitly remove the object at the
top of the stack from the array. When a new object is added to the stack, it will be replaced — draw
another data diagram to help you understand this.

The public interface method t op is similar to pop, the only differenceisthat st ackSi ze is not
decremented as we do not want to remove the top element of the stack.

public Qbject top() throws StackArrayException {
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i f(stackSize !'= 0) {

return objectArray[stackSi ze-1];
} else {

t hrow new St ackArrayException(“Stack underflow’);
}

Thefinal two methods, enpt y and cl ear , are very simple. Notice again that we do not need to
explicitly remove elements from the stack in the cl ear method.

public bool ean enpty() {
return (stackSize == 0);
}

public void clear() {
st ackSi ze = 0;
}

There is one thing left to implement, which isthe St ackAr r ayExcept i on classthat isthrown by
several of the public methods above when the stack overflows or underflows.
St ackArrayExcept i on isinherited directly from Except i on, asfollows:

public class StackArrayException extends Exception {
St ackArrayException() {

super();

}

St ackArrayException(String s) {
super(s);

}

}
That completes the implementation of St ackAr r ay.

Here is a short program, which illustrates how we can create an instance of and use our new abstract
datatype:

public class StackArrayTest {
public static void main(String[] args) {

StackArray nyStack = new StackArray(25);

/1 Add sonme elenments to the stack.
for(int 1=0; i<5; i++) {
try {
nySt ack. push(new | nteger (10*i));
} catch (Exception e) {
Systemout.println(e);
}
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/I Remove all the elenments of the stack and print them

whi l e(! nmyStack. enpty()) {

try {
System out. print | n(myStack. pop());

} catch (Exception e) {
Systemout. println(e);
}

Exercise: what is the output of the program above?

Exercise: extend the above program to test the other methods, t op and cl ear . Also test the overflow
and underflow handling.

Exercise: A serious limitation of the St ackAr r ay class above is that it has fixed size. We could
overcome this problem by using a Vect or in place of the array obj ect Arr ay. Implement and test a
class St ackVect or with the same public interface as St ackAr r ay, but using a Vect or as the
underlying aggregate data structure.

3.2 Queues

Another useful ADT isthe queue, which, like the stack, also consists of alinear sequence of elements.
Unlike the stack, however, which is a LIFO sequence, aqueue isaFIFO, First In First Out, sequence.
Theideaisthat e ements are removed from the queue in exactly the same order that they are put into it.
The obvious analogy is that of, unsurprisingly, a queue, for example at the supermarket check out,
where we join the queue at the tail and leave at the head. The elements of the queue (shoppers) leave
the queue in the same order that they join it. The general term queue, in a programming context,
encompasses many different variations, e.g., priority queues, multilevel queues, but all of these in some
way adhere to the general FIFO philosophy.

The operation of making insertions at the tail of a queue is known as enqueueing. The operation of
taking the element from the head of the queue is known as dequeueing.

Enqueue |::>

Tail

|::> Dequeue

Head

Queues are vitally important in many computer systems, both in applications — such as airport
simulation (see Kruse) — and in systems — such as a time-sharing Operating System.

3.2.1 Queue ADT
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The queue ADT is defined as follows:

The set of values that can be stored in a queue, as for a stack, is the set of linear sequences of
objects.

The minimal set of operations we wish to perform on a queue consists of
(a) to add anew item to the queue (enqueue), and
(b) to take the item from the head of the queue (dequeue).

3.2.2 Public Interface

Aswith the stack ADT, we will include some additional methods in the public interface for our queue
class, beyond the basic minimum, to improve the elegance and efficiency of the implementation. The
public interface will consist of the following methods:

/**

* Adds a newitemto the tail of the queue.
*/

public void enQueue(bj ect 0)

/**

* Returns and renpoves the itemat the head of the queue.
*/

public Object deQueue()

/**

* Returns the itemat the head of the queue, w thout renoval.
*/

public Cbject head()

/**

* Tests whether the queue contains any itens.
*/

publ i ¢ bool ean enpty()

/**

* Enpties the queue.
*/
public void clear()

3.2.3 Data Structure

Once again we will use afixed length array to implement the first version of the queue ADT. Clearly
this approach has the same limitations as it did for St ack Ar r ayand we will investigate some
alternative approaches later in this section.

It turns out that to implement the queue in the most effective way, we will require three additional
private data members, as well as the array of Gbj ect sas usud:
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/I The nunber of itens currently stored in the queue.

private int queueSi ze;

/1 The array index corresponding to the head of the queue.

private int queueHead;

/1 The array index corresponding to the tail of the queue.

private int queueTail;

3.2.4 Representation

We need to think quite carefully about how we will represent our queue within afixed length array, i.e.,
which parts of the array correspond to the head and tail of the queue.

Supposg, first of al, that we use an approach similar to the one we adopted for the stack. So the array is
filled from element O, contiguously, up to element queueSi ze — 1. Aswith the stack, in order to
avoid having to shift all the elements of the array every time we add a new item to the queue, we store
an index to the next available cell in the array and always add elements at the far end. The problem
with this approach for the queue, is that we are now removing items (dequeueing) from the front of the
array — obj ect Array[ 0] . In order to get the new head of the queue positioned correctly after a
degueue operation, the whole array has to be shifted down one element:

y

gqueueHead

%

a b
RURNRARURIARAY

dequeue

gueueTai |

gueueHead

gueueTai |

This strategy is analogous to a physical queue, in which everyone shuffles forward after a* dequeue”,
but it is clearly expensive. We would like to find an approach that doesn’t involve this array shifting.
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Another option isto increment the index queueHead whenever an item is removed from the queue:

a b y

gueueHead gueueTai |

dequeue

gueueHead gueueTai |

deQueue ismuch more efficient using this strategy, but we now have the problem that the queue
gradually moves down the array. The front of the array is discarded with every deQueue operation
and so the size of the array actually used to contain the queue data is decreased by one every time. The
gueue gradually moves up the array and will eventually reach the end.

gueueHead

gueueTai | ,,queueHead

/

' " after dequeue
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In fact it is quite straightforward to overcome this problem, by allowing the tail of the queue to wrap
around to the beginning of the array, once it reaches the end. In effect we create acircular array, which
gueueHead and queueTai | “chase’ each other around, as shown above.

The queue occupies different portions of the array at different times, but we never run out of space
unlessthe array isreally full. The wrap around effect is achieved through the use of the modulo (or
remainder) operator, %. The following expression is used to increment the tail index during an
enQueue operation:

queueTai |l = (queueTail + 1)%objectArray. | ength;
After indexing the last element of the array (QueueTai |l == obj ect Array. |l ength — 1),this
increment expression setsqueueTai | to zero.

Hereis acomplete listing of the class QueueAr r ay implemented using acircular array. queueHead
aways indexes the cell of the array that contains the head of the queue, whilst queueTai | always
indexes the next free cell of the array, i.e., the one after the cell containing the item at the tail of the
gueue. Notice the use of the additional private data member, queueSi ze, which keeps track of the
number of elementsin the queue. We could use comparisons of queueHead and queueTai | todo
the job of queueSi ze, but the implementation is neater if we include this extra variable.

public class QueueArrayExcepti on extends Exception {
QueueArrayException() {

super ();

}

QueueArrayException(String s) {
super (s);

}

}
public class QueueArray {

/I Private data nenbers hol ding the values in the queue and
/'l encodi ng the representation.

private Object[] objectArray;

private int queueTail;

private int queueHead,

private int queueSi ze;

public QueueArray() {
obj ect Array = new bject[50];
gueueHead ;
queueTai |
gueuesSi ze

cool

}

public QueueArray(int size) {
obj ect Arr ay new Obj ect[ si ze];
gueueHead
gueueTai |
gueueSi ze

nono
eeel
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}

public void enQueue(Object 0) throws QueueArrayException {
i f(queueSi ze < objectArray.length) {
obj ect Array[ queueTail] = o;

queueTail = (queueTail + 1) % objectArray.| ength;
gueueSi ze += 1;
} else {

t hrow new QueueArrayException(”“Queue Overflow);

}
}

public Object deQueue() throws QueueArrayException {
i f(queueSi ze !'= 0) {
gueueSi ze -= 1;
i nt ol dQueueHead = queueHead;
gueueHead = (queueHead + 1) % obj ect Array. | engt h;
return objectArray[ ol dQueueHead] ;
} else {
t hrow new QueueArrayExcepti on(“Queue Underflow’);
}

}

public Qbject head() throws QueueArrayException {
i f(queueSi ze !'= 0) {
return object Array[ queueHead] ;
} else {
t hrow new QueueArrayException(“Queue Underflow’);

}
}
publ i c bool ean enpty() {
return (queueSize == 0);
}
public void clear() {
queueTail = 0;
queueHead = O;
queueSi ze = 0;
}

Exercise: Aswith the class St ackAr r ay, the circular array implementation of the queue ADT has the
drawback that it has fixed limited size, since it uses an array as its underlying aggregate data
structure. In the case of the stack, it is simple to overcome this drawback by using a Vect or in place
of the array. How can we do the same thing for the queue ADT?
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3.3 Generalised Linear Sequences

The ADT sequence consists of linear sequences of objects, like an array, but, unlike an array, a
seguence can grow and shrink by the insertion and removal of elements at arbitrary positions. The
minimal set of operations on a sequence are

* Insert anitem at a specified position in the sequence.
» Deletetheitem at a specified position.
* Return theitem at a specified position.

The sequence is a generalisation of both the stack and queue ADTs and could be used in such away as
to emulate either —we will return to this later and investigate the use of inheritance to relate these three
ADTs.

We can build a sequence ADT using an array as the underlying aggregate data structure, as we did
above for the stack and queue ADTSs. It turns out that the circular array, used to implement
QueueAr r ayprovides the neatest representation for a sequence. The code for class
SequenceAr r ay will appear on the DOb3 web site soon, but we won’t go through it in detail here. A
few extra methods are included in the public interface to the class; here is the complete listing:

/**

* Constructs a sequence of fixed capacity.

*/

publ i c SequenceArray()

/**

* Constructs a sequence of specified capacity.
*/

publ i c SequenceArray(int size)

/**

* Inserts a newitemat a specified position.
*/

public void insert(Qbject o, int index)

/**

* Inserts an itemat the beginning of the sequence
*/

public void insertFirst(Object 0)

/**

* Inserts an itemat the end of the sequence
*/

public void insertLast(Object o)

/**

* Returns the itemat the indexed position.
*/
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public Qbject el ement(int index)

/**

* Returns the itemat the beginning of the sequence.
*/

public Qbject first()

/**

* Returns the itemat the end of the sequence.
*/

public Object last()

/**

* Renoves the itemat the indexed position.

*/

public void del ete(int index)

/**

* Renpbves the itemat the beginning of the sequence.
*/

public void del eteFirst()

/**

* Renpbves the itemat the end of the sequence.
*/

public void del etelLast ()

/**

* Return the nunber of elenents in the sequence.
*/

public int size()

/**
* Enpties the sequence.
*/

public void clear()

The insertion and deletion member functions, i nsert and del et e, need to use array shifting to
create space for the new element or use up the space vacated by a deleted element, since the sequence
is stored contiguously in the array. Here is the code for the del et e method:

public void delete(int index) throws SequenceArrayException {
i f(index >= 0 && sequenceSi ze > index) {

/I Move all the elements that are further down the
/ I sequence back one place in the array.
for(int i=index+l; i<sequenceSize; i++) {
i nt ol dlndex = (sequenceHead+i ) %bj ect Array. | engt h;
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i nt newl ndex = (objectArray. | ength+ol dl ndex-
1) %obj ect Array. | engt h;
obj ect Array[ newl ndex] = obj ect Array| ol dl ndex];

}

// Update size and tail index.

sequenceSi ze -= 1;

sequenceTail = (objectArray.|ength+sequenceTail -

1) Y%obj ect Array. | engt h;

}
el se {

t hrow new SequenceArrayException(“1ndexed el ement is out

of range”);

}

}

Array shifting is alengthy process. The additional methods for insertion and deletion at the beginning
and end of the sequence are included, because, using the circular array, these methods can be
implemented much more efficiently, by simply incrementing or decrementing the indexes to the
beginning and end of the sequence.

Notice that we have very nearly arrived at an ADT with equivalent functionality to the Vect or class
in Java. The only difference is that we have no mechanism for dealing with overflow. As you know,
Vect or also usesan array asits underlying aggregate data structure. When the array becomes full, a
new, larger array is allocated and the elements are copied into it from the old array.

Exercise: Try implementing the class SequenceAr r ay without looking at my code, you can check it
against that afterwards. If you find that straightforward, adapt your class so that it copes with overflow
inasimilar way to Vect or .

Also think about how we could use the SequenceArray class to implement stacks or queues. Is
inheritance the answer?

3.4 Linked List Implementations

The use of an array in the previous implementations of stack, queue and sequence ADTsis
straightforward but has fundamental problems:

* Thearray hasfixed size and so can overflow.
» Someinsertion and deletion operations require array shifting and so can be inefficient.
We can overcome the first limitation in two obvious ways:

* Within particular applications of our ADTS, ensure that the allocated array is large enough so that
overflow will not occur.

* Include some mechanism in the class for reallocating larger arrays when the original one becomes
full.
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The first method is generally wasteful in terms of memory, since in most cases large portions of the
array will remain unused. The second method can be costly in terms of computational operations.

The second drawback, array shifting, we are stuck with, although we can carefully choose the
representation of a particular ADT to optimise insertion and deletion operations in particular
applications. For example, the use of the circular array to implement the queue ADT.

There are some advantages of the array implementations of linear ADTS:
» Retrieval isfast —the operation of indexing an array to find a particular item is very efficient.
* Implementation is simple and intuitive.

However, amore elegant way to implement linear ADTs is through the use of linked lists. The
advantages of linked lists are

* They are truly dynamic data structures that grow and shrink with the number of items stored. There
isno “wasted” memory and ADTswill not overflow until the machine runs out of memory.

* No array shifting isrequired for insertion and deletion operations at any point in the list.
There are some minor drawbacks associated with the use of linked listsin place of arrays:

» Thereis some additional memory required to store each item.

* Increased code complexity (possibly).

» Slightly reduced efficiency for some operations, in particular, indexing.

3.4.1 Linked Lists

A linked list isalinear data structure, like an array or a vector, and so requires just asingle index to
identify individual items stored within. The idea of alinked list isthat, with every item stored in the
list, alink to the next itemin thelist is also stored:

listHead | | | a ’_>b ’_>c ’_>d

I

nul |

Thelist is built up of nodes, each of which contains both a data item — the object we want to store — and
alink to the next nodein thelist. To find individual itemsin the list, we follow the links starting at the
head of the list until we reach the node with the index we are interested in. Common analogies for
linked lists are treasure hunts, where we start with a clue, which leads us to a location where we find
another clue and so on until eventually we find what we are looking for; or trying to trace a book that
has been lent from friend to friend.

To implement alinked list, we encapsul ate the idea of anodein aclass. Class Node will contain two
data items:. a piece of data, which will be an object reference of type Qbj ect , and alink to the next
node of the list, which is an object reference of type Node.
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3.4.2 Stack as a Linked List

The implementation of the stack using alinked list is particularly simple, so we will look at this
examplefirst. A change in the underlying representation or implementation of an ADT should not
affect its appearance from outside the class and the definition of the stack ADT is exactly as it was
before. We will have the same set of methods in the public interface to our new class, St ackLi st , as
we did previously for St ack Ar r ay. Here is an outline of the class implementation:

public class StackList {

//Linked Iist nodes encapsul ated in nmenber class.
protected class Node {
publ i c Node(Object o, Node n) {
dat um = o;
next = n;

}

protected Obj ect datum
prot ected Node next;

}
/1 The only private data nmenber required is a reference to
/lthe head of the linked list, i.e. a reference to the

[1first node.
private Node |istHead;

/] Construct or
public StackList() {

|istHead = null;
}
[/ Public interface nethods...
/1
/1]

The class Node isamember class of the top-level class St ackLi st . Theidea of amember classisto
encapsulate an object that is only used within one top-level class. In the case of alinked list, for
example, it does note make sense to create instances of alinked list node outside the scope of the linked
list itself. The Node classis part of the representation of the list and not something we want other parts
of the program to know about or use. Thus Node is hidden within the implementation of the class.

A member class has accessto al the variables of the enclosing class and the enclosing class has access
to al thepubl i ¢c and pr ot ect ed members of the member class (but not the data member declared
pri vat e). In the example above, we can access the protected data members of member class Node
from the enclosing class St ackLi st and we could, although we don’'t here, access all the data
members of the enclosing class St ackLi st , such asl i st Head, from within any instance of the
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class Node. Member classes are described in more detail in chapter 7 and 30 of the Winder and
Roberts book or in the online Java documentation.

Every item in the stack is stored in a separate instance of the Node class. When an instance of
St ackLi st isfirst constructed, there are no itemsin the stack and so | i st Head issettonul |,
which tells the Java compiler that the object reference, | i st Head, is unitialised (it doesn’t reference
anything). New items are added at the head of thelistand so | i st Head aways refers directly to the
top of the stack.

We will see how the member class Node is used in the implementation of the public interface methods,
which we'll go through now one by one:

public void push(Cbject o) {
| i st Head = new Node(o, |istHead);
}

A new Node is added at the head of the list, which contains the new item for the stack, Qbj ect o,
and areference to the Node that was previoudly at the head of the list, which is currently referenced by
| i st Head:

i st Head p a ’_> b ’_> c ’_> d

H

nul |

The new pop method is aso quite simple, but we still have to handle the possibility of stack
underflow:

public Object pop() throws StackListException {
if(listHead '= null) {

bject top = |istHead. datum
i stHead = |i st Head. next;
return top;

} else {

t hrow new St ackLi st Exception(*Stack Underfl ow’);
}

A reference to the object contained in the first Node of thelistisreturned and | i st Head is changed
to reference the Node that is currently second, i.e., the one that is referenced by the Node currently
first:
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| i st Head 1yl a ’_> b ’_> C ’_> d

H

nul |

Notice that we can use the keyword nul | , which represents an “empty” object reference, in boolean
comparisons to test whether | i st Head has beeninitialised, i.e., whether it references anything.

t op issimilar to pop, except that the first element in thelist is not unlinked:

public Object top() throws StackListException {
if(listHead !'= null) {
return |istHead. datum
} else {
t hrow new St ackLi st Excepti on(*Stack Underfl ow’);
}

The remaining methods, enpt y and cl ear , are straightforward as before:
publ i c bool ean enpty() {

return (listHead == null;
}
public void clear() {
listHead = null;
}

In method cl ear , we do not need to explicitly remove the Node objectsin the list. Once the object
referencel i st Head has been removed, there is no reference to the first Node in the list, which can
thus be reclaimed by the garbage collector. This removes the only remaining object reference to the
second Node in the list, which can thus be reclaimed, and so on. To speed up the garbage collection
process, we could chain down the linked list, setting each link to nul | .

Thisimplementation of the stack ADT is extremely elegant and in fact the code is probably even
simpler than the array implementation, although the subtleties of the implementation are perhaps a little
harder to understand.

3.4.3 Queue as a Linked List

We can use theidea of alinked list in asimilar way to implement the queue ADT outlined in section
3.2.1. The public interface to the new class, QueuelLi st , isunchanged from the QueueAr r ay class
public interface outlined in section 3.2.2.
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Thefirst approach we will try isto use exactly the same data structure that we used in the
implementation of St ackLi st in the previous section. Suppose the head of the queueis stored in the
first node of our linked list and the tail isin the last. The deQueue operation is then exactly the same
asthe pop operationinthe St ackLi st class. However, enQueue requires alittle more work, as the
new Node needs to be added at the end of the list rather than the beginning:

listHead | _| | a ’_> b ’_> o

In order to add a new item at the end of the list, we need to find the Node that is currently last in the
linked list and link it to anew Node containing the new item. The only way to get to the last Node is
to follow the links from the head of the list until we reach the end, which we can identify because the
link from the final Node in the list doesn’t point anywhere—itisnul | . This process of following the
linksin alinked list is known as chaining. If we adopt this approach, the enQueue method would look
something like this:
public void enQueue(bject o) {
if(listHead == null) {
i st Head = new Node(o, null);

}
el se {

Node nodePoi nter = |istHead;

whi | e(nodePoi nter.next !'= null) {

nodePoi nt er = nodePoi nt er. next;

}

nodePoi nt er. next = new Node(o, null);
}

First of all notice that thereis a special case when the queue currently contains no elements, which we
identify by thefact that | i st Head points nowhere. We will come back to this after looking at the
general case when the queue is not empty.

In the general case, we need to find areference to the last Node in the list so that we can change the
link in that Node to point to a new Node containing the new item. A new object reference,
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nodePoi nt er, of type Node isinitialised to point to the first Node of the list. We then chain down
thelist, by setting nodePoi nt er equal to the next field of the Node it currently references, which
contains alink to the subsequent Node in the list. Each of these operations resultsin nodePoi nt er

referencing the Node one place further down the linked list. This processis terminated when the next

field of the Node that nodePoi nt er referencesisnul | , whichtells usthat that Node isthe last one
inthelist. Finally, we update the link of the Node at the end of thelist so that it references a new
Node containing the newly enQueue’d Obj ect . Thelink inthe new Nodeissettonul |, sinceitis
at the end of thelist.

When the queue is empty, our chaining operation fails, because it relies on the fact that we can have a
referenceto at least one Node —if | i st Head isnul | , then the predicate in the whi | e loop fails. So
we have to deal with this special case separately, which we do by setting | i st Head equal to the new
Node directly.

Chaining is the general purpose method for locating elements of alinked list. However, it isan
expensive process, particularly when compared to the equivalent operation on an array. Often we
cannot avoid using chaining to perform operations on linked lists, but sometimesit can be avoided for
very specific operations. The operation of adding an element to the end of alist turns out to be just such
an operation. One extra private data member can be added to the QueuelLi st classin order to avoid
having to chain down the list and make the enQueue operation as efficient asthe push operation in
the St ackLi st class.

Thetrick isto store an extra object reference, | i st Tai | , that always references the last element in
the list —this object reference is known as atail pointer. The tail pointer provides a short cut, which we
can use to perform operations, such asenQueue, that occur at the end of the linked list.

| i st Head 4 | a ’_> b ’_> (o

| i st Tail

=]

_:__
=

o
a

Some extrawork needs to be done in the implementation of the classto ensurethat | i st Tai | is
maintained, but the computational efficiency of the enQueue method is greatly increased. Hereisa
shortened version of the QueueLi st class, which implements the queue ADT using alinked list with
atail pointer —you can download the full listing from the DOb website.

public class QueueList {
/I Menber class to hold nodes of the linked list — as for
/] St ackLi st.
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protected class Node {.}

/Il Private data nenbers — just need head and tail pointers for
//the linked list.

private Node |i st Head,

private Node |istTail

/] Construct or

public QueueList() {
i st Head nul | ;
listTail nul | ;

}

public void enQueue(Cbject o) {
/| Speci al case for enpty |ist

if(listHead == null) {
i st Head = new Node(o, null);
listTail = 1istHead

}

el se {
listTail.next = new Node(o, null);
[istTail = listTail.next;

}

}

public Object deQueue() throws Queueli st Exception {
/I Check that the queue isn't enpty
if(listHead == null) {
t hrow new QueuelLi st Excepti on(* Queue Underfl ow’);

}
/[l There is a special case if there is just one el enent.
i f(listHead. next == null) {
bj ect head = |i st Head. datum
listHead = null;
l[istTail = null;
return head;
}
el se {
bj ect head = |istHead. datum
|istHead = |i st Head. next;
return head;
}

}

public Object head() throws QueueLi stException {
if(listHead !'= null) {
return |istHead. dat um
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}
el se {
t hrow new Queueli st Excepti on(“ Queue Underfl ow’);
}
}
publ i c bool ean enpty() {
return (listHead == null;
}
public void clear() {
i stHead = nul | ;
listTail = null;
}

Notice that there are specia casesin theenQueue and deQueue methods. In the case of enQueue,
thereis a special case when the first element is added to the list, aswe need to initialisel i st Tai | ,
reference the new item, which isthe tail of the list aswell as the head. For deQueue, the special case
occurs when the deQueue operation resultsin an empty list. | i st Tai | must be explicitly set to
nul | sothat the last Node removed from the list can be reclaimed by the garbage collector.

Exercise: one way to avoid these special cases in the implementation of QueuelLi st is to use a
dummy Node at the start of the list. When a new QueuelLi st is initialised, the constructor of the
class must create this dummy Node and initialise | i st Head and | i st Tai | to point to it. The tests
for emptiness of the QueueLi st will need to be changed accordingly. Adapt the QueuelLi st class
so that it uses a dummy element and avoids these special cases. Write a small test program that uses all
the public interface methods of QueuelLi st to test that the new queue implementation behaves the
same way asthe original Queueli st class.

3.4.4 Sequence as a Linked List

For the sequence ADT, we need to implement the same set of public interface methods listed in section
3.3. We will use the linked list with tail pointer that we used to implement the queue ADT above, asit
seems likely that operations at the tail of the list might be important. | won’t include the full listing for
classSequenceli st , but you can get it from the DOb web site. Thei nsert Fi rst,i nsert Last
and del et eFi r st methods are similar to the equivalent methods in the St ackLi st and
QueuelLi st classes. We will look at the general i nsert and del et e methods aswell asthe
del et eLastmethod, which doesn’t have an equivalent in either St ackLi st or Queueli st.

Hereisthei nsert method:

public void insert(Qoject o, int index) throws
SequencelLi st Exception {
/I Check the index is positive
i f(index < 0) {
t hrow new Sequenceli st Exception(“I ndexed el ement is out
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/ | Speci al

if(listHead == null
i st Head new Node( o,
l'istTail | i st Head;

}

/| Speci al case for
el se if(index == 0) {
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of range”);

case when the sequence is enpty
&& index == 0) {
| i st Head);

i nsertion at the begi nning.

i st Head = new Node(o, |istHead);
}
/'l General case
el se {
Node nodePoi nter = |istHead;
int i=1;
while(i < index) {
nodePoi nt er = nodePoi nt er. next;
i +=1;
i f(nodePointer == null) {
t hrow new Sequenceli st Excepti on(“I ndexed el enent
is out of range”);
}
}
nodePoi nt er. next = new Node(o, nodePoi nter. next);
/11f insertion occurs at the end we need to update the
/ltail pointer.
i f(nodePointer == listTail) {
l[istTail = listTail.next;
}
}

Lets consider the general case first. We need to chain down the list until nodePoi nt er referencesthe
Node before the point at which the insertion will occur. Once we have located this position in the list

we “hook in” anew Node containing the new sequence item.
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nodePoi nt er

......... f a_f b_J—’ ¢ ’—> d ‘,

_______

Insertion at the end of the sequenceis a special case, because we need to update the tail pointer so that
it references the new Node, which is the new end of the sequence. Other special cases occur for
insertion at the beginning of the sequence and for insertion into an empty sequence.

Hereisthedel et e method:

public void delete(int index) throws SequencelLi st Exception {
/| Check the sequence is not enpty
if(listHead == null) {
t hrow new Sequenceli st Excepti on(“Sequence Underfl ow’);
}

/I Check the index is positive
i f(index < 0) {
t hrow new Sequenceli st Exception(“I ndexed el ement is out
of range”);

}

/'l Special case if there is just one itemin the sequence.
if(listHead. next == null && index == 0) {

| i st Head nul | ;

listTail nul | ;

}

/| Speci al case for deletion of first el enent.
el se if(index == 0) {
del eteFirst();

}

/] General case.

el se {
Node nodePoi nter = |i st Head;
int i = 1;

while(i < index) {
nodePoi nt er = nodePoi nt er. next ;
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i +=1;
i f(nodePointer.next == null) {
t hrow new Sequenceli st Excepti on(“I ndexed el enment
is out of range”);

}

/ /' Unhook the node and update the tail pointer if it
/Iwas the |last one in the sequence.
i f(nodePointer.next == listTail) {
l'istTail = nodePointer;
}

nodePoi nt er . next = nodePoi nt er. next. next;

Again we need to chain along the sequence, thistime to find the Node before the one to be removed.
Once we have located that Node, we unhook the next one from the list by changing the link to
reference the Node after:

nodePoi nt er

......... 4|_> a_f > J—’ ¢ ’—r: d ‘,

Special cases occur for deletion at the beginning and end of the sequence and for deletion from a
sequence with a single element. As with the queue, some special cases could be avoided by using a
dummy element at the head of thelist.

The final method for SequenceLi st wewill look at isthedel et eLast method. Hereisthe
method:

public void del eteLast() throws Sequenceli st Exception {
if(listHead == null) {
t hrow new Sequenceli st Excepti on(“Sequence Underfl ow’);

}
/| Speci al case for sequence with a single item
i f(listHead.next == null) {
l'i stHead = nul | ;
listTail = null;
}

// General case
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el se {
Node nodePoi nter = |i st Head;
whi | e(nodePointer.next !'=listTail) {
nodePoi nt er = nodePoi nt er. next ;
}
nodePoi nter. next = null;
|istTail = nodePoi nter:;
}

The thing to notice about this method is that, despite the fact that we are using alinked list with atail
pointer, which is used to simplify operations at the end of the sequence, we still need to chain al the
way along the list in order to delete the last element.

We will finish this section with a quick note on special cases. As we have seen above, it is often
necessary to deal with operations at the beginning and end of linked lists separately, as the mechanism
isslightly different to the general case. The best approach to designing methods to perform operations
on linked lists and identifying special casesisto draw the data diagrams. Draw the diagram for the
general case first and sketch out the approach that you will use. Then try your approach on suspicious
configurations where you think special cases might occur — operations on empty lists and operations at
the beginning and end are always worth testing. Sometimes operations on the first (or last) two (or
more) elements of alist can both require separate special cases.

3.5 Variations of Linked Lists

In this section we will consider some variations of the basic linked list used to implement the stack
ADT in section 3.4.2, which can improve the efficiency of some operations for certain linear ADTSs.

3.5.1 Linked List with Tail Pointer

In order to improve the efficiency of the insertion operation at the end of the list in the queue and
sequence ADTs above, we made use of one variation of the basic linked list, the linked list with tail
pointer. The tail pointer gives us access directly to the last Node in alinked list. This improves the
efficiency of the operation of insertion at the end of the sequence, as we saw in the implementation of
the queue ADT in section 3.4.3, by avoiding the need to chain all the way down the sequence from the
beginning. The operation of accessing the element at the end of a sequenceis also reduced to asingle
operation, asyou can see in the full listing of the SequencelLi st class. However, the use of atail
pointer does not help the operation of deletion at the tail of the list, which still requires chaining as we
saw in the implementation of thedel et eLast method of the SequencelLi st classin section 3.4.4.

3.5.2 Circular Linked List

Thecircular linked list is an alternative to the two pointer approach above. A single pointer is
maintained, which references the tail of thelist. The link of the last element of the sequence points back
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to the beginning of the sequence rather than being set equal to nul | . Thelist isthuscircular in the
sense that if you follow the links, you can always get back to where you started from:

i stTail

g e I e

We only need to store the tail pointer, since the head of thelistisjust| i st Tai | . next . Thecircular
list isagood choice for the implementation of a queue — try drawing the diagrams to see that both
operations can be done efficiently — but we still need to chain around the list to remove the last element
in asequence ADT.

Exercise: sketch out a cl ear method for the circular linked list. Be careful!

3.5.3 Double Linked Lists

A double linked list is one in which each node contains two pointers. one as usual to the next element
of the list, but also one back to the previous element.

l'i st Head

1 » 1 » 1 5 _,null
null‘_ «— <« «—

In adouble linked list, traversal of the list can be performed in either direction, but there is some
sacrifice in terms of used memory space. If combined with atail pointer or made circular, the operation
of deletion at the tail of a sequence can be implemented efficiently with adouble linked list, aswell as
the other operations at the beginning and end of the sequence. Draw the data diagrams to convince
yourself of this.

3.6 Other List ADTs

There are some other linear ADTs that crop up from time to time.

3.6.1 Deque

Deqgue is short for “double entry queue’. A dequeisalist that can be added to or deleted from at either
thefirst or last positions, but nowhere else. It has more general utility than a stack or aqueue, in as
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much as it can perform the job of a stack, but less than a sequence. Despite the appeal of the symmetry
of this ADT, there don’t seem to be many applications for it.

Exercise: what sort of ADT would be appropriate for a simple time-sharing operating system on a dual
processor machine?

3.6.2 Scroll

A scroll can be added to at one end, but deleted from at either the front or the back. It isintermediate
between a queue and a deque.

Exercise: Think about what kind of linked lists are most appropriate for deques and scrollsin order to
optimise the efficiency of the important operations on these ADTs, while keeping the complexity of the
implementation to a minimum.

3.7 Inheritance and Association

We have noted several times the connection between stacks, queues and sequences. The sequence ADT
has more general utility than queues and stacks (deques and scrolls too), because it could be used in
place of either. In the implementations of the three ADTsthereisalot of code repetition. We should be
able to avoid this repetition by use of the object oriented design features of Java. We will consider this
in thisfinal part of this section of the course.

3.7.1 Inheritance

Inheritance is the first thing that springs to mind. Can we implement a sequence ADT and then derive
the restricted ADTs queue and stack? In fact thisis how the St ack class that comes in the standard
Javalibrariesisimplemented —it is derived directly from the Vect or class. The listing below uses a
similar approach to implement a“stack” ADT viainheritance from a previously implemented
Sequence classwith al the public interface methods listed in section 3.3:

/1 Bad Stack inplenentation — don’t do this!
public class Stack extends Sequence {
public Stack() {

super();
}

public void push(CObject o) {
insertFirst(o);
}

public Object pop() throws SequenceException {
oject top = first();
del eteFirst();
return top;

}

public Qbject top() throws SequenceException {
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return first();

Theenpt y and cl ear methods are inherited directly from the parent class. A queue class could be
derived in asimilarly smple way.

Despite the simplicity of thisimplementation and the fact that the repetition of code has been avoided,
the object oriented purist would be very unhappy about this St ack class, as they are about the St ack
classin the standard Java libraries. And rightly so! The problem with this classis that the inheritance
relationship allows access to all the public interface methods of the Sequence class. For any instance
of the St ack class above, we can call any of the sequence methods so we can perform insertion,
deletion or access operations at any point in the list of elements. Thisis highly undesirable and in fact
means that the ADT implemented by the class aboveisn't astack at all!

Thisisreally not the way inheritance should be used. Recall that the idea of inheritance is extension not
restriction. Classes that define objects with increased functionality are generally further down the
inheritance tree than classes with fewer operations. So perhaps we could use inheritance the other way
around and derive a sequence ADT from a stack or a queue?

Thisis abetter ideaand is proper use of inheritance. We can certainly extend an implementation of a
queue or astack ADT to a sequence, by including the additional set of public interface methods. Other
inheritance rel ationships exist between queues and stacks and the intermediate linear ADTSs, deques and
scrolls. For example, it would be straightforward to implement a deque by inheritance from a queue.
Thisis proper use of inheritance, since the deque ADT is an extension of aqueue — it is a queue with
the additional operations of deletion from the tail and addition at the head.

Unfortunately, if we try to use inheritance to implement the whole suite of linear ADTSs, we cannot
avoid having some code repetition. Although sequences extend either stacks or queues, there is no
inheritance relationship between stacks and queues themselves. We need to implement both of these
from scratch and then choose one to extend for implementations of the more general ADTs. Thisis not
amajor issue, as only asmall amount of code repetition occurs (deletion at the start of the list).

3.7.2 Association

An alternative way to exploit the similarity of our set of linear ADTs and avoid any repetition of code
isnot to use inheritance at all, but association. We associate the ADTs by using a sequence to store the
values contained in a stack or a queue and write anew set of public interface methods. An instance of
the Sequence classis declared as a private data member of the St ack or Queue class. Hereis such
an implementation of a stack:

public class Stack {
/'l The sequence is a private data nenber
private Sequence s;

public Stack() {
s = new Sequence();
}
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public void push(Qbject o) {
s.insertFirst(o);
}

public Qbject pop() throws SequenceException {
oject top = s.first();
s.del eteFirst();
return top;

}

public Object top() throws SequenceException {
return s.first();
}

publ i c bool ean empty() {
return s.enpty();

}

public void clear() {
s.clear();

}

One drawback of this approach is that it may be wasteful in terms of storage space. An implementation
of asequence ADT will typically use amore complex type of linked list, in order to optimise common
operations, than is necessary for smpler ADTS, like stack and queues. Thisis, however, the correct
way to implement one class that isarestriction of another and NOT through the use of inheritance.

Exercise: implement a queue ADT by association with one of the sequence classes we' ve discussed in
this section and test its functionality.
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4 Look-Up Tables and Searching

In this section of the course we will investigate look-up tables, also known as associative arrays,
dictionaries or symbol tables, and consider some different ways of accessing data from these structures,
or searching look-up tables (LUTS).

For extrainformation on the topic of this section, | recommend D. E. Knuth, Sorting and Searching.
Vol. 3 of the Art of Computer Programming. It is alittle unfortunate in its choice of presentation of
algorithms, but contains more information about searching than anything else. The material used to
carry out elementary analysis of the performance of the searching algorithms in this section will be
expanded and done properly in the Complexity lectures.

We often need to store data values together with some identification. For example, personnel records
identified by a name or by a payroll number; or in adictionary, French words identified by their
English trandlation, or vice versa. In general, we want to store values of afunction f(x), which are
identified by x.

A function, f, maps elements from a set A to elements of aset B. Set A is called the domain of f and set
B iscalled the codomain. The range of f, f(A), is the subset of the codomain, B, into which the domain,
A, maps.

Codomain, B.

Domain, A.

.. Range, f(A).

Theideaof aLUT isthat we maintain anumber of entriesin the table, each of which comprises an
identifying key together with avalue. Given a particular key we can retrieve the associated value from
the LUT. Thisrelates to the diagram above in the following way:

* Theset of keysformsthe domain, A.
* Theset of al possible values forms the codomain, B.
* The set of actual values we have stored forms the range, f(A).

* TheLUT implements the function f. So that value = f(key).
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If we refer back to the examples given above, and suppose we have a bunch of employee records
(values), which we wish to index via payroll number (keys). Then

* Thedomain A isthe set of keys, which isthe set of assigned payroll numbers.

* The codomain B isthe set of all possible values. So B isavery large set that contains all possible
employee records, i.e., al conceivable records with every combination of name, salary, etc.

* Therange, f(A), isthe set of actual employee records — one for each payroll number.

e A LUT that holds these employee records would implement the function that maps payroll numbers
to employee records. If you passthe LUT apayroll number, it gives you back the corresponding
employee record.

If aMr. Jones has payroll number 44100033, then we would like to be able to access Mr. Jones
Employee record through the use of acommand like:

Enpl oyee jonesRecord = lut.retrieve(44100033);
where| ut isan object of type look-up table, which hasamethodr et ri eve, to which we pass a
payroll number and receive back the instance of the Enpl oyee class (see section 2) that contains the
information on Mr. Jones.

A LUT isthusasimilar ideato an array, or other linear data structure, in that we access each stored
valueviaasingleindex. In an array, however, elements are distinguished by an integer index that
corresponds to the position in the ordered structure, whereasa LUT is an unordered set where elements
are distinguished by labels (or keys), which can be of any type, in general.

Similarly for the English to French dictionary

» Thedomain isthe set of English words that are in the dictionary (probably not al).
* Thecodomainisthe set of all French words.

» Therangeisthe set of French trandations for the English wordsin the dictionary.
* TheLUT implements the trandation function.

In this example, the keyswould be strings. If eToFl ut isaLUT that implements the English to
French dictionary, we would like to be able to use commands like:

String frenchHouse = eToFlut.retrieve(“house”);
to set the string f r enchHouse to an appropriate value, like“ mai son” .

Actualy, the dictionary exampleisn't quite appropriate, because the function it implements may not be
one to one. There may be some English words that have more than one equivalent in French, which
means that some keys refer to more than one value, although we could, of course, store a number of
wordsin asingle value. The LUTsthat we will consider in this section only implement one to one
functions, but there are techniques to cope with one to many functions. We will see some of these later
when we look at hash tables.

4.1 Look-Up Table ADT

We will start by defining alook-up table abstract datatype. In order to do this we will also define a
new type Ent r y, which consists of akey and avalue.

50



DOb Algorithmics: Data Structures and Data Types

* Theset of valuestakenon by aLUT ADT is: the set of setsof entries or (key, value) pairs.
The set of operations we wish to perform on aLUT are the following:

* Retrieve —take akey and return the associated value, f(key).

» Update —take a key and a value and change the value associated for the key to the new value.
* Insert —take anew {key, value} pair and add them to the table.

» Delete—take akey and remove the corresponding entry from the table.

Notice that the update operation is redundant, because we could just delete an existing entry to the table
and insert a new one with the same key but different value.

It isamistake to think of aLUT asalist of entries, although thisis a possible implementation. Lists
have an implicit order, which LUTS, in general, do not. LUTs are based on sets and thus have no
imposed ordering. We can (and will) envision ordered LUTS, but ordering is not part of the ADT, itis
an implementational decision that does not affect the external behaviour.

There are several possibilities for implementing a LUT. Despite the observation in the previous
paragraph, we will begin by considering the implementation in terms of alist, before going on to some
more elaborate and efficient implementations.

4.2 Searching Unordered LUTs — Linear Search

The simplest strategy to adopt for aLUT implementation isto use alist to store all the entries. Since
there is no concept of orderingin a LUT, we can just insert new entries at the easiest place — at the end
of an array or the beginning of alinked list. In order to retrieve elements from a LUT like this, given a
key, we go through each entry in the list starting from the beginning until we find a key that matches or
reach the end of thelist. Thisretrieval strategy is known aslinear search.

4.2.1 Implementation

We have defined the look-up table ADT in terms of its set of values and operations above. Now, we
can outline the public interface for aLUT class:

/**

* Inserts a new entry into the table.

*/

public void insert(String key, bject val ue)

/**

* Renoves the entry associated with the specified key.
*/

public void renove(String key)

/**

* Updates the value associated with the specified key.
*/

public void update(String key, Object val ue)
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/**

* Retrieves the value associated with the specified key.
*/

public Qbject retrieve(String key)

/**

* Returns a string containing all the key-value pairs in the
* table.

*/

public String toString()

Notice that the type of thekey parameter isSt r i ng. In general, akey can be any object that can be
tested for equality with another object of the same type. For the purposes of theillustrationsin this
section, however, the type of all keysisrestricted to St r i ng. In the next subsection we will also need
to compare keys and decide whether one is less than another. It is simple to adapt the code shown in
this section so that the keys are of an alternative type that allows this kind of comparison, for example,
I nt eger or Fl oat . For acompletely general implementation of the look-up table class, we would
like the keys to be of any type that allows ordering comparisons to be made — less than, greater than,
etc. Implementation of this getsalittle involved so I’ ve sidestepped it here. If you are interested in how
this can be done, look at the implementations in Winder and Roberts or Wiener and Pinson. This
generality is achieved through the use of | nt er f ace’ s, which are described in both books, or in the
online Java documentation.

Infact, using St ri ng’s as keys provides considerable generality, asit is simple to represent
I nt eger’s, Fl oat’s, etc, as St r i ng’s. In languages that contain associative arrays as standard data
structures, such as Perl, it is common practice only to allow keysto be strings.

The data structure we will use to store the look-up tableisa Sequence, in fact we will use an instance
of the class SequenceAr r ay that we implemented in the previous section. We could equally well
have used a Sequenceli st , but since many indexing operations occur in the middle of the sequence
the use of the array based sequence is more efficient. A Vect or would also be a good choice. Each
element of the sequence will be an Ent r y containing a{key, value} pair.

Hereis an outline of asimple look-up table class, Li near LUT:

public class LinearLUT {
protected class Key {
public Key() {
kString = null;

}

public Key(String s) {
kString = s;

}

publ i c bool ean equal s(Key k) {
return kString.equal s(k.toString());
}
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publ i c bool ean | essThan(Key k) {
return (kString. conpareTo(k.toString()) < 0);
}

publ i c bool ean greaterThan(Key k) {
return (kString. conpareTo(k.toString()) > 0);
}

public String toString() {
return kString;
}

private String kString;
}

protected class Entry {
public Entry(Key k, Cbject v) {
key = k;
val ue = v;

}

protected Key key;
protected Object val ue;

}

/1 Single protected data nmenber
protected SequenceArray seq;

public LinearLUT() {
seq = new SequenceArray();
}

[/ Public Interface nethods
/1
/1

There are two member classes, Key and Ent r y, of the top-level classLi near LUT. Although the
keys of our table are just strings, we have encapsulated them in a class, Key, because we want to
implement the additional comparativetests, | essThan and gr eat er Than. In fact we won’'t use
these methods in this implementation of the look-up table, but we will use them in the slightly more
sophisticated implementations in the next subsection. The conpar eTo method of the St r i ng class
returns an integer less than zero if the string whose method is called is lexicographically before the
argument to the method, and a positive integer if it islexicographically after. Encapsulating Key in a
classin thisway provides a general framework, which can be used for implementations in which keys
are of types other than St r i ng.
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The class Ent r y encapsulates the idea of a{key, value} pair. Every entry in our LUT will be stored in
an object of type Ent r y. Thus every object that is stored in the sequence is an instance of the Ent ry
class.

Here are the public interface methods of the classLi near LUT:

public void insert(String key, Object value) throws
SequenceArrayException {
Entry neweEntry = new Entry(new Key(key), value);
seq. i nsertlLast (newEntry);

The simplest insertion operation on an array based sequence isinsertion at the end of the sequence,
because no array shifting isrequired. So we create a new Ent r y object containing the new Key and
the corresponding value, which is of general type, Obj ect . Thisnew Ent ry is placed at the end of
the sequence. We need to be aware of the possibility that the sequence holding our LUT can fill up and
theseq. i nsert Last method can throw a SequenceArr ayExcept i on if sequence overflow
occurs. Rather than try to handle this occurrencein thei nser t method above, we simply declare that
this method too can throw the same type of Except i on, leaving it to the user of our LUT classto
decide what aternative action should be taken.

public void renmove(String key) throws KeyNot Foundl nTabl eExcepti on
{
Key searchKey = new Key(key);
int index = findPosition(searchKey);
if(index >=0) try {
seq. del et e(i ndex);
} catch (Exception e) {
System out. println(e);

}
el se {

t hrow new KeyNot Foundl nTabl eExcepti on();
}

The method f i ndPosi ti on implements the searching strategy for our LUT, which islinear search
here. Thelisting for f i ndPosi ti on isbelow, but for now, it returns the index of the element of the
sequence that contains the key equal to sear chKey. If none of the Key’sinthe Ent ry’sinthe
sequence match the search key, f i ndPosi ti on returns—1. We create an instance of the Key class
fromthe St r i ng that is passed to ther enbve method, so that we can compare it directly with the
keysinthe Ent r y objectsin the sequence.

Thereisalot of code in this method and the ones below that deals with Except i on handling. Many
of the uses of the underlying sequence object that are made within this class are “safe”, in that we know
they will never cause Except i onsfrom the sequence class, for example, we know that this code will
never try and access an element beyond the end of the sequence. We thus do not require a user of the
LUT to handle the Except i onsthat are thrown by the SequenceAr r ay classexplicitly (usingtry
and cat ch), because we know they will never arise. That requirement is removed by putting thet ry
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and cat ch construct inside these methods, rather than including t hr ow
SequenceArrayExcepti on in the definitions of the methods. The only time a
SequenceArrayExcept i on can occur is when the sequence overflows. We cannot guarantee that
thiswon’t happen. It can only occur inthei nsert method, which, as we saw above, must be allowed
to throw thisExcept i on.

public Qbject retrieve(String key) throws
KeyNot Foundl nTabl eException {

Key searchKey = new Key(key);
int index = findPosition(searchKey);
if(index >= 0) try {

Entry searchEntry = (Entry)seq. el enment (i ndex);

return searchEntry. val ue;
} catch (Exception e) {

System out.println(e);
}

el se {
t hr ow new KeyNot Foundl nTabl eExcepti on();
}

return null;

For ther et ri eve method, again we call f i ndPosi t i on to locate the element of the sequence
corresponding the entry of the table that is sought. If thereisan Ent r y with key corresponding to the
String passedtother et ri eve method, theval ue part of that Ent r y isreturned. Notice that we
need to cast the return type of seq. el enent to Entry. The return type of the method
SequenceArray. el ement isQbj ect, but we know we can perform this cast, because we only
ever store objects of type Ent r y in the sequence.
public void update(String key, Object value) throws
KeyNot Foundl nTabl eExcepti on {
Key searchKey = new Key(key);
int index = findPosition(searchKey);
if(index >=0) try {
Entry searchEntry
sear chEntry. val ue
} catch (Exception e) {
System out. println(e);

(Entry)seq. el enent (i ndex) ;
val ue;

}
el se {

t hrow new KeyNot Foundl nTabl eExcepti on();
}

This method is similar again. Once the Ent r y corresponding to the key provided has been found, the
val ue of that Ent r y is changed to the new specified val ue.

public String toString() {
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wn

String output = ;
for(int i=0; i<seq.size(); i++) try {
Entry tableEntry = (Entry)seq. el enent (i);

out put = output + tableEntry.key.toString();
out put = output + “:7;

out put = output + tableEntry.value.toString();
out put = output + “, *“;

} catch(Exception e) {
Systemout.println(e);
}

return output;

This method createsa St r i ng that lists all the { key, value} pairsin the table, in the order that they are
stored in the sequence.

Finally, there are some non-public member functions to this class that implement the searching of the
look-up table to retrieve values. We have encapsulated the search strategy in these separate methods for
two reasons:

» because the searching mechanism is required in several different public interface methods, so we
use procedural abstraction and encapsulate it in a separate method.

» so that we can use inheritance to override them with implementions of other more efficient
searching algorithms.

protected int findPosition(Key k) {
return |inearSearch(k);
}

protected int |inearSearch(Key k) {
for(int i=0; i<seq.size(); i++) {
i f(k.equal s(keyAt(i))) {

return i;
}
}
return —1;
}
protected Key keyAt(int index) {
try {
Entry entryAt = (Entry)seq. el enent (i ndex);
return entryAt. key;
} catch(Exception e) {
System out.println(e);
}
return null;
}
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Thef i ndPosi t i on method returnsthe result of | i near Sear ch directly. | i near Sear ch goes
through the sequence from the beginning comparing the key of each Ent r y to the sear chKey, using
the key At method. If it finds a key equal to the sear chKey the corresponding index is returned. If
the end of the table is reached without finding a match, —1 isreturned to indicate that the search failed.

4.2.2 Simple Test Program

Here is asimple test program to illustrate how to create an instance of and use alook-up table. A
I i near LUT isused to store a set of peoples agesindexed by their first names.

cl ass LUTTest {
public static void main(String[] args) {

Li near LUT nyLUT = new Li near LUT();

nmyLUT.insert(“Priscilla”, new Integer(41));
nmyLUT. insert(“Steven”, new I nteger(34));
myLUT. i nsert (“Sanuel”, new | nteger(28));
myLUT. i nsert (“Hel ena”, new | nteger(39));
nyLUT. i nsert (“Andrew’, new Integer(14));
nyLUT. i nsert (“Kay”, new Integer(24));
nyLUT.insert(“Hristo”, new Integer(67));

System out . println(myLUT);
Systemout.println(nmyLUT.retrieve(“Hristo”));

nmyLUT. updat e(* Sanuel ", new | nteger(29));
nyLUT. r enove(“ Andrew’) ;

System out . println(myLUT);

}

Exercise: What is the output of the above program?

4.2.3 Analysis of Linear Search

The retrieval processis dominated by thef or loopinthel i near Sear ch method. At each position
in the sequence we perform a key comparison — sear chKey. equal s(keyAt (i)) . Wewill make
this comparison the unit of cost and analyse this search strategy in terms of the number of these
comparisons that have to be performed.

Suppose we have aLUT that contains n entries.
» Unsuccessful search: the search key is compared with every key in the table.
cost =n
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» Successful search: if the entry is at position k in the sequence, we make k comparisons
» Bestcase: k =1, theentry is at the start of the sequence.
cost =1
* Worst case: k =n, the entry is at the end of the sequence.
cost=n
* Average case: Suppose p(k) isthe probability that the entry is at position k.

averagecost = Z p(K) x (cost when entry isat position k) = Z p(k).k

The cost when the entry is at position k is obviously k, since we make comparisons at this entry and
each of the (k-1) preceding ones, but what about p(k)? It is possible to go into some very detailed
analyses about expected probability distributions (especially if some of the tricks discussed in the next
subsection are used), but in the absence of any detailed knowledge, we will assume that all positionsin
the sequence are equally likely.

Thus, p(k) = B, aconstant. Since probabilities must sum to 1, we know that

Zp(k) -1
1

O nB=10 B=—.
n

Lk 1 1
averagecost =A(n)= Yy —=—(1+2+...+n)==(n+1
ag =5 —( )=5(+1)

In summary then, we have that the worst case performance, W(n), and the average case performance,
A(n) are both “order n”, O(n).

4.2.4 Self Organising Lists

There are various heuristic techniques that can be used to speed up linear search.

Experience shows that, in many applications, entries obey locality of reference, i.e., the same small set
of entries tends to be accessed in bunches. Thus, we can often speed things up by storing the most
recently accessed elements at the front of the list, where the search begins. Thisisasimilar ideato
caching in operating systems. There are anumber of strategies that are used, some examples are:

* Move-to-front: whenever an entry is accessed, move it to the front of the sequence. The sequence
ends up ordered by recentness of access, with the most recently accessed entries at the front.
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» Migrate-to-front: whenever an entry is accessed, swap it with its predecessor in the sequence and so
move it one place closer to the front of the sequence. Popular entries gradually migrate to the front
of the sequence, where they can be accessed more quickly.

* The most sophisticated techniques store a frequency access table and order the sequence with the
most frequently accessed at the front.

Note that linear search remains O(n) in the worst case when any of these techniques are adopted.

4.3 Searching Ordered LUTs

The linear search described in the previous section only takes into account whether two keys are equal
or not equal. Thisreflectsthe idea of the LUT ADT, which is an unordered set. However, just because
the LUT represents an unordered set, doesn’t mean we can’'t use ordering in the implementation of the
LUT in order to make it more efficient. Intuitively, it seems that we could make the searching process
easier if we stored the entriesin the LUT so that the keysarein order, i.e., forany i andj , suchthat i
< j < seq.size(),keyAt (i) “islessthan” keyAt (j ) .Consider atelephone directory. It'sa
look-up table in which the keys are names and the values are telephone numbers. The fact that the
names are stored in alphabetical order allows us to find the key we are interested in much more quickly
than if they were stored unordered.

Infact, in our ordered LUTswe will order entriesin the opposite sense so that the “largest” key comes
first and the smallest last. To do this we require some way of comparing keys to decide which of two
keysisthelarger and which isthe smaller. In other words, our Key ADT requires the comparative
operations: | essThan and gr eat er Than. Thisrestricts the set of objects that we can use as keysto
those of atype that can be compared in thisway. In practice, thisis not amajor restriction and, in fact,
we have already restricted ourselves further than this by allowing only St ri ng’s as the underlying
type of our Key class. With alittle care, we could be more general than this by defining akey ADT
that encompasses all objects that can be compared in thisway (see Winder and Roberts or Wiener and
Pinson). We won't get into this here, however, and we'll stick with our St r i ng based keys, which, as
we noted before, can be adapted quite simply to use other types that support comparisons. We have
already included | essThan and gr eat er Than operationsin our Key class, but we didn’t use them
in the implementation of Li near LUT. In this section we will look at some implementations of the
LUT that use ordered storage of the entries to improve the efficiency of searching the LUT.

4.3.1 Linear Search in an Ordered LUT

In order to implement a LUT in which the entries are stored in order of their key value, we need to
writeanew i nsert method that it puts new entries in the sequence in order. We also need to adapt
thel i near Sear ch method so that it exploits the new ordering. We can do this very easily by
inheritance from our | i near LUT class. i nsert and | i near Sear ch are overridden, but
everything elseisleft unchanged.

Here isthe complete listing:

public class O deredLi near LUT extends Linear LUT {
publ i c OrderedLi near LUT() {
super () ;
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}

public void insert(String key, Object value) throws
SequenceArrayException {
Entry newentry = new Entry(new Key(key), val ue);
i nt index = 0;
whi | e(i ndex < seq.size() &&
newentry. key. | essThan(keyAt (i ndex))) {

i ndex += 1;
}
seq. i nsert(newentry, index);
}
protected int |inearSearch(Key k) {
i nt i=0;
while(i < seq.size() && k.l essThan(keyAt(i))) {
i += 1;
}
if(i < seqg.size() && k.equal s(keyAt(i))) {
return i;
}
return —1;
}

Sothei nsert method goes aong the sequence until either the end of the sequence is reached, or an
Ent ry isfound with aKey that the new Key isnot lessthan, i.e., aKey that islessthan or equal to
the new Key. The new Ent r y isthe inserted into the sequence at the index of that Ent r y, which
means that it goes just before it. Notice that this means that the entry with the largest key is at the
beginning of the sequence and the keys get smaller, in order, as we go along the sequence.

If we adapt the short test program in section 4.2.2 to use an Or der edLi near LUT rather than a
Li near LUT, we find that the entries are stored in the sequence in the following order: { Steven: 34},
{Samuel: 28}, { Priscilla: 41}, {Kay: 24}, {Hristo: 67}, { Helena: 39}, { Andrew: 14} . Rather than being
in the order in which they were added to the LUT, asthey werein Li near LUT, they are now stored in
reverse alphabetical order of the keys.

Inthel i near Sear ch method, we still start at the beginning of the sequence and compare each key
in turn —that islinear search. Now however, we know that if we encounter akey that is less than the
search key, we can stop and the search has failed. Thisisthe only advantage of ordering the sequence if
we adopt alinear search strategy. The complexity of successful searchesis unchanged from the
unordered sequence, it is still O(n), but for unsuccessful searches, we no longer have to check every
entry in the sequence.

If we assume that an unsuccessful search is equally likely to be terminated at any of the positions 1...n,
the average number of comparisonsis:
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Aunsuccsessful (n) :%Z(k +1) =%(n +3)

which isjust over half the cost of an unsuccessful search in an unordered table, but still O(n). Notice
that the number of comparisons for position k isk+1, since we have k | essThan comparisons and
one equal s comparison.

4.3.2 Binary Search

We can exploit the ordering of our LUT entries in the sequence properly if we take note of whether a
failed comparison was “less than” or “greater than”. Thisisafamiliar idea. If you were looking up a
telephone number, you wouldn’t scan all the entriesin a directory from the beginning of the directory,
you start looking roughly where you expect to find that entry in the (ordered) directory. For example, if
you are looking for someone called Smith, you open the directory about three quarters of the way
through. If you find yourself among the U’s, you flick back afew pages, if you' re among the P'syou
go forward abit. Then you look again and decide which way to turn the pages depending on whether
the names you see are lexicographically less than or greater than the name you are looking for.
Eventually, you narrow things down so that you either find the number you' re looking for or decide
that it’s not there.

We can use asimilar strategy to search LUTs and it is known as binary search. In the case of a
telephone directory, you know roughly where to start looking, because you know something about the
distribution of surnamesin the alphabet. In ageneral LUT, you have no prior knowledge about the
distribution of keys so you might aswell start your search in the middle. If we compare a search key
with the key in the middle of the sequence storing our LUT, we know that if our search key islessthan
that key, we only need to search the top half of the sequence. If our search key is greater, we only need
to search the bottom half. Having cut down the set of keys we need to search in this way, we repeat the
process and compare our search key to the middle one of the new range — the top or bottom half of the
table — to find which quarter of the table our key isin. The range of the table that we are searching
rapidly gets smaller, and will eventually reduce to a single entry in the sequence. If the range reduces to
zero, we know that the key we are looking for isn’'t there so the search fails.

Hereisan outline of the binary search algorithm:

find(key, |ut)
begi n
if (lut has size 0) then fail

let nk = key in the mddle of the table
if (key == nk) then succeed
el se
if (key < nk) then
find(key, top half of table)
el se
find(key, bottom half of table)
end
end
end
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Notice that the algorithm isrecursively defined: it callsitself with smaller and smaller portions of the
sequence holding the LUT. We will implement the algorithm using recursion, which Java allows us to
do. Generally it is more efficient not to use recursion and it is possible to implement this algorithm
without doing so.

For aLUT with binary search, we need to ensure that the entries are stored in order, asin the
Or der edLi near LUT class in the previous section. In fact the only thing we need to change from
Or der edLi near LUT is the search strategy, which we encapsulated in the pr ot ect ed method,
f i ndPosi ti on. So we can use inheritance again and we only need to override thef i ndPosi ti on
method, which currently uses| i near Sear ch, to call anew bi nar ySear ch method instead.

Here is the complete listing:

public class BinaryLUT extends O deredLi near LUT {
public BinaryLUT() {
super();

protected int findPosition(Key k) {
return binarySearch(k, 0, seq.size());
}

protected int binarySearch(Key k, int bottom int top) {

/1lf the range is enpty, the search fail ed.
i f(bottom == top) {

return -1;
}

Key | utKey = keyAt ((bottom+top)/?2);

/11f this is the one return its index.
i f(k.equal s(lutKey)) {

return (bottomttop)/2;
}

/'l O herwi se search the half of the range contains the key
el se if(k.lessThan(lutKey)) {
return binarySearch(k, (bottomttop)/2+1, top);

}
el se {

return binarySearch(k, bottom (bottomttop)/?2);
}
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In the bi nar ySear ch method, the range of the table being investigated is specified by the two
sequence indexest op and bot t om bot t omindexes the first entry in the range and t op indexes the
first entry in the sequence after the range being considered. Suppose we use the same simple test
program listed in section 4.2.2, but using aBi nar yLUT. Let’sinclude an additional operation:

nyLUT.retrieve(“Hristo”)
Here is the sequence holding our LUT:

bott om (bottom+t op)/ 2 top
Steven: Samuel: Priscilla Kay: Hristo: Helena Andrew:
34 28 41 24 67 39 14

When bi nar ySear ch isfirst called, bot t omisinitialy zeroandt op isseq. si ze()—indexing
the next free space in the sequence (=7). The midpoint isthen (bott om+t op) /2 = (0+7)/2 =
3, and so indexes the entry containing the key “Kay”. Our search key, “Hristo”, isless than “Kay”,
sinceit islexicographically before, so we call:

bi narySear ch(k, (bottomttop)/2+1, top);
I.e., we search the range 4 to 7 —we don’t need to include entry 3 here, because we have aready
established that our search key islessthan it. In the next recursion then, the midpoint is (4+7)/2, which
equals 5 —indexing “Helena’. When we do the comparison, we find that our search key is not less than
the indexed key, so we call:

bi narySearch(k, bottom (bottomttop)/2);
Our rangeisnow 4 to 5. The midpoint is now (4+5)/2, which is 4 and we find that our search key
equalsthe key at position 4, so we return the index 4.

The entry isretrieved in three steps rather than the 5 that would be required using linear search. In fact,
thisisthe largest number of stepsthat isrequired to retrieve any entry in the table. There is some
overhead attached to the use of this recursive procedure and so for small tables like this, we probably
wouldn’t notice any difference in performance between the two search strategies. For larger tables,
however, it can make a huge difference.

Try following the bi nar ySear ch method through by hand for some other retrieval operations to
understand the intricacies of the algorithm. See what happens when the search key isnot in the LUT,
for example, “Thomas’, “lan”, or “Adam”.

4.3.3 Analysis of Binary Search

It isfairly easy to see that the number of comparisonsin abinary search is O(logzn) for aLUT with n
entries.

Y ou will do some proper analysis of thistype of processin the Complexity part of the course, but for
now, think if it in the following way. The worst case successful search occurs when we end up with a
search range of size 1, which contains the entry with the matching key. Suppose this search required k
comparisons. Each time one of these comparisons was made, the size of the search range was
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(approximately) halved. Thus, for the last comparison, the size of the search range was 1 (= 2°). For the
previous one, the size was approximately 2 (= 2Y) — 3 in fact. For the third to last, approximately 4 (=
2%); fourth to last 8 (= 2°), etc. Thefirst comparison is the k-th to last and is performed on the whole
range of the LUT whose size must thus have been approximately 2<*. Thus, if n = 2%, we require k
comparisons for binary search in the worst case. So, k — 1 ~ 1ogz(n), and so k = O(logzn) and thus W(n)
= O(logzn).

For unsuccessful searches, we require one more recursion than the worst case successful search, asthe
range has to go down to zero. The complexity is the same - O(logzn).

In fact, it can be shown that no searching algorithm based on key comparisons can perform better than
this, i.e., thereis no algorithm that has W(n) < O(log n).
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5 Trees

We have taken care to distinguish between Abstract Data Types, which are defined by their
functionality and mathematical properties, and Data Structures, which are fundamental building blocks
used for implementing ADTs. So far, we have met two fundamental aggregate data structures: arrays,
and linked lists. In this section, a new oneisintroduced: the tree.

In general, atreeis astructure that consists of nodes, which contain avalue and a set of links to other
nodes that are the children of that node. There is aroot node at the top of the tree from which al other
nodes are descended:

root node

@

A treeiseither empty or it consists of aroot node together with a (possibly empty) set of subtrees. Each
child of each node in the tree is the root node of a subtree.

A linked list isakind of degenerate tree, in which thereis only one link in every node so each node has
at most one child.

We begin by looking at the simplest type of tree, the binary tree.

5.1 Binary Trees

In abinary tree, each node can have at most two children. Binary trees encapsulate the idea of Yes/No
decisions very neatly. They are highly recursive structures and concretely illustrate the divide-and-
conguer approach to problem solving. Binary trees arise in searching and sorting algorithms, which are
among the most studied algorithms in computer science, and are also important in data compression.
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5.1.1 Some Definitions

* A binarytreeiseither empty or consists of aroot node and a pair of trees called the left subtree and
the right subtree.

» Lines connecting nodes to their non-empty subtrees are called edges. A non-empty binary tree with
n nodes has n-1 edges (Exercise: proveit).

e Thesize of a treeisthe number of nodes that it
contains.

Hereisatree, T, of size 4 and thus with 3 edges. A isthe | A
left subtree of T. A isatreein which theleft and right ™~ _
subtrees are empty. B, theright subtree of T, isatreein
which the right subtree is empty.

* |t issometimes convenient to denote empty subtrees -~
by a special symbol — a square — standing for external nodes. External nodes are also known as
leaves or leaf nodes. The tree drawn in this way is known as the extended tree.

T I(T) isdefined as the set of al interna nodes of tree T. E(T) isthe

set of all external nodes. So,
size(T) = Cardinality(I(T)) (= number of elements of I(T) ).

A binary tree with n internal nodes has (n+1) external nodes
(Exercise: proveit).

» Every node except the root node has a unique parent.

* Theset of ancestors of anode x isrecursively defined as. x together with the ancestors of its parent
(if it has one).

» The set of ancestors form a path from x up to the root.
* A proper ancestor of x is an ancestor other than x.

» Every node has at most two children.

» Two nodes are siblings if they share the same parent.

* The set of descendants of anode x is recursively defined as: x together with the descendants of its
children.

» The set of descendants of X, together with their connecting edges, form a subtree rooted at x. Thisis
denoted Ty, if X isanode of tree T.

* A proper descendant of x is adescendant other than x.
* 3(x) = size(Ty) isthe number of descendants of x, i.e., the size of the subtree rooted at x.
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5.1.2 Height and Path Length

* Theheight, h(x), of a node x is the number of edges on the T ©
longest path leading down from x in the extended tree.
Equivaently, h(x) isthe number of internal nodes on this (D) ) Nodes
path, including x if X isinternal. labelled

* Theheight of atree, h(T), isthe height of itsroot node—3in by.
the example to theright. o] [o] W [o] pg ght.

h(T) isameasure of atree' s shape. It is an important factor in the o] [o]
analysis of the complexity of algorithms.

* Thedepth, d(x), of anode x is the number of edges on the
path from x to the root. Equivalently, d(x) is the number of
internal nodes on this path excluding x.

Nodes
* Theinternal path length, i(T), isthe sum of depths of internal labelled
nodes of T: by depth.

iﬂﬁz%ﬁ@)
XCI(T)

* Theexternal path length, &(t), isthe sum of depths of externa

nodes of T:
eT)= :E d .
) ) )(X)

For any tree, T, of sizen,

&(T) = i(T) + 2n.
Proof of this theorem is by induction, see the book by Kingston if you' re interested.

Theorem:

5.2 Implementing Trees

Trees are implemented in asimilar way to linked lists. We define a class to encapsulate the idea of a
node, which contains avalue and a set of object references to other nodes. These object references are
the edges of the tree. For abinary tree, a node consists of

* avaue

» alink to the left subtree; and

» alink to theright subtree.

so we might defineaBi nar yTr eeNode class asfollows:

protected cl ass Bi naryTreeNode {
protected Object val ue;
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protected Bi naryTreeNode |eft;
protected Bi naryTreeNode right;

publ i c Bi naryTreeNode( Obj ect 0) {

val ue = o;
left = null;
right = null;

}

publ i c Bi naryTreeNode( Cbj ect o, BinaryTreeNode |,
Bi naryTreeNode r) {

val ue = o;
left =1;
right =r;

In much the same way as alinked list, the only dataitem we require in order to implement abinary tree
is an object reference to the root node, which we will call r oot . In an empty tree, there are no
instances of the Bi nar yTr eeNode and sor oot isnul | . Each timeanew item is added to the tree,
anew instance of Bi nar yTr eeNode is constructed, which contains the new item.

So we could implement a general BinaryTree class, that would ook something like this:
public class BinaryTree {

protected class Bi naryTreeNode {

/'l As above

}

public BinaryTree() {
root = null;

}

/1Single protected data item
protected BinaryTreeNode root;

/lpublic interface nethods, such as insert, delete, retrieve.

So the data structure for the tree, T, in the examples above would look like this:
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r oot

nul | nul |

|: nul |

nul | nul |

A binary tree is not much use for searching if we don’t order it in some way: if we just put new items
anywhere in the tree, regardless of how they compare to items already stored in there, we might as well
just use an array or alinked list. So it makes sense to use aless general class than Obj ect to storethe
valuesin nodes of the tree. Much like the type of keysin the LUTs discussed in the previous section,
the type of value in a node should be one that has comparative methods, equal s, | essThan and
gr eat er Than.

We won't attempt to construct a general binary tree data structure in thisway here. Instead, we'll ook
at an implementation of the LUT ADT that uses atree structure to store the values and we will see how
the binary tree provides atruly dynamic data structure that we can search efficiently.

5.3 Binary Search Trees

All of the LUTs described in section 4 were based on arrays rather than linked lists and if you’ ve
attempted part 4 of the unassessed exercises on LUTSs, you' [l know why. Retrieving elements from the
middle of alinked list isaslow process. The array based LUTs are efficient for retrieval operations, but
we are stuck with the usual drawback of arrays: they are of fixed size and so the LUT can overflow. A
Binary Search TreeisaLUT implemented as a binary tree. The binary tree provides a dynamic data
structure for the LUT that can be searched efficiently.

In order to exploit the tree structure for key searching, we need to decide upon the way in which items
will be ordered in the tree. An item is stored at each node of the tree. We will grow our tree from the
root, always adding new items (nodes) at positions that are external nodes (Ieaves) in the current tree.
To find the particular external node at which anew item will be added, we start at the root and compare
the key of the new entry to the keys of entries already in the table. If an existing key isless than the
new key, the new key goes in the left subtree of the tree node containing that key, if not, it goesin the
right subtree. We follow a path down to the bottom of the tree, which is determined in thisway. When
we reach the bottom, i.e., we find an external node (anul | Bi nar yTr eeNode reference), we add a
new node containing the new key, value pair.
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When we come to search the tree in order to retrieve the item corresponding to a particular key, we can
use this ordering to search the tree. We start at the root and compare our key to the key in the root node.
If the keys are equal, we are done. If the search key is less than the key in the root node, we know we
only have to search the nodes in the right subtree, if it is greater, we only have to search the left subtree.
In thisway, we find a path down the tree that leads us to the node containing the key that matches the
search key (if thereisone).

5.3.1 ADT and Public Interface

The definition of the LUT ADT is unchanged from before, since, as we know, it is independent of the
underlying representation and implementation, which we are changing from alinear data structure to a
tree. Thus we have the same set of public interface methods that we had for the array based LUTsin
the previous section:

public void insert(String key, Object value);
public void renove(String key);

public void update(String key, Object value);
public Qbject retrieve(String key);

public String toString();

Asin the previous section, we will limit ourselvesto keysthat are St r i ng’s. We will use the same
Key and Ent r y classes that we used for our array based LUTs. As usual, these will be member classes
in our top-level LUT class. We will use an additional member class, BSTr eeNode, that encapsulates
theidea of anodein abinary tree. The class BSTr eeNodis slightly less general than the
Bi naryTr eeNode class used in the Bi nar y Tr edass discussed above, because the value it
containsis of type Ent r y rather than Cbj ect . Otherwiseit is the same.

Here is an outline of the binary search tree class, Bi nar yTr eeLUT:

public class BinaryTreeLUT {
protected cl ass Key {
/] See section 4.2.1
}

protected class Entry {
/] See section 4.2.1
}

protected cl ass BSTreeNode {
protected Entry kvPair;
prot ected BSTreeNode |eft;
protected BSTreeNode right;

publ i c BSTreeNode(Entry e) {
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kvPair = e;

left = null;
right = null;
}
}
public BinaryTreeLUT() {
root = null;
}

/1Single protected data itemwhich reference the root node
prot ect ed BSTreeNode root;

[/ Public interface nethods.
/1
/1

The recursive nature of the tree structure makes recursion a natural tool for the implementation of
operations on trees. All of our public interface methods make use of recursion.

5.3.2

Insertion

Thefirst public interface method we will look at isthei nsert method:

public void insert(String key, Object value) {

}

/**

* Adds newNode to the binary tree rooted at curNode recursively.

Entry neweEntry = new Entry(new Key(key), value));
BSTreeNode newNode = new BSTreeNode(nhewentry);

addToTr ee( newNode, root);

protected void addToTr ee( BSTreeNode newNode, BSTreeNode cur Node)

{

/| Speci al case for enpty tree
if(root == null) {

root = newNode;
}

/] General case
el se if(curNode. kvPai r. key. | essThan( newNode. kvPai r. key)) {
//Put the new node in the |eft subtree
i f(curNode.left == null) {
cur Node. |l eft = newNode;
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}
el se {
addToTr ee( newNode, cur Node. |l eft);
}
}
el se {
/[/Put it in the right subtree
i f(curNode.right == null) {
cur Node. ri ght = newNode;
}
el se {
addToTr ee( newNode, cur Node. right);
}
}

Thei nsert method creates anew BSTr eeNode containing an Ent r y with the new key and value
pair. Thel ef t andri ght pointersarenul | , since we know that the new node will be inserted at the
bottom of the tree and so will have no children. The new node is then passed to the recursive method
addToTr ee, which finds the ordered position in the tree for the new node, based on the value of the
new key, and linksit in to the tree data structure.

addToTr ee isinitially called with the root node of the tree as argument, which is the node currently
under investigation — cur Node. The function compares the key in the new node (hewNode) to the
key at cur Node. If the key at cur Node is smaller, then newNode is added to the left subtree of
cur Node, otherwiseit is added to the right subtree. If the chosen subtreeisnul | , then we have found
an external node of the tree and so we can link in the new node, otherwise addToTr ee isrecursively
called again, replacing cur Node with one of its children.

Thereisaspecial case for inserting into an empty tree, as we cannot do thel essThan comparison,
which we perform in the general case.

Consider our smple test program for LUTslisted in section 4.2.2. It contains the set of | nsert
operations:

nmyLUT.insert(“Priscilla”, new Integer(41));
myLUT. insert(“Steven”, new I nteger(34));
myLUT. i nsert (“Sanuel”, new | nteger(28));
myLUT. i nsert (“Hel ena”, new | nteger(39));
nyLUT. i nsert (“Andrew’, new I nteger(14));
nyLUT. i nsert (“Kay”, new Integer(24));
nyLUT.insert(“Hristo”, new Integer(67));

Suppose we have performed the first six i nsert ’sand we'll consider the last one. Here is the tree
after the first six items have been inserted:
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root| —T—® Priscilla

_4_/\>

Steven Helena

Samuel Kay Andrew

Now we'll try to add the new item with key “Hristo”. Initially we call addToTr ee with our new tree
node, containing key “Hristo”, and areference to the root of the tree:

addToTr ee( newNode, root);
IntheaddToTr ee method, we perform the test:

cur Node. kvPai r . key. | essThan( newNode. kvPai r . key)

to seeif “Priscilla’ islessthan “Hristo” and we find that it is not. Thus we go to the right subtree, we
find that the right subtree is not empty —thetest (cur Node. ri ght == nul | ) falls—sowecall:

addToTr ee( newNode, cur Node. right);

Inthisnew call toaddToTr ee, cur Node becomesr oot . ri ght, which isthe node containing key
“Helena’. Again we compare this to the key in our new node and we find that the “Helena” is less than
“Hristo”, so thistime we go to the left subtree. The left subtreeisnot nul | , sowe call:

addToTr ee( newNode, cur Node.left);

cur Node now becomes the node containing key “Kay”; “Kay” is not less than “Hristo”, so we go to
the right subtree. This time we find that the right subtreeis empty — cur Node. ri ght isnul | —and
so we can add the new node in by assigning the right subtree of cur Node to reference newNode. The
tree finally looks like this:

root| —T® Priscilla

Hristo

5.3.3 Retrieval and Update
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Herearether et ri eve and updat e public interface methods:

public Object retrieve(String key) throws
KeyNot Foundl nTabl eExcepti on {
Key searchKey = new Key(key);
BSTreeNode treeNode = get Fronilr ee(searchKey, root);
return treeNode. kvPai r. val ue;

}

public void update(String key, Object value) throws
KeyNot Foundl nTabl eExcepti on {
Key searchKey = new Key(key);
BSTreeNode treeNode = get Fronilr ee(searchKey, root);
t reeNode. kvPai r. val ue = val ue;

Both methods call the recursive method get Fr omTr ee, which returns a reference to the node of the
tree that contains the search key. Once that node has been found, the retrieval and update operations are
trivia: forret ri eve, we extract the value from the entry in the returned node and return it; for
updat e we assign the value to the new value.

Hereisthe get Fr onilr ee method:
/**
* Returns the node containing k in the tree rooted at node.
*/
protect ed BSTreeNode get Fronilr ee( Key k, BSTreeNode node)
t hrows KeyNot Foundl nTabl eExcepti on {
i f(node == null) {
t hr ow new KeyNot Foundl nTabl eException();

el se if(node. kvPair. key. equal s(k)) {
return node;

}
el se if(node. kvPair. key. | essThan(k)) {
return get Fromiree(k, node.left);

}
el se {

return get Fromlree(k, node.right);
}

We start at the root of the tree and compare the search key to the key in that node. If the keys are equal,
we return areference to that node. If the key in the node is smaller, we search the left subtree,
otherwise the right subtree. If the key isnot inthe LUT, we eventually find ourselves calling the
method with an empty subtree of anode. If this occurs, we know that the key cannot be in the tree and
so we throw an Except i on to indicate that the search was unsuccessful. Try working through an
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unsuccessful search by hand to understand this, for example, try searching the tree drawn at the end of
the last subsection for keys: “Thomas’, “lan” or “ Adam”.

5.3.4 Deletion

Removal of elements from ordered binary treesis alittle trickier, because we need to ensure that the
treeis still ordered after we perform the removal. In fact, it is quite straightforward if one or both
subtrees of the node are empty, as we can simply promote the non-empty subtree to the position
originally occupied by the deleted node and the tree will remain ordered:

N\ N\ N\ N\
N\ N N\ N\
| E \% \ \

Remove nodey. Both
subtrees empty.

Remove nodey. Right Remove nodey. L eft
subtree empty. subtree empty.

We have to think alittle more carefully when both subtrees, L and R above, are non-empty. We know
that all of thevaluesinL, R and y (the right subtree of x) are less than the value in x. This observation
tells us that we can merge L and R and make the combined tree the right subtree of x, but we need to
know how to merge these two trees. Notice that a similar argument also holds if y isthe left child of x —
in that case, we know that all of thevaluesinL, R andy are greater than thevaluein x, so L and R can
be merged to form a new left subtree of x.

? OR
L R L R
Remove nodey. Neither Remove nodey. Neither
subtree empty. subtree empty.
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In order to mergetrees L and R, we note further that we also know that all the valuesin L are greater
than the valueiny and that all the valuesin R arelessthan the valueiny. So al the valuesin R are less
than any value in L. Thus we can attach R to the bottom right corner of L —where a new item would be
added to L if it were less than any item already in L — and be sure that the tree is still ordered correctly.
This combined tree is then promoted to the position in the tree that was originally occupied by y as
shown above.

We could equally well have attached the left subtree to the bottom left corner of the right subtree and
promote the combined tree in the same way.

Here arether enpve method, the recursive method r enoveFr onilr ee that it cals, and the method
| r Mer ge that merges the left and right subtrees of a given node:

public void renove(String key) throws KeyNot Foundl nTabl eExcepti on
{

Key searchKey = new Key(key);

renoveFr onilr ee( sear chKey, root);

}
/**
* Renoves then node containing k fromthe tree rooted at node.
*/
protected void renoveFronmlree(Key k, BSTreeNode node) throws
KeyNot Foundl nTabl eExcepti on {
/| Speci al case for enpty tree
i f(node == null) {
t hrow new KeyNot Foundl nTabl eExcepti on();
}

/| Speci al case for deleting root node
el se if(root. kvPair. key. equal s(k)) {

/I Merge the subtrees of root and set root equal
//to the resulting tree.
root = |rMerge(root);
}

/'l General case

/[11f the key at the current node is |less than the search key
/1go to the left subtree.

el se if(node. kvPair. key. | essThan(k)) {

[11f the left subtree is enpty then the key cannot be in
//the LUT.
if(node.left == null) {
t hrow new KeyNot Foundl nTabl eExcepti on();
}

/[11f the current node is the parent of the one being
//renoved then do the renoval.
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el se if(node.left. kvPair. key. equal s(k)) {
node.left = | rMerge(node.left);
}

/I Ot herwi se recurse down anot her | evel
el se {

renoveFronmlree(k, node.left);
}

}

/1l O herwise go to the right subtree.
el se {
/11f the right subtree is enpty then the key cannot be in
//the LUT.
if(node.right == null) {
t hr ow new KeyNot Foundl nTabl eExcepti on();
}

/11f the current node is the parent of the one being
/I removed then do the renoval
el se if(node.right. kvPair. key. equal s(k)) {
node. right = |rMerge(node.right);
}

[/ O herwi se recurse down anot her | evel.
el se {

renmoveFr omliree(k, node.right);
}

}
/**

* Merges the two subtrees of node and returns a reference to
* the root of the nerged tree.

*/

prot ect ed BSTreeNode | r Mer ge( BSTreeNode node) {

BSTr eeNode nergedTrees = nul |

/'l First cases takes care of when the left only or both
// subtrees are enpty.
if(node.left == null) {
nmer gedTrees = node.right;
}

/'l Second case takes care of when right subtree only is enpty.
el se if(node.right == null) {

nergedTrees = node. |l eft;
}
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/| General case when neither subtree is enpty.
el se {

addToTr ee(node. ri ght, node.left);

nmer gedTrees = node. |l eft;

}

return nergedTrees;

}

Therecursiver enmoveFr onilr ee method uses the usual search strategy to find the parent of the node
that is to be removed. We need to find the parent so that it’ s subtree link can be updated once its child
isremoved. This givesriseto two special cases: firstly when the tree is empty and secondly when the
item to be removed isther oot . Once the parent of the node to be removed has been located,
| r Mer ge is called, which returns an ordered binary tree containing all the elements of the left and
right subtrees of the node being removed. The parents link is then updated to point to this new tree and
bypass the removed node, which is reclaimed by the Java garbage collector.

root| — Priscilla

Steven

—

Samuel

root| —T— Priscilla

_4_/

Steven Kay
Samuel Hristo
Andrew

The example above uses the tree generated from our simple test program. The LUT entry with key
“Helena’ isremoved from the tree. The two subtrees are merged using the scheme discussed above and
the combined tree is promoted to the position originally held by the deleted node.

| r Mer ge usestheaddToTr ee method in the general case when both subtrees of the node are non-
empty. addToTr ee links the root node of the right subtree (first argument to addToTr ee) into the
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appropriate place in the left subtree (second argument to addToTr ee). As discussed above, the
appropriate place is the bottom right corner of the left subtree, however, addToTr ee will find thisfor
us and we don’t need to do the merging explicitly.

Notice that using this strategy to remove nodes from atree can result in trees that are highly
unbalanced. There are other schemes that can be used to merge the left and right subtrees, which tend
to result in more balanced trees after removal. We won’t go into them here, but one schemeis
described in the Winder and Roberts book, chapter 15, pages 467. See also, Wiener and Pinson, Ch. 15.

5.3.5 Tree traversal —the t oSt r i ng method.

The final public interface method to look at isthet oSt r i ng method. This method is interesting,
because it illustrates the general methods of traversal of a tree structure, which are commonly used and
are important to understand. Traversing the tree means visiting every node in the tree and performing
some operation, such as printing out the contents of that node. If we want to visit every node in atree
and perform some operation, there are three logical ordersin which we can visit the nodes using
recursion:

i) Pre-order

vi si t(node);

traverse(node. |l eft);

traverse(node. right);
i) In order

traverse(node. |l eft);

vi sit(node);

traverse(node.right);
iii) Post-order

traverse(node.left);

traverse(node.right);

vi sit(node);
Each of the three outlines above is a possible (rough) implementation of the (non-existent) method
traverse, wherevi si t issome method that performs an operation on anode (e.g, prints out the
value). With pre-order traversal, the root of the treeis the first node to be visited — the traversal then
continues (approximately) top to bottom, left to right. With in-order, the first node visited is the | eft-
most node and the other nodes are visited in order of their size. With post-order, the root of the treeis
visited last — this goes from (approximately) bottom to top, left to right. We could a so switch the order
of left and right traversals to reverse the overall order of traversal. Thereisaniceillustration of the
different visiting orders caused by the different methods of tree traversal in the Winder and Roberts
book, page 451, as well as further discussion of tree traversal.

For thet oSt ri ng method, we have chosen to use an in order traversal. Hereisthet oSt ri ng
method and the recursive method, t r eeSt r i ng, that it calls:

public String toString() {
return treeString(root);
}
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/**
* Uses in-order tree traversal to construct a LUT string.
*/
protected String treeString(BSTreeNode node) {
i f(node == null) {

}

return ;
Entry lutEntry = node. kvPair;
String thisNode = “7;
thi sNode = [utEntry. key.toString();
t hi sNode += “:7;
t hi sNode += | utEntry. val ue;
t hi sNode += *, *“;

return treeString(node.left) + thisNode +
treeString(node. right);

Exercise: Run the simple test program in section 4.2.2 adapted to work with a BinaryTreeLUT. Adapt
the toString method so that it uses pre-order instead of in order traversal. What can you say about the
order in which the items are output? Try post-order instead. Now what do you notice?

There are other ordersin which we sometimes need to traverse trees, which do not fall as naturally into
the recursive framework that we have been using to perform operations on trees. Another important
order islevel order, which visits the nodes in order of depth in the tree. The root node is visited first
(depth 0), then it’ s two children (depth 1), then each child of those two nodes (depth 2), and so on. For
the tree generated by our simple test program, see page 72 or page 77, level order traversal, assuming
we go from |eft to right at each level, would visit the nodes in the following order:

“Priscilla’, “ Steven”, “Helena’, “Samuel”, “Kay”, “Andrew”, “Hristo”.

Exercise: level order traversal of a binary tree can be implemented elegantly through the use of a
Queue (see Winder and Roberts). Adapt the t oSt ri ng method to output the contents of the binary
search treein level order.

5.4 Skew Trees and Complete Trees

The idea of abinary tree conjures up the image of anicely balanced structure, which bifurcates at each
level. However, the definition of abinary tree affords some very weird shapes. In this section we'll
look at the two extremes.

T
5.4.1 Skew Trees

Amongst all binary trees with n nodes, there will be some with internal path
lengths that are maximum. These are called skew trees. They also have
maximum external path length. A skew treeisalong thin tree, see example
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to the right, which shows a skew tree with n=3. It has maximum height, h(T) = n (Exercise: proveit).
Theorem:

Abinary treeis a skew treeiff every nodein it has at most one internal node amongst its children.
Sketch Proof: (see Kingston pg. 85-86 for full details)

a) provethat if anode has more than one child whichis
internal, then it is not skew.

Suppose that thereisanode x in atree, T, that has non-
empty left and right subtrees, L and R. Let y be an
external nodein R. If we exchange L and y to make a
new tree T’, then the depth of nodesin L isincreased,
which means that the internal path-length must be

increased. Sincei(T’) >i(T), theinternal path-length of

T cannot have been maximal, so T is not skew.

b) provethat all trees, with the property that every node has at most one child that is internal, are
skew.

Call this property P and let S, be the set of trees of size n with property P. Here is Sg:

ARA

All such trees have the same internal path length:
i(TY=0+1+... +n-1=%n(n-1).

Since all skew trees of sizen must bein S, then all treesin S have maximum internal path-length,
which tellsusthat all treesin S are skew.

5.4.2 Complete Trees

Amongst all binary trees with n nodes there will be some with internal path lengths minimum. These
are called complete trees. They aso have minimum external path length. A complete treeis highly
balanced. All external nodes have a depth differing by at most 1. The example below shows a complete
tree, with size six, in which all of the nodes have been labelled by their depth.
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Theorem:

A binary tree is a complete tree iff there is a number, g, such that every external node has depth g or
g+ 1.

Sketch Proof: (see Kingston, pages 86-87 for details)

The proof is similar to the skew case: if external nodes x and y have depth differing by more than 1,
then exchange the parent of the deeper node with the higher node. The resultant tree will have shorter
internal path length.

Here are some other results that hold for complete trees:

1) n=2%1=>h(T)= k, and n=2*=>h(T) =k + 1. So h(T) = Hog,(n+1)CJ Note that XCmeans
“ceiling(x)”, which isthe smallest integer larger than x.

2) h(T)=d(x) = h(T) — 1, when x is an external node. If we sum this over all externa nodes, we get:
(n +1)(Uog2(n +1)[—1)s gT) < (n +1)Uog2(n +1)[

5.4.3 Results for Binary Trees

We can combine the results for skew and complete trees to get some general results for binary trees:
Height:
ﬂogz(n +1)[s h(T)<n
Internal Path Length:
(n+1)Tog, (0 + )+ 1)- 2n <i(T) s%n(n ~1)
External Path Length:
(n+1Xog, (1+ 1) 1)< &(T) s%n(n ~1)+2n

The last two results use the theorem on page 66 connecting the internal and external path lengths of a
tree.
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5.5 Complexity of Binary Search Trees

We will take a moment to consider the complexity of retrieving items from a binary search tree. Recall
that the complexity of our searching algorithms on the linear data structures, discussed in section 4, was
O(n) for linear search and O(log n) for binary search, where n isthe number of entriesinthe LUT.

For our binary search tree, with every recursion of the main retrieval method, get Fr omTr ee, see
page 73, we move down alevel of the tree being searched and two key comparisons are made:

node. kvPai r. key. equal s(k) and
node. kvPai r. key. | essThan( k)

The worst case scenario is when the corresponding key is not found in the tree so we have to recurse all
the way down to the bottom of the tree — we have to make h(T) calls to the recursive method. The worst
case number of comparisons required is therefore 2h(T) and so the complexity is O(h(T)).

For abalanced, or complete tree, h(T) = og,(n+1)[J as we saw in the last subsection and so the
complexity of retrieval from abalanced binary search treeis O(log n), asin the case of binary search on
alinear data structure. The advantage we obtain from using the tree is the truly dynamic nature of the
data structure.

However, the way we construct our binary search tree, using thei nser t method, does not guarantee
that the tree is complete. The worst case scenario occurs when h(T) ismaximal, i.e., when the tree is
skew and so h(T) = n, which gives us O(n) complexity, asin linear search on an array or linked list
based LUT. In fact the search strategy is amost identical to linear search on alinked list based LUT
when the tree is skew. Ironically, this worst case scenario occurs when the entries are added to the tree
in key order.

There are implementations of binary trees that adjust themselves whenever an insertion or deletion
operation is performed on the tree so that the tree remains balanced. These trees are called AVL Trees.
Wewon't look at them here, but they are discussed in most textbooks on the subject, including the
Winder and Roberts book.

It can be shown however, that if the entries are added to the binary search tree in random order, the
height of the treeis O(log n) on average. Since the complexity of retrievals from abinary treeis
O(h(n)), the complexity of retrievalsis aso O(log n) in the average case.

5.6 General Trees and Forests

Aswe saw at the beginning of this section, the binary tree is arestriction of the general definition of a
tree, which allows any number of branches at each node in the tree. In this section, we will look briefly
at some other restrictions of the general tree, some applications of general trees and forests, which are
collections of trees.

5.6.1 Quadtrees and Octrees

A quadtreeis atree that has at most four branches at each node. The main application of quadtreesis
for storage of 2D information, in particular, images.
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A digital image is made up of alarge number of tiny squares called pixels, each of which has a
particular colour or grey-level value. In order for an image to be convincing to the human eye, pixels
have to be small enough that we cannot see the transition between them. In order to make up awhole
image, we need large numbers of pixels, each containing and value that must be stored. In grey-scale
images, each pixel contains avalue between 0 and 255, which represents the brightness of that pixel: 0
represents black, 255 represents white and the values in between represent increasingly light shades of
grey. Hereis a simple grey-scale image, which is described by a grid of 256x256 pixels and thus

A
0
128— |
256
255
v

<4“— 256 ——>

requires 65536 bytes of storage:

A quadtree provides an efficient way to store images like this. It exploits that fact that images
(particularly artificially generated images like the one above) tend to consist of large regions of the
same colour. The image above has four distinct regions, which contain pixels of the same grey-level
value indicated above. At each level of the tree, the image is divided into four quarters each represented
by a child node in the quadtree. We keep dividing the image until all the pixels contained in the image
region represented by a node have the same grey-level value.

So the root node of the quadtree represents the entire image. The four
children of the root node, represent the four quarters of the image, as
shown to the left. The children of these nodes represent the four quarters
of each of these regions and so on.

To construct a quadtree representation of an image, the image is divided

in thisway until regions contain pixels that are al of the same colour.

\'i = _VI + That region can then be represented by a single grey-level value and no
/ /|| further subdivision hasto occur.

/ / The diagram below shows the quadtree that represents the example
- image above and shows the corresponding division of the image that the
v y’ quadtree represents. Only the leaf nodes in the quadtree need to contain
values and they contain the grey-level value of the pixelsin the region of
the image they represent.
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So atree with 25 nodes is required to store thisimage. Each node probably requires 17 bytes of storage:
four for each object reference and one for the grey-level value, which means the total number of bytes
to store the image is reduced from 65536 to 17 x 25 = 425 —a significant saving. The quadtree
representation is less effective for images where the values in pixels vary alot, for example, in real
photographs rather than synthetic images generated from computer drawing programs. Why?

An octreeisasimilar idea, but with a maximum of 8 children at each node. Octrees are used in a
similar way to quadtrees, but are used to store 3D information —a 3D volume of datais divided into 8
octants at each successive level of the tree. Octrees aso arise frequently in computer graphics and
image processing applications.

5.6.2 General Trees

Tree-like data structures arise in many computer applications besides searching: any hierarchy is
equivalent to atree. Examplesinclude the departmental or managerial structure of alarge conventional
business organisation, afamily tree, or the relationships between derived classes in awell structured
large object oriented system. In most cases, we cannot assert that trees are binary, or even quad or
octrees. There might be more children than any limit that we set and, usualy, we will want to
accommodate variable numbers of subtrees for different nodes in the tree.

One way that we might extend the data structure of a binary tree to hold general treesisto increase the
number of linksin the tree node class. Rather than having two link fields, | eft andri ght, inthe
class, we could have an array of k pointersto other nodes. Thisis abad idea, however, firstly because
we need to choose a value for k and secondly because most of the pointer fields in such atree will be
nul | and thus be wasted space. There is asimple proof of the latter assertion:

Suppose there are n nodes in atree. Each node, except the root, has exactly one ancestor and so each
node except the ancestor has exactly one link field pointing to it. Thus there are n-1 nodes being
pointed to, so n-1 link fields are not nul | . Each node has k link fields and so there are atotal of nk
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link fields in the whole tree. So nk — (n—1) link fields must be nul | . The proportion of link fields that
arenul | isthen:
nk —(n-1) =1-n_1>1—1
nk nk k

So for k = 4 (the quadtree), about 75% of the links are wasted space. For k = 10, it is about 90%. Notice
that even for the binary tree, 50% of thelink fieldswill benul | .

A better ideaisto use alinked list to store al the links to the descendants of a node. Each node
contains a pointer to its leftmost descendant, which has a pointer to its next sibling, etc. Hereisa
diagram of such a data structure for the general tree drawn at the beginning of section 5 — page 64.

root | 4| ||

]

EnNE N

l nul | nul

nul 1 nyl | n

nul | nul | null

Notice that the nodes in this tree data structure are identical to the nodes in a binary tree: thereisa
value and two link fields, which reference other nodes. Thistreeis structurally equivalent to abinary
tree. In fact for every general tree there exists a corresponding binary tree. Notice that the right subtree
of the root node in the corresponding binary tree is empty and this will always be the case for a binary
tree that corresponds to a general tree, which implies that the converse does not hold.

A neat variation of this data structure is to replace the null pointer at the end of alist of siblings to point
back to the parent node.

5.6.3 Forests

A forest isacollection of trees that need to be considered together as a single entity. The descendants
of any node in atree constitute aforest. One context in which forests arise is when trees are constructed
from the leaves up. Parse trees are an example of this, see also Huff man trees, which are used for
encoding datain a compact representation — Aho, Hopcroft and Ullman, “Data Structures and
Algorithms’, chapter 3, pages 94-102.
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In the previous section, we noticed that the data structure for a general tree could equally represent a
binary tree. The converse is not true, however, because general trees are only equivalent to binary trees
with empty right subtree. A binary tree with non-empty right subtree is equivalent to aforest.

5.6.4 Traversal of Trees and Forests

Asfor binary trees, acommon requirement of general tree structuresisto perform some operation at
every node in the structure. For ageneral tree or forest, { T4, T», ..., Tn}, thereis no natural analogue of
the in-order traversal strategy that we had for binary trees —where do you fit the root between its
descendants? We can define pre-order and post-order, however:

i) Pre-order:
visit(root(T1l));
traverse(children(T1));
traverse(T2, T3, .., Tn);

i) Post-order:
traverse(children(Tl));
visit(root(T1));
traverse(T2, T3, .., Tn);

So for atree, we ether visit nodes and then traverse their subtrees (pre-order) or traverse subtrees and
then visit the node (post-order). For forests, we do the same for each tree in turn. Notice that we can
also define level order for trees or forests.
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6 Hashing

In the last two sections, we have seen various methods of implementing LUT search by key
comparison and we can compare the complexity of these approaches:

Sear ch Strategy A(n) W(n)
Linear search O(n) O(n)
Binary Search O(logzn) O(logzn)

Binary Tree Search O(logzn) O(n)

However, key comparison isn’t the only way to do table look-up. Hash tables are LUTs that potentially
offer O(1) complexity, like array indexing; unfortunately, the worst caseis still O(n).

Consider first aspecial case. If we know that all our keys are integersin therange [0, ...M-1] for some
reasonably small value of M, then we could store the entry with key k at position k in an array of length
M. In order to retrieve the value associated with key k, we just go to position k in the array and take out
the value. Retrieval isdonein asingle step: it is O(1). Here is some code that might appear in the body
of aLUT classimplementing this strategy:

public void insert(int key, Object value) {
obj ect Array[ key] = val ue;
}

Obj ect retrieve(int key) {
return objectArray(key);
}

private Object[] objectArray = new Qbject[M;

This presents two significant advantages over the LUTs we have seen so far:

*  Space complexity is O(M).

* Time complexity isO(1).

Of course, the first point might not be an advantage if the number of entriesis small compared to the

range of key values. Consider the payroll numbersin the Enpl oyee class, what if we have 676
Enpl oyee’s, but the largest payroll number is greater than 11000007

Hashing, also known as key to address tranglation or scatter-storage, is a generalisation of this
approach, where the key is used to compute the address of aplaceto storeaLUT entry. In genera, the
range of possible key values may be very large, or even infinite, for example, the set of character
strings. In such cases, it is not possible to make an array large enough to hold all possible key values. In
addition, we probably only require a small subset of all the possible values—i.e., the table is sparse.
The solution is to introduce a hash function.
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A hash function, h, is amapping from the set of all possible keysto the range of indexes of an array,
h(k): {all possiblekeys} - {0, 1, ... M-1}. We can use this hash function to compute an array location
at which to store any given value. Given a{key, value} pair, we set

obj ect Array[ h(key)] = val ue;

i.e., given akey, k, compute a value h(k), such that 0 < h(k) < M, for atable of size M. Retrieval from
such atable isindependent of the size of the table. Given akey, k, whose corresponding value we want
to retrieve, we compute h(k) and return the value stored at index h(k) of our array.

6.1 Choice of Hash Function

In general, the number of possible keyswill be much larger that the number of slotsin the array, soitis
impossible to devise afunction h that computes unique values for every k: h is a many-to-one function.
Instead, we adopt a strategy of allowing h(k;) = h(k,) sometimes, for k; # ko. This means that we also
need to devise a means of dealing with the resulting collisions, which occur when the hash function
produces the same value for two different keys.

* Intheabsence of collisions, complexity is O(1).

* Inthe presence of collisions, performance must inevitably degrade, but complexity depends on how
the collisions are handled.

We would like to minimise the occurrence of collisions, since the performance in their absence is so
good. So the implementation of a hash table calls for two choices:

» Choice of asuitable hash function, that minimises collisions and is simple and efficient to compute.
» Choice of acollision resolution strategy.

Let the size of the table be M. We require 0 < h(k) <M for al possible k. This requires that the range of
h(k) is an integer between 0 and M-1. The domain of h(k) can be anything in general, but most
commonly, k will be a character string, so we need to map strings of charactersto integers. This can be
done conveniently by using the internal character codes of the charactersin the string. In Java, we can
get these codes by casting char toi nt (aprocedure that is not often recommended):

char a = 'S ;

int b = (int)a;

Systemout.println(a + “:” + b);
The above program prints out:

S: 83
83 isthe UNICODE value of the character ‘S'.
A character string of length n is thus equivalent to an 8n-bit binary number, since each character is

represented by a byte — an 8-bit binary number. The job of our hashing function, h, isto cut down the
range of values of such a big number.

The distribution of values of h(k) must be well spread in the range 0 to M-1. Without knowledge of the
domain of k, it is difficult to predict how well a particular function will perform; the choice is governed
by a mixture of some analysis, experiment and experience. A general principal that seemsto make
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sense isto choose h so that all the digits/characters of k contribute to the value computed. A popular
choice is some generalisation of:

public static int h1(String key, int M {
int n =0,
for(int 1=0; i<key.length(); i++) {
n += (int)k.charAt(i);
}

return n%m

So we add up the UNICODEs of all the charactersin the string and take the remainder modulo M,
which ensures that we end up with avalue in the correct range: 0 to M-1.

This hashing function has the obvious disadvantage that all anagrams hash to the same value. A better
choiceisto take the full representation of k asalargeinteger,y,andreturn(y % M . Hereisthe Java
method:

public static int h2(String key, int M {
int factor = 1;
int n = 0;
for(int i=key.length()-1; i>=0; i--) {
n += factor*(int)key.charAt(i);
factor *= 256;
}

return n%m

}

The binary representation of this large integer is obtained by concatenating the bit patterns representing
each character in the string. Suppose we have key, “AKEY”. Here are the UNICODESs for these
charactersin decimal and binary:

A = 6510 = 010000012
K= 7510 = 010010112
E = 6950 = 01000101,
Y = 8910 = 01011001,

The subscripts on the numbers indicate the base of the representation of the number, so a subscript of
10 indicates a decimal number and a subscript of 2 indicates a binary number. The large integer y
representing “AKEY” is:

y 01000001010010110100010101011001,

i nt (A)*256*256*256 + int(K)*256)*256 + int(E)*256 + int(Y)
6510*256*256* 256 + 75;0*256*256 + 69:0*256 + 899

1095451993

Suppose we choose atable of size 101, then (y % M gives a hash value of 34. With this method,
anagrams are not hashed to the same value, but we still get collisions:

hi(*AKEY") = 96, h2(“AKEY") = 34
hi(*YEAK') = 96, h2(“YEAK") = 2
hi(*EAYK') = 96, h2(“EAYK’) = 38
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hi(*KzZFO') = 11, h2(“KZFO') = 34

Exercise: What happens to the performance of h1 and h2 when the size of the table, M=2"?

A problem with this approach is that we very quickly reach the limits of accuracy of the primitive type
i nt . Four bytes are used to represent an i nt value and so thelongest St r i ng that we can convert to
ani nt inthisway hasonly four characters. We could use the primitive type| ong instead, but this
also has limited range—in fact al ong isrepresented by 8 bytes — so we have similar limitations.
Suppose we want to find the hash value of “VERYLONGKEY” . The corresponding largeinteger y is
well out of range of both int’s and long’s. The value we are after is equal to:

(86x256° +
69x256° +
82x256°
89x256’
76x256°
79%256°
78x256%
71x256°
74x256°
69x256*
89) % M
In order to compute this value, we don’t have to compute the very large integer value in the brackets
explicitly. Instead we can exploit the multiplicative and additive properties of the % operator (Horner’s
method):

(axb+c)%M=((a% M)xb+c) %M

Exercise: proveit.

+ 4+ + + + + + +

This leads to the following algorithm for computing the hash value of a St r i ng of arbitrary length:

public static int h3(String key, int M {
int n = 0;
for(int i=0; i<key.length(); i++) {
n = (n*256 + (int)key.charAt(i))%Mm
}

return n;

}
This scheme correctly calculates the hash value of “VERYLONGKEY” as 79, for M = 101.

There are many ways to construct hash functions. Another popular approach isto add the charactersin
blocks of four, i.e., treat them as 32-bit words. Each of these words is squared and the middle digit(s)
are extracted. The middle digits of each squared 32-bit word are concatenated to make a large integer
which provides a hash value by taking the remainder modulo M. This technique is not very good for
short keys, but it takes away the property of h; that anagrams all hash to the same value.
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6.2 Table Size

We want the table size to be about the same as the expected number of entries— M~n, so that thereis
not too much wasted space and there is not an excessive number of collisions.

To work effectively, ageneral rule of thumb isthat M be prime and not too close to a power of 2 (see
Exercise in the previous section). 1009 is said to be a good number (and far enough away from 1024).

6.3 Object.hashCode()

Theidea of ahash table is so important that a special method, hashCode, has been included in the
general Obj ect class—theroot of the Java class hierarchy. For general objects, the hashCode is
computed by looking at the memory address at which the object is stored in the computer — so be aware
that these values are consistent within one execution of a program, but not beyond that. The method is
overridden in many classes, however, suchas St ri ng, | nt eger, Fl oat , etc, so that the hash code
isafunction of the actual datain the object. Y ou can override this method in any class that you
construct, which you want to use askeysinaLUT.

The hash function used for the St r i ng classin Javais different to any of the ones we' ve seen so far.
It is detailed in the on-line Java documentation.

6.4 Collision Resolution

No matter how carefully the hash function is chosen, there will always be collisions. In this section,
we'll ook at some ways of handling collisions.

6.4.1 Resolution by Overflow Chaining

The easiest way to deal with collisionsisto alow each slot in the table to hold more than one entry.
Thiswe can do easily, by making each slot in the table be areference to alinked list of actual entries.
Look up is done by computing h(k) and then doing alinear search in the list stored in the corresponding
index of the array. If his poorly chosen, thiswill lead to long listsin some locations while other array
slots might remain empty. In the worst case, all of the entries get stored in alist at asingle slot in the
array and retrieval degenerates to linear search: performance is O(n). Ideally, the results should be
more like the example shown below with lots of short lists and many entries stored in lists of their own,
“singletons’.

Suppose we want to use a hash table to store employee records of the academic staff in the department.
The keys of the entriesin our LUT are the surnames of the staff. We'll just use twelve examples and try
to store them in a hash table of size 13. We will use hash function hs from section 6.1. Here are the 12
surnames (keys) and their hash values:

Alexander 8 Emmerich 10
Arridge 6 Finkelstein
Bhatti 11 Gorse
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Buxton 7 Hailes
Chrysanthou 8 Hardman
Crowcroft 11 Hirsch

The data structure holding the hash table that contains these keys using hs as the hash function and
collision resolution by chaining looks like this:

Hirsch | |

Hardman

Gorse

Arridoe

|

|

|
—|—>| Buxton | |
—|—>| Alexander | |

Hailes

Chrvsanthou

© 0O N o U N W N B O
|

Finkelstein

=
o
|

LI

Emmerich

=
)
|

Crowcroft

=
N

We will look briefly at an implementation of a LUT that uses hashing in thisway. Here is an outline of
the class:

public class HashTabl eChai n {

protected cl ass EntryNode {
protected String key;
protected bject val ue;
protected EntryNode next;

public EntryNode(String k, Qoject v, EntryNode n) {
key = k;
val ue = v;
next = n;
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}

/'l Protected data nenber holding array of pointers to chains
protected EntryNode[] entryArray;

publ i ¢ HashTabl eChai n() {
entryArray = new EntryNode[ 101];

}

publ i ¢ HashTabl eChai n(int size) {
entryArray = new EntryNode[ si ze];
}

[/ LUT public interface nethods
/linsert, retrieve, update, delete, toString
/1

Thetableis stored in an array of Ent r yNode objects which contain akey, avalue and alink to
another Ent r yNode, so that these objects can be linked together in alist. Ent r yNode isamember
classof theHashTabl eChai n class. Herearethei nsert andr et ri eve methods, the other LUT
public interface methods. updat e, r enove andt oSt r i ng are omitted, but are similar.

public void insert(String key, Object value) {

/| Comput e hash val ue
int index = hash(key, entryArray.|ength);

//Create new |list node and link in at the start of the |ist

/lat the conputed index.

entryArray[index] = new EntryNode(key, val ue,
entryArray[index]);

}

public Qbject retrieve(String key)
t hrows KeyNot Foundl nTabl eExcepti on {

/ | Conput e hash val ue
int index = hash(key, entryArray.|ength);

//Use linear search to chain down list |ooking for match
EntryNode entry = entryArray[index];
while(entry !'= null) {
i f(entry. key. equal s(key)) {
return entry. val ue;
}

el se {
entry = entry. next;
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}
}

t hrow new KeyNot Foundl nTabl eExcepti on();

Notice that we could use the heuristic techniques, move-to-front and migrate-to-front, described in
section 4.2.4, which improve the performance of linear search on the linked lists referenced by each
entry of the array.

From the diagram above we can observe that there is quite alot of wasted space when this collision
resolution strategy is adopted. Although they are not marked on the diagram, thereisanul | reference
at the end of each list —one for each dot in the array. It iswell observed that the number of collisions
increase as the table gets more full. If we saved the space for link pointers and stored pointers to the
table entries directly in the array we could use an array twice as big, which would be less likely to fill
up and so should perform better. But then we need an alternative collision resolution strategy.

6.4.2 Open Addressing (sometimes called “closed hashing”)

Open addressing schemes work by attempting to store at the hashed address, and if it is already
occupied, probing the array to find another empty slot.

Linear Probing looks at the subsequent slotsin the array. If the slot indexed by the hash value of a new
key is already occupied, we try to put the new entry in the next slot of the array: (i ndex+1) 9M If
that slot is also occupied, we try the next one, until an empty location is found. Unlike overflow
chaining, this scheme affords the possibility that the table can overflow and we need to check for thisin
thei nsert method of ahash table class that uses this collision resolution strategy.

Hereis an outline of a hash table class that uses linear probing.
public class HashTabl eLProbe {

protected class Entry {
protected String key;
protected Object val ue;

public Entry(String k, Object v) {
key = k;
val ue = v;

}

/'l Protected data nenber holding array of Entry’s
protected Entry[] entryArray;

publ i ¢ HashTabl eLProbe() {
entryArray = new Entry[ 101];
}

publ i ¢ HashTabl eLProbe(int size) {
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entryArray = new Entry[size];

}

[/ Public interface nethods.
/1
/1

Suppose we use atable of size 13 and insert the same entries we used previously — the academic staff
records indexed by surnames. Here is the table containing all those entries:

Finkelstein (9)
Hailes (7)
Hirsch (2)

Hardman (4)
Gorse (5)
Arridge (6)
Buxton (7)
Alexander (8)

Chrysanthou (8) E

10 | Emmerich (10)
11 | Bhatti (11)
12 | Crowcroft (11) E

A number of collisions occur and some entriesin the table are moved some distance from their hashed
location — indicated by the arrows above. For example, “Hailes’ has hash value 7, but by the time we
insert this entry, slots 7-12 and O are all occupied and so the first available slot has index 1. Since the
tableis nearly full, we can expect that some values will be stored well away from their hash positions,
however, as we have saved some storage by not using linked lists, we can afford to make the table
bigger.

0o N oo o B~ W N PP

Exercise: draw the hash table of size 19 that contains the above entries (note that the hash values will
be different) and uses linear probing. What is the greatest distance between hashed index and actual
location of all the entries?
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6.4.3 Deletion and Tombstones

We need to be careful when we remove entries from atable that uses open addressing that the removal
doesn’t result in entries that have been offset from their hashed position being lost.

Inther et ri eve method, we do not want to have to search the whole table for keys, as performance
would be very poor for unsuccessful searches. We would like to be able to check the hashed position of
asearch key and, if it is empty, then we know that the search hasfailed. If the hashed position is
occupied, but the key is not equal to our search key, then we probe until the key isfound or an empty
location is found, which indicates that the search has failed.

The problem is the following. Suppose we have two different keys k; and kz, such that h(k;) = h(ky). If
we insert entries with these keys in the table, the second entry will be offset by one position:

h(ki) =h(ka) | ks

ko ?

Now suppose we remove the entry containing k; from the table. Slot h(k,) of the array isset tonul | .
When we try and search for k,, we go to slot h(k,) and find that it is empty indicating that the search
has failed, so the entry will never be found. The answer isto use atombstone. A tombstone is a dummy
entry with adistinctive key (e.g. “Tombstone”), which can be replaced by thei nsert method, but
tellsther et ri eve (and other) methods that a deletion has occurred at a particular slot in the array
and so probing still needs to be performed.

6.4.4 Quadratic Probing and Double Hashing

One problem with linear probing is that the entries tend to cluster around positionsin the table. There
can be parts of the table where bunches of entries are stored and collisions cause some entries to be far
away from their hashed index, whilst there are other parts of the table that are sparsely populated. An
alternative to linear probing is to use quadratic probing. Rather than looking for empty slotsin
positions h(k), h(k)+1, h(k)+2, h(k)+3, etc, the offset is squared so we look in positions h(k), h(k)+1,
h(k)+4, h(k)+9, etc. This helps minimise the clustering effect.

Double hashing generalises linear and quadratic probing by using a second hash function to get afixed
increment to use for the probe sequence. The offset is some function of the original hash value:

i ndex = hash(key);
whil e(entryArray[index] == null) {
i ndex = (index + hash2(index)) %W
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We need to keep a count to ensure that we don’t probe forever in the above loop and also to check
whether the table isfull.

Some basic requirements for the second hash function are:
* hash2(i ndex) isnever 0—or we enter an infinite loop.

* M andhash2(i ndex) must berelatively prime—if hash2(i ndex) =M/2, wewon't get very
far. Thisrequirement is generally met if M isprimeand hash2(i ndex) <M.

Hereis a simple example of a second hash function:
hash2(index) = 8 — (index¥); //Uses last three bits of index.

Notice that the use of quadratic probing and double hashing in general makesit difficult to detect table
overflow in the way implemented in the previous section. A simple solution isto store the table sizein
a separate instance variable of the hash table class and increment and decrement it inthei nsert and
r enove methods.

6.5 Performance of Hash Tables

Empirically, the performance of open addressing degenerates rapidly as the tablefillsup. Thisis
because collisions breed collisions, which leads to runs of occupied slots. When h(k) is anywhere
within arun, the entry for k gets sent to the end of the run, making it even longer. Asthe table
approaches fullness, adjacent runs coal esce leading to a catastrophic loss of performance — you can see
thisin the example in section 6.4.2 above.

Since thereis no use of linked lists in a hash table with open addressing, the table can alwaysfill up.
Performance considerations suggest that you should never let the array get entirely full, but should
expand it when it gets, say 85-90% full. To expand the table, abigger array must be allocated and all
the entries in the old array must be inserted in the new array — you can’t just copy the old array,
because h(k) depends on M.

Open addressing uses less than five probes on average for a hash table that isless than 2/3 full — see
Sedgewick, pages 236-238, for more details and proofs of this.
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7 Directed Graphs

Graphs or, more specifically, directed graphs are generalisations of the tree data structure. They
represent alarge number of real world problems —in particular, those that are concerned with networks
of interconnected objects. For example:

* Minimisation of costs of communications networks.

» Designing the layout of connections on acircuit board.

» Generating efficient assembly code for evaluating expressions.
* Flowcharts.

* Road or rail maps.

Suppose we want to find the shortest route between two towns on a map. We can draw a graph, such as
the one above, in which the nodes (or vertices) of the graph represent towns and the edges (or arcs)
represent roads between them. We can label each edge with the length or the road — the distance
between towns. A classic graph theoretic problem isto find the shortest path between two nodes, say A
and B, which could represent the shortest distance by road from town A to town B. It might equally
represent the cheapest flight from airport A to airport B if each node represents an airport, the edges are
the available flights, and the edge labels are the costs of those flights.

There are many special forms of graph and many algorithms for solving particular problems on them.
Many of these algorithms have very complex proofs of correctness. Many problems involving graphs
remain unsolved or only have very inefficient solutions. They form the core of “ Theoretical Computer
Science’. We will only scratch the surface here and look at:

» some definitions concerning graphs and their properties,
* some ways to implement graphs, and

» the solution to some simple problems involving graphs.

7.1 Definitions

» A directed graph (or digraph, or just graph) is a set of vertices, V, together with a set of ordered
pairs, E, of edges. Thus we write that agraph, G =<V, E>.
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» Each edge consists of two verticesin V and is represented diagrammatically by an arrow from the
first vertex to the second.

Here is an example of a graph with four verticesin V and four edgesin E:

@' V ={ab,c,d}
E={{a &, {ad} {cd}, {dc}}

® ©

This definition permits self-loops, i.e., edges of the form {v, v}, that begin and end at the same place.
Parallel edges, i.e., two identical edgesin E, are prohibited however.

7.1.1 Vertices, Edges and Labels

* If {v, w}E, then w isasuccessor of v and v is a predecessor of w.
* Thein-degree of vertex w isthe number of predecessors that w has.
* The out-degree is the number of successors.

In the graph above, the in-degree of vertex ais 1, whileits out-degreeis 2. Thein-degree of dis 2,
whileits out-degreeis 1.

* A labdled digraph isadigraph G = <V, E> together with apair of functions:
Lv:V — vertex labels
Le:E - edgelabels

So each vertex and each edge has some value associated with it, which is known asits label. The values
of labels can be of any type.

» Labelson vertices are usually names (strings of characters).

» Labelson edges are usually some sort of cost or weight, e.g., the distances on a road map,
which have anumerical value.

7.1.2 Paths and Cycles

* A pathisasequence of vertices (v, Vo, ..., Vi), k= 1, such that {vj, vis1} O Efor al 1<i <Kk.

* A proper pathisapath for whichk = 2.
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o If (vq, Vo, ..., Vx) isapath, then we say that vy isreachable from vi. Every vertex is reachable from
itself.

» Two verticesv and w are strongly connected if w is reachable from v and v is reachable from w.
o A path (v, vy, ..., vk) isacycleif v; = v

* A path (v, Vo, ..., Vx) issimpleif al vertices, vy, ..., Vk1 aredistinct. v1 can be equal (or not equal)
to vk. If v = v, then the path is a simple cycle.

» Thelength of apath isthe number of edgesit has.

The graph shown above has the following set of ssmple cycles:
{a}.{a &, {c d,c},{b},{c}, {d},and{d, c, d}.

The proper, ssmple cycles are:

{a &, {c,d c} and{d,c, d}.

The only strongly connected pair of verticesisc and d.

7.1.3 Subgraphs and Trees

We can think of atree as a special type of graph <V, E> with adistinguished vertex called the root,
such that for every vertex v [JV thereis exactly one path (root, ..., v). Thisis equivalent to saying that
each vertex has only one predecessor (c.f., parent in tree language).

* A subgraph of adirected graph G =<V, E>isagraph G' =<V’, E'> such that V'V and E’ [JE.

* A spanning tree of adigraph G =<V, E>isasubgraph T =<V’, E'> of G such that T isarooted
treeand V' = V.

Not every graph has a spanning tree — the graph used as an example above doesn’t for example, since
there are no paths between vertex b and the other vertices.

7.1.4 Undirected Graphs

Undirected graphs differ from directed graphsin that every edge connects two verticesin both
directions. An undirected graph can be defined in two ways:

1. A new object, like a graph, but with unordered edges. In-degree and out-degree of vertices are
replaced by just degree, which isthe number of edges that have a particular vertex as an endpoint.

The road map example at the start of section 7 is an undirected graph (the roads are assumed to be 2
way streets). The degree of vertex A in that exampleis 2, while the degree of vertex B is 3.

2. A graph that satisfies the following: if (vi, v2) OE, then (v,, vi) OE. |.e., edges are dways added in
pairs so that the two vertices in the edge are strongly connected.
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7.2 Implementation

Thereisawide diversity of applications of graphs, which all require different operations to be
performed on the graph. In much the same way astrees, it is not sensible to try to define agraph ADT
that supports all these operations. In most cases the majority of these operations will not be used so the
class that implements such an ADT would be overcomplicated and cumbersome. Instead, we will just
look at some data structures that can be used to represent graphs. For an actual implementation, a good
way to proceed isto defineaminimal Di Gr aph class with basic low-level operations for constructing
graphs, such asinsertion and deletion of vertices and edges. This class can then be extended to include
more sophisticated operations and algorithms that are required for particular applications.

There are many ways of representing graphs, but they are generally all variants of two methods:
* Adjacency Lists

» Adjacency Matrices

We will look at how graphs can be stored in both of these data structures.

inst|%|
a —P (o

| | nul | @)< o
i

b
Jnuri d
C — P d 4|_> b
i | — nul |
d —» C
nul I| nul |
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7.3 Adjacency Lists

For each vertex, v, we keep alinked list of all w’ssuch that {v, w}E. The verticesare also stored ina
linked list. The diagram above shows a digraph and the data structure that would be used to storeit.

To implement adigraph in thisway in Java, we use two member classes, Ver t ex and Edge — notice
that the structure above is built up from two dlightly different objects, the link list nodes on the left that
represent the vertices and the nodes of the adjacency lists, which represent edges. Here is an outline of
the class:

public class D GaphAL {
protected cl ass Edge {
public Edge(String succ, Edge n) {
successor = succ;
next = n;

}

protected String successor;
protected Edge next;

}

protected class Vertex {
public Vertex(String I, Vertex v) {
| abel = 1;
next = v;
edges = nul |;

}

protected String | abel;
protected Vertex next;
protected Edge edges;

}

/I Protected data nenber which points to the top of the I|ist
/'l of vertices.
protected Vertex vlist;

public D G aphAL() {
vlist = null;
}

/**

* Insterts a vertex with label | into the graph.
*/
public void insertVertex(String |) {

I nclude check that vertex isn't already in the graph...
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//Link in the new vertex
vlist = new Vertex(l, vlist);

}

/**

* Insterts an edge fromthe vertex with | abel

* pred to that with | abel succ.

*/

public void insertEdge(String pred, String succ) {

I ncl ude checks that both Strings represent valid vertices
and that the edge isn't already in the graph.

Vertex v = vlist;

whil e(!v. | abel . equal s(pred)) {
V = V.next;

}

/1 Add new edge at start of I|ist.
v. edges = new Edge(succ, v.edges);

The code above isincomplete and various checks should be included in the insert methods. The delete
methods have been omitted too, but these are important in a proper implementation. Basically, new
vertices are added at the start of the linked list of vertices (the easiest place to insert into alinked list)
and, similarly, new edges are added at the start of the linked list of edges referenced by a vertex.

Notice that the list of verticesis essentially aLUT. In order to perform an operation on a particular
vertex, such as add an edge, we need to chain through the list of vertices comparing vertex labels until
we find the one we are looking for. We are using alinear search strategy on a LUT whose entries
consist of keysthat are the vertex labels and values that are lists of edges of that vertex.

If the edges have labels as well as the vertices, we can include an extral abel field inthe edge class.
We would also have to include an extra argument to the i nser t Edge method allowing the value of
the label to be set when the edge is created, for example:

public void insertEdge(String pred, String succ, int |abel) {
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7.3.1 Simplifications of the General Adjacency List Structure

a —+—» c¢ |null

b nul |

c 3 d ——>» b |null
d —+—» a |null

The general adjacency list data structure can be simplified if we have information about the graph in
advance. Firstly, if we know how many vertices there are, we can use an array of vertices rather than a
linked list. Each element of the array represents a vertex and references alinked list of edges, as shown
above.

The Ver t ex class no longer requires the link field and so consists of just alabel and areferenceto an
Edge object.

Asbefore, in order to retrieve a particular vertex we need to search for it given its label. However, now
that the set of verticesis of predefined length, we can use a more efficient LUT, such as a hash table, to
locate the cell of the array that contains a particular vertex.

If, in addition to the number of vertices, we also know how many edges there are in advance for each
vertex, then the adjacency lists themselves can also be replaced by arrays. For each slot in the array of
vertices, we store an array of edge objects each containing the label of a successor of that vertex and
possibly alabel for the edge itself.

a —1—>» ¢

b nul |

c —+—» d b
d —+—» a

7.4 Adjacency Matrices
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If we know an upper bound on the number of vertices, [V|, in agraph, then we can use a |[V| x [V| matrix
(a2D array) of Boolean values to store the graph:

a b c¢c d
S Earar A=l ommie
bl F|F|F|F C
Cl F|T|F|T
d T|F|F|F

If the edges are labelled, we can store the labels in the matrix rather than Boolean values. We need to
choose some “null” value to represent that an edge is not present, e.g., an empty string or a negative
number.

The vertex labels are stored in a LUT with the label as key and the index of the adjacency matrix as
value. In the example above, the LUT would contain the entries: {a, 0}, {b, 1}, {c, 2}, {d, 3}.

Here is an outline implementation of a digraph using an adjacency matrix:
i mport java.util.Hashtabl e;

public class D G aphAM {

/| Protected data nenbers

protected int [][] aMatrix;
protected hashTabl e vert LUT,;
protected int nextVertlndex;

public D G aphAMint maxVerts) ({
aMatri x = new bool ean[ maxVerts] [ maxVerts];

/1Set all slots to enpty
for(int 1=0; i<maxVerts; i++) {
for(int j=0; j<maxVerts; j++) {
avatrix[i][j] = fal se;
}

}
[/1nitialise hashtable

vert LUT = new Hasht abl e( maxVerts*3/2);
next Vert | ndex = O;

}

public void insertVertex(String |) {

Check vertex isn't already in there
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vert LUT. put (I, new I nt eger (next Vertlndex));
next Vert | ndex += 1,

}

public void insertEdge(String pred, String succ)
t hrows VertexNot FoundException {
| nt eger p;
| nt eger s;

/[11f either vertex is not in the graph, the hashtable
/[Iwill throw an exception.

try {
p = (Integer)vertLUT. get(pred);
s = (Integer)vertLUT. get(succ);
} catch(Exception e) {
[IWe’' |1 catch the hashtabl e exception and throw
[l our own.
t hrow new Vert exNot FoundException();

}

int plndex = p.intValue();
int slndex = s.intValue();

aMat ri x[ pl ndex] [ sl ndex] = true;

}

Exercise: can you see any problems with using a hashtable to store the vertex labels in this way? Think
about how you might implement a toString method for this class, for example. A solution might be to
use an additional protected data item, which is an array storing the vertex labelsin order.

The operation of testing for the existence of an edge is generally alittle more efficient with an
adjacency matrix, but at the expense of larger storage requirements.

7.5 Relations and Digraphs

Graphs can be used to model binary relations. Binary relations are things like “less than” or “greater
than” comparisons, or “isequal to” or “is not equal to”, etc, which take two values and return a boolean
indicating whether the relation is TRUE or FALSE.

Given aset S, the Cartesian Product of Swithitself, SO S, isthe set of pairs of elements of S:
If S={a b,c, ...}, then,
SOS={<aa><ab><ac>..

<b,a>,<b,b><b,c>...

<c,a>,<c,b> <c,c>...
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A binary relation, R, between elements of aset S can be defined asa subset of S[I S. The relation R on
elementsaand b of set SisTRUE if andonly if <a, b>0O RO SO S, i.e, therelation holdsfor aand b
if thepair <a, b >isintheset R.

As an example of this, suppose Sisthe set of non-negative integers, 0, 1, 2, ..., and Rc isthe “less than
or equal to” relation, <. S Sisthe set of al pairs of non-negative integers. R< isthe subset of SO S
inwhich the first integer in the pair “isless than or equal to” the second:

SO0S={<0,0><0,1><0,2>...
<1,0>,<1,1>,<1,2>...
<2,0><2,1><2,2> ...

Re= {<0,0><01>+<0,2>...
<1,1><1,2> ...
<2,2>...

Thus,

X <y isequivaent to <x,y > [0 Rc. In general, we write “xRy” (c.f., x<y) if <x,y > [0 R for some
binary relation R.

Suppose Sisthe set of vertices of agraph, G. The set of edges, E, of G isaset of pairs of vertices, i.e.,
it isasubset of the Cartesian product S 0 S and so defines abinary relation, R, on the set, S, of
vertices. For every edge <vi, vo> [1 E, we have that v;Rv,. Graphs and relations are equivalent in this
way: any relation R on a set S can be represented as a graph <S, R> and any graph with vertex set S
definesarelation on S by its set of edges.

We could express any random collection of vertices and edges as arelation in this way, but there are
certain properties that are important in arelation.

7.5.1 Reflexivity

A binary relation Risreflexive if xRx for al xin S.

In graph terms, this means that the pair of vertices <x, x > isin the set of edgesfor al verticesx in S.
So every vertex has a self-loop:
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For any integer x, it isawaystrue to say that x < x. So the relation < on the set of integersisreflexive.

7.5.2 lrreflexivity

A binary relation R isirreflexive if xRx is FALSE for al x 0IS. In graph terms there are no self loops.
therelation ‘<’ —the “lessthan” relation, isirreflexive on the integers, since thereis no integer x for
which x < x.

7.5.3 Symmetry

A relation R issymmetric if xRy => yRx for all x andy in S. I.e,, if therelation holds in one direction,
it must hold in the other direction. So in graph termsit means that all edges (except self-loops) occur in
pairs — vertices are either connected in both directions or they are not connected at all:

4/\<> On theintegers, the equality relation, “is equal to”, is symmetric, since
O\/ if x ==y theny == x for any integers x and y. The equality relationis

also reflexive.

7.5.4 Antisymmetry

A relation R is antisymmetric if xRy and yRx => x =y. |.e., therelation can only hold in both
directionsif the two entities being compared are the same. Conversely, if x isnot equal toy, then either
XRy or yRx (or both) must be FALSE.

In digraph terms, it means that no pair of distinct verticesis connected in both directions.
Therelation < on the integersis antisymmetric, since x <y and y < x can only both be trueif x ==y.

7.5.5 Transitivity

A relation R istransitive if (xRy and yRz) => xRz. In digraph terms, the endpoints of all proper paths
are connected by asingle edge. In the diagram below, if the graph represents a transitive relation then
the existence of the solid edges means that the dashed ones must exist too:

Therelations < and < are both transitive. If x <y andy < zthenx < z.

109



DOb Algorithmics: Data Structures and Data Types

7.5.6 Equivalence Relations

A relation is an equivalence relation if it isreflexive, symmetric and transitive. Theidea of an
equivalence relation isto allow anotion of “sameness’ without expressly having equality. An
equivalence relation R partitions the domain S into B

disjoint subsets E,; of the form (,/D\\)

Ex ={y | YRx} —the set of nodes related to x.
S=Eq0 Eoll... —theunion of these subsetsisS. - '\'@ \,‘
The subsets E,; are the equivalence classes of S. ~—--

~<~

As an example, the relation:
R ={<a a>, <b, b>, <b, c>, <c, b>, <c, c>}

isan equivalence relation on the set S={a, b, c}, which partitions S into equivaence classes{a} and
{b, c}.

In adirected graph the relation “is strongly connected to” is an equivalence relation. The graph below
is partitioned into four equivalence classes by this relation.

In an undirected graph, the relation “is connected to” is an equivalence relation —in fact it is the same
asthe “is strongly connected to” relation in adigraph.

7.5.7 Partial Orders

A relation isapartial order if it isreflexive, antisymmetric and transitive. An exampleis< on the
integers.

Theorem
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Digraphs of partial orders are acyclic
Proof

Suppose a graph has a proper cycle (v, Vo, ...W), Vi=Vk, then viRv,, and, by transitivity, voRvi. But this
means that v,Rvi, so, by antisymmetry vi; = v,, which contradicts the assertion that the cycle was
proper.

7.6 Directed Acyclic Graphs

The presence of cyclesintroduces alot of complication in processing graphs, because of the danger of
infinite loops. Directed acyclic graphs (DAGs) are digraphsin which there are no cycles and these are
of special interest. They arise whenever activities need to be performed in some order. That order may
not be unique, but some actions need to be performed before others.

An example of thisistime-tabling a set of coursesin which there are prerequisites. We can express the
prerequisites of each course clearly and compactly using a DAG:

The labels of the nodes in the graph below are the names of courses and the edges indicate that one
course (the predecessor) is a prerequisite for another (the successor).

@\,@ (B2D)

@ =

A topological ordering of the vertices of aDAG isaway to visit al the vertices that satisfies these
prerequisites.

Specifically, we want to find a sequence (vy, Vo, ..., Vi) such that if there is an edge <vj, vi > then j <Kk;
equivalently, if vjRvy thenj <k.

7.6.1 Topological Sort
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A topological ordering isfound by using atopological sorting algorithm. A straightforward way to
produce atopological ordering isto search for avertex of in-degree O, add it next in the ordering and
remove it and all its out-going edges from the graph. Here is an outline of the algorithm:

Li st topol ogical Sort (D Gaph G {
List | = new List();
Vertex v;
while(Gis not enpty) {
v = a vertex of in-degree 0O;
| . append(V);
G delete(v and all its out-going edges);

}

return |;

}

Hereisasimple example:

in-deg. 1 in-deg. 0

(b ®.
in-deg. O \®in-deg_ 2 \Cb)in-deg. 2 (p)in-deg. 1

Eventually, | ={a, b, c, d}.

7.7 Traversal of Digraphs

Traversal of agraph issimilar to the idea of tree traversal. It meansto visit every vertex in the graph
once and perform some operation at that vertex. There are two important ways of traversing graphs.

7.7.1 Depth First Traversal

Asusual, our “visits’ will constitute a print operation, but this could be replaced by anything else. Here
isan outline of adepth first traversal of a digraph. These would be methods of aDi Gr aph class.

public void depthFirstPrint() {
bool ean visited[] = new bool ean[ nunber of vertices];

set the whole array to fal se.
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foreach vertex v in V {
if(!'visited[indexO(v)]) {
traverse(v, visited);
}

}

protected void traverse(Vertex v, boolean[] visited) {

/1'Visit the vertex
Systemout. println(v.|abel);
visited[indexOF(v)] = true;

foreach w such that (v, w) is in E {
if(!visited[indexOf(w]) {
traverse(w, visited);
}

Note that the actual visit can be donein pre or post order. Above it is done in pre-order, since the visit
is performed before the traversal. We could move the statement
System out. println(v.|abel) to after theloop over the edges out of the vertex, to make it
post-order.

Here is a graph showing the order of traversal using the pre-order depth first traversal above:

When the visits are performed after traversal (post-order) the vertices are visited in rever se topol ogical
order. Exercise: try this by hand on the graph above starting with the left-most vertex.

7.7.2 Breadth First Traversal
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Here is an outline of abreadth first print method of the Di G- aph class.

public void breadthFirstPrint() {
bool ean visited[] = new bool ean[ nunber of vertices];

set the whole array to false.

Queue g = new Queue();

foreach vertex v in V{
if(!'visited[indexO(v)]) {

/1 Add vertex to queue and mark as visited
visited[indexOr(v)] = true;
g. enQueue(Vv);

while(!qg.empty()) {

/I'Visit vertex at head of queue and add its

/ | successors to queue.

Vertex v = . deQueue();

Systemout. println(v.|abel);

foreach w such that (v, w) is in E{
if(!visited[indexOr(w]) {

/I Mark as visited when entering queue

g. enQueue(w) ;

visited[indexOF(w)] = true;
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7.8 Some Other Algorithms

In thisfinal section, we'll look at some other algorithms for solving common problems concerning
graphs.

7.8.1 Breadth First Topological Sort

We looked previoudly at a basic outline of atopological sorting algorithm. Here is an alternative
method, based on a breadth first traversal of the graph, which does not require us to destroy the graph
in the process of doing the sorting.

/[l Start by counting the nunber of predecessors of each vertex.
int[] predecessors = new int[nunber of vertices];
bool ean[] visited = new bool ean[ nunber of vertices];
foreach v in V {
foreach w such that (v,w) is in E {
predecessors[indexOf(w)] += 1;
visited[indexOr(w)] = fal se

}

/1 Produce the ordering
Queue g = new Queue();
foreach v in V {
i f(predecessors[indexOr(v)] == 0 & !visited[indexOh(v)]) {
g. enQueue( V) ;
visited[indexOr(v)] = true;
}
}
while(!'qg.empty()) {

/I Head of queue is next in topol ogical order
Vertex v = . deQueue();

/1 Add vertex to topol ogical ordering.
Systemout. println(v.I|abel);

/W may now be able to add sone of the vertices its
/I connected to.
foreach w such that (v,w) is in E {
predecessors[indexCOr(w)] -= 1;
i f(predecessors[indexOr(w] == 0) {

g. enQueue(w) ;
}
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7.8.2 Shortest Paths

A natural question to ask about directed graphs in which the edges are labelled with costsis: what is the
shortest path from one vertex to another, i.e., the path that incurs the least total cost.

Suppose we want to get from vertex b to vertex c in the labelled digraph above.
Path: {(b,c)} = cost of 5

Path: { (b, d), (d, ¢)} = cost of 3 + cost of 1 = cost of 4.

Path: { (b, a), (a, ¢)} = cost of 2 + cost of 6 = cost of 8.

There are other even longer paths, the “shortest” path is the one with the smallest cost, which in this
case is the second path above — not the most direct path.

To evaluate the shortest path involves incrementally adding verticesto aset S of vertices whose
shortest path from Sisknown. As acorollary, we find the shortest path to al the other vertices too.

Suppose we want to find the shortest paths from vertex ato all the others. A set S contains vertices
whose shortest path from a are known (indicated by the boolean array di st anceFound in the
algorithm below). The distance is stored in an array of distances, di st ance.

We consider every vertex w for which the distance is not yet known, but for which it can be
determined, as a candidate to add to the set S.

This candidate shortest path must be the one which minimises distance(a, v) + cost(v, w), over the set
of dl v’saready in S.

Here is an outline of the algorithm:

public shortestPath(Vertex vl, Vertex v2)
bool ean[] di stanceFound = new bool ean[ nunber of vertices];
float[] distance = new fl oat[ nunber of vertices];

Vertex v, w,
float mn;
float infinity = sone very | arge nunber;
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foreach w such that (vl, w) is in E {
di stance[i ndexOr(w)] = cost(vl, w;

}

di st anceFound[i ndexOF (v1)] = true;

v = vl

/I Mai n | oop.

for(int 1=0; i<no. of verts; i++) {
mn =infinity;

foreach win V {
i f(!distanceFound[indexOn(w)] &&
di stance[i ndexOF(w)] < min) {
vV =W
mn = di stance[i ndexOf (w)];

}

//Add to set S
di stanceFound[ i ndexOf (v)] = true;

/ I Updat e di st ances
foreach w such that (v, w) is in E {
if(mn + cost(v,w < distance[indexO(w]) {
di stance[i ndexOF(w)] = min + cost(v,w;
}

}

return distance[indexOf(v2)];

Thisisaversion of Dijkstra s algorithm. It provides the cost of the shortest path from the specified
vertex to all the others. No computational effort can be saved by just computing the cost to one,
specific other vertex. Note that if you need to get the actual paths themselves, an array of predecessors
needs to be maintained through the algorithm.

A more detailed description of shortest path algorithms can be found in Kruse, et a; Aho, et a; and
Kingston.
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